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Abstract:

In our research we presenfed the concept of fuzzy sets,
fuzzy subgroups and fuzzy ideals, And showed how to build
mathematical exercises between the two concepts presented
and was borroved some of the sources that provided us with

many of the basies of this subject.




Introduction:

This research conststs of three chapter. The first chapter contains three parts,
the first section deals with the explanation of the concept of the fuzzy sets and
fuzzy subsets. The second section explains the processes on these sets. The third

section shows the multiplication by (-) (Direct product), between two fuzzy sets.

The second chapter talks about the fuzzy groups , fuzzy subgroups and
consists of two section. The first section explains the fuzzy subgroups and the

second section speaks of the normal subgroups.

Chapter three and the later consists of two parts. The first section explains the
partial episodes of the fuzzy ring (R, +,) and the second section addresses the

foggy ideals.




FUZZYSETS

CHAPTER 1




Introduction:

Now, we shall start by the concepts of fuzzy sets and the basic
definition with some explain fuzzy sets, and we shall give some important
definition and properties with operations on fuzzy sets, also we shall give

the binary operation on fuzzy set. This research into three subsections.

Now, we must firstly begin to explain "Fuzzy". Zadeh introduced the

fundamental concept of a fuzzy set in 1965.

Zadeh's original definition of fuzzy set "A fuzzy set is a class of objects
with a continuum of grades of membership. Such a set is characterized
by a membership( characteristic) function which assigns to each

object a grade of membership ranging between zero and one™".

The classes of objects encountered in the real physical world do not
have precisely defined criteria of membership. For example, the class of
animals clearly includes dogs, horses, birds, etc. as its members, and
clearly excludes such objects as rocks, fluids, plants, etc. However, such
objects as starfish, bacteria, etc. have an ambiguous status with respect to
the class of animals. The same kind of ambiguity arises in the case of a
number such as 10 in relation to the class of all numbers, which are much

greater than.

Clearly, the "class of beautiful women", or "the class of tall men", do
not constitute classes or sets in the usual mathematical sense of these

terms.




1.1. Fuzzy Seton a Set R

We shall introduce some definitions and concepts related to fuzzy sets of R.

Now, in order to put fuzzy set in mathematical frame, we give the basic definition of

fuzzy set.

Definition 1.1.1: Let R be a non-empty set and | will denote the closed unit interval

[0,1] of the real line (real numbers).

Let IR = {A:R — I|A is a mapping} be a collection of all mappings from R into 1.

A member of I® is called a fuzzy subset of R or a fuzzy set in R.

So A is a fuzzy subset of R if and only if A:R — 1 is a mapping and A is a
characteristic function which associates with each point x in R a real number A(x) in
the interval [0,1] with the value of A at x representing the grade of membership of x
in A,

From this definition, we recall that the nearer value of A(x) to unity the higher grade
of membership of x in A.

The following example explain this definition:

Example 1.1.2: Let R be the real line R and let A be a fuzzy subset of numbers

which are much greater than 1.

Then one can give a precise characterization of A by specifying:
x—1 "
AW ={"% U*>
0 ifx<1
Remark1.1.3: If we want to know the difference between fuzzy sets and ordinary
sets, we observe that when A is a set in the ordinary sense of the term, so its

membership function can take only two values 0 and 1 with a characteristic function:




(1 ifxeA
A@}‘b if x & A

Then A(x) € {0,1} for all x € R While if A is a fuzzy set in a set R then
A(x) € [0,1]for all x € R.Thus the ordinary sets become a special case of fuzzy sets.
Next, we shall give some definitions and concepts related to fuzzy subsets of R.

Definition 1.1.4: Let x,: R — I be a fuzzy subset of R, where x € R and t € [0,1]
defined by: forall y € R

_(t ifx=y
xf(y)_{o if x#y

Then x; is called a fuzzy singleton.

Definition 1.1.5: Let A and B be two fuzzy subsets of R. Then:
(i) A=Bif and only if A(x) = B(x) forall x €R.
(ii)AS B if and only if A(x) < B(x) for all x € R.

If A € B and there exists x € R such that A(x) < B(x),

By part (ii), we can deduce that x, € A if and only if x,(y) < A(y) for all y €
Rif t > 0,then A(x) > t.

Now, we shall introduce a definition of level subsets, which is a set between fuzzy set
and ordinary set

Definition 1.1.6: Let A be a fuzzy subset of a non-empty set R, for t € [0,1]. Then
the set A, = {x € R|A(x) = t}is called a level subset of R with respect to A.

Note that is a subset of R in the ordinary sense.




Operations on Fuzzy Subset of R 1.2.
We can give the definitions of intersection and union of fuzzy subsets of R.
Definition 1.2.1: Let A and B be two fuzzy setsin R. Then:
(i) (An B) = min{A(x),B(x)}, for all x € R.
(ii) (AU B) = max{A(x),B(x)}, for all x € R.
Notice that AN B, A U B are fuzzy sets in R.
If we generalize this definition by a collection of fuzzy sets, then:
(A (x) = inf{A'(x)|i € }, for all x € R.
(124D (x) = sup{A'(x)|i € },for all x € R.
Which are also fuzzy sets in R.
The following properties of level subset hold, for each
(i) ANnB), =A;NB,
(ii)) (AUB), = A, UB,
(iii) A= Bif and only if A; = B;.
1.3.Direct Prodct of Fuzzy Subset
We will recall the definitions of algebraic structure of fuzzy sets.

Definition 1.3.1: Let "-" be a binary operation in R, and 4, B € IR.Then, for each

x € R we define:

A-B(x) = {Sup{min{A(y),B(z)}} ifx=yz yz€R

0 otherwise

It is clear that A - B is a fuzzy subset of R. And it we take a collection {A'(x)|i € }

of fuzzy subsexts, then for each x € R:




(MM A)(x) = {S”p {i"f{Ai(xi)}} if x =Tliex', x'€R
0

Proposition 1.3.2: Let

singletons,

min{s, t}.

where

otherwise

be a binary operation in R, and x; - ys be two fuzzy

y,Z€ Randt,s € [0,1].Thenx; -y = (xy), wherer =




CHAPTER 2

FUZZY SUBGROUPS OF A
GROUP




This section consists of the concepts of the fuzzy groups, which was coined by
Rosenfeld. Also, this section is divided into three subsections. In subsection one, we
introduce the basic concept of fuzzy group. In subsection two, we give the definition
of fuzzy normal subgroup. In subsection three, we will introduce the concept of

fuzzy subgroup of a commutative group.
2.1. Fuzzy Subgroups of a Group (R,.)

We shall introduce the definition of fuzzy subgroup of a group and the definition of

level subgroup of a group.

Definition 2.1.1: Let R be a non-empty set closed under the binary operation " - " (
i.e., R be a groupoid), A € IR, A = @, where @ is the empty fuzzy set defined by
@(x) =0, for all x € R.Then, (A,”) is called closed (i.e., A is a fuzzy subgroupoid)
ifandonly if A-A C A.

The following proposition gives an equivalent definition to fuzzy closed subset.
Proposition 2.1.2: Let A € IR, A # @. The following statements are equivalent:
(i) Aisa fuzzy subgroupoid (i.e., (A,) is closed).
(ii) Forany x;,y, < A.Then x;-y. S A forallx,y €R.
(iii) A(xy) = min{A(x),A(y)}, for all x,y € R.
Now, we are ready to define a fuzzy subgroup of a group.

Definition 2.1.3 : Let (R,") be a group and A € I® such that A # @. Then A is called
a fuzzy subgroup of R if and only if for each x,y € R,

1.A(xy) = min{A(x), A(y)}.

2. A(x) = A(x™1).




If we suppose (e) be the identity element of R, then:

A(e) = A(xx™) = minfA(x), A(x~1)} = A(x). Hence, A(e) = A(x) for each

x € R.So A(x) is the nearer value of A(x)to unity and may be equal to unity.

Now, when (R,-) is a group, we define A - B as follows:

Definition 2.1.4: Let A,B be two fuzzy subsets of a group R. Then for each x € R

we define:
A-B(x) = sup{min{A(y), B(z)| x = yz y,Z € R}}

is a fuzzy subset of R. Also, let {A*(x)|i € } be a collection of fuzzy subsets. Then,

for each x € R, we have:

A - B(x) = sup[inf {Ai(xi)|x = Hxi , x' € R}

i€
Is a fuzzy subset of R.

In section one, we spoke about level sets or level subsets and mentioned that a level
set lies between fuzzy set and ordinary set. The same meaning is carried on level

subgroup.

Definition 2.1.5: Let R be a group and A be a fuzzy subgroup of R. Then the
subgroup A;(where t € [0,1] and A(e) = t) are called level subgroups of A.

All the properties of level subsets in the previous section are valid in the level
subgroups. Furthermore, many properties valid in ordinary groups are also valid in

level subgroups.

10




2.2.Fuzzy Normal Subgroup of a Group(R,")
We will recall the concept of fuzzy normal subgroup of a group.

Definition 2.2.1: Let A and B be any two fuzzy subgroups of (R,") suchthat B € A

Then B is said to be fuzzy normal in A if and only if x;. B = B.x; for each x; € A.
2.3.Fuzzy Subgroup on a Commutative Group(R, +)
We will give the concept of fuzzy subgroup on a commutative group

Definition 2.3.1: Let (R, +) be a commutative group and A € I® such that A = .
Then A is called a fuzzy subgroup of R if and only if for each x,y € R.

Now, the following remark give some conditions of a group which can translate into
the collection IR and to a fuzzy subgroup A such as associative, commutative,

identity and inverse.

Remark 2.3.2: Let (R,+) be a commutative group. Then the conditions of

associative and commutative hold in I%,i.e., for each A,B, C € I~,
(i) A+(B+C)=(A+B)+C.
(ii)) A+B=B +A.
Also, the following conditions hold in a fuzzy subgroup A of R, for each t € [0, 1]:
(i) Associative: For x;,y;, z: © A,we have x; + (yy + z;) = (x; + y;) + z¢
(ii) Commutative: For x;,y; € A,we have x; + y, = y; + x;.
(iii) Identity: Let (0) be the identity of R.Then 0, is the identity
of Aand x;+ 0, = (x+0); =0; + x; = x;, for each x; S A.

(iv) Inverse: Let (—x) be the inverse element of x in R.Then (—x)

11




is inverse of af fuzzy singletonin A and x, + (=x); = (x + (=x)), = 0,
= (—=x)¢ + x¢.

Finally, we will give the concept of fuzzy subset-X a group R in the following

proposition

Proposition2.3.3: Let X be a fuzzy subset of R and A be a fuzzy subgroup of R.
Define the fuzzy subset —X of Rby Vz € R,(—X)(2z) = X(—2).If X € A, then —
X c A

Also, for any fuzzy singleton x; of R, it follows easily that —(x;) = (—x);.

12
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This section consists of the concepts of the fuzzy rings and fuzzy ideals, which
were coined by Liu, who found many basic properties in ring theory, carried over an
fuzzy ring. So in subsection one, we give the concepts of the fuzzy subring and in

subsection two, we introduce the concepts related to fuzzy ideals.
Fuzzy Subrings of aring (R, +,)

We will introduce the definitions about fuzzy subring of a ring and fuzzy subring of a

fuzzy ring. Also, we give some properties about fuzzy subring.

From this definition, we can obtain the following proposition which appeared in

many references like without proof

Proposition3.1.1: Let (R, +,7) be a ring and x,,y, be two fuzzy singletons, where
X,y €ERandt,s € [0,1].Then x; + y; = (x +y), and x; "y, = (xy),,r =

min{t, s}.
proof
Foreachz € R,
(x; +y5)(2) = sup{min{xt(u),ys(v)lu,v €ER, z=u+v, Z € R}}
=min{t,s} forx=uy=v,z=x+y,z€R
=r forz=x+y......(1)
On the other hand,
Xty )@)=r ifz=x+Y.uiiiin...(2)
From (1) and (2), we have x; + y;, = (x + y),, where r = min{t, s}.
For each Z€R
x, y)(2) = {Sup{min{xt(u),ys(v)}} ifu,VER, z=uv, ZER
0 otherwise

14




={min{t,s} if x=u,y=mv, Z = uv, ZER

0 otherwise
_ T zZ=Xxy
- {0 OtheT'Wlse Mae we e mes wE was mew e (1)
On the other hand,
_ (7 Z=Xxy
(xy)r(2) = {O othermise e e e (2)

From (1) and (2), we have x; -y, = (xy),,where r = min{t, s}.

Definition3.1.2: Let R be a ring with respect to two binary operations "+","." and
A€ IR, A = @.A will be called a fuzzy subring of R, if A is a fuzzy subgroup for the
binary operation "+" in IRinduced by "+" in R, and A is a fuzzy subgroupoid for the

binary operation "." in IRinduced by "+" in R,
If A'is a fuzzy subring of R, then A(0) = A(x) for all x € R.
The following proposition gives an equivalent definition to fuzzy subring of a ring.

Proposition3.1.3: Let R be aring, A € IR, A # @. Then A is a fuzzy subring of R if
and only if, for all x,y € R,

(D) Ax —y) = min{A(x), A(y)}
(i) A(xy) = min{A(x), A(y)}
Now, we are ready to define a fuzzy subring of a fuzzy ring A.

Definition3.1.4: A fuzzy subring of a fuzzy ring A is a fuzzy subring B of R
satisfying:

B(x) < A(x) for all x € R.

15




In section two, we spoke about level subgroups and mentioned that a level subgroup
between fuzzy group and ordinary group. The same meaning is carried on level

subring and give the concept about level subring in the following proposition:

Proposition3.1.5: Let A be a fuzzy subset of a ring R. Then the level subset
Ai(where 0 < t < A(0)) is a subring of R if and only if A is a fuzzy subring of R.

proof: (=)
Let A, be a subring of R, we must prove that A is a fuzzy subring of R.

Let A, be a subring of R, Vt € [0,A(0)].Then0 € A,;.Hence, A(0) > t,Vt €
[0,A(0)],

Let x,y € R.Let A(x) =t,A(y) = s, for some t,s € [0,A(0)]. Without loss of
generality, we may assume that s>t.ThenA(y)=s=>t hencex,y€
A;.Since A; is a subring of R,thenx —y € A;. SoA(x—y) >t =
min{A(x),A(y)}.Since x,y € A; and A; is subring of R,then xy €

A;. S0 A(xy) =t = min{A(x),A(y)}. Therefore, A is a fuzzy subring of R.

(=)
Let A be a subring of R, we must prove that A, is a fuzzy subring of R.

Let

0<t<A(0).ThenO0 € A,.Thus A; + @ (@ is empty set). Letx,y €

A;. Then A(x) = t,A(y) = t.Since A(x —y) = min{A(x),A(y)} = t,then x —
y € A;. Let x,y € A;.Since A(xy) = min{A(x),A(y)} = t,thenxy €

A;. Therefore, A; is a fuzzy subring of R

Definition3.1.6: Let A be a fuzzy subring of a ring R. Then the subring where

t € [0,1] are called level subrings of A.

All the properties of level subset in section one are valid in the level subrings.

Furthermore, many properties valid in ordinary rings are also valid in level subrings.

16




Now, we give another subrings of R related to fuzzy subrings in the following

definition:

Definition3.1.7: Let R be a ring with identity 1 and A be a fuzzy subring of R. Then

we define the following:
(i) supp(A) = {x € R|A(x) > 0} is caled the support of A.
(i) A, = {x € R|A(x) = 0}.
(iii) Ay = {x € R|A(x) > A(D)}.

It is easily show that supp(A), A.and A, are subrings of R.

The following remark give some conditions of a ring, which can translate into the
collection I® and to a fuzzy subring A such as associative, commutative, identity and

inverse.

Remark 3.1.8: Let (R,+,) be a commutative ring with identity 1. Then the

conditions of associative and commutative hold in I%,i.e., for each A,B,C € R.

(i) A-(B-C)=(A"-B)-C.
(i) A-B=B"-A.
Also, the following conditions hold in a fuzzy subgroup A of R, for each t € [o, 1]:
(i) Associative: For x;,y:, z: © A,we have x; - (V; " z;) = (Xt * V) * Z¢,
(ii) Commutative: For x;,y; € A,we have x;"y; = y; * X;.
(iii) Identity: Let (1) be the identity of R.Then 1, is the identity
of Aand x;-1,=(x-1); =1, x; = x;, for each x; S A.

(iv) Inverse: Let (x™1) be the inverse element of x in R.Then (x™1)

17




is inverse of af fuzzy singletoninAand x,- (x V), = (x-x™ 1), =1,
= ("1, x,.
Now, we give the definition of a fuzzy subfield of a field.
Definition3.1.9: A fuzzy subset A of a field F is a fuzzy subfield of F if:
() A(D) =1
(ii) A(x —y) =2 min{A(x),A(y)} foreachx,y €F
(iii) A(xy 1) = min{A(x),A(y)} foreachx,y € F,y #0

Let A be a fuzzy subfield of F. If x € F,x # 0.Then A(0) = A(1) = A(x) =
A(—x) = A(x~1).

Finally, we give the concept of fuzzy subset X~! of a field F in the following

proposition.

Proposition3.1.10: Let X be a fuzzy subset of F, A be a fuzzy subfield of F and
X € A. Define the fuzzy subset X~! of F be for each ze F,(X ™ 1)(2) =

X(z™1),then X! € A and for any singleton x,0f F, (x,)™! = (x™1),.
proof:
X V2D =Xz"YH<AzY) =A4(z).Hence X 1 c A
(xe)™L:F > I,for eachz € F and (x,)"1(2) = (x)(z™1).

t ifx=2z1
0 ifx+z!

(072 ={

_{t ifx 1=z
0 ifxt#z

= (x "1 (2)

18




Hence (x)7'(2) = (x)(z™) = (x™1)¢(2)
Therefore, (x,)~! = (x71),
3.2.Fuzzy ldeals of a Ring (R, +,7)

We shall give the concept related to fuzzy ideals of a ring R and fuzzy ideals of fuzzy
ring and introduce the concepts to special types of fuzzy ideals such as prime,

completely prime, radical, maximal and primary fuzzy ideal.

Now, we are ready to introduce the concept of fuzzy ideal.

19
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