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ABSTRST

Let R be a commutative ring with identity. In this thesis, the concept of
P-Sc modules has been introduced. Many properties and characterization have
been given. Also the relationship between P-Sc modules with other modules

has been submitted.



INTRODUCTON

A.S. Mijbass in [1] has been introduced the concept of cancellation
module. A.A Elewi, in [2] has been defined the concept of strongly
cancellation module. In this thesis, we will present the concept of P-Sc
module as follows:

An R-module M is called a P-Sc module if for each prime ideal | and
each ideal J of R such that IN = JN, than I = ] for every sub module N of M.

Clearly, the class of strongly cancellation modules contains the class of
P-Sc modules and we give an example to show that this inclusion is properly.
However we shall give conditions under which the two classes are equivalent.

This thesis consists of two chapters.

Chapter one contains three section. In section one, we recalled some
definitions and concepts to use them in our next sections.

Section tow we defined the concept of P-Sc modules with some
characterization and properties section three, we studied the relationship
between P-Sc modules and strongly cancellation modules, some result have
been presented. Chapter tow, the Relation between P-Sc modules and certain
types of Modules namely, locally projective and flat modules, this chapter
consist of tow section. In section one, we presented some results which are
the explain behavior of P-Sc modules with another type modules such as
locally projective. In section tow we introduced the relation between P-Sc

module and Flat modules, some results about this relation are provided.



CHAPTER ONE

Basic Concepts and Results



Basic Concepts and Results

In this chapter we shall introduce the concept of P-Sc modules, which is
a generalization of strongly cancellation modules. Our con cern in this chapter
is to study the relationships between P-Sc modules and strongly cancellation
modules.

The chapter contains three sections. In section one, we recalled some

definitions and basic results

Section tow, we introduced the definition of P-Sc module and some
characterization for a module to be P-Sc module, and so on many properties
and results about this concept are presented.

Section three, the relationships between P-Sc modules and strongly

cancellation modules are studied.



S1: Basic concepts and Results

In this section many concepts and results which are needed in

our next work are recalled

Definition (1,1, 1):

An R-module M is said to be cancellation if AM=BM, where A and B are tow
ideals of R, then A=B. [1]

Definition (1, 1, 2):

Let M be an R-module and N be a sub module of M. then M is called strongly

cancellation module, if AN=BN, where A, B are tow ideals of R, then
A=B.[2]
Definition (1, 1, 3):

Recall that the element xe M over R(R is an integral domain) is called torsion

element if there exists 0#reR such thatrm = 0, and m is called a non-
torsion elementifrm # 0 Vr € R.[3]

Definition (1, 1, 4):

The annihilator of L is annL = [0: L]. L is faithful if annL = 0. [4]
Definition (1, 1, 5):

If R has only one maximal ideal, then R is called a local ring.[5]
Definition (1, 1, 6):

Let M and N be tow R-module. The trace of N over M denoted
by T,,,(N) = Y.3c1 05 (M), where the sum is taken on all 6; in Hom (M, N).

In the special case, if N=R, then the trace of M over R written by T (M)
instead of T),(R) [ 6 ].



Proposition (1, 1, 7):

If M is an R-module and T(M) is a multiplication ideal of R, which contain

a non-zero divisor, then M is strongly cancellation module.[2]

Definition (1, 1, 8):

An R-module M is called flat module if for every monomorphism
f:A — B,where A and B are tow R-modules, then f®1,, : AQM —
B®M is also a monomorphism [3, P.257].

Definition (1,1, 9):

Let M be R-module and NEM, N is sub module of M, then M is called
multiplication module on R if YNEM 3Fideal I of R such that N=IM. [5]



S, : P-Sc modules

In this section we state the definition of P-Sc module with some
examples about this concept. Moreover we prove some basic properties

of P-Sc modules.

Definition (1, 2, 1):

An R-module M is named a primely -Sc module whenever AN=BN, with A

prime ideal of R and B is any ideal of R, implies A=B.

Examples (1, 2, 2):

(1) Zg as a Z;,-module is P-Sc module
—The sub module (3), There exists tow ideals are (2), (8) in Z,, such that
2)BF)=@®B)=0
(2)=(8)
—The sub module (2), There exists tow ideals are (2),(7) in Z;, such that
2)2)=(N(2)
)=
—The sub module (1), There exists tow ideals are (3), (9) in Z,, such that
BD=O@)
3)=09
—The sub module (0), There exists tow ideals are (3),(9) in Z;, such that
(3)(0)=(9)(0)
3)=(9)

(2) Z, as a Z-module is not P-Sc module



(3) Q as a Z-module is not P-Sc module
Since < p > Q = Q for any prime number PinZ.Itisclear<p > Q < Q
pa

Now, Let xe Q, Then x=b2 = b = p% €< p > Q where a, b €Z, Implies

Q S< p > Q, There for Q is not P-Sc module, However < p ># Z.

For cyclic modules we have the following result

Proposition (1, 2, 3):

Every cyclic module generated by a non-torsion element is primely-Sc
module.

Proof:

Let M=< m >, where m is a non-torsion element and Let A< m >= B <
m >, where A is prime ideal of R and B is any ideal of R. ame B <m >
for all a €A, Then am = bm where b € B, implies am — bm = 0.
Therefore (a — b)m = 0, but m is non-torsion element, then a-b=0,

implies a=b and hence ACB. similarly BCA.

We shall show by an example that the condition N (sub module of an R-
module M) is generated by a non-torsion element in proposition (1, 2, 3)

can not dropped.

Example (1, 2, 4):

Z,=(1),1 isatorsion element in Z,

(4) (2) =(0)(2) = 0 but (49)# (0)



In the following theorem we give some characterizations of P-Sc module.
Theorem (1, 2, 5):

Let M be an R-module, the following statements are equivalent:

(1) M is P-Sc module

(2) IfANCS BN such that B is prime ideal and A any ideal Then ACB

3) <a>NC<SBN=a€B

(4) (AN: N) =A, Ais prime

(5) (AN: BN) = (A: B), Bis anideal of R

Proof: (1) = (2) Assume that M is primely-Sc module and ANSBN
BN= AN + BN = (A+ B)N = B = A + B, implies ACB.
(2)=>@3)let<a >N < BN.then< a >< B by (2) hence a€B

(3)= (4) letxe (AN: N), Then XN € AN by (3) x €A, Hence (AN: N) S A.
On the other side, if x €A, then xN € AN = xe (AN: N) and hence

(AN: N) =A.

(4)= (5) let xe (A: B). Then x€((AN:N):B) (since (AN:N)=A by (4),
implies xe(AN:BN) if xe(AN:BN)=((AN:N):B) and by (4) xe(A:B)=
(AN:BN)=(A:B)
(5)= (1) Let AN=BN, then (AN: BN) =R, implies (A: B) =R = BCA,
similarly ASB, Then A=B
Proposition (1, 2, 6):

Let M be an R-module and f: M—N be epimorphism such that N is P-Sc
module, then M is P-Sc module such that f (M) = N

Proof: let A, B are tow ideals of R and K sub module of M, let AK = BK
then f(AK) = f(BK) = Af(K) = Bf(K) since f(K) € N and N is P-Sc

module A = B



Form the last proposition we get the following
Corollary (1, 2, 7):

If M is P-Sc module, then every direct summand of M is P-Sc module.

Proof:

Let N be sub module of module M and let K be sub module of N, to
prove N is P-Sc module, suppose that AK=BK where A, B are tow ideal of
R, since M is P-Sc module and K sub module of M, implies A=B, then N is

P-Sc module.

Proposition (1, 2, 8): If M; = M, then M, is P-Sc module iff M, is P-Sc
module.

PLOf:(:) sinceM; = M,, Then there exists an isomorphism function
f:M; — M, suppose AN=BN where A is prime ideal of R and B any ideal
of R and N be sub module of M,, as f is onto, there exists a sub module K
of M; such that f(K)=N and hence Af(K)=Bf(K), but f is homomorphism,
thus f(AK)=f(BK), since f is one-to-one then AK=BK and K be sub module
of M; and M, is P-Sc module, Thus A=B.

(<) The proof by similar way



S3: P-Sc modules and strongly cancellation

modules.

In this part, the relationship between tow concepts namely, P-Sc
module and strongly cancellation modules will be examin more closely

and we try to lie some light on this relation.

Proposition (1, 3, 1)

Let M be an R-module then M is strongly cancellation R- module if and

only if faithful and P-Sc module.

The Jacobson radical of R is the intersection of all maximal ideals of
R, J(R) =N {I:] is maximal ideal of R}. The Jacobson radical of M is the
intersection of all maximal sub modules of M, ] (M) =N {N: N is maximal
sub modules of M}, and J(M) = M, if M has no maximal sub modules.

The following proposition and it is Corollary gives a necessary

condition for a module to be relatively cancellation module.
Proposition (1, 3, 2):

Let M be a non-zero module on R. If M is P-Sc module. Then
(J(N):irN) = R.
Proof: Let AN=N for some prime ideal A. Then A=R, which is
contradiction! (Since M is P-Sc module). Therefore AN+ N for all
maximal ideals A of R. Now (J(N):N)=(Nyep A3N:N) =Ny ( A3N:N) by
[6,Ex.14,P.240]. But A; € (A;N: N), then(4,;N: N) = A, VAeA, Therefore
(N: N)=Nep 4;=](R).



Corollary (1, 3, 3):
If M is P-Sc module on R, then anngz (N) < J(R), for every sub module
N of M

Corollary (1, 3, 4):
If M is P-Sc module over R, then anngzg(N) < J(R),and

therefore anngz (N) is a small ideal of R.

Proof: By proposition (1,3,4), (J(N):N)=](R), anng(N) € (J(N):N), then
ann(N) € J(R).

Corollary (1, 3, 5):

If M is a P-Sc module over R, and annz(N) is a maximal ideal of R,

then R is a local ring.

Proof: It is clear, so it is omitted.

The two classes of strongly cancellation modules are coincides over rings
which have zero Jacobson radical. This is what we shall show in the

following result.

Proposition (1, 3, 6):

Let M be an R-module and J(R) =0, M is P-Sc module iff M is strongly

Cancellation module.
Proof:

Suppose M is relatively cancellation module. Then anng(N) € J(R) =
0. Therefore ann(N) =0 by proposition(1,3,2). M is strongly cancellation

module.

The converse is clear, since every cancellation is P-Sc module.



Corollary (1, 3, 7):

Every P-Sc module over the ring of all integers is strongly

cancellation module.
Proof: It is clear, so it is omitted.
Proposition (1, 3, 8):
If every cyclic R-module is P-Sc module, then R is a local ring.
Proof:

Let A and B tow maximal ideals of R. since R/A is a simple module and
ann(R/A) = A. R/A is cyclic module, then R/A is P-SC module.
Therefore AC]J(R) by Corollary (1, 3, 4). But A is maximal of R, then

J(R) = A.

In the same way we can prove that/(R) = B. Hence R is a local ring.

10



CHAPTER TOW

The Relation between P-Sc modules

and certain types of Modules



The Relation between P-Sc modules and certain

types of Modules

The purpose of this chapter is to investigate the relation between P-Sc
modules and some types of modules such as locally projective modules and
flat modules.

The chapter, included tow section .in section one, we shall discuss the
relation between P-Sc modules and a locally projective module that is beside
proving under certain condition, a locally projective module is P-Sc module,
see proposition (2.1.5).

Next, in the second section we shall consider the validity of strongly
cancellation and P-Sc properties in the class of flat modules. Namely we shall
show that the tow properties of strongly cancellation and P-Sc equivalent in

this class.

11



S1: P-Sc modules and locally projective modules.

Azumaya in [6] has been defined an R-module M to be locally projective
module if for all epimorphism f; f:A — B where A and B are tow R-
modules, for all homomorphism g; g:M — B and Vx € M,a homo
h; h: M — A such that foh(x) = g(x) that means the following diagram is

commutative.

It is clear that every projective module is locally projective module, but the
converse is not true.

In this section the P-Sc property for locally projective modules will be
studied.

First we need to recall the following concept, [7]. The homomorphism a,
a:A—B is called split point wise, where A and B are tow R-modules if for
each b €B, there exists a homomorphism g, f: B — A depends on b, such
that (ao B)(b) = b.

Next the following proposition is also needed in [7].
Proposition (2.1.1):[7]

Let M be an R-module. Then the following statements are equivalent:

(1) M is locally projective module.

(2) For all R-modules A, all epimorphosis a: A—B split point wise.

12



(3) For each m € M, there exists a family {x;};c;, x; € M, Vi and a family
{6;}, 6; € M*,Vi Such that:

(@) 6; (m) # 0 For only finite number of i € I

(b) m=2306; (m)x; .

In following example we explain that the projective modules and the

locally projective modules are not necessary P-Sc modules.
Example (2, 1, 2):
Let M = Z, be a module over R=Z, and Z, = A @ B, where A = {0,2,4}

and B = {0,3} B is projective module over R. But B is not P-Sc module
over R. In fact <3>B=<3> and<1>B=<3>, where <3 > is
prime ideal in Zg. But < 3 >#< 1 >

In order to give sufficient condition for locally projective module to be

P-Sc module, we need the following lemmas and definition.

Recall that | is called pure ideal of R, if I n B = BI, for all ideals B in
R, [5].
Lemma (2, 1, 3): [7].
Let M be a locally projective R-module. If a € M, than a € aT(M).
Lemma (2,1,4):
If M is locally projective R-module, than T(M) is a pure ideal of R.

Proof:

Letx € T(M). Then x = ),;¢;0; (m;),m; €M, 6; € M* = Hom(M, R),
implies m; = ym; by lemma (2, 1, 3), where y € T(m). Therefore x =
Yo,(ym;) = y(Xier 0; (m;)) = yx.,Hence T(M) is pure ideal of R.

13



Proposition (2, 1, 5):

If M is locally projective module and T (M) contains non-zero divisor of R,

then M is P-Sc module.
Proof: T (M) is a pure ideal in R by lemma (2, 1, 4). Then T(M) is
multiplication ideal [8 , corollary (1.8)].

Therefore it is easily to show that M is P-Sc module.

Corollary (2, 1, 6):

Every non-zero locally projective module over an integral domain is P-

Sc module.
Proof: let M be a locally projective module over an integral domain R.

T (M)# 0 and R is an integral domain, then T (M) contains non-zero divisor

of R. Therefore M is P-Sc module by proposition (2, 1, 5).

14



S,: P-Sc modules and Flat modules

In this section we shall study the relation between the P-Sc modules
and flat modules. We shall show that an R-module M is P-Sc module if and
only if M is faithfully flat see proposition (2, 2, 2), where an R-module M is
called faithfully flat if one of the tow following equivalent statements are

satisfied [9, proposition (2, 3, 1),p,4].

(1) M is flat module and for all modules N of R, if M®N=0, then N=0
(2) M is flat module and PM< M for all maximal ideals P of R.

Let us start by the following remark:
Remark (2, 2, 1):
Every faithfully flat module is faithful module.

Proof:

Let x€ anng(M). Then xM = 0 Now, M®QRx = xM®R = 0QR = 0.
Then Rx=0 (since M is faithfully flat module).Therefore x=0 and hence
ann(M) =0

The converse of remark (2, 2, 1) is not true in general. For example:
Q is flat module over Z. But is not faithfully flat module over Z. Because

(p) Q=Q for all prime number P in Z.

The following proposition proves the P-Sc modules and strongly

cancellation modules are equivalent in the class of flat modules.

15



Proposition (2, 2, 2):
If M is a faithfully flat R-module, then M is P-Sc module

Proof:

Let M be a P-Sc module. Then PNcN for some ideal p of R. Therefore
PNcN for all maximal ideals P of R. Hence M is faithfully flat by definition
of faithfully flat.

16



REFERENCES

[1] A.S. Mijbass, "on cancellation Modules”, M.SC. Thesis, univ. of
Baghdad (1992).

[2] A. A. Elewi, "strongly cancellation Modules", Iragi Journal of science",
57(1A) (2016), PP: 218-222.

[3] F. Kasch, "Modules and Rings", Academic press, London, New York,

(1982)

[4] Majid M.A., "Residual sub modules of Multiplication Modules " ,

46(2)(2005)

[5] M.F. Atiyah and 1.G Macdonald; "Introduction to commutative Algebra",
Addison-wesley pupl. CO., London (1969).

[6] J.T. Knight, "Commutative Algebra", Cambridge univ. press, (1971)
[7] G. AZumaya, "A characterization of semi-perfect Rings and Modules",

[8] A.G-Naoum, "A Note on projective Modules and multiplication modules”,
Beritage Zur Algebra and Geometrie 32(1991), 27-32

[9] D.D Anderson and D-F Anderson. Some remark on cancellation ideals,

math Japonica 29, NO.6(1984)879-886.

17



ualdioal)
Gida 50 50 asgde Candl 138 & alas jaic @ild 4o 4sls R o]
B Gl jeadl 5 gal Al e el | Al S5 8 S g e
A El8ls S e Al e Jg) ads Jga g n 4ABDal) Liay) Culac
.wﬁeﬁﬁub‘jﬁ_\}d\



