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A(Abstract) pasld

The topology is a word translated from the English word topology, and the word the
topological is divided into two sections of the first section (topo), which belong to
the Greek origin to (topos), which means "place" and the second section is (logy).
which belong to the origin of the Greek (logos) , which means "study". If we connect
the stake holders in the word. we find that the topology is the modern engineering
in the study of all the compositions and components of different spaces...

(One of the most famous statements of humor in the topology is):

" A topology is a person who cannot tell a coffee cup from a dough nut "



CHAPTER ONE introduction

1.1 introduction:

Q / What is the topology 2 1.1.1:

The topology is a word translated from the English word topology, and the word the
topological is divided into two sections of the first section (topo), which belong to
the Greek origin to (topos), which means "place" and the second section is (logy).
which belong to the origin of the Greek (logos) , which means "study". If we connect
the stake holders in the word. we find that the topology is the modern engineering
in the study of all the compositions and components of different spaces...

(One of the most famous statements of humor in the topology is):

" A topology is a person who cannot tell a coffee cup from a dough nut "

Definition 1.1.2: let X be a nonempty set and of X (i.e < IP(X)) we say T is a
topology on X if satisfy the following condition:

(1)X ,Der

(2) if u,v €t then unver

The finite intersection of elements from t again an element of t

(3) if ug €T ; aE A then U 4e, Ug €T HaeN

The arbitrary (finite or infinite) union of elements of 1 is again an element of ©

we called a pair (X,t) Topological space

Definition 1.1.3: open set



let (X,t) be a topological space The subsets of X belonging to t are called open sets in

the space X

i.e,IfACX”"Aet— Aopen set

Definition 1.1.4: closed set

let (X,T) be a topological space The subsets of X is called closed set in the space X if it

is complement X\A is open set we will denoted the family of closed sets by

i.e, IfACX"Aet— Aclosed set

Remark 1.1.5: the set in (X,t) may be:

(1) open & not closed (2 ) closed & not open
(3) clopen (closed & open) (4 ) not open & not closed

Remarks 1.1.6:

(1) =={X,d} is a topology on X and it's the smallest topology that we can
defined on any set X and called [ Indescrete topology ] And denoted by
(I={X,a})

( 2) ==IP(X) is a topology on X and it’s the largest topology that we can
defined on any set X and called [ Discrete topology ] And denoted by
(D=1P(X))

(3) If T any topology on X then | €tc D
(4 ) w=Dif and only if {x}et & x e X

Theorem 1.1.7:



let (X,t) be a topological space and ¥ be a family of closed sets on X then:
QL)X Be¥

(2)if A,BeT then AUB €T YA BeT

(3) if A €F; aeNA then Ny  AqeT B AjeT
Proof:

(1) Per—D°eF—-XeF

Xet — X°eF »JeT

(2)let A,B et — Ac,Beet (def of closed)
—A°‘NB°et (def of top.)

—(AUB)et ( Demorgan )

—AUB €7 (def of closed)

A, €T BaeA (3) let

— ASet HYaeA

— Ugen Aler  ( Third condition of def of top. )
— ( Ngen Ag )°€t ( De morgan's laws )

— Ngepn Aq €T (def of closed set)

Definition 1.1.8: (subspace topology)

let (X,t) be a topological space and w <€ k. Then the topology 1w is called the

subspace or (induced) topology for w and the pair (w,tw) is called subspace of

X17)



Definition 1.1.9:(Interior points)

let (X,7) be a topological space and ACX. A point x€A is called an interior point of

A iff there exists an open set UUt containing X such that xeUCA. the set of all

interior points of A is called the interior of A and is denoted by A° or Int(A)

i.e. xeA%«—3qUert; xeUCA

or Ac = U{Uet; UCA} this means A° is the lage open set contain in A

Definition 1.1.10: (Derived set)

let (X,t) be a topological space and A X, A point xeX is called a (cluster point)

or (limit point) or (a ccumulation point) of A iff every open set containing X
contains at least one point of A different from X the set of all cluster point of A is

called the derived set of A and is denoted by A/

i.e. xeA —~YUet; xeU " U\{x}NA#J

Definition 1.1.11:(closure of set)

let (X,t) be a topological space and A € X, the closure of a set Ais A U A/ and is

denoted by A or cl(A)

i.e. A =AUA/
*A=N{FcX;Fcet" ACF}

A is smallest closed set contains A,[°l.



CHAPTER TWO A Tri Topological Space

2.1 TRl open And TRI closed Sets:

In 1965, Njastad™ introduced a generalization of open set in topological space called
aopen set. A subset A of a topological space is called aopen set if A cintclint A. In
the definition of a open set, the same topology is used thrice. In this chapter we use
three different topologies and extend this concept to a tritopological space.To denote

a topology we use the symbol T for convenience.
Definition 2.1.1:

let X be a non empty set and T,,T, and T; be three topologies on X. X together with

three topologies is called a tri topological space. it is denoted by (X,T1,T,,T3)

Example 2.1.2:
|et Xz{alblcld} ’ T].:{@IX} ) T2=P(X) ’ T3={®le{a}}
then (X,T4,T,,T3) is a tri topological space

Note 2.1.3: Any topological space is a tri topological space . let (X,t) be a

topological space . then (X,T4,T,,T3) is a tri topological space

Note 2.1.4:Any tri topological space is not a topological space . but any tri

topological space induces a topological space in many ways . If we take the

intersection of all topologies , then we get a topological space .

Example 2.1.5:
Xz{alblcld} ’ le{glxl{a}l{b}l{alb}} ’ Tzz{glxl{a}l{c}l{alc}} ’

T3= {glxl{a }I{d}){ald}}

10



let T=T;NT,NT;

then T={X,9,{a}}

(X,7) is a topological space
Definition 2.1.6:

let (X,T,,T,,T3) be a tri topological space . then (X,t) where T=T,NT,NT; is called

the induced topological space

Definition 2.1.7:

let (X,T1,T,,T3) be a tri topological space . let AcX ,A is called a tri open setin X if Ais

open in the induced topology
i.e. Ae TlnTznTg

Definition 2.1.8:

let (X,T1,T,,T3) be a tri topological space . let A X. Ais called a tri closed set in X if

A is closed in the induced topology

Example2.1.9:

in the example 2.1.5 {a} is tri open and {b,c} is tri closed
Result 2.1.10:

(1) Ais tri open iff A is open with respect to each topology
(2) Ais tri closed iff A is closed with respect to each topology
( 3) Ais tri closed iff A is tri open

(4) 9 is always tri open

11



(5) X is always tri open

Theorem 2.1.11:

let (X,T1,T,,T3) be a tri topological space A is tri open iff AcCT; int (T, int (T3 int A))
proof:
if A'is tri open, then A is open with respect to each topology
Hence A=T; in A fori=1,2,3
Tiint T, int T3int A=T, int T, int A=T; int A=A
Hence AcCT,intT,intTzint A
conversely, suppose we have AcC T, int T, int Tz int A
now T1intT,intT;intAcCT,intT,intAcCT,intAcCA

Hence we have A=T; int T, int T3 int A and this implies A=T; int A for i=1,2,3 and

hence A is tri open

Theorem 2.1.12:

let (X,T,,T,,Ts) be a tri topological space A is tri closed iff A > T, cl (T, cl (Tacl
A))

proof:

A is tri closed — A is tri open
— A°CT,int T, int T3 int A

— A'cT,int T, int( T3 cl A)°

— A‘c Tl |nt( Tz cl T3 cl A)c

12



— Ac(TiclT,cl T3 cl A)S
—)ADT]_ cl Tz cl T3 clA

Retracing the above steps, we get the converse

22 TRl a OPEN AND TRI ¢ CLOSED SETS:

Definition 2.2.1:
Let (X, Ty, Ty, T3) be a tri topological space . A subset A of X is called tri aopen inX,

If AcT,int T,cl Tz int A. The complement of tria open set is called tri aclosed set
Example 2.2.2:

Let X={a,b,c}, T,:={D,X,{a}}, T.={D,X ,{a}{a,b}} Ts:={F X {a}.{a,c}}
Let A={a};

T.intTocl Ty int{a}=T,int T, cl {a}

=T, int X

=X

Ac Tiint Tocl Tsint A

A={a} is triaopen

Theorem 2.2.3:

A'is tri open A is tri aopen

Proof:

Aistriopen Ac T, int T, int Tzint A

Ac T,int T, cl Taint A

Hence A is tri aopen

Result:Converse is not true

Example 2.2.4:

Consider R with usual metric as T, and T3
T,=Indiscrete Topology
A=[a,b], A is tricopen
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but A is not tri open

Theorem 2.2.5:

Arbitrary union of tri a open sets is tri aopen
Proof:

Let {A,/ ae I} be a family of tri aopen sets in X
Foreacha e |, AqcT1int Tocl Tz int Aq

Hence U Aqc U (T1int Ty cl Taint Ay)
cTyint(UT,cl Tsint Ay)

cTrint T, cl (U Taint Ay)

cTyintTcl Tzint (U Ay)

Therefore ..U Aqis tri aopen

Theorem 2.2.6:

Arbitrary intersection of tri aclosed sets is tri aclosed
Proof:

Let {Bo/ a € 1} be a family of tri aclosed sets in X
Let A= B¢

{A./ ae I} is a family of tri aopen sets in X
Arbitrary union of tri a open sets is tri aopen. Hence UAis tri aopen Hence(UA,)C is
tri aclosed

NAS is tri aclosed (i.e) NByis tri aclosed. Hence

arbitrary intersection of tri aclosed sets is tri aclosed
Result2.2.7:Intersection of tri a open sets need not be tri aopen
Example 2.2.8:

X=R, T:=P(R) , T,={@,R}, T5= Usual topology in R

A=[a,b], T, int T, cl Tz int [a,b] =T, int T,cl (a,b)

=T,intR
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[a,b]c T, int T, ¢l Tz int [a,b]=R

Hence A is tri a open. Hence any closed interval is tri a open

Take B=[b,c], B is also tri a open

ANB =[a,b] N [b,c] = {b}

TiintT,cl Tzint{b}=T,intT,cl@=T,int@=0

Therefore ANB={b} z Ty int T, cl Tz int{b} =&

ANB is not tri a open

Theorem: 2.2.9:

In a tri topological space (X, T4, T,,Ts) the set of all tri o open sets form a generalized
topology.

Proof:-

Proof follows from Result 2.1.10 , Theorem 2.2.3, Theorem 2.2.5 and Result 2.2.7.
Definition 2.2.10:

Let (X, Ty, T,, T3) be a tri topological space. Let Ac X. An element x € A is called

tri ainterior point of A, if 3 a tri aopen set V such that x € Vc A.

Example 2.2.11:

Let X =R, T, = R with usual Topology, T, = {d,R} and T; = P(R)

Let A =[-1,1] Then O is a tri ainterior point of A.

Definition 2.2.12:

The set of all tri ainterior points of A is called the tri ainterior of A and is denoted

astri aint A.
Theorem 2.2.13:

Let AcX be a tri topological space. Tri aint A is equal to the union of all tri
aopensets contained in A.

Proof:AcX. we want to prove

Triaint A=U{B/BcA, B is tri aopen}

X € tri aint A 3 a tri aopen set B such that x € Bc A.

15



Hence x e U { B/Bc A, B is tri aopen}

Therefore tri aint Ac U{B / Bc A, B is tri aopen}

Suppose x € U {B/Bc A, B is tri aopen}

X € Byo, By is triaopen and BocA. Hence 3 a tri aopen set B, such that x € Boc A
Therefore x € tri aint A. Hence U{ B/ B c A, B is tri aopen} c tri aint A

Hence triaint A=U {B/B c A, B is tri aopen}

Note 2.2.14:
1.Triaint A c A.

2. Tri aint A is tri a open.
Theorem 2.2.15:

Tri aint A is the largest tri aopen set contained in A.

Proof:Follows from the Theorem 2.2.13.

Theorem 2.2.16:A is tri aopen iff A =tri aint A.

Proof:

A'is tri aopen and A < A. Therefore A € {B/ B c A, B is tri aopen}

Ais in the collection and every other member in the collection is a subset of A and
hence the union of this collection is A. Hence U{B /B — A, B is tri aopen} = A and
hence tri aint A = A.

Conversly since tri aint A is tri aopen,

A =tri aint A implies that A is tri aopen.

Theorem 2.2.17: Tri aint (AUB) = tri aint A U tri aint B

Proof:
Tri aint A < A and tri aint A is tri aopen.

Tri aint B < B and tri aint B is tri aopen.

16



Union of two tri aopen sets is tri aopen and hence tri aint A U tri aint B is a tri
aopen set.Also tri aint A U tri aint B < AUB.Tri aint A U tri aint B is one tri aopen
subset of AUB and tri aint (AUB) is the largest tri aopen subset of AUB.

Hence tri aint A U tri aint B c tri aint (AUB)

Definition 2.2.18:

Let (X, Ty, T, T3) be a tri topological space and let AcX. The intersection of all

tri aclosed sets containing A is called the tri aclosure of A and is denoted as
triacl ATriacl A=N{B/B>A, Bis tri aclosed}

Note 2.2.19:

Since intersection of tri aclosed sets is tri aclosed, tri acl A is a tri aclosed set
Note 2.2.20:

Tri acl A is the smallest tri aclosed set containing A

Theorem 2.2.21:

A is tri aclosed iff A =tri acl A

Proof:
Triacl A=N{B/B>A, Bistri aclosed}

If A is atri aclosed then A is a member of the above collection and each member
contains A. Hence their intersection is A. Hence tri acl A = A Conversely if

A =tri acl A, then A is tri aclosed because tri acl A is a tri aclosed set
Definition 2.2.22:

Let A — X, atri topological space. x € X is called a tri alimit point of A, if every tri

aopen set U containing X, intersects A — {x}.(i.e.) every tri aopen set containing X,

contains a point of A other than x
Example 2.2.23:

Let X={a,b,c}, T,={0,{a},{a,b} X}
T={0.{a}, X}, Ts=={0{a}.{a,c} X}
Tri aopen sets are @,X,{a},{a,b}{a,c}

17



Consider A={a,c}. Then b is a tri alimit point of A.
Definition 2.2.24:

Let A — X. The set of all tri alimit points of A is called the tri aderived set of A
and is denoted as tri aD(A).

Theorem 2.2.25:
Triacl A=A U tri aD(A)

Proof:

Let x e tri acl A. If x e Athenx € A U tri aD(A). If x ¢ A, then we claim that x isa
tri alimit point of A. Let U be a tri aopen set containing X. Suppose UN A =0

Then A —UC and UC is tri aclosed and hence tri acl A < UC. This implies x
eUC&=Hence U NA #0. Therefore every tri aopen set U containing X
intersectsA—{x}.

Hence x € tri aD(A) and x € A U tri aD(A)

tri acl A < A U tri aD(A) Conversely it is clear that A ctri acl A.Therefore It is
enough to prove tri aD(A) c tri acl A.

Let x e tri aD(A).If x € A then it is true. So let us take x ¢A. Now we have to
provethat x e every tri aclosed set containing A. Suppose not, X ¢ B where B is a tri
aclosed set containing A. B oA Now x € BC, BC is tri aopenand BCN A =0
Contradiction to the fact that x is a tri alimit point of A. Hence x < every tri
aclosedset containing A. Therefore x e tri acl A. Hence A U tri aD(A)ctri acl A

Hence tri acl A=A U tri aD(A).

2.3. TRl a CONVERGENCE OF NETS.

The concept of nets in topological spaces can be extended to tri topological spaces.

Let D be a directed set and f : D — X be a map. Then f is called a net in X. Also
wehave studied the convergence of nets in usual topology. Now we extend the

conceptof net convergence to tri topological space.

18



Definition 2.3.1:

Let X be a tri topological space and let (x;) be a net in X. (x;) is said to tri

aconvergeto a point x € X, if for every tri aopen set U containing X, 3 Ao D such

thatA > Ao — X, € U. When (x;) tri aconverges to x, we write (X;) — X.

Theorem 2.3.2:

If (x;,) iIsanetin A, (x,) > xand x gA, then x is a tri alimit point of A.

Proof:

(%) € DisanetinA. (x,) »xand x ¢ A. Let U be a tri aopen set containing X.

As(X;) = X , 3 Age D such that A >y — X, € Uln particular x;,o € U. As X ¢ A,

X307 X. NOow X;0e U and x;9e A.Therefore U n A\{x} # @. This is true for every tri

aopen set containing x. Hence x is a tri alimit point of A. Hence x € tri aD(A).

Theorem 2.3.3:

If (x,) isanetin Aand (x,) = X, then x e tri acl A.

Proof:

(X)) iIsanetin A, (x;) > x.Foreach A € D, x;, € A.
Case 1:

Letx € A

X eAX e tri acl A.

Case 2:

Letx ¢ A

Now (x;)isanetin A, (X)) > X, x ¢ A
Hence by Theorem2.3.2 x e tri aD(A)
Hence x e tri acl A.

In both cases x e tri acl A.

Theorem 2.3.4:

If X e tri acl A then 3 a net (x;) in A such that (x;) — x.
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Proof:

X € tri acl A

Case 1:

Letx e A

Then for any directed set D, consider f : D — A defined as f(A) = x. Then the net
(x,)where x; = X is the constant net converging to X.

Hence 3 a net (x,) in A such that (x;)— X.

Case 2:

Let X ¢ A then x e tri aD(A)

Let U = set of all tri aopen sets containing x,Define an order in U as B> B, if
B.ic B,. With respect to this order U becomes an ordered set. Now we define a map f
: U — Aas follows. Take any B ¢ U then B is a tri aopen set containing X, sincex
e tri aD(A), every tri aopen set containing X intersects A — {x}.Hence B n A — {x}
# (. Take an element xge B n A — {x} . Now we define

f(B) = xg. Now f is a net whose elements are in A. Therefore fis anetin A.

Claim :f — x

Let B be a tri aopen set containing X.

Consider B € UNow B;> B — B;cB — Xgie Bjc B — Xg;e B. Hence B;> B
— Xg1€ BFor every tri aopen set B containing x, 3 Bi such that xg; € B V Bi >
BHence net f = (xg) converges to x.Hence 3 a net (x;) in A such that (x;)— Xx.
Theorem 2.3.5:

x e tri acl A iff 3 a net (x;) in A such that (x;,)— X.

Proof:Follows from the previous theorems.

2.4. CHARACTERISATIONS.

We get some characterisations when T is discrete topology.

Theorem 2.4.1:Let (X, T, T,,T3) be a tri topological space where T, is discrete

topology. Let A — X.Ais tri aopen — A is T3 open.

20



Proof:If A is not T; open. Then T3 int A is a proper subset of A.

Hence T, cl T5 int A is a proper subset of T, cl A.Since T,is discrete topology, T, cl
A = A Hence T, cl Tz int Ais a proper subset of A.Therefore T, int T,cl Tz int Aisa
proper subset of A.

Therefore A is not a subset of T, int T, cl T int A.Hence A is not tri « open. A is not
T3 open —A is not tri copen.Hence A is tri aopen — A is Tz open, if T, is discrete

topology.
Result 2.4.2:Converse is not true.

Example 2.4.3:
X:{a,b,C}le{@,{a},X},TZZP(X),ng{@,{b},X} ) A:{b} IS T3 Open
T, int T, cl T, int A= T, int T, cl A=T, int A= 0.T, int T, cl T, int A= 0.

Hence A is not a subset of T, int T, cl Tz int AA is not tri « open.

A'is T3 open but A is not tri aopen.

Theorem 2.4.4:

Let (X, T4, T,,T3) be a tri topological space where T2 is discrete topology on X.Let A

< X. Then A is tri aopen — A is T, open.

Proof:T;int AcA. T, cl Tsint A< T,cl A. Since T, cl A=A, Tycl T3 intA c AT,
intT,cl T3intAc Ty int AcA.

Aistriaopen. > Ac T, int T, cl Tz int A.

T,intT,cl T;intAc AcT,intT,cl Tsint A.

TiintT,cl TsintA=A. T, int Tsint A=A.

This is possible only when T, int A = A.

Hence A is T, open.

A is tri aopen— A is T, open.

Result 2.4.5:Converse is not true.

Example 2.4.6:
X={a,b,c}. T,={0,{a},X}, T,=P(X), T:={0,{b} X}, A={a} is T, open.

21



TiintT,cl T3int A=Tyint T, cl 9=T; int 0= 0.
T,int Tocl Tsint A=0.

Hence A is not a subset of T; int Tocl T3 Int A
A is not tri aopen.

A is T, open but A is not tri copen.

Theorem 2.4.7:
When T, = P(X), A is tri aopen iff A is T, open and T3 open.

Proof:

Follows from the previous theorems, we have A is tri aopen implies A is T, openand
Tsopen

conversely,If A is T, open and T3 open.

TyintT,cl T3intA=T,intT,cl A

=T, intA

=A

Hence Ac Tiint Tpcl Tzint A

Hence A is tri aopen.

Theorem 2.4.8:
When T, = P(X), A is tri aopen iff A is tri open

Proof:Follows from the previous theorem.

Theorem 2.4.9:
When T, = P(X), Ais tri aclosed iff A is T, closed and T; closed

Proof:Follows from the previous theorem.

Theorem 2.4.10:When T, = P(X), A is tri aclosed iff A is tri closed

Proof:Follows from the previous theorem.
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CHAPTER THREE A Tri Topological Space

3.1: Tri a Continuous Functions:

Definition 3.1.1:
Let (X,T1,T,,T3) and (Y,T,’,T,°,T3’) be two tri topological spaces. A function

f: X —Y is called a tri acontinuous function if f (V) is tri aopen in X, for every
tri aopenset Vin'Y.

Example 3.1.2:

Let X = {1, 2, 3}, T. = {¢, {1}, X},

To={¢, {1}, {1.3}, X}, Ts = {¢, {1}, {1.2}, X}

LetY ={a,b,c}, T’ ={¢, {a}, Y}

T2’ ={¢, {a}, {a, b}, Y}, Ts’ = {¢, {a}, {b}. Y}

Let f: X —Y be a function defined as

f(1) = a; f(2) =b; f(3) = c.

Tri aopen sets in (X,T{,T,,T5) are ¢,{1},{1,2},{1,3}X.
Tri aopen sets in (Y,T,°,T,’,T3’) are ¢,{a}, {a,b}.{a,c}Y.

Since (V) is tri aopen in X for every tri aopen set VVin Y,
f is tri acontinuous.

Definition 3.1.3:

Let X and Y be two tri topological spaces. A function f: X — Y is said to be tri o

continuous at a point a X if for every tri o open set V containing f(a), 3 a tri o open
set U containing a, such that f(U) c V.
Theorem 3.1.4:

f: X > Y is tri a continuous iff f is tri o continuous at each point of X,

Proof:Let f: X — Y be tri o continuous.
Take any a € X. Let V be a tri o open set containing f(a).

f: X = Y is tri o continuous,
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Since (V) is tri o open set containing a. Let U = f*(V).

Then f(U) c V — J atri a open set U containing a and f(U) c V.

Hence f is tri o continuous at a.

Conversely,Suppose f is tri o continuous at each point of X.Let V be a tri o open set
of Y. If f*(V) = ¢ then it is tri o open.Take any a € (V) fis tri o continuous at a.
Hence 3 Ua, tri a open set containing a and f(Ua) c V.

LetU=u {U./a e f(V)}

Claim: U = f'(V).

aefi(V) > UgcU—aeU.

X € U— x e U, for some a — f(x) € V — x e F(V). Hence U = f*(V).

Each U, is tri o open. Hence U is tri o open. — (V) is tri o open in X.

Hence f is tri oo continuous.

Result 3.1.5:

Let (X,T1,T,,T3) and (Y,T,’,T,°,T3’)be two tri topological spaces.

Any function f : X—Y is tri acontinuous function if T3’ is indiscrete topology.
We know that if T3’is indiscrete Topology {¢, Y} then the only tri aopen sets in 'Y
are pand .

f1(0)=¢.f1(Y)=X. ¢ & Xare tri aopen in X. Hence f :X—>Y is tri o

continuous function .In this case any function defined from X to Y is tri acontinuous

function.
Theorem 3.1.6:
Let (X,T1,T,,T3) and (Y,T,’,T,°,T3’) be two tri topological spaces.

Then f: X —Y is tri acontinuous function iff (V) is tri aclosed in X
whenever V is tri aclosed in Y.

Proof:

Let f: X —Y be tri acontinuous function.

Let V be any tri aclosed in Y.
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— VCis tri aopen in Y — f(V°) is tri o open in X.

— [FY(V)]¢is tri o open in X.

— fY(V) is tri a closed in X.

Hence f*(V) is tri aclosed in X whenever V is tri aclosed in Y.
Conversely, suppose f(V) is tri aclosed in X whenever V is tri aclosed in Y.V is a
tri aopensetin,

—VCis tri aclosed in Y.

— (V) is tri aclosed in X.

— [FY(V)]c is tri o closed in X.

— fY(V) is tri aopen in X.

Hence f is tri acontinuous.

Theorem 3.1.7:

Let (X,T1,T2,T3) and (Y, T4, T,°,T3”) be two tri topological spaces. Then,
f: X =Y is tri acontinuous iff f [tri acl A] < tri acl [f(A)] V A< X,

Proof: Suppose f: X —Y is tri acontinuous.

Let Ac X — f(A)cY— tri acl [f(A)] is tri aclosed setin Y.

— 1 [tri acl {f(A)}] is tri aclosed in X ---- 1

[ since f is tri acontinuous]

tri acl [f(A)] = f(A)

—f* [tri acl {f(A)}] o f'[f(A)] 2 A----- 2

1 & 2 — 1 [tri acl {f(A)}] is tri aclosed set containing A.

But tri acl A is the smallest tri aclosed set containing A.

Hence tri acl A < f* [tri acl {f(A)}]— f [tri acl A] c tri acl [f(A)].
Converse:Suppose f [tri acl A] c tri acl [f(A)] V Ac X

Claim: f: X —Y is tri acontinuous.

It is enough to provef™ (F) is tri aclosed in X for every tri aclosed set F in Y
Let A=f'(F) - f(A)cF
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f[tri acl A] c tri acl [f(A)] [ Hypothesis ]

— f[tri acl FY(F)] < tri acl (F) = F

— f[tri acl fF1(F)] < F

— tri acl FY(F) c F1(F) - 1

1 (F) c tri acl [fY(F)] --- 2

From 1 & 2 f*(F) = tri acl [ f'(F)]

Hence f*(F) is tri aclosed in X for every tri aclosed set Fin Y.
Result 3.1.8:

Under a tri acontinuous function the image of a tri aopen set need not be tri aopen.

Example: 3.1.9

Let X ={1,2}, T: = {¢,{1}, X}

T2 ={0.{2}. X}, Ts = {¢.{1}. X}

LetY ={ab}, T’ ={¢, {a},Y}

T’ =P(Y), T3 ={¢,Y}

Define f(1) =aand f(2) =b

f is tri acontinuous. {1} is tri aopen in X.
But f({1}) = {a} is not tri aopenin.

Hence under a tri acontinuous function image of a tri « open set need not be
tri aopen.

Result 3.1.10:

fis tri o continuous but f* need not be tri a. continuous.

Letg=f": YoX

g(@) =1,9(b) =2

{1} is tri o open in X. But g*{1} = {a} is not tri . open in Y.

Hence f* need not be tri o continuous.

Theorem 3.1.11:

X and Y are tri topological spaces. xoe X.

26



f: X =Y is tri acontinuous at X, iff(xA) —X;— ( f(xA) ) —f(Xo) for every net (X)) in
X.

Proof:

Let f: X —Y be tri acontinuous.

fis tri a continuous at a.

Let (x;) — a.

Claim: f(x,) — f(a).

Let V be a tri o open set containing f(a). Since f is tri o continuous at a,
3 tri o open set U containing a and f(U) c V.

Now (x;) — a.

Hence 3 A such that x, € U for all A > A,.

— f(x,) € V forall A > A,.

Hence (f(x;)) — f(a).

Conversely, suppose (x,) — a— f(x;) — f(a).

Let V be a tri a open set containing f(a).

Let A={ U/ Uisatri o open set containing a} order A by set inclusion.
U;<Uyif U Us.

Now A is a partially ordered set.

Suppose for some U, f(U) < V then fis tri o continuous at a.

If not, for every U € A, f(U) « V.

For each U € A, choose xye U > f(xy) ¢ V.

Now the net (xy) — a.

f(xy) ¢ V for each U.

Hence the net (f(xy)) does not converge to f(a).

We get contradiction.

Hence 3 U € A such that f(U) c V.

Hence f is tri o continuous at a.
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3.2.Tri o homeomorphisms:

Definition 3.2.1:
Let (X,T1,T,,T3) and (Y,T,’,T,°,T3’) be two tri topological spaces.

A function f: X —Y is called tri copen map if f (V) is tri aopen in Y for every
tri aopen set V in X,

Example 3.2.2:

In example 3.1.2f is tri copen map also.
Definition 3.2.3:
Let (X, T4, T,,T3) and (Y, T,’,T,’,T5”) be two tri topological spaces.

Let f: X —Y be a mapping. f is called tri aclosed map if f(F) is tri a
closed in Y for every tri aclosed set F in X.

Example 3.2.4:

The function f defined in the example 3.1.2is a tri aclosed map.
Result 3.2.5:
Let X & Y be two tri topological spaces. Let f: X —Y be a mapping.

f is tri acontinuous iff f!:Y —X is tri aopen map.

Definition 3.2.6:
Let (X, T4, T,,T3) and (Y, T,’,T,’,T3”) be two tri topological spaces.

Let f: X —Y be a mapping. f is called a tri chomeomorphism.
If (i) fis a bijection.

(ii) fis tri acontinuous.

(iii) f* is tri acontinuous.

Example 3.2.7:

The function f defined in the example 3.1.2is

(i) a bijection. (ii) f is tri acontinuous. (iii) f* is tri acontinuous.
Therefore f is a tri chomeomorphism.

Theorem 3.2.8:
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Let (X, T4, T,,T3)be a tri topological space where T, is indiscrete topology.

A non empty subset A of X is tri o open iff A has non empty T interior.

Proof:

Let A=dand Tzint A= ¢

Tocl Tsint A= X.

T,int Tocl Tsint A =X,

AcT.intT,cl Tz int A. Hence A'is tri o open.

Conversely,A non empty set A is tri o open.

Suppose Tzint A = ¢, then

TiintT,cl T3int A=Tyint T, cl ¢

=Tyintd=¢

A is not a subset of T, int T, ¢l T3 int A.

A is not tri o open.

Hence A has non empty T; interior.

3.3 Tri B open and tri B closed sets:

Definition 3.3.1:

Let (X,T1,T,,T3) be atri topological space. Let A — X. Alis called a tri 3 open set
if A c T.clT,intT5clA.

Definition 3.3.2:

Let (X,T1,T,,T3) be atri topological space. Let A — X. Alis called atri 3 closed set

if AC istri 3 open.

Example 3.3.3:

Let X = {a,b,c}, T1={9, {a}, X}, T2={¢,{b}, X}, T3=P(X)
Tri B open sets are ¢, {b}, {b,c}, X.

Example 3.3.4:

Let X = {ab,c}, T.={¢.{a}. X}, T-={¢.{b}, X}, Ts=P(X)
Tri B closed sets are ¢, {a}, {a,c}, X.
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Note 3.3.5:

Always ¢ and X are tri § open sets.
Theorem 3.3.6:

In a tri topological space (X,T1,T,,T3), AcX.
A is tri open — Alis tri 3 open.

Proof:

A is tri open — A c T4intT,intTzintA

— A c T.clIT,IintTsintA

— A c T.clIT,IintT5clA

— Alistri 3 open.

Result 3.3.7:

Converse is not true.

Example 3.3.8:
Let X = {a,b,c}, T: ={d,{a}, X}, T,=Ts=P(X).

Tri open sets are ¢, {a}, X.
Tri B open sets are ¢, {b}, {b,c}, X.
Theorem 3.3.9:

Arbitrary union of tri 3 open sets is tri 3 open.
Proof:Let {AJacl} be a family of tri 3 open sets in X.
For each ael, Acc U T4l T,intT5clAq

Now Uaac UT;CIT,intT3ClA

< Tycl [U TointTsclAd]

< T(clT,int [UTsClAG]

< T(CIT,intTscl [Uad]

Hence Uads tri 3 open.

Theorem 3.3.10:Arbitrary intersection of tri S closed sets is tri S closed.
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Proof:Let {B./acl} be a family of tri 3 closed sets in X.
Let A.= B for each acl.

{Adacel} is a family of tri 3 open sets.

Hence UaqlS tri 3 open .

Therefore (Uaa)®

is tri 3 closed.

Hence NACis tri S closed and therefore NBuis tri 8 closed.
Result 3.3.11:

Intersection of tri B open sets need not be tri 3 open.
Example 3.3.12:

X=R, T; =T, =Tz = Usual Topology in R.

A =[a,b], =T.cIT,int [a,b]

=T, cl (a,b) = [a,b].

A =Ja,b] = T(cIT,int Tscl [a,b]

[a,b] is tri 3 open.

Similarly B = [b,c] is tri 3 open.

ANB =[a,b] N [b,c] = {b}

Ticl Toint Tacl {b} =T, cl T, int {b}

=T.cl$=¢

Hence {b} is not tri B open.

Hence ANB is not tri 3 open.

Theorem 3.3.13:

Let (X, T4, T, Ts) be a tri topological space. Let Ac X. Then

Ais tri open — Alis tri 3 open.
Proof:

A is tri open — A < T4intT,intTzintA
—A c T.cIT,IntT3clA
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— Alistri [ open.

Result 3.3.14:

Converse is not true.

Example 3.3.15:

X={a,b,c}

T1={¢,X}, T2 = P(X), T3 = P(X)

Take A = {a}

T,cITointTsclA = T1clTointA = TiclA = X
A c T.clT,intT5clA

Hence A is not tri 3 open.
A ={a}isnotopeninT,
A is not tri open.

Hence A is not tri 3 open does not imply A is not tri open.

Definition 3.3.16:

Let (X,T1,T,,T3) be a tri topological space. Let Ac X. An element xeA is called tri
B

interior point of A if 3 atri 3 open set U such that xe UcA.

Example 3.3.17:

X={a,b,c}, T: = {d.,{b,c}, X}, T = {¢.{a}, X}, Tz= P(X)

A = {a,b}, Consider acA.

Take U = {a}, U is tri 3 open.

acUcA. Hence ais tri 3 interior point of A.
Consider beA. Take U = {b}

T1cIT,intTscl U = ToclT,int{b}

=Ticl

=0

Hence U is not tri 3 open.
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Take U = {a,b}

T1cIT,intTscl U = TclT,int {a,b}
= T,cl{a}

={a}

U is not tri 3 open.

3 no UwithbeUc A
bisnotatri 8 interior point of A

Hence tri j interior point of A is a.

Definition 3.3.17:

Let (X, T4, T, T3) be a tri topological space. Let Ac X. The set of all tri 3 interior
point of A is called the tri 3 interior of A and it is denoted by tri 3 int A.

Example 3.3.18:

X={a,b,c}

T ={¢.{b,c}. X}, T2 = {¢p.{a}, X}, Ts = P(X)

A ={ab} tri gintA={a}

Theorem 3.3.19:

Let (X,T;) be a tri topological space. Let AcX. The tri int A is equal to the union of

all tri 3 open sets contained in A.

Proof:

Let AcX.

Let S = union of all tri 3 open sets contained in A

Claim: tri BintA=S

xetri Bint A— xeUc A where U is tri 3open — xeS.
Hence tri gint AcS.

Now xeS — xeUc A for some U, tri open ® xe tri Sint A

Hence S c tri Bint A.
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Hence tri Sint A=S.

Theorem 3.3.20:
Let AcX. Then tri B int Ais the largest tri 3 open set contained in A.

Proof:
Follows from above theorem.

Definition 3.3.21:

Let X be a tri topological space. Let AcX. The intersection of all tri 3 closed sets

containing A is called the tri 3 closure of A and is denoted by tri S clA.

Theorem 3.3.22:
Let X be a tri topological space. AcX. The tri 3 clA is the smallest tri  closed set

containing A.

Proof:Follows from above definition.
Theorem 3.3.23:

Alistri Sclosed iff tri S clA=A.
Definition 3.3.24:

Let AcX . xeX is called a tri 8 limit point of A if every tri 3 open set U containing

xintersects A — {x}.

Definition 3.3.25:

Let AcX. The set of all tri 3 limit points of A is called tri 3 derived set of A and is
denoted by tri 3 D(A).

Theorem 3.3.26:

Tri BclA=Autri BD(A)

Definition 3.3.27:

Let X be a tri topological space. Let (x;) be a netin X. (x;) is said to tri 3 converge to

a point xe X, if for every tri 3 open net U containing x, 3 AoeD such that
A>ho— X5 €U. We write (x;) —X. X is called the tri 3 limit of the net (x,).
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Example 3.3.28:
Let X={a,b,c}

Tl = {d)!X}’ T2 = {(I),{a},X}, T3 = P(X)
A= {a}, T.cIT,intTsclA; = ToclT,int{a} = T,cl{a} = X

A istri 3 open.

A, = {b}, T.clIT,intTsclA, = TiclT,int {b} = Ticl{$} = X

A, is not tri 3 open.

Az = {c}, TicIT,intTsclAz = TocIT,int {c} = Ticl{¢} = X

Az isnottri 3 open.

A, ={a,b}, T.cIT,intTsclA, = TycIT,int {a,b} = Ticl {a} = X
A, is tri 3 open.

As = {a,c}, T.clT,intTsclAs = TiclT,int {a,c} = Ticl {a} = X
As is tri 3 open.

Ag = {b,c}, T.CIT,intTsclAg = TiclT,int {b,c} =Ticl ¢ = ¢
Ag is not tri 3 open.

A;=¢and Asistri 3 open.

Ag=Xand Agistri 3 open.

tri 3 open sets are ¢, {a},{a,b}.{a,c}.X.

D =P(X) — {¢}. D is a directed set with reverse inclusion A<B if BcA
Define f: D—X

f{a} =a;f{ab}=a;f{c}=a;f{ac}=c

f{b} =a; f{b,c} =Db; f{a,b,c} =b

Claim: the net f —a.

Take {a}, tri 3 open set containing a. Ao = {a,b}

Take {a,b}, 1o={a,b}

Take {a,c}, ho={c}

This net f tri 3 converges to a.
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Result 3.3.29:

Tri B limit of a net need not be unique.
Example 3.3.30:

Let X={a,b,c}

T1={¢,X}, T2 ={¢,{a}, X}, T3 =P(X)
tri 3 open sets are ¢, {a},{a,b}.{a,c}.X.
D =P(X) -{¢}.

Define f: D —x as

{a} —a{ab} —a{ab,c} —a

{b} —b {b,c} —b

{c} —c{ac} —c

f—a,f—bandf—c

This net f tri 3 converges to every point of X.
Theorem 3.3.31:

If (x,) be anetin A. (x,) —xthen xetri SclA

Proof:

(x,) iIsanetinA.

(x,) €A for every AeD.
Hence (x;)—X

Case 1:

Let xeA

Then xetri Bcl A
Case 2:

Let xgA

Let U be any tri 3 open set containing X.

Since (x;,)—x , 3 Age D such that A>Ao— X; €U.
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In particular x;0e U. Also X;0# X.

Therefore Un A — {x}=¢. This is true for each tri 3 open set containing x.
Hence xe tri S D(A).

Hence xetri S clA.

3.4. Tri B continuous functions:

Similar to tri a functions we define tri 3 functions also.
Definition 3.4.1:
Let (X, T4, T,,T3) and (Y, T,’,T,’,T5”)be two tri topological spaces. Let f: X—>Y is

called tri B continuous if (V) is tri p open set in X for every tri § openset Vin Y.
Definition 3.4.2:
Let X and Y be two tri topological spaces. A function f from X to Y is said to be tri {3

continuous at a point a € X if for every tri 3 open set V containing f(a), 3 a tri 3 open
set U containing a such that f(U)cV. We can easily prove the following theorems.

1) fis tri B continuous iff f is tri § continuous at each point xe X.

i) fis tri B continuous iff (V) is tri B closed set in X for every tri p
closedsetVinY

i) Any function defined from X to Y is tri [continuous if T, is
indiscretetopology.Similarly we can define tri 3 open map, tri 3 closed map and tri

B homeomorphismalso.
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