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Chapter One

NUMERICAL ANALYSIS

Numerical Analysis is the branch of mathematics that provides tools and methods for
solving mathematical problems in numerical form.

In humerical analysis we are mainly interested in implementation and analysis of
numerical algorithms for finding an approximate solution to a mathematical problem.
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| NUMERICAL ALGORITHM |
A complete set of procedures which gives an approximate solution to a

mathematical problem.
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| STABLE ALGORITHM |
Algorithm for which the cumulative effect of errors is limited, so that a useful result Is
generated is called stable algorithm. Otherwise Unstable.

LNUMERICAL STABILITY | |
Numerical stability is about how a numerical scheme propagate error.

NUMERICAL ITERATION METHOD | A mathematical procedure that generates a
sequence of improving approximate
solution for a class of problems i.e. the process of finding successive apprommatmns

CONVERGENCE CRITERIA FOR A NUMERICAL COMPUTATION

If the method leads to the value close to the exact solution, then we say that the
method is convergent otherwise the method is divergent. i.e. lim,,_. x, =7
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Why we use numerical iterative methods Jor solving equations? ‘

As analytic solutions are often either too tiresome or simply do not exist, we need to find an

approximate method of solution.
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| RATE OF CONVERGENCE OF AN ITERATIVE METHOD |

Suppose that the sequence (x},) converges to r then the sequence (x},) is said to converge to r
with order of convergence a if there exist a positive constant P such that

. [Xk41-r) 4. €+
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Thus if a=1, the convergence is linear. If a=2 » the convergence is quadratic and so on.
Where the number ¢ is called convergence factor.

| ORDER OF CONVERGENCE OF THE SEQUENCE ]

Let (xgy X1 5 Xg5ecrerennn ) be a sequence that converges to a2 number r and set €,=r-x,.If
: » . €, +1 :
there exist anumber a and a positive constant ¢ such that lim,, L&%al: ¢ . Then a is
£

called order of convergence of the sequence and ¢ the asymptotic error constant.

| ACCURAC\Z’ Accuracy means how close are our approximations from exact value.

CONDITION OF A NUMERICAL PROBLEM

A problem is well conditioned if small change in the input information causes small
change in the output. Otherwise it is ill conditioned.

STEP SIZE, STEP COUNT, INTERVAL GAP
b—a

The common difference between the pointsi.e. h= - X1 — X is called step

size .
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ERROR ANALYSIS

ERROR: Erroris a term used to denote the amount by which an approximation fails

to equal the exact solution.
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SOURCE OF ERRORS: Numerically computed solutions are subject to certain
errors. Mainly there are several types of errors

1. INHERENT (EXPERIMENTAL) ERRORS

Errors arise due to assumptions made in the mathematical modeling of problems.

Also arise when the data is obtained from certain physical measurements of the

parameters of the problem i.e. errors arising from measurements.
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2. Residual error or truncation error:

Errors arise when approximations are used to estimate some quantity. These errors

corresponding to the facts that a finite (infinite) sequence of computational steps

necessary to produce an exact result is “truncated” prematurely after a certain

number of steps.
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How Truncation error can be removed? Use exact solution.
Error can be reduced by applying the same approximation to a larger number of

smaller intervals or by switching to a better approximation.

3. ROUND OFF ERRORS (Rounding and Chopping)

Errors arising from the process of rounding off during computations. These are also
called chopping i.e. discarding all decimals from some decimals on
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(%) 30.6753 ~ 30.67531 ...

(st} 2.4674 = 2.4673915 ...
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4. Initial error/Error of the problem:w

These are involved in the statement of problem itself. In fact, the statement of a
problem generally gives an idealized model and not the exact picture of the actuali
phenomena. So the value of the parameter (s) involved can only be determined
approximately.

5. Accumulated Error

An error whose degree or significance gradually increases in the course of a series
of measurements or connected calculations. Specifically : an error that is repeated
In the same sense or with the same sign
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Errors in Calculations

Absolute error; Let x be a real number and let x* be an approximation. The absolute
error in the approximation x* = x is defined as £ = lx — x™].

Relative error is defined as the ratio of the absolute error to the size of x or the

approximate value x*, i.e., Re = = or Re = Ik which assumes x and x* # 0
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Example 1: Let 0.0005 be a real number and let 0.0003 be an approximation. Then
find the value of the absolute error and the relative error,

[
L4i]




University of Baghdad NUMERICAL ANALYSIS
College of Fducation for pure Sciences thn Al-Hathiam >

Deparf&:enf of Marhemalics

E 0.0002
Re = — = =04
x| — [0.0005]

Example 2: Let x=100000, x* = 99950 then find the value of the absolute error
and the relative error.

= 0.0005

_ N _E_ 50
| E=|x-x"]=50 and Re_lxl_moooo

Example 3: Let x=0.000015, x* = 0.000007 then find the value of the absolute
error and the relative error.

E = |x —x*| =10.000015 -~ 0.000007 | = 0.000008

E _ 0.000008

Re = — = _
© =%~ 0.000015

0.53
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Chaptertwo /  SOLUTION OF NON-LINEAR EQUATIONS |

ROOTS (SOLUTION) OF AN EQUATION OR ZEROES OF A FUNCTION
Let f(x) continuous function, for any number r. The root r or also called the zero of an

equation is the value which satisfy the equation i.e. f(r)=0

L ALGEBRAIC EQUATION |

A5 27D 2 s
The equatlon f{X) =0 is called an algebraic equatlon if it is purely a polynomial in x. e.g.
x3 +5x%-6x+3 =0

PROPERTIES OF ALGEBRAIC EQUATIONS
1. Every algebraic equation of degree n has n and only n roots .e.g. x*—=1=0

has distinct roots (1, -1).
2. Complex roots occur in pair. i.e. (atib) and (a-ib) are roots of f(x) =0,

3. If x=ais aroot f(x)=0, a polynomial of degree n then (x- a) is factor of f(x)=0 on dwldmg
f(x) by (x-a) we obtam polynomial of degree (n-1).

REMARK
There are two types of methods to find the roots of Algebraic equatlons
(1) DIRECT METHODS (2) INDIRECT (ITTERATIVE) METHODS
DIRECT METHODS

1. Direct methods give the exact value of the roots in a finite number of steps.
2. These methods determine all the roots at the same time assuming no round off .

INDIRECT (ITERATIVE) METHODS

1. These are based on the concept of successive approximations. The general procedure is to
start with one or more approximation to the root and obtain a sequence of iterates x which in
the limit converges to the actual or true solution to the root. o

2. Indirect Methods determine one or two roots at a time.
3. Rounding error have less eftect

4. Easier to program and can be implemented on the computer.
’:,...u)\ |
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REMEMBER: Indirect Methods are further divided into two categories
1. BRACKETING METHODS 2. OPEN METHODS

BRACKETING METHODS
These methods require the limits between which the root lies. e.g. Bisection method, False
position method.

‘ OPEN METHODS

These methods require the initial estimation of the solution. e.g. Newton Raphson method.

! ADVANTAGES AND DISADVANTAGES OF BRACKETING METHODS

Bracket methods always converge. The main disadvantage is, if it is not possible to bracket
the root, the method cannot applicable.

How to get first approximation?
We can find the approximate value of the root of f(x)=0 by Graphical method or by
Analytical method.

INTERMEDIATE VALUE THEQREM

Suppose fis continuous on [a, b] and f{a)# f(b) then given a number A that lies between f(a)
and f(b) then there exist a point ¢ such that a< ¢ <b with f(c)= A
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Example 1: find the root of the equation f(x):x3 —x—1 =10

0 1 2
- - +

Example 2: find the positive root of the equation f(x): x* — x> — 3 = 0

0 H
~ -k

3
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Example 3: find the negative root of the equation f(x): x* ~x2 = 3 = 0
-2 -1 0
+ - .

Example 4: find the root of the equation f(x): x + coshx = 0
-2 -1 0 I 2
+ + o+ o+ o+

BISECTION METHOD

Bisection method is one of the bracketing methods. It is based on the Intermediate value
theorem. The idea behind the method is that if f(x) € C [a, b] and f (a).f(b) < 0 then there
exist a root c € (a,b) such that f(c)=0.

This method also known as BOLZANO METHOD (or) BINARY SECTON METHOD.

| ALGORITHM

For a given continuous function f(x)
1. Find a, b such that f(a).f(b} < 0 .This means there is a root r€ (a, b) such that f{r)=0

2. letc =%{’- {mid-point)
3. i f{c)=0; done
4. Else; checkif f(c).f(a) <0 or f(c). f(b) <0

5. Pick that interval [a, c] or [c, b] and repeat the procedure until stop criteria satisfied.

STOP CRITERIA |
1. Interval small enough.

2. |f{c,}| almost zero
3. Maximum number of iteration reached
4. Any combination of previous ones
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CONVERGENCE CRITERIA J No. of iterations needed in the bisection method to
achieve certain accuracy

Theorem: If the Bisection algorithm is applied to a continues function Jonfa,b] and
f(a). f(b) <0, then after n steps an approximate root will have been computed with error
b-a : _
2n+1

at most

Note: To get number of iteration or steps, then we have to solve the following
inequality for n.

b—a
2n+1 < :€
Sol//
b—a
on+1 <€

log(b — @) — nlog(2) —log (2) < log(e)
log(h —a) —log(2 €) < nlog(2)

- log(b—a) — log(2 €)
log(2)




Uniiversity of Baghdad NUMERICAL ANALYSIS
. College of Education for pure Sciences Ihn Al-Heathiom

- Department of Mathematics

MERITS OF BISECTION METHOD |

1. The iteration using bisection method always produces a root, since the method brackets
the root between two values.

2. As iterations are conducted, the length of the interval gets halved. So one can guarantee
the convergence in case of the solution of the equation.

3. Bisection method is simple to program in a computer.
43y yal) Ll e
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MJM‘JAMBUQHJUJI u.a.«a.tu'r ;ﬂL}iudJﬁ gw\ulidum\d_ghdalhfu.l ¢ olasalt ol sad gl v
Ssaash 3 das plt B Ay Bisection 4k k3

DEMERITS OF BISECTION METHOD

1. The convergence of bisection method is slow as it is simply based on halving the interval.

2. Cannot be applied over an interval where there is discontinuity.

3. Cannot be applied over an interval where the function takes always value of the same sign.
4. Method fails to determine complex roots (give only real roots) |
5. If one of the initial guesses a, or by is closer to the exact solution, it will take larger

number of iterations to reach the root.
a8y bl g
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Example 1: Determined the number of iterations of bisection method necessary to solve f{x)
on [0,3] with accuracy €= 0.001. a=0, b=3

log(b —a) —log(2 €)

log(2)
log(3 — 0) —10g(0.002) oy, ¢
0 = [0S <n
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method to find a solution accurate to within €= 0.01 for

Fx): x? —%.

X 0 1 0.5

0.75

0.625

0.6875

0.71875

0.7031

X2 =05 |-05 |+05]-0.25

+0.0623

-0.1094

-0.0273

+0.0166

-0.0056

Example 3: Use the Bisection
flx)x—27%, S

0.7031 is the root of functt’on'

|—0.0056} <e=0.01

method to find a solution accurate to within €= 0.001 for

X 0 |1

0.5

0.75

0.625

0.6875

0.65625

0.6406

Xx—27* -1

-0.2071

+0.1554

-0.0234

+0.0666

+0.0217

-0.0008

+0.5

0.6406 is the root of function .|.—0.0008| <&= 0.001.

Example 4: Use the Bisection method to ﬁnd a solution for f(x):x® — 9x + L on [2,4]. |

Xi2 4

3

2.5

2.75

2.8751 2.9375

2.9688

2.9532

2.9453

x3 —09x 4+

11-9

1

5.875

2.0534 ] -

1.1113 | -0.0901

0.4471

0.1772

0.1772

+29

Hence root is 2. 9453 because roots are repeated.

\.\
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MaTlab built-In Function fzero

The fzero function in MATLAB finds the roots of f(z) = 0 for
a real function f(x). FZERO Scalar nonlinear zero finding.
X = FZERO(FUN, X;) tries to find a zero of the function
FUN near X, if X is a scalar.

For example 2.1 use the following Matlab code:

clc

clear

fun = @(x]) X."3+4xx."2—-10; % {funciion
X0 = 1; % ivitial voint

s X = fzero (fun,x0)

the resulte is:
z = 1.3652300134140097



Maitlab Code !

. Bisection method

clear
close all

S=@(x) x. 3+4xx,"2—10 ;

% Je{x] [x+1) ZsexpinE-2) 1

a=1;

b=2:

c={a+h) /2;
e=0.00001;

k=1:

Jprintf( I

j'prinif( L

while abs(f(c)) > e

c={a+b}/2;
if flci+fla)<O
bh=c;
else
a=c;
erd

Jfprintf("%6.f %i0.&8f %I10.8f

k=k+1:
end

WI0.E8f ‘e’

b Jie)

Jerintf(’> The approximated root is c= %I10.10f

The result as the following table:

k a b fic)
1 1.00000000 1.50000000 2.37500000
2 1.25000000 1.50000000 —1.79687500
3 1.25000000 1.37500000 0.16210938
4 1.31250000 1.37500000 —0.84838887
18 1.36522675 1.36523056 0.00000903

The approximated

root is c= 1.3652305603

1

w1’

x

. k,a, b, f(c));
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Fixed-Point Iteration

A fixed point for a function is a number at which the value of -
the function does not change when the function is applied.

Definition . The number p is a fixed point for a given func-
tion g if g(p) = .

Suppose that the equation f(z) = 0 can be rearranged as

z = g(z) (2.2)

Any solution of this equation is called a fixed point of g. An
obvious iteration to try for the calculation of fixed points is

Lnyy = g($n) = OJ 1: 23 T [23]

The value of 24 is chosen arbitrarily and the hope is that the
sequence g, x1,z9, -+ converges to a number o which will
automatically satisfy equation (2.2). '
Moreover, since equation (2.2) is a rearrangement of (2.1}, o
1s guaranteed to be a zero of f.

In general, there are many different ways of rearranging
f{z} = 0 in the form (2.2). However, onily some of these are
likely to give rise to successful iterations, as the following
example demonstrates.

Exampl€ | . Consider the quadratic equation
vt~ 22— 8=10

with roots —2 and 4. Three possible rearrangements of this
equation are

(a) Lnt1 — \/m ® 7(?;;- 2X+% _—é?)f‘é _ %
(B) iy = 2t 3 W= 2D Y= 20
(¢) zpy1 = m”z_g @ N = X%-%

Numerical results for the corresponding iterations, starting
with xy = 5, are given in Matlab code 2.11 with the Table.



Soclution:
k Xa Xb Xc

1 4.24264069 3.60000000 8.50000000

2  4.06020706 4.222292222 32.,12500000
3 4.015023b5 3.89473684 512.007812bH
4 4.00375413 4.06400405 131072.0000
5  4.00093842 3.97333333 85H89934592.0
6 4.00023460 4.01342282 3.6893e+19

Consider that the sequence converges for (a) and (b), but

diverges for (c).

This example highlights the need for a mathematical analy-
sis of the method. Sufficient conditions for the convergence
of the fixed point iteration are given in the following (without

proof) theorem.

Theorem X ¢+ If ¢ exists on an interval I = [a — A, o -+- Al
containing the starting value zy and fixed point «, then z,
converges to o provided

l§(z} <1 on I

We cary now explain the results of Example 2.5

(a) If g(z) = (2z + 8)% then ¢'(z) = (2z + 8)~/2 Theorem 2.6

guarantees convergence to the positive root a = 4, be-
cause |¢'(z)| < 1 on the interval | = [3,5] = [a — 1,a + 1]

containing the starting value zq = 5. which is in agree-

ment with the results of column Xe¢ in the Table.

(b) If g(x) = -(QJ—jﬁj- then ¢(z) = ~8 Theorem ﬂ__ guarantees

convergence to the positive root a = 4, because |¢'(z)| < 1
as (a}, which is in agreement with the results of column
Xb in the Table.



then

Achieving the condition

(¢} If g(z) = ﬁif—f-gl then ¢(z) = z Theorem|. = cannot be
used to guarantee convergence, which is in agreement
with the results of column X¢ in the Table.

Example 9 Find the approximate solution for the equation
flry=a*—2-10=10

by fixed point iteration method starting with o = 1.5 with
|Tn — Tpn 1] < 0.009

Solution

The function f(z) has a root in the interval (1,2), Why 2,
rearrange the equation as Fua : SENY

Lol = g(-’ff'n) = VI, + 10

(z+10)7

q(z) = 1

______ - lg'@)] 004139 on (1,2)

then we get the solution sequence {1.5; 1.8415,1.85503, 1.8556, - - -

~ consider that [1.85503 - 1.8556] = 0.00057 < 0.009.

b(ﬂ \ \ £ & | Com? 30 e o Anl f"‘fjﬂ't} o
| wl— >(‘|ﬁ - ) S : .
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FIXED POINT ITERATION METHOD

ALGORITHM

1. Consider f{x) =0 and transform it to the form x= ¢ {x)
2. Choose an arbitrary %,
3. Do the iterations X = (x;) ; k=0,1,2,3.....c0...

STOPING CRITERIA

tet “e” be the tolerance value

by = xpql <€

1
2. Ixp—f(xp)] se

3. Maximum number of iterations reached.
4. Any combination of above.

CONVERGENCE CRITERIA
Let “x” be exact root such that r=Ff{x} out iteration is X =.f(x,.)
Definetheerror e€,.=x,r Then
Ent1 = Znga =T = fxp) ~7 = fx) — f@O) = F(§(x,~7)
{Where § € {x,,,7) ; since fis continuous)
€ni1 = [ (®en = €nyq < | F(§)ll€nl
OBSERVATIONS
K {f'(8)]<1, error decreases, the iteration converges (iinear convergence}

% 1f'(§)1= 1, error increases, the iteration diverges.

REMEMBER: If jo'(x)]< 1 in questions then take that point as initial guess.
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Example 3: Find the approximate solution for the equation f(x):x% — x — 3 = 0 by fixed

point iteration method.
Solution :

Xo=2.5 = (;;) 5AR 8 Alabealt i angs
x = g(x) J8 o Milaall 565
x = gx)  Adsally Asbaad) LUK Gglaty A8 sk e 59 AL
a)x:l—i—%:g_i(}() | |
b) x =x* =3 = g,(x)

Q) x = 8 = g5 (%)
2
d) x _'zx = = g,(x) |
X | Xpyy =81 00) | Xpaq = 8a(0) [ Xpaq = g3 (%) | Xy = g4(xy)
Xg | 2.5 2.5 1 2.5 2.5
X1 2.2 3.25 2.40625 2.3125
X, | 2.36364 7.5625 -2.35828 2.302802
X3 | 2.26923 54.1914 2.33288 2302776 _
X4 | 2.32203 2933.71 2.31920 2.302776
xs | 2.29197 3606642.63 231176 2302776
Xg | 2.30892 7.41x 1013 2.307770 2. 302776

N S '”T"”“;_“ U«"L_,«LI ' 1 %3 L—Aj—\
: @mla&&dig@]g"(xN(l B, =gl MJi_)SJH:*a.!iuJMgﬁmi}:}diul"ngmu,&

Fixed Point Theorem-

Let g € C[a, b] be such that g(x) € [a, b] for all x in [a, b]. Suppose, in addition, that g’
exists on (a, b) and that a constant 0 <k <1 exists with
lg'(x)] <k vxe€((ab).
Then, for any number py in [a, b], the sequence defined by p,,,, = glp,) n=0,1,2,..
¢onverges to the unique fixed point p in [a, b]. '

For the above example we note
g’/ () == = g, (2.5)] = 0 48 < 1

gz’(x) = 2x =1g,'(25) =5 >1
gy’ () =2 -3 => |g5"(2.5)| = 0 5/< 1

' (2x 1)2x —(x2 +3)2
94' () = e = 194/ (25) = 0. 093 8< 1

e :‘z i e
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iteration method.

SOLUTION

Giventhat f(x) = 2x—cosx—~3 =0

12X = cosy 4 3 gorrect to three decimal points wsing fined point

% ) i 2
¥{X} -4 -1.5403 1.4161
' Root lies between "1 and *2”
Now 2x~wsx—3za=)x=$m¢{x} If by putting 1 we get
1, . . 1, . o' (x}|{< 1thentakeitas '
= x2) = 45k = 4 xXh= ;
@ () =i} = o' (0] = el e” im0t  for 2
Piow xmﬁ:@(xw):gxwﬂ;—'%(%-pg) rather take their mid-
| | point
—_— Here mwﬂln&e “Ha” 26 TR, )
&6 - \+2‘ - \ . “5_' R L s e et et o e R g O e, B e+ oo
2.

= b (s ter D)= HRS
No= .%_ (%3'}(4.\-5\ = \‘f{cﬂ‘?_
Ny= ‘35_(‘”5*’-"' 5}3 mﬂ_

S}CKO — O\6002
Rixe) = ©r 00000 %

%04-3\"-‘- o ooeoo?r
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EXAMPLE §

Find the root of equation ™ = 10x correct to four decimal points using fixed point
iteration method. '

SOLUTION
Given that

fXy=e*—10x=0

[x To | 1 |
F{X) 1 ' -9.6321

Root lies between “0” and “1”

Now e™* — 10x = 0=>x=%=:qo(x)
: e—x .
= @' I — e
Px) = -2
Now since [@'(0}] = 0. 1 is less than “1” therefore xy = 0

e *n

"Now Xne1 = @{x,) = Xpiq = o

—x *-B. . ’ . ’ - _
Xy = e1 2 = %": 0.1000 ' Fx1) = -0.0952
Xo=0.0905 R F{xz) = 0.0085
X3 =0.0913 _ ' Fixs} = -0.0003 5
X4 = 0.0913 Fixs) = -0.0003

E
)
v
thl
LA
v <

‘Hence the real roat is .0513
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1z

o =1 o o1 o+ A ha -
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Matlab Code

cle
clear

close all

xa =5; % iniiial value of root

xb =5;
xc =5;

Jprintf(* k

Jprintf -

Xa

Fixed Point teration

b

Jor k=1:1:6
xa=sqrt(2+xxa+8);
xb =(2xxb +8)/xb;
xc ={xc 2-8}/2;

Jprintf( %6,/

)

ericl

%BI0.8F

%10.85

The result as the following table:

k

Xa

Xb

%I10.8f \n', k, xa , xb ,

XC

Xc_

D UL Wk —

4.24264069
4.060207086
4.01502355
4.00375413
4.00093842
4.00023460

3.60000000
4.22222222
3.89473684
4.05405405
3.97333333
4.01342282

8.50000000
32.12500000
512.0078125
131072.0000
8589934592.0
3.6893e+19
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Example: Find a solution for the equation f(x): x* — 2x% — 5 = 0 by secant method 1f you

| know that €= 0.03. , |
) Solution: We begm with two paﬁits (2,+5) and (1,-6) L

-5
X3 =2—— =Ty, =240 = (x3,¥3) = (7,240)
L 240(7~2) o ar

' = (x3, y3) = (21020, —4.5491)

x, |1 ]2 17 (21020 [2.1931 [2.9693[2.6080 |2.6788[2.6696
Yo 16 1-5  1240|-4.5491 | 4.0712 |3.5449 | 0.8646 | 0.1290 | -0.2279

[2.6696 — 2.6788 | = 0.0092 <€ — x,, = 2.6696
| While if we begin with another points (2,-5) and (3,4)

=22_-9%¢

3—2
%, 12 |3 |25556 |2.6691 |2.6923
yo |5 |4 |-1.3722 {02330 [0.0185

|0.0185] <€ = x, = 2.6923

Example: Find a solution for the equaum f(x) x —cas (x) 0 by secant method 1fy0u
- know that €= 0.004. :

__ 25714 o -
= Toos — 163640 & ©0.-1), (G, 1.57079)

LY -'
X, 10 5 0.61101 | 0.72329 | 0.7395

157079 | -0.2081 | -0.0263 | 0.0007

Wn -1

10.0007) <€ = x, = 0.7395 -
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Newton-Raphson method

Newton-Raphson method is one of the most popular tech-
niques for finding roots of non-linear equations.

, - y-,:j'(x

o

L
e v e o
% :

£y

e

Figure 2.2: sketch of the Newton Raphson method

L4

Newton-Raﬁhson Formula:

Now Suppose that z; is a known approximation to a root of
the function y = f(z), as shown in Fig, 2.2,

The next approximation, z, is taken to be the point where
tangent graph of y = f(z) at » = z; intersects the z—axis.
From Taylor series we have

PSRN T )3
F@n) = F(ao) + Flao)a - an) + o) BT 4 Bzl
TR k) U SIS PPN R P e
: n! ' . e __;} L R B

| . o~ . b ,‘; S o -
Mg}méw DI an e U0 s "o o)) oS\

1 X A - 2 o _35\_
» alBie RPN ISPt S\ e Tab) A oL

| | ' i o izw O
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consider z; as a root and take only the first two terms as an
approximation: :

0= f(zo) + f'(z0)(z1 ~ 20)

__ fl=o)

) = )
= gy — L0
T Plwo)

So, we can find the new approximation z1. Now we can re-
peat the whole process to find an even better approximation.

Lo = &1 — —'—M—f(xl)
J'(#1)
we wilt arrive at the following formula.

Tntl = Tp — ;,((ZZ)) | ?'Z = 0: 1.: 2: Tt (2'4]

Note that when flz,) = 0 the calculation of #,,; fails. This
is because the tangent at z, is horizontal.

Example l - Newtor’s method for calculating the zeros of
flz) =€~z -2 |
is given by
’ | e —z, — 2
e — 1
e (L, — 1) + 2
e¥n — 1

Tntyl = Tp —

The graph of f, sketched in Fig. 2.8, shows that it has two- - -

 zeros. It is clear Jrom this graph that z, converges to the
negative root if zy < 0 and to the positive root if zy > 0, and
that it breaks down, if o = 0. The results obtained with zy =
—10 and zy = 10 are listed in next table, .



= b

Figure 2.3: sketch of the Newton Raphson method -

Sufficient conditions for the convergence of Newton’s method
are given in the following theorem.

Theorem  If f’is continuous on an interval (o — A, o + A],
then z,, converges to o provided f'(a) # 0 and =, is sufficiently
close to a.
Proof. Comparison of equation

xn—l—lzg(xn) n:0:1:2:"'

and the e.quation

o flm)
Lp+l = Tn ff(mn)
shows that Newton’s method is a fixed point iteration with
f=)
T) =T~
A =5 )

By the quotient rule,

let z = « then

(f(=))* - (f@)
f(e) (@)

L VA N (O

HGUIPY

@@ - f@ @) @



Py
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This implies that ¢'(«) = 0, because f(a) = 0 and F(a) 5 0.
Hence by the continuity of f”, there exists an interval 7 =
la—d, .+ 8], for some § > 0, on which |¢/(z)| < 1. Theorem 2.6
then guarantees convergence provided z, € I, i.e. provided
zg is sufficiently close to o. (1
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STOP CRITERIA

LfEn)l <€ = x,,, is approximate root
Or
2. [#n+1 —xy) <€ = x,,4 is approximate root

by 01583 il 0 gmg 138 5 7 wt‘hﬁmhﬁiﬁﬂﬁu‘ﬁhﬂmiwa‘ Sl h = |p — pol A sl 0 ke
138 8 e ARt Ko ) oS5 Ladic oSall s Ty s Gl il o O Al B 8 il laall Je (5S4 Leaie Ytad
it 058 Laie Ol g 2yl plabil Cpoanin Y 1S o8 s Y Uiy o S 3 Ml 5,08 7 o Y
Sl Cpa®t of adlil) 48 pha o Wil yaadl e dy Al T 8 i) 5 gl T 51 g0 AL
Example : Find a solution for the equation f(x):x—e™ =0 by Newton- Raphson method
if you know that €= 9 x 1074, "

Xo = 0.5 &= There is a root in the interval (0,1)

X 0.5 0.5663 0.5671
F)iz—e™* -0.1065| -0.0013 | -0.00005
f'(x)il+e* 1.6065 1.5676

Since |~.00005] <€= 0.0009 = 0.5671 is approximate root.

Example: Find the value of V8 by Newton- Raphson method if you know that €= 8 x 104,

¥x=V8 = x?=8 = x2—8=0 = f(x):x2—8=0

Xg = 2.5
x 25 2.85]  2.8285
fG):x*— 8 -175] 0.0225] 0.0004]

Since 10.0004] <e= 0.0008 = 2.8285 is approximate root.

H.W: Find a solution for the equation f(x): B ~x—-1=0 by Newton- Raphson method if
you know that €= 0.0003.
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EXAMPLE
Apply Newton’s Raphson method for cosy = yer

at xy = 1 correct to three de
SOLUTION

cimal places.

F(x) = cosx — yex

F(x) = —sing - ex xe*
| Using formula -"n+_1. =x, —-%
atxy =1

f(x1) = —0, 460 ; f (xx.)ﬁlxéa. 783
Similarlv _ )
[n _ Xn_ ey
2 0.531
3
_ .
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NEWTON SCHEME OFf ITERATION FOR FINDING THE SQUARE ROOT OF POSITION NUMBER

. The square root of “N” can be carried out as a root of the equation

x=N = x*=N = x2—-N=0

Here f(x)=x%*—-N ; flx)=x%~N
f(x)=2x ; fx,) = 2x,
‘ ' — e _ 40
Using Newton Raphson formula Kyl = X — s
o )
L7
= Fopa = 1, — 220 an”)

1 N -
= K41 = 5 fx, + ;] This is required formula.

QUESTION

Evaluate v12 by Newton Raphson formula.
SOLUTION

let x=V1Z = x?=12 =>x*-12=0

Here f(x)=22—-12; fx)=2x ; [f'(O)=2

X 0, 1 2 3 |4
Fx} - [-12 . 1 -11 -8 -3 - |a
Root lies between 3 and 4 and x;=4 '
) 'N_oiv usin"g formula x4 = -;: [xn +x£] =% Xpi1 = -;—[xﬂ + —E R ¢ 3 B
For n=0 x = 3 [xg + i—ﬂ = xy=:[4+Z]35
For n=} | x2=-;-[x1+-g~ = x, =3[3.5+ 2] =3.4643
Similarly %3 =3.4641 and x, =3.4641

Hence = 12 =3.4641



NEWTON SCHEMIE OF ITERATION FOR FINDING THE “pth” RooT OF POSITION NUMBER “y~ |

— ; _
Considerx = Nv = =N = 40y 0

) Here f(xu) =x237~N e ; S f(j:'n):-:m iig.:_ ..... ;o
F@=pt p) gt
Since by Newton Raphson formulg
. {E) — @E=N) R N A P »
xn+1—-1'n“;;5§'5 =>In+1—xn*(;x‘§:fj =>xn+1-;;f:ripxﬁ “xn"‘N]_

1 P 1 (P'_‘I)xzﬂ‘ﬁ . . e
Xniy = T [(p - Dy +N] = Xppg = > ["—-——--—-—p_1 | Required formula for pth root,
n . _xn N s :

QUESTION |
:Obta'lin the c’ube. root of 12 using Newton Raphson iteration,

SOLUTION |

Consider x = 125 =12 =23 43¢

Here  f(x)=x3-12 ang PO =32 iy = gq

For interval

Fd Tz :
Root fies between 2 and 3 and xy=3

Since by Newton Raphson formula for pth root.

1 2xdyqz
= o [2XatizZ

1 (p=1)xlr ' 1. B-1)x3+12
Tt SPEET s = 5["—_;33-—"—] b e o
. - 3 3
Put n=0 X =1 [—2—""—;-;513} = 5[3—@—3“-1-2-] = 2.4444
] . : _

3

Similarly p= I

3 =2.2990 , x5 =2.2895 , x, = 2, 2894 x, = 2.2894
% T -

o

Hence. 12 = 2.2894



2.1 EXERCISE

1.

. .starting in each case with zy = 1. Stop when |z, —2n| < -

Use the Bisection method and fixed point method to find
p3 for f(z) = /x — cosz on [0, 1].

Let f(z) = 3(z+1)(z — $)(z — 1) Use the Bisection method
and fixed point method on the intervals [-2,1.5] and
[—1.25,2.5] to find ps.

Use the Bisection method on the solutions accurate to
within 102 for f(z) = 2% — 722 + 142 — 6 = 0 on each
intervals: [0,1], [1,3.2] and [3.2,4].

Find an approximation to /3 correct to within 10~* us-
ing the Biséction Algorithm. Hint: Consider f(z) = z? - 3.

Use an appropriate fixed point iteration to find the root
of | |

(a) £ —cosz =0
b) 2*+Inz=0

startlng in each case with z; = 1. Stop when |z,1 — xn| <
0.5 X 1072,

Find the first nine terms of the sequence generated by
Tp+1 = € starting with g = 1.

Use Newton’s method to find the roots of

(a) z—cosz =0
(b) 22 +lnz=0

1075,

Find the roots of z° — 3z — 7 using Newton’s method with
¢ = 10~* or maximum 20 iterations.
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Matlab Code 2.12. Newton Raphson method

o seokok ek ok ek

Wb ko
clc

clear
close all
J=@(x) exp(x)—x—2 ; % the funciion fix]
Jp=@(x) exp(x)-1 ; % the derivative f’{x) of fix)
xa=—10: % Initial value of first root
xb=10; % initial value of second root
r = failure’;

Sprintf(’ k Xa
Sprintf(’

Newton Raphson method

EEPEERE TR T

to find d root of the function fix] s

Jprintf( %6, f %10.8f
for k=1:1:14

if feixa)==0; r
return

elseif fp(xb)==0; r
return

end
xa=xa—f (xa)/fp(xa};
xb=xb-f(xb}/fp(xb);
Jprintf{ ' %6.f %10.8f
end

%10.8f \n’, 0, xa

Xb \n’);

\n’);
, xb );

10.8f \n’, k, xa , xb );

The result as the following table:
k Xa Xb
1 —1.99959138  9.00049942
2 -1.84347236  8.00173312
8  _—1.84140606  7.00474864
13 —-1.84140566  1.14619325
14  —-1.84140566  1.14619322
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Newton- Raphson for polynomials (Sy%thetlc Division method)

This method is appropriate to find the roots of equation f (x) = 0 when f is polynomial. Let x*
be an approximate value of f and let f be a polynomial of degree m.

x* OSH agaaBaaia ff Sitaie Fx) = 0 Addlaell ) pda alag Adi0a dS il Al 45y Hla i3
m A G g Boaeia o oSA g f ﬂ‘aﬂmngb
Since we often need to evaluate the value of f(x) and sometimes also of f'(x) asin
Newton- Raphson method |

fx) =agx™ +a;x™ P+ ax™ 2+t ap g x+a,  ...(1)
X
f()*'—bxm“‘1+bxm2+ ‘+ bpyq + -
X=X X —X
| . t M sA) dapay gt
Fx) = (x = x)(box™t + byx™ 2 o4 by ) + by (2)
e Jeand (2) Dalaall A2 x* iy gats g
f(x*) = by, -

~ To find this value and other values of by in equations (1) and (2), we get

deani (2) 5 (1) Offabeall d x (M &y gluaiall (g o) Malaa c 8 By, s AN sl 5 Aailll a3 MY

e
ag = by
Ay = by — x*by_q Jk=1,2,...,m
To find by,
by = q,

% Adalil 83 gaald) Bodada dafl (2 5 by, At g Galxilly CMebeall 08 e Jiani13Sa g
Now to find the f'(x*) which is also a polynomial of the form |
JSAlL (2) Aalaall 5 £ (%) dadl calanad

Jx) = -x")g(x) + bp
fx) = (x—x9g' (x) + g(x)
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Eih " gt s

f1x) = g(x*)

sdiag o Aadalal g(x") Glea B il Gl PRECIREL S ) [ P IOV PIVG AT g

CO =b0

Cr =bk +x*Ck_1 ,k= 1,2, we,ym—1
Synthetic division proceeds as follows:
t (s e gl 3 gaal) GIJMMU—&J‘Q%M

R XY m@ﬁlZﬁjﬁ;wlﬁsﬁuwsmggﬂimnm -3
Gl — g Ae e gl Juiab Ay 80 Lol quuad Y .

bm
.?(.'1 = xO —
Cm—-1
bm = f(xo) 3 Cm—1 = fr(xo) O Eua

O8I Ga gy, o 9 by, e caal ¥

bk = 4qp -+ xgbk_l ,k = 1,2, weny 1T

1,2,.., m—1

Cp = Qi +XgCr—q k
dﬁ}'ﬂlh)&uﬂd@aluﬂ Yo ¥ dghdll 81 ¢

[n41 — x5 <€ or (b ] <€
Xg Xobg Xoby Xobm-3 | Xobpm—q
by b, b, byt | by, _
' = f(x0)
Xo . X9Co XqCy XoCm—2
CO Cl Cz I T Cm...l .
= f'(x,)




University of Baghdad

" College of Education for pure Sciences Ibn Al-Hathiam

Department of Mathematics
Examplel: Find the root of the equation f(x): x*—x% — 10 = = 0 by using synthetw division

method if you know that €= 0.07.

X, = 1.5 & There is a rootin interval (1,2)

NUMERICAL ANALYSIS >

1 0 ~1 0 —10
15 15 2.25 1.875 2.8125
1 15 1.25 1875 | —7.1875
b
— £(1.5)
15 1.5 45 8.625
1 3 5.75 105
Cn-1
= f'(1.5)
X1 = Xn —
1= %o
| —7.1875
1 0 —1 0 —10
21845 21845 | 4.7720 8.24002 18.0003
- 1 | 2.1845 | 3.7720 8.24002 8.0003
b,
= £(2.1845)
21845 | 2.1845 | 9.5441 29.0891
1 4369 |13.3161| B7.3291
Cm-1
= f(2.1845)
E= 573991 =
1 0 —1 0 —10
1.9702 1.9702 | 3.8817 5.6775 11.1858
1 | 1.9702 | 2.8817 5.6775 1.1858
b, |
= £(1.9702)
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1.9702 | 1 1.9702 | 7.7634 | 209729 |

1 3.9404 | 10.6451 26.6504
Cm—1
= £'(1.9702)
= 1.9702 11858 _ 1.9257
3 = & 26.6504

Ix3 — x5 = 0.0445 <€

Example 2: Find f(2), f'(2), f(2) for the equation FOO:5x% =233 4+ x—~1=0 by usirig
synthetic division method.

Sol: b, = f(2) Cm—1 = f'(2)
5 -2 0 1 -1
2 10 16 32 - 66
5 8 16 - 33
: b = f(2)
2 - 10 36 104
5 18 52 137
Cp— = f’(Z)
. fr(x) =20x3—6x2+1 ﬂiaﬁwle"CZ) t.,i‘-n-l:d_g
Al e RS 501 Ll by |
20 —6 0 1
2 40 68 136

R @gf}m

2 ‘ _ 40 . | 148 - e O
20 74 216 :
Cm—1

— _H(z)
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Exercise: Find the root of the equation f(x):x® — x2? + 2x + 5 = 0 by using synthetic division method if you
know that €= 0.003, start the solution from x; = ~1. o

Exercise: Find the root of the equation £ (x): x3 — 11x2 + 39x ~ 45 = 0 by using synthetic division method
if you know that €= 0.001 , start the solution from %y = 3 . : '

Exercise: Find the root of the equation f(x): x* = 10x3 + 32x2% — 38x + 15 = 0 by using synthetic division

method, start the solution from x, =0 .
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tChapter 3 / Numerical Solutions for System of Non-Linear Equations }

If we have several equations and several unknowns and must find those values of
unknowns which satisfy all the equations at the same time.
Lgeaan dag Aall (3 ylall 5035003 (8 gud Jshall ala] @jlbmjﬁ;;u@;symmmjskt@ds 1l
mewum:muﬁujsum_,mdasb o 18 s _@Jnsﬁé,d__;z';a‘y.h&u}hndg

(Fixed Point Iteration Method)

Let f(x,y)=0

glx,y) =0
9 ) e (i g3 g AL O gy O Ry 5 x ) By i gy A S50 s
' A0 ddpeally o sbealt A8 4 23 (g, Vo) O3l g AR Lt

x=F(xvy)
y =G(x,Y)
B e ) N by AT
oF dG <1 p ar N ‘aG <1
0x (X0.¥0) ox (X0.¥0) oy ) dy (Xo.¥0)

ool L g o S50 el gl b 00 o i 0

xn+1 = F(an yn)
Vo1 = G(Xny1, V) n=012..

) e (., g, ) Ak G AN g s Riada|
s B gl Dy o e RN Ja g N Jud (M) e NSR g
lxn-i—l ;xnl <€ ~and |3.In+1 T ynl <€
il (e s ¥l o m o A Sa Y ohace G pliia Ligal il 131 AL Hlall (i 5
Example: Find the solution for the system of equations by fixed point iteration method
cosh(x +y)—4x =0 |
eV * =2y =0

if you know that €= 0.001.
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Solution : (0,00, (1,1)  Oobbill o sls dashilall a3 gy

= (Xo,¥0) = (0.5,0.5)

x = F(x,y)
y = G(x,y)
cosh(x +
X = (4 y)=F(x,JJ)
ey ¥
y = =G(x,y)

o) da 3 8BS oYY
oF aG <1 p aF oG <1
Oxls05  19%l0s,05) 0los0s 190505
oF 190G _|sinh(x +y) —e¥ ¥

H0xlos0s)  19%0s,05) 4 (0.5,0.5) 2 505
= (0.2938-+0.5=0.7938 <1
And
oF N a6 _ |sinh(x +y) iey“x
oy {0.5,0.5) ay (0.5,0.5) 4 (0.5,0.5) 2 l(0.505)

= (0.2938+0.5=0.7938 <1

Let x?1+'l = F(xn; yn)
yn+1 = G(xn+1J yn) n = 0,1,2,




University of Baghdead

College of Education for pure Sciences tbn Al-Hathiam -

Department of Mathematics

NUMERICAL ANALYSIS

n ~cosh(x, +¥,) | e¥n=%ni1
An+1 T 4 Ya+1 = Y
0 0.5 0.5
T 0.3858 0.5605
2 0.3705 | 0.6046
3 0.3786 0.6268
4 0.3874 0.6353
S 0.3925 0.6373
6 0.3947 0.63726
7 0.3954 0.6368

IX7' — x6| = (.0007 <& and ly-; - y6l = (0.0004 <&

~ (x7,¥7) 1s approximate root

Exercise I: Find the solution for the system of equations by fixed point iteration method

x?+y?—x=0

x2—y2—y=0

if you know that €= 0.001, starting with (x,, y) = (0.1,0.1)

- Exercise 2: Find the solution for the system of equations

by fixed point iteration method
x? + yz - 25=0

x2—y*—=7=0.

if you know that €= 0.007, starting with (xo, ¥o) = (3,7)
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The following Matlab code is to solve System of Two Non
Linear Equations By Fixed Point Method:

{f/é B e I R L T B S O S I A R B T L ISR
Y spsxssn Find a rool of a Systen

% ws of Two nonlinear equations [ and g =«
Uy ey By Fized Point Method

DD R R R R R R OROR R R R S RO R T R R R
cle

clear

close all

% Deline lhe funciions I and g
% and thelr partial derivative

[=@(x,y) (x"3+y~3+3)/6 ;: % the function iy

g=8(x,y) (x"3-y~3+2)/6 ; Y% the funcifon gix,v)
Ix=@(x.,y) x+x%0.5; Y% pactial dervivative of { to x
Iy=@(x,y) y*xy*0.5; Yo partial derivative of { o v
gx=@(x,y) xxx0.5 ; % partial devivative of | io x

% partial derivative of £ {o y
yool value

gy=@(x,y) —y*yx0.5;
a=0.5; b=0.5; 9% Initial

fprintf (" n xn, Yioo\n')
fprintf { "9%2.0f W2 81 %281 '"\n’, 0 ,a,h)

for k=1:1:8
wl=abs{fx(a,b)+fy(a,b));
w2=abs(gx(a,b)+gy(a,b));
if wi > 1 ; break ; end
it w2 > 1 ; break : end
a=f(a,b);
b=g(a,b)
fprintf ( "%2.0f

end

%2.81 %2.8f 0, k ,a,b)

The result as the following table:

n Xn Yn

0 0.50000000 0.50000000
1 0.54166667 0.33898775
2 0.53298008 0.35207474
3 0.53250741 0.35122633
4 (0.53238788 0.35126185
8 0.53237038 0.3512574b
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Numerical Solations for System of Non-Linear Equations

(Néwton- Raphson Method )

fley) =0
gx,y) =0
_ (xOJyO)USJJMﬂMJM&MJdﬂHM
441@1.[ y0+k‘gl_xﬂ+h g.ml.mulay.lhw'fJJﬂ'thI,LJXJJ:J.LM'IJM'I)LUS.J
(X0, Vo) &silai¥ ALEW Jya g o f Oa S8 L0 gl piliad g (A p) =0, f(Ap)=0

0= o 30) +h (%)0 +k (%) +0(h2) + 0(k?)

0

0

0= g(x; Y0 +h (Z—i)o +k (g—i) + o_(ﬁZ) +0(k?)

teb LS k s hoad e st L) ode) epiislaadl Jady

ey g T

[h]:_ (b;)o (_5;)0 [f (S’COJ’O)}

Hed (S_i) (g_i) 9(Xo , o)
o - \NIY/,

X =x+h , y=Yo+h
s G gl da sl o Cum LB gl o st Y uad & (M el 1SR g (xy , ) AR o Abaalf 83 a0
xn+1 "'xn! <€ and ’yn+1 _y'nl <€

- | Al A

Example: Find the solution for the syStem of equations by Newton — Raphson method
3% —y2 =0

3xy? —x3—1=0

if you know that €= 0.009 , starting with (x;, ¥o) = (0;5, 0.75).

£(05,075) = 01875 g(0.5,0.75) = —0.2813
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afy - | af
) =6x=3 - L) =—2y=-1
(3), = o (G), =
69 2..__ ag
—Z) =3y%-3x2=0. (—): = 2.2
(ax)o Byt~ 3x2 =00375 (57) =61y =225
[h] _ _[ 3 —1.5]‘1 [ 0.1875
k 0.9375 2251 1-0.2813

_ —1 [ 225 1.5][0.1875
6.75 + 1.40631-0.9375 3 11-0.2813

_[-02759 —01839 01875 z[-'—o.oooooow"’
0.11494 —0.367811-0.2813 0.12501

X, =x+h=05+1x10"7 = 0499998
3y = 3o + k = 0.75 + 012501 = 0.87501 ¢ (3.

o
=g

e

[h] _ _[2.99994 - —175 ]“1 [—0.0157} _ [ 0.00002
k 154695 2.62497] 10.0234 1" 1-0.00892!

X = 1, + h = 04999982 + 0.00002 = 0.50001
y, =y, + k = 0.87501 — 0.00892 = 0.8661 |
X, — x| = 0000012 <€ and |y, —y,] = 0.008 <€

(x5 ,y,) = (0.50001, 0.8661) s approximate root
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The following Matlab code is for System of two Non Linear
Equations: Matlab

{2/6 B S R I R e R R R R S EEEE

1

2 U find a rool of a System swssasx

s % o= of Two pounlinear  equations { and

4 {}f) R R R g T e O e g T MR IO) R I g L R T

5 clc

s clear

7 close all

= % Deline the tunetions [ and g

s 96 and thelr partial derivative

w =@(x,y) X"2+y"2-4 ; 9% {he funchion Fix,vl

n g=A(X,y} 2xx-y°2 ; % the function gix,v)

2 Ix=@(x,v} 2xx; 9 partisl derivatlive of f o x
3 fy=@(x,y) 2xy; Y parvtial derivative of § to Y
o gX=R@(Xx,y) 2 ; Y% partial derivative of f to x
5 gY=@(xX.,y) —2sy; Y% partial devivative of { (o v
w6 a=1; b=1; 9% Initial root value

7 Iprintf (' n X3 n \n')

s for k=1:1:5

v X=[a;b]:

2 xn(k)=a;yn(k)=b;

2 F=[fla,b);gla.b)];

2=z J=[fx(a.,b),fy(a,b) vgx(a,b).gy(a,b)|; % the Jacobian
matrix

25 X=X—1I1V[J) *F;

24 a=X[1] .

23 b=X{2] N

s fprintf (°92.0f Y261 %261 \o’, k ,a,b)

27 end

Matlab The result as the following table:

Xn Yn
1.250000 1.750000
1.236111 1.581349
1.236068 1.572329
1.236068 1.572303
1.236068 1.572303

VOOl 0N o= 3

=] & wm £y o (=] -

o



THE SOLUTION OF LINEAR SYSTEM OF EQUATIONS

A system of “m” linegr eguations In "s” unlnowns "Xy, X2, Xy, 0 e Xy 152 581 0F the
eguations of the form

BaXe b @il 4 ey b s B XKy = by
B X b oy b PggXs s v on e e Wiz By == 531
i K B Xy ¥ @pads T e e sen o Sy = g‘ym
Wheve the coefficients “a,,"” and “b;” are given numbers.

The systam is said to be homogeneous if all the "b,” are zevo. Otherwisa it is said to be
non-homoganasys.

SOLUTION OF LINEAR SYSTEM EQUATIONS

& solution of system is a s8 oF numbBers “2s. X, Xy, oo oo Xy which setisty ol the "™
_'s‘mum%@m;

PIVOTING: Changing the order of equations s called pivotng.
Wa are interasted in following types of Plvoting

1. PARTIAL PIVOTING \ 2. TOTAL PIVOTING

PARTIAL PIVOTING
I prartial pivoting we interchange rows whava pivotal element is zero.

in Partial Pivoting if the pivotal coefficient “a” happens 0 be 1evo or naar 0
2aro, the T colymn elements are searched for the numericaily iargest slement. Let the j;ﬁ’ YOARS
{j>i} containg this element, then we interchange the “I™ aguation with tha "™ equation and
procead for slimination. This pracess is continyad whenaver pivotal coeHicients bacome zero
during elimination. ' '



TOTAL PIVOTING
In Full {complete, total) pivoting we interchange rows as well as column.

In Total Pivoting we ook for an absolutely largest coefficient in the entire
system and start the elimination with the corresponding variable, using this coefficient as the
pivotal coefficient (may change row and cofumn]}. Similarly, in the further steps. It is more
complicated than Partial Pivoting. Partial Pivoting is preferred for hand calculation.

Why is Pivoting important?

Because Pivoting made the difference between non-sense and a perfect result.

PIVOTAL COEFFICIENT

For elimination methods {(Guass’s Elimination, Guass's Jordan) the coefficient of the first
unknown in the first equation is called Pivotal Coefficient.

BACK SUBSTITUTION

The analogous algorithm for upper triangular system “Ax=b" of the form

24 aqz e e gy X1 bl
0 [ 7Y Y | x
, 2 2N )= b2 1 s calted Back substitution.
0 0 o Gun/ \Xa b,
The solution “x” is computed by  x; = &—T”—” ;i=1,2,3,..mn
| FORWARD SUBSTITUTION

The analogous algorithm for lower triangular system “Lx=b" of the form

111 0 R | X3 bl

X
1:21 lfz T 0 52 = b:z Is called Forward Substitution.
!nl bug ov e - Xn b,

. . By— i;l Lo
The solution “x” is computed by  x; = — =17 EJ‘I “1 i
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THINGS TO REMEMBER
Lot the system AX = B is given

» If B # 0 then system is called non homogenous system of linear equation.

e if B = 0 then AX = @ then system is called homogenous system of linear equation.
+ if the system 4X = B has solution then this system is called consistent.

o If jth;e' system AX = B has no solution then this system is cailed inconsistent. -

L, R S U
Y IR TS G T WS I R S R

RAN% OI'; A MATRIX o {M e W
.CJ,:\”"-{:’\_\;?I"-\"! I\j; N;::‘ijv“ WA - *
The rank of a matrix ‘A’ is equal to the number of non — zero rows in its echelon form or the

order of I. inthe conical form of A.

arpdd . de_f‘\.h 5 L_,_A_J.:_:S.._\

KEEP IN MIND

e TYPE k: when number of equations is aqual to the number of variables and the system
AX = B is non - homogeneous then unique solution of the system exists if matrix ‘A’
is non- singular after applying row operation.

# TYPE Ii: when number of equations is not equal {may be equal} to the number of
variables and the system AX = B is non — homogeneous then system has a solution if
rank A = rankA4, |

s TYPE ill: a system of ‘m’ homogeneous linear efuations AX = 0 in ‘v’ unknown has a

. non- trivial solution if rank 4 < n where ‘n’ is number of columns of A,
o TYPEW:if rank 4 = rankA; < number of unknown then infinite solution exists
o TYPEV:ifrank A + rankA4,; thenno solution exists

| X O KRR O
Vst LY (el \\t\ \g\ﬁﬁ\t’&\m \")“))J o
s LT (S}IT{,» P AP u\s"'\u)\;—’g:g)
R SEBAHA \E
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RERAL AR o v ®
~ Volad Py AL
W\ 3»?39-’\'““’“"“’3"\)) '3
e Q\;&Wﬁ‘f' , ATAT JU-P&@“’)“
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Linear Algebraic Equations

£ Many important problems in science and engineering re-
‘quire the solution of systems of simultaneous linear equa-
~tions of the form

1101 + 19Ty + v -+ Ay, = 0y

(911 + A9y + - -+ AopTy = by

-1

An1 L1 + Gna®y -+ ¢+ AppTy = by,

Where the coefficients g;; and the right hand sides b, are
given numbers, and the quantities z; are the unknowns
which need to be determined. In matrix notation this sys-

tem can be written as
AX =b (3.2)

where A = (a;;). b = () and z = (z;). We shall assume that
the n x n matrix 4 is non-singular (i.e. that the determinant
of A is non-zero) so that equation §.2) has a unique solu-
tion.
There are two classes of method for solving systems of this
type:

e Direct methods find the solution in a finite number of

steps.

« iterative methods start with an arbitrary first approxi-
mation to z and then improve this estimate in an infinite
but convergent sequence of steps.

Gauss elimination: .
Gauss elimination is used to solve a system of linear equa-
tions by transforming it to an upper triangular system (i.e.
one in which all of the coefficients below the leading diago-
nal are zero) using elementary row operations. The solution



of the upper triangular system is then found using back
substitution.

We shall describe the method in detail for the general exam-
ple of 3 x 3 system

Can®y + a1a%s + ayj373 = by
Q11 + a9y + a3 = by
G311 + a3a%9 + assxs = by

In thatrix notation this system can be written as

a1l 12 a1z xy b
a1 oz Gog Ty | = 1 bo
az1 3z Q33 3 b3

STEP 1

The first step is eliminates the variable z; from the second
and third equations. This can be done by subtracting mul-
tiples my; = 2 and my, = 2 of row 1 from rows 2 and 3,
respectively, producing the equivalent system

a11 a1z 413 T1 by
0 a%) a%) T9 | = bgz)
0 ag aoff) \es/ \p{

where (I,E?) = Qg — MyQ14 and b(z) = bz — Tﬂﬂbl (Z,j = 2, 3)

STEP 2

The second step eliminates the variable z, from the third
equation. This can be done by subtracting a multiple mgy =



@)
%’gg—) from row 2 and 3, producing the equivalent upper trian-

ngllar system

aiy a1z @13 T by
0 agé) a(g? To | = bg)
0 0 a) \zs b

where aé‘? = agé) — mgga%) and béz) = béz) — mggng).

Since these row operations are reversible, the original sys-
tem and the upper triangular system have the same solu-
tion. The upper triangular system is solved using back sub-
stitution. The last equation implies that

This number can then be substituted into the second equa-
tion and the value of z» obtained from '

b @
2y = 2 o3 ¥3

2
ag 2)

Finally, the known values of z; and z5 can be substituted
into the first equation and the value of x; obtained from

by — a2 — 1323

X1 =
a1

It is clear from previous equations that the algorithm fails
if any of the quantities a%) are zero, since these numbers
are used as the denominators both in the multipliers m;;
and in the back substitution equations. These numbers
are usually referred to as pivots. Elimination also produces
poor results if any of the multipliers are greater than one

in modulus. It is possible to prevent these difficulties by



@,

using row interchanges. At step j, the elements in column
7 which are on or below the diagonal are scanned. The row
containing the element of largest modulus is called the piv-
otal row. Row j is then interchanged (if necessary) with the
pivotal row.

)

It can, of course, happen that all of the numbers aiiy il

e, a,ffj) are exactly zero, in which case the coefficient matrix

does not have full rank and the system fails to possess a
unique solution. '

Example: To illustrate the effect of partial pivoting, con-
sider the solution of

0.61 1.23 1.72 x 0.792
1.02 215 —5.51 T | = 12
—4.34 112 —4.25 x3 16.3

using three significant figure arithmetic with rounding. This
models the more realistic case of solving a large system of
equations on a computer capable of working to, say, ten sig-
nificant figure accuracy.

Without partial pivoting we proceed as follows:

Step 1: The multipliers are m,; — % =167 and mg, = St =

—7.11, which give

0.61 1.23 1.72 T 0.792
0 010 —8.38 xg | = { 10.7
0 200 795 Z3 21.9

Step 2 The multiplier is mg, = 2 = 200, which gives
0.61 1.23 1.72 1 0.792
0 010 -8.38 Zg | = 10.7
0 0 1690 T3 —2120



Solving by back substitution, we obtain
xy = —1.25 To = 2 r1 = 0.790

With partial pivoting we proceed as follows:
Step 1: Since |—4.34| > [0.610| and [1.02|, rows 1 and 3 are
interchanged to get

—4.34 11.2 —4.25 Z1 16.3
1.02 2,15 —5.51 Ty | = 12
0.61 123 1.72 Ty 0.792
The multlpller i8S Moy = —}4_0824 = —0.235 and May = 'E%l?% = —(.141
which gives
—4.34 11.2 —4.25 1 16.3
0 478" 651 |a | =|158
0 2.8l 1.12 23 3.0
Step 2 Since |4.78] > |2.81|, no further interchanged are
needed and mg; = 231 = 5.88, which gives
—4.34 11.2 —4.25 1 16.3
0 478 —-6.51 T2 | = | 15.8
0 0 4.95 3 —6.20

Solving by back substitution, we obtain

Ty = —1.25 zq9 = 1.60 21 = 0.1.59

By substituting these values into the original system of equa-
tions it is easy to verify that the result obtained with partial
pivoting is a reasonably accurate solution. {In fact, the ex-
act solution, rounded to three significant figures, is given
by z3 = —1.26, 29 = 1.60 and z; = 1.61 ) However, the values
obtained without partial pivoting are totally unacceptable;
the value of x; is not even correct to one significant figure.



GUASS ELIMINATION METHOD

ALGORITHM

» In the first stage, the given system of equations is reduced to an equivalent upper
friangular form using elementary transformation.

« In the second stage, the upper triangular system is solved using back substitution
procedure by which we obtain the solution in the order "Xy Kgds eon eee v e X2, X

REMARK

Guass’s Elimination method fails if any one of the Pivotal coefficient become zero. In such a
situation, we rewrite the equation in a different order to aveid zero Pivotal coefficients.

QUESTION  Sclve the following system of equations using Elimination Method.
2x+3y—2z=5
4x+4y—3z=3
—2x+3y-—z=1

SOLUTION We can solve it by elimination of variables by making coefficients same.

ZXHBY =255 e vrns e ens e e ()
AX+4Y ~3Z=3 i e e v cen e () o BT
—2X+3Y=Z=1 i iiiven s e (EE) e vy -TE
Multiply (i) by 2 and subtracted by (ii} Y FZ=T e e (iv)
Adding () and (i) 6F = 2ZZ =6 ..ecee oo e s e e e (V) rR2T T
I H Fra] H H Loa @* l \ Z;i
Now eliminating “y” Multiply {iv} by 3 then subtract from (v) z=3 e
Using “2"in{iv)weget y =2  and Using“y”, “2"in (i) we get x=1 o £ =% §
Hence solution is x=1y=2,2=3 ;
{{) - Y%-;QN” \( 2
"% i S gy}
i 2 e e
i} b X R ';
| § e S5
L
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QUESTION
Solve the following system of equation.s_ by Guass’s Elimination method with partial pivoting.
x+y+z=7
3x+3y-+4z = 24

2x+y+3z=16

SOLUTION
’ 7
= 24]
. 16
(1 1 2% 18
3 1
11 1 H:[7] ~5 Ry
2 1 31*% 116
1 K .
d*1 8 |
0 —3 H=[—1} ~R3 — 2Ry
1 2 z 0
S i w Ty 240
et S SRR N

2™ row cannot be used as pivot row as ay, =0, S0 interchanging the 2™ and 3" row we get

.

1 1

=]
{
[N
W =] ]

Using back substitution




(3

s
—
QUESTION

Solve the following system of equations using Guass’s Elimination Method with partial
pivoting.

OX1 +4x2 + sz + 8x4 =24
4‘3:1 + 10x2 + 5x3 + 4'x4 =32
4xq + 5x5 + 6SX3 +2x, = 26

9xy + 4x; + 4xz + 0xy = 21

SOLUTION
0 4 2 8|[* 24
4 10 5 4|lxzp_[32
4 5 65 2|fx3 26
9 4 4 0]lx, 21
9 4 4 0][x1 21
4 10 5 4||¥z|_|[32] _
=14 5 65 2||x:| |26 “Ru
0 4 2 8llx 24
1 4/9 4/9 0] [x 21
|4 10 5 4|r2]_|[32
4 5 65 2|]|x3 26
0 4 2 8ilx 24
1 4/9 4/9 07 ]*1 2.3333
0 4 2 8l|x] | 24 _
“la 5 65 2|lx|T| 26 Rz4
4 10 5 4] lx 32
4 4
1 = =
[ 9 ;5 O X1 2.3333
0 4 2 8||x 24 _
-3 0 2_92 % X3 = 16.6668 ’“33—4*}21 and "‘-’R4—4R1
N _
_0 ? ? 0_- 4 22. 668
1. 4/9 4/9 0 Xy 2.3333 ,
0 29/9 85/18 2 x3| ~ 116.6668 ra
0 74/9° 29/9 0 Xy 22.668




1 55 0 x1] [ 2.3333
x & 29 74
0 1 i A 4 g 29 74
e 0 3.111 -—4.444 | [*3| |-2.6665 Ry —FRyand ~R, - R,
0 0 —0.889 16.444 1 t¥2]l 1-26.665
1 4/9 4/9 0 x1] [ 2.3333
0 1 1/2 2 x2f 6 k
MK 0 1 —-1.428 ) |x3] 7 [ ~0.857 3111 9nd ~Ry +0.889R,
0 0 0 15,175 Xal  1-27.427

=3 15. 175x4 =—27.427
= x, = —1.8074

= X3 = —3.438 ~ Xy = —1.8074
i
=>xz+i-x3+2x4 =6
= x3 =11.3338 Xy =—1.8074 , x; =—3.438

4 4
= Xy +‘§xz +'§x3 = 2,333

= x;=-1.1762 Xy =11.3338 , x3=-3.438
Hence required solutions are

X1 =-L1762 , x; =11.3338 , x3=—3.438 , x, = —1.8074
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Example: Solve the system of linear equations by Gaussian elimination method

ZX1 + 3x2 - Xq = 5
4-x1 + 4‘x2 s SX3 =3
—2X1 +3x, —x3=1

2 3 -1 5 X1
4 4 —3] b =13 X2
-2 3 -1 1 X3

rz 3 -tisy o1z 3 -1 |5
[Alb]=[4 4 -3 t3]1=§[0 -2 -1 |—7]

A= ,X =

-2 3 -1 |1 nW+nlg 6 -2 | 6
2 3 -1 | 5
==—-—————>r2(3)+r3 [0 -2 -1 |—7‘
0 0 -5 |-15
FYE X ad Ao Jean pal giall (g gailly
—5x3 =—15 =2 x;=3
—2Xy —X3=—=7 = —=2x,—3=-7 5x,=2
2%, + 3%y —x3 =5=32x,+3(2)—-3 =5=>x=1
1
X:-z]
3

thaﬁjm@ﬁmq@ﬁiﬂiﬁmuﬁdﬁahumthA A3 ghimal) a3ag sayl 0Say :ABaNa
QS A edlalaall 48 ghoaal ddaall ot Lt stiaall oS 13 odled JUal B
4] = (2)(=2)(=5) = 20

Example . Solve the system of linear equations by Gaussian elimination method and find the determinant
of the coefficient matrix A.

2% +xy =7
3x; —4x, =5
- 2 1 | 7
3
=5 2 ] 2@ -
= | — I
2 2
~11 -1
sz "—"?1' =>x2"—"1

le‘l‘l == 7 ===>x1=3

v~




4= @ () =11

Exercise : Solve the system of linear equations by Gaussian elimination method and find

the determinant of the coefficient matrix A.
x1 _— x2 = 0
2?61 "l' x3 = 4‘

—2x; + Xy — 2x3 = 1 ~ m@'ﬂ@c}k Lo SWe Yhe %\\w%\f\%

£9) Use Qo St
| @? Lineay @\ .h\m&y/ﬂ)%‘

Sy
2,0~ ‘3&23;-"2'—*33\2”
VT Sh o A
R\
9 M- 2RL e = o -
wﬂ 2_ X)_ \ //X:i
3’;4 ﬁ“"\'\ 2 3\ /7L, %3 |
| 2 == 1] PR Ate
WAL o BN LT
x"’;‘“ﬂé\»‘* LN % 2 T2 e
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~ MATRIX INVERTION

A "n X n” matrix "M" is said to be non-singular {or invertible} if a "n X n" matrix "M 1" exists

with "MM1" = "M~1M" = I then matrix "M~1" is called the inverse of"M". A matrix
without an inverse is called Singular (or Non-invertible)

MATRIX INVERSION THROUGH GUASS ELIMINATION

Place an identity matrix, whose order is same as given matrix.
Convert matrix in uppert triangular form.

Take largest value as Pivot.

Using back substitution get the result.

Lol o A .

NOTE: In order to increase the accuracy of the result, it is essential to employ Partial
Pivoting. In the first column use absolutely largest coefficient as the pivotal coefficient {for
this we have to interchange rows if necessary)}. Simifarly, for the second column and vice
versa.

MATRIX INVERSION THROUGH GUASS JORDAN ELIMINATION

place an identity matrix, whose order is same as given matrix.
Convert matrix in upper triangular form.

Mo need to take largest value as Pivot.

Using back substitution get the result.

Ll S

o
. )\\\b?\\ia

WA 1 1 1
QUESTION : Find inverse using Guass Elimination Method A= [4 3 -1]

32 5 3
ANSWER

3 1
1 1 1 1 0 0 4 3 -1 0 1 0 1;—:0;01
35 3001 135 3 001 35 300 1



3 —1 1 i 3 g 1
i - — 0 - 0 i 4 4 4 _
= 1 5 :’_1 1 0 R; — Ry = 10 3 2 i1 -2 9 Ry — 3R,
3 H g.a o 1 .. ofﬁh‘-. 15 0 -3 3 a
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M1t
1 2 g 0 5 40 L
_ P 3 1 1, 15
6 01 1 _t _1 R
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7 12
i 0 @ 5 5 5
3 1 3
=0 1 6:i—3 O 3 Ry — 7Ry
0 01 1 1 1
10 5 10
He‘nce
7z iz
5 5 5
-1 _ 3 1
A -3 ] 3
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(The Pivot Process)u—b'ﬂ" J

Inverse of the Coefficient Matrix by Gaussian Elimination Method:
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Example: Solve the system of linear equations by Gaussian elimination method and find the
determinant and the inverse of the coefficient matrix A with The pivot process . '

x2'+'x3=.1
Comtx=1
001 1 {1]1 0 O
[A]b]z[l 0 1 |1]0 1 0]
| 110 110 0 1
o 1tlo 10
- T
__._1____;,!0 1 1 [1]1 0 0 }
— 111 0 110 0 1
(D + 13 1 0 1 1110 10
51001 1 |1]1 0 0
0 1 -1 |0]o -1 1
o 110 1 1] 0 10
~1) +
VYR 1 01 |1 )1 0 0 }
0 0 -2 |-1-1 -1 1
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FIE XK pll o Joant and fiall oy geilly
1 .
—2x3 = -1 = x5 =—
3 3 2
le—]-xg:.fi =>x2+§'=1 =>X2:'§

1 1
x1+X3 :1:}_‘){1-*-5:1::}3{1:_

1,
x=|"
1,

Al = = (DW)(-2) =2

1 0 171 0
0 0 -2lixs -1

1
-—2x3:—--1 = X3 =‘§

(n=3) & se ¥ aad sial o 9l (g Saall 255

. 1 1
X +x3=1 = X2 t5=1 =Xy =

ntr =0mx 4] = 0o -t
~a)
' 1
X, = /2 ot sSxall J gW1 3 ganll
1/2
1 0 171 1
0 0 —21Lxs ~1
: 1
—2x;=—1 = X3 :E
_x2+x3=0 =>x2+%=-0 "_‘;’xz:"%

. 1 1
Xy + xg =1=>x1-l_-5 =1=>x1=5



- 1//21

X, = | =2 ] et 3 panl

1/2
1 0 171i% 0
[0 1 1] Xz| = [0]
0 0 -=-21Lx3 1
2x- =1 = = !
X3 = X3 = 2

1 1
Xo+x3 =0 =>x2—-—-2~=0 =Xy =

1 1
xp+x3 =0=>x -7 =0=x =7

1
X3=[1/Z v sSaal] CulEl) 3 ganll
_1/2
~1/, 1/, 1/2
At = 1/2 _1/2 1/2
1/2 1/2 _“1/2

Ay Solve. thesisles o lineww espabr
e s el o Tk
@ W A P@W’F\‘C&L sz%ﬁ |
0 O 00T K = XeAXR T
KiT2%erKzz 4
R =Y+ N = o

@r X|-Fev2hz=§
2% —2fe 4= 1
8&,&, - 2% +);E”)X§:‘2C)



Gauss Jordan Method.:
The following row operations produce an equivalent Sys-
tem, i.e., a system with the same solution as the original
one. The row operations are:

1. Interchange any two rows.
2. Multiply each element of a row by a nonzero constant.

3. Replace a row by the sum of itself and a constant mul-
tiple of another row of the matrix.

Convention: For these row operation, we will use the fol-
lowing notations:

¢ [, «— Rj means: Interchange row ;i and row ;.
e R; = aR; means: Replace row i with o times row .

e R; = R;+ aRR; means: Replace row i with the sum of row
i and a times row j.

The Gauss-Jordan elimination method to solve a system of
linear equations is described in the following steps.

1. Write the extended matrix of the system.

2. Use row operations to transform the extended matrlx to
have following properties:

(a) The rows (if any) consisting entirely of zeros are grouped
together at the bottom of the matrix.

{b} In each row that does not consist entirely of zeros,
the left nonzero element is 1 (called a leading 1 or a
pivot).

(c) Each column that contains a leading 1 has zeros in
all other entries.



(d) The leading 1 in any row is to the left of any leading
1’s in the rows below it.

3. Stop process in step 2 if you cobtain a row whose ele-
ments are all zeros except the last one on the right. In
that case, the system is inconsistent and has no solu-
tions. Otherwise, finish step 2 and read the solutions
of the system from the final matrix.

Example: Solve the following system of equations using
the Gauss Jordan elimination method.

T+y+z = 5
20 +3y+52z = 8
dex +52 = 2

Solution: The extended matrix of the'system is the fol-
lowing.

11
23
4 0

S
(SR S

use the row operations as following;

L1115 pooR,—9r, [ 1 1] 5
2 3 5|8 = | 0 1" 3| -2
4 0 52| Ra=R3—4R | g —4 1| —18
Ry=Ry+4R, |1 1 1|5
- > 101 3]-2
Ry=qlls {00 1]-2 |
Ry = Ry — 3Ry _

Ri= R —3R; {1)00 3
Ri=Ri—Ry |00 1|-2

'—L
[
s




From this final matrix, we can read the solution of the Sys-

tem. It is
=3, y =4, z= -2

Example: Solve the following system of equations using
the Gauss Jordan elimination method.
T4+2y—32z = 2
6r+3y—92 = 6
Te+14y — 21z = 13

Solution: The extended matrix of the system is the follow-

ing. |
1 2 —3]2
6 3 ~9]|6
7 14 —2113

use the row operations as following:

L2 3|21 p_op_6r [} 1 -3]2
6 3 —9|6 = |0 -9 9 |-6
7 14 —21|13 | Rs=Rs~TH 0 0 0 |-1

We obtain a row whose elements are all zeros except the last
one on the right. Therefore, we conclude that the system of
equations is inconsistent, i.e., it has no solutions.

Example: Solve the following system of equations using
the Gauss Jordan elimination method.

dy+=2 = 2
2v +6y — 22 = 3
de+ 8y —5z = 4

Solution: The extended matrix of the system is the follow-



ing.

04 1|2
26 =23
4 8 —5|4
use the row operations as following:
04 1|2 Ry +— Ry 2 6 -2}3
26 2|3 = |0 4 1|2
48 —5|4 ] R3=Hg—2R {00 010
RZE%RQ
Ry =R, —6R;
Ry =3R il

We can stop This because the form of the last matrix. It
corresponds to the following system.

7
z - ZZ =0
1 1
Y+ -4~z =3
We can express the solutions of this system as -
7 1 1
T = Ez Y == —Zz + 2

Since there is no specific value for z, it can be chosen arbi-
trarily. This means that there aré mﬁnltely many solutions:
for this system. We can represent all the solutions by using
a parameter ¢ as follows. -

7 1 1
| 93::125 y-—-—zt—ka z=1
Any value of the parameter ¢ gives us a solution of the sys-
tem. For example: |
t = 4 gives the solution (z,9,2) =

=(7,3,4)
t = —2 gives the solution (x,y,z) =

(71
(F1,-2)



GUASS JORDAN ELIMINATION METHOD

The method is based on the idea of reducing the given system of equations "Ax = b" toa
diagonal system of equations "Ix = b" where "I" is the identity matrix, using row operation.
it is the verification of Gauss’s Elimination Method.

ALGORITHM

1) Make the elements below the first pivot in the augmented matrix as zeros, using the
elementary row transformation.
2} Secondly make the elements below and above the pivot as zeros using elementary

row transformation.
3) Lastly divide each row by its pivot so that the final matrix is of the form

1 0 0 dy
[“”2]

0 6 0 d

Then it is easy to get the solution of the systém as xq =dq, X = dp,x3 = d3

Partial Pivoting can also be used in the solution. We may also make the pivot as “1” before
performing the elimination.

ADVANTAGE/DISADVANTAGE

The Guass’s Jordan method looks very elegant as the solution is obtained directly. However,
it is computationally more expensive than Guass’s Elimination. Hence we do not normally use
 this method for the solution of the system of equations. |

" The most important applicaﬁon of this method is to find inverse _of a non-singwiar matrix.

_ What is Gauss Jordan variation?

in this method Zeroes are generated both below and above each pivot, by further
subtractions. The final matrix is thus diagonal rather than triangular and back substitution is
eliminated. The idea is attractive but it involves more computing than the original algorithm,
so it is little used. "



QUESTION

Solve the system of equations using Elimination method

x+_2y+.é__= 8

2% + 3y + 4z = 20

4x+3y+2z =16

ANSWER
12 1 8}
2 3 4 :20
4 3 2 16!
1T Z i 8
10 =1 2! 4 R; — Ry and Ry — 4R,
g -5 -2 -16 -
1 2 i 8 7 '
01 -2 : -4 (—1)R; and (-1/5)R;
{0 ‘10 +2/5 16/5:
12 1 8 1
{0 ¥+ -2 i -4 By — R3
&3 0 12/5 36/5;
12 1 8
1001 =2 i -4 (5/12)R,
0 6 1 31
1L 2 ¢ 5y . _ _
D 1 ¢ 2 ) leﬁgandﬁz_'f“ZJRg
6 0 1. 3
16 ¢ 13
0 1 0 :2 Ry~ 2R,
0 ¢ 1 3
Hencesolutionsare x =L y=2z=3




QUESTION

11 1
Find inverse using Guass’s Jordan Elimination Method A4 = [4- 3 —1]

3 5 3
ANSWER
11 1 100
4 3 -1:0 1 0
35 3 001
11 1 1 00
0 -1 -5:—4 1 @ Rz*4R1andR3—3R1
06 2 0 -3 0 1 |
1 11 1 0 0
0 1.5:4 -1 0| -1R;
0 2 0 -3 0 1
11 1 1 0 0]
0 0 ~10 —11 2 1
4 1 ¢ 1 0 0] .
:4 -1 0 ~Lnp.
6.1 55 7y 5 —R3
_0 01 10 5 i{id
1 1y
1 1 ¢ 10 5 10 :
0 1 0i5 0 2| Ry—RyandR,-5R,
001 11 1 1
10 5 10
7z 1 .z
100 5 5 8 _
0 10:-2 0 2| R-R
0 0 1 1z _1 1
10 5 19
Hence
I 1 _2
5 5 5
-1 _|_3 1
A 2 0 2



| 10 2
QUESTION: Find A™* if 4 = [0 2 11
| ol -1 1

SOLUTION: we first find the cn-féct@é of the elements of A
a=(—1)*2+ 1)=3
an= (~1)*(-D=1
an= (D@0 -2)= -2
an=(—13(0+2)=-2
ap=(—1)* (1~ 2)=-1
ap=(—1)°(-1-0)= 1
an=(-1)*0—-4) = -4
= (DA ~0)=~1
= (142~ =2
qgr 432 “13] [ 3 1 ——2}

ot~ e enf-[ 2 1 3

1 -1 -1 and Al = -1

-z 1 2
-3 2 4

3 -Z -4
adjA = A ’ij]3x3 = }

S0 At m;—i;—i"adjﬁ =

Z -1 -2

-1 1 i } after putting the vaiues.



Gauss- Jordan Elimination Method

o laete cadal) o gl A sl M dgabiie Abadll iV oladl Ao glaia Jad oy pm— s Ay
6 ghma o1 53 bl o S iyl g Ly (3 93— S (g o i ghama 1) (5585 A 8 ol
Example 1: Solve the system of linear equations by Gauss- Jordan elimination method
2%, +3x; —x3 =5
4x; +4x, —3x3 =3
—2x; +3x; —x3 =1

2 3 -1 5 X1
A=14 4 —3] ,ble X = xz]
-2 3 -1 1 X3
2 3 -1 1|5 2 3 -1 |5
[Alb]=[4 4 -3 [3]4&2{0 2 -1 |-7]
-2 3 —1 j1] =W+nlp 6 -2 | 6
-5 |-11 )
w0 7 [T @ s 0
7 (3) + 7 0 -2 -1 | =7 T(-_-l)+‘r 0 0 =5 |-15
’ *lo 0 -5 |-151 “is/"
JENES QRTINS
—5x3 =—15 = x3=3 |
—2x, =—4 = x, =2
2x, =2 > x, =1 |
1
X =2
3
MML@FMWJIJLAH}ahQuPLLaBuM;ﬁJJA 44 ghimall Jm.‘ab.;'!us.m AL5aSls

Ay ydad
Inverse of the Coefficient Matrix by Gauss- Jo.rdan Elimination Method:

' ‘fadml.ml L...u\.zlu.il‘éJmeJAMJGl!MJWL@ﬁJEh}H@MGAIU [AII]WJAMM'!LL
"t&jm‘d'l‘)n'lMwﬁl@%d@ﬁ@_}k&@ﬁmwﬂ@}ﬂdﬂm@}uaJﬁ wJLSm_)l:
bhj@Mé‘A

dm_)la.:\.@_q.uh‘;ma_ay.uqdlL&.a.us.i‘_gﬁuhﬁuujﬁmﬁéwydﬁ@)ﬂ])&h)maﬁ M

R — oelS




Sop
Example: Solve the system of linear equations by Gauss- Jordan Elimination Method and
find the determinant and the inverse of the coefficient matrix A with The pivot process .

Xy +x,—x3=1

2%, + Xy = —~2
_'4x1+X3=0
1 1 =1 1] 1|1 0 0
[A|b|1]=[2 -1 0 |=2|0 1 0 }
-4 0 1 | ofo o 1
L[4 0 1 | 0|0 0 1
"ne
__Z;[z -1 0 |~-2]0 1 0 ]
1 1 =1 | 111 0 ©
-4 0 1 ] 0]o 0 1
i
g g 2 |--2|0 1 =
T 2 . 2
@l o 2B | 111 0o %
4 4
—4 0 1 | 0]0 0 1
1
4| 0 =1 = |—2!0 1 =
1 o & l 117 1 3
4 _1 4
-4 0 0 }|-4|4 4 4
s+, |0 —~1 0 |—412 3 2
—1 —1 3
13(2) + 15 0 - | _| —
0 2 P 1 1 2
n(GHM 0 0 J1] -1 -1 -1
- 0 1 0 |4]|-2 -3 =2
ra(—
SCH0 0 1 [4]-4 -4 -3
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Cramer’s Rule:
Cramer’s rule begins with the clever observation

1 g 0
Ty 1 0= o
xrs 01

That is to say, if you replace the first column of the identity
matrix with the vector x = ( 21,9, T3 )T, the determinant is
z1. Now, weve illustrated this for the 3 x 3 case and for
column one. In general, if you replace the ith column of an
n X n identity matrix with a vector x, the determinant of the
matrix you get will be z;, the :th component of x.

Note that if Ax = b, where

11 Q12 13 bl x)
A = g1 gz oy s b = bg .and X = i)
asy Qsz Qs b3 T3
~ then
z; 0 0 b1 aa a3
A 2o 1 0 | = | by agxn agy
zz 01 by agy ass

Take determinants of both sides then we get
det(A)z| = det(B)

where B, is the matrix we get when we replace column 1 of
A by the vector b. So,

o det(Bl)
1T et (A)

In general
4 = det(Bﬁ)

 det{A)’



D

where B; is the matrix we get by replacing column 7 of A
with b.

Example: Use Cramer’s rule to solve for the the linear
system:

2$1+$2‘—5$3—f-$4—_~8
331—3332“6334:9
2Ty — X3+ 224 = =5

X1 +4£2—-7$3+:L‘4I

Solution: write the system in matrix notation AX — b, then

we have
2 1 —5 1 | 8
1 -3 0 —§ 9
A=lo o 1 o |and b=|
1 4 —7 g 0

Now we need to calculate det(A), det(B1), det(By), det(Bs), det(By):

2 1 -5 1
1 -3 0 —6 | then
A=y 5 o | == det(A) =27 #0
1 4 -7 6
8 1 -5 1
9 -3 0 —6 | then
Blg 5 9 1 o |==—det(B))=81
0 4 -7 6
2 8 -5 1
1 9 0 -6 | then
By = 0 -5 —1 9 :>d8t(Bg)——108

1 0 -7 &6



By

This lead to:

— O = D

2
1
0
1

2
4
1

2
4

X =

g ==

Ig =

Ty =

then
== det(B;) = —27
—5 8
then
*1 _5 =—=== det(By) = 27
-7 0
det(By) _ 81
det(A) — 27
det(By) 108 4
det(A)" 27
det(By) -27 4
det(A) 27
det(By) _ 21 |
det(A) 27

B



Cramer’s Rule

M) ORI At el s it 3 X ialinall 2 e Sy el S 8y e Al e

Q11 Q12 Ain
a a e a
D = ?1 ?2 . ??’l Q)&M\i&ﬁm&ﬁuﬁDu‘gﬁp
Am1 Amz o Qmn
Cim b il 3 gany 3 send) Jlatiady (835 D 2sadl il s Dy Ol
bl a'lz AR a,‘ln a‘ll bl amn ain
b, a oo a a b, .. a
Dy = 52 ?2 : ?n ) Dy, = ?1 :2 : ?n
by Amz -~ Amn A1 Pm - mn
A1 Q2 by
a a b
Dxn — 21 3:22 2 5
U1 Omz -~ Dm
1 IS Lm0 X ialanall 3500 o (i S
=T T eI T
Example 1: Solve the system of linear equations by Cramer’s rule method.
le + Xy = 7
3x1 - 4‘.762 =5
D_ =13 4l = 83 11
7 1
Dy, = _,|=-28-5=-33
| 2 7
D, =|; | =10-21=-11
D, —33
I M TR
_ Dy, _ —11
R T

Example 2: Solve the system of linear equations by Cramer’s rule method.
le +x2""x3 =3
X4 + X2 + Xg = 1

x1—2x2—3x3=4



2 1 - 1'- 1 1 1 | 11
D=1 =2 -1 -1
SRR EEE P R R
= 2(=1) = 1(-4) ~1(-3) = —2+4+3=5
- 3.1 -1 11 1 1 1 1
D, = = 3 -1 —1
2 i __12 __13 *l—z -—3l *L; —3‘ "4 ——2‘
=3(—1) = 1(=7) — 1(-6) =10
I RN R

= 2(=7) —3(—4) - 1(3) = =5

2 1 3
101 11 1 1
Dx3=|1 1oal=ze| -1 [+3¢|; 3
1 2 4 2 4 1 4 1 -2
= 2(6) —1(3) +3(-3) =0
D, 10
xlzg}'z—é—zz
D,, —5
w=p =g =1
D, O *1 2
x3:."—~x-—:i:—=0 S~ X = Xqo| = -1
'~ D 5 o 0

Fxercise : Solve the system of linear equations by Cramer’s rule method.
D x1—2x2+x3 = 3
le + X, —Xg = 5

3oy — Xy + 2x5 = 12
o gke-5 RN kS
- yem 6% =
o st e =S
M Y- PRSI =0
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