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Chapter One

Sequence:-

A sequence is a function whose domain is the set of positive integer
1,2,3,... . We denote the sequence by < f(n) >) . Where f(n) is the

function at valued n.

The sequence f is the set {(n, f(n)); n € N}. That is ,the set of all pairs
(n, f(n)), with n appositive integer. We also write a,, to denote the

sequence whose ordinateat y = a,, .

Examples:-

n+1

The set { (n, ﬁ) ,n=1,2,3,....} isasequence whose value at n is ﬁ
e <1>=1,1,1,.....

Theset{(n,1),n=1,2,3,.....} isasequence whose value at n is 1.

Finite sequence :-

The sequence < f(n) > is said to be finite if there exist two
numbers a and b suchthata < f(n) < bora< f(n) <bora <
fm)<bora<f(n)<bhb.

Note:- every finite sequence is bounded.



Infinite sequence:-

The sequence < f(n) > is said to be infinite if both a and b or one

of them equal to +oo .

Note:- every infinite sequence is unbounded.

Convergent Sequence:-

A sequence is said to be convergent if it approaches some limit .

Formally, a sequence S,, converges to the limit L . A divergent sequence

doesn’t have a limit. lim, ,, S, =L

Discuss the following sequences:-

The set { (1,%), (2,%), (3,%), ..... }1s a finite and bounded sequence when

n — oo,
1

lim —=20
n1—>n01027’l

1
<5->- 0 the sequence converge to zero.

N =

0< - <
2n

yoe e LNEN

)

1 1
* <oy

[SS I
RN

The set { (1,%), (2,?), (3,%), ..... } 1s a finite and bounded sequence when

n — oo

]



1 .
< — >- 0 the sequence is converge to zero.

1
< =

0<n+1_2

e <1>={1,1,1,......}.

Theset{(1,1),(2,1),(3,1), .....} is a finite and bounded sequence when

n — oo,

lim1=1

n—oo

< 1 >-1 the sequence is converge to 1.

2n+1 3
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The set { (1,%), (2,%), (3,2), ..... } 1s a finite and bounded sequence
since when n — oo, there are two Solutions for this sequence:-

First solution:-

2n 1 1
I 2n+1_1_ T-l_ﬁ—]' 2+H_2+0_
nl—g.lo 2n _nl—rLlo 2n nl—rgslo 2 2
n
2n+1
>—1
2n
Second solution:-
2n+1 2n

. : 1 _ . 1
T an  ateZn Zn aoe tzm o 10T




2n+1

>- 1
2n -

The sequence is converge to 1.

e <n>={1,23,....},.n€EN

Theset { (1,1),(2,2),(3,3), ..... } isainfinite and unbounded sequence

when n — oo, < n >- oo, The sequence is diverged.

Note:-  Those sequences are also infinite, unbounded and diverge

3 6
<+n><5n%>< ”? > < % > And so on. Have a same solve like

<n>.

Example:- Find the Domains for the following sequences

n € N/{1}

or n=1{234...}.

n € N/{1,2,3}



Oor n={4,5,6,...}.

1
n+4

o K >

neNsince n+4>0 - n>-—4

1

n-3

o K

>

n—3>0
n>3
n € N/{1,2,3}

Oor n=1{456,...}.

1

3—n

o <

>

3—m>0
3I>n
n ={1,2}.

1 .. . ..
n < NEE > |s finite sequence having two limits.

o <+V7—n>How?

Are the sequences converging or diverge?

n-2
n2+1

1. < >

Solution:-



) n 2 1 2 0—0
=2 TR Tpr_0-0
S I W S S Y A
n? ' n2 n2
<Moo
o e d
nz+1
n3+1
2. <2205
. n3+1 } g 13 ) 1+—~ 1+0 1
Sol.:-  lim =lim3F—=lm+4 =—=-=
n—oo N—2 n—)oon—3 3 n—>oon—2—n3 0-0 0
3
» <> The sequence is diverge.
3. <(-1)">neN
Sol..- <(-D">={-1,1,-1,1,...}
w1 n odd
<(-1) >_{ 1 n even }
(1,-1),(3,—-1),(5,—-1), ... n odd}
At S —
<(=Dt> {(2,1),(4,1),(6,1),... % even
—1<(-Dr<1

s < (=1)™ > Is bounded.

But lim (—1)" =

n—oo

{_11 n Z_)wooe\?ednd}

~ < (—=1)™ > Is diverge because it has two limits.

Discuss the following sequences? (Homework)

4, < (D1 >
5. < (- 1>
6. <1-—-(-1D">



1
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8. <n—-(-1">

7. <

>

n
G 0
"
n

9. <

>

10. <

>
11. << 5n+4 >
12.< 2>

3n

13.< ¥n >

nZ
n3+3

14.<

>

Find the values of a4, a,, a3 and a, for the following sequence

< a, >, were given a,, term ?

1 an:%
1-1 O
a1= 12 =T=

1-2 -1
a2= 22 = —
1-3 -2
=732 79
1-4 -3
T
(_1)n+1

2' n — 2n-1

(_1)1+1 (_1)2
U ="511 T o0

=1=

e e
=TT TT; T




D™ _ (D¢ 1
Q=771 T T2z T g

I R e

A= T 23 8

_1\n+1
3. a, = (2111)_1 Homework?
4. a, = (”Z—J:)(l — %) Homework?

Are the following sequence converge or diverge find the limited of

each convergent sequence?

1. a,=2+(0.1"
n=1273,..
a, =2.1,a, =2.01,a, = 2.001, ...

n 5 oo, lim ay = lim(2 + (0.)")
n—oo

n—oo

1
-2+ 35
1m +10n

n—oo

=2+lim—=2+0=2
10m

n—>oo

Sy o 2

2<a,<21
< a, > is bounded.

2. a, =1+ (0.1)™? Homework

Not :- All of these sequence are diverge:- < a, > = % , <, >=

(n—1%and <a, >=n+(-1)").



when n — oo the limit sequenceslim a,, = o

n—oo

cosn

3.< a,>=

n
—1<cosn<1

—1 <cosn
—<
n n

<

S|

But<_71>—>0and<%>—>0

cosn

n< >—> (0

n

By theoremifa, < b, <c,Vnand <a, >> Land <c, >-

L then < b, >— L.

But this sequence is diverge show that< a, >=n+cosn ?

(Homework).
Mathematical Convergent for Sequence:-

A sequence S,, is said to be converge Mathematically for a real
number L if and only if for every positive real number (¢ > 0), there exist

corresponding number (K € N), such that :

<S§,>> Lo |S,—Ll<e Vn>K.

Example:- prove that

1. <i>50
n

Proof:- |%—O| <e€ vn > K



1
2. <2—n>—>0

Proof:- |21n—0| <e€ vn > K

1
—| <€ vn>K
2n
1
— < € vn>K
2n

1
2n>g vn>K

1
In2™" > In—
€

nln2 >Inl —Ine

0—1Ine
In2

n>

—Ine
" In2

3. <nT+1>—>1

Proof:- |nJer — 1| <€ vn > K

n



4. < % >— 1 prove that ?(Homework)

5. < % >— 0 prove that ?(Homework)

Converge of sequence by theorem of continuous

If s,, = L and fis a continuous function on L ; f is defined on all terms
of sequence , then f(s,) — f(L).

Example:- prove that

1. < /"—“>—>1
n

Proof:- Let x = "T“

o n+1 - n 1 _ 1
lim =lim—-+—-=lim14+—-=14+0=1
n—-oo n n-oon n n—oo n
n+1
"< >-1
n

Let f(x) = Vx



f is continuous at 1.

Since f(1) =limf(x) =1

n—-oo

limf(x) = limf(x) =1

n-+1 n--—
The limit from left equal the limit from right equal to 1.

n+1 n+1
n

Here , by theorem of converge f( ) - f(1),< — > 1.

1
2. <2n>-1

1 . .1

Letx == ,limx =1lim-=0

n n—-oo n
n—oo

Let f(x) = 2* continuous at 0

=~ By theorem of converge (if s,, = L and f is a continuous function on L

then f(s,) = f(L)).
L 0

£ = £(0)

—92%-—920 =1

1
< 2n > 1

In+1

3. < >- 3

Let x = % lim x= H.W.

n-— n—-oo

Let f(x) = /x

f is continuous at 1. H.W.



1
4, <5>-1
2n

1 . .1

Letx == ,limx =1lim-=0
n n—-oo n
n—oo

Let f(x) = zix continuous at 0 H.W.

5. <\/%>#>0

Diverge to zero and the function not continuous at zero because the limit

from the right doesn't exist.
The series
Definition:-

If < a, >={ay,a, as, ..} is infinite sequence , then a; + a, +

as; + ...is called an infinite series and it is written as )., a,.

If series of the form a; + a, + a; + ...+ a, .Then is called a finite
series and it is written as }:}_; ax = S, , which S,, is finite series. The
sequence < S, > is called the sequence of partial sums of }.7_; ay ,

where:-
Sl = a1
SZ - a1 + az

53=a1+a2+a3

Spn=a,+ta,+az+--+a,



Example :-

] Z 2n = 2(1) + 2(2) + 2(3) + -

n=1

e 2 2 2 2
**Z(n+1) =(1+1) +(2+1) +(3+1) o
n=1

n 1 2 3
AN
273
= /1 1« 1 1
***z(—+n)=z—+2n=(1+—+—+---)+(1+2+3
n n 2 3
n=1 n=1 n=1

Theorem:-
If },—,a, and Y4 b, are series, and ceR, then:-

1 Yne1Cay=cY, 1a,

2. Z;.lo=1(an i bn) = 21010=1 a, i 21010=1 bn-
Definition:-

The infinite series );,°-; a, Is said to be converging to L i.e.

Yimeq @, = L, if the sequence of partial sums < S,, > converge to L.
lim, o S, =L, LeER ; Y- ay = S,.

Example:- Is the series }.;"_, a,, = Z;‘{;lﬁ converge ? find it's

sum if exist?

Sol.:-



1 —A+ B
nn+1) n (n+1)

_A(n+1)+Bn
 n(n+1

_An+A+Bn
 n(n+1)

1 _A+n(A+B)
nn+1)  nn+1)

A=1,A+B=0"*1+B=0 =B =—1

1 1 1

n(n+1)=n_(n+1)

+<%_(nj-1))=1_(nj-1)

. . 1
%Lr?osn_rllll?o(l_(n+1)>_1_o_1

"'Zlﬁzr;%_;(nin:l

n




Are the series }.."_, a,, = Z;‘{;lﬁ converge ? find it's sum if exist?
1.3 . 2.3 — 1 Homework
FAM=2 5 (n-1) "Am=3 (_1)(n-2)
. 1 . 1 1
3. 2=t DD 4. Ym0~ 7))

Geometric Series:-

(o'e] o0 (o'e] (o'e] [0'e]
Z ar™ 2 ar™ Z ar™t1, Z ar™1 and 2 ar™ 1 etc.
n=1

)
n=1 n=0 n=1 n=0

Those are Geometric Series and a is positive constant , r is the base of

series .

The sequence of partial some for the series Yo, ar™ 1 is:-

n +ar+ar?+ - +ar"!

- first_term

1. Ifjr|=1

S, =a+a+a+--+a=na

< S, >=<na >diverge ™= ¥*_ ar™ ! diverge
2. If[r| > 1

Yo ar™ 1 diverge

3. Ifjr| <1

The series Y.5°_, ar™ 1 is converge and the sum is:-

i .1  firstterm a
ar = =
1—base 1-r

Not:-If the series }:5—; ar™ and |r| < 1 the sum is



(0e]
ar™ =
1—-r

n=1
That mean the first termis ar and the partial sequence of the series is

S, =ar+ar?+ar3 + -+ ar®

Example:- which series are converge and diverge .if it converge find

the sum of series?

n=1

7N 777
ol.) () =3t mtpt

n=1
Z(E)=Z7-(4—n)=zar
n=1 n=1 n=1

7
|| < 1w > (fn) converge and the sum is =4 =

4

AN
w3



7 7
a=1,r=—and F.T.=—

3 3
7\" .
|r| > 1 wemp >, (5) and have no summation.
diverge
D)
2 ar
n=1 n=1

o3 Ly =Ll e L cayr
2 B 2’ 2’

2

n=1

=Y b
a—z,r— > iverge.

n=1

25 1 5 w1
4Z(ﬁ+ﬁ)=2ﬁ+2ﬁ

n=1 n=1 n=1
Zz_nzzs,ﬁzzar, a=5lrl=5, FT.=
n=1 n=1 n=1

Ms
u:lh‘
hJIFA

N Ul



Discuss the following series?

2
3n-1

2 2 2
L2+s+g+to gt

S
=ZZ'3n‘1 =Zarn,a=2,r= ,F.T.=2

n=1 n=1

2

3n—1

7] <1 e 304 ( ) converge and the sum is = =

3

win| N
Il
w

4
a= 1,r=§and F.T.=1

r| > 1 w——py> G)n diverge.

3.2-34+8+7*+ 73+ 74

=—1+14+7+72+734+7%+ -

=-1+ (7)”=Zarn,a=1,|r|=7>1
0 n=0

n=

4. 1—2+4—8+--

= (-2°+ (=)' + (27 + (-2)° + -



=Y ra=1lrl=2>1
n=0

The series is diverge.

5. 346444+
3 3 3

P
B 3 32 33
=8+25221.3—n=2ar , a=1,|r| 3 F.T.=1
n=0 n=0 n=0

6. 1+2(7)+2(7)*+2(7)%+ - HW.
7. YpeiC=cCc+c+c+--is constant series and geometric series
with

a = ¢, |r| = 1 where c is constant and The series is diverge.

Write the geometric series with (Homework).

1 2
1.a=§,r=§
1
2.a=3,r=§

Method of convergence

1. The P-Series Test
o 1 . .
zn— , p >0 isP — Series

Q) IfP > 1 Z;‘f’dﬁ iS converge.



b) IfP <1 weemmb ¥, is diverge.
C) If P =1 m—) Z;‘{;lﬁ Is diverge and it's called Harmonic

Series .

Example:-

1) Z;‘;l% , Harmonic Series and P-Series diverge because p=1.

o 3 o 1
2) Zn=1; = 32n=1;

p=1.
3) Z;‘{;l\/iﬁ , P-Series diverge because p = % < 1.

, Harmonic Series and P-Series diverge because

4) Y- 112 , P-Series converge because p = 2 >1.
5) Xn=1 \/— = Yin= 1 , Harmonic Series and P-Series diverge because

p=L1.
6) Z;‘,‘;l\/% , P-Series converge because p = % >

2. The n-Ratio n-terms Test:-
Let ).n—, a, be a series; a,, > 0 ,then:-

Ifllmn_ma =L ER,
an
) IfL <1 e ),_;a, IiSconverge.
D) IfL>1 ey Ypeq@p IS diverge.
C) If L=1 = > a, the series may by converge or
diverge.

Examples :- Are the following series converge ?

. o N
|. Zn=13_n
n+1 n
an gn+l .. n+1 3% . n+1
Sol. Lim,,_,,, — - 2 =1lim,_ o 3ln =1lim, 0 —— prveiim —hmn_m?

1,. 1 1 1
= limy G +-) = (1+0) =<

|
[EEN



n=1
.. 2"+5
[ee]
” Zn=1 3n
2ntlys +1
Sol. Lim an+1 — 1 3ntl . 2n—+5 3"
n—e T - limy, 27;::5 =limy,_ 3n+l ‘2n4g
llm 2n+1+5
n=e 3(2n45)
22 5 5
1 2245 1 Zitgn 1 Z+3m
= =lim Z 2 — Zlim 20 28 — | = (D) 2
3 n—=0 onyg 3 n-ow 2 5 = 3 Mpe 775 = 7 =3<
ton 3 1+2_n 3\1+0 3
© n
2"+5 2
R R v
3n
n=1
4™"\/n
[0.0]
. Yat1—7,
P | N
SoL Lim An+1 1 gn+l T 4n n+1 3" _
n—oo - hmn—>oo 4nn - hmn—>oo 3n+1 '4n\/ﬁ -
3n
) 4Vn+1
lim, o ——
3vn
4. n+l _ 4., 4 |1+0 _ 4
= -lim — = -lim =z =z
3 n-ooo |7 3 n-o 3¢ 1 3 >1
® on
2"+5
EETH diverge.
n=1
v, TEL (-1
. n=1 ) 3n
. )" 1 m+1)3 (—1)™(n+1)3 n
Sol le n+1 — 1 3n+1 — i - n+1 3
Nn—00 —an llmn_,oo —1)"n3 11rnn—wo gn+1 '(_1)nn3

3n



nt+1l, D"(-1) 3" -1 lim(2+%)3

1
= —1i 3
ZE A G A e T B a R p e
—_1(1+0)—_1<1
3 K
= nn3 -1
D VE T

n=1

3. The Comparison Ratio Test:-
If Yoy a, and Yo", b, are two infinite series such that:

a
lim —=1L=%#0

n—oo bn

Then:
1) ¥, a, is converge if and only if }’>°_; b, is converge.
2) Yoqay isdiverge if and only if )77, b,, is diverge.

Examples :- Are the following series converge ?

1

I Yacigng
Sol. ay=5—, by=1,
a an 1 2" Z;
Limg * = lim &= = lim oo = lim ™ =15
27 27 T m

1 1
Yoziby = ¥oii5; geo.Ser. |r|=-<1
1 .
 Ype15  is converge and

a
Lim—# 0

n—-oo bn

1 .
“ Ym=10n = Yp=17n; IS CONVerge

.. 2n
[0le]
. Z"=1 3n2—4n+1

=1+#0



2
n 2
Sol. a, = 3_%+ni2 bn = ;
2
n
4 1
Lim &2 = Jim 2R - ! S0
m-— = lim = lim = = _
n—-oo bn n—oo 2 n—oo 4 1 3—04+0 3
= 3—=+—=
n n n
(o] 0 2
Yrmibn = Xioiz P-Ser. p=1
o 2 .
n=15 I8 diverge and
a
Lim — # 0
n—-oo bn
[ole] [o'e) 2n - .
S Xn=10n = Xn=155 . S diverge.
w 2n34+100n2+1000 . 2
. n=1"" gn6_niz Hint let b,, = =
2,100, 1000 )
w3t T 6 _ 2
Sol. an—%, bn_ =
2,100 , 1000
TR
1 2 50 , 500
. Gn 8-t e 1ttt 1+0+0
Lim — = lim = lim = =
n-oo b n—-oo 2 n—-oo 1 2 8—0+4+0
" n3 8——5+.3%
n n n
*0
(o] 0 2
Yrmibn = Xioi; P-Ser. p>1
S D=1 % is converge and
a
Lim — # 0
n—oo bn
Ly —yo 2n3+100n2+1000 is converge
o n=1 an - n=1 8n6—n+2 g -
Iv. Z;‘{’:li Is diverge because Y., b, = Z;‘{’:l% (Homework)

n+1

1



4. The n-th Root Test

Let ),7— a, be infinite series , such that :-
lim,_,. /a, = L € R, then :-
) IfTL <1 e ) _;a, ISconverge.

b) IfL>1 ey > . a, isdiverge.
C) fL=1 we— %> . a, hasnoinformation.

Ex. Discuss the convergence for the following series?

I) Zn 13n
n|2Mn
Jim Yo = Jim |7 = him
3n §
n=1
.. o 1
”) n=1ﬁ
Sol.
. ARt . 1 1
Al = 00 /n—n—mnnn—m;—w
=1
__>0
nn
n=1
o 2"
i) Zn=1;

Sol.



n—oo n—-oo n—-oo =2 n—-oco =2 1
nn nn [0 0]

n
n|2n 2n 1 1 1
lim ",/an:lim ’ﬁ=hm—2=2hm—2=2—=2$=2>1

n

Z — the series is diverge.
n

n=1
i w 5
Sol.
5 S\F mn 5\@ oo (510 oo
o 2T 2\ M (O\® 0% o 07
Mim = lim, f2(3)n_i§?o<2) 'ﬁ‘(z) "3 _(2> "3
—1<1
3
AL the series i t
S 2(3)n e Series 1s convergen .
n=1
w 5"
V) Zn=12(3)n
Sol.
n| Bn
R N TR

6 6 -6 6-0) 03

(0] 5n
Z 20307 the series is diverge.

5. The Comparison inequality Test
If 0<a, <b,VneN,then:

o If Y}, a, diverge, then }.>°_; b, diverge.
o If Y2, b,coverge, then )", a,converge.



Ex. Are the following series converge?

o 1
L Xn=1 e

Sol.

. 1 .
Is converge since Y71 b, = Z‘;f:l; IS converge

0< ! < !
“(n+1)2 7 n?
w 1
2. Zn—lﬁ
Sol.
Q=D 2= ) o
n=1 n=1 n=1 n=0

o1 11 1 1
;H‘I+<2)1+(3)(2)1*(4)(3)(2)1*"'

Yin=1 @, converge since 7", b, is converge .

6. The Absolutely Converge Test:-

- If Y71 a, is Absolutely converge if Y. |a,| is
converge.

- If Y71la,| is not converge, then):;_; a,, is not
Absolutely converge.



EX.

Zn 1_

1Zn1

Absolutely converge since Y.o—4 |

1 - . 1
Z;‘{’:lz—ngeometrlc series |r| = |E| < 1 converge.

D"

2n

The series }.;7-¢ Is Absolutely converge.

( 1)n+1

22111

1
= Xn=1

Absolutely converge since Y.,—; |

1 .
Z;’;l; P- series p = 2 > 1 converge.

(_1)n+1

e Is Absolutely converge.

The series )., ¢

_1\n+1
3. Z;’f:l( 131 IS not Absolutely converge since

( 1)n+1

1 . . .
2;‘{;1; the series is diverge.

i [

(_1)n+1

4. Yoq (_f/)inﬂ is not Absolutely converge since Y.;-;
S 7
Z?’lev% P- series p = % < 1 diverge.
Conditional Converge :-
If Yo 1(—1)"a,, is converge, but }.>°_;|a,| is not converge.

Yme1(—1)"a,, Is converge if it satisfies the following
condition:-

e a,>0 VneN.
e a,=>a,,.1VneN.
e lim, ,,a,=0VneN.

We said that the series was Conditional Converge not
absolutely converge.



Ex. Do the following series absolutely converge or conditional
converge?

1
Is not Absolutely converge since

1y, 2

( 1)n+

1 . . .
Z?{lg the series is diverge.

i [

1
a, >0 VnEN—>E>0

1 1
n Z G _)Ezn+1

lima, =0-1lim—=0
n—-oo n
n—-oo

_ )n+1

conditional converge not absolutely converge .

o (
Zn=1

n+1
2. Yoeq f/)_ Is not Absolutely converge, but conditional converge.

(Homework)

3. ¥ 1( :1 Is not Absolutely converge, but conditional converge.
(Homework)

Theorem:-
If Y. 4 a, is converge, then lim,,_,,, a, = 0.
That means if lim,,_,, a,, # 0, then }.°_, a,, is diverge.

4, Yo (- 1)"+1 - Is not Absolutely converge

Yot | (=D Sn”ﬂ =Y
lim @, = 0 - lim—"— = lim—— = ~ % 0
A G =02 limg Sy =lim g =5
n—-oo n

By theorem above Y72, —— is diverge.



n
5n+1

ie. Yo (—1)ntt Is not Absolutely converge.

Note: - The converse of the theorem above is not true
If lim,,_,,, a, = 0 — this not necessary to be }:;"_; a,, converge.

EXx. Are the series converging or diverging?

1. Z;‘{;li is diverge
Although lim,, ., - = 0.
w 1 . .
2. Zn=1ﬁ Is diverge
: 1
Although lim,,_, = 0.
3. fo’=1% is converge
. 1
And lim,,_, == 0.

4. Y-y Is diverge because

limnqwﬁ =1 # 0. By theorem = ¥%_, a,, is diverge.

5. Yaein?

 lim,,_,., n? = 00 # 0 — By theorem . ¥°_, a,, is diverge.
6. TnzgVn

v lim,,_,0, V1 = 00 # 0 - By theorem = ¥%_, a,, is diverge.
7. Z;‘{’ﬂ% (Homework)

2
o Mn°+1
8. Ti ™

9. Yp=1m




oon\/_

n=13,2.4

10.Y

Ex. Determine whether the given series converge or diverge ?

1 2 1n2+1
2. I+¥nz15,
3. il +30)
4. 3o, S

5. i

6. Y1

w

n2+1
(n+1)!
3In! 37"




Chapter Two



The power series :- are the series of the form:

(00

Chlx —a)"=Co+ Ci(x—a)+ Co(x —a)> + -+ Cp(x —a)™ + -

n=0
In which the center a and the coefficients C,, C,, ... are constants.

Ex.:- Taking the coefficients to be 1 in the equation of the power series,
we get the geometric power series :

Zl.x"=1+x+x2+---+x"+---, where a=1,r =x
n=0

when|x| < 1,

Ex.:- Find the interval of the convergence of the series )., x™ and
the sum of it ?

Ymeo L.x™ =Y sa.r™  geometric series

a=1r=x ,isconvergewhen |r|=|x|<1- -1<x<1-
xe(—1,1).

o . FT. 1
Zx =1 "1_x ° Vxe(—1,1)

n=0

Ex. For the following power series: find the interval of convergene
and the sum of it?

n

l—r—+im—22+ +( 1)( 2" +
2 * 4 2)
a=1,r=—%(x—2) , the series is converge when
1( )| <1 x_ﬂ<1 1<X"% 4
=|—-=(x — - |— - — R
VI‘ 2 ‘ ‘2 2

—2<x—2<2 -0<x<4 xe(04).



D R AL

= 1 (—5 G- 2)
I S o
o x—2 24+x—-2 x’ vaxe(04)

Ex. Find the power series if C,, = 3 and a = 2 ? And find the
interval of convergence and the sum of it? Homework

Sol.

i 3(x —2)"

The Taylor Series Expansion of f(x) abouta or near x = a

Let f be a function with derivatives of all orders throughout some interval
containing a as an interior point. Then Taylor series generated by f ata

X —a)? + -

f"(a)
21

Remark:-

When a=0 , then the series said Maclaurin Series.

M (0 " (m)
Zf OSSO ON

n!
Ex. : - Find Taylor Series

Expansion of f(x) = i at a = 2, and find the convergence sum? or

Find Taylor Series Expansion generated by f(x) = % near a =2,
and find the convergence sum?



k!
k=0
=f(a)+ f'(@)(x —a) + ! 2(!a) (x —a)? + -
(n)
S@ (e — @) o
n!
144 (n)
=fR+12Qx-2)+ / 2(!2) (x — 2)2 R f n!(z) (x — 2)™ + - (%)

Now we found the derivatives of the function

FO) = ==X f(0) = —x % () = 22,

(%) = —6x~% fF®(x) = 24x75, .., f®(x) = (=)™ nl.x~ D
Now we put a=2
@) =5=27 /(@) =22 f1(2) = 2.27%, f(2) = ~6.27
F®(Q2) =242)7°,...,f™(Q) = (-D)".nl.2-0+D

F™(2) R G O L
— =D 2C 1>=2(n+1)

Now we put those values in series * and we get

"o (n) 2
f(x)=f<2)+f'<2)<x—2>+%<x—2>2+---+f nf)

+ .-

(x =2)"

2.273 (—D)™

: 2
2 AT ey

(x—2)" + -

f(x) =%+ —27%2(x—2)+

(="
2(n+1)

1
f(X)= (x—=2)"+---

1 1 )
E—?(x—2)+§(x—2) — e

(00

-1 n
fo =) ;(nfﬂ (x—2)"

n=0




n=0
R , "
foy =) s(-5-2)
n=0
This is a geometric series a = % T = — % (x — 2) and it's converge at the

intervals: |r| < 1 — |—§(x—2) | <1- |§(x—2) | <1

1
—1<§(x—2)<1—>—2<(x—2)<2—>0<x<4 x €(0,4)

i __FT.
ar _1—7"_

n=0 1+ E

XN =

Ex. Find the Taylor Series for f(x) = i near a =1 ?(Homework)
Ex. Find the converge interval and the sum if exist?
1. foﬂ%

Sol. We solve this series by using The n-Ratio n-terms test

n+1
a P |x|"*1 n |x|.n
lim | 2 = lim n-l;ll = lim : = lim
n-oo | a, n-oo | X" n+1 |x|? n+1
n n—->oo n—>0oo

2. Y=o 2x"
Sol.
>an=y ar :
ar
1—r 1—x
n=0 n=0

Irl=]x]<1->-1<x<1xe(—1,1).

+2
3. Zn O(x "




Sol.

- (x+2)" - F.T. 1 1 3
Zl Zarn: = = =
1—71 x+2 3—x—2 1—x
n=0 n=0 1- 3 3
x+2 x+2
|r|:| ‘<1—>—1<T<1—>—3<x+2<3
—5 < x < 1,converge interval x € (—5,1).
o (x+2)"
4' Z‘n=0§n+l
Sol.
1 (x+2)" F.T L L 1
X el el
Srest S tr 4o
3 3n 1—7r x+2 3—-x-2 1—x
n=0 n=0 1 3 3
x+2 x+2
|r|=| 3 ‘<1—>—1<T<1—>—3<x+2<3
—5 < x < 1,converge interval x € (—5,1).
5 Z O(Zx 5)"
n=
. (2x—5)” n |(2x—5)”
lim |an—11m
n—-co
|2x—5|11m—
nn
=[2x—-5|<1->-1<2x-5<1
4<2x<6->2<x<3, x € (2,3) converge interval

6. Yoo 0nx" (Homework)
7. Zn 0 1

w (x+5)"
8. Z"=1n(n+1)

9. T, (-m1E

n+1




Ex. Find the Taylor polynomial generated by f(x) = e* near x = 0?

Sol.

fx)=¢*,a=0

k) Z n)
zf (0)( _0)k = (0)x f 2(!0)362 L. f (0)
k=0

f(x)=e*- f(0)=e’ =1,
fl(x)=e* - f'(0) =e®=1.
Fr) = e > f1(0) = e = 1

fME) =e*>fM0)=e=1

0 0

&) (0 e
Zf ()x =e% +ef x+§x +- +—x

—1+x+—+ +— Zk'

Ex. Find the Taylor polynomial generated by

f(x) = e™* near x = 0?(Homework).

Ex. Find the Maclaurin Series generated by f(x) = cos x ?

Sol.

®) (0 " (n)
zf Y (ORI (O A SIS Al
k=0

f(x) =cosx = f(0) =cos0 =1
f'(x) =—sinx - f'(0) = —sin0 =0
f"(x) =—cosx = f"(0) = —cos0=-1

f""(x) =sinx —» f"""(0) =sin0 =0

xn _|_



f@(x) = (=1 cosx neven— fEM(0) = (—1)"
f@E*(x) = (=1)"sinx nodd - f@*D(0) =0

MO 20 ,

n!

f(x) =cosx = f(0) + f'(0)x + X2 4 e

x? x* «x® D"
COSX—1—§+Z—E...+W

o (- Dk,
COSX=Z (Zk)'

k=0

S
+

Ex. Find the Maclaurin polynomial for f(x) = sinx ?

Sol.

f7O) > T (")(0)
2!

f(x) =sinx = f(0)+ f'(0)x + x4+ - =
x3 x5 x7 ( 1)2n 1
. A P |
sinx = x 3|+5' +(2n—1)' n
n
—1 2k—1
sin x = Lx”“1
L, (2k = 1)!

Computation of Logarithms:-

From Taylor series expansion, we get

x2 3 xn
ILnl+x)=x——+ —— 4+ (D" —+ -
2 3 n
And
XZ x3 xn
Ln(l—x) = —)X —— — — — ee0 — _+...



(1+x)

Ln(l_x):Ln(1+x)—Ln(1—x)
(1+x)_2( +x3+x5 +x2"‘1+ )
T R TSl

N+1 _ (1+x)

Now put — = 4D

N1l+x)=(N+1)(1—x)

N+Nx=N-Nx+1—x

2NX+X:1—>X(2N+1)=1—>XZM
N+1 1 1 1

bn——=2Gnsn T 3ens 2 5N s 5

Ex. By approximate find Ln2 ?

1+1 1 1 1

SOI Ln2 = Ln_ — 2((2(1)+1) 3(2(1)+1)3 5(2(1)+1)5
Ln2 = 2 (1 bt )
he=23 53)°

= 2(0.333 4+ 0.0123 + 0.0008 + --+)
= 2(0.3464) = 0.69314
Ln2 = 0.69314

234-5 N+1

The logarithms of the number D155 Ty are ordinarily

3 4-

computed first informing a table of natural logarithms of the

integers.

Then it is a matter of simple arithmetic to compute:-



L3—L2+L3
n3= Lno+Llny

4
Ln4 = Ln3 + Ln§

5
Ln5 = Ln4 + LnZ

+1

N
In(N +1) = LnN + Ln
Ex. Construct a table of natural logarithms in N for N =
1,2,3, ... 10 by the method discussed in connection with equation

N+1_2 1 . 1 . 1 .
N ((2N+1) 3(2N +1)3 * 5(2N + 1)5

Ln

But taking advantage of the relations ships:-

In4d = 2Ln2, In6 = Ln2 + Ln3 , In8 = 3Ln2
Ln9 = 2Ln 3, In10 = Ln2 + Ln5

Properties :-

Ln(a.b) = Lna + Lnb
a
LnE = Lna — Lnb

Lna® = kLna

Fourier Series

A Fourier series is an infinite series expansion in terms of
trigonometric functions of f (x) on the interval (0, 2m) is



f(x) = a, +Xi-q[ar coskx + by sin kx]
Where

1 2T
a, = %Jo f(x)dx
and

1 2T
a; = Ej f(x)coskx dx fork=0123,..,n
0

1 2T
b, = —J f(x)sinkx dx
TJo

Ex. Find the Fourier series for

(1 0<x<m
f(x)_{Z TL'<XS2T[}
Sol.
f(x) = a, +§:[a,c cos kx + by, sin kx] (1)
k=1

1 21T
a, =%_[0 f(x)dx

1 T 21T
aozg(jo 1dx+L 2 dx)

1 T 21T
= —— [x[§ + 2x[2"]

=%[n—0+2(2n—n)]



= —[r+2n] = —
T 21
3
'°ao=§

1 21
ay :Ej f(x)coskx dx
0

1 T 2T
ak=—(J coskxdx+j 2 cos kx dx)
T Jo T

B 1 lsin kx sin kx
T

k o + 2 . ,2,”] k=123,..,n

11 2
n[k (sinkm —sin0) + k(smk T —Ssinkm)]

=1F(0—0)+3(0—0)] -1 =0
m Lk k /[

_1 2T -
b, = EJO f(x)sinkx dx

1 T 21T
bk=—(j Sinkxdx+j 2 sin kx dx)
T Jo T

11 coskx _ coskx .

;[_ (5 —2— ﬂ] k=123,
11 2
:E[E(—coskn+c050)+E(—cosk2n+coskn)]

[(—coskm + 1)+ 2(—1 + coskm)]

1
k

1
= ﬁ(coskn —-1) ;k=123,..,n



-2
(-DkF-1 —~  ifk odd
bk:T; by =1km Jho
0 if keven
b = 2 b, =0  b.=_° by =0  b.=_°
= g 2= 37 31’ 4T > o

Now we put thea,, ay, by in the series (1), we get:-

fx) ==+ Z[O(cos kx) + by, sin kx]

k=1

3 oo

f(x) = > + Z[bk sin kx]

k=1

3

=3 + [by sinx + b sin 3x + b sin5x + -+ |
. 3 2[_ +sin3x+sin5x+
s~ f(x) = > T sin x 3 z

Ex2. F(x) = 3, 0 < x < 2mn find the Fourier series?

Sol.
f(x) = a, +Z[ak cos kx + by, sin kx| (%)
k=1
21
=—j f(x)dx——j 3dx
1
=%[3x|%”]
= 1 3(2 0
=5-3(2n—-0)
61



Sy =3

1 2T
a, = EJ f(x)coskx dx
0

1 2T
ak:%q 3 cos kx dx)
0

11 sinkx
:EP p gﬂ k=123,..,n
13

=;[E(sink2n—sink0)]
113 1
-~ 0-0|=-@=0
m Lk T
1 21
b, = —j f(x)sinkx dx
TJo
1 21T
bk=—(j 3 sin kx dx)
T Jo
1 cos kx

zgkg - gﬂ k=123,...,n

3
=—(—cosk2m + cosk0)
k

3 3
=—(-1+1) =—(0)

Now we put thea,, ai, by in the series (*), we get:-

(00)

f(x)=3 + z[O(cos kx) 4+ 0(sin kx)]

k=1
“ fG0) =3

Ex.3:- f(x) =x, V 0 <x < 2m find the Fourier series?



Sol.

f(x) = a, + ) [aycoskx + by sin kx] (*)
kZl k k

1 2n 1 2T
aozﬁjo f(x)dngjo x dx

1 x?
:_[_ 2T
22 'Y
1
=E(x2|%")
_4n2
 Ar
o aO =TT

1 21
ay :Ej f(x)coskx dx
0

1 2w
ak:%q x cos kx dx)
0

By using udv = v.u — [ vdu

sin kx
u=x, du = dx, dv = cos kx dx, v=—
_1[ sinkx 2q jZ”Sinkx y
= - X. k | 0 . k X

2T
sin k2m cos kx | 0
(27r. — 0) T—— .

k k>

1
s



1 0 cos k2m — cos kO
= —l(Zn.— — O) +
T k2
aip = 0
1 2T
bk=—(j x sin kx dx)
T Jo

By using udv = v.u — [vdu

u=x, du = dx, dv = sin kx dx, V=
1 coskx 2p  (*Tcoskx
=—|-x. d
27 % To +j0 kY
ik 2T
1 ( ) cosk2n+0)+5m x|0
e A K2
_1'( ) 1)+Sink2n—sink0]_1( ) 1)+
I\ k2 o\
. b _—2
b =—

Now we put thea,, ai, by in the series (*), we get:-

oo

fx)=m + z [0(cos kx) — % (sin kx)]

k=1

Y fx)=m — %;(sin kx)]




Ex. Find the Fourier series associated with the following
functions. Sketch each functions?

0 OSxSn}

l_f(x):{l n<x<2m
-1 OSxSn}

2-f(x)={1 T<x<2m
3-f(x)=3x, 0<x<2m

(2 0x<m
4_f(x)_{x 7T<xS27T}
_(x 0<x<m
S-f(x)_{—x n<x£2n}



Chapter Three

The vectors



The vectors

Let P; = (x4,y,) and P, = (x,, y,) be two points in RXR, then
P, P, or P, P, are vectors where :-

P, P, = (X3 —x1,¥Y2 — Y1)

PPy = (x1 —X3,Y1 — Y2)
Ex.P{=(2,3),P, =(4,7)

N owe o N
{ I 1AL (N S L .
o
p—

Py Py =(4-27-3)

P1 p2 p1
P2

= (24)

—)P2P1 —(2-42-7) y

=(=2,-4)

Ex. P, = (4,2), P, = (—3,5) find P, P, and
m’?(Homework)

e IfP=(xy),0 =(0,0), then
0P=(x-0y-0)=(xY)
PO =(0-x0-y)=(-x,—Y)
V = (a,b) = (a,0) + (0,b)
= a(1,0) + b(0,1)

~ V = ai + bj

b
[ =—=tané
slopm = — = tan



(3,4) = 3i + 4]
The Length of V:-

We denoted for The Length of V by | V| for the vector

—

V = xi + yj which equal :-

V| = Va2 + y2

Ex. Find The Length of

3-V=-3i (Homework)

4-V = —i — j (Homework)

Sol. 1-
V| = /52 + 72 = V25 + 49 = V74
Sol. 2-

V]| =102 +42=v0+16 = V16 = 4
The Zero Vector:-
0 = 0i+0j =(0,0)

0| =v02+02=0



The Unit Vector:-
u = xi +yj when |u| = 1, then u is said to be a unit
vector.
e i(1,0) = |i| = V12 + 0% = 1, i is a unit vector.
e j(0,1) = |j| = V02 + 12 = 1, j is a unit vector.

e u=cos0+sinod

= |u| = \/(cos )2 + (sin )2 = 1,u is a unit vector.

To find a unit vector for any vector

We must find the direction of vector V is % which is the unit

vector such that |%| = 1.

Ex. V = 3i — 4j find a unit vector for V ?
Sol.

|4

=— ; |ul=1
14

u

V] =32+ (-4)2=vV9+16=V25=5

Vv 3i-4j 3 4
v~ 5 5° 5/

u =



~ u IS the unit vector such that:

||_|V‘_ (3)2+(4)2_ 9 16_ 125
I T Y\s) ) T (25T s T (25

Propositions:-

IfV, =a4i+ byj & V, = a,i+ byj are two vectors :
1- Vi +V, = (a1 +ay)i + (by + by)j
Vo, + V= (ay+aqy)i+ (by + by)j
Where V; +V, =V, +V;
2- Vi = Vo = (ay—az)i + (by — by)j
Vo = Vi = (az—ay)i + (by — b1)j
V=V, == - 1)
3-cVy = caqi+ cbyj = c(asi + byj)
4-c(Vy £ V) =cV; £ ¢l
Ex.If Vi=3i+5j &V, =3i—-2j,find?
Vi+V,=6i+3j
V,+V; =
Vi+V, =

Vl _VZ -
3V1:



2(5V1 - Vz) -V =

Def.:- Two vectorsVy; = a4i + byj & V, = ayi + b,j are

equal iff V1 = Vz - a1i+ blj = azi + bz]

a; = a and b1 = bz

Ex. Showthat V{ =3i+7j & V, =1—55i+(%+ 1)j are

equal ?
Sol.

&—ﬁ &7—12+1
5 2

~ V=V,

Ex. If P4 is the point (1,3) and P,(2,-1) findP{P, , P,P4 ,

5P,P, —3P,P; ?(Homework).

Ex. Find OP5 if O is the origin point and P3 is the mid point

of the vector P4 P, joining P{(2,-1) and P,(-4,3) ?

Sol.

P+ P,
372
P,(2,-1) , P,(-4,3)

2—4 —1+3
%:(2 ' )



P; =(-1,1) &0 = (0,0)
0P;=(-1-01-0)=(-11)
Ex. Find the vector from the point A (2,3) to the origin point?

Sol.

A0 = (0-2,0-3) =(-2,-3)

Ex. Find the sum of the vector AB and €D ,from the four
given points A(1,-1) , B(2,0), C(-1,3) , D(-2,2)?

Sol.
AB=(2-10+1)=(11)
CD=(-2+4+12-3)=(-1,-1)
AB +CD = (1,1) + (-1,-1) = (0,0)
Ex. Find the length and direction of the following vectors:-
l-i+j= |li+jl=Vv12+12 =2
2-V3i+j=
3-2i—3j =
4-5i+ 12j =
5- —2i+3j=

Space Co-ordinates Vectors In Space



The vector inthe3DisV = (a,b,c)orV = (x,y,2)

Let V be a vector from the origin point to the point

P(x,y,z).

OP=V = (x,y,2)

Ex. Locate (plot) the following points:-
P,(1,2,3),P,(1,2,-3),P3(1,-2,3),P,4(—1,2,3),P5(1,—2,-3)

,Pe(—1,2,-3),P;(—1,-2,3), Pg(—1,—2,—3).

The vector between two points in space

Let P1(x1,¥1,21) & Py(x3,¥5,Z,) be two points
ﬁ’ = (X2 —X1,¥2 — Y1,Z2 — Z1)

ﬁ = (X1 — X2,¥1 — ¥Y2,Z1 — Z2)

0P = x—0,y—0,z—-0) =(x,y,2)



I7=(a,b,c)<—>V=ai+bj+ck

V| =Va? + b2 + ¢2, |OP| = /x% + y? + 22

The Direct of Vector in Space

_ %
le(V) = m

The Distant Between Two Point in Space

|P1P2| = \/(xz —x1)%, (¥2 —¥1)% (23 — 21)?
Vi=(x1Y1,21), Vo = (x2,¥2,23),

Prove that Vi+V,=V, +V,
Sol.

1) VitVo = (Xi+Xp, Y1tY2, 21%25)
= (Xo+Xq, YatY1, 2o+2))
= (X2,Y2:22) + (X1, Y1, 21)
=V, +V,
VitV = o+,

2) V1+V2 - (Xl_X21 yl'yz, 21'22)
V2= Vi = (Xo-X1, Y2-Y1,22-21)

3) CV =(cx, ¢y cz)
- -

4)Vi/V,—-3ICERSsL Crgaio o o7
- -

— —-



V1:CV2 OR V2:CV1
Suchthat c==t =2 =2
X2 Y2 Z2
51fVv=(,b,c)=0(0,0,0)=o0i +oj +ok
—»a=b=c=0
- - T > -
6)Vl L VZ’ 6 = E&Vl'VZZO gt doled
( Scalar ) Dot Product Clgaiall  biil) o1 palf
A=ai+bj+ck & B=ayi +byj +cok

A.B = a;.a, +by.b,+C1.C

A.B=|A|.|B|Cos 6@

A.B

Cos@ =
|A]|B|

(Ex.) A= 2i-3j+5k & B=8i-12j +20 k , find A.B ?
Sol. :
A.B =2(8) + (-3) (-12) +5 (20)

=16 + 36 +100 = 152
(Ex.)A=ai—-j+tk & B=i+j+2k & AB=3,finda="?
Sol :
AB=a(l)+(-1) (1) +1 (2)

3=a+l



La=2
( Ex.) If A and B are unit vectors and 8 = 60° find A.B =??

Sol .

Al=1,|B|=1 ,Cost =~

AB=|A|[B|Cost =1 (1) ;)=
Propositions
1) A.B=B.A s.t A= ali+b1j+C1 , B = a,i +b2_] +C,ok

Pf: AB= a1a2+b1b2+C1C2

= a,a,+bobi+c,cy
=B.A
Another proof : A ols_y
A.B = |A| |B|Cos6 { Cosé = Cos (-9)}

i, 54l Cos I 4Y
B.A =|B| |A| Cos(- )
=|A||B|] Cos(8)
2)ii=1,j.j=1,kk=1
pf. i.i=(1,0,0). (1,0,0)

= 1(1)+0(0)+0(0) =1



j.j=(0,1,0).0,1,0)

= 0(0)+1(1)+0(0) =1

k.k=(0,0,1). (0,0,1)

= 0(0)+0(0)+1(1) =1
3) AA=|Af

Pf.:  A=(ab) =ai+bj OrA=(ab.)=ai+hj+ck
AA=?7? |AF=7?

AA = (ai+hj) . (ai +bj)

=a(a) +bd)

= a” +b? . AA= |AP
Al =+VaZ + b2
2 __ 2 2
AP = a? +b )

4) A(B+C)=A.B+A.C
A: (all a, a3) lB = (bllb21b3) & C: (Cl! CZ! C3)

Pf: (B +C) =(by+cy,bytc,, bstcs)

A.(B +C) = (as(bytcy) +az(batcr) + as (ba+cs))
= aibi+a ci+asb,tascr+ asbs+ ascs

A.B+A.C = aib; +a,b,+acq +a,c, + asbs+ ascs

(5) (B +C).A = B.A+C.A



(6) A. (B.C) = (A.B).C
(7)ij=jk=ki=0

(Ex.) If A=i+j ,B=i find AB=29="7

AB=1(1) +1(0)=1 A|=v2 , |B|=1
_AB _ 1 _ 1

COS 6 = el ~ Vavi vz

. p— T

ER

(Ex)IfA=i+]-k,B=j-k & C =2i compute A. (B.C) ?
Sol. B.C=1(2)+(-1) (0) =2
A.(B.C) = 2(l +j k)

= 2i +2j-2k

(Ex.) Find the angle of the triangle that A (-1,0,2) , B(2,1,-1) ,
C(1,-2,2) Are Vertices of it ??

AB.AC P\
Sol . Cos @ = .
|AB]|AC| y/ AN
4\( N
B BC C

AB = (2-(-1) , 1-0, -1-2)

Crihdi o 4aie AB = (3,1,-3)



AC= (1- (-1) , -2-0, 2-2)
AC = (2,-2,0)

AB. AC=3(2)+1(-2)+(-3)(0) = 4

|AB| = /32 + 12 + (—3)2 =19

IAC| = 22+ (=2)2 + (-3)? = V8

4 4
= — — -1 _*
Cos @ 578 0 = Cos NeTS
AB.BC _ AC .BC
Cos ¥ = |AB||AC| 0s ¢ = |AC||BC|

Ex.:IfA=i+j & B =k, C =2j+k Find the angles of A ABC

Sol : (Homework

A ¢ B
DLLM&)LAAY\L&
AB 8 il Jaid A Y m
Cos 0= —— = ¢
|A||B|
A.C
Cos y = —
V= e
B.C
Cos = —
¢ |BI|C|

(Ex): Let A=2i-j+k ,B=i+j+2kFind 6 between A

and B ?

Sol : A.B=2(1) + (-1) (1) + 1(2)

=2-142 =3 /& .
A B
9\

Al=422+ (-1)2+12 =6




B|=v12+ 12+22 =46

Cos § = 22
|Al|B]
-3 _3_1
T VeVe 6 2
:.H:Cos'l(%)—> :.6:60°:§°

(Ex):LetA=2i+j-k ,B = 4j-kfind A.B?
Sol.:- A.B = 2(0)+1(4)+(-1)(-1) =4+1=5
(Ex.): If A=2i+aj+k ,B = 2i+ j-2k;and ALB find a?

Sol.:- ALB— 6 = g — cos8 =0

AB=|A||B| coso=0
AB=2)+a(l)+1(-2)=0
4+a—-2=0-a=-2

ZA=2i-2j+k&B=2i+j—2k

AIB=A.B=0
(ABTY oyl Vector Product
S AUl ) AU s igatia G ALY Gl
AXBH 41 b1 ot A =ali+hlj+clk

a2 b2 «c2 B =a2i+b2j+c2k



al bl
a2 b2

b1l cl
b2 c2

al cl

a2 2 |*K

=i
=i(blc2-clb2)-j(a2c2-a2cl) + k (alb2-bla2)

(Ex.): A =3i+7j—k , B = i+j+3k

. I J k
A XB=3 7 -1
1 1 3

=i(7(3)-(-1)(1)) -1 (3(3) -1) (+1) + k (3(1) -7(+1))
= 22i - 10j -4k
AV G jall AT iy s

A nother Diffenition for 4’ X B -

A XB=17 |A||B|Sin 6 AXEB
- _ AXEB A
~ |A||B|Sin 8 f
B

Unit Vector 52 s 4aic

(Ex) Find the unit vector 7 If 4 = i+j& B =j-k??

—

Sol. A X B| i ik
1 1 0
0 1 -1
S Y

=1(1(-1) -0(1) ) - (1(-1)-0(0)) +k (1(1) -1(0))



A XB=-i+j+k
A.B=1(0)+1(+1)0(-1) = 1

AB _ 1 _ 1

COS 0 = = = =
1Al |B] 22 2

Al=vV1Z+12+ 02 =2

B| =402+ 12 + (-1)%2 =2

.0 =Cos™ (1) > 60=2" sing= V3
2 3 2
~_ AXB
= AlBlsin 6
_(SiHjtk) -1 01 .1
T Rw%?l = EIREIT K

= |2+ @+ G

- feied = Feo

.. 7 IS unit vector

(Ex)IfA=i+4j+k ,B=-2i+j]-2k? sAL B?

Sol. A.B? ( 1fA.B=0 Then A -1 B)
=1(-2) +4(1) +1(-2)

=244 -2=0



.AB=0-iec ALB
Remark : If /T||§ - 0 =Zero=0’
Sin0 =0 »:..AXB=Zero»>AXB=#|A||B|Sing =0
Propositions :-
1)AXB=BXA
2) AX (C+C)=(AXB)+ (AXC)
3)AXA=0 Sinced=0 6=0"A

4) ixi=jxj=kxk=0

5) A.(A X B )=B .(B X 4) AXB
= Zero s A
S B
S Normal . R
Since A X B are | Vertica on A and on B

perpendicular

6)ixj=k & jxk=1 &kxiFj

because i+jLk

7) Area of triangle AB C is

=[AXB] C,B,4 gx=vy




-

C
( Ex.) Let A =i+ & B = i+k Find the Area of atriangle ABC

Where 4 , B are two sides of it ?2?

&.Areazgﬁxﬁ
oo | j K 10 10 11
AXB=
L 10 =i |0 1| - 1 11+k |10
1 0 1
=i—-j-k

AXB|=12+ (-1)2 + (-1)2=+3

g Area:%\/—=\/—§

2

( Ex.) : Find the Area of triangle ABC where are vertices
A(1,-1,0,B(2,1,-1),(-11,2

o i Al S 5 i i pal lgaially 5 S il (g g bt Jaif -r 4L
i sane Kidy ISl clgatally cludfon) K ladsli

A (ab,c) & V= ai+bj +ck
1L45 4aie
(Lot isad o T)

_ A

Sol: 4B = (2-1, 1-(-1), (-1)-0) _ i -
AB AC

B C



=(1,2,-1)
AB = i+2j+k
AC =(-1-1, 1-(-1),2-0)
=(-2,2,2)

AC =-2i+2j +2k

b J k
AB X AC =1 2 -1
2 2 2
2 -1 1 -1 1 2
=1 2 2 ) 2 2 +k-2 2

= i(4+2) —j (2-2)+k(2+4)

= 6i+6k

|AB" X AC| =62 + 02 + 62

=36+ 36 =472 6

:.Area:%|ﬁXﬁ|

:%\/ﬁ :6—\/E :3\/5

(Ex.) Find Area of triangle where /Tzi+j &B =i+k

are two sides of it 2(Homework)

i ik
Sol.AxB=|1 1 0 Z/\E’
1 0 1



— —

A XB = -
|AXB |=V

|A XB|=

N | =

Area =

N|R

( )

Orthogonal = vertical = Normal = Perpndicule

Qgﬂsaﬁa&wuaumu&ghy

(Ex .) Find the normal Vector from N = AX B = ? Where
A=2,1,-1) &B =(-2,4,-1) N=A4XFB
A
A = 2i+j-k B = -2i+4j -k .
- — L J k
Sol. N=AXB 2 1 1 =
2 4

Direction (Homework)

(Ex) find the direction of Aand B,A=i,B =7

5aa gl 4aia g8 Dir oY s/ Hrxadl (wdiunit vector, Dir  4elS L

ool

AX
|A X

=|
Il
N
<
osl]

Sol. Dir =

oo



V]
AXB
D'r:|jx§|
i J k
AXBE=1 0 0 =i(0)+ (0) +k(2)
0 1 0
=K

IAXB|=vV02+02+12 =(1)

. i=Dir=-=K

el Ky

Where | K |= 1

A il K asial g oieaiall G oladY) (Dir) s a3l sas sl deaie Lia
i X j = K 4nalall 3uki 138 s K (0,0,1) 5(1) Jshasodn s 4nia

(Ex) : Find the Dir (direction ) between 4 = 2i-2j +k &

B=i+j+k

Sal. (Homework)

Ex): fV=2i—j &

Wo=i+3j— 2k = 3i-4j+2k ??
Compute css/



- - —

1) (vXw).Uu =??(Homework)

<
I

ol(1) V X

2

?

<l
Il
N

XW).

<y

2) (WxU).V

Sol@Q WX U =2

3) (UXV).W
Sol(2) UX V =?
(UXV).W =?

Ex.: If 4 = 4i -8j +k & B = 2i+j -2k

] —

Are (Ax B). A=B (Ax B ) ??5/sluall ix5 s

Vector projection

oAy Lay)

L Lapdl) s 6y 08 4




.B_BA —-
PrOJA—H.A B

PrOJA A
Praposition:
[A]*= A.A; 4 = ai +bj +ck

Proof: AL A =a(a) + b(b) + c(c)

IEScalar projection sy LlinY) J

=
T— T——

sl olaiY) Ll ¥) Sk fias 5

sc.pro.

lf0r§ on Al ~ IProji |

Ex:- a) Find vertor projection for B on A and scalar projection of

it ?



b) Find vertor projection for B on A and scalar projection

|Proj 5| =7

Where 4 = 10i +11j -2k

B = 2i +3j+4k
] . B — .B _ BA 2_
Sol :- a)-|Proj 4| =? & Projg = WA_?
.A_ AB 3 Al
b)- Proj 4= 5 B= & |Proj | =?

Equation of sphere 5 80 dlolea J

(X = X0)*+ (Y-Yo)’ + (z-20)* = 1°

1hiid) p Cus jhill ciair 5580 S 00 4biiC(zy , Yo , Xo) o Saa
p(x,y,z) 5 8 Line e

y

oy

<

r=|popl

r:\/(x_xo)2+(y_yo)2+(Z_Zo)2

Ex.:- find the center ¢ and the radins r for the following sphere



(x-3)° + (y +7)" + (z-5)" =4 ?
Sol.:-c(3,-7,5),r=2
Exc:- find ¢ = 2 and r = 2 where x*+ (y-2)* +(z+2)= 36

Sol.:-(Homework)

Ex..- find the center and radius from the following sphere

equation x* +y* + z° +4x -3z =4 ?

Sol.:-

X2 +y* + 7% +4x -3z =4 (X alaad /¥ )iudal g yall JLaSY

XC +AX +4+y? +7° 32 + (1/2(3))” = 4+4+ -

16+16+4

2 ,.,2 3\2 _
(x +2)? +y? +(z -2 )P ==

B

41
2

" C(-2,o,%) =
Ex.:- find the center and radius from sphere eq.
X2 +y*+-4x +z% +3z=4? (Homework)

Ex.:- find the center and radius from sphere eq.
X° +y* +z° -2az =0 ?

Sol - (x-0 )* + (y-0)* + z° -2az + (_Tza )y =a’

(x-0)+ (y-0)° +(z -a)* =a"



C(0,0,a) r=a
Ex.:- find the center and radius from x* -4x +y* +2ay =z*?

(Homework).

‘ Adisall 4hlee Equation of the line

V(a,b,c), Po (Xo ,Yo0.,Z0)

X = Xg +ta Po (Xo \Y0.Z0)
Y =Y, +tb
Z= z,+tC a,b,c),
adiveall o ol CrYoleall 534
t= X_aXO = Y_bYO = Z_CZO adivsal) Lolea o34
_r een o2Ue ] sildl) Gl

L Ao 4bii s/P Lus L= P P Ls
P (x.y,2) , Po (X0 ,Y0.20)
V(a,b,c) il silsl osSs
V /[ PPy _ PPo =tV

(X-Xo)i +(y-Yo)j +(z-Zo)k = t(ai+hj+ck )



—» at =X-Xo, bt =y-yo, ct =z-z5

EX:- Find the equation of line L , which pass through Po(1,2,3)
<> <>
And Parallel to the line V (4,7,-1) = v = 4i +7] -k ??

Sol:- L=t= X‘aXO _ Y—bYo _ Z—CZO
X= Xo+al Po(Xo, Yo » Z0)

y=yo + bt V (a,b.c)
Z=1270+ct

L:X;1 = Y;Z _ Z_—14

x=1+1(4) X = 1+4t
y = 2+4(7) y= 247t
z=4+1t(-1) —

Ex.:- find line equation for p,(0,1 ,-2) v = (7,6,2) ?(Homework)



—

(5 pirsall G¥olea plane equations

Ax+By+Cz=D s siwall dblza D = AX, +BYy, +Cz,
N(A,B,C)
Po (Xo 1Y0,20) T
N(ABC) & ‘ , ‘

p (Xy,z) Po (Xo.Yo.Zo)

Lo ) 5Sial) gl 4bdi LIP VPG Ao (ssiwad Ao s09ae N ppicea
ﬁmkﬂ/g/ N .PPo=0 La N J‘PPO aledl] (y pSaw Caan

cos% =00= %
b (X =Xo) 1 +(y-Yo)] +(z-zo)k

0=N.P-P = A (x-Xo) +B(y-Yo) +(2-20)

Ax+By+Cz = AXo+Byo+Czq

~ Ax+By+Cz =D

Ex :- find plan eqution for p, (1,4.0) and N= 4i+7i -2k ?
Po (Xo,Yo-Zo) and N= Ai+Bi +Ck ??

AXx +By + Cz = Axp+Byo+Czpo =D



A4X +7Y -2Z = 4(1) + 7(4) +(-2)(0)

AX+ 7Y 427 =32

EXE : find plane eqution for N (3,5,7) and py(-3,4,5)??

A e lgple Gl sanll Clagiinal N, (N, 5 Sl sinap?2 & plcas
Ny (A1,B1,C1) & N; (A2,B,,C))
- Sy sl 5 ) 5

PL//IP2 — N, I N, — 21=2120
A By (;

N, (A;,B,C)) & N, (A2,B,C)) AM

Sl gisal) abalés
PINP2 —» N,N N, =6




,Q o siiaP Gy s siva N ki o ALl

|PQ| = \/(X1 — Xp)?+ (Y1 — Yp)* + (Z1— Zp)?

Q (XOYOZO) P(X1,Y1.Z1)

. siall J31P1

CYLINDRICAL COORDINATES < CARTESIAN COORDIN ATES

(r’97z) - (X 7y7 Z) y <
0
tang =2 /
x

X=rcosé

y=rsin 6
Ex.:-(r,0,z)=(1 ,%,1)—>(X,y,z)—>X=COS§:0
Y =1sin= =2
2
Z=1

(x,y,z) = (01111)

Ex..-(x,y,2)=(1,0,1) find (r, 8,2)?



Sol..-r=4x?2+y2=1

Tang =2=0
1

60=0

~(r,0,z) =(1,0,1)



Chapter four

Partial Differential



Partial Differential

1- Functions of two and more variables

e y = f(x) Two variables x and y.
Ex1l.y = 3x?
y = f(x) =3x*

d
2 3(2x) = 6x
dx

e Z = F(x,y) Three variables x, y and z

Ex2.z = 3x? + y?

0

22— 3022) 40
dx

62_6

ax X
62_2

ay_ Y

o W = f(x,y,z) Four variables x, y, zand w

o W = f(x11x21x31 rxn)



x2—2z2

y2

Ex3. W =

There are two ways to solve that example:-
First way

ow  (2x —0).y* — (x* —2%).(0)
ox )?

ow  2xy? 2x

Ox y4 y2
Second way

1
w =F(x2 —z%)

ow

_ 1(2) 0_2x
ax_yz X _yz

ow _ (0).y? —2y.(x* — z%)
dy (y?)?

—2y(x?—2z%) —2(x*-2z%



ow (-22).y°—-0 -2z
0z y4 _ yz

Ex4. W = e*Ln(x? +y%2 + 1)

a—erx . (2x) + e*Ln(x? + y? + 1)
0x X2+ y2+ 17

ow 1 )

ay_e x4+ y2 41 Y

EX5.z = f(x,y) = Ln/x? + y?

ow 1 1(2+ 2)_%2
ax_ x2+y2.2x y X

ow 1 1 5 X
—_ . . x ey
0x [x2 +y2 2,/x2 +y2 x% 4 y?

ow 1 1 5 y
— . R y:
0y  Jx2+y? 2x2+y? x% + y?

(x2+y?)
(u?2+v?2)

Ex6. W =

ow  2x(u® +v?) — (0)(x*+y*) 2x(®+v?)

0x (u? + v2s)2  (u? 4 v2)2

_ 2x
 (u? +v?)



ow 2y +v?)—(0)(x*+y*) 2y
oy (u? + v?)>? - (u? +v?)

ow  (0)W? +v*) —2u(x®*+y?)  2u(x*+y?)
ou (u? + v?)>2 (U +v2)2

ow  (0)W?+v?) —2v(x*+y?)  2v(x*+y?)
ov (u? + v?2)2 (U +v2)2

Ex7. Find all Partial Differential of the following blow :-

(u?+v?)

2x

2. fle,y) =x* -y

1. Z =

3
3. f, )2
4. W =22
y

Differential by definition

Z = f(x,y) and the partial differential of this function are:
Zy, Zy fr and f, .

_of  f(xo+ Dx,y0) — f(xe,¥0)
fx =—=—= lim
Jdx  Dx—0 Dx

_of I f(xe,¥o + Dy) — f (x-, y-)
= — = lim
dy Dy-0 Dy

fy



Ex. Find f, and f, for the following function:-

f(x,y) =100 — x? — y?

Sol.

_of ] (xo + Dx,y.) — f (2, y2)
= —= 1lm
dx  Dx—0 Dx

fx
f(xe,y0) = 100 — xo* — yo?
f(xo + Dx,y5) = 100 — (xo + Dx)? — y.?

_Of _ 100 (e + Dx)? —ye? — (100 — 2% — y.?)

— = lim
fx dx  Dx—0 Dx

100 — xo% — 2x.Dx — Dx?% — 92 — 100 + x02 + yo?

=:A¥EO Dx
 —2x.Dx —Dx*  (—2x.— Dx)Dx
= lim = lim
Dx—0 Dx Dx—0 Dx

= lim(—2x. — Dx) = —2x. — 0 = —2x
Dx—0

of
= — = —2 °
_of . f(xe,yo+ Dy) — f(xo,¥°)
fy ==—= lim
dy  Dy-0 Dy

f(xe, ¥ + Dy) = 100 — x-* — (y- + Dx)?



_ of . xo% — (Yo + Dy)? — (100 — x% — y52)

fy =5y = Aim, Dy
— 100 — xo® — yo? — 2yoDy — Dy* — 100 + x-% + y.%)
N DJIZIE}O Dy

_ —2y-Dy—-Dy*  (=2y-—Dy)Dy
= lim = lim

Dy—0 Dy Dy—0 Dy

= lim(—=2y. — Dy) = =2y — 0 = —2y-
Dy—-0

_9f _

fy —_— ay —_— _Zyo

Ex. Find f, and f, for the function f(x,y) = x + 3y by using
definition?( Homework).

The Chair Rule

Lw=f(xy), x=x() &y=y(t)

dow odw dx dy
ox ~ dy ~ dt’ dt

~dw _ Ow dx+ ow dy
Tdt 9x dt 9y “dt

Ex. Find C;—‘f for the function:-

w=x?+2y? ,x=sintandy =cost

Mo axt0, oot
ox YT g T8

W 0+4 Y _ _sint
ay - Y g T



dw ow dx_l_ ow dy
dt o0x 'dt 0dy 'dt

= 2xcost —4ysint
= 2sintcost —4costsint

dw

— = —2sintcost
dt

2. w=f(x,y), x=x(t,z) &y =y(t,z)
ow Jdw ax+ dw Jdy
gt ox ‘ot dy ‘ot
ow  ow 6x+ dw dy
dz 0x 0z 0y 0z

EX.
z = f(v,w), v=v(nu) &w=wnu)
zZ =W, v=un, w =n? 4+ u?

62_62 6v+ dz Ow
on dv dn Aw dn

= wu + 2vn

0z
3 = (n? + u®)u + 2un?

az_az av+ dz Jow
ou OJdv du ow du

= wn + 2vu

0z
P (n? + u®)u + 2nu?



Ex. Find % for the functions:- (Homework)

Lz=f(y), x=x() andy = y(t)
2. z=sin(x.y) , x =% andy = 3t
. 0z 0z .
Ex. Find — and — for the functions:- (Homework)
ou ow

w
z=f(x,y) =ysinx ,x =w — u? andyza

The gradate & vector differential

We denoted for gradate function f(x, y, z) at the point
p- (.X'o, Yo, Z°) by:'
of of ., 0f

Aflpe = —|po- I + == |po-J + = |p.-
flpe = Sl 14 50 b + 5 Dk
Ex. Find the gradate for f(x, y, z) where
flx,y,z) = x3 — xy? — zat p-(1,1,0)?
Sol.
£ of f
of ., 5 of af
ax—3x yve, ay_ 2xy , Py 1
of
~lpeag = 3 (P = ()7 =2
of
3y pane = —2- (0. (0 = =2
of
E |P°(1,1,o) =-1

Af|p- = 2i —2j —k



Ex. Find Find the gradate for f(x, y, z) where
f(x,y,z) = sinxyz at p-(0,0,0)?(Homework)

Vector differential

We denoted for vector differential by DuAf|p. which equals the
gradate multiplying by unit vector.

DUAflpo = Aflpo.ﬁ

Ex. Find vector differential for the previous example

f(x,y,z) = x3 — xy? — z at p-(1,1,0)in the direction of

A=2i—3j+ 6k
Sol.

-

“Af|lpo=2i—2j—k, A=2i—3j+6k

|A| =vV4+9+36=v49 =7

= @.(3)+ 2.(-3) + 0. (3)



Higher order differentials

z=f(xy)
of 0z
fx_a_a_ x = Zx
0 (af)_azf
f’”‘_ax ox)  0x2
8 [0\ 83
fx"’“_ax 0x2 )  9x3
f x.x =ax(ax(ax " ox = axn
ntimes n times
af
fy:@:Zy
0 <6f)_02f
b =5y\Gy) =9y
8 [(0rf\ 83f
fyyy—ay ayz _ay3

d 0 0 < af) o f

f vy =ay (ay (ay oyl = Fun
n—times . y

n — times

Now, if we have

_9f

fx =732



2
frey = aay (g];) - aayafx

NN
Jayx = 0x <ay (6x)) ~ 0x0yodx

And so on .

5 2 ging &L o7 9 (o) 9 (of
EX- f(x) J’) =X 7x+y Flnd ax'ay’ay (ax) "’ 9x (aJ/)
daf

a=5x4—7=fx

Ex. Prove that f,, = f,,, for ? (Homework)
1. f(x,y) = sin(xy)
2. fey) =3
3.z =x?%+ 2y
Ex. Prove that fi, = fayx = fyxx fOrf(x,y) = xcosy + ye*

gzcos + ye* = f,



@: —xsiny +e* = f,

6<6f)_ v et =
ox\ay) = siny +e* = f,

L{L6)- o5

fxxy = fxyx = fyxx =e*

EX. Prove that fi, = fayx = fyxx TOr f(x,y) = sinxy — %?

(Homework).

Definition: Local Extrema

We call f(a, b) a local maximum of f if there is an open disk R
cantered at point (a, b) for which f(a, b) > f(x, y) for all (x, y) e
R. Similarly, we call f(a, b) a local minimum of f if there is an
open disk R cantered at point (a, b) for which f(a, b) < f(x, y) for

all (x,y) € R.



Definition: Critical Point
The point (a, b) is a critical point of the function f(x, y) if (a, b) is
of o

. . . —(ab)=——(ab)=0
in the domain of f and either oy or one or both of
of of

axand % do not exist at (a, b).
Saddle Point

The point P(a, b, f(a, b)) is a saddle point of z = f(x, y) if (a, b) is
a critical point of f and if every open disk centered at (a, b)
contains points (X, y) in the domain of f for which f(x, y) <f(a, b)
and points (X, y) in the domain of f for which f(x, y) > f(a, b).

Maximum and Local Minmum Points

To find the function if it has a Local Maximum or Local
Minmum Points by using some steps which are :-

1. We find the differential f,, =?, f, =?
2. f =0, f, = 0and solve it to find the critical points.
3. We find the differential f,, =7, fry =7, f,,, =7 And put

the critical pointsin it .
4. We put it into the relation

D= fxxlc-fyylc - fxylcz
5. D>0o0orD<0orD=0.
Here compared with zero .

a. If D>0,f., > 0= Local Min.
b.If D>0,f, <0= Local Max.
c. If D < 0 = Saddle Points.

d. If D =0 = No Conclution.



Ex. Find Local max or min if exist for

1- f(x,y) = 6xy — x* — 3y?

fix = =2 = fixl0,0) = —2
fry = =6 = fyylo,0) = —6
fxy = 6 = fxylo,0) =6
D = fxx|(0,0)-fyy|(o,o) - fxyl(O,O)Z
= (—=2).(—6) — 36 = —24
~D=-24<0
~ ¢(0,0) is Saddle point.
2- f(x,y) =3 — 6x — 6y + x* + y*

Sol. f, = —6+2x=0=x =3

fy=-6+2y=0=y=3
=~ ¢(3,3) is critical point.
fex =2 = faxlz3) = 2
fry =2= fylis =2

fxy =0= fxy|(3,3) =0



D = fxx|(3,3)-fyy|(3,3) - fxy|(3,3)2
=(2).2)—0=4

~D=4>0, L =2>0

~ ¢(3,3) is Local Min. Point.

3- f(x,y) = 6x+ 3y —x* —y3 (Homework).



Chapter Five

The Differential Equation



chapter five cwaldl) Juadl)
the Differantial Equation dlaaldtl) ey alaal)

Leiliidia ) LDl 5 <ol yria Gy A8Me (o) A -1 Abialdil) Adataalf
-: L ole 55 dua(Differential Equation)

Ordinary Differential Equation dgalsie ) dlaldst) Adalaal) -
_w’"” " 9 Al GALSS J;U cjmm )-‘-‘“-“.. ‘_A:; Lﬁ# ‘_;\M FAK\POA| ‘_,’.Q

Partial Differential Equation A jal) dsldaldnl) ddalaal) -Y
L ST ) s 0 paie o (g siat ) Alabedl) 0
The Order of Differential Equation dalialinl) dataal) 43
The Degree of Differential Equation Alaldil) Adalaall 4 a

Al o) Jaldll 9 o e iy Aalaall A jedaiddiia el (548) Ll (b
Al V) Asidal) o Jualsill d o e yig 4 all

Examples:-
Ex1:- Qy " +3y = x°

s Aa all 5 Al A 1 (e Aaliie ) Alialis Al -
Ex2 :- (3x +2y)? . y* ™

Y A Al 5 (J VA N (e dpaliie ) lalss Alalas

2py 4 2p\3 42
Ex3 :- (%) + (372) +ZTZ: 0
Ayl 1) A ) g A0 A5l e A s Aplalds Alalas -

. 0z 0z
Ex4:- X—+y 3y 2z



Y A Al 5 (YA N (e 4 s Aplialii Adalas

d 4
Ex5 :- (—y) - x> =0
dx
La) M Al g V1A N e dgaliie ) dulialss dlales
Ex6:- y"'—y*=0
oY1 A ol g Al A ) e dgaliie ) dlialss Alalea
EX7:-y'+y=2

The Solution of The Differential Equation — Alxléll dabeall Ja

o) latiiall (e A o S8 g dalialadl) ddaleall ) e G 48Me s (A
. Aalialal) dalaall (g8a5 ¢ CDlualal)

Ex:- show that y =X Lnx — X
Is a solution for the following diff . eq. xy'=x+y .......

Sol.:-y=x Lux-X ....*

y':l.Lnx+x£—1

Put (*) and (**) in (***)
Xy' =X+y
X(Lnx)= x +( xLnx — X)

. XLnx = xLnx



The general solution alad) Jall

A (688 A0 HLaA ) il Al dae o)) Eus Aaleall J Il JS 4e sana s

L daleddl 4
Ex:-provethat y=x*+c; X +¢p ...... * Is ageneral solution

for the following differentail equation y" =12 x> ............ falehel

Sol. -y =4x* + ¢y......*%*

Yy =12% il

~ *Is a general sol. For ***

The special solution waldd) Jadl

A LAY ol 5l a9 g a8 (e i AS) o) Lt aal 5 da s

Ex :- show that y = x* +5x +4 is a special sol. for the differentail
equation y" = 12x% ?

Sol.y=x4+5x=4 ................ *
VS A A5 ok
V' S 12X s il

*isasp.sol . for ***

oal Ja b gy =5, C=4 L ai g (Y Adalaall Ja ) il 8l Cas
_y"?\h\.uﬂ

Ex1:- find the ordred and degree for the following differential
equation ?

1. )2 +xy' =y?



.y = @By + x)2
SO =+ Y3

Ex2 :- prove that the following values are a general sdution for
the equations bested them ??

a-y'+4y=0 , y=cysin2x + Cycos 2x
b-y"+3y +2y=0, y=c e*+c*e™

solution for the Js¥) da_ally ¥ 4l dlaldtl) e alaal) Jsla
first order and first deqree diff. eq.

2o (xy) Ll Y1 s Y 5 e Fulenlit) dlilal 55
m(x,y)dx + n(x,y)dy =0 J<&l
-1 glsil s e (S5

Seperable Differential ~ Jwadl! ALE! 4lalil) Adslaal) -
Equation

el Sl an s Leboaalis e L yuaia o quainas 30 dubialicll Aslaall s
JalSs 3 A(X)dX + By )dy =0 JS&IL Ldawai Y ol (o) Leda e Juanid
Aball Jall 4 gaas a5 F(XY)=C o Janid il HhY)

Ex:- solve the following diff. eq. ?

x2(1—y»)dx + y(1—x%dy =0

Sol. - —— dx + — dx =0
1+x 1-y
fa- a4 (5) 2= NG

[dx— 22 2|1 — y?| =c

1+x2 2

x—tan'lx-%lnll— y?|=c



~f(xy)=c general sol.

Ex : solve the following diff.eq. xy dy + (2yx* +4x* -y -2 ) dx =0
Sol. :- xy dy + 2x* (y+2) — (y +2)) dx =0

xy dy + (2x° -1) (y+2)dx =0

1 2 _
(2x - ;) dx + (1 - m)dy =0

d d
f2xdx—f7x+fdy—2fy—fzzc "y
Y22 okl

X% - n|x]| +y —2In|y + 2| =¢
~f(xy)=c g.sol.forthe diff. eq.

Ex_: Homework solve the following diff. eq. ??

xydy +( cx* -2yx* +4-8y)dx =0



Homgeneous diff. eq. dilaiall dalaldnl) el alaal) - ¥

f(tx,ty) =t" f(x,y ) Sl sl gaas Al Al s dlacial) A1)
Ex - f(X,y)= X -2xy? +X°y +y°
f(tx,ty) = ()’ -2 (O)(ty)” + () (ty) +(ty)’
— t3X3 _2t3xy2 +t3 X2 y +t3y3
=1 (¢ -2xy” Xy +Y’)
=t f(x,y)

ZANEN a0l e dilaia o f

y 2
Ex:-f(2)=ex +sinZ- +(X)

() ™

ty 2
t - .t 1 t
f (%) = etx + SIn A =~ T (_y)

tx (t_i’) tx
:e%+sinz - +(X)2
X % X
_ 0 e (¥
=CE(E)
x3+y3 i
Ex. Is f(x,y) = o Homo. Function?(Homework)

Homogeneous differential equation doilatiall Aulalinl) Adateal)

Aol Gudl (e dailaia ANa M & N G JS 098 Lgad (38a3 Al Adslaal) A
-2 Y8 Lgda 43y kg

M(X,y)dx+N(x,y)dy=0
M(tx,ty) = t" M(X,y )
N(tx,ty) =t" N(x,y )



& = fxy)
= f(
y

Aaall Gt e dwilaia AN s M (e IS
—rYalaall (e g sl 138 Ja &l glad

JSAIL Alsbaall i )

F) G Y
x,vdwgdmm:\m@gu:mmt@w\ ¢
dv
0

+ =
x v—f)
vl e G sei s odle ] danall Jas 0
y

Ex. Solve the following differential equation

xdy — ydx = \/x? + y? dx?

Sol.

(y+Jx2+y?)dx —xdy =0

M(x,y) = (v +/x% +?)

M(tx, ty) = (ty +/(tx)* + (ty)z)

M(tx, ty) = (ty +/t2(x2 + yz))
M(tx,ty) = (ty + 1ty (x% + yz))
M(tx,ty) =t (y +(x% + yz))

~ M(tx, ty) = t M(x,y)

N(x,y) = —x
N(tx,ty) = —(tx)

‘_Aj‘\g‘ Aa sl e Ailatie Al



=t (-x)
=tN(x,y)

N is homo . function of degree one

d
1- we put d—z = f(x,y)

[x2+y2
2y
X X

ﬂ: X :X+ x2+y
dx g X x2
X2 2
X X X
2
2 [
X X
dy y
LA 4
dx (x)

=Yy 1+(§)2 =f(

dx X X

Putv=2 — f(v)=vtVi+vZ -

dx dv _

Solve7+v_f(v)—0 -

dx dv

— 4+ :O

x  v=(v+.1+v2)

ﬂ_l_ dv _

x | Nire?

d..a;_\au.\e)laﬂd.ql&x,y J il Jaall 416 dulialss Adales Wl Cisyeal

e

fm Jo

In|x| - [ *

W """"



dv ??
V1+v2

/

Al il gaill Ay g ) JRlS) (o Lia

dv
V1+v2

Let v =tan@

dv =secO d@

dv

- 2 2 n —
sin“g +los“ 0 =1 f—m

=J

= [ sec6 do

secO do
sin @

=Ln |secO + tan 9|

v1+tan9+tan9|
Vi+v2+ v|

1+ (X)Z +

X

=Ln

Ln

y

X

In

Lnix]|-In[ |1 + (§)2+

F(X,y)=cC

secO do
Vvtan6+1’

=J

tan® @ + 1 = sec’d

R I

Ex :- Homework :- Solve xy dx + (cx*— 2y?)dy =0



non — homogeneous differential 4uwilaiall sl 4Ll eyl
eq.

Gl Al 1) dalatia e (S8 W1 A jall oY) A I e dalialdl) dlaleal)

M(tx, ty) & N(tx,ty) ol bl

AUl JSAL () S Lia
(ax +by +c) dx + (ccx +BY + Y)dy =0
dy _ ax+by+c Ll L Lo
dx _-mx+BY+Y g; )
SUlall 3206 oY)

abalal) Addadi aa 5 Ll Lelas lakaliie litiall Alls & -0 Y1 AW
ax +tbhy +c =0
ax+BY +Y =0
g i%dﬁb
X=X1+h& y=y+k Al A Hall (o i
@ _dn

= ode | Ualaall & (a 52 s
dx dxq i

L AW A48 Hhll i Ledai sy AVY dlilate Aabee e Joani
Al Jall e Jiasig Xy AV (i sad ey (Sl & 65 (0)

Ex :- solve
(2x =3y +4)dx + (3x —2y +1)dy =0

d —2x+3y—4
Sol:- ay = TeXTIyTRE
dx 3x -2y +1

a d
_:_+_:_
o



Ll Ll ladaliie (Jlainsdll
—2x + 3y —4=0
3x—2y +1 =0

-6x + 9y -12 =0
6x -4y +2 =0
(h,k)=7(1,2)
5y=-10
Y =-2
3x -2(-2)+1 =0
3x-3=0- x=1

Let X=X;+h &y=y; +K
X=X1+1 &y=y; +2

dJ’1 _ —2(x1+1)3(y1+2 )—4
dx1 3(.X1+1)— 2(3’1 +2)+1

dJ’1 _ —le—2+3y1+6—4
dx1 3x1+ 3—2y1—4+1
d3’1 _ —le + 3y1
dx1 3x1— 2y1
_zx1 331
dyi __x1 x
dx 3X1_2y1
1 X1 X1
_ Y1
dy; _ 2+3(x1)

dx; 3—2(%)

d —2+3v
Letv=2t — =242 = =f(v)
X1 dxq 3-2v




dxq dv

+ =0
X1 v=f()
dxq dv _
X + p_ —2F3V =0
1 3-2v
dxq dv
+ 2
X4 3v—2v2 + 2—-3v
3-2v
dxq dv
+ 2
X4 -2 (v? -1)
(3-2v)
dxq (3 2v)dv _ -0
xXq 2(v?2-1)
dxq dv 2v dv

3 dv 2 _
Ln x| f(v Sorn 3 Ln|v 1]=c
0S4 a5 i
[ ? [ : 3
(v-DWw+1) = v—1 v+1
dv lf dv
27 v+1

=Zln|v—1|-=Lnlv + 1]
2 2

Ln |x1|-§(21|_n|v—1|-§Ln|v+1|)+§ Lnjv? —1|=c

1|+ Ln

Ln |x -2 Y1+1|+1+ Ln

(2 _1H

Ln|x—1|-%Ln|Z ~1]+2 (y‘2’2—1|=c

(96—1)2

+1|

X=X +1 —x3=Xx-1,y=y; +2— y; =y-2 =~ f(xy)=c



O sie Glagiinal) Al 3 - 2500 Al

dy  ax+by+c

dx ax +pY +Y

?

AR T L e . T . a oo g

=S

A4 Hlall AUl dpm jall aladiul sty dz = adx + bdy, z = ax + by
z ANy

Ex :- solve
(2x+y)dx— (4x+2y—1)dy =0
Sol.- & - MY
) dx 4x+2y-1
b o
§=§+E=% Ol sie Glasiivall
z=2x+y
dz = 2dx + dy
dy = dz — 2dx
dy dz
dx dx
dy _  2x+y
dx _4X+2y—1
dz — , _  2x+y
dx T 2(2x+y)-1
-2 49

dx_ 2z—1



dz__z+4z—2
dx_- 2z—1

dz__ 5z-2
dx 2z-1

[2=dz— [dx =[0

5z-2

ijdjldjd—jo
SZ—ZZ SZ—ZZ X =

2 [= dz—2Ln|5z2— 2| —=X=0C wnu.....
5

5z-2

2 [= dz=2(%fdz+§f - dz)

5z-2 5z-2
_2(1 +21|5 2|)
— — — — *
5Z o njoz ver mee wes s

Put * in equation 1 we get:-

1 2 1
2(§Z+Eln|52_2|)_§ Ln|5z— 2| —x=¢C wooevuun ...

2 4 1
EZ+£1H|5Z_2|_E Ln|5z— 2| —-x=c

2 4 1
§Z+Eln|52_2|_§ Ln|5z— 2|—-x=c

2 4 —5

§z+ oE In|5z -2|—-x=c
2 1
gz—glnISZ—ZI—xzc

Put z =2x+y we get

2 1
§(2x+y)—ﬁln|5(2x+y)—2|—x—c

= f(xy) =c

1)

5z-2

N ul]| =

- z+

Ul N ull DN




Exact differential equation 4l A lalitl) Aaleal) ()

The differential equation M (x,y)dx + N(x,y)dy =0
become Exact if it satisty the condition :-

dM ON
dy 0x
and the general solution is f (x,y) = ¢

To find the function f ,we used the relation

flx,y) = jM(x,y)dx +oy) ——————————— *

fy A BEL &yl ge Laas sy J Al 4y )il Al () Cus
N (x,y) Al L3 sl g

Al bl Aabeall alal) Jall @lldy aad g # A Lgia 23 5 () 2a
Ex:solve (3x? + 3xy?)dx + (3x?>y —3y? + 2y)dy =0
Sol,

M(x,y) = 3x%2 + 3xy?, N(x,y) =3x?>y—3y% + 2y

oM ON
- 6xy = Pl 6x y
Exact diff. eq.

flx,y) = fM(x,y)dx + 0(y)
fay) = j (3% + 3xy2 )dx + 0(Y)

3
flx,y) =x3+ Exzyz + 3(y)



)
Now f,, = é = N(x,y)

3
0 +Ex2(2y) + @'(y) = 3x%y —3y% + 2y
do
'(y) = — = —3y% + 2
o' (y) & ye+2y

jd(b = j(—Syz + 2y)dy
00 =-y*+y°—c
L F(xy) :X3-/—2 x2y% +—y3 +y? =c

L Fxy)=c
Ex. Solve 3x(xy-2)dx+(x> + 2y)dy = 0 (Homework)

Non — Exact diff. eq. Aali ) Aplalinl) ddalaal) ()

il ol 4 slute e ALl ()55 Allall 20 8 Ly
oM L 0N
dy Jdx

_Mﬂ\uhw\gﬁ'tﬁjbu\.@mélj
YIS Iy s Aol S Jale ami -

1 oM oM “o o

v (55~ o) =T DA

O 5Sans JalSill Jalaa X3 a1 3l S 13



I(x’y) — eff(x)dx
&M\M\A}\%L@J&jbulﬂdw\ @A@MJ&A\‘;)LA._\)@-Y

Remark :

1 oM oM - - - .
= gmw _am — d‘ o w e \ . ‘\j\A
w (= 5D =90) () A2 (5 stad Gin JLEaY o S dlla b

Jalsill dale 055
| (x ’y) = e‘fg(J')dy

Ex. : solve (3x y*+4y ) dx +(3x* y*+2x)dy = 0

Sol.
oM _ 2 ON _ 2
2, _4xy 4 #F ——=6XyH2
Not Exact
1 /OM ON
G R = r®
L ((axy*+8) —(6xy*+2) ) = ——— (DyP42) = 2 = F(x)
3x2y2+2x axy y x(3y2+2) y x

](x}y) = eff(x)dx

In|x|

[ax
[(x,y)=¢e’x =e =X
X(3X Y2 +4y ) dx+ x (3xy*+2x)dy = 0

(3X°y+4xy ) dx+(3x°y*+2x%)dy = 0

M N
oM _ 2 2 _ON _ 2,2
F —9xy+4x-ax—9xy+4x

.. Exact diff. eq.
The Sol. Is :



f(x,y)=c where

f(xy) = [ M(xy) dx + ¢ (y)

fxy) = J(3x*y° + 4xy) dx + ¢ (y)
f(xy) = Xy +2xy+ ¢ ()

)
f,= a—yf = N (x,y)

o= 3yHadt ¢'ly) = N(xy)

- 3§2y2+23<2+°;—y‘p = :’$<3y2+>><2
d

-5 =0 - Jfde =Jody

- @=cy « constant

Lo (y)=0
. F(X,y) = Xy +2x%y+c

L F(xy)=c g. s . for diff eq.
Linear diff.eq dgbil) Llalidl) ddalaal) (1)
Z+p0)y=0(x) gl e 05

oAl 188 Ja il sha il o Sidigx Al sp Sus
YIS Jalsill Jale aa
I(x,y) = el P(@)dx

y.I=[q(x).ldx+c



Ex. Solve (1+x°) y +xy = x*Vx2 + 1

dy X x%+1
. — Yy =
S0 dx+ x2+1 y x(x2+1)
ﬂ X . 1
ax T xerrY T xVx2+1

| (x,y) = el

= e%ln|x2+1|
l=e"™V/x2+1 “Vx2+1
g.s. f(x,y) =c

y. I:fq(x).ldx +c

x2+1 = \/de +C
yVxZ+1 :fi dx +cC
yvVx2 + 1 =Ln|x|+c

f(x,y)=c
Y = Ll X aSally 1) Ll x Al y (1S3 L adas e

dx _
o p(y) . x=q(y)
I (x ’y) — ef P(y)dy

xI=[q(y).ldy+c

Ex. yo+2x=y’

Sol . y;li—§+2x:y3



dx+2X_y2
ay y

d
& T PO)-x=a)
I (x,y) — efP(y)dy

[2dy

—ely — e2Lny — eLny2

xI=[q(y).ldy+c
x.y* = [y2.y2dy +c

1
Xy’ =<y’ +c

L f(xy) =c
Special Types of Second order eq.
AU A, @) e alaal) (e dald eVl
- bl A 5 Y] i ] Ll 407 ) i Li
(1) f (x, v,y ) =0 JSEL olead] CuilS /o)

AUl A il s

P=y >p=L= ()

d (dy\ _ 4*y _ m
E (E) T odx? y
:. P: yI%F)I:yll
- Sl I culg 13 L
2)Fyy.y)=0
Y Rl RV L ) 558

_ .y . dp _ d .,
P=y -5 =3



a2y
dy ( dy’ ~ ay? =y
=y -p =y
Ex: X%y — (y)22xy’ =0 A omidiilie
Sol.(D)F(x,y'.y")=0

P:y'—>p'=d—p=y”

dx
x—-p - xp 0

dp 2x

1
a2 PT P

Bernolly eq.
d
2 TP0) y=d() y> nE€RA{O.1}
‘_AJJ‘)J oles
ZHPOY=a0) e Rle ki

e s Aphadll ¥l (e s AT Ala Jidi g(X) (2 e Y 25y OV
(Bernolly eq) o 5 dalaa

d)ﬂ\@aﬂ%&bdﬁ(l-n)}:\_ﬁaiw(O:n)iﬁ\S\S\U&»*
L”;jj)gz\h\.uscﬂgéj(éjéMZZn) \MMG@'YJHY\

Berolly Equation
d
Z+p) .y =909 y"
(1) LetzZ=y"" A 3 i (V)
d
(2) =+ (1) p(x).Z=(1-n) q (X)
Gt ()5S o X5 7 ) Al Alladll Jn (Y)



, N=2
(1) Let Z = pl_n = pl'2 - p-l — %

(2) Z+ (1) p(x).z = (1-n)q (x)

L +(1-2)(-).2=(12) ()

dz 2 -1
— + — .Z —_— —
dx x x2
2
| (x,2) = /3% = x2

z.1(x,2)=[qX),1(x,2)dx +C

2_ 1
z.X=[— o .x2dx +c

7 . X*=-X+C
—x+c 1
Z= 2z . L ==
1 —X+C
P X2
- x? _dy
T —x+c ! P dx
dy = x2
dx  —x+c
—X -C
x —x+C
[dy=[ dx Vx?
—x+c
L +x2%-¢
CJLS~ TX
cx—c2

O gaall Jal (Y1 3 ga



y—f(—X—C-l' m)dx
- V2 2
y = -X"- CX - c¢“Ln |-x+C|
L f(x,y)=c
AU A8 ) e Audadl) ALl e alaal)
any @+ aqy™ +a, )"+ 4 @'y’ + ay=1

Al ¥ Gadall g x ) ga LeiSalae s A )l (e dndad dlialdl dalas
f(x)-

Glan A e dabad Alaldl Maleall el Sl 5 <9, @, s B
f(X) =0 oV cahll IS 4l G llas

y =& gy 4
dx’ dx2’ """’ dxm

y'+px)y +q X))y =f(x) JSall (< n=2 Al d L

Sl JSEIL Lilaie Aalas o585 f (X) =0 Lodie
y'+px)y' +qx)y=0
() Al i alaall 0l AN A5 1) (e dsilaiall Lpdadl) Alalaal) 2alin oY)
(p’q Cul 5 ) Jid Lia g il 63 0 S5 dg,d1,do
y'+py +qy=0

il s & e 45y phay Led blad) da

MJM\L;AL@_..'AJ:_}} y” = mz&y’ =m&y=1

m?+ pm + g (1)=0

Falealil) Alabaall Jall ¢ sSous Aalida Aia ) s3a My & My Leaie ()



y: c:lemlx_l_ CZem2x

A sluiia s s (My=My) 055 Leaie (¥
y=cie""+X.Cc, ™
m=a F ib oS Alalaall Jall 4003 53a mI.m2 05 Lexie IS (¥
y=e(c; cos bx F ¢, Sin bx)

EX . solve (find the generd solution )

d?y , dy . _
dx2+dx-6y_0
—1d_y—mdz_y—m2
y = Ydx T dx?
m*+m-6=0

(m+3) (m-2)=0
m;=-3, Mm,=2

0.5, y=c,e™ + c e "X
y=C1e +C,e™

U O S ) Gkl B B85y 5" (3RS Jall Asaa (e (SEall Lia*
Ga¥) Gkl ) b=
Ex. y" —6y' = -9y
Sol.y" +6y"'+99 =0
m*+6m+9=0
(m-3)°=0
m=m,=m=3

. y=c,e¥ +cxe*



EX.:y" 4+ qy =07?

Sol. m*+q=0

m?=-9

mi1,2 = FV/-9
=¥3vV-1
=+ 3i

my,my=a + bi > a=0,b =3

y=e"(c, cos bx F c; Sin bx)

y=C; €0S 3X + C, Sin 3x

Exc. (1) y" =3y"+2y =0 )y " +qy=0
2)y" =4y'+4y =0 (Homework)

Laplace Trans for motions Y Ok gal

-1 (AN Jalsal) adly F(x) Adall (LY Jagad Gy ¢ oudY Ja 9l
L{Ifx) }= [, f(e™P dx; p  hbaae
[ G Jasad el g8
(1) L{f(x)+9(x)}=L{f(x)}+{9()}
(2) L{AT(x)}= AL{f(x)}
B) L{Af()+Bg(x)}=AL{f(x)}+BL {9(x)}

Jiay a3¥ = hall 5 paadl o GOV disad ) 58 Jidd aal g af ) dpala L
oohls peall e a5 sl () alSal dalil) o3y iy 1 LS



LA e 8 il g gl Ay 8 el

4l 51 ) dpdadll dpaldll cavy s il Guda 8l sl sed Gl a0 L)
,a_gag\:\_}mu\@@wm‘gdﬁﬁso&‘gmﬂw\@éw@%dﬁtﬂ\

Proof :
1) Li{fC)+9()}??=L{f(x)}+L{g(x)}
PELLFO) F 900 3 = f, (F(x) F g(x))e P dx
= [ f().ePXdx F [ g(x)e P¥dx
= L{f(x) + L{9(x)}
2) L{AF(¥) }=AL{f(x)}
Df: L{Af(x) }= [, (Af (x)e P* dx
= [ A(f()e™P¥) dx
=A [ f(x)e P* dx
= A L{f (x)}
3 L{Af()FBg()}”
= J, (Af e ™) dx F ["(B g(x)e™P*)dx
=A [ f(x)eP*dxFB [ g (x)e™P* dx
=A{f(x)}+ BL{g ()}
PER)HW. (Y) &s())inals Lo slaie Y (¥) Lpals 0
L { Af(x) F Bg (x) } ??
from propo. (1)
from propo. (2)



NOW if (1) f(x) =1 — find L {f(x) }=?
1) L{1}=[ LePdx=""e™7

= (e_p(oo) — e_p(o))

L{1}=+o PENPIS DTN
(2) Iff(x) =e?*
(2) L{e*™}= fooo e e P¥dx

[ P = L [a e

-1 @p)yo_ 1 (,(a-p)o _ L0
L ele = L(e ")

== ()~ 1) = = ((0) ~ 1)

Ex. : (Homework) Find Laplace transformation for the following
function:-

1.f(x) = 2x*

2. f(x) =sin3xe™*
3. f(x) = %sinh 5x

4. f(x) = écos 2x e3%

5. f(x) = 4 cosh 7x 6. f(x) =3x%e*



Fit) F{s)=L{f{t})
1
" ! 5=0, = 1 2.
S'H."'l
a2k 1 53
s—a
Sinh(at) a s=|a|
i 52— g2
Coshiat) 5 5»a|
52— g2
sin{at) _ & s=0
524 a?
Cos{at) _5 5350
5%+ a?
e 2t sin (ki) b
(s—a)?+ k2
e2tcos (bt} e
{(s—a)?+&2
) sE(s}fi0)
1 Fjujdu
~£® TF)
{haot il n=1, % 3..
(S _ ﬂ)ﬂ+1

JIsall (and La3LY S sal Jsan

Jged) B Allaniand qgllaall Jygail) aay Gum Bdall (il Jgaad) -2 Aliadla




Inverse Laplace transformation oY J19ad (i gS2a
-1 (1] _
112 =1

2. L—l {L} — eax
P—-a
S A ALYl A sl sa el QY Ol A a sSae 4l g

ATl e s ) sl il g Ll QLY s

Ex. Find L1 {P (P3+3)} =7

Sol. L™ {P(P3+3)} =17 {% B P_Jlr:-;}

=L {l} — L1 {;} by prop.1)
P P+3 '

=1—e 3% o sSaa J g Cuea

Ex. Find Laplace inverse transformation for the following:-

1 -1 {3P+2}

P2+4

Sol. :L‘1{3P + 2 }

P2+4+4 = P244

- o )
- P2 + 4 P2 + 4

=3L‘1{ d }+2L‘1{ - }
P2 + 22 P2 + 22

=3cos2x + 2sin2x  Jsall

2. 17 {(Pf;i+9}
Sol. = {2 A =

(P+2)2+32 (P+2)2+32
=cos3x e > +sin3x e % Jsall




Solution of differential Equation by using Laplace
transformation and inverse

Let  ay" +a;y" +apy = f(x)
L s Al el I3 5 Al A ) (e dadad dali Alobes
LAY ) sl as Alabad) Jal
Tl st Alalaall 3l (aSUY Jipad 320 -
o oY Jigad (e sS2e 330 Ly} Jasndll aes Alalaall (i 5 a2y - ¥
Asbeall Jad) Jall e Joanid )
Al 5 1 o) sl LY @Sl sad ) i Alsbeall Jal
VS
L{y'(x)} = P L{y(x)} — y(0)
L{y" (x)} = P? L{y(x)} — Py(0) — y'(0)
Pf.1:-

(0e]

L' (0} = j Y (x)eP* dx

0
= fo e P%.y'™ dx = y(x)e P* | OS + jo y(x)pe P dx
= (y(0)e™P* — y(0)e ") + Pf y(x)e P* dx
0
= (0 — 1.y(0)) + pL{y(x)}
= pL{y(x)} —y(0)

Pf 2:-
LGy ()} = P2 Liy(x)} — Py(0) — y'(0)
LG ()} = j V' (x)eP* dx

0



Ex:-Solvey' —y =1; y(0) =0,L (1) =%

L(e™) =

p—a
Sol. L{y}-L{y}=L{1}
p L{y}- y(0) - L{y}=+
(1-p) L{y}- 0=
(1-p) L{y} =

L 1

L{y}=— =

1-pP  (1-p) P

1
(1-p)

1 1 -141
(1—19)} L {P}

LH{L{y}}=LY

_Pl}

= L'l{

sy=e*—1
Ex.:-Solve y" +2y'+5y=0; y(0)=1,y'® =5

_ b
L{Smbxeax}:(P+a)2+b2
axe P+a
L{cosbxe }_(P+a)2+b2

Sol. L{y" + 2y’ + 5y }=L{0}

L{y"}+2 L{y'}+5 L{y} =0

P? L{y}- p y(0)- y'(0) +2( p L{y}- y(0)) +5 L{y} =0
(P> +2p+5) L{y} -p-5-2 =0

(P*+2p+5) L{y} =p +7



p+7
(P2 +2p+5)

L{y} =
LYy = LY

(P2 +2p+5)

V=l reon T o)

(P2 +2p+1)+4  (P? +2p+1)+4

—1 1 p+1 -1 6

y =L {(P2 +2p+1)+4} {(PZ +2p+1)+4}
_ | -ly Db+l -1

y =L {(p+1)2+4} +3 {(p+1)2+4}

~y=cos2x.e *+3sin2x.e™
Ex. Solve (Homework)
1. y+2y=¢€* y(0)=0
%+2y= cosx;y(0) =1

2
3. —4y=2; y(0)=2

4.y" —4y' +3y =6e**;y(0)=2, y(0) =6
5. y"-9y=6cos3x;y0)=0,y'(0)=3



