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Chapter 1

Linear Space

Definition 1.1. Linear Space

Let (F,+,.) be a field whose elements are called scalars. Let L is'a non empty set whose
elements are called vectors.Then L is a linear space (or a vector space) over the field

F,if

(1) addition: There is a binary operation 4+ on L called addition (not usual addition)

such that (L, +) is a commutative group.
(2) scalar multiplication: acx € L Vr € L, Va € F.
(3) The scalar multiplication and addition satisfy
(i) a(z+y)=azr+ay Ve,ye L, YaeF
i) (a+p)r=ax+pfax VreL, Va,feEF
(iii) (a.f).x = a.(B.x) VY €L, Yo, €F
(iv) L.e =2 Vo € L and 1 is the unity F'

Remark 1.2.

When L is a linear space over F', we say that L(F') is a linear space. We also can say L

is a linear space.
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Examples of Linear Space

Example 1.3.
Let (R, +,.) be the field of real numbers. Let R" = {(z1, ..., z,) : x1,...,x, € R}. For any

two elements X = (x1,...,2,) and Y = (y1, ..., y,) of R" define
X+Y =(x14+ v,y Tp + Yn)-
Also, define scalar multiplication in R™ over R by
aX = (a.xq,...,0z,) YaeR VX € R™.

Show that R" is a linear space over R.

Solution: Let us check linear space conditions

(1) We show (R™, +) is a commutative group

(a) Let X = (z1,...,2,),Y = (Y1, ..., yn € R”). Since 1 + y1, ..., x, + yp € R, then

X +Y € R" Hence, R” is closed with respect to usual addition.

(b) For all X = (x1,....,2,), Y= (y1,.,Yn), Z = (21, .., 2n) € R"
X+ Y +2Z)=(x1,...,xn) + [(Y1, o Yn) + (21, s 20)]

= (21, ey n) + (Y1 + 21, ooy Yn + 2n)

(ml + (3/1 + Zl); ceey Ty + (yn + Zn))

= ((331 +y1) + 21, e, (T 4+ Yn) + zn)
= (1 + Y1y ooy T+ Yn) + (21,000 20) = (X +Y) + Z.
(c) For all X = (x1,...,2,),Y = (Y1, .., yn) € R”
X4Y = (21,0 @)+ Y1y o Un) = (@14Y1, ooy Tt Yn) = (1421, ooy Ynt+2,) = Y+ X

(d) For all X = (z1,...,2,) € R" we have (0,...,0) € R" such that
(1, ..y zp) + (0,...0) = (21, ..., x,). Thus, (0, ...,0) is the additive identity.
(e) If X = (z1,...,2,) € R” then —X = (—xy, ..., —z,) € R” such that

X +(=X)=(0,...,0). Thus, —X is the additive inverse of X.
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From (a)-(e) we get (R", +) is a commutative group.
(2) Let X = (z1,...,x,) € R" and « € R. Since axy, ..., ax, € R, then
aX = (a.xy,..,ax,) € R™
Hence, R" is closed with respect to scalar multiplication.

(3) The scalar multiplication and addition satisfy

(i) X = (z1,....,2n), (Y1, ..., yn) € R" and @ € R, then
a(X+Y)=a.(z1+ Y1,y Tn + Yn)
= (a.(x1 + Y1), ooy (T + Yn))
= (v.x1 + ay, oo, @y + QLYy)
= (.1, ey ) + (Y1, ooy QL Yn)
= (X1, .y p) + (Y1, ooy Yn) = . X + Y
(i) If X = (z1,...,2,) € R" and o, f.€ R, then
(a+B).X = ((a+B).a,..,(a+ B).a,)
= (a.a:l + B.xyy..., .x, + 6.:Bn)
= (.21, .0y axy) + (B, ..., Bxy)
= a.(x1, ..y ty) + B2,y xy) = . X + BY
(iii) If X = (21, ...,2,) € R" and o, f € R, then
(a.8).X = ((a.f8).21, ..., (a.8)xy)
=a.(B.r1,..., f.x,) = a.(ﬁ.(ml, s xn)) = a.(6.X)
(iv) If X = (x1,...,x,) € R” and 1 is the unity of R, then

1LX = (L, ..,lay,) = (1, .,2) = X

Hence R” is a linear (vector)space over R.

Example 1.4.
Let (C,+,.) be the field of complex numbers. Let C" = {(x1,...,x,) : z1,...,x, € C}.

For any two elements X = (z1,...,x,) and Y = (y1, ..., y,) of C", define

X+Y =(x14+y1,- s Tp + Yn)-
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Define scalar multiplication in C™ over C by
a.X = (axy,...,ax,) YaeC, VX € C".

Show that C™ is a vector space over C. (Verify that)

Example 1.5.
The set of real numbers R, with linear operations ordinary addition and ordinary
multiplication, is a real linear space (i.e., a linear space over R). Indeed,

(1) (R,+) is an abelian group

(2)axreR VzeRaeR

(3) All other conditions are satisfied (Check!)

Example 1.6.
The set of complex numbers C', with linear operations ordinary addition and ordinary

multiplication, is a complex linear space (i.e., a linear space over C'). Indeed,
(1) (C,+) is an abelian group
2)axreC VreCacC

(3) All other conditions are satisfied (Check!)

Example 1.7.

Let C*(R) = {f: f: R — R fis bounded and continuous} set of all bounded continuous
functions defined on R. For any f,g € C*(R) and for any o € R, define
(f+9)(x)=f(x)+g(x) Vx €R and (af)(z)=a.f(x) VreR.

Show that C®(R) is a linear space over R.

Now, let us check linear space conditions.

(1) We show (C®(R),+) is a commutative group

(a) Let f,g € C*°(R)) such that f, g are continuous and bounded functions. We
want to prove f + g € C*(R). (i.e., f + g is continuous and bounded)

Since f, g are continuous, the sum (f + g) is a continuous function (I)
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(2)

Also, since f,g are bounded functions, IM;, My € Ry such that |f(z)] < M,
and |g(x)| < M,. Hence, for all z € R
[f(x) + g(@)] < |f(2)] + lg(x)] < My + Ms.
I(f + 9)(z)| < My + M,. Thus, f + g is bounded function (II)
By (I) and (IT), f + g € C*(R).
(b) For all f,g,h € C*(R) and for all z € R
[/ + (g +W)](x) = f(z) + [(g + h)(2)]
= [f(z) + g(x)] + h(x)
= (f +9)(x) + h(=z) = [(f + g) + hl(z).
(c) For all f,g € C*(R)
(f +9)(@) = f(z) +g(x) = g(z) + f(z) = (g +/)(@).
(d) For all f € C*(R), define 0: R — 0 by 0(z) = 0.
It is clear that 0 is continuous and bounded function. Thus, 0 € C*(R) and
(f +0)(x) = f(z) + 0(z) = f(2) + 0= f(x). Thus, f+0=f
0 is called the additive identity.
(e) For any f € CP(R), define —f : R — R by (—f)(z) = —[f(z)] Vz € R.
Since f is continuous, then —f is continuous.
Moreover, Vz € R, |- f(z)| = |f(x)] < M. Then, —f is bounded.
Thus, —f € C*(R) and
[f + (=Nl(@) = f@) + (= f)2) = f2) + (= f(2)) = f(2) = f(z) =0 =0.

From (a)-(e) we get (C*°(R),+) is a commutative group.

Let f € C*(R) and o € R. We want to prove af € C°(R). (i.e., af is continuous

and bounded)

Since f is continuous, then af is a continuous function.

Also, since f is bounded functions, 3IM € Ry such that |f(z)| < M. Hence, for all

zeR

((@f)(@)] = |- f(2)] = |af |f(2)] < |af M.
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Thus, af is bounded function. Therefore, af € C*(R) (C®(R) is closed with respect

to scalar multiplication).
(3) The scalar multiplication and addition satisfy

(i) If f,g € C*(R) and o € R, then
a.(f +9)(z) = al(f(z) + g(z)]
= a.f(z) + a.g(x)
= (af)(z) + (ag)(z) = (af + ag)(z)
(ii) If f € C*(R) and «, B € R, then
[(a+ B)f(x) = (a+ B).f ()
=a.f(x) + B.f(z)
= (af)(@) + (Bf)(z) = (af + Bf)(x)
(iii) If f € C*(R) and o, 8 € R, then
[(a.0) f](x) = (a.8)f(x) = a.(B.f(®)) = .[(Bf)(2)] = [a(B))](x).
Hence, (a.f8)f = a(Bf).
(iv) If f € C°(R) and 1 is the unity of R, then
(1f)(x) = L.f (=)= f(=).

Hence, C*(R) is a linear (vector)space over R.
Exercise 1.8.

(1) Let C%la,b] = {f : f: [a,b] = R f is bounded and continuous} set of all bounded
continuous functions defined on [0,1]. Show that C®[a,b] is a linear space over R

where f + g and af are defined in the same way as in Example 1.7. (H.W.)

(2) Let L be the set of all real valued sequences (x,). Define usual addition and multi-
plication of a sequence as follows: for any (z,), (y,) € L and each a € R
(xp) + Yn) = (xp+1yn) and a.(z,) = (a.z,). Show that (z,) is a linear space over

R. (H.W.)
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Theorem 1.9. Properties of Linear Space

Let L(F') be a linear space and 0y, is a zero vector of L. Then

(1) .0, =0, Ya € F.

(2) 0.x =0 Vx € L.

(3) a.(—z) = —(avx) Yr € L, Ya e F.

4) (—a).x = —(a.x) YVr € L, Ya € F.

(5) a(r—y)=ax—ay Vr,ye L, YaeF.
(6) If x =0 then o =0 or x = 0.

Definition 1.10. Linear Subspace
Let L be a linear space over a field F' and let H be a non empty subset of L. Then H is

called a linear subspace of L if H itself is a linear space over F.

Theorem 1.11.
Let H be a non empty subset of a linear space L(F). H is called a subspace of L if and

only if ax + Sy € H for all x,y € H and for all a, 5 € F.

Examples of Linear Subspace

Example 1.12.
(1) Which of the following subsets of R? are subspaces of R3.
(1) Hl = {(0,1'2,1,’3) P X9,T3 € R}
(il) Hy ={(0,0,xz3) : x3 € R}
(111) H3 = {(Il,l’g,l‘g) T+ 2.1‘2 = 1}
(2) Which of the following subsets of C°[—1, 1] are subspaces of C*[—1,1].
() Hy = {f  £(0) =0}
(i) Ho={f: f(z) <0,vz € [-1,1]}

(iii) Hs ={f: f(0) =1}
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Definition 1.13. Linear Transformation
Let L(F') and L'(F') be two linear spaces over the same field F. A mapping T : L — L'
is called a linear Operator or Linear transformation if T(az + fy) = oT(x) +

pT(y) Vx,y€ L, VYa,B € F.

Example 1.14.
Let T : R® — R? defined by T(xy, %o, x3) = (71,72) Vi, 25,23 € R. Show that T is a
linear transformation.

Solution: Let x = (21,22, 23),y = (y1,¥2,y3) € R? and a, 3 € R. Then

T(ax + By) = Tla(z1, 2, 23) + B(Y1, Y2, y3))
= T(axy + Byr, axs + By, axs + [ys)
= (ax1 + Byr, axa + fy2)
= (a1, axa) + (Byr, fyo)
= a(x1,22) + B(y1, y2)
= oT(x1, 9, 23) + BT (Y1, Y2, Y3)-
Exercise 1.15.

Show that each of the following mappings T : R? — R? is a linear transformation

(i) Ti(x1,x9) = (ax1,axs) where a € R
(i) To(w1,22) = (2, 21)
(111) T3(C(]1,ZL‘2) = (O,ZL‘Q)

Theorem 1.16.
Let T : L(F) — L'(F) be a linear transformation. Then

(i) T(01) = 0, where 0y, is the zero vector of L and 0y is the zero vector of L’
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Theorem 1.17.

Let L, L' be linear spaces over same field F. Let T},T, : L — L’ linear transformations.
Define the function Ty + Ty : L — L' as (Th + Ts)(z) = Ti(z) + To(x) Vr e L
If o € F, then the function o7y : L — L' is defined as (a17)(z) = a.Ti(x) Vo € L. Then

(i) Show that T} + T is a linear transformation.

(ii) Show that o7} is a linear transformation.

Proof. (i) Let o, 5 € F and x,y € L. Then

(T} + Ty) (ax + By) = Ty (ax + By) + To(ax + By) (Definition of +)
= ol (z)+ BT (y) + aTs(x) + BTs(y) (since Ty, T linear trans.)
= a(Ti(z) + T2(z)) + B(Ta(y) + T2(y))

= a(Ty + Tz)(z) + B(Th + T3)(y)-
Thus, T + 15 is a linear transformation.
(ii) Let 1,02 € F and z,y € L. Then

(1) (Brx + Bay) = . T1(Brx + Boy) (Definition of scalar multiplication)
= o.[f1. 11 (2) + Bo. T ()] (since T7 linear trans.)
= a.01.Th(x) + a.B2.T1(x)
= Pr(aTy)(x) + Ba.(T1)(2)
Thus, o717 is a linear transformation. O

Definition 1.18.

Let L be a linear space. A linear transformation 7" : L — F' is said to be linear

functional. (note that F' can be regarded as a linear space over F).

Example 1.19.
Let L = F™ = {(z1,...,x,) : x1,...,x, € F} be a linear space over the field F'. Let

T : F" — F defined by T'(z1,...,x,) = anzy + ... + apz, V(21,...,2,) € F™. Prove that
T is a linear transformation.
Solution: Let x = (21, ...,2,),y = (Y1,-.-,yn) € F" and o, B € F. Then

T(azx+ PBy) = Tla(x1, ooy tn) + BWY1, oy Yn)]
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= T(ax; + By, ..., axy + Byn)

= a1(axy + By1) + ... + ap(az, + Byy)

= a(nzy + .. + anzy) + Blonys + . + )
=aTl(z1,....xn) + BT (Y1, -, Yn)-

Thus, T is a linear transformation (i.e., linear functional).

10



Chapter 2

Normed Linear Space

Definition 2.1. Normed Linear Space

Let L(F') be a linear space over a field F'. A mapping || || : L'— R is called norm if the
following conditions hold

(1) ||z|| >0 Vzx e L.

(2) ||z|| = 0 if and only if z = 0.

B3) Nz +yll <ll=ll + llyll  Ve,y.e L.

(4) ||lax|| = |a|||z]| Vz €L, Va e F.

(L,| ||) is called normed linear space.

Remark 2.2.
In this chapter the field F' is either R or C.

Theorem 2.3.

Let (L, | ||) be a normed linear space. Then

(1) oLl =0 Vz € L.
(2) ||z = [|—=]| Vze L.
3) llz—yll=lly—=| Vz,yelL.

@) [zl =yl | <llz =yl Ve,ye L.
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G) [zl =Myl I <llz+yll  Vo,ye L.

(6) Every subspace of a normed space is itself normed space with respect to the same

norm. (H.W.)

Proof. (1) ||0L]] = ||00¢|| (see Theorem 1.9(1))

=0fjoc| =0.
@) [[=zll = |=1[ll=]] = l|l=| V2 € L.
B3) [z =yl = ll=(v =)l = ly = =] (by part (2)).

(4)We must prove — [lz — y|| < [[z]| — [ly[| < ||z -yl

[zl =z =y +yll < llz =yl + |yl (by Definition 2.1(3)).

Hence, ||lz|| = [ly] < [lz -yl ()

Similarly, ||y|| = |ly — = + z|| < |ly — z|| + ||=|| (by Definition 2.1(3)).
Hence, [jy|| — [|lz]| < [l — y]| (1)

Hence, by (I) and (II), we get ||z —y|| > |||z||=|lvll] Vx,y € L.

(5) We must prove — [z + y|| < [lz] — [lyll.< [z + |

[zl = lz +y =yl < llz + 9l + l—yll.. (by Definition 2.1(3)).

Hence, [[z]| — [y|| < ||z + yl] (11I)

Similarly, [|y]| = ly + = — 2} < lly + 2| + [|—z| (by Definition 2.1(3)).
Hence, [[y|| — [|lz]| < Jla+yl]

[zl = 1lyll = = llz + (IV)

Hence, by (III) and (IV), we get — ||z +y[| < ||z — [ly[| < |lz +yl| Vz,y € L.

Examples of Normed Linear Space

Example 2.4.

Let R be a linear space over R with || || : R — R such that ||z|| = |z|. Show that (R, || ||)
is a normed space.

Solution: We show that

(1) [|z]| = |#| > 0 Vz € R; hence ||z| > 0.

(2) Let z € R, ||z|| =0 <= |2| =0 <= z =0.
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(3) Vx € R,V € R,
loz]| = |az| = |af |z] = |af [2].

4) [l +yll = o +yl < fel + [yl = |zl + Iyl Y=,y eR.

Example 2.5.
Let C' be a complex linear space over C' with || || : C' — R such that ||z]] = |z| =
Va2 + 02 Yz =a+ib. Show that (O, ||) is a normed space.
Solution: We show that
(1) |I2]l = 2| = Va® + 02 >0 Vz=a+ibe C; hence ||z] > 0.
(2) Let z=a+ibeC
Iz = 2| = Va2 + 02 =0 <= a=b=0 < 2=0+0i=0:
(3) Let z,w e C

|z 4 w||* = (2 + w)(z ¥ w) where zF+ w =conjugate of z+ w
=(z4w)(Z+W) = 2Z +wW + wZ + Wz
= 2Z + w0 + wZ + w2
= 2Z + ww + 2Re wz

2 2
< N2l wll” + 2wl 2]l = (2] + [lw])*.

Thus, ||z +wl||* < (||2]| + [w]})* and hence, ||z +w]| < ||2[| + [[w].

(4) Let z € C,a € C,

loz]| = [az| = |a(a + ib)|

= V(aa)? + (ab)? = y/o2(a? + b?) = Va2va? + 1% = |a| |z] = [a] | 2]

As an application to Example 2.5: Let 2 =2+ 31, w =1 — ¢, then
24wl = 12+ 1) + 3i — )]l = I3+ 20l = vV + 2 = VI3.

152]] = [|10 4 15i| = V102 + 152 = /325 = 51/13.

5z = 5v/22 + 32 = 5V/13.

Example 2.6.

Show that the linear space C®(R) is a normed space under the norm

I£Il = sup{|f(2)| : = € R}, Vf € C*(R).
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(1) Since |f(z)] > 0 Yz € R. Then, || f|| =sup|f(z)| > 0. Hence, || f|| > 0.
(2) I/l =0 <= sup{|f(z)| : 2 € R} =0

— |f(x)]=0 Vz eR

— f(z)=0 Yz €R <= f =0 (zero mapping)
(3) Let f,g € C*(R). Then

I + gll = sup{[f(z) + g(x)] : 2 € R}
< sup{[f ()| + |g(x)| : = € R}

<sup{[f(z)| : x € R} +sup{[g(z)[ : v € R} = [|f]| + [lg]-
Hence, [|f +gll < [lF]l + llgll
(4) Let f € C*(R),a € R . Then

lacf [} = sup{|(af)(z)| : v € R}
= sup{laf|f(z)] : = € R}
= || sup{|f(z)| : = € R} (By Theorem 2.7 below where A = |f(x)| and 5 = |«|)

= laf 1]

Theorem 2.7.
If A is a bounded above set and 5 > 0, then S A is bounded above and sup(8A) = Ssup(A).

As an application to Example 2.6: Let f,g € C°(R) such that f(z) = sin(z) and

g(x) = 2cos(x) + 1. Hence,
| fIl = sup{|sin(x)| : x € R} =1 (since |sin(z)| <1, Vx € R).
| f|| = sup{|2cos(z) + 1| : z € R}.

But [2cos(z) + 1] < 2]cos(z)| +1 = 3. So ||g]| = 3.

Example 2.8.

The linear space C°[0, 1] of all real valued continuous functions on [0, 1] is a normed space

under the norm defined in Example 2.6. (H.W.)

Example 2.9.

The linear space C|0, 1] of all real valued continuous functions on [0, 1] is a normed space

with the norm defined as
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I£1= Jg 1f@)| do vf € Co,1)
solution: (1) Since |f(x)| >0, Vx € [0,1], then fol |f(z)| dx > 0. Thus, ||f] > 0.

@) I/ =0 <= J; [f(@)] dz=0
— |f(z)] =0 Vz €[0,1]
< f(x)=0 Vz€[0,1]
= f =0 (zero mapping).
(3) Let f,g € C[0,1]. Then
If +gll = [y 1f (@) + g(o)]
< Jy (@) +1g(2)]) dz
= Jo 1f @) dz+ [ lg@)| dz = | f]|+ llg]
(4) Let f € C[0,1],a € R . Then
lafll = fy laf @) dz = [y ol |f(2)] dv = |a| [{1F@)] dz = |al | f].

Example 2.10.
Consider the linear space F™ over F' (F.= R or C). Define || || : F* — R by || X]|| =

max{|z1|, ..., |xn|} VX = (21,...,25) € F". Then (F™, || ||) is a normed space.
solution: (1) For any X = (z1,...,x,) € F™, |z;| >0, Vi=1,...,n.
Then max{|xy|, ..., |x,|} > 0, then || X]| > 0.
(2) | X|| =0, where X = (z1,...,x,) € F™
< max{|zi|,...,|zn|} =0
= |r|=..=|r, =0 = r,=...=2,=0
— X = (.73'1, ,.an) = (O, ,O) = 0pn
(3) Let X = (x1,...,2,),Y = (y1, ..., Yn) € F™

| X + Y| = max{|x1 + 1], ..., |Tn + ynl}
< max{|zi| + |y1| s |2n] + [ynl}

< max{|zy], ..., [za} + max{fyl, -, |yal} = [ X] + Y]
(4) Let X = (zy,...,z,) € F" and a € F

|aX|| = max{|az], ..., |ax,|}
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= max{|al[z1], ... o [z} = [o] max{[z.] ;... [za]} = | [ X]]

As an application to Example 2.10: Consider the linear space R™ over R. Let X =

(1,2,-5),Y = (0,~7,3). Then || X|| = max{[1],]2|,|-5|} = 5 and
1Y]| = max{[0], |=7], |3[} = 7.
1X + 2V || = max{|1],|~12], |11]} = 12
Find |2X — Y, 12X + 3V, [3X]|

Exercise 2.11.

(1) Let L = C? be a linear space over ' = C. Define ||| :C? — R such that

|1 X = a|zi| + blxs], VX = (x1,22) € C* and a,b > 0. Shew that || || is a norm on
C?
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(2) Consider the linear space R%. Let || X|| = min{|z|,|y|}, VX = (z,y) € R% Show
that || || is not a norm on RZ.

solution: Let X = (0, —3) € R?

] = min{[0], |-3[} = min{0,3} = 0

Since X # Ogz, but || X|| = 0. Condition (2) of the definition of the norm is not valid.
Hence, || || is not a norm on R

(3) Consider the linear space R%. Let | X| = |z + |y|*, VX = (z,y) € R%. Show that
|| || does not satisfies condition (4).

solution: Let X = (1,3),a =2

la 12X = 2(Ja” + |yI*) = 2(1° + 3%) = 20

laXl = 112(1,3)[| = [[(2,6)|| = 2* + 6% = 40

Thus, || [|X]| = 20 # ||aX]|| = 40.

(4) Let (L, || ||) be a normed space. Let ||z + y|| =||=|| + ||y|| Vz,y € L.

Show that [|3z + 2y|| = 3 |||l + 2|y]| -

solution: We must show |3z + 2y|| > 3 |||+ 2||y|| and ||3z + 2y|| < 3 ||z| + 2]y||

132 + 2y = [|3z + 3y — yl| = [3(z +4) — vl
> [3(x +y)ll = llyll | (By Theorem 2.3(4))
=Bz +yll) = llyll | (By axiom (4))
= BUlzll + llyl) = llyll | (By assumption)

= 3|zl + 2yl [ = 3 |=| + 2yl
Thus, |3z + 2y[| > 3 [|z| + 2|yl (1)
On the other hand, ||3x 4+ 2y|| < 3||z|| + 2||y| (By axioms (3-4)) (2)
From (1) and (2), [|3z + 2y[| = 3 [|=[| + 2 Jy| .

Normed space and Metric space

Definition 2.12.
Let X be a non empty set and d : X timesX — R be a mapping. Then d is called metric
if

(1) d(z,y) >0 Vr,ye X
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(2) d(z,y) =0 <= z=y Ve,ye X
(3) d(z,y) =d(y,x) Vz,yeX

(4) d(z,y) < d(z,z)+d(z,y) Vr,y,z € X.

(X, d) is called metric space

Theorem 2.13.
Let (L,|||) be a normed linear space. Let d : L x L — R defined by d(z,y) =

|z —y|| Vaz,y € X. Prove that (L,d) is a metric space. (i.e., every-normed space is a

metric space). The metric d is called metric induced by the norm.

Proof. To prove (L, d) is a metric space.
(i) By definition of norm, ||z —y|| >0 Vz,y € L. Hence, d(z,y) = ||z —y[[ > 0
(i) d(z,y) = [lz = yll = [ly — z| = d(y, z)
(iii) d(z,y) =0 < |z —y|| =0 = a-y=0 <= r=y
(iv) d(z,y) = llz =yl = [l =24 2=yl < [lo = 2| + [ =yl = d(z,2) + d(y,2) D

Lemma 2.14.
Let d be a metric induced by a normed space (L, || ||) (i-e., d(z,y) = ||x — y||). Then d

satisfies the following:

(i) d(x + a,y+a) =d(z,y) Yz,y,a € L.

(i) d(az,ay) = |a|d(x,y) Vz,y € L, Va € F.

Proof. (1) d(z + a,y +a) = [z +a = (y + a)|| = d(z,y) Vu,y,a €L

(2) d(ox, ay) = lox — ayl| = la(z —y)|| = ol [x —y]| = |o] d(z, y). =

Remark 2.15.

Not every metric space is a normed space as we show in the next example

Example 2.16.
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Let d be the discrete metric on a space X. Then d can’t be obtained from a norm on X

(ie., (X, | [), where

0 if =y
d(x,y)—{1 ety

Solution: Suppose d induced by a norm on X. Then, by previous Lemma,

d(azx,ay) = |a|d(z,y) Vr,y € X and Vo € F.

Let x,y € X such that  # y. Then axr # ay such that d(z,y) = 1,d(az,ay) =
1 (1)

But [afd(z,y) =[af  (2)

Hence, d(az,ay) = 1 # |a| = |a]d(x,y) for any o # +1.  Thus, d can not be induced

by a normed space.

Example 2.17.
Let d(x,y) = |z| + |y| Vx,y € R. Then, d is a metric on R (check!). However, d is not

induced by a normed space. To show this, let x =1,y =3,a =2 € R.
d(z,y) =d(1,3) = [1] + [3| =4
On the other hand, d(xz +a,y+a) =d(3,5) = |3| + [5| =8

Thus, d(z,y) # d(x + a,y + a). By Lemma 2.14, d is not induced by a norm.
Some Important Inequalities

To give more examples about normed space, it is important to present some inequalities.

If I, = {(x,) : @, is areal number and Y .7, |z;]” < oo} be a set of sequence space

(see Excercise 1.8(2)). Let z,, = (1,2, ...,) € lp, Yn = (Y1, Y2, ...,) € l,. Then

(1) Holder’s Inequality
oS [eS) ) [eS) i
Z\xiyﬁ < [Z\xilp]p[ZIyilq}q,
i=1 i=1 i=1

wherep>1,q>1and%+$:1.
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(2) Cauchy Schwarz’s Inequality

(%) (%s) ,o1 0o )1
S wiyil < D112 D lwil* ]2,
i=1 i=1 i=1
Note that Cauchy Schwarz’s inequality is a special case of Holder’s inequality where
pP=q=2
(3) Minkowski’s Inequality

Ifp>1

3=

00 i 0 oo 4
[Z|$i+yi|p}p§ [Z|xz|p} +[Z|?Jz‘|p}p7
i—1 i—1 i—1

Remark 2.18.

The three inequalities above hold for finite sum.

Now we can give the following examples

Example 2.19.

Show that the linear space R™ over R (or C™ over C) is a normed space with || X =
1

Yoy [|x1]2] 2 Ve e R"or C", X = (x4, ..., x,). The space (R", || X||) is called Euclidean

space and (C™, || X]||) is called Unitary space.
Solution: Let X = (z1,...,2,),Y = (y1,...,yn) € R” (or C") and o € R (or C™).
(1) Since |z] > 0, Wi =1,...n. Then, [0, 2:*]> > 0; that is || X]| > 0.
@ 1X]| =0 = [T |el]F =0 < T fl* =0
— |z°=0, Yi=1,..,n
— x;=0, Vi=1,...,n
— X =(x1,...,2,) = Ogn
G IX + Y[ = ll(z1+y1, s 2+ yn) |
=Y o+ yi|2]% <[Xn, |xi|2]%+[2?:1 |y2-\2}% (Minkoski’s Inequality)
= [ X1+ Y]

@) [laX]| = (a1, ..., aza)|| = [0, [azi[*]?
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1
_ n 2 273
= [ X0 el |2il”]

1
= lal [X0; lal*]? = |of | X]

Product of Normed Spaces

Let (X, [Ix), (Y, [ly-) be normed linear spaces over a field F. Let
X xY ={(z,y) : x € X,y € Y} be the cartesian product of X and Y.

Define + on X x Y by

x1, + (2, = (x1+x2, Y1 + Y(x1,y1), (22, e X xY.
(z1,91) + (22, 92) = (71 )2(% Ya) V(1 91), (T2, y2)
sum on sum on Y

Define a scalar multiplication
a(z,y) = (ax,ay) V(zr,y) € X xY,Va € F.
Show that (X X Y, +, x) is a linear space over F. (H. W.)

This linear space can be made a normed space by different ways. For example, define

| ]| : X xY — R such that

W) M)l = [zl x +lylly

(2) [z, 9)lly = max{{[z]lx , lylly }

Show that (X x Y, | |l,), (X xY,| ||,) are normed spaces.
(1) To show (X x Y,| ||;) is a normed space,
(i) Since [lz] x > 0 and ||y[ly, > 0 Vo € X,Vy €Y, then [|z] x + [lylly = [[(z,y)[| > 0.
(i) Iz, 9l =0 = llzllx + llylly =0
= zllx = llylly
— rz=y=0 ((X,] |lx),(Y,] |ly) are normed spaces)
— (z,y) = (0,0)
(iii) For each (z1,%1), (22,92) € X XY

(@1, 91) + (22, 2) || = [(z1 + 22, 51 + )|
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= [y + w2llx + llvr + v2lly
< lzally + NIzl x + lonlly +llgally
= (el x + lwally) + (l2llx + llv2lly)
= [[(z1, y) | + [[(z2, y2) |
(iv) For each (z,y) € X x Y and for each a € F
ez, y)|| = [[(e, ay) || = [lex|[ x + llaylly
= lalllzllx +lelllylly = lel (lzllx + lylly) = lal Iz, y)||
(2) Now, we show that || ||, is a norm on X x Y
(i) Since ||z]|x > 0 and ||y|ly >0 Vz € X,Vy € Y, then
max{[lz||y, lylly} = (=, »)]| = 0.
(ii) [[(z, y)l| = 0 <= max{l|lz|x . [lylly} =0
= |zllx = llylly
= z=y=0 ((X,] lx), (Y] [[y;) are normed spaces)
= (1,9)=(©0)
(iii) For each (z1,91), (x2,75) € X X Y
(@1, y1) + (@2, y2) h = [[(21 + 22, 41 + 2|
= max{||z1 + 22| x , lv1 + 2lly }
< max{ ||z x + =2l x, loally + llwally }
< max{||z1lly , lwally } + {llzally  lv2lly}
= (@, gl + (2, y2)]]
(iv) For each (z,y) € X x Y and for each o € F
oz, y)l| = l[(az, ay)|| = max{[joz| y , [loyly }

= max{lal [|z] ¢, |al ylly} = lafmax{[lz] s, [[ylly } = lal (2, y)]]
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Generalizations of Some Concepts from Metric Space

In what follow, we give generalizations of some known concepts from metric space such
as open (closed) ball, open (closed) set, interior set, closure of a set, convergent sequence,

Cauchy sequence, and bounded sequence.

Definition 2.20.

Let (L, || ||) be a normed linear space. Let xy € L, € R,;r > 0. Then the set
B.(xg) ={z € L: ||z — x| <r}

is called an open ball with center zy and radius r. Similarly,

By(xg) ={z € L: ||z — x| <}
is called an closed ball with center xy and radius r.

Definition 2.21.
Let (L, || ||) be a normed space and A C L. Then A is said to be

e open set if Vo € A, 3Ir > 0 such that B,(z) C A.
e closed set if A°= L \'A is open set

Remark 2.22.
Let (L, | ||) be a normed space. Then

(1) L, ¢ are closed and open.

(2) The union of any family of open sets is open

(3) The union of finite family of closed sets is closed

(4) The intersection of finite family of open sets is open
(5) The intersection of any family of closed sets is closed.

Theorem 2.23.

Any finite subset of a normed space is closed.
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Proof. Let L be a normed space and A C L.

If A= ¢, then A is closed (by Remark 2.22(1))

If A= {x} to prove A is closed (i.e., to prove L\ A is open)

Let y e L\ A= L\ {z} so that y # . Put ||x — y|| = r > 0. Thus, z ¢ B,(y) and hence
B.(y) C A= L\ {z}. Thus, A€ is open and thus A is closed.

If A={zy,..,z,},n € Zy,n>1then A=U" {z;}. By Remark 2.22(3), A is closed [

Exercise 2.24.

Let (L,]| ||) be a normed space. Prove that

(i) The set A} = {xz € L : ||z] < 1} is closed
(ii) The set Ay = {x € L : ||z|| < 1} is open

(iii) The set C' = {xz € L : ||z|| = 1} is closed

Solution: (i) A; = {z € L : ||z| <1} = Bi(0): So, 4, is a closed set (by Definition ?7)
(ii) Ay ={z € L:||z|]| <1} = B1(0). So, A; is an open set (by Definition ?7)

(i) C ={z e L: |z|]| =1}

L\C={zel:|z| <1}U{zel:|z| > 1}

Let Cy = {x € L:||z|]| < 1} is open set

Let Co ={x € L: ||z| > 1}

So, L\ Cy ={x € L: ||z|| < 1} which is closed set. Hence, C5 is an open set.

Thus, L\ C = Cy UC, is an open set (by Remark 2.22(2)).
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Definition 2.25.

Let L be a normed space and A C L. A point x € L is called limit point of A if for each
open set G containing x, we have (GNA) \ {z} # ¢.

The set of all limit points of A is denoted by A" and is called derived set.

The closure of A is denoted by A and is defined as A = AU A'.

Proposition 2.26.

Let L be a normed linear space and A C L. Then 2 € A if and only if ¥r > 0,3y €

Allz =yl <.

Proof. (=) Letx € A= AU A’

If x € A’ then for each open set G, x € G, (G N A) \ {z} # ¢.

Since B,(z) is an open set then Vr > 0, we have B,(x) M A\ {z} # ¢. Thus, Jy €
Be)nAy#x = [ly—z| <r ()

If 2 € A then Jy = x such that ||y —z|| =0 <z (II)

From (I) and (II), we get the required result.

(«) If for each r > 0,3y € A such that ||y —z[| < r; that is Vr > 0,3y € A,y € B,(v)
— Vr>0,(B(x)NA)\ {2} #¢ — z € A'. Thus, z € A. O

Convergence in Normed Space

Definition 2.27.

Let (x,) be a sequence in a normed space (L, || ||). Then (x,) is said to be convergent
in L if 3z € L such that Ve > 0,3k € Z, such that ||z, —z|| <€, Vn >k

We write x,, — x as n — oo or lim,,_,«(z,) = z; that is

|z, —z|| > 0 <= z, = x.

(x,) is divergent if it is not convergent.
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Theorem 2.28.

If (x,) is a convergent sequence in (L, || ||), then its limit is unique. i.e.,

If (x,) — z and (x,) — y then z = y.

Proof. Let € > 0. Since (z,,) — x and (x,) — vy, then 3k, ks € Z, such that
€
>
Let k = max{ky, ka2}, so Vn > k

lzn — || < =, ¥n >k and ||z, — y|| < g Vn > ky

[z =yl = llen =y = 20+ 2f| = (20 —y) = (20 — )|
€

2

€
< llon =yl + llan —2ll < 5+ 5 =

— |lz —y| <€ Ve>0. Thus, |z —y|=0,s0z=y. ]

Theorem 2.29.

Let A C L where L is a normed space, let x € L. Then

r € A < I(x,) a sequence in A such that (1) — =.

Proof. (=) Let v € A= AU A’

If z € A then the sequence (z,z,z, w.) 2 (I)

If © ¢ Ajie.,x € A then for each open set G, x € G,(GN A)\ {z} # ¢.

Since B,(x) is an open set then Vr > 0, we have B,.(z)NA\{z} # ¢. Set 0 < r = % €Z,.
Then Vn € Z,, (B%(x) AA)\{z} # o

1
Let =, € Bi(x) N A, such that x,, # = and hence ||z, —z|| < =, Yne Z, (¥*)
" n

Thus, 3(z,) € A such that ||z, — || < L, Vn e Z,.
To show (z,,) — x; that is ||z, — z|| <€, Ve >0
Let € > 0 so by Archmedian theorem 3k € Z, such that % <€
Hence, Vn > l{:,l < 1 <e€

n k 11

From (*), Vn >k, ||z, — x| < S <y <e Thus, z, — = (IT)
From (I) and (II), we get the required result.
(<) If 3(x,) a sequence in A such that (z,) — z. To provez € A= AU A’
Ifr € Athenz € A
If # ¢ A. Let G be an open set in L such that z € G. Then 3r > 0 such that B,(z) C G.

Since r > 0 and x,, — x,3k € Z, such that ||z, —z|| <r, Vn>k.
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This implies, x, € B.(z) Vn > k and since z,, € A Vn € Z,. Then
(Br(z)NA)\{z} # ¢. Since B,(x) C G, then (GNA)\{z} # ¢. So, x € A’, and therefore
T €A [

Theorem 2.30.
Let (x,), (yn) be two sequences in normed space (L, || ||) such that z,, — = and y,, — v.

Then

(1) (zn) £ (yn) 2 2ty

(2) XMz,) — Az for any scalar A
(3) za)ll = Il

Proof. (1) Since z,, — x, then for € > 0,3k, € Z; such that ||z, — z| < %, Vn > ky
€

Also since y, — y, then for € > 0,3k, € Z such that ||y, — y|| < 5

Vn > ko
Let k = max{ky, k2}. Then, for each n > k

e =l < 5 and g, = yll < 5 (1)

Now, for each n > k,

[(@n + ) — (@ + Y| = [(zn —2) + (Yo — Y| < llzn — 2| + |lyn — ¥l

< +§:e (from (I))

N

Thus, z,, + y, = x + y as required.
€

(2) Let € > 0. Since x,, — z,3k € Z, such that ||z, — z| < Bk

Vn >k (I

But |[Aen — Az|| = |A| ||z — 2| < ﬁ A = e

J/

~
using (I)

Thus, Mx,) — Az
(3) Let € > 0. Since x,, — z,3k € Z, such that ||z, —z| <e, Vn>k (I)

But | [|z,]] = ||z|| | < ||zn — z|]| <€ Vn > k. Hence, ||z,| — ||z O
——_— ——

using (I)
Definition 2.31.

Let (x,) be a sequence in a normed space (L, || ||). Then (z,) is said to be Cauchy

sequence if Ve > 0,3k € Z, such that ||z, — z,|| <€, Yn,m > k.
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Theorem 2.32.

Every convergent sequence in a normed space (L, || ||) is a Cauchy sequence.

Proof. Let (x,,) be a convergent sequence in L. Then 3z € L such that z,, — x and so
Ve > 0,3k € Z, such that ||z, — z|| < g Vn>k (I)
Now, for n,m > k,

€ €
|20 = @mll = (20 = 2) + (2 = @)l < [lon — 2l + llzm -2l < 5+ 5 =e

/

-

using (I)
Thus, (x,) is a Cauchy sequence. O

Definition 2.33.
Let (z,) be a sequence in a normed space (L, || ||). Then (x,) is said to be bounded

sequence if 3k € R,k > 0 such that ||z,|| <k, Vne Z,.

Theorem 2.34.

Every Cauchy sequence (z,) in a normed space (L, || ||) is bounded.

Proof. Let € = 1. Since (x,) is a Cauchy sequence, 3k € Z, such that ||z, — z,| <
1, ¥Yn,m > k. Hence, ||z, — zx1l} <1, ¥Yn >k (by considering m =k+1) (I)

By Theorem 2.3(4), we have | ||zn]] — ||zksill | < |xn — xpa]] <1 Vo >k

usin‘g,(l)
Thus, ||z,|| = [|ze1]] <1 - Vn >k

Then, [|z,|| <1+ |zppa]] Yn>Ek
Lot M = max{flo1 |, [2all, o 2l 1+ a1}
Hence, ||z,|| <M Vn € Z,. So, (z,) is bounded. O

Corollary 2.35.

Every convergent sequence in a normed space (L, || ||) is bounded.

Proof. From Theorem 2.32, Every convergent sequence in a normed space (L, || ||) is
Cauchy, and from Theorem 2.34, every Cauchy sequence in a normed space (L, || ||) is

bounded. O
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Convexity in Normed Linear Space

Definition 2.36.

A subset A of a linear space L is said to be convex if Vz,y € A, X € [0,1] then

Ax+ (1 =Ny € A.

Example 2.37.
Let A= (1,3) C R. Is A convex set?

Solution: Let z,y € A, A € [0, 1]
Since l <z <3 = IA< A x<3x (I
Since l<y<3 = 1(1-XN)<(1-XNy<3(1—-X) (II)

By summing up (I) and (II)
A (1=X) <Az +(1— Ny < 3x+3(1—\)

I<dz+(1-XNy<<3

Thus, Az + (1 — A\)y € A. Hence, A is convex set.

Proposition 2.38.
Let L linear space. Then

(1) Every subspace of L s convex
(2) If A, B C L are convex sets then AN B is convex (H.W.)

(3) If A, B C L are convex sets then A + B is convex

Proof. (1) Let L be a linear space over a field ' = R or C, let A be a subspace of L.
Hence, by Theorem 1.11, Va,y € A and Vo, 8 € I we have ax + Sy € A.

Take a« = A € [0,1] and 5 =1 — A. Hence, az + By = Az + (1 — N)y € A. Thus, Ais a
convex set.

(3) Let a; + by, a9 + by € A+ B, then ay,ay € A and by, by € B.

To prove A(a; +b1) + (1 — X)(ag + be) € A+ B, VA€ [0,1].

Since A convex and aj,a2 € A = da;+ (1 —Nay e A VYA€ [0,1] (I)

Since B convex and by,by € B = Aoy + (1 —AN)be € B VYA€ [0,1] (1)
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By summing up (I) and (II) we get
)\&1+(1—)\)&2+)\b1+(1—)\)b2 € A+ B

ie, NMay +0b1) 4+ (1 —N)(az + b)) € A+ B. Thus, A+ B is a convex set. O

Remark 2.39.
The union of two convex sets is not necessary convex. For example, let

1
A= (3,7)U(7,12). Then A is not convex. To show this, take x = 6,y = 8 A\ = 5

/\x+(1—)\)y:%(6)+%(8):7¢AUB.

Proposition 2.40.
Let (L, | ||) be a normed linear space, let o € L. Then B,(z)and B,(x,) are convex

sets.

Proof. To prove B,(zg) is a convex set. Let x,y € B,(zq), and let A € [0,1]. Then,
|z — xol] <7 and ||y — x| <7 (I)
We must prove Az + (1 — Ay € B,.(zy); that is we must prove |[Az + (1 — Ny — xo|| < r

1Az + (1 — Ny — xo|| = ||Az + Axo — Axg + (1 — Ny — z¢|| (adding and subtracting Az)
= [IMz = 20) (1 = A)(y — o)l
< (Al = o) [ + [1 = Al ly — ol

<A+ (1=XNr=r (by(I) and since A > 0 then |A\| =\ |1 = A =1—-])

This implies Az + (1 — A\)y € B,(zo) and hence B,(z) is convex. Similarly, B,(z) is a

convex set. OJ

Proposition 2.41.

Let (L, | ||) be a normed linear space and A C L and convex then A is a convex set.

Proof. Let z,y € Aand X\ € [0,1]. To prove Az + (1 — Ay € A
Let r > 0. Since z,y € A then by Proposition 2.26, Ja,b € A such that
|z —al|| <rand ||z —b|| <r (I

Since A is convex then \a+ (1 —\)b e A

Now, ||Az+ (1 = Ay — (Aa+ (1= Nb)|| = Mz —a) + (1 = N)(y = b)]|

<Az —all + (1 =) Jly =0



Functional Analysis-Normed Linear Space Dr. Saba Naser Majeed 31

<Ar+(1=Xr  (from (I))

Thus,||(Az + (1 = N)y) — (Aa+ (L= A)b) || <r

—_——
€A
Thus, from Proposition 2.26, Az + (1 — \)y € A. O

Remark 2.42.

The converse of the above proposition is not true. For example, let-A'= [1,2) U (2,5] C
— 1
(R,] ]) then A = [1,5] is a convex set. But A is not convex, since if z = 1,y = 3, \ = 5

then Az + (1 - Ny =3 +1(3)=2¢ A

Continuity in Normed Linear Space

Definition 2.43.

Let X, Y be normed linear spaces. A mapping f : X — Y is called continuous at xg € X

if for each € > 0,30 > 0 (depend on () such that

Ve e X, it |z —xol| <6 then ||f(x)— f(zo)| <e.

Theorem 2.44.

Let X,Y be normed linear spaces. A mapping f : X — Y is continuous at xq € X iff

V(zx,) € X with z,, — ¢ implies that f(z,) — f(zo).

Proof. (=) Let f be a contiunuous mapping at xy and let x,) be a sequence in X such
that x, — zo. To prove f(z,) — f(xo).

Let € > 0, then 30 > 0 such that Vx € X

if ||z — zo]| < 0 then ||f(z) — f(z0)|| < € (From continuity of f at z).

Since z,, — zo and § > 0,3k € Z, such that ||z, — zo|| <9, Vn > k.

Hence, || f(zn) — f(z0)|| <€, Vn > k; that is f(z,) = f(xo).

(<) Suppose that =, — z¢ implies that f(z,) — f(zo). To prove f is continuous at z.

Assume that f is not continuous at xg, so 3¢ > 0 such that V6 > 0,3z € X and
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|z — o <& but |[f(z) — f(zo)ll = €.
1
Now, Vn € Z,, — > 0, then dx,, € X such that
n
1
|z, — wo|| < — but ||f(zn) — f(z0)|| > €. This means z,, — x but f(x,) - f(z) inY
n

which is a contradiction. Thus, f is continuous at xg. O

Theorem 2.45.
Let (X, || ||) be a normed space and let f: (X,]| ||) = (R,]| |) such that f(z) = ||z| Vz €

X. Then f is continuous.

Proof. Let x,, — x¢ in X. Then Ve > 0,3k € Z, such that

|lzn — 20| <€ VYn>k (I)

But | [lzn | — [[zoll | < [[an — xol|  Vn >k

= | llznll = llzoll | <€ ¥n >k (Using (T))

= [f(zn) = f(xo)| <€ Vn>Fk (Using (since f(x)=|z[))

f(x,) — f(x); that is f is continuous. O

Remark 2.46.
Let X,Y and Z be normed spaces and let f : X xY — Z be a mapping. Then f

is continuous at (zg,y0) € X %Y iff whenever ((,,y,)) — (zo,%0) then f(x,,y,) —

f($07 yo)-

Theorem 2.47.

Let X be a normed space over a field F'. Then
(1) The mapping f: X x X — X such that f(z,y) =x+y Vz,y € X is continuous.

(2) The mapping g : F'x X — X such that g(\,x) = Az Vz € X,V € F is continuous.

Proof. (1) Let (2, yn) — (0,v0). Then, x,, — xo and y,, — yo such that

|zn, — 20|l = 0 and ||y, — yo|| — 0 as n — oc.

Now, Hf(xmyn) - f(xmyo)” = H(mn + yn) - (‘TO + yO)H
= l[(zn — 20) + (Y — w0)||

< [lzn = zoll + [y — %ol

Thus, || f(n,yn) — f(zo,v0)|| — 0 as n — oo; that is f is continuous at (zg,yp). Since
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(20, Yo) is arbitrary, f is continuous.
(2) Let (A\n, z) = (A, 20). Then, A\, — X and z,, — xo.
Hence, [\, — A| = 0, ||z, — z|| = 0 as n — 0.
19(An, n) — g(A, 2o) || = [[Ann — Azo|
= [[AnZrn—AnXo + AnXo — AZo||
= [|An(zn = 20) + (A0 — A)o]|

< [Anl llzn = 2oll + [An — Al [lzoll
But ||z, — xo|| = 0 and |\, — A\| = 0 so that
lg( A, ) — g(A, z0)|| — 0 as n — oo; that is g(A,, ) = g(A, xg). Thus, g is continuous.

O
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Theorem 2.48.
Let X,Y be normed spaces and let f : X — Y be a linear transformation. If f is

continuous at 0 the f is continuous at any point.

Proof. Let xg € X be an arbitrary point and let x,, — xy.

To prove f(x,) — f(xo) (using Theorem 2.44).

Since x,, — xg, then z,, — xg — 0

But f is continuous at 0, thus f(z, — x¢) — f(0)

Since f is a linear transformation, then f(z,) — f(zo) — f(0)

It follows that f(z,) — f(xo). O
Remark 2.49.

The condition f is a linear transformation in the above theorem is necessary condition.

For example: consider the normed space (R, | |). Let f is defined as

T if <1
f(z) = ,
r+1 i x>1.

It is clear that f is continuous at 0 and discontinuous at 1.
Also f is not linear transformation because
f+6)=f(11)=11+1=12

and f(5)+ f(6) =(5+1)+(6+1)=13

Hence f(5+ 6) # f(5)+ f(6)

Theorem 2.50.
Let X and Y be normed spaces and let f : X — Y be a linear transformation. Then

either f is continuous at each point or discontinuous at each point.

Proof. Let 1 € X and assume that f is continuous at z;. Let x5 € X be any point.
To prove that f is continuous at x,. Let x, — x5 in X. Then, z,, — 2o — 0 and hence
Zp — T + 1 — x1. Since f is continuous at x; then f(z, — xo + x1) — f(21).

Since f is a linear transformation, then f(z,) — f(z2) + f(z1) — f(z1).

Hence, f(z,) — f(z2) — 0, and thus, f(z,) — f(z2).

Therefore, f is continuous at x,. Thus, f can not be continuous at some points and

discontinuos at some points. ]
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Example 2.51.
Let f: R x R — R defined by

Fz,y) = #ny if (z,y) # (0,0)

0 if (z,y) =(0,0).
Show that f is not continuous at (0,0).

1
Solution: Let z, = —and y, = — Vn € N.
n n

Then, x,, — 0 and y, — 0. Thus, (x,,y,) — (0,0). But

f(xnvyn): ;(%) =

1 1
nZ T n2

:M|M|:M|\H

Hence, f(xn,yn) = 5 but £(0,0) = (0,0). Thus, f(z,,yn) - f(0,0). Thus, f is not

continuous at (0, 0).

Boundedness in Normed Linear Space

Definition 2.52. Bounded Set
Let X be a normed space and let A C X. A is called a bounded set if there exists k& > 0

such that ||z|| < k Vz € A.

Example 2.53.
Consider (R, || ||) andlet A =[—1,1). Since ||z|| < 1, then A is bounded.

Example 2.54.

Consider (R?,]| ||) be a normed space such that
|1 X = [Z?Zl |mi|2}% be the Eucledian norm, for each X = (xy, ;) € R%

Let A= {(z1,70) € R?: =1 <2 <1, y>0}. Then, A is unbounded.

Theorem 2.55.

Let X be a normed space and let A C X. Then the following statements are equivalent.

(1) A is bounded.

(2) If (x,) is a sequence in A and (a,) is a sequence in F' such that «, — 0 then

T, — 0.
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Proof. (1)=-(2) Since A is bounded, 3k > 0 such that ||z,| < k Vz, € A.

Since a,, — 0 as n — oo, then |a,| — 0. Hence,

loman = Off = llamnll = |an| zn]l < fom[k (since [lzn[| < k)

But |a,| — 0, thus |ay,| & — 0. Therefore, ||a,z, — 0|| = 0 and hence oz, — Ox.
(2)=-(1) Suppose A is not bounded. Then, Vk € Z,, Jx), € A such that ||x| > k.

1
Put oy, = T Hence, oy, — 0. But

1 1
1
Then, ||agxy|| > 1, thus agxy - 0 which contradicts (2). O

Definition 2.56. Bounded Function

Let X,Y be two normed space and f : X — Y be a linear transformation. f is called

bounded function if A is bounded and f(A) is bounded set'in Y VA C X.

Example 2.57.

Let f : R* — R such that f(z,y) = = +y - V(r,y) € R? Show that f is a linear
transformation (H.W.). Let A C R? and A is bounded. Show that f(A) is bounded.
Solution: Let A C R? and A is bounded, then 3k > 0 such that ||(z,y)|| < k V(z,y) € A
— (2492 <k = 22+ 2k

Since 22 < 2% +y? < k? then2? < k? = |z| <k (I)

Similarly, y? < 2% + y? < k?, then y? < k? = |y| <k (1)

Note that V(z,y) € A = f(z,y) =x+y € f(A)

[f(,y)] = |z +yl <|a| + |yl <k +k=2k

by (I) and (II)

i.e., |f(z,y)| <2k. Thus, f(A) is bounded, and hence, f is bounded.

Theorem 2.58.

Let X, Y be normed spaces and f : X — Y be a linear transformation. Then f is bounded

iff 3k > 0 such that || f(z)| < k||| Vo e X.

Proof. (=) If f is bounded and let A = {x € X : ||z|| < 1}.

It is clear A is bounded, and hence, f(A) is bounded in Y (by definition of bnd function).
Thus, 3k > 0 such that ||f(z)| < k Ve A (I)

(1) If = O0x then f(0x) = Oy, and thus, ||f(0x)|| =0 < k||0x]|| = 0.
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xz

(2) If © # Ox, put y =
|| I ||

Hence, y € A. Thus, ||f(y)|| < k (IT)

1£w) = [ £Gzp]| = | @) = i 1@
By (II), || f(y)|| < &k, thus HTlH |f(@)]| < k. ie., [[f(z)] < k. ” [ as required.

such that [|y|| = ‘

(<) Let A be a bounded set. Then, 3k; > 0 such that ||z] < k; Ve e A
Since ||f(x)|| < k||z|| Vz € X, then we get || f(x)| < kky
Thus, ||f(2)|| < ks Va € A where ko = kky; that is, f(A) is a bounded set. O

Theorem 2.59.

Let X, Y be normed spaces and f : X — Y be a linear transformation. Then f is bounded

iff f is continuous.

Proof. (=) Suppose that f is not bounded, hence Vn €-Z,,3x, € X such that

Lf ()]l > 7 [l

Let g = 5. Then, ||f(un)ll = ||/ g | S8zl > st =1

Thus, £ >1 (D

but [lynll = |77 || = 2 = =

as n — 0o, we get |ly,|| — 0, and hence, y,, — Ox.

It follows that f(y,) — f(0x) = Oy (Since f is a linear transformation)
—l

By Theorem 1.16(i)
This contradicts (I), thus, f is bounded.

(<) Assume that f is bounded to prove f is continuous. Let xy € X and € > 0, to find
0 > 0 such that

Ve e X, |lz -l <6 = [If(x) = flzo)] <e

| f(x) = f(xo)|| = || f(z —x0)|| (f is linear transformation)

Since f is bounded, then 3k > 0 such that ||f(x)|| < k|jz|| Vre X (I)

Hence, ||f(x) — f(zo)ll = |[f(z — 2o)|| < K|z — x|
By ()

< ké (Since ||z — xol| < 9)

= k. (By choosing § = ¢ = ¢)

%
Thus, ||z — zo|| <0 = ||f(x) — f(z0)| <.

Hence, f is continuous at xy € X. Since z( is an arbitrary, then f is cont. Ve € X. [
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Theorem 2.60.
Let X,Y be normed spaces and f : X — Y be a linear transformation. If X is a finite

dimensional space then f is bounded (hence, continuous).

Example 2.61.
Let f:R? — R defined as f(z,y) =z +y V(z,y) € R
f is a linear transformation function (check!)

and dim(R?) = 2. Hence, f is bounded (hence, continuous).

Bounded Linear Transformation

Definition 2.62.

Let X,Y be normed spaces over a field F'. The set of all bounded linear transformation
operators from X to Y is defined as

B(X,Y)={T:T:X —Y isa linear bounded (hence, cont.) transformation}

Theorem 2.63.
Prove that B(X,Y) is a linear subspace (over a field F') of the space of linear transfor-

mation operators with respect to usual addition and usual scalar multiplication.

Proof. Let o, 8 € Frand T,T, € B(X,Y). To prove a1} + 15 € B(X,Y)

Since T, T; are linear transformations, then by Theorem 1.17(ii), a1}, 575 are linear trans.
Now, o/T1, 515 are linear trans., by Theorem 1.17(i),aT} + 8715 is linear transformation.
Next, we show o137 + 5715 is bounded.

Since 17,75 are bounded, then dkq, ks > 0 such that Vx € X we have

1T ()| < k||l and || To(2)]| < ke[| (I

Then, [|(aTh + T2)()[| = [I(aT1)(x) + (BT2)(x)]]

= ||a.Ti(z) + B.To(z)|| (Definition of scalar multiplication)
< la Ty (@) + 18- Ta()|
= el 1T (@)[| + |5 [ T2 ()]

< lafky [lz]l + 8] k2 1]
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= (lo| by + [B ko) [|=]| = K ||| (k = lalky +[B] k2)
Hence, o1} + 715 is bounded.

Since o1} + fT; is bounded and linear transformation, then a7} + 7> € B(X,Y) O

Theorem 2.64.
Let X, Y be normed space. Prove that B(X,Y) is a normed space such that VI € B(X,Y)

we have

1T = sup{|T (@)} : = € X, [|l] < 1}

Proof. To prove || || is a norm on B(X,Y)
(1) since ||T'(z)]| > 0 Vo € X, ||z|| <1, then ||T|| > 0.
2) 1T =0 <= sup{||T(z)| : € X, [l <1} =0

— |T(x)]|=0 Ve e X, |z <1
< T(z)=0Vere X, |z <1

— T=0
(3) Let Ty, Ty € B(X,Y)
| Ty + To|| = sup{|[(Ty + T2)(2)|| « € X, [|z]| < 1}

< sup{[[(Tu(2) [+ [[Ta(2) ]| - v € X, [la]| <1}
< sup{[[(Ta(2)] - v € X, [lz] <1} +sup{[(Ta(2)] - w € X, [l < 1}

= 173l + 7]
(4) laT| = sup{f(a.T(@)] : = € X, [lz]| <1}

= [elsup{[|T(z)] - z € X, ||z < 1}

= [l T 0



Chapter 3

Banach Space

Definition 3.1. Banach Space

Let X be a normed space. Then, X is complete if every Cauchy sequence in X is

convergent to a point in X. The complete normed space is called Banach space.

Example 3.2.
1
The space F" =R" (or C") with the norm || X|| = [, ]mi|2}§ VX = (z1,...,2,) is a

Banach space.

Solution: Let <Xm> be a Cauchy sequence in F™
(X)) = (X1, Xy oo, Xt
= <($117$12, oy T1n)y (Ta1, Tazy ooy T2n)s ooy (Tmd, T2y ooy Tonn), >

Then Ve > 0,3k € Z; such that ||X,, — X;|| <e Vm,j >k (I
Since X,,, X; € F, then
X = (Tm1, Tm2, ooy T )y T € Fy, 1 =1,...,m
ij(le,xjg,...,mjn), Tji EF, Z'IL...,’I”L
Xm — Xj = (xml — Zj1, Tm2 — Lj2y ooy Tmnn, — mjn)
From (I), || X, — Xj|| <e Vm,j>k

1 Xm — X517 <€ Vm,j>k

Z?:1<xmi — xj'i) < 62 Vm,] >k

[Tmi — 26> < € Ym,j >k, Vi=1,..,n
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|Tmi — x| <€ VYm,j >k, Vi=1..n

Hence, <xmz> is a Cauchy sequence in F', Vi =1,...,n.
Then, <xml> is convergent to x; Vi=1,...,n.

Thus, for any € > 0, 3k; € Z, such that |z,,; — x;| < VYm; > k;

-
Put | = max{ky,...,k,}. Then
€
vn
2
| T — 2]” < % Vm>1, Vi=1,..,n

|Tms — 24| < VYm>1, Vi=1,...n

2
€
[ X — X)* = 20 |2mi — * < n— ¥m >l

1 X — X <e, Vm>1L

Thus, <Xm> be a Cauchy sequence in F™ and X,, — X. Thus, F" is a Banach space.

Example 3.3.

RSA

The space F™ = R" (or C") with the norm || X || = [Y7 |" |? VX = (21,...,2,) € R"

(or C™), p > 1 is a Banach space. (H.W.)

Example 3.4.

The space R"™ (or C™) with the norm || X|| = max{|z4|, ..., |z,|} VX = (21,...,2,) € R"
(or C™) is a Banach space.

Solution: Let <Xm> be a Cauchy sequence in F™

(X)) = (X1, Xo, ..., X, 00

= <(x11,x12, ey T1n)s (o1, o2y ooy Ton )y ooy (Tindy T2y -y T ), >
Then Ve > 0,3k € Z; such that ||.X,,, — X;|| <e Vm,j >k (I)
Since X,,, X; € F, then
X = (Tm1, Tm2, oy T )y T € F, 1=1,...,m
X; = (zj, T2, ), <z €F, i=1..n
X — Xj = (Tm1 — Tj1, Tm2 — Tj2, ooy Topn, — Tjn)
Then, [|X,, — X;|| = max{|zm1 — 21|, |Tm2 — Tj2| s ooy [Tmn — Tjn|} <€ Vm,j >k
It follows that |2, — z;i| <€ Vi=1,...,n and Vm,j > k.
Hence, <xmz> is a Cauchy sequence in R (or C'). So it is convergent to z; in F Vi =

1,...,n.
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Hence, for any € > 0,3k; € Z, such that |z,,; — ;| <€ Vm; > k;
Put | = max{ky, ..., k,}. Then, for each € > 0

|Tmi — x| <€ Ym>I, Vi=1, ...n

for each € > 0, || X,,, — X|| = max{|zmi — 1|, |Tme — Xa| s ooy [T — Tu]} <€ Ym >
Thus, (X,,) be a Cauchy sequence in R" (or C") and X,,, — X. Thus, R" (or C") is a

Banach space.

Example 3.5.
The space Cla, b] with the norm || f|| = max{|f(x)| : z € [a,b]} Vf € C|a,b] is a Banach

space.
Solution: Let {f,) be a Cauchy sequence in Ca, b]

Then Ve > 0,3k € Z, such that || f, — full <€ Vm,n >k (I)

Hence, Ve > 0,3k € Z, such that max{|f,,(z) — fu(x)| 2 € Cla,b]} <€ Vm,n >k
It follows that |f,,(z) — fu(z)] <€ Vz € Cla,bl . Ym,n >k

Hence, (f,(z)) is a Cauchy sequence in R.

Since R is a Banach space, then (f,(z)) is convergent to f(z) in R. Thus,

Ve > 0,3k € N such that |f,,(z) = f(z)] <e VYm >k

Thus, [| fm = fII = max{|fn(2) =f(2)] : @ € [a,b]} <€ Vm >k

Hence, f,, — f as m — oco. Thus, C|[a, b] ia a Banach space.

Example 3.6.
The space C10, 1] with the norm || f]| = fol | f(z)| dz is not a Banach space.

Solution: The space (C[0,1], || ||) is a normed space (see Example 2.9). Let

1 if  0<z<i
folz) = —n:v—i—%n—l—l if %<x§%+%
0 if i<

where n > 2. Then, f,, is continuous function on [0, 1]. Now, for all m,n > 2 we have

Vo — full = / @) — fula)| da

:/02 | f(@) = ful2)] dx—l—[ | fm (%) — fu(2)] dz
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1 1
AHIJHAU@)HMx

1

= [ |fm(x) = fu(z)] dx

1 i+L m 1
But | fon ()] dx:/ (—mm—i—;—l—l) d:p+/ 0 dx

1,1
2 2 ztm

—mx mx 141
=t el
-m,1 1, m,1 1 1
=—(z+—= —(z+— — ) = — 11
2(2 m>+2< +m)+(2+m) 2m (1)

1
1
Similarly, /1 |fu(z)| dox = o (I1I)

Substitute (IT) and (III) in (I) to get ||fin — full < 5= + 5 — 0 as m,n — 0

Thus, (f,,) is a Cauchy sequence. From the definition of f,, we note that f,, — ¢g where

But g is not continuous. Thus, (f,,) does not converge in C[0,1]. Then (C[0,1], || ||) is

not a Banach space.

Theorem 3.7.
Let X be a Banach space and let M be a subspace of X. Then, M is a Banach space if

and only if M is a closed set in X.

Proof. =) If M is a Banach space T.P. M = M. We know that M C M

Let 2 € M, then by Theorem 2.29, 3(x,,) € M such that z,, — =

Hence, (x,) is a Cauchy sequence in M. Then, 3y € M such that z, — y

Thus, , — = and z, — y, so x = y. Thus, x € M (i.e., M C M). Therefore, M = M

(i.e., M is closed).
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<) If M is a closed set. Let (z,,) be a Cauchy sequence in M, so that (z,) is a Cauchy
sequence in X. Hence, it converges; that is 3z € X such that z, — x. But (z,) is a
sequence in M. By Theorem 2.29, x € M = M. ie., x € M. Thus, M is a Banach

space. 0

Theorem 3.8.

Every finite dimensional normed space is a Banach space.

Corollary 3.9.

Every finite dimensional subspace of a Banach space is closed set.

Proof. Let X be a Banach space and let Y be a finite dimensional subspace of X. Then,

by Theorem 3.8, Y is a Banach space. From Theorem 3.7, ¥ .is a closed set. O

Definition 3.10. Quotient Space

Let X be a linear space over F. Let Y be a subspace of X. Let X/Y ={z+y:z € X}
Define addition and scalar multiplication by

(1 +Y)+ (22+Y)=(r1+22)+Y Vi +Y,204+Y € X/Y
a(r1+Y)=axn+Y  Vr;+Y € X/Y and Vo € F.

Proposition 3.11.
Prove that (X/Y, +,.).is a linear space over F. (H.W.)
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Theorem 3.12.
Let Y be a closed set. Then (X/Y,+,.) is a normed space with || ||, where

I+ Yy = mf{[le +y] -y € Y}

Proof. (1) T.P. |[x +Y]; >0

For any x +Y € X/Y

lz+yll >0 VyeY

{lle+yll:yeY} =0

o+ Y], = mt{le+y]:y eV} >0

(2) TP |lz+Y],=0 < 2+Y =Y =0x/v

() Iz +Y],=0 = inf{|lz+yl:y e Y} =0

Hence, 3(y,,) € Y such that ||z + y,|| — 0 as n — 0. Hence, 2 + y,, — 0 as n — 0.
Thus, y,, — —. Thus, {y,) € Y such that y, — —x. Thus, by Theorem 2.29, —x € Y.
Since Y is closed, then —z € Y =Y, ie., —x €Y.

Since Y is a subspace then x € Y and 2 + Y =Y, that is, x + Y = Ox/y.

() Ifz+Y =Y =0y)y thenzeY.ie,2+Y €Y VyeVY

Hence, [+ Y|, = inf{llz + yl| :ppe ¥} = inf{ 2] : = € ¥}

Since 0 € Y and ||0|| =0, so-inf{]|2]| : 2 € Y} = 0. Thus, ||z + Y|, =0.

(3) TP, fla(z + V), = o] o + Y,

If & = 0 then (3) holds

If a # 0 then

la(z+Y)ll, = nf{[e(z +y)ll : y € Y}
= nf{[o [z +yll:y € Y}

= |a|inf{[lz +yll : y € Y}

(If A is bounded below, then inf(aA) = ainf(A))
= lalfl+ Y1,

(4) Let $1+K$2+Y EX/Y

(21 +Y) + (22 + V)l = (21 + 22) + Y|,

=inf{|lx1 + 22+ y| :y €Y}
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= 1nf{Hx1 + X9 + 21 + ZQH 121,22 € Y}
< inf{||x1 + 21| + ||z2 + 22| : 21,20 € Y}
=inf{|lx1 + z1|| : 21 € Y} +inf{||zo + 22]| : 20 € Y}

= [lz1 + +Y|, + [lz2 + Y|,
Thus, X/Y is a normed space. ]

Proposition 3.13.
If X is a Banach space and Y is a closed subspace of X. Then X/Y is a Banach space.

Proof. X)Y ={z+Y :2 € X}. Let (X,,) be a Cauchy sequence:in X/Y.
Then, X, =z, +Y, where z,, € X, Vne N

Ve > 0,3k € Z, such that || X,, — X,.|| <€ VYn,m >k

so, Ve > 0,3k € Z, such that ||z, —x, + Y| <€ Vn,m >k

Then, Ve > 0,3k € Z, such that inf{||z,, —x,+Y| :y €Y} <e Vn,m >k
This implies Vy € Y, <:L‘n + y> is a Cauchy in- X

Since X is a Banach space,then 3z € X such that x, +y — 2= (2 —y) +y

=w+y Yye Y
Thus, z, +Y — w+ Y. Thus, X/Y is a Banach space. O



Chapter 4

Inner Product Space

Definition 4.1. Inner Product Space

Let X is a linear space over F'. A mapping (,) : X x X — F'is called an inner product

on X if the following axioms hold

(1) (x,2) >0 Voe X.

(2) (x,z) =0 <= x=0.

(3) (z,y) = (y,z) Vx,y € X, where (x,y) =conjugate of (x,y).

(4) (az + By, z) =z, 2) + By, 2).
(X, (,)) is called inner product space (briefly, I.P.S) or Pre-Hilbert space.
Remark 4.2.

(1) If F' =R then axiom (3) becomes (x,y) = (y,z) Vr,y € X.

(2) Every subspace of inner product space is an inner product space.
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Examples of Inner Product Space

Example 4.3.

Let L = R?, which of the following is an inner product on L. and let () : R* x R? — F
defined as (X,Y) = zyy; + x2y2 VX,V € R? where X = (71,22),Y = (y1,%2). Show
that (,) is an inner product on R™.

Solution: (i)We check the I.P axioms

DX, X)=22423>0 VX = (21,12) € R?

)
) (X, X)=0 <= 2i423=0 <= 11=2,=0 < X =(0,0)
)

(

(

(3) (X,Y) = x1y1 + 22y2 = (X, Y) (since F' = R)

(4) Let o, 8 € R and let X = (x1,22),Y = (y1,92), Z = (21, 22)
(

aX + Y, Z) = ((axy + By, axs + Biya), (21, 22))
= (axy + Py1)z1 + (ws + Bya) 22
= (az121 + az223) + (By121 + BYazn)
= a(r121 + 2222) + B(y120+1220)

=alX,Z) + B{Y, Z)

Thus, (,) is an inner product on R

As an application to Example 4.3:

Let X = (2,1),Y = (0,—3), Z = (3,4). Find (X, Z), (X, X), (X +Y, Z).
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Example 4.4.

Let L = R?, which of the following is an inner product on L.

(i) (X,Y) =3z1y1 + 20y (H.W.)

(i) (X,Y) = 27y} + 2393

where X = (z1,22),Y = (y1,y2)
Solution: (i)We check the I.P axioms
(ii) The first three axioms of the definition of inner product hold but the forth condition
does not satisfy.
Ifa=pf=1andlet X =(1,-1),Y =(-1,0),Z = (—2,2). Then
(aX +BY, Z) = ((0,-1),(=2,2)) = 0*(=2)* + (-1)"2* = 4
and (X, Z) + B(Y, Z) = ((1,—1),(-2,2)) + B((—1,0), (-2, 2))
= 11.(=2)" + (=1)%.2° + (=1)*.2> + 022712
Thus, (X + 8Y, Z) # (X, Z) + (Y, Z).

Example 4.5.
Let L = F™ be a linear space and let ( ,) : F™ x F" — F defined as (X,Y) =

Yo xy;, VXY € F" where X = (21,...,%,),Y = (y1,...,yn). Show that ( ,) is
an inner product on F".
Solution:
(1) (X, X) =2l o = 300, jzil* > 0
2) (X, X)=0 <= S0 |e:’=0 <= 2, =0 Vi=1,..,n
— X = (21,...,2,) = (0,...,0) = 0pn
(3) <W> = 22;1 TiY; = Z?:l Tiy; = Z?:l yiT; = (Y, X)
(4) Let o, f € Fand let X,Y,Z € F"
aX + BY = (axy + By, ..., oz, + Byy)
(aX +BY,Z) = > (axi + Byi)Zi = ad i 2% + B yizi = o X, Z) + B(Y, Z).

Thus, (,) is an inner product on F™.
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As an application to Example 4.5:

Let L = C? and (X,Y) = Z?Zl zy; VX,V € C? where X = (21,22),Y = (y1,y2). If
X =(2+3i,1+1),Y =(1+4,1—19),2Z = (2,1+1)
Find (X, X), (X + Y, 2),(X,Y + Z)

Solution: (X, X) = (2+3i)(2 + 3¢) + (1 +4)(1 + i)
= (2+3i)(2 — 3i) + (1 +i)(1 —4)

=4+9)+(1+1)=15

X+Y =(3+4i,2)

(X+Y,Z)y=3+4i)24+2(1+4) = (6+8)+2(1—i)=8+6i

(X,Y + Z)

Example 4.6.
Let L = C[0,1] be a linear space over R, and let ( , ) : L x L — R is defined by

(f,9) / f(z)g(z) dx. Prove that (, ) is an inner product on L.
1
Soluti ) dor = 2d 0
olution: (1) (f, f) = /f T = /O[f(m)] r >
()(ff>—0<:>/ WV dr =0 <= [f(2)]? =0 Vo €]0,1]

— flr)=0Vre[0,1] < f=0
(3) Let o, s € Rand f,g,h € L
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(0f + 59.0) = [ (af + 59w da
= [ (s + ot o)
_ a/ol (@) hz) dz + B/Ol o(z) h(z) da
— alf, ) + Blg, )

W 450 = [ @) do= [ o0rs@) de = 0.1

As an application to Example 4.6:

Let f(x) =2 +1, g(x) =22 h(z)=3x+2 Vze|0,1]

Find (f, f), (f +g,h), (f, h), 2f +3g,h). {f —g,h —g)

Example 4.7.

51

Let X =R and (, ) : R xR — R such that (x,y) = |zry| Vz,yeR.Is (X,(,)) LP.S?

(H.W.)
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Theorem 4.8.

Let (X, (, )) be an inner product space (I.P.S). Then

(1) (z,0x) = (0x,2) =0

(2) (x,ay + B2) =alx,y) + Bz, 2) Vo,y,2€ X

Proof. (1) {0x,z) = (0x + Ox, z)
= (0x,z) + (0x, x)
Hence, (0x,z) + 0 = (0x, z) + (0x, x)
Thus, 0 = (Ox, z) (1)
Now, (0x, ) = (z,0x)
0 = (z,0x)
0= (z,0x)

(2) (x,ay + Bz) = (ay + Bz, )

= afy,z) + B{z,x)

=a (y,z) + B (z,a)

=a(r,y)+0(z,2)

Corollary 4.9.
If (X,(,))isan LLP.S. Then

(i) <Z?:1 aixi,y> =3, ai<xi,y> where z1,...,7, € X,y e X

(H) <.Z’, Z?:l 5zyz> = Z?:l Bz<$7yl> where z € Xa Y1y -3 Yn € X

Dr. Saba Naser Majeed
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(iii) <Z’;:1 G, ZT:1 ﬁjyj> =5, ai(zgll @-(wi,yj}) where Z1, ..., Tp, Y1, ..., Ym € X

Proof. (i) We proof using induction.

If n =1 then (oyxq,y) = a1(z1,y) (by definition of norm)

If n = 2 then (121 + asxs,y) = a1(x1,y) + a2(z2,y)

Suppose (i) hold when n = k

< Zle Qi T4, y> = Zle ai<517i7 y>

(by definition of norm)
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To prove (i) hold when n =k + 1

Top. (X5 quriy) = S5 i@ y)
(3 aumivy) = (L it + Qki12ain, y)
— (8 i, y) + (g e, y)
=% i, y) + ana (e, )

f+11 a,<xz, y>

(ii) The proof is similar to the proof of (i).

(if) Let = = X0, By

< Z o;T;, Z ,Bjyj> = < Z o;T;, z>
i=1 Jj=1 i=1
= Z%<xi’ z) (by part (i))
i=1
= iz, ) Bigs)
i=1 j=1

= ai( D B (xiy;))  (by part (i) O
i=1 =1
Theorem 4.10.
Let (X, (, ))is an I.LP.S. such that (v;,w) = (vy,w) Vw € X. Then v; = vy. Also, if

(v1,w) =0 Yw € X then v; = 0.

Proof. By assumption, (v; — vy, w) = (v, w) — (v, w) =0 VYw € X.

Put w = v; — vy, then (v — vy, 01 —v9) =0 = v —v =0 = v; = vy.

Now, (v, w) =0 Yw e X = (v,v1) =0 = v; =0. O
Theorem 4.11. General Cauchy Schwarz’s Inequality

Let (X,(, ) is an LP.S. and let | | : X = R is defined by o] = \/(z,2) Vo € X.
Then

[z, )] < |zl lyl]  Va,y € X.

Proof. If x =0 or y = 0 then (z,y) = 0, and hence (z,y) =0 < ||z ||y||

If y #0, put z = (I)

Y
Iyl
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) )
ol = (2, 2) = (2o,
27 <||y||’ ||y||>

Next, it is enough to show that [(z,z)| < ||

because if |z, z>| < ||z|| then from (I)
o) = (o 70| = o )] < D

[z, 9)] < ] Iyl

"yl

Let a € F then (z — az,z — az) >0

<x,x> — oz<z,:1c> — a<x, z> + o@<z, Z> >0

2 >0

||| — a(z,z) —a(z,x) +aa ||z

=1 from (I)

z]|* = (=, Z>W+ (z, z>m —a(z,z) — oz, )+ aa >0

ll* = [z, 2| + (. 2) ((w.2) =) = a((za) —@) 2 0

(
lell* = [z 2)]" + (2, 2) ((2,2) — @) = a({w.2) —a)) 2 0
lell* = [ 2)]" + ((2,2) = ) ((32) =) 20

2]* = [(z,2)]" + [(z,2) —a]* >0 VaeF (1)
Put a = (z, z), then (III) becomes

lel* = |{z. 2)[* 20 = [{z.2)[" < 1]

[(@,2)] < Il

W‘ <lall (using (1)
o) o < N

[z, y)| < ] lyll-

54
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As an application to Theorem 4.11:

If X = R"” and <X,Y> = >z for any X = (21,...,2,),Y = (y1,...,Un). Apply

Cauchy Schwarz inequality.

[SIE
NI

Sloution: We have , || X || = [(X, X)]? = [0, 22]? and V]| = [(V,V)]? = [0, o]
From Theorem 4.11,

(X, V)| <[ X][|Y]]; that is

n
E TiYi
i=1

Theorem 4.12.

n n

< [;xﬂ%[;yﬂ%

Every inner product space is a normed space and hence a metric space.

Proof. Let (X, (, ))is an L.P.S. and let the function || || : X — R'is defined by

|z|| = 1/(z,z) Vz € X. To prove || || is a norm on X
(1) Since (z,2) >0 Vz € X = |z| =/(z,2) >0 Vo e X

2) |z =0 <= /{z,2) =0 < (z,2) =0 < z =0x

(3) Let « € F and x € X
Hozx||2 = <ax,ax> = o@<x,x> = loz|2 ||x||2

Thus, [lax| = |af [[z]]

(4) T.P. [z +yll < [lz] + |yl Vo.ye X
lz 4yl = (z+y,z+y)

=(z,2) + (y,2) + (z.9) + (v,9)

= [l=]1* + (z.y) + (=,9) + |yl

= |lzl* + 2Re(z,y) + y|l”

< lzl® + 2|z, y)| + lyll”

< flal® + 2l ly] + lyl*  (by Cauchy Schwarz)

= (Il + [lyl1)*
Thus, [lz +yll < flz[l + [[] O
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Theorem 4.13.
Let (X, (, ))isan I.P.S. and x,y € X. Then

(1) =+ yl* = [|z]* + 2Re(z,y) + lly|? (Polarization Identity)

2) |z +yll> + |z —yl* =2=)* + 2|yl (Law of Parallelogram)

1 2, . T . 12
3) () = 7 [z +ul* = lle =yl + iz +iyl* —illz — iyl*]

Proof. (1) ||z +yl* = (z +y,z +y)
= (z,2) + (y.2) + (z,9) + (v, 9)

= lll* + (. y) + (,9) + lyll”

2 2
= [|l2[I” + 2Re(z,y) + ||yl

2 2 2 2
(2) TP [lz + ylI* + [l — ylI* = 2 [|«[I* + 2 |yl
By part (1), ||z +y|” = ||lz||* + 2Re(w,y) + lylI* (I)

lz =yl = (z —y,2 —y)
= (z,2) = (y,x) = (,9) + (¥, y)
= |l|* = (wy) — {2, y) + |yl

= |l[* = 2Re(z,y) + [ly|> (D)

By summing up (I) and (IT) we get [z +y|* + [|lz — y|I* = 2|z[* + 2 |y

(3) By parts (1) and (2), we have
lz 4+ yl* = llz = ylI* = ll=* + 2Re(z, y) + lyl* = (l2]* = 2Rew, y) + [lylI*)

= 2Re<a:, y> + 2Re<az, y>
= (@9) + (z.9) + (1) + (z.9)

= 2<y, x> + 2<x, y> (I)



Functional Analysis-Inner Product Space Dr. Saba Naser Majeed 57
|z + iyl|* = (z + iy, z + iy)

= (z,2) +i(y,z) + i{z,y) + (y,y)

= [lzl® +i(y, ) — i{z, y) + |y
lz — iyl = (x — iy, = — iy)

= (z,2) =iy, ) =iz, y) + (v,v)

= [ll” = iy, =) +i{z,y) + lly]®

Hence we get,

il +iyl]® =i llo —iyl]® = [ |=l]® + ily, x) — ilx,y) + yl*] =iz —ily, 2) + iz, y)
+lyll*]
=i ||zl = (y, x)+ (=, y) +illyl* —i |z * — (y, 2) + {2, y) —i |y|

=2(z,y) — 2(y, ) (I1)
By (I) and (II), we have

lz + || = lz =yl + i ||z +ayll* — il —ayl|® = 2{y, 2) + 2(2,y) + 2(z,y) — 2(y,7)
lz + | = lo =yl +i ||z + iy — i |z —dy||* = 4z, y)

1 ) ) . )

1 Iz +yl|> =l —yll* + iz +iy|* — il —iy|* = (z,y) O

Remark 4.14.

Any normed linear space generated from inner product space must satisfies the three laws

of Theorem 4.13.

Example 4.15.
Let X = Cla,b] and let || f|| = max{|f(z)| : © € [a,b]}. Then the converse of Theo-

rem 4.12. i.e.,

(1) Show that (X, || ||) is a normed linear space (H.W.)
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(2) Show that X is not generated by I.P.S (i.e, X is not I.P.S)

Solution: (2) To show that X is not I.P.S, we shall show that parallelogram law does

not hold. i.e., [|f +gl|* + || f — glI* # 2[I£] + 2 lglI*  for some f,g € Cla, !

xr —

Let f(z) =1 and g(x) = ;

Va € [a,b]

Note that f, g are continuous on [a,b]. Thus, f,g € C|a, b).
[l =1and [|g]| =1

r—a r—a

If+gll= 1+b—a = max { 1+b—a cx € [a,b]} =2
r—a T —a
—gll=1- = 1- ; =1
If =gl — max { — x € [a,0]}
If+al*+1f —gl*=4+1=5 (L)
201+ 29l =212 +2.12 =4 (1)
By (I) and (II), we get || f + gl* +|f — gl* # 2/ /1" + 2 lg]I”
ie,b#4

Example 4.16.
Let L = R? and let || X|| = |x|+]y| VX = (z,y) € R% Then the converse of Theorem 4.12.

ie.,

(1) Show that (R? || ||) is a normed linear space (H.W.)

(2) Show that R? is not generated by I.P.S (i.e, R? is not I.P.S)

Solution: (2) To show that X is not [.P.S, we shall show that parallelogram law does
not hold. ie., |[X +Y|*+ X —Y|? #2|IX|* +2||Y]? for some X,Y € R?

Let X =(2,3) and Y = (—6,1)

IXI = 12[+ 13| =5 = 2||X]* =50

1Yl =1-6]+[1] =7 = 2[]Y|* =98

X + Y] =[[(=4,4)[| = [-4] + [4] = 8
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|X +Y|* =64

X =Y =1(8,2)] = 8] + [2] = 10

| X — Y| =100

Thus, | X + Y]|*+ | X — Y||* = 64 + 100 = 164

and 2 || X || + 2|Y]]* = 50 + 98 = 148

Hence, || X + Y |* + || X — Y|* # 2 || X|* + 2||Y|*

i.e., || || does not satisfy paralleogram law.

Example 4.17.
Let L =R? and let | X|| = max{|z|,|y|} V(z,y) € R?. Then

(1) Show that (R? || ||) is a normed linear space (H.W.)

(2) Is R? generated by I.P.S? (H.W.)

99
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Theorem 4.18.
Let (X, (, )) is an I.P.S. Then

(1) If (x,) — z and (y,) — y then <:cn,yn> — (z,y)

(2) If (z,) and (y,) are Cauchy sequences in X then (z,,y,) is a Cauchy sequence in
F.

Proof. (1) {p,yn) = {(x + (0 — ),y + (Yn — v))
= (z,y) + {2, 40 —y) + (xn —2,y) + (20 — 2, Y= Y)
(T yn) = (@,9) = (@90 = ¥) + (20 = 2,9) + (20 = 2,90 —y)
(2 ym) = (2 9)| = (& 90 = ) + (20 =2, 9) + (20 — 29m — v)|
<@y =)+ [(zn =2 9) [+ [(on = 2,00 = w)]

< 1zl lyn = yll+llzn = 2| lyli+l2n = 2 lya =yl (By Cauchy Schwarz)

But (z,) — z and (y,) — y then ||z, — z|| = 0 and ||y, —y|| — 0

Hence, <:1cn,yn> — <x,y>‘ — 0, and hence, <xn,yn> — <x,y>.

(2) for any n,m € Z,
(T Yn) = (@0 = Tm) + Ty Un = Ym) + Ym)
= (T = Ty Y — Ym) + (T, Ym) + (T Yo — Ym) + (T — Tin, Y )
(@ Yn) = (Toms Ym) = (Tn = Tons Yo = Ym) + (T Yn = Y ) + (T Yo = Ym)
(s Yn) = (Tms Ym) | = (B0 = T Yo = Ym) + (T Y = Ym) + (Tms Yo = Ym)|
< [{zn = 2, Yo = Y| + (T Y = Y )| + (B U — Ym)|

< len = zmll lyn = gl + llemll v = ymll + 120 = 2l fymll - (By
Cauchy Schwarz)
But (z,) and (y,) are Cauchy sequences, then ||z, — z,,|| — 0 and ||y, — ym| — 0 as

n — 0o. Also, (z,) and (y,) are bounded sequences, then as n — oo
(@0, Yn) = (Zms Ym)| — 0 O

Corollary 4.19.
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Let (X, (, )) is an I.P.S. Then

(1) If (x,) — x then ||x,| — ||=]|

(2) If (z,) is a Cauchy sequences in X then ( ||z,|| ) is a convergent sequence in R.

Proof. (1) Since (z,) = x then (z,,z,) — (z,z) (By Theorem 4.18)
2 2 .
Hence, ||z,||" — [|z||. ie., ||z.] — [z
(2) Since (z,,) is a Cauchy sequences in X, then by Theorem 4.18(2), (x,, z,,) is a Cauchy
sequence in F. Since F = R or C then F is complete. Thus, ( |[z,]”) is a convergent

sequence in F'. Thus, < [ > is a convergent sequence in F [l

Definition 4.20. Hzilbert Space

Hilbert space is an I.P.S. (X, (, )) which is a Banach space with respect to ||z|| = \/(z, z).

Example 4.21.

Consider the I.P.S. (R”,(, )) (or (C™, (, )) such that (X,Y) = > 2,5, where X =
(1, 0y ), Y = (Y1, .., Yn) € R (or C™). (see Example 4.5)

Show that (R™, (, )) (or (C™,(, )) is Hilbert space.

Solution: Since /(X X) =[S0, e.7]* = [Y0, |ol*]? = |X]

From Example 3.2, R" (or C") is a Banach space w.r.t. ||X| = 1/(X,X), and thus,
(R™, (,)) (or (C™, (4 )) is a Hilbert space.

Example 4.22.
1

The space C[—1,1] with the inner product defined by (f,g) = / f(z) g(x) dx is not a
-1

Hilbert space.

Solution: Let

0 if —-1<z<0
folz) =< nx if 0<.CE<%
1 i I<e<l

an - fm||2 = <fn - fmv fn - fm>
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1 1
Suppose n > m, then - < e We must find f,(z) — fi(2)

0 if —1<x2<0
folx) =< nx if 0<x<%
1 if %Sxﬁl
and
0 if —-1<2<0
fm(z) =< ma if O<:E<%
1 if L <<l
Then
(0 if '~ —1<z<0
(n —m)a if O<z<i
fu(@) = fn(@) =
l—mz if 1<az<it
L 0 if %gxgl

I = full* = [ (fale) <) d = / (e dot [ map ao

1

_ (n—m)? L<n—m)3
- 3n3 3m- n
~ (n—m)?

 3n2m

(n—m)

Thus, [|fn = full* = "5~

Since n > m, then n =m +t

62
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t2
an_fm||2:m—>0 as m — o0

Hence, ||f, — fim|| = 0. Thus, (f,) is a Cauchy sequence.

But f, — f where

0 if —1<z<0
f(z) =

1 if 0<zx<1

Thus, f ¢ C[—1,1]. Then, (f,) is not convergent in C[—1,1]. i.e., The space is not

Hilbert space.

Remark 4.23.

Every Hilbert space is a Banach space but the converse is not true. For example, the
space Cla,b] with ||f|| = max{|f(z)| : © € [a,b]} is.a Banach space (see Example 3.5).
However, C|a, b] is not a Hilbert space since it does not satisfy parallelogram law; that is

| || can not be obtained from inner product (see Example 4.15).

Orthogonality and Orthonormality

Definition 4.24.
Let (X, (,)) be an L.P.S'and x,y € X. Then z is said to be orthogonal on y (denoted

by x L y) iff (x,y) = 0.

Example 4.25.
Let X = R? is I.P.S such that (X,Y)) = z1y; + 2oy VX = (21, 22),Y = (y1,2) € R%
Let X =(—6,3),Y = (2,—-1),Z = (1,2). Show that z L z,y L zand y L =.
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Proposition 4.26.
Let (X, (,)) be an .P.S and x,y € X. Then

(i) f x L y then y L x.
(i) 0 Lz Vo€ X.
(iii) if # L x then z = 0.

Proposition 4.27.
Let (X,(,)) be an L.P.S and z,z1,...,x, € X such that = is orthogonal on zi, ..., x,.

Prove that x is orthogonal on any linear combination of x4, ..., z,-

Proof. Let w be a linear combination of x1,...,z,. i.e., there exists a; € F such that

w =Y, a;z;, Wemust show (z,w) = 0.
(x,w) = (x,> 0 ouxy) = > o @z, x;)  (by Corollary 4.9(ii))
=3 " ,@.0 (From the assumption)

= 0. [l

Example 4.28.
(1) Find the value of a that makes the vectors X = (a,2,—1),y = (3, —5,2) orthogonal
vectors in R?. (H.W.)

(2) Let (X,(,)) be an I.LP.S over R and let x,y € X such that ||z|| = ||y|| = 1. Prove

that v +y Lz —v.

Answer: (z+y,z—y) = (z,2) — (z,9) + (. 2) — (4, y) = [|z]|*— (z, ) + (=, y) - ly]* = 0.

Hence, z +y L o —y.

(3) Let (X, (,)) be an LP.S and let 2, € X such that = L y. Prove that ||z +y||* =

Iz |” + [[y]|* = ||z — y|I*.
Answer: ||z +y|* = (z +y, 2 +y) = (x,2) + (2,9) + (y,2) + (y, )
= [lz)* + 0+ 0+ [ly||* = [l=)* + [[y]I?

Similarly, ||z — yH2 = ||$||2 + ||?J||2
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(4) Let (X,(,)) be an L.P.S and let z,y € X such that L y. Prove that ||z + \y|| =

[l = Ayl

Answer: (H.W.)

(5) Let (X,(,)) be an L.P.S and let 21,29, ...,z, € X such that z; L z; Vi # j. Prove
that |05, zll” = 0, [lll”.

Answer: We prove using induction. If n = 1, the statement is true.

If n = 2. Since x; L x then ||z1 4 z|> = ||J21]]* + ||z (by part (3)).

2
k 2
=it ||x,~||

k+1

k

Suppose the statement is true for n = k. i.e., i1 T

To prove the statement is true when n =k + 1. i.e., T.P. HZ ZkH [EAR
o = o =

= S il + kg |* (by induction n = k)

k+1
=200 il

2
+ |zl

Definition 4.29.
Let (X,(,)) be an I.P.S, x € X; and A C X. Then z is said to be orthogonal on A

(x LA)ifz La VaeA.

Example 4.30.
Consider the space R*and A = {(0,y) : y € R}. Then (2,0) L A because {(2,0), (0,y)) =

20+0.y =0.

Definition 4.31.
Let (X, (,)) be an L.P.S. and A C X. Then

(1) Ais said to be orthogonal if x L y Vx,y € A, = #y.

(2) A is said to be orthonormal if A is orthogonal and (z,z)2 = ||z]| =1 Vz € A. In

other words, A is orthonormal if Vz,y € A

0 if z#y
(x,y) = ,
1 ifr=y.

Definition 4.32.
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Let (X, (,)) be an I.LP.S. and (x,) is a sequence in X. Then
(1) (z,) is said to be orthogonal if x,, L x,, Vn # m.

(2) () is said to be orthonormal if (z,,) is orthogonal and (z,,, 2,)2 = ||z,|| = 1 Vn €

N. In other words, (x,) is orthonormal if Vn,m € N

<$m$m>={0 if n#m

1 fn=m.
Remark 4.33.

Orthonarmal set has no zero vector (||0]| # 1).

Example 4.34.
Let X =R3 and A = {(1,2,2),(2,1,-2),(2,—2,1)}. Show that A is orthogonal but not
orthonormal. (H.W.)

Example 4.35.

Let X = C|—m, 7] and f,(x) = sin(nz) be a sequence in X. Then (f,) is orthogonal

sequence because for n # m, (f,, fm) = / sin(nx)sin(mz) dr =0

™

Theorem 4.36.

Let X be an I.P.S. and x4, ..., x,, be orthonormal vectors in X. Then

S @ @) < ol Vre X
=1

Example 4.37.
1 1 1
Let X =R? and 7, = §(1,2,2),a:2 = 5(2, 1,-2),x3 = 5(2, -2,1).

Letz = (2,1,3). Then

r, )l = [§(2+ 24 6)]2 =
'ﬁﬂﬁFZ%M+1—®P=%
.o = B4 -2+ 3 = T

3

, 100 1 25
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on the other hand, ||z||* = (z,2) =4 +1+9 = 14.
3
As in Theorem 4.36, Y |(z, z;)[* = |||
i=1

Take z = (1,1, 1) and apply Theorem 4.36. (H.W.)

Theorem 4.38.

Let (X, (,)) bean I.P.S. Let (x,) be an orthonormal sequence in X and (\,) be a sequence

in F such that 327 |\ < +00. Let g, = 3.1, Mixi. Then (y,) is a Cauchy sequence.

Proof. Let y,, = >0 i Ny Ym = 2 ioq Niy. Assume that n < m then m = n + k for
some k € N. We must prove ||y, — ya| — 0.
Ym — Yn = Z:il ATy — Z?:l AiT; = Zn+k i — Z?zl i = Z?I:H AiT;.
lym = vnl” = [k ]| = (i Avs, )
Z:L+f+1 Ai Zzntfﬂ _<$z’) ;)
= S AN )
= 2 Pl [l

=Sl (el =1 vi)

i=n+1

As n — o0, Z?jfﬂ AP =0 (2% |\ convergent)

Thus, [|Ym — yn||> =0 which means ||y, — yn|| — 0. Hence, (y,) is a Cauchy sequence.

]



