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Foundations of mathematics

by N ]

Foundations of mathematics is the study of the basic mathematical

concepts (logic statements 4idhidl &l jLall numbers, relations, sets,

functions...).

¢ AMac Aadail ¢ Agilaiall <l HlallS Al dpualy ) alaall Al jo ale ga il ) Gl
sl 5 aadlaall ¢ CESal)

Set of Numbers (Subsets of the set of real numbers R)

1. Set of Natural numbers N = {1,2,3, ... }

2. Set of Prime numbers P = {2,3,5,7,11, ...}

3. Set of Integer numbers Z =1 ={...,-2,-1,0,1,2, ... }
4. Set of Even numbers E = {...,—4,—2,0,2/4, ... }

5. Set of Odd numbers 0 ={...,—3,-1,1,3, ... }

6. Set of Rational numbers Q = {% :a,b € Z,b # 0}

Example: %, — i, 3,0.5,0.3333 are examples of rational numbers

7. Set of Irrational numbers H = {x:x € Q}
Example: m = 3.1415 ....is irrational number

e = 2.71828... isirrational number

V2, /5 are irrational numbers
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CHAPTER ONE: Mathematical Logic and proof Using
Propositional Calculus

dg uaAl) <l jlad) aladiuly (el )l Gl all g cahalall A s¢da

PREPOSITIONAL

LOGIC

Chapter 1 Contents:

1. Propositions (statements) <l
2. Compound propositions 4 sall i jLal)
3. Mathematical proof (~ab !l ¢l )

4. Quantifiers < gl

Definition1.1: Mathematical Logic (=LA @hidl js a subfield of
mathematics exploring the applications of formal logic to mathematics.
Mathematical logic are widely used in theoretical computer science and

other sciences.

du\ RETERAT( Gﬁdla.m]\ SHialat Gy (Gl Bpnly ) Jind) ol » L,m,u)x\ dl:.m&\
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Propositions or Statements < tall

Definition1.2: A proposition is a declarative sentence which is either ‘true:

T or ‘false: F/, but not both. We use the letters P. 4,7, S,..€LC to denote a
proposition.

Aala 3Ll (585 ) Sl e ey RS ) ABalia ()5S 8 il 5 4l Adaa 8 3Ll
A gll iy 43S

Examplel.3: Which of the following sentences are called propositions
(statements), and which ones are not propositions.

1) p: V4 =2is atrue proposition
2)q:Y3_; (x +2)=13 is afalse proposition
Because Yo_; (x + 2) = (1+2) + (2+42) + (3+2) =3+4+5= 12 # 13.
3) r: Baghdadisn’tinlraq is a false statement
4) s: What time is it ? is not a proposition
T 568 Alen o s Faalgdind Alen Y
5) w: Study hard is not a proposition
Because it is not a declaration sentence 4 & s Cul
6) v: x +y = 0 is not a proposition
LIS Y 5 ddabia cund Alaadl Y

Examplel.4: (H. W) Which of the following sentences is called
a proposition (statement), and which one is not a proposition.

9% )le JiaY Ll 53 jbe Jiai sbial Jaall (e (4
i) p: x+1=3
i) oqgx+y =z

3. :
i) S isan even number (>3 23c)
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The area of logic that deals with propositions is called propositional logic
or propositional calculus. It was first developed by the Greek philosopher
Aristotle sk Jmore than 2300 years ago.

Aristotle (384-322 B()

Definition1.5: Negation of a proposition 5 sl A&

Let p be a proposition. The negation of p is called “not p” and is
denoted by (~P ).

J““)n-’ [ B BN ";JL:\’J‘ GA—’ L@—'\ 'p uu;\l' ji ‘not p’ BJQ,JS du:. 3oke lp' ugﬂ

~P
Examplel.6: re-write the following expressions without using the
negation
~(3<5)
~(x >y)
~(x =5)
~(2 =10)

Examplel.7: Find the truth value of each of the following statements. Find
(~p) negations for the statements g and r.

AN el e IS iy B ol 2a
1. P :Todayis Saturday (F) , ~P: Today is not Saturday

2. 9 :2+2=4 (T)
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~q:24+2 %4

3.r:: The square has four sides (H. W)

Remark1.8: If a proposition p is true, then ~ p is false; and if p is false,

then ~ pis true.

lesiiy p 5 laall (3aa o ol

The truth table of the

negation of a proposition

p
P ~p
T F
F T

Double Negation Law: If p is a proposition, then ~ ~ p=p.

P |~p|~~p
T |[F |T
F (T |F
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Compound propositions

Propositions are divided into two types:

1.

Primitive proposition 4w s 48y 3 e : A proposition is said to be

primitive, if it cannot be divided into simpler propositions.

el e ) Lebdas (S o113 Aoy e 3 laal

. Composite proposition 4 » 3 Le: A proposition is called composite,

if it is compound of more than one primitive propositions using logical
connective operators.

Ssantslay s L S ol (5 e a0 S5 IS 1 S a pand 5l

S
and A e LS el b jlall o580 Sl day 1 & 5o
or V

if then=

if and only if &

Examplel.9: Propositions (1)-(3) in Example (1.3) are primitive.

Examplel.10: The following propositions are composite:

1.

2.

“2+43=5and 6-4=1"
and 1)l 12 A 53 ye Aas (4 jle (0 4 S A ja 8 Jle
“Ali is clever or he studies every day”

or L)l 3laly 4k 53 e dapsy i e (e 4580 A8 5e 3 e
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Basic Logical connective Operators dutud) ddhial) by ) <) g

There are some basic logical operators that connect simple propositions to
produce composite proposition. These operators are:

1. Conjunction operator (s) Jwas! 313i--English word (and), symbol (A).

Let p and g are two primitive propositions. The conjunction of p and q is
denoted by “p A q” and read as “pand q”’.

If both p and g are true, then p A q is true, otherwise p A g is false.

LSl 3 lall sl () a b 3lal Legha ) (S g s p o Onthees ke
@) Qi 1Y) ABala S pA QOB Blla g sp (e IS QK “p AT
ANS O Sip A g Gl LNS B e i jlal

Below is the truth table for the conjunction of two propositions:

Conjunction

P q [(Par(q
T T T
T| F|F
Fll w| F
F 1 F|F
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Examplel.11: Find the truth value of the following statements:

Al & bl @Mh\éq;)i
1. 2+2=4and2+3=5

™ T =T

2. z = 1such that x # 0 A Baghdad is not in Iraq
T A F=F

3. -5is a prime number A mis a rational number
FA F=F

Examplel.12: let p: x+y=y+Xx suchthatx,y €N

q: 2 > 10
r: There are three seasons in Iraq
Find the truth value of:
) (@A ~r) A,
i) (@ A ~~q) A(~p AT)

Solution of (i): ~r: The seasons in Iraq are not three.

QAN ~t)ANr=(FAT)ANF=FANF=F

Examplel.13: Let p and g are two propositions such that

p: Fouad is poor (T)
g: Fouad is clever (T)
Find the conjunction of p and q. Discuss the truth values of “p and q”’.

‘pand ' kel Gaa ad 8L g 5 p O deasll B oke

10




Foundation of Mathematics Szl )1 Gl das pali a0

Solution: The conjunction “pand q” is

“Fouad is poor and Fouad is clever”’

The compound proposition “p and g’ is true if
“Fouad is poor and Fouad is clever”

The compound proposition (p A q) is false if:
“Fouad is rich A Fouad is clever”
“Fouad is poor A Fouad is not clever”

““Fouad is not rich A Fouad is not clever”

Properties of the conjunction operators: (A) J<s! 3131 Lal A

Let p, g and 7 are three propositions. Using the truth table, show that:

1. p A ¢ = q A p(commutative JuY) dals)

N

. (P ANg@) ANr=p A (q A 1) (associative gxeaill 4pals) (H.W.)
3. p Ap = p (ldempotent laws 58l s sbus (538 )

4. p AT =p (ldentity law)

U

p A F =F (Domination Law)

o

pAN~p=F

11
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Solution:
1lpANqgq=qAp 3.pAp=p 4p NF=F
A\ A
P |9 |pANq|qAD » | plpAp p | F|pAF
T |F [F F T |F |F
T |T |T
T T |T T F |F |F
F |F |F
F T |F F
F F |F F

2. Disjunction operator (/) J«adll 3)3i--English word (or), symbol (V).

Let p and q be two propositions. The disjunction of p and q is denoted by

“pVvg’andread “porq”.

We say that “p V q” is true when p is true or q is true or both are true. If

both p and g are false, then p v q is false.

sl dagi el “p v g7 AS el B lall 0 s<8 Aas G jleq s p e IS S 1Y)
PV g el sS5s S5 eq 5 p 5ol e S S 1 LS (V) Jeadl

12

(ol Y e sl o el gaa] il 1Y) (gl) @l lae Lok Bsba

Disjunction
P q Pvq
x g T
T EF|T
F I
F|IE|®

The truth table for the disjunction of two propositions
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Examplel.14: (H. W) Let p, g and r are three propositions such that

p: dogs can fly

qg:x—x=0, x €ER

rm—3 €EN
Find the truth value of the following statements:
a) (pva) Vr
b) ~4 vr
c)~(~pVva)
d)(pAq)ViqVvr)

Solution of (c):

~(rpVva)E~ (T VT)=~T=F

Examplel.15: Let p and g are two primitive propositions such that

p: Today is Friday (T)
qg: It is raining today (T)

What is the disjunction of the propositions p and g? Discuss the truth value
of “pvqg”.

Solution: The disjunction “p Vv q” is
““Today is Friday or it is raining today”

“p V g’ means that today is either Friday or raining or both.

The compound proposition (p V q) is false if:

13
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7

““Today is not Friday or it is not raining today’

The compound proposition (p V q) is true if:
““Today is Friday or it is raining today”
““Today is not Friday or it is raining today”

““Today is Friday or it is not raining today”’

Properties of the disjunction operator: (V) J<adll 313 al 53

Let p, g and r are three propositions. Using the truth table, show that:
1. pV g=q V p(JuYiwal) (H. W)

.(PVa) Vri=pV(qVr) (el daas)

. pVp=p (sl syl (Ho W)

w N

4. pVT=T (Domination Law) (H. W)

U

pVF=F (ldentity Law) (H.W)

o

pVvV~p=T (H.W)

14
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Solution2: (pVqg) Vr=p V (qVr)

P [a |r [pVa |gVr ((pVaVr |pV(qVr)
T [T [T |T T T T
Fo|F [F |F F F F
FofjT |17 |7 T T T
FolT |F T T T T
Fo|F [T |F T T T
T |F [F T F T T
T [T [F T T T T
T |F [T |7 T T T

3. Conditional operator 2 & 3)3i: English word (if...then), Arabic word ( 13

O ¢s), symbol (= ).

Let p and g be two propositions. The conditional statement “p = q”’ is the

proposition “if p then q”. The conditional statement

when p is true and q is false, otherwise “p = q” is true.

(o

p = q” is false

e L e (if..then ) A8 el 3 jball Ao s heq 5 p (e JS il 1)

soke poosSi Lavie hasd saal g Alla 8 43 (if p then q) 3okl S5 (=)
<l ae Lad ABalia (if p then q) 3okl 0585 3S3 e g 5 dla

15




Foundation of Mathematics Szl )1 Gl das pali a0

DR AL e S f p then gf 3okl ol Akl 3 5le p o cilS 13 A8
Alala 0585 of (S Ledls il

The following is the truth table:

Remark1.16: In the conditional statement “p = q”, p is called the
hypothesis 4s_iand q is called the conclusion 4ai .

Remark1.17: The conditional statement can be expressed in the following
equivalent ways:

a) “pimplies q”

b) “qifp”,

c) “qonlyifp”,

d) “p is sufficient condition for q”,

e) ““qis a necessary condition for p”.

Examplel.18: Find the truth value of the following statements:

1. Iffishfly,then3+2 =5
F-T=T

16
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2. Iffishwalk,then3 +2 =6
F-F=T

Examplel.19: Let p, g, and r are three propositions such that

p: 3 is an odd number
g:x+y=y+x, x,y €ER
r: Winter is hot
Find the truth value of the following statements:
1) (p~ Pv(r~q) HW)
2) if(p A g)then(qV ~r)
3) (p Ar)v(g— p)(H W)

Solution2:

if(p Ag)then(qV ~r) =if TAT)then(TVT)=T~> T=T

Examplel.20: Find the truth value of the following statements:

1. The statement: “If x is negative then - 5x is positive”
T=T=T

2. The statement: “If 9 > 5 then dogs don’t fly”
T=>T=T
3. The statement: “If (x >0 and x? < 0) then x > 10”

If (Tand F) then F(or T)

17
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If Fthen F(orT) =T
4. The statement: “If x > 0 then (x? < 0 or 2x < 0)”

T=>(ForF)=T=>F=F

Definition1.21: Let p and g are two propositions, then

’

1. The proposition “q =+ p” is called the converse of “p =+ q”.
2. The proposition “~ p = ~ q” is called the inverse of
llp — qll.

Examplel.22: What is the converse and the inverse of the conditional
statement:

“ifx > 5x € Nthenx > 377
What is the truth value of the statement and its inverse and converse?
Solution: The statement  “if x > 5thenx > 3" Type equation here.

The truth value: T—> T=T

The converseis “if x > 3thenx > 5”
The truth value: for x = {4,5}; T>F=F
Forx ={6,7,.....}, 1 T=>T=T
Theinverseis ifx < S5thenx < 3”
The truth value: forx = {1,2,3}, T->T=T

Forx ={4,5}, ; T->F=F

18
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Properties of the conditional operator: () &l 313l gal s3

Let p,q and r are three propositions. Using the truth table show that: (H.
W)

.p—7?q#q—-p

2.(p > q) —r#p ~(@—r)
3. Find the truthvalueof:p =T, p—F, p—= ~p, p —p
4. Bi-conditional operator g2l k&l 813 : English word (if and only if),

Arabic word (13 ki 5 131), symbol (<)

Let p and g be propositions. The bi-conditional statement “p <= q”" is the

proposition “p if and only if g”’. The bi-conditional statement is true when
p and g have the same true value, and is false otherwise.

Led Dan Ay “q 13} Jadd g 13) p” A8 jall B laadl oS5 Adapn 3 )le q s p (e IS (S
S ae Laad MK 5 (48 ) Baa ad 4l Als 8 Addla () Selb

P if and only if Q

mm|—= ||
M= MmO

T
F
F
T

The truth table for the bi-conditional of two propositions
Remark1.23: There are some other ways to express “p <> q”’:
“piffq”
“if p then q , and if g then p”
“p is necessary and sufficient for q”’.

19
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Examplel.24: Find the truth value of “x > 0 & 2x > 0”

Solution: The statement is true because
If x>0 then2x >0andif 2x > 0thenx >0

Examplel.25: Find the truth value of “x > 0 < x2 > 0” (H. W.)

Examplel.26: Let p: you can take the flight (True)

q: you can buy a ticket (True)
Then the bi-conditional statement p <> q is

““vou can take the flight if and only if you can buy a ticket”

Discuss the truth values of the bi-conditional statement.
Solution: The statement p <> q is true

““you buy a ticket & can take the flight”
or

““vou do not buy a ticket & cannot take the flight”.
The statement p <= q is false when p and g have opposite truth values.

““vou do not buy a ticket & you can take the flight”
or

““vou buy a ticket & cannot take the flight”.

20
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Properties of the biconditional operator .2 all k&l 3131 Lal 63

Let p,q and 7 are three propositions. Using the truth table show that: (H.
W)

Lp<q=qp
2-@9@ Cr=p (@)
3. Find the truthvalueof:p <> T,p <> F,p <> ~p,p <2 p.

Exercisel.27:

1. Find the truth value of the following statements:

[(if24+ 3 =4thenx+4 =4+ x) and 8 is an even number] iff (2 < —10
or2 = —10).

Solution: [(F=T) N T|<>(FVT)=[TAT]<T=T<T=T

2. Let p: horse can swim

q: Conjunction operator is useful

rifx+y =vx+.y forx,yeN

Find the truth value of the following statements:

l.p<?r
2.(p—=1) A q
3.[(p—=r) Vv (q = ~p)]

3. Write the truth table of the following statements:
i)~pAq

21
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i) (p Aq)—-(pVq)
iii)(p > q) v~ (q < p)

4. Write the following statements using the connections operators —, ©,A
Vv

i) If p and g integer numbers and g # 0 then Z is a rational number

i) If x2is integer number then x is even or odd number

ili)xy > 0ifandonlyif (x >0andy > 0)or(x <0andy < 0)

Definition1.28: A compound proposition that is always true is called a

tautology or lemma or theorem.
Juala Jaaand ol 4 ki Ll Laila ddalia (5S84 all 3kl JU&y
A compound proposition that is always false is called a contradiction.

LS iy Lt Al ) oS5 15 3yl 5 jell U3y

Examplel.29: Show that (p v ~p) is tautology and (p A ~p) is
contradiction.

Solution:

p ~p |pV ~p PA ~p
tautology contradiction

T F T F

F T T F

22
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Examplel.30: (H. W) which of the following compound statements is
theorem (tautology) and which one is contradiction

PAF,pVT,peo~p, [(p—>q)Ap]A~q

Definition1.31: Logical Equivalence (skiall sil<il)

Two statements (propositions) that have same truth values are called
logically equivalent. The notation P =4 or P =4 denotes that pand g

are logically equivalent.

silaiall S Ga 5 Sanall Aad (puii Lagd (S 1) Liilaie 438lS5a (435 jle () 55
3 =

Examplel.32: show that ~ (pV q)=~p A =~ g (logically equivalent).

Hint: make truth table

Solution: The truth table for “CpVv g)and ~pA ~ qis

P Q |pVvda | ~(pvg) [“P |~a |~pPA~gQ
T T T F F F F
T F T F F T F
F T T F T F F
F F F T T T T

23
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Definition1.33: Let p, g and r three propositions, then define the following
logical equivalence:

LpAg="~(pv™ g

Tt

2. p=q= pVvV q

3.p=2q=(p—=q9)A (q-p)
Lsmwu\uagj\ha@omc\ugﬂ\ _&A»

De Morgan’s Theorem: Let p and g are two propositions. Then

1. "(p Ag@= ~pV~q (HW)

2. "(pvg) =~pA ~q

‘;ﬁ
o

Proof (2): Take the right hand side (R. H. S)
~p AN ~q=~("~ pV ™~ q) [definitionof A ]

=~ (pVvVQq) [double negation law: ™~ p=p]

= Left hand side (L. H. S).

24
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Exercisel.34: Simplify the following statements:

1L~(Vv~q)

2.~(~p = q)

3.~(~p e q)

Solution(1): ~(p V~q) = ~p A ~~q [ De Morgan’s law]

=~pAq [~~q =q]

Solution(2): ~(~p = q) = ~(~~pV q)
=~@vaq [~~p=p]
= ~p A ~q [De Morgan’s law]

Laws of Logical Equivalence (sahiall githill o) 68

Let p, g and r are propositions. The following are some of the common
logical equivalence rules:

1. Commutative Law JxY 58 p A g=q A p
pvq=qVp

peogqg=qep

2. Associative Law @il 5538 (p A Q) ATr= p A (@ AT)

(pVvgq)vr=pVvV(@Q Vr)

peoqgeor=peo(qer)

25
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3. Distributive Law (from left) bl (e &) il o $l8:
pA@Vr)=@AN V(P A T)
pA@AT)=@AN @ A@PAT)
pvV@Arnr=@VvagA@PVvr)
pv@v n=@veVv (pVvr)

pVvV@-=r)=@EVvVey-=>(pVr)

pV@or)=@EveY@EVr)

4. Distributive Law (from right) (el (e )5l () 536:
(@vr) Ap=(@q@ A p)V( A p)
(@Ar)Ap=(@ A pP)A[T A D)
@ATvVp=(@V p)A( V p)
(@qv nvp=Q@V p)Vv(rV p)

(q=r)vp=Q@QV p)=(V p)

(@q<r)vp=(@V p) © (rVv p)

5. Idempotent Law s &l sl 88 p A p=p; pV p=p

6.ldentitylaw:p A T=p;pV F=1p

7.Dominationlaw: p A F=F,p v T=T

26
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Exercisel.35: Simplify the following statements using laws of logical

equivalence:

sibaiall ail) il 68 alaciuly AU ol jlell Jasy
1.(pVq)A~p

2. (pvq@)V(~pAQq)

Exercisel.36: Prove (without using the truth table) that

Gxall J glas aladiul ¢ o0 (a p

~@V((pPAQ) =~pA ~q
Solution: Take the L. H. S

~ @V (*p AN q)=~pAN ~(~p A q) [DeMorgan’s law]
= ~p A (™~ pV ~q) [DeMorgan’s law]
= ~p A (pV ~ q) [bydouble negation law]
= (~p AN pV(p A ~q) [bydistributive law]
=FVv(*pA~q) [*pAp=F]
= (~p AN ~q) VF [by commutative law]

= ~pA~qRHS

27
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Theorem1.37: (Properties of —)

Let p,q and r are three propositions. Prove the following properties
without using truth tables:

l.p=p =T
2.¥p=p=p
3.p—=T =T
4.T—=p =p
5.p—=F = ~p
6.F=p =T

/.p=q= ~q=>"p
8.p=q= @A ~q)>"p
9.p—=q=(@A~q)=@ A 1)
10.~(p=q@)=p A 7~q
Proof 1: Toprovep —=p =T
p—p = ~pvp [def. of =]
=T
Proof 4: ToproveT —p =p
T—=p = ~Tvp [def. of =]
=Fvp [~T =F]

=P

28
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Proof 7: Toprovep =% q = ~q—= ~p
p—*q = ~pVq [def. of =]
=qV ~ p [vis commutative]
= ~q—="p
Proof 8: Toprovep 7 q= (p A ~q) = ~p
TaketheR.H.S:(p A ~q) —* ~p
= ~( A ~q)V ~p [def. of =]
= (~pV~~q)V ~p [ De Morgan]

=(~pvq@QV-~p [~ ~q= q]

= ~pv(qv~p) [v.is associative]
= ~pv(~pvq) [vis comm.]

= (~pv~p)vgq [vis asso.]

= ~Ypvq [pvp=pl

=p—q [def. of —*]

=L.H.S

29
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Theorem1.38: (Properties of <)

Let p and g are two propositions. Prove the following properties without

using truth tables:
lLpeop=T poT=p poF="p
2.pe ~p=F
3.peq=q<p
dpeog= ~pe~g
5. Y perq=pe (g
6. (e = "peogq
7."peop=pe~q
Proof1: Toprovep < T = p
pooT= ((p—=T) AN (T—>p) [def. of <]

= (~pvT) A (~Tvp) [def. of =]
= (*pvT) A (Fvp) [~T=F]
=TANp [~pvT =T]

=D

Proof6: ~(p<=q)= ~p<q

TakeL.H.S:~(p<=qg)= ~[(p—7q) N (q—*p)] [def.of <]

= ~{@—=qvVv ~ (@q—p) [De Morgan]
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=~ (~pvgyv~ (~qvp) [def of =]

= @A ~q)v(q A ~p) [DeMorgan]
=[@®A~vqgl A [(A~q)v~p)] [distributive (von A)]
=[eva) A (~qv)] A [(pv~p) A (~qv~p)] [dist. (von A)]
= [ve) AT] A [T A (~qv~p)]
= ®@vgy A (~qv~p)

=(~p—=q AN (@q—~p) [def.of #]= ~p < q [def. of &]

Mathematical Proof sk A Gl sl

A mathematical proof is a valid argument that establishs the truth of a
mathematical statement.

Methods of Proving Mathematical Statements (or Theorems)

1. Direct Proof of a conditional statementp — g

Direct proofs lead from the hypothesis of a theorem to the conclusion.

Definition1.39: The integer number x is called even if there exist k € Z
such that x = 2k.

Definition1.40: The integer number x is called odd if there exist k € Z such
that x = 2k + 1.

Theorem1.41: If x is an odd natural number (x € O) then x? is odd

Proof: Assume that x is an odd natural number. We must prove x? is odd

Since x is odd, then x = 2k + 1 forsome k € N.
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x?=x.x=Qk+1)2k+1) =4k* + 4k + 1

= 2(2k* + 2k) + 1
Let s = 2k?® + 2k € N, then x?=2s + 1
Hence, x2 is an odd number.

Theorem1.42: (H. W. ) If x is an even natural number (x € E) then x? is
even.

Theorem1.43: The sum of two even natural numbers is even

The theorem can be written as follows: If x,y€ E* thenx +y € E*

where E* = set of positive even numbers.

Proof: Let p: x and y are even positive numbers,

g: x + y is an even positive number
Letx=2randy=2s (r,s € N).Then x+y=2r+2s=2(r+s)suchthatr +
SEN

X +y= 2k where k = r 4+ s. Therefore x + y is a positive even number.

Theorem1.44: (H. W.)

i) Ifx€Eandy €0thenx+y €O
ii) lfx € Eandy € Othenxy € E

iii) Ifx,y € Ethenx+y €EE

2. Direct Proof of a conditional statement p <> g

To prove a proposition in the form p <> g, we prove its equivalence. i.e.,
p<q= @ ~>q AQ~p)
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Theorem1.45: x is odd number €2 x+1 is an even number

Proof: Let p: x is odd number
g: x+1 is an even number
P =g 35 q—p Ok O Ol s edlel Ciy il (g

1.Provep—q: letx €0, x=2k+1;keZ

x+1=2k+2=2(k+1); (k+1)€eZ

x+1=2r ;r=k+1€Z

x+1€E

2.Proveq—p: Letx+1 € EToprovex € 0
x+1=2k ;keZ
x=2k—-1,keZ...(31)

Sincek € Z, thenr=k—1€Z

Substitute (2)in(1),x =2(r+1)—1=2r+1; reZz
x=2r+1€0

Theorem1.46: x is even <> X? is even

Proof: Let p: x is even number
q: x? is even number
P > qoq = poborm ol e edel iy il e
1.Provep—q: letx €E,x =2k ;k € ”Z
Prove x? € E (Theorem (1.44) Ol al 4:li)

2.Prove q— p: Letx? € E Toprovex € E
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Take x2 + x = x(x + 1) € E [from Theorem 1.46(ii)]

= x = x(x+ 1) —x? € E [Theorem 1.46(iii)]
=x€EFE

Theorem1.47: (H. W.) x is odd number if and only if x? is odd number.

3. Proof by Contradiction

Al ga (B e Juan g 4] o gllaal) (S a3 o gh GBI (b

Theorem1.48: Prove that: If x2 € O thenx € O

Proof: Assume that x? € 0. To prove x € O
By contradiction, assume that x € E
x=2k;k€Z
x? =4k* €E

x% € 0 s il Ay (a dll ae il

~x €O0.

Theorem1.49: If x2 is even then x is even

Proof: Assume that x> € E. Toprove x € E
By contradiction, assume that x € O
x=2k+1;k€ez
x? =4k* +4K +1€ 0 il e il

= x? € E.Hence, x € E.

34




Foundation of Mathematics Szl )1 Gl das pali a0

Theorem1.50: Prove that: If n = ab where a and b are positive integers,
thena <vVnVvb < +n.

Proof: Let p: n = ab where a and b are positive integer hypothesis
q:a <+nV b < +/n conclusion
The first step is to assume that the conclusion is false as follows:

Assume that a < +Vn Vv b < +/n is false (F). Hence, ~(a < VnVv b <+n)is
true (T).

~(a £vVnVvb </n)=~(a <+/n) and ~(b <+/n) [De Morgan’s law]
=a>+nandb >+n

Multiply the two inequalities together, ab > n (=il (=8l Aaa) jid) 238

This shows that ab # n contradiction with the hypothesis

Thus, a < Vn Vv b < +/nis true.

Definition1.51: Variable _sial)

An alphabetic letter x, y, z, ... which represents a number that is either
arbitrary or unknown.

Examplel.52: “4x — 7 = 5”: xis a variable

3 . .
«“3/z=3":zis avariable

Definition1.53: Open Sentence 4 gidall 4laall

A sentence is called open sentence (or propositional function), if it contains
one or more variables. Open sentence is denoted by p(x), q(x), g(x)...etc.
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Examplel.54: The following are open sentences:

p(x): x is an odd number
q(x,y):x+y =>5suchthatx,y €N
r(2): ¥z = 3suchthatz € R

s(y): computer y is working properly

Examplel.55: Let the open sentence ™ p(x): x > 3".

What are the truth value of p(5) and p(—1)? Which values x € N that
make p(x) true?

Solution: p(5): 5 > 3 s atrue proposition
p(—=1): — 1 > 3is afalse proposition
p(x) is a true statement for x € {4,5,6, ... }.

Examplel.56: Let the propositional function q(x,y): x = y + 3. What are
the truth values of q(1,2) and q(3,0)?

Solution: q(1,2): 1 = 2 + 3. This means 1 = 5 which is false. Thus,
q(1,2) is false statement

q(3,0):3 =0+ 3 = 3.Hence q(3,0) is true proposition

Examplel1.57: (H. W) Let the open sentence "'r(x,y,z):x +y = z".

What are the truth values of r(1,2,3) and r(0,0,1)?
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Definition1.58: Solution Set (Truth set)

Let p(x) be an open sentence and let A be a set. The solution set denoted
by T, is the set of all elements x of A for which p(x) is true. In other words

T, ={x € A:p(x)istrue}

thp(x)cm\w\wg\}aw\&c}m@éd@\&c}m}\dﬂ\m}m
Adla

Examplel.59: Find the solution set for each of the following open
sentences:

1) Letp(x)be “x+2>7"and A = N.Then
T,={x€N:x+2>7}={x€N:x>5}={67,...}
5 xSV dmal) dlac Yl 2l
2) Letg(x)be “x+5<3”andA = N.Then
T,={x€EN:x+5<3}J={xEN:x<-2}=0
=200 Y Ll dlac Y ale
3) Letp(x)be “x+5>1"and A = N.Then
T,={x€EN:x+5>1})={x EN:x >—4}=N
-4 (e S dmdal) lac Y ale

Examplel.60: (H. W.) Find the following solution sets. Also determine p(x)
and A for each solution set

1) Tp={xEN: —2<x<2}={1}
p(x): —2<x<?2 A=N
2) Tp={x€Z: —2<x<2} (HW)

3) T, ={x€Z: —1<x<1} (HW.)
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Examplel.61: Assume we have the following statement:

“x >2and x<5”

Which values of x € N that make the statement true? Which values of x
that make the statement false? Discuss all the possible cases.

Skl Lelaa ) 4l ale s $danaia o2lef 5 jliad) Jand 3l x af ala

Solution: For A = {3,4}, we have “x>2 and x < 5" is true
because the values in A are greater than 2 and less than 5.

ForA° =N —A ={1,2,5,6,7,8, ..}, then “x>2 and x < 5” is false

Examplel.62: Assume we have the following statement:

“x < =3o0rx = 6”

Which values of x € N that make the statement true? Which values of x
that make the statement false?

ForA={x€N:x=6,7,.....}, the statement above is true
The statement is false for A =N — A = {1,2, ...,5}

Quantifiers <) gwsall

Quantifiers are open sentences written in a special way.
A A oy B 580 A sihe Jon (g 3y el

There are two types of quantifiers:
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1. Universal quantifiers LiS 3 suall 5 jlal)
2. Existential quantifiers > 5 seall 3 L)

Universal quantifiers:

Let p(x) be an open sentence on a set A. The notation
“Vx €A px)

Denote the universal quantification S s« of p(x) and it reads as: “for
all x, p(x)” or “for every x, p(x)” or “for each x, p(x)”.

The symbol V is called universal quantifier LT ) pase,
The set A is called domain Jal)
Examplel.63:Vx € N,x > 0

All seasons in Irag have rain

Remark1.64: 1. The universal quantifier p(x) on a domain A is true if and
only if T, = A.

2. universal quantifier p(x) on a domain A is false if and only if there
exist x € A such that p(x) is false.

Examplel.65: Find the truth value of the following open sentences:
1.VXER, x+1>x

letA=Randp(x):x+1>x

Because p(x) is true for all x € R, the solutionset T, = R

= the quantificationVx € R, x + 1 > x is true.
22VxEN,x<2

letA = Nandp(x):x <2
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p(x) is not true for all x € N. Take x = 3,p(3) is false.

=T, #N
3. VxeN,(x>0andx =0)

The statement is false, there exists x = 4 € N such that4 > 0 and 4 # 0.
4. Vx € Z,|x| >0 (H.W.)
5. Forallx € {1,—-1}, x2—1=10 (H.W.)

Existential quantifiers:

Let p(x) be an open sentence on a set A. The notation
“Fx € A, p(x)”’

Denote the existential quantification > 9«8 of p(x) and it read as:
“there exists x, p(x)”’ or “there is x, p(x)” or “some x, p(x)".

The symbol 3 is called existential quantifier L |y gua,
The set A is called domain Ja!!
Examplel.66:3x € N,x <0
There exists seasons in Iraq do not have rain
Remark1.67:
The existential quantifier p(x) on a domain A is true if and only if T), # @.
) (o 3l Giag aa) 5 yeaie JEYI o aa s 13) Balia (5% L a5 ) saaal) 35l
The existential quantifier p(x) on a domain A is false if and only if T, = @.

kel Giny A G sanad) b eaie dlia o Al 13 R3S 058 Liga 5 seeall 3l
Jp(x
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Examplel.68: Find the truth value of the following open sentences:
1.3x ER, x*> =x
A=R and p(x): x? = x
T, ={0,1}
= the existential quantifier 3x € R, x? = x is true
2.3x €N, 3x+5=1
x="2¢N
=T,=0
= 3Ix €N, 3x+5 = 1isfalse
3.3x€Z, [(x+1)?=0and x* —1 = 0]
(x+1)?=0 = x=-1
And x*—-1=0 = x=-1,1
T,={-1}czZz

Ix€Z, [(x+1)*=0andx*—1=0] istrue

De Morgan’s law for the existential quantifier

~ [Ax €A ~p(x)]=Vx € 4, p(x)
ol s A il G AL (S ) g0 50 O 538

Examplel.69:

l.~[Ax€Ex+2¢E]=Vx€EEx+2€E

2. Vx € N, V3x = V3vx = ~[3x € N,3x # V3 /x]
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Theorem1.70: Let p(x) be an open sentence and A is the domain. Then
1. ~[Vx €A, p(x)]=3x €A, ~p(x)
2.~[Vx €A, ~p(x)]=3x €A, p(x) (H.W.)
3.~[Ix €A p(x)]=Vx €A ~p(x) (H.W.)
Proofl: ~[Vx € A, p(x)]=~[~[3 x € 4, ~p(x)]] {from De Morgan}
=~~[3x € A, ~p(x)]
=3x €4,~p(x) [~~p=p]

Definition1.71: Nested Quantifiers Aa/aiall &) ) gusal)

Two quantifiers are nested if one is within the area of the other.
e (e ST ga g o ot Gl Gl ds sitall Aeall 8 a5 e (e ST a5 Alls
(VS a5 AR Ol el e uaell (3 5k Al llia

Let p(x,y) be an open sentence defined on the domain sets A and B. Then,
the quantifiers can be expressed as follows:

1. Vx € A, Vy € B, p(x,y)
2.Vy € B,Vx € A,p(x,y)

3.3x €A, 3y € B, p(x,y)
4.3y € B, Ax € A, p(x,y)
5. Vx €A, 3y € B, p(x,y)

6.3y €EB,Vx €A, p(x,y)

~N

.3Ax €AVyE€EB, p(x,y)

8.VyEB,3x €A, p(x,y)
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Remark1.72: In the above definition, the quantifiers (1) and (2) are logically

equivalent. i.e.,

Vx € A, Vy € B, p(x,y) = Vy €B, Vx € A, p(x,y)
Similarly, the quantifiers (3) and (4) are logically equivalent. i.e.,

Jx € 4, Jdy € B, p(x,y) =3y €B, Jx € 4, p(x,y)

Examplel.73:

1.Vx €ER, VY EN,x?*+y? >0 (True) = VyEN, VxER, x> +y? >
0 (True)

2. 3x €N, Iy EN, x+2y<0 (F)=3Fy €N, Ixe€N, x+2y< 0 (F)

Remark1.74: In the above definition, the quantifiers (5) and (6) are not

logically equivalent. i.e.,

Vx € A, Jy € B, p(x,y) # 3y € B, Vx € A, p(x,y)
Similarly, the quantifiers (7) and (8) are not logically equivalent. i.e.,

dx € A, Vy € B, p(x,y) # Vy € B, dx € A, p(x,y)

Examplel.75:

dx €R, Vy € N,x +y = 0 (False)

Qe (K] ng@ij@;@hoiigyxg;\ham A;ﬁﬁL‘;MamciB)M\
Y b

Vy €N, 3x €R, x+y =0 (True)
X4y =0 Cusix s e da gy b e Jal 2S583 )Lall

—3Ix€ER, VyeEN,x+y=0 #Vy€eN, IxeR, x+y=0.
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Examplel.76: Let x= computer, y= student,

p(x,y)= student uses the computer
Show that 3x, Vy,p(x,y) #Vy, 3x,p(X,y)
Solution:
Ax, vy, p(x,y)
aaxdiod GOl OS5 sane o€ o 4y e 3 laal)
vy, 3x, p(xYy)
Aadiivg yi e oS da g illda (STl e 5 )Ll
Ci )y gmaall O jlall Calia Jimall o Jaadl

De Morgan’s laws for nested quantifiers

Let x and y are two variables defined on the sets A and B, respectively and
p(x,y) an open sentence. Then:

~[Vx€eAVy€EB, plxy)
.~[3x€A3Ty€eB, plx,y)
~[VxeA3yeB, plx,y)
.~[3x€AVyeEeB, p(xy)
Proof 2:

Take the L. H. S
~[3x€eA3TyeB, p(x,y)|=Vvx€A~[3y€EB, p(x,y)]
=Vx€AVy€EB, ~p(x,y)
=R.H.S

]

= 3dx,3y, ~p(x,y) (H.W.)
= Vx,Vy, ~p(x,y)

=3x,Vy, ~p(x,y) (H.W.)
=Vx,3y, ~p(x,y) (H.W.)

Examplel.77: Find the truth values of the following statements and of their

negations:

1.VxeER(x+0),3yeR, xy=1
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The statement is true becauseVx ER(x #0), 3y =

1Negation:

~[Vx€eER(x#0),3yE€ER, xy = 1]
= Ix€ER(x+#0), VYER, xy #1
The statement is false

Letx=2 and y=2 thenxy =1

2.3x € R,y € R, x*> + y2 = Ois true

LeR, x
X

Rlr

Qb e 20 Lagamy e pen Jials s (poae da s

Negation:
~[3x € R,AYy € R, x* + y? = 0]

-Vx €ER,Vy €ER,x%+ y? < 0is false

3.vxeN,VyeN,x+y €N (H W.)

4.VxeN,AyeZx+y€EN (H. W)

Exercisel.78:

1. Express the following using connective operators and/or quantifiers

Sl gmsall 5) oy 1 <l 50 alasinds b lee e

i) there exists p, and there exist q such that pq = 32
ii) for each x, there exists y such that x <y

iii) each even number is not odd number

iv) for each x, if x is natural number then x is an integer number
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v) for each natural number x, x is even number or x is odd number
2. Find the negation of the following sentences:
hVx,Vyz,x+y+2z=18

ii) there exists y such for each x, xy < 2

iii) 3x, [p(x) = Q(x)]
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CHAPTER Two: Set Theory <ils gaaall 45 ki

Sets

A setis aicollection of objects e.g. a
set of keys, a set of geometrical
instruments, a set of false teeth

Chapter Two Contents:

1. Basic notion of sets <\ saaall a ggda
2. Subsetsizi 2l Cle gasall

3. Algebra of sets (union, intersection, difference, complement,
symmetric difference) <l gaxall o cilblall g Cile gaall i

Definition 2.1: Set

A set is an unordered collection of objects. The objects are called the
elements or members of the set.

Ac sanall
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Remark 2.2:

1. The capital letters usually used to represents sets such as A, B, C,...etc.
2. The small letters such as a, b, ¢, d,...etc are used to represents the
members or the elements of the set.

3. Membership in a set is denoted as follows: 4ic ja dc sanal paic olalil
Sl g

a € A denotes that a belongs to a set A

4. Non-membership to a set is denoted as follows: 4c saxal jaic clalil ae

S JSal aic

a & A denotes that a does not belong to a set A

Specifying a Set: 4 gaaall (e uadl) 5,k

1. Listing members of a set: 4 saadl 43, yhl|

In this way, we list all non-repeated members of a set separated by
commas and contained in braces { }. The members are not in an order.

e O sl uall ualiall aies auzai 43kl o2a 8 A A3yl A sl 45 yLl)
e 48y ylay A je (1685 () oY de ganall jualic i Juaill Jual g de sana

Example2.3:

1.A={1,2,-5,09}, B = {x,y, Ali, fish}, C = {y;,y,, y3} are sets
2. The set of vowel letters in English: V = {a,e,i,0,u}

3. The set of even positive numbers less than 8 is: W = {0, 2,4, 6}.

4. The set of positive numbers less than 50is: K = {1, 2, ..., 49}
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2. Listing a set property: 4 saaall 3 jraal) ddal) aladiu

In this way, we state the property that characterize the elements in a set in
as follows: {x: p(x)}, where x is a variable and p(x) is an open sentence.

Example2.4: A={x: x € Q}
B={x:x is positive odd and x < 10}= {1,3,5,7,9}

C={x € N: —3 < x <5} ={1,2,34,5}

3. Venn Diagrams:¢# <ilabaia
pda addiud g As ganall Jiay (3lia Aada JAN de ganall jualic aua i 48y Jhll oda B
Ao A g 2l £Y 44, k)

Definition2.5: Empty Set 4l 4 gasall
The set that contains no elements is called an empty set and is denoted by
{}or .
A e gaaally juaie gl oY Ll de ganall o
Example2.6: A ={x EN:2<x<3}=0
B={x€E:\x=1}=0

C={xeN:x<0}={}
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Subsets: 4x jall cle ganall
The set A is a subset of a set B (A € B) if and only if every element of A is
an element of B. In other words,

ACBIiff Vx, x€EA >x€B

Remark2.7: A is not a subset of B is denoted byA € B.

AZ Bifandonlyif ~[Vx,x €A = x € B]
ifandonly if 3x;x € A Ax¢ B

Example2.8: Consider the sets A= {2}, B={1, 2, 3}and C = {4, 5} and D= {-2,
1,2,3,4,5,.Then A€ B, . A€ D, BEDand C € D.
Itistruethat A€ A,.B S B, C € Cand D € D.

Example2.9: Let A={4,9}and B = {x € N:1 < x < 10}. Determine
whether A € B orB C A.

Solution: The set B be can be written as B={2,...,9}. Then
Vx, xEA >x€B

Hence, A € B.

But B £ A because, for example, 3x =5 € B AX € A.

Example2.10: Let A={x € N:x > 3}and B={x € N: x> > 4}.1s AC B?Is
B C A?

Solution:letx € A=> x € Nand x > 3
= x?2>9
= x?>>4=x€B.
= A € B.
IsB € A?
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Example2.11: (H. W.) Let A = {-2,3},B = {x € Z:x® —x* —6x = 0}.
Determine whether A € B orB € A?

Example2.12: (H.W.) LetA = {x€ N:x>4}and B = {x EN:x<9}.
Determine whether A € B orB € A?

Theorem2.13: Let A, B and C be any sets, then
1.0 A

22AC A
3.fAS€ BandBcS CthenAc C

Proof 1: T.PP S A, i.e, TPVXEQP =xXx€EA
F= (TorF)=T
= @ C A

Proof 2:T.PACS A, i.e, TPVxXEA =>x€EA
T=>T=T
= ACA.

Proof3: T.PIfAS Band B S CthenA S C
T.PVx,x€A =>x€C
" ACB =>Vx,x€EA =>x€EB
. BC(C =>Vx,x€EB =>x€C(C
LVx,x€EA 2xEB=>x€eC
LVx,x EA =x€C
.. ACC

Definition2.14: Proper Subset 4l 44 jal) dc gasal)

A set A is called a proper subset of B and denoted by (4 < B) if and only if
A € B and there exist an element x € B thatis x € A.

e, AcBiff{[vx,x€e A =2x€B} A{dy,yEB Ay & A}
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Example2.15: let A = {x € Nvx? — 16 = 0}
B={x€N: x*?—16 =0}
Determineif A € B or B c A.

Solution: 4 = {1,2,3, ...} U {4, —4} and B ={4}
It is clear that B € A because B € A and
dy ={1,2,3,5,..} EA Ay & B.

Example2.16: (H. W.) Let A ={fish, dog, bird}, B = {x,y, z, w}. Determine if
AcB orBcA.

Example2.17: (H.W.)LletA={x € Z: —2<x <10}
B={x€Zvx*+9=0}
Determineif A € B or B C A.

Solution: 4 = {—2,—1,0,1,...,10}and B ={0,+1,+2, ...} U {3i,—3i}

Complete the solution!

Definition2.18: Equal Sets 4 sbudall Cle sanall

Two sets A and B are equal if they both have the same elements or,

equivalently, if each is contained in the other.

Ao gana JS CuilS 1Y) 5 pualinll (ui Legd i€ 1)) B e sanall (55l A de seadll o J
S AYI 8 s

A=Biff ACB ABCA
—{Vx,xEA->x€B} AN{Vx,x EB - x €A}
—{Vx,x € A & x € B}
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Example2.19: let A = {x € Z A5x% + 2 = 0}
B={x€N:2x+ 3 =0}

IsA = B?
Solution: A =7 N {?\/% i}=0

B=¢
= A=8B

Lemma2.20: ( H. W. ) Prove that: A = A, for any set A.

Definition2.21: Universal Set 4laL&l) 4s gaaal)

Universal set U is the set that contains all the elements or the sets we have

under discussion.

Led a5 Al a8 e sanall 1 jualiall aren (5583 Ll de ganall o :ALalil) de pendll
U b

Example2.22: Let A = {x,y,3}, B = {2,—5,100},C = {2,3, 1}
Find a universal set U.

Example2.23:let A={x € R:2<x<5}and B={x€R: —1<x <2}
Find a universal set U.
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Definition2.24:Family of Sets <ile saall dlile
Family of sets is a set that have other sets as members.
e gana dlile Ll de gane b jualic o eaie IS (58 Al de senall Ji
Example2.25:
1.A= {{1}, {2}} is a family of sets

2. B = {@}is a family of aset

3. X = {X}is afamily of a set

4. A = {x, {y,z},{1, ...,5}}

5.H ={ A:Ais a subset of {1,2,3}}

6.K={4;:4;={2%,i=1,2,3}

Definition2.26: Power Set s/ aY! 4 gaxa 5i 5 4l ds sana

Given a set X, the power set of X is the set of all subsets of X. The power
set of X is denoted by P(X).
s X J sl de sana Ll X e 4 3al) e ganall JS de sanal Jide sana X oS
P(X) Al

P(X)={A:AcX}, AePX)sAcCX

Example2.27: Find P(X) for the following sets X:

1.X={1,2,a}, P(X)={8,X,{1},{2},{a},{1,2},{1,a}, {2, a}}
2.X=1{0}, PX)=1{8X}

3.X ={{-2},3}, P(X)={® X {{-2}},(3})
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Remark2.28: 1. Since X € X, then P(X) + 0.

2. If X is finite and has n elements, then P(X) has 2"
elements.

Theorem2.29: Let X,Y be any sets,then X € Y < P(X) € P(Y).

Proof: (=) Let X C Y T.P P(X) € P(Y)
let A€ P(X) = ACS X (Bydef. of P(X))
= ACY (XcV)
= A€eP(Y)
~P(X) <€ P(Y)

(—)LetP(X) S P(Y)ToProveX CY
letx€X = {x} S X
= {x} € P(X)
= {x} € P(Y) {P(X) S P(Y)}
= {x}CY
=>x€eY
~XCY

Algebra of sets:

1. Union a3y

The union of the sets A and B, denoted by A U B, is the set of elements

which belong to 4 or to B.

AUB ={x,x € Avx € B} J A B

xXEAUB < x€AV x€EB
XxX¢EAUB © x¢ANx&B

Union of sets

AUB
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Example2.30: let A ={x e N:1 < x <5} =1{1,2,3,4,5}
B={x€eN:8<x<12}=1{8910,11,12}

FindAUB, BUA,AUA, and BU

Solution: AUB=BUA={1,..,58,...,12}

AUA=A
Bu@®=B

Example2.31:let A={x €R: —2 < x <5} =[-2,5],
B={x€E:x?—16 = 0} = {4,—4}
C =1{1,4)
FindAU(BUC),(AUB)UC,P(B),P(C),P(BUC)

Definition2.32: Generalization of the union Y} axad
Let Ay, A5, ..., A, Ay e, ... be any sets. Then:

n
UA" =A1 UA2U ...UAn
i=1

Gl ganall (o (gfia 22e AT
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In general,

oo

UAi =A1 V) UAn UATl+1 U ..

i=1

Gle ganall (o gl pe d3e Al

Example2.33: Let H = {A;; A; = {2i+ 3}, i € Z}
Find

U?:1Air and U13=—1Ai
Solution: U, 4; = A, U4, UA3;UA, = {5}u{7}u {9} u {11}
= {5,7,9,11}

Ul _ A, =A_{UA UA, UA, UA;={1}u{3}U{5}U{7}u {9}
={1,3,5,7,9}

Example2.34: Let K = {A,;; A, = (—n,n), n € N}
Find A; U Un=, 4,

Solution: 4, UU;-, 4, = (—1,1) U (—-2,2) V..U (—k k) U ..

Example2.35: (H. W.) Let K = {4,,; 4,, = [n,n+ 10), n € Z}
Find U2__, 4,

Example2.36: (H. W.) Let K = {A;;4; = {j + 1,j + 2}, j € N}
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Theorem2.37: Let A, B and C any three sets. Then:

1.AUQG =A (ldentity law)
22AUA=A (ldempotent law)
3.AUU =U (Domination law)

4. (AuUB)UC=AU(BUC) (HW.)
5, AuC=CUA

6.ACSB < AUB =B

BEA <AUB=A
7.ASAUB (H.W.)

B<SAUB

8.P(A)UP(B) S P(AUB)
Proof 1: Toprove AUDP S AANACAUD

TPAUPCA (T.PVXEAUQP= x € A)
letx € AUP=>x€AVXxEDP (def.of V)
= x€EAVF
= x €A (pvF=p)
SAUD CA e (1)

letx EA=>x €AV F(pV F=p)
=xEAVXED
= x€ AUQ  (def.of U)
CACAUD e (2)

From (1) & (2),Au@p =4
Proof 2: Toprove AUACANACAUA

TPAUACA (T.PYxEAUA= x € A)
letx€ AUA=x€AVx€EA (def of V)
=X €A (pV p=p)
SAUACA e (1)

letx EA=>x €AV xEA (pV p=p)
= x € AUA (def. of U)
CACAUA e (2)
From (1) & (2),AUuAd =4
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Proof 3: Toprove AUUCUA UCAUU

TPAUUCU (T.PVYxeEAUU=x € U)
letx€e AUU=x€AVxeU (def.of L)
=xeUvxelU (AcU)
= x€eU
SAUU CU e (1)

letxeU=>x€eUVxeA (TVp=T)
= x € AUU (def. of U)
~UCAUU ............ (2)
From (1) & (2),AuU=U
Proof 5: Toprove AUCCSCUAAN CUACAUC

TPAUCCSCUA
letx eAUC =x€AVxXx€EC (def of L)
= xE€ECVx€EA (Viscommutative)

xXECUA (def. of U)
AUCCCUA ... (1)
Similarly, showthat CUA S AUC (H.W.) .ueeeeunee (2)

From (1) & (2), A UC=CUA
Proof 6: Toprove ACB < AUB =B

(=)ifASBT.PAUB =B
TPAUBCSBA BSAUB
letx € AUB=x€AVx€EB (def of L)
= x€E€BVx€EB (byhypo.ACSB)
=X EB (pV p=p)
ZAUBCB e (1)
letxEB=>x€BV x€EA (TVp=T)
—x€ AUB (def. of U)
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From (1) &(2), AUB =B
(&=)fAUB =BToproveA S B
letxEA=>x€AV x€B (TVp=T)

= x€ AUB (def. of L)

= X€EB (by hypo. AU B = B)

~ACB

Proof 8: T.P P(A) UP(B) € P(AUB)
letX € P(A)UP(B)ToproveX € P(AUB)

X€e PA)UP(B)=Xe€eP(A) v XeP(B) (def.ofv)

=XCAVXCB (def. of P(A))
= XCAUB (def. of U)
= X € P(AUB) (def. of P(AU B))

» P(A)UP(B) S P(AU B)

2. Intersection il
The intersection of the sets A and B, denoted by A N B, is the set of

elements which belong to both 4 and to B.
Lae e gandll M i Al jualiall e sane (A A 5 B (e sana aalis

ANB={x;x €A ANx € B}
x€E ANBe=xe€eA NXEB
x&€ ANB&SxZ&AV XéB
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Example2.38: Let A = [2,9],B = (5,14],C = (8,12)
FINdANB,ANn®,BNB,BNC,ANC,(AnB)U(BNC(C)

Definition2.39: Generalization of the intersection ghliill arexs
Let Ay, A5, ..., A, Ay 1, ... be any sets. Then:

AiNA,N..NA, =NL 4={x,x €A Vi=12,..,n}
Gle ganall (3 (oglie 23c adalds

In general,

AiNA, N NA NA N o= N2 A={x,x €A, Vi}
Ale ganall (o (gl e e adalds

Example2.40: Let X = {A;; A; ={1,2,3,...,i};i € N}
Find

(U1 4) N (NZ1 4)

Solution: 4, = {1}, 4, = {1,2}, ... A = {1,2,3,4,5)
5
U AI. = A1 U AZ U A3 U A4 U A5 = {1,2,3,4,5}
i=1
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5
ﬂAi =A;Nn..NAs = {1}
i=1

(Uz=14) n(N3=1 4)={1}

Example2.41: Let X = {Aj;Aj = (_71,%) iJ € N}
Find
4 4
ﬂAj and UA]
Jj=2 j=2
Solution:

4A_AnAnA_ 11n 11n 11y (11
ﬂf'_z 3 4_( 2'2) (3'3) (4’4)‘( 4'4)
j=2

NS

) j 2 3 4 ’ ) ) )
j=

Example2.42: (H.W.) let X ={A4,;4,={n*+1}neZ}
Find

n0:—3Anf nz)=1An' P(U;)’l:lAn)
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Example2.43: (H.W.)Let X ={4,; A, ={n—2,n—1,n};n € N}
Find

Mn=14n, Un=1 4y

Theorem2.44: Let A, B and C any three sets. Then:

1.ANG=0¢ (H.W.) (Domination law)
2ANA=A (H.W.) (Idempotent law)

3.3.AnU=A (Identity law)
4.(AnB)NC=An(BnNC)
5ANnC=CnNA (H. W.)

6.AN(BUC)=ANB)UANC)
7.AUBNC)=(AUuB)N(AUuC) (H.W.)
8.ANBCS A (H.W.)

ANBCSB
9.9A€B ANB=A
10. P(A)NP(B) =P(ANB) (H.W.)
Proof3: TPANUCAN ACSANU
Assumethat x e ANU =xe€A ANX€eEU

= X€EA

letx €A TPxEANU
x€EA=>x€AANXEU [ACU]

From(1)&(2), AnU=A
Proof 4:

letxe(ANB)NnCexe(ANB)Ax€EC (def. of N)
S (x€AANx€EB) AxeC  (def.ofN)
©Sx€EAN(xEB Ax€EC) (Aisassoc.)
©x€AANxE BNC (def. of N)
oxe An(BnNnC(C) (def. of N)
~(ANnB)NnC=An(BnNC(C)

63




Foundation of Mathematics Szl )1 Gl das pali a0

Proof 6:
letx€EAN(BUC)e x€EAANXE BUC (def. of N)
© x€EAN(x€ BVvxe C) (def.ofv)
©(x€eANx€e B)V(xe AN xe€ C) (distribute Aonv)
© x€EANBvxe ANnC (def. of N)
© xe€(ANB)U(A NnC) (def. of U)

Proof9: T.P ACB ©ANB=A

(=) Suppose AS BTPANBCANACANB
letxEAN B= x€ ANXE B (def. of N)
= x€ A

~ ANB CA........ (1)
letx€EA = x€ ANXE B [A € U]
= X€EANB
From(1)&(2), AnB=A

(—)Let ANB=AT.P AC B (H.W.)

3. The Complement 4dasal) gl daciall
Let U be a universal set and A be any subset of U. The complement of a set

A, denoted by A€, is the set of elements which belong to U but do not
belong to A.

A={x,xeU AN xg& A} =U\A

xXEASxEAS

xXEA=xegA

Example2.45: Llet U = Z,A = {—1,0, 1}. Find A°.

Solution: A° = Z\A
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Example2.46: Let U = [0, 8), 4 = {1, 2}. Find A°.

A =1[0,1) U (1,2) U (2,8)

Example2.47: Llet U = {1, 2, ..., 10},
A={xeN:1<x<3}={1223)
B ={x€N:8<x<10}={89,10}
C={xeN:1<x<2}={12}
Find A, B¢, C¢, (AU B)¢, (A N C)¢, (C U B)®

Solution: A¢ = {4,5,...,10}
B ={1,2,..,7}

ce=
(AU B)® ={1,2,3,89,10)¢ = {4,5,6,7}

(AnC) ={1,2}*={34,..,10}
Theorem2.48: Let A and B any two sets. Then:

1.0°=U, U =0

2ANA=0 (HW.), AUA=U, (A)°=A4 (H.W.)
3.(AUB) = A°n B¢

4. (AN B) = A°U B¢ (H.W.)

5.AC B & B C A° (H.W.)

6.ACB ©ANB‘ =0

Proof 1: T.P Q¢ = U
Assume that @€ = U &lbw e (la n
Ax,x € P° AN x & U
XxX€E QP =>x€UAN x & @ (def. of 0°)
= x € U = Al ae =8l
P =U

Proof 1: T.P U = @
Assumethat U¢ # @ _&lw e ol n
Ax,x € U°Ax ¢
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XE U =x€EUNx¢&U L
~Uc=0

Proof 2: T.P AUA=U

Assume that AU A # U Al e oA p

dx,x € AUAAN x g U.... (%)

x€ A°UA = x € AV x € A (def. of U)

Ifx € A= x€UA x & A (contradiction with x &€ U in *)
fxe A=x€UAN x & A° (contradiction with x &€ U in *)
~AUA=U

Proof3:T.P (AU B)¢ = A°n B¢

x€(AUB) ©x ¢& AUB (def of complement)
S x¢EA N x &B (def of U)
< x € A° ANx € B¢ (def. of A9)
& x € A° N B¢ (def. of N)

Proof6: (=) Let AS BT.PANB =0
Assume that A N B¢ # @ (=8l il ye la p
Ix,x € ANB - =x€A N x € B
= x €B A x € B¢ (byhypo. A € B)
~ANB=0

(—)LetANB°=Q T.PACB
letx € A= x & B° (byhypo.AN B¢ =0)
= x € B (def. of B€)
~ ACB

4. Difference or relative complement ; (il sl Aladl)
Let A and B are two sets. The difference between A and B, denoted as A-B

or A\B, is the set of elements which belong to A but do not belong to B.
B e Ailai Wil B At e 5 A4 ) dsaiiadl jualiall de ganal J

A—B={x,x€A N x¢&B}=A\B
XEA—BSx€EANxE&B
x¢A—BSx¢&AV x€EB
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Example2.49: letA={x € Z:x > 1} =N

B={x€R:x*+3=0}=0
C={x€Z: —3<x<4}={-2,-1,..,4}
D={x€0:x2—9=0}={3,-3}
Find A\D, B—B, C\(AnD), (BUA\C, (CUA\BND)
Solution: A\D = N\{3, -3}
(CUANBND)=(NU{-2,-1,0)\0 =N U {-2,-1,0}
B-B=
C\(AND) =

(BUA)\C

Theorem2.50: Let A, B and C any three sets. Then:

A\A=0, AU=0 (H.W.)
AP =4, O\A=0 (H.W.)
A\BS A, B\ASB (H.W.)
LACBoA\B=0 (H.W.)
A\BNB =0

ANB=0<= A\B=AANB\A=B
.A\(B U C) = (A\B) N (A\C) (H.W.)
.A\(B N C) = (A\B) U (A\C)
CA\AC = A, A\A=A° (H.W.)

H WON B

O 00 N O U

Proof 5: Assume that AAB N B # @ ilw e ola p
dx,x € ABNB=x€ A\BAXERB

= (x€ ANx &€ B)Ax € B (def. of difference)
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=x€ AN(xE&€BAx€E€B) (Aisasso.)
—=x€ AANF
= X EF =2 (p AF=F)
~ AABNB=20
Proof 6: (=)Let ANB=Q0T.PA\B=A ANB\A=B8B
letx e A\B<=x € AANx & B (def. of \)
= x€ AAT (byhypo.)
=x€ A (pAT =p)
~A\B =A
Similarly, one can prove that B\A = B
(—)LetAAB=A ANB\A=BT.PANB=0
Assume that AN B # @ o=84ll la
dx,x € ANB=x € AAx € B (def. of N)
= 3dx, x € AABAx€B (A\B=A4)
= dx,x € AABAx € B
= 3x,(x € ANx€B)Ax€E€ B
= 3dx,x € AN(x&€B ANx € B) (Aisasso.)
= 3Ax, X € ANF=F =8 (p A F=F)
~ANB=0
Proof 8: T.P A\(B N C) = (A\B) U (A\()
letx € AA(BNC)=x€ AANx & BnNC (def. of )

S x€E AN(x € Bvx & C) (def. of N)
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& (x€ AAxEB)v(x€ AAx & C)
= x € A\Bvx € A\C (def.of\)

& x € A\BU A\C

~ A\(BNC)=(A\B) U (A\C)

5. Symmetric Difference ¢ _BUil 3,4l

(dist. A over v)

The symmetric difference between two sets A and B is denoted by AAB

and is defined as:

AAB = (A\B) U (B\A)

=(AUBY\(ANB)

Example2.51: let A = {x € E: -8 < x <9} ={-8,—6,...,0,2,...8}

B =1{1,24,6}

Find AAB

Solution: AA B = (A\B) U (B\A)

={-8,-6,..0,6,8} U {1}

Theorem2.52: Let A, B and C any three sets. Then:

1.ANMA =0 (HW.), AAD=A
2.AAB=BAA

3.AAB=0 < A=8B
4.AN(BAC) = (AAB)AC (M Os%)
5.AN(BAC) = (ANB)A(ANC) (G o)
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Proof 1: TPAAQP =A
letx€ AADP <= x € (A\D® U Q\A) (def.of A)
& x €ABVx EB\A

SxEAUQ (A\@ = A,0\A =

S x€EA

~AADP=A
Proof 2:TPAAB=BAA
letx e AAB < x € (A\B UB\A) (def.ofA)
< x € (B\AUA\B) (Uiscomm.)

—<x€ BAA

~AAB=BAA

Proof3: AAB=0 < A=B
(=)letAAB=0Q T.PA=B
Suppose A #B = 3Ix,x € AANx &B
= 3x,x € A\B (def. of \)
= 3x,x € A\Bvx € B\A (TV p=T)
= 3x,x € A\B UB\A (def.of U)
= 3dx,x € AAB=0
= 3x,x € @ contradiction
~A=B

(&) suppose A=BT.PAAB =0
AAB=A\B U B\A (def. of \)
=A\A U A\A (A=B)
=0 U Q=0
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Chapter Three: Relations <\&all

Chapter Three Contents:

1. Cartesian Product S i pal)
2. Relations <&al)
3. Properties of Relations<i@al) £ il

4. Ordering <4

Definition3.1: Ordered Pair il z g3

An ordered pair of elements a and b is denoted by (a, b) where a is called
the first element and b is the second element.
o Ol Cus (a, b) Seolb Al e nb sa e OsSiall il £ 53l I wich sa oS
() Biiall iy b il 5 i pall 5 30 J ) Jadsa

Remark3.2: Let a, b, c and d be four elements. Then:
1. (a,b) # (c,d) in general

2.(a,b) =(c,d) & a=c ANb=d

3.(a,b) =(b,a) > a=0»>

Cartesian Product <\l o pall
Consider two arbitrary sets A and B. The set of all ordered pairs (a, b) where

a € Aand b € B is called the product, or Cartesian product, of A and B and
denoted by A X B.

AXB ={(ab):a€eA Ab € B}
(a,b)e AXB< a€eA AbEB
(ab)g¢ AXB& a¢AVb¢gB
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Example3.3: Let A = {a,b,c}, B = {5,4}. Find
A X B=
B X A=
AXA=

B X B=

Remark3.4: If the number of a set A equals n and the number of a set B
equals m. Then the number of the elements of A X B is nm.

Example3.5: Let A = {x € N:x < 3} = {1,2,3}
B =1{0,3), C={1}.Find

A X A=

B X B ={
CXxXC=

B X C=
(BNC) x A=
(BUC) X B=

Is,AXB =B XA?
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Theorem3.6: Let A, B, C and D be non empty sets. Then:

1L.AXDP=0Qand O XA=0
2AXB=BXAsS A=8B
3.AX(BNC)=((AXB)N(AXC) (H.W.)

4, AXx(BUC)=(AXB)U(AXxXC(C) (H.W.)
5.AX (B\C) = (AXB)\(AX ()
6.(AXB)N(CXD)=(ANC)x(BND) (H.W.)

Proof 1: T.P.OXA =0
Supposethat @ X 4 # @ Sl [ yi
J(x,y) EPXA =x€D ANy€A (def. of A X B)
= FAy€EA
= F (FAp=F) u=8
SOXA=0

In the same way, prove that A X @ = @ (H. W)

Proof 2: (=) Suppose AXB=BXAT.P. A=B
let (x,y) EAXB = x€A ANy€B (def.of AXB)
(x,y)EBXA=x€B ANy€EA (AXB=BXA)
—ACSBABCA
= A =B (def. of equal sets)

(=) Suppose A =B T.P. AXB=B XA

let (x,y) EAXB & x€A Ny€eB (def.of AXB)
& xeBANyeA (A=B)
& (x,y) € BxXA

~AXB=BXA
Proof 5: T.P. A X (B\C) = (A X B)\(4 x C)
Let (x,y) € AX(B\C) ©x€A ANye (B\C) (def.of AXB)
Sx€EANYEBAygC) (def of \)
S (x€eEANYEB)A (x€A ANy &C) (dist. AonA)
S (x,y) € AXB A (x,y) & AXC

< (x,y) e (AXB)\(AXC(C)
~ AX (B\C) = (AxB)\(AxX0()
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3
-

Definition3.7: Generalization of the Cartesian product (Sl @ piall aens

Let A4, A5, ..., A, be any sets. Then

n
nAi =A; X .. XA, ={(x1, ., xp)ix; €A i =1,...,n}
i=1

Example3.8: What is the Cartesian product A X B X C, where
A=1{0,1},B ={1,2},C = {2}?

Solution:

AXBxC=1{00,12),(00,22),(1,1,2),(1,2,2)}

Remark3.9: Let A be a set, then
AxA=A?

AXAXA=A3
Ingeneral, A X ... X A =A"

Example3.10: R X R = R?

RXRXR=R?3

Relation: 433al)

Let A and B are two sets. Any subset R of A X B is called a relation from A
to B. In other words,

RisarelationfromAtoB< R C A X B.

(x,y) € R can be written as xRy or x~y

(x,y) € R can be written as xRy or x ~ y
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Remark3.11: The relations are denoted by R, S, T, W, ...

Definition3.12: If R is a relationfrom Ato A (R € A X A) then R is called
a relationon 4

Example3.13 Let A = {1,4,5}, B = {1, a}

AxB={1,1),(1,a),(41),(4,a),(51),(5,a)}. Write three relations
from A to B.

Solution:

Remark3.14: The empty set @ is the smallest relation from A to B
(@ € AXB).And, A X B is the largest relation from A to B

(AXB S AXB).

Example3.15: (H. W.) Let A = {1,4,5}, B = {1, a}. Find B X A and write
three relations from B to A.

Example3.16: Let A = {x, y, —1}. Find a relation from A to A.

Solution: A X A = {(a,,b):a,b € A}

AXA=

{(xr X), (X, y)r (xr _1)' (y' X), (y; y)' (y; _1)7 -1, X), (_17 y)' (_1' _1)}
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Specifying a relation: 42l (e il 3,k

1. Listing members of a relation: 4 gl 4d, )

List the members of the relation separated by commas and contained in
braces { }.

Example3.17: Let A = {1,2}, and B={x, y} are two sets and R is a relation
from A to B.

R={(1,x),(1,y),(2,x),(2,¥)}
2. Listing a relation property: 483all 5 jraall diuall alaiia
State the property that characterizes the elements in a relation

Example3.18: A={—1,5,0}
B={—3,0,—1}
letR; = {(a,b) E AXB:a>b}=
{(_11 _3)1 (_L _1)1 (51 _3); (510); (51 _1)7 (01'3)r(0r0)1(01'1)}

RZ = {(xry) EAXB:x = y} = {(_17_1)'(070)}

Definition3.19: Let x and y are integers with x # 0 (x,y € Z). Then "x
divides ~~ay" is denoted by x|y and is defined as:

X|ly & 3k € Z such that y = kx

xlv ©Vk€eZ: v+kx

When "x divides ~~ay" we say that "x is a factor of y'" or "y is a multiple of

X
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Example3.20: Are 3|6,—4|8, —5|1, 9|30?

Solution:

dk = 2 such that 6 = 3k = 3(2) = 3|6

Ak = —2 such that 8 = —4k = —4(-2) = —4|8
vk € Z,30 # 9k = 9|30

—5|1 (H. W.)

Example3.21: A={x € Z:0 < x < 4}. Write a relation R on A such that
R = {(a,b)e A X A: a|b}

Solution: A = {0,1,2,3,4}

R ={(1,0),(1,1),(1,2),(1,3),(1,4),(2,0),(2,2), (2,4), (3,0), (4,0), (44)}

Definition3.22: Let R, and R, are two relations from A to B, then R; N
R,,R; UR,,and R{\R, are also relations from A to B.

Example3.23: A={x,y,z}
B={x € Z: =2 < x < 3}
Write two relations R; and R, from A to B.

Then find
Ry N R,=
Ry UR,=
R1\R,=

RZ\R1=
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Definition3.24: Let R a relation from A to B then R~ 1 is a relation from
B to A. R~ 1is called the inverse of R.

R™Y ={(b,a):(a,b) € R}
Remark3.25: (R™1)"! =R

Example3.26: Let A = {0,3,8,—10}and B = {0,1, 2}. Arelation R from A to
B is defined as:

R={(a,bp) e AXB:a+b=2kke’Z}

Write the elements of the relation R then find R~1?

Definition3.27: Domain of a relation 423al) Jlaa

The domain of a relation R € A X B is the set of the first coordinates of
each pair. In other words:

domR ={x € 4; 3y € B:(x,y) € R}
Itis clear thatdom R € A
AMall 1 ) Lalisall Ao gana s AN (3llaie

Definition3.28: Range of a relation 42l s

The range of a relation R € A X B is the set of the second coordinates of
each pair. In other words:

range R = {y € B; 3x € A: (x,y) € R}
It is clear thatrange R € B

A Jaileall de gana sb Al 5
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Example3.29: let A = Nand R = {(a,b) € NX N: b = 2a}

Find dom R and range R.
Solution:
The relation R can be written as follows
R =1{(1,2),(2,4),(3,6),(48),...}
DomR={1,2,3,4,5,....}=N

Range R={2,4,6,8,....}= even positive numbers

Example3.30: (H.W.) LetA=Zand R ={(a,b) €EZXZ:b=1—a}
Find dom R and range R.
Lemma3.31: Let R be a relation on A X B then:
1. dom R = range R™*(H. W.)
2. range R=dom R~!
Proof 2: AX B ={(a,b):a € A,b € B}
BxA={(b,a):(ab) €AXB}
rangeR = {b € B;3a € A such that (a,b) € R}
domR™! = {b € B;3a € A such that (b,a) € R™1}
T.P range R= dom R~
Let b € rangeR < 3Ja € A such that (a,b) €R
& 3a € A such that (b,a) € R™!
& bedomR™?

. range R=dom R™!
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Properties of Relations: <&al) Lal 53

1. Reflexive relation: dswlsady) 48Mal)

A relation R on a set A is called reflexive if (a,a) € R foreverya € A

R A8all (38 5 4y Jasi jo A 4o senall 3 peaic JS S 13 ApulSail e 4 Ao saaall e R A8

R reflexiveonA <= aRa Va€A

< (a,a) ER Va€eA

R notreflexiveon A & 3Ja €A, a ~ a

S 3Ja €A, (a,a)eR

Example3.32: Let A = {1,2,3,4}. Which of these relations are reflexive?

Solution:

R, ={(1,1),(1,2),(2,1),(2,2),(3,3), 34), (41), (4.4)}

R, is reflexive on A because

(1,1) € R, (2,2) € Ry,(3,3) € Ry, (4,4) € R,

= (a,a) ER, Va€EA

R, ={(1,1),(1,2),(2,1)} is not reflexive because 32 € A such that
(2,2) ¢ R,

33 € A such that (3,3) ¢ R,

34 € A such that (4,4) ¢ R,
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R, ={(1,1),(2,1),(3,4),(2,2),(23),(3,3),(3,1),(3,1),(43)} is not
reflexive because (4,4) ¢ R

R, = {(3,4)} is not reflexive

Example3.33: Let A = {—2,%,0, 3}. Let R, and R, be two relations on A
such that

R, ={(a,b):a < b}
R, ={(a,b):a = b}

Are R{, R, reflexive? Is A X A reflexive on A?

Solution: R, = {(a,b):a < b} = {(—2,—2), (—2,%),(—2,0), (=2,3),

1 1 11
(0.3).0,3),(5.3).(5.3) (0.0),(33)3
(a,a) € R; Va € A= R, isreflexive
Similarly, (a,a) € R, Va€ A and(a,a) €A XAVa€EeA

= R, and A X A are reflexive relations

Example3.34: Let A = Z. Let R be relations on A such that
R ={(a,b):a =bora=—b}.

Is R reflexive? Is Z X Z reflexive on Z?

Solution:

R={(-1,-1),(-1,1),(1,-1),(0,0),(2,-2), ... }

Since (a,a) € R Va € Z = R is reflexive

Similarly, (a,a) EZ X Z Va€Z =7 X Z isreflexive
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Remark3.35:
1. A X Aisreflexive on A
2. @ is not reflexive on A
Example3.36: Let A = N. Let R be relations on A such that
R ={(a,b) € N X N:a|b}. Is R reflexive?
Solution:
aRa VaeN?IsalaVa€eN?
ala= 3k = 1 s.t. a=1(a)
—aRa Va€eN
R is reflexive
Example3.37: Let A = {—2,—3,2,4}. Let R be relations on A such that
R ={(a,b):a+ b < 3}.Is R reflexive?
Solution: leta =2, b = 2
a+b=4>3
= R is not reflexive

Identity Relation: 33 sl 43 ) 4.5)41) 433al)

Let A be a set. The identity relation on A is denoted by I, and is defined as:

Iy ={(a,b) € AX A:a = b}

Remark3.38: Let A be a set. The identity relation I, is a subset of the
reflexive relation on A.
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Example3.39: let A ={—2,—3,2,4}. The following relation is Identity
relation

R = {(—2, —2), (_3, —3), (2,2), (4,4)} = IA

Example3.40: (H. W.) Which relations from examples 3.32-3.34, 3.36, 3.37
are identity relations?

Symmetric Relation: 4 Buil) 4Mal)

A relation R on a set A is called symmetric if the following condition
satisfied:

If (a,b) € Rthen (b,a) ER Va,b€eA

The relation R is not symmetric 4 bl e jf

3(a,b) € A X A suchthat (a,b) € R but (b,a) € R

Example3.41: Let A = {1,2,3,4}. Which of these relations are symmetric?

R, ={(1,2),(2,1)} is symmetric because (1,2) € R, A(2,1) € R,
R, ={(1,1),(1,2),(2,1)} is symmetric

R3 = {(111)1 (314)) (2)2); (2;3); (3;3); (3;1); (1,3), (4,3)} iS not Symmetric
because (2,3) € R; but (3,2) € R,

R, = {(3,4)} is not symmetric
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Example3.42: Let A = {—2,—3, 2,4}. Let R be relations on A such that
R ={(a,b):a + b < 3}. Is R symmetric?
Solution:

R =
{(_21 _2)1 (_2! _3)1 (_2)2)) (_2)4)) (_3) _2)1 (_312)1 (_314)1 (2’ _2)1 (21 _3)r (41 _2)r (4'r _3)}

R is symmetric, (a,b) € R < (b,a) €ER

Example3.43: Let A = Z. Let R be relations on A such that
R={(a,b) €ZXZ:a+ b < 3}.Is R symmetric?
Solution: R = {(—1,—-1),(—2,-2),(2,1),(1,2),(1,1),....}

2 el Aggiie i) dapaall Mae Yl de gaaa e A8 paR A8l () JU) 138 8 JaaDl
AU aladl ol ) B sk e LA Agy jla ) Ladis Al 28Mall jualic S

(a,b)ER=a+b<3oraRbsa+b<3

Let (a,b) € R = (b,a) € R?
(a,b))ER=a+b<3
= b+a<3
= (b,a) €ER
~ R is symmetric relation

Example3.44: Llet A = Z and defineaRb< ab >0 Va b e Z

Is R reflexive? Symmetric?
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Solution:
reflexive: Is aRa Va € Z?
leta€Z=a.a=a% =0
~ R is reflexive
symmetric? Let (a,b) € R,Is (b,a) € R?
(a,b) ER=ab =0
= ba =0
= (b,a) € R
~ R is symmetric

Example3.45: Let A = R anddefineaSb <= a—-b >0 Va b€eS

Is S reflexive? Symmetric?

Solution:

1. reflexive: Is aSa Va € R?
letaeER=a—a=0

~ S is not reflexive

2. symmetric? Let (a,b) € S,Is (b,a) € S?
(a,b)ES=a—-b>0
=b—-—a<0
= (b,a) €S

~ S is not symmetric
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Example3.46: (H. W.)Let A = Z and definea R b < |a| = |b| Va,b € Z

Is R reflexive? Symmetric?

Example3.47: (H. W.)Let A = Z and defihneaRb < a=1 Va e Z

R={(1,b):beZ}

Is R reflexive? Symmetric?

Theorem3.48: A relation R on a set A is symmetric iff R = R~}

Proof: =) Suppose R is symmetricT.P. R =R~
Let (a,b) ER < (b,a) ER (R is symmetric)
& (a,b) €ER™T (def.of R71)
~R=R1

¢ ) Suppose R = R™1 T. P. R is symmetric
Let (a,b) ER= (a,b) ER™! (R=R"1)
= (b,a) e (R"H™t =R
~ R is symmetric

Anti Symmetric Relation: 4 5Ll ua 48de
A relation R on a set A is called anti symmetric if

(aRb AbRa) = a=b Va,beA

R is not anti symmetric if 3a,b € A such that (a Rb AbRa) Aa# b
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Example3.49: Let A = {1,2,3,4} and Ry, R, are two relations on A such that

Rl = {(2,1), (3,1), (3,2), (Ll)} and RZ = {(2'1): (3'1): (112)' (1'1)}

Are R4, R, anti symmetric?
Solution: R, is anti symmetric because (1R1 A1R1) = 1=1

R, is not anti symmetric because 3(2,1) E RA(1,2) ERbut 1 # 2

Example3.50: (H. W.) Let A = {1,2,3,4} and Ris a relation on A such that

R = {(4,2)}. Is R anti symmetric?

Example3.51: Let A = Z and R is arelationon Z suchthata R b & a =
b+1

Is R reflexive? symmetric? Anti symmetric?
Solution:
R ={(2,1),(1,0),(0,-1),....}
Reflexive? Let (q,a) ER=a#a+1
~ R is not reflexive
symmetric? Let (a,b)) ER=>a=b+1
butb #a+1
Take (3,2) ER(3=2+1)

but (23) R (2+#3+1)

~ R is not symmetric

87




Foundation of Mathematics Szl )1 Gl das pali a0

anti symmetric? Supposea Rb AbRa = a = b?
if aRbthena=b+1
if bRathenb=a+1
a=b+1and b=a+1iffa=>b
~ R is anti symetric

Example3.52: Let A = Z and R is arelationon Z suchthata R b < alb

Is R anti symmetric?
Solution:
let aRb AbRa = a=Db?
aRb ANbRa = al|lbA bl|a

= b=kia Na=kyb, ki, k, €Z....(¥)

== b — kl(kzb)
= b = (k k)b
- klkz = 1

=k, =k,=1ork; =k, =-1
Ifk, =k, =1thenb = 1.a (from *)
Ifk, =k, =—1thenb = —1.a (from *)
= b=aorb=-a
~ R is not anti symmetric

Example3.53: (H. W.) Let A = Z and R is a relation on Z such that

aRb  a+ b =2k, keZ

Is R anti symmetric?
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Theorem3.54: Let R be a relation on 4, then R is anti symmetric iff R N
Rlc,

Proof: =)Let R is anti symmetricT.P. RNR™1c I,
Let (a,b)) ERNR 1= (a,b) ERA (a,b) ER™1 (def. of N)
= (a,b) ERA (b,a) ER
= a =b>b (R isanti symmetric)
= (a,b) € I,
~RNRlcl,
)LetRNR™1 C I, T.P. Risanti symmetric
LetaRb AbRa = (a,b) ERA (b,a) ER
= (a,b) ERA(a,b) eR?
= (a,b) ERN R (def. of N)
= (a,b) € I,
=a=b>b

Transitive Relation: 4axial) 483al)

A relation R on a set A is transitive

If (a,b) € AN (b,c) € Athen (a,c) € AVa,b,ce A

or

IfaRb A bRcthenaRc Vab,c €A
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A relation R on a set A is not transitive if

da,b,c € Asuch that (a,b) € RA(b,c) ER A(a,c) € R

Example3.55: Let A = {1,2,3,4}. Which of these relations are transitive?
R, ={(1,1),(1,2),(2,3),(1,3)}

R, is transitive on A because

(12)eR,AN(23)ER, = (1,3) ER,

1L,1))eErRNA2)ER, = (1,2) ER,

R, ={(1,2),(2,3)}

R, is not transitive on A because

(1,2) e R, A(2,3) ER,but (1,3) € R,

Example3.56: Let A = N. Define a relation R on A such that
R = {(a,b):a < b}.Is R transitive on A? symmetric on A?
Solution:
Transitive? Let (a,b) E RA(b,c) ER,Is (a,c) € R?
(a,b))ERA(b,c)ER= a<b Ab<c

= asc

= (a,c) ER

~ R is transitive on A
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symmetric? Let (a,b) € R,Is (b,a) € R?

let (a,b) ER = a<bh

but this does not meanthat b < a

for example, let a=2, b=5

2<5but5>2

~ R is not symmetricon A

Example3.57: Let A = N.DefineaRb < alb
Prove that R transitive and not symmetric on A
Solution:

transitive: leta,b,c € N suchthata Rb ANbRc ToProveaR c

aRb= alb

= Jk, €Zs.t.b = kqa .....(1)
bRc= b|c

= 3k, € Zs.t.c = k,b .....(2)

substitute (1) into (2), ¢ = k,k,a
= c=kga, ky;=kk,€Z
= alc
= aRc

= R is transitive

R is not symmetric. Take a=2 and b=4

It is clear that 2|4 (4=2(2))

but "4 does not divides 2" = Vk € Z,2 # 4k
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Example3.58: (H. W.) Let A = Z and definea Rb < ab >0 Va,b € Z

Show that R is transitive.

Example3.59: (H. W.) Let A = R and define

aSbe< a—b>0Va,b € R.IsS transitive?

Equivalence Relation: s\sil) 4éMe

A relation R on a set A is called equivalence relation if and only if R is
reflexive, symmetric and transitive

S ABe andi Aania s Ay lali 5 ApdSail (55 ) A8

Example3.60: Let A = Z and R is a relation on Z such that

aRb < a+b =2k, keZz

Show that R is equivalence relation?
Solution:
reflexive: T.P. aRa Va € Z
leta€Z = a+a=2a=(aa)€ER
Symmetric? Let (a,b) € RT.P.(b,a) ER
(a,b)) ER=a+b =2k

= b+a=2k

= (b,a) ER
~ R is Symmetric
Transitive: Let (a,b) € R A (b,c) € R To Prove (a,c) € R
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(a,b) ER=a+b =2k, ki €Z....(1)
(b,c)ER=b+c=2k,, k,€Z...[(2)
By summing up equations (1) and (2)
a+b+b+c=2k;+ 2k,
a+c=2k,+k,—b)
at+c=2s s=k;+k,—b€Z
(a,c) ER

“ R is transitive

Example3.61:(H.W.) Which relations from previous examples are

equivalence relations?

Equivalence Classes: 381l C giua

Let R be an equivalence relation on A. The set of all elements that are
related to an element a € A is called an equivalence class of a. The
equivalence class of a is denoted by [a].

Ja]l @l s a ) ASE Ca i g g R ARl (38

[a] = {x € A: x~a}
X € [a] & x~a

x¢lal ©x+a
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Example3.62:LetA = {1,2,3,4}. R ={(1,1),(2,2),(1,2),(2,1),(3,3),(4,4)}
be an equivalence relation on A. Find all equivalence classes on A.

Solution:

[1] = {x € A:x~1} = {1,2}
[2] = {x € A:x~2} = {1,2}
[3] = {x € A:x~3} = {3}
[4] = {x € A:x~4} = {4}

Example3.63: Let A ={-1,1,0} and R ={(a,b) €A X A: Va = b} .
Show that R is an equivalence relation. Find all equivalence classes on A.

Solution: R = {(—1,-1),(1,1),(0,0)}
[-1] ={x € A:ix~ -1} ={-1}
[1] = {x € A: x~1} = {1}

[0] = {x € A: x~0} = {0}

Example3.64: let A=Z7Z and R={(a,b) €ZXZ:a—b =3k, k€ Z}.
Show that Ris an equivalence relation. Find all different equivalence
classes on Z.

Solution:

reflex.: Leta € ZT.P. (a,a) €ER
a€eZ=a—a=30), k=0€Z

Symm.:Let (a,b)) ER =a—-—b =3k, k€eZ

—=b—a=-3k=3(-k), —k€Z
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= (b,a) €ER

Trans.: Let (a,b) € RA (b,c) € R To Prove (a,c) €ER

(a,b)eR=a—b =3k, ki €Z...(1)

(b,c) ER=b—c=3k,, k,€Z....(2)

By summing up equations (1) and (2)
a—b+b—c=3k;+ 3k,
a—c=3(ky+k,)
a—c=3s s=k +k,€Z
(a,c) ER

~ R is reflexive, symm. and trans.

~ R is equivalence relationon Z

To find all equivalence classes, we start with

[0]={x€Z:x~0}={x€Z:x=0=3k, k€ Z}

={x€Z:x=3k, keZ}
={0,3,-3,6,-6,.....}

[1]={x€Z:x~1}={x€Z:x—1=3k, ke Z}

={xe€eZ:x=3k+1, keZ}

[2]={x€Z:x~2}={x€Z:x—2=3k, k€ Z}

={xe€Z:x=3k+2, keZ}
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[B]={x€Z:x~1}={x€Z:x—3 =3k, ke Z}
={xeZ:x=3k+3, keZ}

={3,6,0,9,-3,.....}=[0]

Example3.65: (H.W.)letA=Zand R ={(a,b) € ZXZ:a—b =5k, k €
Z}. Show that R is an equivalence relation. Find all different equivalence
classes on Z.

Example3.66: Let A = N. Define a relation R on A such that

R ={(a,b):a = b}. Show that Ris an equivalence relation. Find all
equivalence classes on N.

Solution:

R is an equivalence relation (H. W.)

[1] = {x € N:x~1} = {x € Nix= 1} = {1}
[2] = {x € N:x~2} = {x € Nix = 2} = {2}

[B3] ={x e N:x~3}={x € N:x =3} ={3}

Theorem3.67: Let R be an equivalence relation on A, then:

l.la] #® Va€eA
2.a ~b if and only if [a] = [b]

3.a+ b & Jaln[b]=0
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Proofl: [a] = {x € A: x~a}

Since R is an equivalence relation = R is reflexive
—a~a Va€eA
= a € [a] (def. of equi. classes)
= [a] # @

Proof2: =) Suppose a ~b T. P [a] € [b] A [b] S [a]

letx € [a] = x~a Aa~b

= x~b (R istrans.)

= x € [b]

Similarly, prove that [b] € [a] (H. W.)
(=) Let[a] =[b]T.P.a~b
since R is reflexive = a~a = a € [a] = [b] (from hypo.)
= a € [b] = a~b
Proof3: =) Supposea » bT.P[a] N [b] = O
suppose [a] N [b] = @
dx € [a] n [b] = x € [a] A x € [b]
= x~a Ax~b (def. of equi. classes)
= a~x Ax~b (Rissymm.)
= a~b (R is trans.) contradiction

~laln[b] =0

97



http://en.wikipedia.org/wiki/File:U+21D0.svg

Foundation of Mathematics Cilpazaly ) gl daa pali lua o

(=) suppose [a]N[b]=0T.P.a+b
suppose a~b = [a] =[b] (from 2)
= [a] N [b] # @ contradiction
~a+b
Proofd: =) suppose [a] # [b] and [a] N [b] # @
= a~b (from 3)

= [a] = [b] s= i e =il

(&) suppose [a]N[b] =D T.P.[a] # [b]
suppose [a] = [b] = [a] N [b] # @ =8%
- [a] # [b]
Definition: Partition of a Set 4= gaaall 4323
A collection of subsets {A4;:i € I € N} of A is called partition of A4 if

Catia 13 A J AT i A 0o AT € NJAIA ) 40 5l Cle sanall (e s
A T g )

1.A,#0 Vi€el

2ANA =0 Vi#]j

3.Ui;4; = A

Example3.68: Let A = {0,1,2,3,5, —2}. Find two partitions of A.
Solution: First partition

The collection A; = {0,1}, A, = {2,3,5}, A; = {—2} form a partition of A

because
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1. A, #0,A, #@and A; = 0
2.A1 ﬂA2=®, Al ﬂA3=®andA2 nA3 :®

3.A1 UAZ UA3=A

Second Partition (H.W.)

Example3.69: Let X = [—2,5). Find two partitions of X.

Solution: First partition

The collection A; = [—2,3],4, = (3,4), A5 = [4,5) form a partition of X

Second Partition (H.W.)

Theorem3.70: Let R be an equivalence relation on a nonempty set A. Then

the set of all different equivalence classes forms a partition for A.

Proof: Let P = {[a]: a € A} the set of all different equivalent classes of A
T. P. P is a partition of A
(1) [al] #® Va €A (fromTheorem 3.67(1))
(2) Let [a], [b] are two different equivalence classes T. P. [a] N [b] = @
Since [a] # [b] = [a] N [b] =@ (from Theorem 3.67(3))
(3) T.P. Ugealal = 4
T.P. Ugealal S AN A S Ugenlal

let x € Ugeqla] = x € [a] forsomea € A
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letx € A= x € [a] forsomea € A

= x € Ugealal ([a] € Ugealal)

From (1) and (2), Ugeala] = A

Example3.71: Let A = Z and definea R b < |a| = |b] Va,b e Z

Prove that R is an equivalence relation. Then find all different equivalence
classes (i.e., find a partition set of Z).

Solution: R is an equivalence relation (H. W.)

[0] = {x € Z:x~0} = {0}

[1] ={1,-1}
[2] ={2,-2}
etc

Partition set=P={[a]:a € Z*}

Example3.72: letA=ZandR={(a,b) € ZXZ:a—b = 3k, k € Z}.
Find the partition set on Z.

Solution: From Example 3.64, the relation R is an equivalence relation

Partition set=The set of all different equivalence classes
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Example3.73: Let A = {1,2,3,4,5,6} and A; = {1,2,3},4, =
{4,5}, and A; = {6} are partition of A. Write the equivalence relation R
produced from 44, A, and As.

Solution: The subsets A;, A, and A5 are the equivalence classes of A
1. A; = {1,2,3}is an equivalence class of A

= (1,1),(1,2),(1,3),(2,1),(2,2),(2,3),(3,1),(3,2),(3,3) ER

2. A, = {4,5} is an equivalence class of A

= (4,5),(4,4),(5,4),(5,5) €R

3. A; = {6} is an equivalence class of A

= (6,6) ER

R ={(1,1),(1,2),(1,3),(2,1),(2,2),(2,3),(3,1),(3,2), (3,3),
(4,5),(4,4),(5,4),(5,5), (6,6)}

Order Relations < il c@e

1. Partially Ordered Relation: ki ja 45 sl 433al)

A relation R on a set A is called Partially Ordered Relation (P. O. R) or
partially ordering if it is reflexive, anti symmetric and transitive. The pair
(4, R) is called partially ordered set.

A Hlali A g Al A8 Mad) CilS 1Y) L da AN e e A A ganall e 483l
Lis A8 el de seaall (A, R) )l (oomn LS dpaaiia

Mathematically,

RisP.O.R & R reflexive A anti symmetric A transitive

Risnot P.O.R & R not reflexive v not anti symmetric v not transitive
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Example3.74: (H.W.) Let A = {1,2,—3} be a set. Let

R, ={(a,b)) EAXA:a =b}=
{(1'1)' (212)1 (_31 _3); (1, _3), (2,1), (2, —3)}

RZ = {(111}; (2,2), (_3, _3), (1,2), (2,1)}
R3 = {(1!1)1 (2,2), (_3, _3)} = IA
Are (A, R,), (A, R,) and (A, R;) partially ordered sets?

Example3.75: Show that (Z, =) is a partially ordered set

Solution: Let R be a relation such that

R={(a,b) €EZ X Z:a = b}

We must show R is reflexive, anti symmetric and transitive

Reflexive: sincea = a = (a,a) € R = Riis reflexive

Anti Symmetric: let (a,b) € R A(b,a) ER T.P. a=b
—a=b =a=r+b, r=0...(1)

And b>a =b=s+a, s=>0...(2)

Substitute (1)in(2) = b=s+r+b

r,s=0
=>S+I‘=0:>I'=S=0

Substituter =0in(1)=a=b
R is anti symmetric

Transitive: let (a,b) € R A(b,c) ER=a>b Ab>c

—=a=>b =a=r+b, r=0...(1)

And b>c=b=s+¢c s>0...(2)
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Substitute (2)in(1) = a=(r+s)+candr+s=>0

= a =>c= (a,c) € R = Ris transitive

Remark3.76: For any nonempty set A4, the relation A X A is not P.O.R

Example3.77:Llet A = Z and R = Z X Z.Show that R is not P.O.R

The relation R is an equivalence relation = R is symmetric
= (a,b) e Rand (b,a) ER Va,b €R
But a # b (in general)
= Ris not anti symmetric
= Risnot P.O.R

Example3.78: (H.W.) LetA=Zand R, ={(a,b) € Z X Z: a|b}

R, ={(a,b) €Z X Z:a < b}
Ry={(a,b) € Zx Z:a < b}

R, ={(a,b) €Z X Z:a > b}

Show that (Z, a|b) is not a partially ordered set
Show that R, is P.O.R

Show that R; and R, are not P.O.R

Example3.79: (H .W.) Let X=1{1,23} and R={(4,B) e P(X) X
P(X):A € B}

Show that R is a partially ordered relation on P(X)
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Definition3.80: Let R be aP.O.Ronaset 4 andleta,b € A. Thena, b are
called comparable 4 8all (uld ¢ yaic with respect to R if (a,b) € R or
(b,a) €R.

Mathematically,

a, b are comparable & (a,b) € Rv (b,a) ER

a, b are not comparable & (a,b) € RA (b,a) € R

Example3.81: Let A = {1,2,3}, let

R ={(1,1),(2,2),(3,3),(1,2),(3,1),(3,2)} bea P.O.R
Find the comparable element in A with respect to R
1R 1= 1,1 are comparable

2R2 = 2,2 are comparable

3R3 = 3,3 are comparable

1R2= 1,2 are comparable

3R1= 1,3 are comparable

2R3= 2, 3 are comparable

Example3.82: (H. W.) Let A = {3,4,6,8,10}and R = {(a,b) € A X A: a |b}

Find the comparable element in A with respect to R

104




Foundation of Mathematics Cilpazaly ) gl daa pali lua o

2. Totally Ordered Relation LS 45 yal) 48%al)

A relation R on a set A is called totally ordered relation (T. O. R) or totally
ordering if

1. RisP.O.R
2.a,b are comparable Va,b €A

Example3.83: Let A = {1,2,—3} be a set. Let

R={(ab)€EAXAazb)=
{(111)1 (212)1 (_37 _3)' (1' _3), (2,1), (21 _3)}

Is R T.O.R?
Solution: P.O.R: From Example 3.74, R is P.O.R

Comparable: From reflexive relation, each element is comparable with
itself

(1,—-3) € R = 1, -3 are comparable
(2,1) € R = 1,2 are comparable
(2,—3) € R = 2,—3 are comparable
~ a,b are comparable Va,b €A

-~ RisT.O.R

Example3.84: Show that (Z, >) is a totally ordered set

Solution: P.O.R: From Example3.75, R is P.O.R

Comparable: TP. a=bVvb>a Vabe€eZ
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lLeta,beEZ=a=bVva>bVvb>a
= a=>bVa=bVb=a
= a=bVb=>a
= aRb V bRa
~ a,b are comparable Va,b € Z
~ RisT.O.R

Example3.85: (H .W.) Show that (Z, <) is a totally ordered set

Example3.86: (R, <),(R,>),(0Q,>),(Q,<),(N,<),(N, =) are totally
ordered sets

Example3.87: Give an example of a P.O.R that is not T.O.R
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CHAPTER Four: Mappings <&kl

Chapter Four Contents:

1. Mappings <liuhil)
2. Types of mappings <liukil) g ¢l
3. Composition of mappings <ixuhill cus 53

4. Direct image and inverse image 42l 5 gall g 3 sdilaall 3 guaal)

Mapping (Function) 41al g) (gdail)

Let A and B be two nonempty sets. A relation f from A to B (f SAX B)is
called a mapping or function if each elementin A is related to a unique
element in B. This relationis denoted by f:4 — B.

ainy A de senall (8 paic SShiyi B ) A (e dad Ae af Gadaill 5 Al
f1A = B 30 d8d) s3] e 5 B de sanall d o

Mathematically,

f:A— Bisamapping & Vx€e€A3lyeBs.t. f(x)=y

Remark 4.1: A mapping is (generally) denoted by f,Fg,G,h, H, ....
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Example 4.2: Let A = {1,2,3,4} and B = Z. Which of the following relations
is mapping?

R, ={(x,y) EAXB:y = 2x}

RZ = {(1,1), (1,2), (2,0), (3, _1), (4,1)}
R3 = {(111)1 (210)1 (313)}

Remark 4.3: Every function is a relation but not every relation is a function

Mapping can be defined in another way :

Definition 4.4: Let A and B be two nonempty sets. A relation f from A to B
(f SAX B)is called a mapping or function if it satisfies two conditions:

1) Closure (3N : VX € A = f(x) € B Jaall i 4l ) soa Jlaall (& juaie S
Jiaa

2) Well-defined ) iy aill: Jiliall Jladll 852 53 ) o 4l Jlnall (& juaie S

If X1 = Xy then f(xl) = f(xz) vxl,xz eEA

Example 4.5: Determine whether f: Z = R is a function or not
a) f)=Vx2+1
1. closure: Let Vx,x € Z —l> f(x) ER
Vi, x€EZ=x>+1€Z=Vx2+1 €R
= closure is held (38 333y

2. well defined: Vx;,x, EZ,x; = x, > x? =x2=>x?+1=x2 +1
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= Jx2+1= x? +1
= f(x1) = f(x)

~ f is mapping

x, x <1

b)f(x)={ x, x =1
f is not well defined because x =1 € Z

but f(1)=1land f(1) = —1sadl paic 22 g

1

3) f(x) =~

X

Closure condition is not held (Gésie e (3l da il

Lax=Oemefm)=%$R

=~ f is not a mapping

Example 4.6: (H.W.) Is f mapping?
l.Let f:N =» N s.t. f(x) = x/(|x]| = 5)

Vx

x-1

2. Letf:R >R st f(x) =

Graph of Mapping 4l au

Let A and B be two non-empty sets and f: A = B. The graph of f is
denoted by Graph f and is defined as

Graph f = {(x,y):x € Aand y = f(x)}
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Definition 4.7: Let f: A — B be a mapping. Then
1) The set A is called the domain of f 414 Jas and is denoted by Dy

2) The set B is called the Codomain of £ 4llall Ji&all Jlaal) and is denoted by
Cod
f

3) If f(x) = y then y is called the image of x and x is called the preimage
of y

4) The set of all images of the elements of A is called the range of f and is
denoted by Ry

R =f(A) ={y=f(x):x €A} € B = Cody

e g e dlaie YU Aall Jladdl alay) Koy 23 ddaadla

Dy = Raiiall dae¥) pan Lellas dphadll Al 1

e (5 gl alial] Jeai il msil foe Lo Legidnd) Soe V) pran lllas 45yl D000/ 2
Ll yiad) cun dagil] Juad il asil] foe Lbidnd) Soe Y/ maa lellas 4y 3adf 4000 3

DSl e IS 13 U inia Lo olaie V) lgia 5ok 52 s Ry suall de gane lasy

X A ) sk e saall olag) (Saall e 8 Ludsisd] sl Y] de sane (1o 4 s e pana
y‘UY-lJ

Example 4.8: Write the graph set, the domain and the range of the
following functions:

1) Let f:{—2,-1,0,1,2} » Z s.t. f(x) = x3
Graph f = {(x,x%):x € {~2,-1,0,1,2} and f(x) = x%}
={(-2,-8),(-1,-1),(0,0),(1,1),(2,8)}
Dy ={-2,-1,0,1,2}
R; = {—8,-1,0,1,8} € Z = Cody
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2)let g:Z > Z s.t. g(x) = x?
Graph g = {(x,x?):x € Z and g(x) = x?}
={...,(—2,4),(—-1,1),(0,0),(1,1),(2,4), ... }
D =
R, = {0,1,49,16,...} € Z = Cod,

Example 4.9: (H. W.) Find the domain and the range of the following
functions:

X

1) f(x) == ) F(x) =vi—2x 3)Gx) = |=

xX+2 xX+2

Types of Mappings il £ g

1. Constant Mapping <ull) gkl

A mapping f: A = Bis called
constant map & < JlceBs.t. f(x)=c VxEA
or

f is called constant & Ry = {c}

\ 7/

Constant Mapping
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Example 4.10: Let f:R > Rs.t. f(x) =2 Vx€R

f is constant function

1Y (0,2)

Example 4.11: Give two examples of non-constant functions

2, x=>1

1_|etf:R—>R5-t- f(x)z{_3 x <1

f is not a constant mapping because f(1) = 2 and f(0) = -3

Give another example (H. W.)
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2. Identity Mapping 4 414l

A mapping f: A — Ais called identity map 45342 denoted by iy &
f(x)=x Vx€A

Example 4.12:

1.let f = {(1,1),(3,3),(0,0),(—6,—6)}
f is identity function defined on A = {0,1,3, —6}

“f =iy
2.letf:Z>7Z st.f(x)=x Vx€eZ
f=iz

3.letf:Z—-7Z st f(x)=|x| VxeZ
f(x)=f(—x)=x Vx€Z

=~ f is not identity function

4. letf:N >N st f(x)=|x|] Vx€EN
f(x)=x Vx€EN

~ f isidentity function (i.e., f = iy)

3. Injective Mapping (xlsiall (gadail)

A function f: A = B is called one to one (1-1) or injective if different

elements in the domain A have different images in B
i) Jladll 8 ddliaa | ) gom Jlaall 3 Adliaad) jualiall culS 13) Aglvia Al e

f:A—> B iscalled1-1 < V xy,x, € A4; if x; # X, then f(x;) # f(x;)

Or
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f:A—> B iscalled1-1 < Vx,,x, € A4; if f(x;) = f(x,) then x; =x,

fitA—>Bisnotl-le I x,x, €EA; x1 #X, A fx1) = f(x,)

r D
— B
q A
A
One to one function not one to one function
f@=f4)=A4

f is Many to one

Remark 4.13: In the graph of Injective map, a horizontal line should never
intersect the curve at 2 or more points.
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y.ii -_____‘}_-'f_,ft
can be /’\
samel!

X1 X2 X

L

not one to one (many to one)

always :
unique :

X1 Ko f

Injective (one to one) function

4. Surjective Mapping Ja\édl (ubil) A function f: A = B is called (onto) or

surjective if every element in "B" has at least one relating element in "A"

(maybe

more than one).

o S 5 2l yeainl 5 ) gea sa Qi Jinall b peaie JS OIS 13 ALLE ) 5S5 f A1

Mathematically,

Jall

A function f: A —» B is called (onto) or surjective & Ry = Cody

Or

A function f: A = B is called (onto) or surjective & Vy € B 3x €
As.t.f(x)=y

A function f: A —» B is not (onto) or not surjective & Ry # Cody

5. bijective Mapping J:\dial)  gaadail)

A function f: A = B is called bijective & f is 1-1 and onto

A function f: A - B is called not bijective < f is not 1-1 or f is not onto
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General Injective Surjective Bijective
Function Not surjective Not injective (injective and

surjective)

Example 4.14: Which of the following functions are injective? Surjective?

Bijective?

1.f:R > Rst. f(x)=x (H.W.)
2.f:R > Rst. f(x) =3 (H.W.)
3.f:RY > Rst. f(x) =x% (H.W.)

4. f:R - Rs.t f(x)=vVx?+9

x+4
2x—5

5. f:R\ {2} - Rs.t. f(x) = (H. W.)
6. f[:R - [1l,0)st. f(x)=|x—4|+1
7.f:R - [-4,0)st f(x) =—4+ (x—4)*> (H.W.)

x3, x<0
x%, x>0

8 f:R > Rs.t. f(x) ={

Solution4: f:R — Rs.t. f(x) =vVx?+9
D = Rand codf =R

Surjective? We need to find Ry
Whenx ER = f(x) =y =3
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=~ f is not surjective (not onto)

?
Injective? Let f(x;) = f(xy) = x; = x5

flx) = f(x) = Vx2+9=1/x,249

$X12+9=X22+9

From (2), f is not injective

=~ f is not bijective

x—3, x=4

Solution6: f:R — [1,00)s.t. f(x) = [x—4[+1= {—x+5 x < 4

Ds = R and cody = [1, )

Injective? Let f(x;) = f(x3) ; X1 = Xy
fO)=f)=Ix—4[+1=[x; —4[+1
=[x, — 4] =[x, — 4]
Eitherx; —4 =x, — 4
= X, = Xy ....(1)

Or,x;—4=—-—x,+4
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From (2), f is not injective (1-1)
Surjective? We need to find Ry

x — 3, x =4
f(x)_{—x+5, x <4

fx>4 = x—-3=21=y=>1 ... (1)

fx<4= x>—-4=>5-x>1=y>1 ... (2)
~From(1)and(2), R ={y:y=1ory > 1} =[1,) = cody
=~ f is surjective (onto)

Y AV dlagl & s Alls Al o) LAY (Al ddy )l

fx>4 2y=x—-3= x=y+3
1V st Sl y 2l OSSOl > 4 085 (S

= y>1...(1)

fx<4, y=—-x+5= x=5-y

1d e s8Iy ol S8 iy x < 4 5SS S
~From(1)and(2), R ={y:y =1ory > 1} =[1,0) = cody

~ f isonto

=~ f is not bijective
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Solution8: f: R — Rs.t. f(x) = {

x3, x<0
x%, x>0

Ds = R and codf =R

Surjective (onto)? We need to find R

Whenx <0 =y= f(x)=x3<0=y<0

Whenx>0=y= f(x)=x2>0=y=>0

Re={y: y<0ory=0}=R=cods

=~ fis onto

Injective (1-1)? Let f(x;) = f(x,) —7> X =X,

) = Fx) =>{ ;

(xfzxg’, x1<0,x, <0
xt=x% x,=0, x,20
x3=x2, x,<0,x, =0
kxlz=x§’ x;=>0,x,<0

(X1 = Xy, X1 < O,XZ <0
X1 =X3, X1 =20,x, =20

\

~ X = X, = fis injective

=~ f is bijective
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Inverse Mapping: 4ssal) 43)4)

Let f be a bijective mapping from A to B then f~1 is a mapping from B to A
such that f~1(y) = x.

Mathematically,

f:A - Bs.t f(x) = yis a bijective mapping & f~1: B - Aisamap.s.t.
7o) =x

Example 4.15: Let f:{1,2,3} = {a, b, c} s.t.
f)=a f(2)=b fB)=c
Or f={(1,a),(2,b),(3,¢c)}

ol |
f-l
B
a\ 3> 1
] T

Since f is 1-1 and onto (bijective) = f~1:{a, b,c} - {1,2,3} s.t.
fffla =1, f7* ) =2, f(c)=3
or f~t ={(a,1),(b,2),(c,3)}
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Example 4.16: Let f: RT - R* s.t. f(x) = g Find f~1 (if exist)?

Solution: f ~lexist < fis bijective
1-1? Let f(x;) = f(xp) = % = "2—2 = x, =X, = fis 1-1
Onto?y=’25:,~x= 2y
= R; = R* = cod
=~ f is bijective = f~1 is a mapping = ™1 exist
y A 0 aad f 7T ey
y = g = X =2y

“ fTLR > Rst f1(y) =2y

Remark 4.17:

1. If a function f is not injective then f~1is not a mapping (f "1does not
exist)

2. If a function f is not surjective then f~1is not a mapping (f “1does not
exist)

3. If a function f is bijective then f~!is a mapping (f ! exist)

Example 4.18: f:R — Rs.t. f(x) =4+ (x — 4)2 Find f 1 (if exist)

Solution:
f~! existif and only if f is 1-1 and onto
1-1? Let f(xy) = f(x) = 4+ (x; —4)?> =4 + (x, — 4)?
= (x;—4)° = (x; —4)°
Okl iy
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=x; —4=F(x, — 4)
Either, x; —4=x,—4 = x; = Xx,
Oor,x; —4=—(x,—4) = x; #Xx,
~ fisnot1-1
~ f~1is not defined

x3, x<0
E le4.19: /:R R s.t. = { ’
xample fiR - Rs.t f(x) X2 x>0

Find f~1 (if exist)?

Solution:

f is bijective (see Example 4.14(8))
o f~1is defined

i/_,y<0

& fTHR-> Rst f™ (y)={\/;’y20

Example 4.20: f:[3,0) = [0,0) s.t. f(x) = vVx — 3. Find f~1 (if exist)

Let f(x1) = f(x2)

:x1_3=x2_3

=>X1 = xz — f|S 1'1
Onto? Is Rf = codf?
y AV x as

(becausex > 3)y=vVx—-3=>x=y2+3=>y>0
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oA A3 Hhay gaall alaal (Sa
x=>23=x—-32=20
= Vx—3=20=y=>0

= R = [0, ) = cods
f is bijective
o f1is defined
s AP ARl g BN

y=vVx—-3=x=y%+3

o f71]0,00) - [3,00) s.t.f1(y) =y% +3

Remark 4.21:

1.f‘1¢]1c

2.(FH =f
sf=flef=i

Composition of Mappings <ixphil) cus 53

Let f: A = B be a mapping and g: B — C be a mapping. The composition
of g and f is a mapping denoted by gof and is defined as

(gof)(@) = g(f(a)) VaeA
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Mathematically,

If f:A— Band g:B — C then gof:A —» Cisamap. < Va € 4,
A g(f(a)) € Cst. (gof)(a) = g(f(a))

) f(x

(fog)(x)

g(x )
domain range
of g of feg

Remark 4.22: Let f:4 - Band g:C - D. Then
1. gof is defined (exist) if and only if Ry < D,
2. fog is defined (exist) if and only if R; & Df

3. fog # gof (ingeneral)
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Example 4.23: Let f:R > [2,00) s.t. f(x) = x* + x% + 2

g:Rt = [—4,0)s.t.g(x) =Vx —4
Find fog and gof (if exist)
Solution: fog exist when R; < D¢
Rg=[—4,0)and Dy =R = R, € Df

~ fog is defined

(Fog) () = f(g(0)) = fF(WVx —4) = (Vx —4) + (V& —4) +2

gof is defined when Ry < D,
Rf = [2,00) and Dg =Rt = Rf - Dg

~ gof is defined

(gof)(x) = g(f(x)) = glx* + x2 +2) = Vx* +x2 + 2 —4

Example 4.24: Let f: R » R s.t. f(x) = sin(x)

g:[0,0) = (=0,0] 5.t. g(x) = —Vx.

Find fog and gof (if exist)
Solution: fog exist when R; € D
Find R;? g(x) = =Vx

Vi 20=g(x)=—Vx <0
s Ry = (—,0] € Dy = R

~ fog is defined
(fog)(x) = f(9(0)) = f(—Vx) = sin(—x)
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To find gof, we need to check if Ry € D,
f(x) =sin(x) € [-1,1]
~ Ry =[-1,1] € D, = [0, )
= gof is not a map (does not exist)
Theorem 4.25: Let f: A - B and g: B — C be two mappings, then
1.If f and g are 1-1then gof is 1-1
2.If gof is 1-1 then f is 1-1
3..If f and g are onto then gof is onto
4.1f gof is onto then g is onto
Proof 1: T.P. gof:A — C is 1-1 (injective)
Vxi,x, € A, (gof)(xy) = (gof)(xy) T.P.xy = x5
(g0f)(x)) = (gof) () = g(f(x) = g(f(x2))  (def. of gof)
= f(x1) = f(x3) (g is 1-1)
=X, =X, (f is 1-1)
~ gofis1-1
Proof 2: Let gof is1-1T.P. f is 1-1
Vxi,%x, €A, f(x) =f(x3) T.P.x; = x5
f(x1),f(x2) € Dgand f(x;) = f(x;)
= g(f(x1)) = 9(f(xz)) (g is well defined)
= (gof)(x1) = (gof)(x;) (def. of gof)
= x1 = X, (gofis1-1)
= fis1-1
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Proof 3: Assume that f and g are onto T.P. gof is onto
TP.Vze(C,Ax € As.t.(gof)(x) =z

Since fisonto = Vy € B,ax € As.t. f(x) = y......(1)

Sincegisonto= Vz € (,3y € Bs.t.g(y) = z......(2)

Substitute (1) in (2)

=Vze(l,Ay=f(x)€EBs.t.g(f(x)) =z

= Vze(,Ax € As.t.(gof)(x) =z

= gof is onto

Proof 4: Let gof is onto T.P. g is onto

TP.Vze(C,AyeBs.t.g(y) =z

Since gof isonto= Vz € (C,3Ix € As.t.(gof)(x) =z
= VzeC(C,Ay=f(x)€EBs.t. gf(x)) =z
= Vze(,dy€eBs.t. gly) =z

= g is onto

Equal Mappings <liukill 5 glud

Let f and g are two mappings, then

f=g ©Df=Dg Af(x)=g(x) Vx€EDs=D,
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Theorem 4.25: Let f: A — A be a mapping and i4: A = A be the identity
mapping, then i,0f = fand foiy = f

Proof: T.P. iyjof =f A fois=f
(1) )

iqof :A = Ais defined

T.P. iyof = f O rd @3 g 8l sbusall 0 ju S

1) DiAof = Df?
i,0f 1A A
2 DiAof =A=Ds

2)  (ig0f)(x) = f(x)
(ia0f)(x) = ia(f(x)) (def.of o)
= f(x).  (def.ofiy)
~(la0f)(x) =f(x) Vx€eA

From (1) and (2) = isof = f

Similarly, prove that foiy = f (H.W.)

Theorem 4.26: Let A, B and C are non empty sets. Then:
1.I1f f: A - Bisbijectiveand f~1: B —» Athen f~lof =i,, fof ' =iz

2.1f f:A - Aisbijectiveand f~1:4 > Athen f~lof = fof 1=i,
(H.W.)

3.1f f:A —> B be a bijective mapping then f~1: B - A is a bijective
mapping.
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4.1f f:A—> B, g:B - C,h:C — D then (hog)of = ho(gof)
5.1f f: A - B is bijective and g: B — C is bij. then (gof)™! = f~log™!
Proof 1: Let f: A - B is bijectiveand f™1:B > 4
TP.flof =iy
f~lof:A - A is defined

1) T.P. D,

10 =D

ia
flof:tA-> A= De-1pr = A
igrA>A=D;, =4

D,

105 =D

2)T.P.(flof)(x) = iy(x) Vx€eEA

(f o) = ) e (D)

Since fisamap. = Vx € 4,3y EBs.t. f(x) =y .....(2)
Substitute (2) in (1) = (f tof)(x) = f~1(y) = x

s (fThof)(x) = x = iy (x)

From(1)and (2) = [~ lof =iy,
Next we prove fof ™! =ip
fof1:B - B is defined

1) T.p. D

f Of—l = Dl

B

fof :B->B= Df B

of‘1=
iB:B—>B=>DiB =B
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D ypa=

2)TP. (fof N =iz(y) Vy€EB

(Fof DO =F(f()) v (1)

Since f™lisamap.= Vy €B,Ax € As.t.f 1(y) = x ... (2)
Substitute (2)in (1) = (fof D) =f(x) =y

“ (fTrof) =y =iz )

From (1)and (2) = f~'of =ip

D;

B

Proof 3: . Let f: A — B be a bijective mapping (1-1 and onto)
T.P. f~1:B - Ais a bijective mapping.
flisl-1?Lety;,y, €EBst. fT ') = f () T.P.y1 = ¥,

sincey;,y, €EB =Ry = 3x;,x; EAst. f(x)) =1, f(x2) =y, [fis
onto

= Axy,x; EAst fTH(f(x)) = f () and fTH(F(x2)) = F 71 (2)
[f ~tis well defined]

= 3x,2, €Ast fTHfO)) =G T ) =1 0) ]
= 3xy,x, EAst (F o) (%) = (fLof)(x,) [def.of f~tof]

= 3Ax1, X, € As.t.ig(xy) =i4(xy) [from part (1)]

= x, = 1,

= f(x;) = f(x,) [f is well defined]

=Y1=Y2

o flis1-1
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flisonto? T.P.R..1 = A

Ra={x€hx=f"'M}={xedf(x)=y}=4
~ flisonto
f~lis1-1and onto = f~1lis bijective
Proof 4:let f:A — B, g:B — C,h:C — D T.P. (hog)of = ho(gof)
1) D(nogyos = Dro(gor) =4
2) T.P.Vx € 4, [(hog)of](x) = [ho(gof)](x)
[(hog)of](x) = (hog)(f(x) (def.of )
=h(g(f(x)) (def.ofo)
= h(gof (x))
= [ho(gof)](x)
« (hog)of = ho(gof)

Proof 5: Let f: A — B is bijective and g: B — C is bijective
T.P. (gof)™ = f~rog™!

leth =gof:A—> CT.P.h™ 1 =f"1og~?
T.P. hoh™! =i,
hoh™ = (gof)o(fTtog™)

= go(fof Hog™! [ois associative]

= goizog™?! [fof ™! =ig]
= gog™* [goig = g]
=ic [gog™ =ic]

~ (gof)™t=f"tog™
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Direct Image 5 _<iall 3 gl

Let f: A — B be a mapping and C € A. Then the direct image of C under f
is defined as

f(€C)={y€eB; IxeCs.t.y=f(x)}

A L gaie JS 5 B i) Jlaall e 4 3 Ao sane (2 f(C) 3dilaall 3 ) sucall
3ol f(C) ooty Jodl (e & al) € Ao gandll palic o JSI o) jainl3 ;5
S euhill daaC J 5kl

yeEf(C)e= IxeClCs.t.y=f(x)

y&f(C) e VxeCls.t.y# f(x)

Example 4.27: Let f: N\{1} > N s.t.f(n) =n? -1

Let C = {2,3,4}. Find f(C)
Solution:

f(C) =1{f(2),f(3),f(4)} = {3815}

Theorem 4.28: Let f: A > B be a mapping, let C, D are subsets of A. Then:
1.1f C € D then £(C) € (D)

2.f(CNnD) < f(C)n f(D) (HW.)

3. If fis injective (1-1) then f(C N D) = f(C) N f(D)
4.f(CuD)=f(C)Vf(D)

5. fF(ONF(D) < f(C\D)
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6. F(C\D) € f(C) (H.W.)
Proofl: Let C € D T.P. £(C) € f(D)
lety € f(C) = y€B; dx € Cs.t. y = f(x) (def. of f(C))
= yeB;AxeDs.t. y=f(x) (CESD)
= y € f(D) (def. of (D))
~ f(©) s fD)

Proof3: Suppose fis1-1T.P. f(CND)< f(C)Nf(D) A
(1)

fOnfd)cflCnD)
2

From (2), f(C N D) S F(C) N F(D) ...(1) (HW.)

T.P. f(C)n f(D) € f(CND)

lety € f(C)Nf(D)T.P.y € f(CND)

ye f(OONf(D)= y€e f(C) Ay € f(D) (def. ofn)
= 3Ix, EC,y=f(xy) A Ix, €D,y = f(x;,) (def. of direct image)
= y=fx) = f(xz)
= x, =x, (fis1-1)

= Ix=x,=x,€CNDst.y=f(x) € f(CnND) (def. of direct
image)

~ f(Oynf(D)c f(CND)..(2)
From (1) and (2), f(C) n f(D) = f(C n D)
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Proofd: T.P. f(CUD) S f(C)Uf(D) A f(C)Uf(D) < f(CuD)
1) (2)

letye f(CUD) < yeB;dx e CUDs.t. y=f(x) (def.of f(CU
D))

& y€EB;AxeCvxeDs.t. y=f(x) (def. of U)
& y€eEB;[AxeC s.t. y=f(x)]v[x €D s.t. y=f(x)]
& yef(C)vye f(D) (def. of directimage)

Syef(C)Uf(D) (def.ofU)

~ f(CuD)=f(C)uf(D)

Proof5: T.P. f(C)\f (D) < f(C\D)
Lety € fF(OO\f(D) = y € f(C) Ay & f(D) (def.of\)
= 3Ix €C s.t. y=f(x) AN Vx €D; y+ f(x) (def. of directimage)
—3axel st.y=f(x) A x&D; y=f(x)
= 3Jx€C N x€D; y=f(x)
= y € f(C\D)
= fIONf(D) & f(C\D)
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Inverse Image 4xwsall 3 guall

Let f: A — B be a mapping and D € B. Then the inverse image of D under
f is defined as

fFI(D)={x€A:f(x) €D}

e aic JSB ) gea (el S5 4 Jaall (0 A3 Ja e sane oa fH(D) 4nSall 5 ) sl
f Gkl Jais D J&Sall 55 pall f7H(D) (oanis Jaall e A5l D e senall

x€f (D)= x€eAs.t. f(x) €D

x¢&f (D) x€eAs.t. f(x)¢D

Example 4.29: Let f: N\{1} > Ns.t.f(n) =n? =1

Let D = {2,3,4,8}. Find f~1(D)
Solution: f~(D) = {n € N\{1}: f(n) € {2,3,4,8}}

={neN\{1: n?2-1=2vn®—-1=3vn?—-—1=4vn?—-1=8}

={neN\{1k: n?=3vn?=4vn? =5vn? =9}
={neN\{1}: n=/3¢€Nvn=2€ Nvn=+5 € Nvnh =3 €N}

f~H(D) ={2,3}
Example 4.30: Let f:R > R s.t.f(x) = x? — 2. Find f71({2,7})

Solution: f~1({2,7}) = {x € R: f(x) € {2,7}}

={x€R:x*—-2=2o0rx*-2=7}={2,-2,3,-3}
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Theorem 4.31:Let f: A —» B be a mapping, let E € Aand C,D are
subsets of B. Then:

1Lf7H(CnD)=f"1C)nfHD)

2.1fC € D then f71(C) € f~1(D) (H.W.)

3.7 (cuD)=fYC)uf (D) (HW.)

4.f7H(C\D) = fTHONH(D)

5.f71(C\D) € f~1(C) (H.W.)

6.E € fY(f(E)) (HW.)

7.1f fis1-1ifand only if E = f~(f (E))

8.f (f7X(0)) € C (HwW.)

9.1f fisontoifand onlyif f (f~1(C))=C

Proofl:letx € f"1(CND) & f(x) ECND (def.of f71)
& f(X)EC A f(x) €D (def.of N)
Sxef 1 (OA xe f7Y(D) (def.of f71)
S x€f(C)Nf D) (def.of N)

s fTHCND) = f7HO N fHD)

Proofd: Let x € f~1(C\D) & f(x) € C\D (def.of f~1)
S f(x)EC AN f(x)€D (def.of \)
Sx€efHCOON x & f YD) (def.of f71)
S x € fTUC)\fUD) (def.of \)

= f7HC\D) = fFTHONHD)
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Proof7: =) Let fis 1-1T.P.E € f~Y(f(E)) A f7Y(f(E)) S E
From part (6), E € f~Y(f(E)) ... (1)
T.P. fTYf(E)) S E
Lletx € fTH(f(E)) = f(x) € f(E) (def. of inverse image)
= 3Je€Est f(x) = f(e)
—=x=e €E (fis1-1)

= x €EE

From (1)and (2), f~Y(f(E))=E

<) Assume that f7(f(E)) = ET.P.fis1-1
Suppose f is not 1-1 Jdilu e G »
x4, %, € As.t f(x1) = f(x3) and x; # x,

LetE = {x;} = x1 €EE = f(xy) € f(E) (def. of direct image)

= f(xz) € f(E) (f(x1) = f(x2))

= f(x1) € f(E) and f(x) € f(E)
=x, € fTYf(E))=E andx, € f7Y(f(E)) =E

= {x;,x,} € E = {x;} ,=8&
fis1-1
Proof9: =) Let fisonto T.P. f (f~1(C))cC ACcf (fHO))

Frompart(8), f (f(C))sC .. (1)
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TP.Ccf (fFTHO))
lety € C=3x € Ast.y=f(x) (fisonto)
= x € f1(y) € f71(C) (def. of inverse image)
= f(x) =y € f(f7H0)
~Ccf (FFYO)...(2)
From (1)and (2),C = f (f~1(0))
<) Assumethat f (f~1(C)) = CT.P.fisonto
Assume f is not onto u=8lll Gl
dyeEB—-f(A)=y+f(x) VxeEA
= f1y)#xVx€eA
letC={}=f"O=f"{H=0
= O)=f@®) =0
= f(fHC)) # C o= Al g il

~ f is onto

Remark 4.32: : Let f: A - B be a mapping,let E € Aand C € B. Thenin
general

1A% f(f(4)
2.B # f(f~4(B))

For example,

let A = {1,2,3}, B = {4,5,6,7}

fiAd > Bst f(1) =f(2) =4
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f(3) =6
letE={1,3} S A andC = {45} S B
f(E)={46}=f'(f(E)) =f'({46}) = {123} # E
= [T (f(E)#E
Also, f71(C) = (1,2} = f(f1(O)) = f({(12D = (4} = C
= f(f 1) = C
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Chapter Five: Cardinality of Sets <\s gaxall B_yad

Chapter Five Contents:

1. Equivalent of Two Sets (S sada (G g3l
2. Finite and infinite sets dxgiiall 1€ 5 dugiiall Cile sanal)

3. Countably infinite sets ! ALY 4gilll 8 Cle ganall

Equivalent of Two Sets (S gaaa (s 81SI)

Two sets A and B are called equivalent (A = B) if and only if there exist a
bijective map between them.

Mathematically,

A~ B < 3f s.t.f: A = B is bijective

A~ B o Vfs.t.f:A—- Bisnotbijective

Remark 5.1: If A = B, we say that there is a "one to one correspondence"
between A4 and B.

Example 5.2: Let A = {1,4,6,9}, B = {2,5,7,10}. Showthat A ~ B.Is B ~
A?

Solution: Define f:A » Bs.t.f(1) =2, f(4) =5,f(6)=7,f(9) =10

Ingeneral, f(x) =x+1Vx€A
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1-1? Vxy,x, €A, x; # x, = f(x1) # f(xy) = fis1-1
Onto? Ry = {2,5,7,10} = cody

~ f is bijective = A = B (there is a one to one correspondence between
Aand B)

Give another bijective function that makes A = B?

Define h:A —» Bs.t.h(1) = , h(4) = ,h(6) = ,h(9) =

IsB ~ A?

Defineg:B - As.t g(2) =1,9(5) =4,9(7) =6,9g(10) =9
Orglx)=x—1 Vx€EB

g is 1-1 and onto (check)

~ g is bijective = B = A

B~A gl &ldd )k

SincceA~B= Af B> As.t.f N y)=x

X Aad Y
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lety=x+1=x=y—-1
Substitute the value of x in f~1(y)

o fTBoAst. ffl) =y -1

Show that f~1 is bijective (H.W.)

S B~ A

Example 5.3: Let A = {x,y,z}, B ={0,—1}
IsA =~ B?IsB = A?

Solution:

A= B < 3f s.t.f: A - Bis bijective

Let f(x) =0, f(y) = -1, f(2) = =1

This relation is not 1-1 mapping because two element y, z € A have the
same image.

In fact each f: A = Bis not 1-1= f is not bijective = A is not equivalent
to B.

B~A & 3gs.t.g:B — A is bijective
Llet g(0) =x, g(-1) =y
This relation is not onto mapping because R; # cod, = A

In fact each g: B = A is not onto= g is not bijective = B is not equivalent
to A.
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Example 5.4: Show that N = B = {5,10,15,20, ...}
Solution: Define f:N - Bs.t.f(x) =5x VX €N
1-1? Letx;,x, € N s.t. f(x1) = f(x,) = 5x; = 5x,
= X; = Xy
= fis injective
Onto? Ry = {y € B:y = 5x,x € N} = {5,10,15,20, .....} =B
=~ fisonto

~ N=B
Example 5.5: (H.W.) Show that N = {2,4,6, .....}

N = {—2,—4,—6,.....}

ZT={-1,-2,-3,...}= N
Theorem 5.6: The equivalent relation (=) on sets is an equivalence relation
Proof:
1. = reflexive? T.P.A = A foranyset A
Jij:A—> A s.t.i(x)=x VxeA
i, is bijective > A~ A VA
~ =~ reflexive
2. = symmetric? Let A and B are two setssuchthat A= BT.P.B~ A

A~ B = 3f s.t.f: A - B is bijective
Since f is bij. = 3f ~1: B - A such that f 1 is bij.
= B=A

~ is symmetric
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3. = transitive? Let A, B and c are setssuchthat A== Band B= CT.P.A =
C

A~ B = 3f s.t.f: A - B is bijective

B~ (C = 3gs.t.g:B — (Cis bijective
~ 3gof: A — Cis bij. (by theorem 4.25 (chapter4))
A= C
~ = is transitive

~ = is an equivalence relation

Finite and Infinite Sets dugiiall 1€ g Augilal) Cle ganal)

A set A is said to be finite if A is empty or if A contains exactly m elements
where
m is a positive integer; otherwise 4 is infinite.

G M et 22e o (5 a3 il 13 gl A de gana il 13 dygilia ani 4 de sanal
yealiall

Agiie g A de senal (S5 ol lac L

Remark 5.7: The number of the elements in a finite set A is called the size
of A and is denoted by n(A) or #(A) or |A].

Example5:

Let A = {1,2} finite set = n(4) = 2 4c saxall jalic 22
let A={ }finiteset= #(4A) =0

Let A = {@} finite set = #(A) =1

Let A = {1,0,{1,3},[0,1], N} finite set = |A| = 5
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Remark 5.8: If A is an infinite set = |A| or #(A) is not defined (does not
exist)

Example 5.9:
Let A = Z infinite set = |A4] is not defined

Let A = (9,40] infinite set = #(A) does not exist

Cardinality of Finite Sets 4giiall Cile gaxal) 5 48

Let J,, = {1,2, ..., m} be a set. A set A is called finite of size m (n(4A) = m)
if andonlyif A = J,, = {1,2, ..., m}. The positive number m is called the
cardinality of 4.

Ao ganall 58 o b jualic 330 Jld digiic e genall S 13

Mathematically,

nAd)=me A={1,2,...,m}=]J,

n(d) =m e 3If: A - {1,2,...,m}s.t. f is bijective

Example 5.10: Let A = {a, 3, sin(x)}. Find the cardinality of A.

Solution: Let J; = {1,2,3} T.P. A = J;

Define f:A = J3s.t. f(a) = 1,f(B) = 2, f(sin(x)) =3

It is clear that f is 1-1 and onto = n(4) =3

Theorem 5.11: Any two finite sets have the same cardinal number if and
only if there is a bijective map. between them

i.e., Let A and B be two finite sets. Thenn(4) =n(B) < A= B
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Proof: =) letn(4A) =n(B) =mT.P.A=B

n(A)=m=A={1,2,..,m}..(1) (def. of n(4))

n(B)=m= B = {1,2,...,m}...(2)  (def. of n(B))

From (1) &(2)

A={12,...,m}A B={12,..,m}

= A~={12,..,m}A {1,2,..,m} = B [=symmetric]

= A=~ B [= transitive]

‘:=) Suppose A = B T.P. n(4A) = n(B)

letn(Ad) =m= A = {1,2,...,m} (def. of n(4))
= A ~B A A={12,..,m}

=B =A AN A={12,..,m} [=symmetric]
= B =~ {1,2,...,m} [= transitive]
= n(B) =m

= n(4) = n(B)

Theorem 5.12: Let A be a finite set and A4, 4,, ..., 4,, be a partition of A.
Then

n(A)=n(4,) + -+ n(4,) (ORxOsY)

Theorem 5.13: Let A and B be finite sets. Then n(AU B) = n(A) +
n(B) —n(ANnB)

Proof: Take A\B,A N B, B\A as partition for AU B

= n(A U B) = n(A\B)4+n(A N B) + n(B\A) ...(1) (bytheorem 5.12)
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Take A\B, A N B, as partition forA = n(A) = n(A\B)+n(AnB) (by
theorem 5.12)

= n(A\B)=n(4) —n(A N B)...(2)

Take B\A, A N B, as partitionfor B = n(B) = n(B\A)+n(AnB) (by
theorem 5.12)

= n(B\A)=n(B) —n(ANB)...(3)
Substitute (2)&(3) into (1)

= n(A U B)
=n(4) —n(AnB)+n(AnB)+n(B) —n(ANB)

= n(AUB) =n(A)+n(B) —n(AnB)

Theorem 5.14: Let A and B be finite sets. Then n(A X B) = n(4).n(B)
Proof:
Ais finite set > n(4A) =mst. A ={a,,a,,...,a,}

B is finite set = n(B) =ns.t.B ={by, b,,...,b,}
AXB={(a,b):a€A,b € B}

A x{b;} = {(ay,by), (az by), ..., (A, b))} A X {by} =
{(as, by), (az, by), ..., (A, by)}

A X {bn} = {(ap bn): (a2» bn): ey (ami bn)}
= AXB=Ax{b;}UAX{b,}U..UAX{b,}

Suchthat AX {b;}NAXx{bj} =0 Vi#j

. AX{b;},Ax{b,},...,Ax{b,}is a partition for A X B
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n(AxXB) =n(Ax{b}) +n(A x{b,})+ -+ n(4x{b,})

=m+m+--+m=mn=n(4).n(B)

n—times

Cardinality of infinite Sets 4xgiiall y& Cile ganall 5 a8

Let A be an infinite set. Then the cardinality of A is not a finite positive
number. The cardinality of A is denoted by Ng

i g0 B pre 220 O 5STY L B )l (8153 508 Ll () 585 dpginall e de sendll
k}@\&e&é\wﬂ\@w‘};)dﬂ\ By
Example 5.15: The cardinal number of N is denoted by Ny

i.e., n(N) = #(N) = No

Countably Infinite Set 2l ALL&! 4giial) L s ganall

An infinite set A is called countable if it is equivalent to the set of natural
number. Thus, the cardinality of an infinite countable set is Ny

Ll Mae Y de gane CuiilS 13 el AL ) oS5 dpgiial) e de ganall

Mathematically,

A is countable infinite set & A ~ N & n(4) = n(N) =Ro

A Is not countable infiniteset <&@ A~ N

Example 5.16: Show that N is countably infinite

Solution: T.P. N =N
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Define f:N - Ns.t.f(x) =iy(x)=x Vx€N
f is bijective (prove!)
s~ N=N

Example 5.17: Show that the set of even positive numbers is countably
infinite

Solution: T.P.Et = N

Ao Cale 13 adtiie Aalee o) JIA e 5 il Wl (e sanall (g A5G A1 Sla) (S
,1.~i -y
@)

E* 0 2 4 6 8 10..

N 1 2 3 4 5 6.

Let f(0) =1and f(2) =2
(x1,y1) = (0,1) and (x5, ¥2) = (2,2)
(02, ¥2) 5 (21, 1) Cibailly danal) wiusal) Alalae 2n

Yy—=YV1 — YV2—YV1
X—Xq X2—X1

=y = g +1
~ fiET > Nsit. f(x)=§+ 1
f is bijective (prove!)
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. E+zN

Example 5.18: (H.W.) Show that the set of odd positive numbers is
countably infinite

Solution: T.P. N~O0™"

N 1 2 3 4 5 6.

Let f(1) =1and f(2) =3
(x1,¥1) = (1,1) and (x5, ¥2) = (2,3)
(%2,Y2) 5 (%1, Y1) bl dasall ivaal) Aabase 20

Y=YV1 _ V2=

X—Xq Xo—X1
2
=y=2x—-1
& fiN > 0%sit f(x)=2x—1

f is bijective (prove!)

~ N~0*t

N |-
Wk
N

Example 5.19: (H. W.) Prove that A = {1, , ... } is countably infinite

) )

set.
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Example 5.20: (H. W.) Prove that 4 = {1,+/2, V3, ....} is countably infinite
set

Example 5.21: Prove that A = Z is countable infinite set
Solution: T.P. Z =N

T.P.3f:Z — N s.t. f is bijective

Z 01 12 -2 3-3.

N 1 2 34 5 6.
l)letx€Zs.t.x=>0

fO=1 f(1)=3
(xx2,¥2) 5 (g, y1) Obills el poffivual) Alalae 2n

Y=Y1 _ Y2=V1
X—Xq Xo—X1

y-1_ 2 1 _
T—lz)y 1=2x

= y=2x+1..(1)
2)letx €Zs.t.x <0
f(=1)=2 f(=2)=4
(xx2,¥2) 5 (g, y1) Obaills 2l affivudl) Aalae 2n
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Y—Vi _ Y2~
X—Xq1 Xo—X1

y=2 _ 2 9= _

=y = —2X.....(2)

2x+1, x>0
—2x, x<0

From (1) &(2), define f:Z - N s.t. f(x) = {
Show that f is bijective

S~ L~ N

Example 5.22: Prove that Ay = {0, +k, +2k, ¥3k, .... } is countably infinite
set

Solution:
A = N @il pald cund 7 = N ol s Ay = Z Ok O i
fk=1= A=A, ={0,F1,F2,F3,...} = Z
A, = Z because f: A, —» Z s.t. f(x) = x is bijective
fk =2 = A, = A, = {0, F2,F4, F6, ...}

A, 0 2 -2 4 -4 6..

Z o1 -12 -2 3.

A, = Z because Af: A, » Zs.t.f(x) = g is bijective
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Ifk =3 = A, = A; = {0, F3,¥6,F9, ....}
A; 0 3 3 6 -6 9..

Z o1 -12 -2 3.

A; =~ Z because Af: A; » Zs.t.f(x) = g is bijective

In general, A, = Z because Af: A, = Z s.t.f(x) = % , k # 0 is bijective
Since, A, = Z NZ = N = A, = N (= istransitive)

~ Ay is countable infinite set

Theorem 5.23: Any infinite subset of an infinite countable set is countable
i.e., If A is countable infinite set and B € A then B is countable set

Sl A5 ¢S5 32l AL A pane (0 5 e ]

Theorem 5.24: If A is countably infinite set then A U {a} is also countably
infinite set.

Proof: Let A be a countably infiniteset = A = N
Af: A = N bijective s.t. f(a,) =1,,,,f(ay) =2, f(az) =3, ...
A a a, as..

N 1 2 3.

TP.AU{a}=N
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Defineg:AU{a} > Ns.t.g(a) =1, g(a,;) =2, glay,) =3, glas) =
4, ...

Auf{a} a a; a, as...
N 1 2 3 4.
gla)=1

ga))=2=1+1=f(a;)+1
gla,)=3=2+1=f(ay)+1

glaz) =4=34+1=f(az)+1

In general,

1, XxX=a
g(x)={f(x)+1, X#*a

T.P. g is bijective

gisl-1? Letx;,x, € AU{a} s.t. g(x;) = g(x,) T.P.x; = x,

1=1, = =
9 = g(x) = | _ e
fx))+1=f(xy)+1, x;#aandx, #a

= fx)+1=f(x) +1

= f(x1) = f(x2)

= X1 =Xy (f is 1'1)

~gisl-1
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gisonto? R, ={y E N:Ix € AU {a},y = g(x)}
=N

g is onto

g is bijective

&~ AU{a}=N

~ AU {a} is countably infinite set

Remark 5.25:
1) Every finite set is countable
2) Q the set of rational numbers is countably infinite set

3) R the set of real numbers is uncountable infinite set
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Chapter Six: Binary Operations ALY calanl)

Chapter Six Contents:

1. Binary operation 4Ll ddel)
2. Properties of binary operations 4Ll cibdaall Gal 63

3. Group, Ring and Field J8all g 4&lall g 3 ya 3l

Definition 6.1: Let A be a non empty set. Any mapping from A X Ainto A is
called a binary operation on A. The binary operation is denoted by the
symbols %, #, S, o, ....

Mathematically,

*: A X A — Ais abinary operation iff
1. % ((a,b)) =a=*b € A (closure condition)

2.ifa,b,c,d € As.t. (a,b) = (c,d)thena xb = c *d (well defined
condition).

Example 6.2: Let A = {0,1, —1}, let * be an operation on A such that
axb=b* Vab€eA

Is * binary operation on A?

Solution:

Closure? leta,b € A = a b € A?

Va,b€A = axb =b? € A= xis closure
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Well defined? Let a,b,c,d € As.t. (a,b) = (c,d) = a*xb=cx*d?
Since (a,b) = (c,d) = a=c ANb=d
a*b = b? (def. of *)

=d? (b =d)

=cx*d (def. of x)
~ * is well defined
~ *is a binary operationon A
Example 6.3: Let A = {0,1, —1}, let * be an operation on A such that
axb=a—b VabeA
Is * binary operation on A?
Solution:
Closure? Leta,b € A = axb € A?
f abEA=axb=a—b¢&A
Takea=1,b=—-1=axb=a—-b=1+1=2¢A
~ * is not closure
~ *is not a binary operation on 4
Example 6.4: Let A = N, let # be an operation on N such that
atb=a—-—b VabeN
Is # binary operation on N?
Solution: Closure? Leta,b € N = a#tb € N?
If abE N =a#tbh=a—b &N

Takea=2,b=5=a#tb=a—-b=2—-5=-3¢N
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~ # is not closure

~ # is not a binary operationon N

Example 6.5: (H. W.) Let A = Z, let * be an operation on Z such that
axb=a+b+1 VabeZ

Is * binary operation on Z?

Example 6.6: (H. W.) Let A = E, let * be an operation on E such that
axb=2ab Vab€E
Is * binary operation on E?
Example 6.7: (H. W.) Let A = O, let * be an operation on O such that
axb=a+b VabeO
Is * binary operation on O?
Example 6.8:
1. LetA=N,a*xb=a+b Vab€N
"+" is a binary operation on N 4kl dac Yl de gana Ao 40l dilee aeall
2."+"is a binary operationon Z,R, Q, E
3."-" is a binary operationon Z,R,Q,E
4."X" is a binary operationon Z,R,Q,E,O,N
5."+" is a binary operation on R\{0}, Q\{0}

6."+" is not a binary operation on N\{0}, Z\{0}
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Properties of Binary Operations 4Ll cilbileal) (a2l sa

1. Commutative Binary Operation 4dlay) AUl Lleal)

A binary operation * on a set A is called commutative iff a x b = b *
a VabeA

Example 6.9:

"+" is a commutative binary operationon N,Z,R,Q, E

.""is a commutative binary operationon N,Z,R,Q, E

is not commutative binary operationon N,Z,R,Q, E

Example 6.10: Leta*xb =a+ b +ab Va,b € Z.Is * commutative binary
operation on Z?

Solution: * binary operation?
Closure? leta,b€eZ =a+b€eZ=a+b+abeZ
.. *is closure
well-defined? Let a,b,c,d € Zs.t. (a,b) = (c,d) = axb =c*d?
Since (a,b) = (c,d) = a=c ANb=d
= axb=a+b+ab (def.of *)
=c+d+cd (a=cAb=d)
=cxd
=~ * is well defined
~ *is a binary operation
Commutative?axb=a+b+ab=b+a+ba=bx*a

* iS commutative
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Example 6.11: Let a$h = a Va,b € Q. Is S commutative binary operation
on Q?

Solution: S binary operation? (H.W.)
Comm.? a$h = a and b$a = b

=a+*hb

Takea=§andb=5

a$h = %and b$a =5

Example 6.12: let A* B = AUB VA,B € P(X).Is Ucommutative binary
operation on P(X)?

Solution: * binary operation?
Closure? Let A, BEP(X) > A*B=AUBCX = A*BePX)
.". Uis closure

well-defined? Let A,B,C,D € P(X)s.t.(A,B) =(C,D) = A*B =C *
D?

(ALB)=(C,D)=A=C ANB=D

= A*B=AUB (def. of *)
=CuD (A=CAB=D)
=Cx*xD

= *is well defined

~ *is a binary operation

Commutative? (H.W.)
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2. Associative Binary Operation 4zl 4l 4 laal)

A binary operation * on a set A is called associative if and only if
(axb)xc=ax(b*xc) Vab,ce€A

Example 6.13: leta.b =a+ b —2 Va,b € Z.1s"." associative,
commutative binary operation on Z?

Solution: "." binary operation? (H.W.)
Associative? Leta,b,c € Z,(a.b).c = a.(b.c)?
(a.b).c=(a+b—-2).c (def. of .)
=(a+b—2)+c—2 (def. of.)
=a+b+c—4...(1)
a.(b.c)=a.(b+c-2) (def. of .)
=a+(b+c—2)—2 (def.of.)
=a+b+c—4...(2)
From (1)&(2), (a.b).c = a. (b.c)
Commutative? (H.W.)

Example 6.14: (HW.)Let A* B =AUB VA,B € P(X).Is U associative
binary operation on P(X)?

Example 6.15: (HW.)Let A*B =ANB VA,B € P(X).Is N associative,
commutative binary operation on P(X)?
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3. Distributive Property &5l 4xald

Let * and # are two binary operations on a set A. Then * is distributive over
# from the left if and only if

ax (b#c) =(a*b)#(axc) Va,b,c €A

Also, * is distributive over # from the right if and only if

(b#tc) *a = (b*xa)#(c*a) Va,b,ce A

Remark 6.16:
1. a * (b#c) # (b#c) xa (in general)
2.1f a x (b#c) = (b#c) * a then we say that = is distributive over #
Example 6.17: Let * be a binary operation on Z such that

ax*b=a Vabe€Z
Let # be a binary operation on Z such thata#bh=a+b —2 Va,b € Z
Is * distributive over # from left and from right?
* distributive over # from left ?

We must show if a * (b#c) = (a * b)#(a*c) Va,b,c €Z

a * (b#c) = a (def. of *).....(1)
(a*b)#(a *c) = a#ta (def. of *)

=a+a—2 (def.of #)

=2a—2..(2)
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From (1) and (2), a * (b#c) # (a *b)#(a *c)
= *is not distributive over # from left
* distributive over # from right ?
We must show if (b#c) xa = (b*xa)#(c*a) Va,b,c €A
(b#c) xa = b#c (def. of *)

=b+c—2 (def of#)...(1)
(b xa)#(c xa) = b#c (def. of *)

=b+c—2 (def of#)...(2)

From (1) and (2), (b#c)*a = (b *a)#(c*a)
~ *is distributive over # from right

Example 6.18: (H.W.) Let * be a binary operation on N such that a x b =
ab Ya,b € N

Let # be a binary operation on N such that a#b =a+ b Va,b € N

Is * distributive over # from left and from right?

Example 6.19: (H.W.) Let * be a binary operation on P(X) such that A *
B=AUB VA,B € P(X)

Let # be a binary operation on P(X) such that AHB=ANB VA,B €
P(X)

Is * distributive over # from left and from right?
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Definition: The Identity Element Laall uaiall

Let * be a binary operation on a set A and e € A4, then e is called the
identity elementof Aifandonlyifa*xe=exa=a Va€A

Example 6.20:
1."0" is the identity element of the sets Z, Q, R with respect to (w.r.t.) (+)
el el il 7, Q, R Cle sanall yladl poaiall s jiall

i.e.,a+0=0+4+a VaeZ QR
2."0" is not the identity element of the sets Z, Q, R with respect to (w.r.t.)
(-)

zobl el Al 7, Q, R e sanall dladll jaiall JiY il
i.e., da€N,Z,Q,R s.t. a—0#0—a
3. "1"is the identity element of the sets N, Z, Q, R w.r.t. (.)

Gl fleal Lily N, Z, Q, R Do sanall yladll juaiall g 2al sl
i.e.,a.l=1.a Va€eN,Z QR

4. "1"is not the identity element of the sets Q — {0}, R — {0} with respect
to (w.r.t.) (/)

fandll leal illy Q — {0}, R — {0} e sanall sl jeaiall Jiay aal )

ie, 3a€Q—{0},R—{0} s.t. 7%

Qlr

Example 6.21: Let # be a binary operation on R\{—1} such that

a#th =a+ b +ab Va,b € R\{—1}. Find the identity element of R\{—1}
with respect to #.

Solution: Let e be the identity element of E s.t. ate = e#fa = a Va €

R\{-1}
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We must find e?

atte =a = a+ e + ae = a (def. of #)
—e+ae=0
=e(l+a)=0

Eithere =0

orl+a=0=a=-1¢R\{—1} Je

~e=0€R\{-1}...(1)

eta=a = e+ a+ea = a (def. of #)
—e+ea=0
=e(l+a)=0

Eithere =0

orl+a=0=a=-1¢&R\{—1} e

~e=0€R\{—1}...(2)

From (1) and (2),e =0

Example 6.21: (H. W.) Let * be a binary operation on N such that

a*xb=a+b+ab Va,b € N.Find the identity element of N with

respect to *.

Example 6.22: (H. W.) Let * be a binary operation on N such that

a*b=a+b—1 Va,b € N.Find the identity element of N with respect

to *.

Example 6.23: Let * be a binary operation on P(X) such that

AxB=AUB VA,B € P(X).Find the identity element of P(X) with

respect to *.
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Solution: Let e be the identity element of P(X) s.t. Axe =e*x A =
A VAePX)

e =0Qbecause AUP=QUA=A4 VA€ PX)
Example 6.24: (H. W.) Let * be a binary operation on P(X) such that

Ax*B=ANB VA,B € P(X).Find the identity element of P(X) with
respect to *.

Theorem 6.25: Let e is the identity element of a set A with respect to *,
then e is unique.

Proof: Let e is the identity element of a set A with respect to *
Suppose e’ is another identity of A w.r.t. *

Since e is the identity = exe’ = e’ xe =e’....(1)

Since e’ is the identity =>= e’ xe =e xe' =e...(2)
From (1) and (2),e = e’

~ e is unique

Definition: The Inverse Element il jaisl)

Let * be a binary operation on a set A and e is the identity element of A. Let
a € A, then b € A is called the inverse element of a if and onlyif a x b =
bxa=e.

The inverse element b is denoted by a™ 1. So

Example 6.26: Find the inverse element of each elementin Z,Q,R w.r.t

||+
Solution: The identity elemente = 0
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axal=0=a+a! =0=al=-a vaeZQR

AND,
alxa=0=a! +ta=0=a'l=-a vaeZQR

~al=-a Va€eZQR

Example 6.27: Find the inverse element of each elementin Q\{0}, R\{0}

w.r.t .

Solution: The identity elemente = 1
1
axal=0=aa! =1=al= S va € Q\{0}, R\{0}

AND,

1
alxa=0=a?! .a=1=a"t N 3 va € Q\{0}, R\{0}

“al =2 va€Q\(0}R\(0}

Example 6.28: Let # be a binary operation on Z\{—1} such that

a#b =a+b+ab Va,b € Z\{—1}. Find the inverse element of each
element in Z\{—1} (if exist).

Solution: From Example 6.21,¢ = 0

Let a € Z\{—1} and a"lis the inverse of a

=axal=alxa=e

axal=e=a+al+aa =0
—a+al(l+a)=0
=al=—-—

alxa =e=al+a +ala =0
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=a+al(l+a)=0

-1 _ 2
= a " = 1+aEQ

e Laa phi g =0,-2 \muwamﬁZ\{—l}gqmdS)#hbe
=

fa=0=a1=0€eZ\{-1}=01=0
Ifa=—2=>a‘1=_11=—2=>a‘1=—262\{—1}
Ifa =3=a"l= —%&Z\{—l}

~ a = 3 has noinverse

“Va#0,-2,a ¢ Z\{-1}

Example 6.29: (H. W.) Let * be a binary operation on Q\{0} such that

axb =2ab Va,b € Q\{0}. Find the identity element of Q\{0} with
respect to *.

Find the inverse of each element in Q\{0} (if exist).

Example 6.30: (H. W.) Let * be a binary operation on Z such that

axb=a+b+5 Va,b € Z.Find the inverse of each element of Z with
respect to *.
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Group 3_a}!

Let G be a non empty set and * be a binary operation on G. The pair (G,*)
is called group if and only if * is associative, there is an identity element and
each element has an inverse.

Mathematically,

(G,*) is called group iff

1.G+0

2. *is a binary operation on G

3. *is associative on G

4. 3 identity elemente E Gst.axe=exa =a

5.Ya€eG,d3aleGst.axal=al*a=¢e

Remark 6.30: If (G,*) is a group and * is a commutative then (G,*) is called
commutative group.

Mathematically,

A group (G,*) is called commutative iffaxb =b*a Va,b€G

Example 6.31: Show that (Z, +) is a commutative group
1.Z+0
2. +is associative binary operation on Z

3.3e=0€Zs.t.a+0=04+a=a VaeZ

169




Foundation of Mathematics Szl )1 Gl das pali a0

4.3a'=—-aq€eZ VaeZs.t.at+tal=al+a=0
~ (Z,+)isagroup
Va,bE€Z a+b=b+a

~ (Z,+) is a commutative group

Example 6.31:

(Q,+) isacomm. group

(R, +) is a comm. group

(N, +) is not a group

(Z,.) isnot a group

(0,+) isnot agroup

(R\{0},.) is a group

(R,.) is not a group

Example 6.32: Show that (Z,*) is a commutative group such thata * b =
a+b-5

Solution:
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1.Closure:leta,b € Z=axb=a+ b —5 € Z = closure is true
well-defined: let a,b,c,d € Zs.t. (a,b) = (c,d) = a*xb =cx*d?
Since (a,b) = (c,d) = a=c ANb=d
= axb=a+b—5 (def. of *)

=c+d-5 (a=cAb=d)

=cxd
~ * is well defined
~ *is a binary operation

2. associative (H.W.)

3. Identity: leta € Z wefinde € Zsuchthata*e=e*xa=a
axe=a

= a+e—5=a

= e=5€Z..(1)

Similarly, e xa = a

=e+a—5=a

= e=5€Z7..2)

From (1) &(2),e =5

4.Inverse: Ya € Z,wefinda ! € Zsuchthata*xa l=al*xa=ce
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=al=10—-a€Z..(1)
Similarly,a ™t *xa = e
=al+a-5=5
=al=10—-a€Z ..(2)

From (1) &(2),a ' =10 —a

~ (Z,*)isagroup

Commutative: (H.W.)

Example 6.33: Is (P(X),U) group?

Solution:

1. U is a binary operation (see Example 6.12)

2. U is associative (see Example 6.14)

3.3 e PX)st. AUP=QPUA=A
Le=0

4. Inverse: VA € P(X), wefind A~ € P(X) suchthat AUA™' =471 U
A=0

fA=@thenA 1=0st. AUAT=0
When 4 # @ then there is no inverse to 4

P J o bl aa g (Al 3aa gl de ganall
~ (P(X),V) is not a group
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Example 6.34: (H.W.) Is (P(X),N) group?

Is (P(X),\) group?

Example 6.35: Let F(A) = {f, f: A — A is bijective map.}
let * be an operationon F(A) s.t. f * g = fog

Is (F(A),*) commutative group?

Solution:

1.Closure:letf,g e F(A) = f*g = fog € F(A)?

f €EF(A)= f:A - Ais bijective

g € F(A) = g: A — Ais bijective

~ fog: A = Ais bijective

Closure is true

well-defined: let f;, f5,91,9, € F(A) s.t. (i, f2) = (91, 92) = fi*xfa =
g1 * 927

Since (f,f2) =@ g2) = fi=91 N 2 =92
= fi1 * fo = fiofy (def. of *)
=0109, (=01 N f2=92)
=91*92
~ * is well defined
~ *is a binary operation
2. associative: Vf, g, h € F(A)

(fog)oh = fo(goh) (bytheorem 4.26(4), chapter4)
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3. Identity: 3i,: A — A is bijective such that foiy = ijof = f Vf €
F(A)(by thm 4.25, ch4)

e = iA

4.Inverse: Vf € F(A) = f: A — Ais bijective
3f~1: A > Ais bijective = f~1 € F(4)

Suchthat fof ™! = f~lof =i, (bythm 4.26(2), ch4)

~ (F(A),0)isagroup

Commutative:

Since f:A—>Aand g:A—> A

fog = gof

= (F(A),0) is a commutative group

Semi Group 5} 4

Let A be a non empty set and * be a binary operation on A. The pair (4,*) is
called semi group if and only if * is associative.

Mathematically,

(A,*) is called semi group iff
1.A+0Q

2. *is abinary operationon A

3. * is associative on A

Example 6.36:
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(N, +) is a semi group but not a group

(Z,.) is a semi group but not a group

Remark 6.37: Every group is a semi group

Ring PRI

Let R be a non empty set and * and # be two binary operations on R. The
ordered triple (R,*, #) is called ring if and only if

1.R+ @
2. (R,*) is a commutative group
3. (R, #) is a semi group

4. # is distributed over * (from left and right)

Example 6.38: (Z,+,.) isaring

1. (Z,+) is a commutative group

2.(Z,.) is a semi-group

3.a.(b+c)=a.b+a.c Va,b,c € R (distribution from left)
(b+c).a=b.a+c.a Va,b,c € R (distribution from right)

Example 6.39: (Q,+,.) isaring

(R,+,.)isaring

Commutative Ring 4l 4alal)

Aring (R,*, #) is called commutative iff a#b = b#a Va,b € R
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A e e (B o ang DY)
Example 6.40: (Z, +,.) is a commutative ring because a.b = b.a Va,€ Z
(Q,+,.) is a commutative ring
(R, +,.) is a commutative ring
Ring with Identity Element laall jaial) < 4ala))
A triple (R,*, #) has an identity element with respect to (#) if and only if

atte = e#ta =a Va €R

Example 6.41: (Z,+,.),(Q,+,.),(R,+,.) are rings with e = 1 because
al=1.a

Ordered Ring 4 sll 4dlal)

A triple (R,*, #) is called totally ordered ring if and only if there is a totally
ordered relation such that

1. (R,x,#)isaring

2. The relation s totally ordered relation T.O.R
3.Va,b ERIif a bthenaxc bxc, Vc€Z
4.Va,b ERif a b then atc  b#c, Vc =0

The totally ordered relation is denoted by (R,*, #, )

Example 6.42: (Z, +,., <) is a totally ordered ring since
1.(Z,+,.) isaring (from Example 6.38)

2.(Z,<)isT.0.R (see Example 3.85, Chapter 3)
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3.Va,beZandceZifa<bTP.a+c<b+c
leta<b=a=b—-—1r,r=>0
=a+c=(b+c)—r1r, ceZandr =0
= a+c<b+c
4.Va,beZandc =0, if a< bthena.c < b.c
leta<b=a=b—-—1r,r=>0
= a.c=b.c—cr Vc=0
= a.c=b.c—cr cr=0

= a.c<b.c

Example 6.43: (H.W.) Show that (Z, +,.,>) is a totally ordered ring

Definition: Field J3d)

Let F be a non empty set and * and # be two binary operations on F. The
ordered triple (F,*, #) is called field if and only if

1.F+0

2. (F,*)is a commutative group

3. (F\{e}, #) is a commutative group
Where e is the identity w.r.t. *

4. # is distributed over * (from left and right)
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Example 6.44: (R, +,.) is field since

1. (R, +) is comm. Group

2. (R\{0},.) is a commutative group

3.(.) dist. Over (+)

Example 6.45: (H.W.) Show that (Q, +,.) is field
Ordered field i) Jial)

A triple (F,*, #) is called totally ordered field if and only if there is a totally
ordered relation such that

1. (F,x, #)is afield

2. Therelation s totally ordered relation T.O.R
3.Va,b€eRif a bthenaxc bxc, Vc€EZ
4.Va,b ERif a b then a#tc  b#c, Vc=0

The totally ordered relation is denoted by (F,*, #, )

Example 6.46: (R, +,., <) is a totally ordered field since

1. (R, +) is a comm. Group

2. (R\{0},.) is a comm. Group

3. (.) is distributive over (+)

4. (R,<)isT.0.R (see Example 3.86, Chapter 3)

5.Va,b € Randc € Zif a<bthen a+c < b+ c(see example 6.42)

6.Va,b ERandc =0, if a< bthena.c < b.c (seeexample 6.42)
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Example 6.47: show that (R, +,.,>) is a totally ordered field
show that (Q, +,.,>) is a totally ordered field

show that (Q, +,., <) is a totally ordered field
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Chapter Seven: Number Systems doaandl dalaty)

Chapter Seven Contents:

1. Natural Number System 4auhl) 3l ol

2. Integer Number System 4aaall slasy) sl

S O Al Wil 8 Lganits 30 e el dynaall Ayl Ml ondll J it

N danlall slac ) aUai (1

7 Aanall dlae Yl aUas (2

Q Al dlac ) aUai (3

C 38nall o) A8 yall alac W) aUad g8 5 &) (ga2e aUai ellia

dagaall dlae Yl de saaa d N Asapdall dlac V1 de sana (o8 b 60 a3 Ao gaaa J ) L )1
Jpanl) (S dpaal) dlac ) (e g Q Apil) 2 V) e J paal) o dassiall dlae V) (05 7
R & € saixal 2lacY) 5 sSi ) il s R dgiall slacY) e

Aaalsa i g de saaall (o L i (e o8 Dl juaS G uall g paad) al sa ellac ) & (e

N Agapall lac V) s 0 S5 48 oal ety V) i

The Natural Number: 4kl 3lacY) ol

) ZUaY dnialy ) Gl jle) Al (e de geae o daie WU dnpdal) dlae Y1 aUas (4 685 o3
S allall La&iCal 3523 Sl 5 (Peano's Axioms) $ibn gy anst 5 (Ol
(Giuseppe Peano)
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Peano's Axioms: $ibu Cligads

1.1eN

2.3a: N - N\{1} bijective maps.t.a(n) =n*=n+1 Vne
N

n* is called the successor &\l of n
3. Induction Axiom s dgz
VMCN;If[(lLeEMAkeM)thenk™€ M]thenM =N
Sum on N 4kl dacY) de gaza o aaall
SIS Ledy ot o5 daadall dae W) e aeal) dilee
1ln+0=n VneN
2.Yn € N definen+1=n"
3.Vn,m € N definem +n* = (m + n)*
Example 7.1: Use the definition above to find 2 +1and 2+ 3
2+1=2" [n+1=n"

=3
2+3=2+42" [n+1=n"]
=2+2) m+n"=m+n) ]

=Q2+1)'=@Q+1D" =2 =3" =4"=5

Example 7.2: Find 5 + 4 (H.W.)
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Theorem 7.3:

ln+1l1=14+n=n" VneN

2 (m+n)+p=m+Mn+p) vmnpeN
3m+n=n+m VnmeN (H.W.)

dm+n=p+niffm=p

oSle ) 1ia yaall e 5 sily Gl (e G o 8l Gia3 Lo adinie Adiadle

Proof1: LetM S Ns.t M={meNm+1=1+m=m"} TP.M=N
(Axiom3)

1. Provel e M
2. Assumek €M

3.Provek*e M

1.TP.m=1€eM

ie, TP.1+1=14+1=2
m+1=1+1=1"=2..(1)
1+m=14+1=1"=2...(2)
From(l)and(2),1+1=14+1=2=1€eM
2.Supposek e M (k+1=14+k =k")...(3)
3.T.P.k"eM (T.P.k*"+1 =1+ k" = k™)
k*+1=Fk"..(4)

1+k*=1+k)=k+1) (from3,1+k=k+1)
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= k™...(5)
From (4) and (5) = k™ e M
Hence, M = N (Axiom3)
>m+l=1+m=m" VmeM

Proof 2: let MC Nst. M={peN:(n+m)+p=n+(m+
p) Vm,n € N}

TPM=N

1. Provel €M

2. Assume k € M

3.Prove k* € M

1.T.P.1eEM (TP.(n+m)+1=n+(m+1))

m+rm)+1=mn+m) '=n+m" =n+(m+1)

2.Supposek e M (n+m)+k =n+ (m+k))

3.T.P.k*EM(T.P.(n+m)+k*=n+(m+k*))
(n+m)+k*=((n+m)+k)*=(n+(m+k))*=n+(m+k)*

=n+(m+k")

L kTeM

~M=N

Proof 4: =) Supposem+n=p+n T.P.m=p

letMCS Nst. M=fneN-m+n=p+n =m=p Vm,p€N} TP
M =N

1. Provel e M
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2. Assume k € M

3.Provek* e M

1.T.P.n=1€eM
ie,m+1=p+1T.Pm=p

m+1l=p+1

m* = p*

a(m) = a(p) (by axiom2)

m=p (aisl-l])]=>1eM

2.Supposek EM (m+k=p+k=m=p)

3.T.P.k"eM (ifm+k*=p+k*T.P.m = p)

m+k*=p+k”

(m+ k) =@+ k)’

= a(m + k) = a(p + k)

=m+k=p+k (aisl-1)

= m=p (from2)

= k*eM

Hence, M = N (Axiom3)

<:=)Letm=pT.P.m+n=p+n

letMSNst. M={neN-m=p =>m+n=p+nVm,p € N} T.P.
M=N

1.T.P.n=1€eM

letm=pTP.m+1=p+1
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m=p= a(m) = a(p) (ais well defined)

= m"* =p* (byaxiom 2)

= m+1l=p+1
~1eM
2.Supposek E M (if m=p=m+k=p+k)
3.T.P.k*eM (ifm=p T.Pm+ k" =p+k*)
m=p > m+k=p+k (from2)

= a(m+ k) = a(p + k) (aiswell defined)

= (m+k) =@+ k)" (byaxiom2)

> m+k*=p+k*

=k"eM
~M=N
Multiplication on N 4kl acy) de gana o oyl diles

SIS Ly 25 25 ) Sae W) e il Aee

1.n0=n VneN
lnl=n VneN

2mn =mnm+1)=mn+m VnmeN

Example 7.4: Use the definition above to find 2.3 and 5.4
23=22"=22+2 (m.n*=mn+m)

=21"+2
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=21+2)+2 (mn"=mn+m)
=(2+2)+2

=R2+1)+2 mM"=n+1)
=2+ +2

=2"+2 (n"=n+1)

=3" 42

=442=4+1"=(4+1)"=4"=5"=6

Find 5.4 (H. W.)

Theorem 7.5:

lnl=1n=n VneNnN

2m'.n=mn+n VnmeN
3.p(m+n)=pm+p.n VnmpeN

4. (m.n).p=m.(n.p) vYnm,p €N (H.W.)
S5:mn=nm VnmEeEN
6.(m+n)p=mp+np Vnmp€EN (H.W.)

7.f m.p=n.pthenm=n (H.W.)

Proofl: Let MENst. M={ne€N:nl=1n=n} TP.M=N
(Axiom3)

Sl Geaaty QN gily s
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1. Provel €M
2. Assume k € M
3.Provek* e M
1.T.P.n=1eM
ie, T.P.1.1=11=1

1l1=1=1eM
2.Supposek €M (k.1 =1.k =k)....(1)
3.T.P.k*e M (T.P.k*.1 = 1.k* = k%)
k*.1=k* (n..1=n)...(2)
1.k =1k+1

=k.1+1 (lLk=k.1)

=k+1=k".(3)
From (2)and (3) = k* e M
Hence, M = N (Axiom3)
=nl=1ln=n VneM

Proof2: Let MS Nst. M={neN: m"n=mn+n VmEeN} TP
M = N (Axiom3)

S ety SN gl da
1.Provel € M
2. Assume k € M
3.Prove k™ € M

1.T.P.n=1€eM
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ie, T.Pm.1=m1+1

ml+l=m+1 [m1=m]
=m*....(2)
From(l)and(2)=> 1€ M

2.Supposek € M (m*.k = m.k + k)....(3)

3.T.P.k* € M (T.P.m".kK* = m.kK* + k*)

m"k*=m"k+m"
=(m.k+k)+m* (from3)
=(mk+k)+(m+1)
=m.k+ (k+m)+1 (+isassociative)
=m.k+(m+k)+1 (+is commutative)
=(m.k+m)+ (k+1) (+isassociative)
= m.k* + k*

= k*eM

Hence, M = N (Axiom3)

m'.n=mn+n VnmeN

Proof3: LetM S Nst. M={ne€N:p.(m+n)=p.m+p.n Ym,p € N}

T.P.M = N (Axiom3)

1) 1eM? TP.p.(m+1)=pm+p.1 Vmp€eN

p(m+1)=pm+p [Im(n+1)=mn+m]
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=pm+p.1l (n.l=n)

2)Supposek EM [p.(m+ k) =p.m+p.k Vm,p € N]

3)TP.k*eM (T.P. pp(m+k*)=p.m+p.k")

p.(m+k*)=p.(m+ k)" [m+n"=(m+n)
=p.(m+k)+p [m.n* = m.n+ nj
=(p.m+pk)+p [from 2]
=p.m+ (p.k+p) [+ is associative]
=p.m+pk* [mn"=mn+n]

= k*eM
Hence, M = N

= p.(m+n)=p.m+p.n Vmn,p€eN

Proof5: Let M S Nst. M ={n€N: mn=n.m VYme€ N}

T.P.M = N (Axiom3)
1) 1eM? TPml1=1m VmEeN
ml=1m=m [from1]
2) Suppose k E M [k.m =m.k YVm € N]
3)TP.k*eM (T.P. mk*=k"*.m)
mk*=mk+m
=km+m [km=mk VmEeEN]
=k*m [from 2]
= k*"eM

Hence, M = N
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= mn=nm VmneN

Definition 7.6: Let x € N, then

Theorem 7.7: Let x, y,n,m € N. Then:
1. x™. x™ = x™mn
2. (x™)" = x™ (H.W.)
3. (x.y)" =x".y" (H.W.)
Proofl:: Let M S Nst. M ={n €N: x™.x" = x™" vm € N}
T.P.M = N (Axiom3)
1) 1eM? TP.xm™xt=x™"1 vmeN
xM™xl=xMmx [x!=x]
= xMHL [+ = 1yl

2) Suppose k € M [x™. x* = x™** vm € N]

3)TP.k*eM (T.P. x™. xk = x™ ym e N)
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= xm+k’
= k*eM
Hence, M = N

= xMx"=x"" vm,neN

Ordered on N 4gudal) sy o i )
The relation < is defined as follows
m<n eo3IlreNs.t.m+r=n
ms<nem=nvm<n VmneN

Theorem 7.8:

1. Vm,n € N, either m=norm<norn<m (O®_r o) L&Vl ;8
‘;)ﬁ\

2.f m<nandn<mthenn=m (see Example 3.75 (anti symm.),
ch3)

B.f m<nandn<pthenm<p (see Example 3.75 (transitive), ch3)
dAm<neoem+p<n+p VpeEN (see Example 6.42, ch6)
S5m<neoemp<np VpeEN (see Example 6.42, ch6)
6.1f p<m<p"thenm=porm=p*
Proof6: Assume m # p and m # p* il e ola n
=p<mandm < p*
p<m= 3dke€eNs.t.p+k=m..(1)
m<p"= IreNs.t.m+r =p"...(2)

Substitute (1)in(2) = p*=p+k+r
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= pt+l=p+k+r

= m=porm=p"

Least Element <Yl paisll

let M € N and a € N.Then a is called least element in M if a <
x Vx €EeM.

Example 7.9: Let M = {3,45} S N

Then 3 is the least element of M because3 <x Vx e M

Well-Ordered Set i 4 jal) 4 gaaal)

let P+ M S N and a € N.Then M is called well-ordered if each non
empty subset of M contains least element

raie Gl lgie A e 5 A s Ao gane JS CailS 1) o L 54005 pe (585 M e sendll
2 a)
N

Integer Numbers System 4a.aal) alacY) ki

Aac Y alai b as g Ledie dapdall dlac Y aUa3 (e a gl (ga3e aUad 0 oS5 ) Aaladl & jela
Sl gl e YAl Jsla dlag) e jalE e Ayl

5+x=2o0r 10+y=1 Vx,y€N

Slac Y alkas g o VT ¥ aleall e g 531388 J dall (5 sy p sl oo alkas ala) o3 ellal
I 51 Z 5 0l e Sl s dasniall

192




Foundation of Mathematics Szl )1 Gl das pali a0

Construction of Integer Numbers 4asauall JlacY) de gaga sLA)

Definition 7.10: Let N be the set of natural numbers then

N X N ={(n,m):n,m € N}
Define a relation ~on N X N as

(ny, my)~(ny,my) iff ny +my =m1 +n, V(ny,my),(n;,my) ENXN

Example 7.11: (6,3)~(10,7) since6 +7 =3+ 10

(5,2)~(8,4) since5+4 +2+8

Theorem 7.12: The relation ~ on N X N is an equivalence relation

Proof:

Reflexive? T.P. (n,m)~(n,m) vn,m € N
T.P.n+m =m + n (def. of ~)

Sincen+m =m+n (+is commutative on N)

(n, m) N(ni m)

Symmetric? Let (n,m)~(r,s) T.P. (r,s)~(n,m)

Since (n,m)~(r,s) = n+s=m+r (def of ~)
= s+ n=r+m (+iscommutative on N)
=r+m=s+n
= (r,s)~(n,m)

Transitive? Let (n,m)~(r,s)and (r,s)~(p,q) T.P.Let (n,m)~(p,q)
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(n,m)~(r,s) =>n+s =m+r (def. of ~) ...(1)
(r,s)~(p,q) =>r+q=s+p (def.of ~)...(2)
By summing up (1) and (2)
=n+s+r+qg=m+r+s+p
=n+G+r)+g=m+(s+r)+p (+comm.andassoc.on N)
=n+q+(s+r)=m+p+(s+r) (+comm. onN)
= n+q = m+ p (by theorem 7.5(4), <3l ) 5l8)
(n, m)~(p,q)

* ~is an equivalence relation

Definition 7.13: Let ~ be arelation on N X“N. Since ~ is an equivalence

relation, then we can define an equivalence classeson N X N
H={[(n,m)]: nme N}={[nm]: nme N}
Where [n,m] = {(r, 5): (n,m)~(r, s)}

Definition 7.14: The set of all different equivalence classes on N X N form

the set of integer numbers

Mathematically,

Zt ={[n,m]: n >mandn,m € N}

0 ={[n,m]:n=mandn,m € N}

Z7-={[nml:n<mandnmée€ N} ={—[m,n]:m > n}
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Example 7.15: [3,1] = 2; [2,3] = —[3,2] = —1; [3,3] =0

Example 7.16: Find [(2,3)],[(10,7)],[0,0]

[(2,3)] =1[2,3] ={(r,s) E N X N:(r,s)~(2,3)}
={(r,s):r+3=s+2}
={(r,s): r+1+2=s+2}
={(r,s):ir+1=s, r,s €N}
={(1,2),(2,3),(3,4),....} = =1 (from def.7)

%}Lﬂlﬁjﬂ&u}&m@w‘}ﬁ&m@&l};}d\ Jmhﬂ\u\jﬁ&j\u}s.mua\};w
)
JééE

[2,3] = [(1,2)] = [3,4] = [(4,5)] = =

[10,7] = {(r,s) € N x N: (r,5)~(10,7)}
={(r,s):r+7=s+10}
={(r,s):r+7=5+3+7}
={(r,s):r=s+3, r,5 €N}
={(4,1),(5,2),(6,3), ....} = 3 (from def.7)

+[10,7] = [41] = [5,2] = [6,3] = - [0,0] = {(r,5) € N x
N: (r, s)~(0,0)}

= {(r,s):7 +0 =5+ 0}

={(r,s): r =5}

={(1,1),(22),(33),...} = 0 (from def.7)
0,01 = [1,1] = [2,2] = [3,3] = -
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Addition and Multiplication on Z
Let x,y € Z such that x = [n,m] and y = [r, s]. Define
x+7,y = [nm]+;[r,s]=[n+r,m+s]

X.; y=[n,m];|[r,s] =[nr+ms,ns+mr]

Example 7.17: Find (3)+;(-=5), (—=1)+,(-3), (—2).; (4)

(3)+,(=5) =[5.2]+,[1,6] =[5+ 1,2+ 6] (def.of +,)
=[6,8] = —2
(=D +2(=3) = [5,6]+,[1,4]
=[5+1,6+4] (def. of +,)
= [6,10] = —4
(=2).z (4) = [2,4].2 [8/4]
=[(2.8) + (4.4), (2.4) + (4.8)] (def.of.;)
= [16 + 16,8 + 32]

= [32,40] = —8

Example 7.18: (H. W.) Find (—3)+,(4), (—=5)., (—1)

Theorem 7.19: Properties of the sumon Z

l.x+,y=y+;,x Vx,y€Z

2.(xtzy)tzp =x+z;(y+zp) Vx,y,p €Z

3.30 € Zsuchthatx+,0=0+;,x=x Vx€Z
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4 x+t,p=y+,pSx=y Vx,y,p€Z

5.Vvxe€ZAyeZs.t.x+,y=0

Proofl: T.P. x+,y =y+,x Vx,y€Z
Let x = [n,m] and y = [r,s] such thatn,m,r,s € N
X+, y = [n,m]+,[r,s]
=[n+r,m+s] (def. of +;)
=[r+n,s+m] (+iscomm.on N)
= [r,s]+,[n,m] (def.of +)
=YyY+tzXx
Proof3: T.P. 30 € Z suchthatx+, 0 =0+;x=x Vx€Z
Let x = [n,m] and 0 = [r,s] suchthatn,m,r,s € N
x+,; 0 =x= [n,m]+,]r, s] ={n,m]
= [n+1r,m+ s] = [n,m] (def. of +,)
= (n+r,m+s)~(n,m) ([a] =[b] = a~b)
=n+r+m=m+s+n (def. of ~)
= n+m)+r=Mm+m)+s (+comm.and assoc)
= r =5 (Bytheorem 7.5(4))
~0=[rs]=[rr]={[11]122],133], ..}
Similarly, 0+, x = x

~30=[r,r]s.t.x+;,0=04+,x=x Vx€Z
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Proof4:
Letx = [n,m],y = [r,s] and p = [h, k] such thatn,m,r,s,h,k € N
Xtzp=Y+zPp
< [n,ml+, [h k] = [r,s]+, [h k]
S [n+hm+k]l=[r+hs+k] (def of +,)
S nm+hm+k)~(r+hs+k) (Ja] =[b] = a~b)
n+h+s+k=m+k+r+h (def. of ~)
Sn+s+(h+k)=m+r+(h+k) (+comm.andassoc)
Sn+s=m+r (Bytheorem 7.5(4))
< [n,m]~[r,s] (def.of ~)
& [n,m] = [r,s] (a~b= [a] = [b])
Sx=y
Proof5: T.P.Vx € Z,3y € Zs.tix+,y =0
Letx = [n,m] andy = [r, 5]
Suppose x+, y =0
[n,m]+ [r,s] = [h, h]
[n+r,m+s] =[hh] (def of+,)
(n+r,m+s)~(h,h) ([a] =[b] = a~b)
n+r+h=m+s+h (def. of ~)
n+r=m+s
[n,m]~[s,r] (def.of ~)

[n,m]=[s,r] (a~b= [a] = [b])
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X==-y= [S,T]

=Vx€eZAyeZs.t.x+,y=[sr]|+zrs]=[s+rr+s]=0

Theorem 7.20: Properties of the multiplication on Z

l.x,y=y.,x Vx,y€Z (H.W.)
2.(xz V)gw=x,., W) Vx,y,w € Z (H.W.)
3.31 € Zsuchthatx.;, 1=1,x=x Vx€Z
A x,w=y,wesx=yVx,yweZ (H W)
52, 0=0,x=0 Vx€Z (H.W.)
6.x.,(y+zw)=x., y+;x., w Vx,y,WEZ
Proof3:
letx = [n,m]and 1 =12,1] = [3,2] = ---
T.Px,1=1,x=x Vx€Z
x.; 1=[nm].;[2,1]
=[2n+m,n+2m] (def. of .;)
=[n+n+mn+m+m]
=[n+m+nn+m+m]j
= [n+m,n+ m]+,[n,m]

0+,[n,m] =x

Similarly, 1., x =x (H.W.)
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Proof6: T.P.x ., (y+, W) =x., y+zx ., w Vx,y,we€Z
Lletx = [n,m],y = [r,s] andw = [p, q]
x.z (y+zw) =[nm].z([r,s]+z[p,q])
=[nm].;[r+ps+q] (def. of +;)
=n@T+p)+mG+qg),n(s+q)+m.(r+p)] (def. of.;)
= [nr + np + ms + mq,ns + nq + mr + mp]

= [(np + mq) + (nr + ms), (nq + mp) + (ns + mr)] (+ is comm.
&asso.)

= [np + mq,nq + mpl+, [nr + ms,ns + mr] (def. of +,)
= ([nm] .z [p,qD+, (In,m].z [r,s])  (def. of .;)

=z witz (x .z ¥)

Ordering on Z 4axaual) dlacy) o i il
Let x = [n, m] be an integer number then
1. x is called positive integer number if m < n.

2. x is called negative integer number if — x is positive or if n < m.

Example 7.21: x = [10, 3] is positive because 3 < 10

y = [1,5] is negative because -y is positive (or because 1 < 5)

Theorem 7.22: Let x and y are positive integer numbers then x+, y is

positive integer number
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Proof: Let x be a positive integer number = x = [n,m]s.t.m<n ..(1)
Let y be a positive integer number =y = [r,s] s.t.s <1 ...(2)

From (1)&(2) = m+s <n+r (bythm 7.8(4))...(3)

x+,y=[nml+;[r,s]=[n+r,m+s]| (def. of +,)

Sincem +s <n+r = x+, yis positive integer number

Definition 7.23: Let x and y are two integer numbers such that x = [n, m]
andy = [r,s]. y — x is positive integer number iff x < y

In other words,

y —x = [r,s] — [n,m] is positive
= [r,s]4+z[mn] (—x =[m,n])
=[r+m,s+n] (def of +,)

Since, y — x is positive = s+n<r+m

Example 7.24: let x = [2,3] = [n,m] andy = [5,1] = [r,s]. Isx < y?

s+n=3<8=r+m=y—xispositive

= x<Yy

Example 7.25: let x = [10,5] = [n,m] and y = [6,1] = [r, 5]

s+n =11 > 1=6-5 = x -y is positive

= y<Xx
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Definition 7.26: Let x be an integer number. Then

1. x is a positive integer number & x > 0
2. x is a negative integer number & x < 0
3.x<ymeansx <yorx =y

4.x =Zymeansx >yorx =y

Theorem 7.27: Foreach x,y,p € Z

1.fx>0andy >0thenx., y>0 (HW.)
2.1fx<0andy <Othenx., y >0 (H.W.)
3.fx<0andy >0thenx., y<O0
d.x<y &oxtzp<ytzp

5.x<y Sx;,p<yzp Vp€EZ' (H.W.)

Proof3: letx = [n,m] <0, y=][r,s]>0T.P. x., y<O0
Sincex<0=n<m>=>m=n+ky; k€N ...(1)
Sincey>0=r>s=r=s+k,; k, EN ....(2)
X.; y=[n,m] ., [r,s] = [nr + ms,ns + mr] (def.of.; )
= [n(s + k,) +ms,ns + m(s + k,)] (using (2))
= [ns + nk, + ms,ns + ms + mk,|

=[ns+nk, + (n+kys,ns+ (n+ky)s+ (n+kyk,] (using (1))
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=[ns+ n+ky)s+nk, ns+m+ky)s+Mn+kyk,]
=ns+n+ky)s+nk, <ns+ n+kys+nk, +kik,

= x.;, <0
Proofd: =) letx = [nm] <y =|[r,s] T.P.x+,p<y+;p
Since x < y = y — X is positive

= [r, s]+; [m,n] is positive

= [r + m, s + n] is positive

=s+n<r+m

=r+m=s+n+k; keN....(1)
letp = [u,v]; ,VEN T.P.x+,p<y+;p
T.P. (y+,p) — (x+; p) is positive
T.P.[r +u,s +v] — [n+ u,m+v] is positive
T.P.[r+u,s +v]+,[m+ v,n + uj is positive
T.P.[r+u+m+v,s+ v+n+ujis positive
T.Pr+ut+m+v>s+v+n+u
From (1), r+m=s+n+k; KEN
= r+m+@U+v)=s+n+k+(u+v)
= (r+u+m+v)=(s+n+u+v)+k; keN
= r+u+m+v>s+v+n+u
= xtz;p<ytzp
<:=)Supposex+zp<y+ZpT. Px<y

Sincex+zp<y+zp=>r+ut+tmt+v>s+v+n+u
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= (+u+m+v)=(s+n+u+v)+k; k€N
=r+m+U+v)=s+n+k+ (u+v)
= r+m=s+n+Kk
==r+m>s+n
= [r + m,s + n] is positive
= [r, s]+; [m, n] is positive

= y—Xispositive=>x<y

Embedding: )

Let (M,x, #,R;) and (L,*', #', R,) are two number systems with the T.O.R
relation R, R,. We say that

(M,*,#,R,) is embedded 3,3« in (L,*',#',R,) if and only if there exist
a: M — L such that a is 1-1 and the following conditions hold: For all
nmeM

l.a(n*m) = a(n) * a(m)
2. a(n#tm) = a(m)# a(m)

3.nRim & a(n)R, a(m)

Theorem 7.28: (N U {0}, +,., <) is embedded in (Z, +, ., <)
Proof: Definea: N U {0} » Zs.t.a(n) = [n,0] Vn€eEN

1. T.P.aisl1
leta(n) =a(m)T.P.n=m

[n,0] = [m, 0] = (n,0)~(m, 0)
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=n+0=m+0=>n=m= ais1-1
2.T.P. a(n+m) = a(n) + a(m)
a(n+m) = [n+m,0] = [n, 0]+, [m,0] (def.of +,)
= a(n) +a(m) (def. of @)
3.T.P.a(n.m) = a(n).a(m)
a(n.m) =[n.m,0] = [n,0].; [m,0] (def.of.;)
= a(n).a(m)  (def. of @)
4.T.P.n<m & a(n) < a(m)
n<men+0<m+0
& [n,0] < [m,0]
& a(n) < a(m)

~ (NU{0},+,.,<)isembeddedin (Z, +,.,<)
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