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Chapter Five Multiple Integrals

Chapter Five

Multiple Integrals

Finding an Integral is the reverse of finding Derivative. So Integral

and Derivative are opposites.

Ordinary Integral:
If y = f(x) then

d(F(x))
dx

F) = [ f(x) © = f(x)

Double Integral:
e If w= f(x,y)then

I J fy)dxdy or [, ) f(x,y)dydx

Triple Integral:
o If w=f(x,y,2) then

ffAff(x,y,z)dxdydz orffAff(x,y,z)dydxdz orffAff(x,y,z)dzdydx

ffAff(x,y,z)dxdzdy orffAff(x,y,z)dydzdx orffAff(x,y,z)dzdxdy

e If w=f(x,y,z ..)then

fffA f f(x,y,2, .)dxdydz ...
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Inteqral Methods:

In Multiple Integral use the same rules and properties of Ordinary
Integral but when Integral to one variable the other variables will be

constants. We are explaining as follows:

Double Integral:

[ f(x,y)dxdy , inthis case Integral to x and y is constant; follow by

Integral to y and x is constant.

or [[ f(x,y)dydx, inthis case Integral to y and X is.constant, follow

by Integral to x and y is constant.

Triple Integral:
[[] f(x,y,2)dxdydz ,in this case.Integral to x but y and z are

constants, follow by Integral to y but x and z are constants, follow by

Integral to z but x and y are constants.

Typesof Multiple Integrals:

There are two types of Multiple Integral:

1- Indefinite Multiple Integral no specific values and the results of
this Integral is function plus the ‘Constant of Integration’. It is

there because of all the functions whose same derivative.

3
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The Indefinite Double Integral is defining as follows:

|| reyaxay = [lgcn + cay = hewy) + ¢,

2- Definite Multiple Integral (with upper and lower limits) has start
and end values, in other words there is an interval (a to b) and
the result of this Integral is constant.

The Definite Double Integral is defining as follows:

J,J f(x,y)dA (Where A'is a region of defined-x and y)

Definite Multiple Integral:

There are two kinds of Definite Multiple Integral depends on value of
A:

1- The region A is geomantic shapes like Square, Rectangle and so
on. The x and y variables are defined as follows:

A: a<x <b, c<y<d

d b b d
[ .J o yYah= j j £, y)dxdy = f £, y)dydx

2- The region A are functions for variables x and y but it is not

geomantic shape. There are two kinds and it is defending as

follows:
o
A: a<x<b, g1(x)<y<=<g(x)
b 92(x)
fu fanda=| | feydyx
a g1(x)
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b-
A: h(y) <x<h(y), csy<d

d h2(y)

[ .JfGoy)da = f f £, y)dxdy

c hi(y)

Properties of Multiple Integrals:

1-1f f(,y)=0ind - [,[ fx,y)dA =0

2-1f f(x,y) 2 g(x,y) Vx,y €A [, ) f(x,»)dA=[,[ g(x,y)dA
3-1f A=A, + 4, -

fAff(xry)dA — fAlff(xly)dAl + fAsz(X,y)dAz
4- fAf kf(x,y)dA = kaff(X,)/)dA
5- [ J[fCe,y) £ gGe MIdA =[] fx,y)dA+ [, [ g(x,y)dA

Example 1: Calculate the following Double Integrals:

1- [, f(x,y)dA for f(x,y) =1—6x?yand A:0<x<2,-1<y<1,
2- fon fgc xsinydydx, and

3- fon fosmxy dydx (HW.)

Solution: 1- f_ll foz(l — 6x2%y)dxdy = f_ll[x — 2x3y] i:g dy =

[LI2—16yldy = [2y —8y?] )=" = [2—8] - [-2—-8] = -6+ 10 = 4

1:

Reversing the order or Integration givens the same answer:

2 r1 2 =
fo f_l(l — 6x2y)dydx:f0 [y — 3x2y?] yy=_11 dx =
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2 2
f[(1 — 3x2) — (=1 — 3x2)]dx =f2dx = 2x]i z (2) — 4
0 0

T X . _ (T y=x —_ (T
2- [, [, xsiny dydx = [ [x(—cosy)] Yo dx = Jo [x(=cosx + cos0)]dx

T w

s
= j[—xcosx + x)]dx = — j xcosx dx + j xdx
0 0 0

u=x,dv = cosxdx - du = dx,v = sinx

T

= —[xsi ]n+f' d +x2x=ﬂ
= —lxsinx] | sinxdx 2]x=0
0
x=m |m°
= —(msinm — 0) — cosx] _0+[7—0]

2 2 2

=0 + [—cosm + cos0]+ %= [1+ 1] +n7= 2+ —
Example 2: Calculate the'following Triple Integrals:

1— [ [ 77" dzdy dx and

2- [P [ [ 27 dz dx dy (HW.)

243y
Solution; 1-

1 1 — 1 ~1 — 1 ~1 —v—
Jo I T dzdy dx = [ [[f.7  dz]dy dx = [ [ z]777 ¥ dy dx =

1 x2

Ly —0dyldx = [P —xy]?Thdx = [ —x — %+ x2] dx =

1,1 x2 1 x?2  x3.x=1 1 1 1 _1
fo(z x+2)dx—2x 2+6]x=0 2 2+6_6
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The equivalent Integrals:
In Definite Multiple Integral, we can write equivalent integral to this

integral by change upper and lower limits and the answer still the
same. The equivalent integral is using in two cases: If ask in the

question or if we cannot find the answer of the Multiple Integral.

Example 3: Calculate the Equivalent Double Integrals for the

following Double Integrals:

- 25 dydx, 2 f7[7 dydx,and 34 £ dxdy (HW.)

2

Solution: 1- f f dy]dx —f 172 e dx'= [[e* — 1]dx=

[e* —x]¥2=e?—2-e"+0=e?—3

To find the Equivalent Integral

x=2 ,y=e*->x=2,y=¢e?
x=0,y=1-> x=Iny, y=1
e? 2 e? e?
ffdd—j x=2d—j2ld
[ | dx]dy= x]leny y=| [2~—Iny]dy
1 Iny 1 1
e? dy
=2 [(=dy = f lnydy, u = Iny,dv = dy —>du=7,v=y
—nqY=¢e y=e? e? dy _ , - 2
2yP5 — yiny] y=1+f1 y— = 2e Ine? + In1 +

et 5,2 2 y=e? _ 2 _ 2
J, dy=2e*—-2-2e +inl+y] 0 =-2+e*-1=¢€’-3
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2. (2 2 y= 2
- [olf dyldx =[5 y12Z25dx = [, [2x—x*]dx =

y=x?
2 2 2 4. _ .2 _ Xix=2 _ 8 4
2 [y xdx — [(xtdx=x* =] 0 =4—-2=1
To find the Equivalent Integral
X=2 ,y=2x- y=4,x=ﬁ

x=0 ,y=x“-> y=0x=

4 4
y 2 3 y:y=4 2 3 16
dy— | Z2dy ==yz - ==(V4) - =
j\/?y jzy 32~ =(Va) —~
0 0
16 4
-3 Ve

Example 4: Calculate the equivalent Double Integral:

foz fyz e*” dxdy

Solution:

xX=2 ,y=2-> x=2,y=x
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1 1
5(84 —e% = 5(84 - 1)

Exercises:

1- Sketch the regain of integration and Evaluate the integral for

each one :
1. fOZ f02(4 — y2) dydx, 2. fnzn fgt(sinx + cosy)) dxdy
,and 3. fol foyz 3y3e*Ydxdy
2- Integrate f over the given regain:
1.Square: f(x,y) = 1/xy over the'square 1 < x < 2,
1<y<2
2. Triangle: f(x,y) = ycosxy over the triangle

0<x<m0<y<l

3- Evaluate the integral foreach one:
1. f fﬂsmy dydx, 2. f/16f1/2 cos(16mx>) dxdy, and
3 f f ydx
Q 3%/_
4- Calculate the equivalent Double Integral for each one:

R

3x+2

1ff ddeff\/—ydydxandi%ff2+4 ydx

5- Evaluate the following integrals:

2. fol f: fon ysinzdxdydz,
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3. fon fon f: cos(u + v + w) dudvdw (uvw space),

4, fol fol fol(x2 + y?% + z%)dzdydx,

5. 2 [0 7 dzdyasx,

1
6. [, I, J; 5, dxdydz, and

Applications for Multiple Integrals:

The Area of The Regain in Cartesian Space:

Find the area of the regain A bounded by two curves: If y = f; (x),

y = f,(x) and limited by two lines x =-a, x ='b. Divided the regain A
into n small rectangles with same size and find the area of each one as
follows:

1
L] —
1

[
j ~ |
~ [

pEEHEEN

AAi = AxiAyi , [ = 1,2,3, e, N

Then the overall area is approximate to:

By using the fundamental theory of integration

10
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x=b Y=/2(%) y=d x=g2()
- A= f f dydx = f j dxdy
x=a y=f1(x) y=c x=g1(¥)
b f2(x) d 9200
A=j f dydx=j j dxdy
a f1(x) c 91(y)

Example 5: Find the area of regain A bounded by the semicircle
y = Va? — x? and the line y = —a, and the lines x' = *a.

Solution:
ah
JaZ—xZ
ror ¢ y=vaZ—xZ
A= j[ j dyldx = jy] dx
y=-a
-a -a -a

a a a
ZJ[ aZ_xZ_l_a]dx:f\/az—xde‘l‘jadx
—a -a -a

x = asinf,dx = acos0d0,

ifx=a—-a=asind »sinf=1-0=

2

T
2’
6 =

if x =—a—- —a=asinf - sinf = -1 -

11
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Ja? — a?sinf .acos0do + ax]
X =-—a

X~
[l
N — N
[l

T
2
V1 —5sin%0 .cos8db + a(a + a) = a? j cosf.cos 0d6 + 2a?
-7
2

[l
Q
N
|
g N|=I\ NS

= a? [% cos?0d +2a® =a? [% %(1 + c0s20)do-+ 2a*

2 2

A

2 i T
= a? [féo d 6+ [*: cos26d0] + 2a”
2 2

27 g=" 2
=210+ lsinZG] 2 4 2q2 = LE Ldsinm + Z — Zsin(—n)] + 242
2 1772 . 2 120 2 2 2
2r 2
=%_§—0+§—0]+2a2=%+2a2=a2[§+2]

Example 6: Find the area of regain A bounded by y = x and y = x?
in the first quadrant.

Solution: The intersection point of two curves are (0, 0) and (1, 1).

X
[l
o —
RN\R
Q.
=,
Q.
=
[l
0\’_\
=,
<o
I
2R
[l
o — .
R
|
=
M
Q.
=
[l
N|><N
|
wl*-w
= =
1l
S =

12
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The Volume of the Solid in Space by Using Double Integrations:
Find the volume of the solid when its base in the xy plane and the top of

it bounded by the surface S: z = f(x,y). Divided the solid into n small
partitions that stands directly above the base AA; in the xy plane and its
height is z;. The total volume of the solid is approximate to:

n n n
V= z Av; = Z Ax;Ay;z; = z ziAx;Ay;
i=1 i=1

i=1
n n

Avi = AAl'Zl' = AxiAini

v = lim z;Ax;Ay; = lim z;Ay; Ax;
n—oo n—oo
i=1 i=1

By using the fundamental.theory of integration

—>v=] jzdxdy=j jzdydx
A A

If the'base of the solid bounded by two curves. If y = f;(x), y = fo(x)
and limited by two lines x = a, x = b then

b f2(x) d 9203)
v = j j f(x,y)dydx = f f f(x,y)dxdy
a fi1(x) c 91(y)

Example 7: Find the volume under the plane: z = 4 — x — y over the

rectangularregain A:0 < x <2and0 <y <1.

13



Chapter Five Multiple Integrals

Solution:v—f f(4—x—y)dy dx—f (4y — xy——]y L dx

y=0
2 2
=4fdx—j
0 0

—8—

2

jl X2 x x=2
2 Ax LI

0

=8-2-1=5

N
N DN

Example 8: Find the volume of the solid whose base is the triangle in
the xy plane bounded by the x-axis, the line y = x and-the line x =1

and whose top liesintheplanez =x + y + 1.

Solution: v = fol[fox(x + vy + 1)dyldx = f (xy + ‘4 1 Yo dx

! ! 2 ! 3 3 x2x_1
=j 2dx+j—dx+fxdx=—+—+—]x_
0 0 0
1 1 1 2+143 6
37672776 "6

The Volume of the Solid in Space by Using Triple Integrations:

Find the volume of the solid when the whole of solid in the space and it
bounded by two surfaces: z; = f;(x,y),z, = fo(x,y) orthe solid is

result of intersection these two surfaces. Divided the solid into n small
14
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cuboid, each one with width, length, and height Ax;, Ay;,and Az;. The
volume of the solid is approximate to:

A'Ui = AAl'AZi = AxiAyiAZi

n n
V= 2 Av; = 2 Ax;Ay;Az;
i=1 i=1

v = lim Ax;Ay;Az;
n—oo
i=1

By using the fundamental theory of integration

S P N YR

If the base of the solid bounded by curves: z = f;(x,y), z =
fo(x,y),y = hy(x),y = h,(x) and limited by two linesx = a,x = b
then

ha(x) f2(xy) 920y) f2(xy) _
=Ly mo) ey 424y = Je Joio) Jaayy 47 dxdy=...

Example 9: Find.the volume enclosed between two surfaces:

z = 0,z = x + 2-and bounded by the cylinder x? + 4y? = 4,
Solution: fromcylinder equation: x2 + 4y? = 4

x2+4y2 =4 - x? =4-—4y2 24(1_}’2)—>X=i2 1—y?2
If x =0 —>4y2=4—>y2=1—>y=il

1 2V1-y% x42

v—j j j dzdxdy—f J dxdy=
-1 _2/1-92 0 -1 _2/1-y2

_ 2 1 x? 1-y?2
f fzJ—x+2]dxdy— f—1(7+2 ]x——Z 1-y2

15
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1 4(1-y?) 4(1-y?
=f_1[Ty+4 /1—)/2—%4‘4 /1—y2]dy
1
=8/ ,J1-y*dy

y = sinf,dy = cos0do,

T
ify=1—>1=sin8—>9=§,

if)’=—1—>—1=sint9—>sin€=_1_>9=7

v 1 —sinB? cos8dO = 8

<
I
©

I IV

T
2
cosf .cosfd6. = 8 fcosZH do
_rn
2

|
N~ | 3

T
2
n
2 /[
1 1, 0 =5
=8j — (14 cos20)d6 =4[6 + =sin20] T
2 2 9 = —=
_r 2
2
_4ln+1 _ +n 1 n(<m)| = 4
= 4|7 tgsinm+ - —osin(=n)| = 4
Exercises:

1- Find the area of the region bounded by the given curves and
lines, by double integrals:
» The coordinate axes and the linex + y = a
» The x-axis , thecurve y = e* and the linesx = 0,x = 1
» The y-axis, the line y = 2x and the line y = 4
> The curve y% + x = 0 and the line y = x + 2
> The curves x = y?,x = 2y — y?
> The Parabolax =y — y? andthe linex +y =0

16
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2- Find the volume of the solid whose base is the region in the xy-
plane bounded by the Parabola y = 4 — x? and the line y = 3x,
and whose top is bounded by the plane z = x + 4.

3- Find the volume if the base of a solid is the region in the y-
plane bounded by the circle x? + y? = a? while the top is
bounded by the Parabola az = x? + y2.

4- Find the volume of:

> The Tetrahedron bounded by =+ + = = Land the

coordinate plane (a,b,c positive)
> The solid bounded by the Elliptic ,Paraboloids z = x? + 9y?2,

z =18 — x%? — 9y?

> The common to the two-Cylinder x? + y? = a?, x? + z? = a?

Integrals in Polar Coordinates:

If f(r, 8) is a function defined on regain R and bounded by two
arrows 8 = a,6 = B.and two curves r =r,(8),r =1,(0) . Then
Double Integral in‘Polar Coordinates as follows:

I ,J fr,0)dA = ff frrlz(((f))f(r, 0)rdrd® where A inside R
The Area in Polar Coordinates:

By using Jacobian transformation to transform Double Integral from
Cartesian plane to Polar Coordinates as follows:

Ifx = f(u,v),y =gwv)

17
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0x.y) _[ou av
d(u,v) [0y Oy
ou 0Jv

Then the Double Integral is:

S J BCe,y)dxdy =f , [ O[f (w,v), g(u, v)] Zii',iﬁ dudv

The Area in Polar Coordinates by using Jacobian transformation as

follows:

x =rcos0,y = rsinf

dx Ox
oY) _ |ar a8 =|cose —rsind
a(r,0) dy 0dy sin@ rcosf
ar 06
d(x,y)
= rcos?0 + rsin?0 = r(cos?*0 + sin?0) =r
a(r,0)

jjf(x,}’)dxdy =jjf(rcost9 rsing) OE Hid do

jjf(x,y)dxdy = jjf(rcos@,rsin@)rdrd@

dxdy = rdrdf

A = [ [dxdy [ the area in Cartesian plane)

A = ,[rdrd6 [the areain Polar Coordinates )

Example 10: Find the value of Double Integral in the Polar

Coordinates |, f_\}l__i;(xz + y2)dydx

Solution:

y=4Jyl—-x2-y2=1—-x2>5x2+y2=1->7r%2=
18

dh
|/
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>r=41->r=0andr=1,0 =0and 6 = 2m

2t 1 2w 1

rt r=1
.[jr rdrd@-jf 3drdf = f4]r—0d8

_1jd9_9 6 = 27‘[_27'[_7'[
4 _J9=o"4_2
0

Examplell: Find an equivalent Double Integral in term-of Polar

Coordinates [ [~ ydydx

Solution:

x =rcos0,y = rsinf

y=x - rsind = rcosf - cosf = sinf—- 0 =—

2

— 1 = 2secH
cos@

X=2- rcosd = 2->1r=
T
r=Ocmdr=2$ecé?,t9=0and(9=Z

2secO

YA T T
4 2sec 4 4
, , r3.r = 2secd
rsinf.rdrdf = r2sinf.drdf = | —] 0 sinfd@
0 0 0 0

sin@

=F§sec3 0sinfdo = gfoz — sec?0dl = gfoz tanfsec?0dl =

8tan’ 6=" 4
1)+ = [tan - — tanZO]
3 2 16=0 3 4

w|4>

[1-0]=2

Example 12: Find the area inside the Cardioid r = a(1 — cos8)

Solution:0 < 0 < 2w

0=0->r=a(l—-cos0)->r=20
19



Chapter Five Multiple Integrals

r=0andr =a(l —cosf),0 =0and 0 =21

_ 2
A= fOZn foa(l COSO)TdeH _ fOZR%] r_a(r1=_()COSO) do =

a? 2m 210 _ @° (21 2 _
7fo (1 — cosB)?dg = ?fo (1 — 2cos0 + cos?*0)dl =

2
%fom (1 — 2cos6 +%(1 + 00529)) dg =

a? , 0 1 0 =2m
7[9—251119 +§+Zsm20] 0 =0
a? , 2t 1 _ 1
= 7 lZn — 2sin2m + 7 + Zsm4n — 04+ 2sin0 —0 — ZsmO
a’? 3am
=7[2T[+T[]= 2

Volume in Cylindrical Coordinates:
p(r, 0, z) is point in space where(r,.8) is Polar Coordinates in plane
z=0

The Volume in Cylindrical Coordinates is:
v=1_,/ jrdrdedz

Example 13: Find the volume by Triple Integral that is cut from the

sphere x2.+ y2.+ z? = 4a? by the Cylinder x? + y? = a? by using

Cylindrical Coordinates
Solution: x? + y? + z2 = 4a? - z? = 4a%? —x? —y% >
zZ2=4a* — (x*+y?) > z2=4a*—7r? > z=+J4a% —r?

x2+y?=a*->r*=a*->r=0,a

0 =02

20
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V4a2—-r2 2T a

V=jj j dz.rdr.d9=j jz] rdr.d6 =
—4q? — 12
0 0 _Vagz_r2 0 0
21 a
.[ j(\/4a2 — 12 +/4a? — r2)rdr.do
0 0
2w a
1
=2ffr(4a2—r2)§dr.d9
0 0
2w
_—2 242 2%r=ad9
=) 3We ol

0
— 3 3
= ?2 [ 71 (4a% — a?)2 — (4a?'=.0)2] df

- 2 @) e a0
-2 - 16 0 =2
- ?a3(3\/§—8)f do = a (—2\/§+?)9] o i
0

32
= (—4\/§ + ?)QSTE
Volume in Spherical Coordinates:

p(p, @, 8) the point in apace such that p = |op| distance from o to p
and p= 0.

@ is an angle between op and the positive z-axes, 0 < @ < .

0 is an angle in polar Coordinates, 0 < 6 < 2.

21
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r
X =rcosf,y =rsinf,sin@ = ; r = psin®

zZ = pcosP,y = psin@sinb, x = psinPcos6O

x? +y? + z%2 = p?

v=/[,/ fpzsin(b dpddde

Example 14: Find the volume cut from the sphere p = a by the cone
@ = a using the spherical coordinate:

Solution: 6:0 - 2w, 0:0=.a,p:0 > a

27

a a
V=] jjpzsinﬁdde)dH
0 0 0

2T 2T

v 01" ~ Y dodo = @ 1 0dd) do
_j j?ﬂn — 0 —f ?(j Sin )
0 0 0

0
= _fm —cosQ] - oo 040 = —f:ﬂ(—cosa + cos0)de =
@ [2m(q a9 =26 -6 b=2m _ 4 op
?fo (1 = cosa) —?( — Bcosa)] "y, —?( m — 2mcosa — 0)

= Zi7T(1 — cosQ)

Note:

22
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In xyz space -Cylindrical:
X =1rcosl,y =rsinf,z =z

In xyz space - Spherical:
x = psin@cosO,y = psin@sinf,z = pcosP

In Cylindrical - Spherical:
r = psin®,0 = 06,z = pcosP

Area of Surface:
There are three kinds of Area of Surface:

1- If S: z = f(x,y) such that the domain of f isxy plane and f
have partial derivatives f,, f,, continuous in this domain, then

the area of surface is:

S=fAf\/fxz+fy2+1dxdy

2- If S: y = f(x, z) such.thatthe domain of f is xz plane and f
have partial derivatives f, f, continuous in this domain, then the
area of surface is:

S=fAf\/fxz+fzz+1dxdz

3- If S: x = f(y,2) such that the domain of f is yz plane and f
have partial derivatives f,, f, continuous in this domain, then the

area of surface is:

s=fAfny2+fZZ+1dydz

Example 15: Find the Area of the Paraboloid z = x2 + y? below the
plane z = 1.

Solution: S = [, | \/fxz +fy2 + 1 dxdy /

z=1-x"+y' =1, =2xf, = 2y \/

23
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S =J,2y2-1] V(2X)2 + (2y)? + 1 dxdy
ré =1, 0<r<1 0<60<2m

3
S= [ [y VET+ T rdrdg = [ (472 + 1)z.2] $ df
21 21

3 3 1
= Eo [(4+1)2 = (0+ 1)2]d6 = | [(V5)® —1]d6

0
55—1 2 5V5-—1
12 0 6

Exercises:

Find the Area of the following:

1- Triangle cut from the plane = +7"4-==-1 by the coordinate

planes.

2- Portion of the sphere x? +y?# + z% = a? that lies in the first
octant.

3- Surface of that portionof the sphere x? + y2 + z? = a? that
lies inside cylinder x2.+ y? = ax.

4- Portion of the cylinder x? + z2? = a? that lies between the
planes y =—and x = .

5- The area cut from the plane z = cx to cylinder x? + y? = a®.

24



