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Chapter Four Partial Derivative

Chapter Four

Partial Derivative

In Cartesian plane when y = f(x).
f is continuous function if satisfied three conditions:

1. f(xg) is exists,

2. lim,_,, f(x) is exists,

3. limy,y, f(x) = f(xo).
f is differentiation if f is continuous function. The differentiation of

function f is definedas y' = %.

But if w = f(x,y). The partial derivative is defined for each
variable:

e The partial derivative of x represented as follows:

ow af
™ or " or f

e The partial'derivative of y represented as follows:

Definition:

If £: E — E'is continuous function, w = f(x,y) and p, (x,, Vo) then

the partial derivative of x is defined is:

a_W—ﬂ—f — lim f(X+Ax,y)—f(x,y)
dx  dx X7 ax—o0 Ax
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And the partial derivative of y is defined is:

aw _of - floy+Ay) = f(xy)
—=—=f,= lim e e 2
dy dy Ay—0 Ay
But the partial derivative of x in the point p,(xg, yo) IS:
. f(xo + Ax,y0) — f(x0, ¥0)
(fx)p, = Al}lcr_r}0 A RN |
And the partial derivative of y in the point py(xg, o) IS:
. f(xo,y0 + Ay) — f(x0,Y0)
fydp, = Al)llr_r)l0 Ay e 4

Example 1: Find 22 ‘;—”; ifa) w = f(x,y) = 2xy and

b)w = f(x,y) = x? — xy (H.W.)?
Solution: a)

ow o flx+Axy) — f(x,y) o 2(x+ Ax)y — 2xy
lim = lim

E - Ax=0 Ax Ax—0 Ax
. 2xy + 2yAx — 2xy - 2yAx
= lim = lim
Ax—0 Ax Ax—0 Ax
= lim, 2y =2y
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ow  fy+Ay)—fl,y) 2x(y+Ay) —2xy
lim = lim

@  Ay>0 Ay Ay—0 Ay
. 2xy + 2xAy — 2xy . 2xAy
= lim = lim
Ay—0 Ay Ay—0 Ay

= lim 2x = 2x
Ay—0

Notes:

e The results of equations 3 and 4 are constant.

o All rules of ordinary differentiation are applied but when make
partial derivative of one variable the other variables are held
constants.

e The definitions of partial derivatives of functions of more than
two variables are like the definitions for functions of two
variables.

= The partial derivative of x represented as follows:

of
dx or fx

= Thepartial derivative of y represented as follows:

af

ow ow

Example 2: Find %' 3y ifa)w = f(x,y) = ysinxy ,

[D)w = f(x,y) = cosx e??,and c) w = f(x,y) = 24 (HW.)]?

y+cosx
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: 9 9 .
Solution: a) a—: = y2cosxy, a—;’ = yxcosxy + sinxy

] d 0 .
Example 3: Find (25),,. (é)p0 if ) f(x,y) = x2 — 8xy,p = (—1,1)
and b) f(x,y) =x3+3xy+y—1,py = (4,—-5)(H.W.)?

Solution: a) 2L = 2x — 8y — (Z—D = 2(-1)—8(1) = =2 =8 = —10
Po
9 9
ady dy Po

Example 4: Find Z—V:, Z—V;and aa—‘;] ifa)w = f(x,y,2) = 2xy? + xz> + zy + 2
and b)w = f(x,y,2z) = xz% + y + 5 (HW.)?

Solution: a) Z—V; =2y? + 22,3—;" =4xy + z,and Z—V::sz +y

Exercises:

1. Find 2 and 2 for the following functions:
ox ay

1.w = e*siny, 2. w = sin®(x — 3y), 3.w = tan™! <y/x>

4 w=In(x+y)5.w=xY,6.w=log,x,7.w=x%+y?

8.w= ;;_yl, 9.w = cos?(3x — y?) and 10. w = e*¥Iny.

2. Find the partial derivatives of each function with respect to each
variable:
1. f(x,y,2) = sinh(xy — z°), 2. f(x,y,2) = yzIn(xy)

3.f(x,y,z) = sec Y(xyz),
5
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2 2

-y
uZ+v?’

4.f(x,y,z,w) = x2e?Y**Z cos(3w), 5. f (x,y,u,v) =

6. f(x,y,7,s) = sin(2x) cosh(5r) + sinh(3y)cos(2s)

Tangent Plane and Normal Line:

If S:z = f(x,y) be asurface and p, = (x0, ¥, Zy) be the point on this

surface then:

» The plane intersect with surface at p, is called Tangent Plane of
surface at p,.
» The line orthogonal on tangent plane at p, is called Normal Line
of surface at p,.
e If P;, P, be two tangent planes of surface at p, and v, v, be two
vectors on Py, P, respectively:
N = v; X v, ( N*tvy, N1vy)

_Af. . Af - ) N
N = (a)Pol + (@)p(,] — k> N=(4,B,0)A= (ax)po»B - (ay)porc -

The equation of Tangent Plane to the surface at the point pyis:
P:A(x—xy) + B(y—y9) +C(z—235) =0
Where py'= (xy, Vo, Zo) be the point at the plane, N be a vector
of of
= (5 = (G € =1

e If L be a line orthogonal on surface at the point

orthogonal on this plane and A = (=>)p,, B

pPo = (X0, Vo, Zp)and N \\L then the equation of Normal Line to
the surface at the point p, is:

L_(x—xo)_(y—}’o)_(Z—Zo)
" A B  C

-1
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of of
Where A = (a)po, ( )pO,C = —1.

Notes:
= IfS:z = f(x, y)be the surface equation and N(4, B, C)
then

N N N
A= Gop B = Gpy € =1

= IfS:x = g(y, z)be the surface equation and-N (4, B, C)
then

dg
A=-1B= <@>po, ( )po

= IfS:y = h(x, z)be the surface equation and N(4, B, C)
then

oh oh
A= (a)po,B = —1, C—( )Po

Example 5: Find the plane that is tangent to the surface y = x? — xz + z?2

at the point py(1,—1,1) and find the normal line to the surface at p,?

Solution: S:y = h(x,z) > A = (S:)p B=-10= (g:)p
0 0

oh

A=(a)p—(2X—Z)(1 -1,1) — 2_1—1B—_1

0

dh _(_ _ _
C —_— (E)po—( X + 22)(1’_1’1) —_ 1 + 2 —_ 1

PA(X—Xo)‘I'B(y_yo)‘I'C(Z—Zo)=0
Plx—-1)-1y+1)+1(z—-1)=0
x—1-y-1+z-1=0->x—-y+z—-3=0
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L_(x_xo)_(}’_}’o)_(z_zo)
A B C

L_(x—l)_(y+1)_(z—1)
1 =11

Exercises:

Find the plane that is tangent to the given surface at the given point and find

the normal line to the surface at the given point:

1.z=9—x2—y2 (1,-2.2)

2.y =x%+ 2% , (3,4,25)
_ -1y T
3. z =tan ” , (1,1, 4)
4. x = e?V% ,(1,1,2)
_ X 43
5. Z -_ W ) (31 4’ /5)

Linear Approximate :

Let S:w = f(x,y)where f:D — E, (xy,y,) € D such that
wo = f (X Vo), Po (X0, Yo, Wo) be a point on the surface and let

p(x,y,w) be a point on the tangent plane of surface in p, then the

equation of plane is:
P:A(x —x0) + By —yo) + C(w —wy) =0
Suchthat A = (fi)p, B = (fy)p, € = —1
= (fi)p, (X — x0) + (fy)p, ( —¥0) —(W —wp) =0
- (w— WO) = (fx)po (x — xO) + (fy)po (y - yo)

8
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w=wo+ (fr)p,(x —x0) + (fy)p, Y — Yo)
The Linear Approximate to the function w = f(x, y) at the point
Po (X0, Yo, Wo) such that wy = f(xq, yo) IS denoted by w;4,.
% When the function f is more than two variables:
If w = f(x,y,z) then The Linear Approximate to the function
w = f(x,y,z) at the point py(xo, Yo, Zo, Wy) Such that

wo = f (X0, Y0, Zo) IS denoted by wy;,e:

W =Wy + (fx)po(x - xO) + (fy)po(y - yO) + (fz)po(z - ZO)

Example 6: Find the linear approximate-to the function

w = f(x,y,2) = x?ye? at py(1,—2,In2)?

Solution:
Wiine = Wo + (fx)po (x = x¢) + (fy)po v —yo) + (fz)po (z — zp)

wo = f (%0, Y0, 20) = f(1,—2/In2) = (1)>(-2)e'™ = (-2)(2) = —4

af
fx = a = nyez - (fx)po = 2(1)(—2)6”‘2 = 2(—2)2 = —8

d
fy S2E %2 > (), = (16" =1(2) =2
d

Wiine = (_4) + (—8)(36 - 1) + (2)(}’ + 2) + (_4‘)(2 - an) -
Wiine = —4—8x+8+2y+4—4z+ 4In2 -
Wiine = —8x + 2y — 4z + 4Iln2 + 8

9
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Example 7: Find the linear approximate of the given function f at the given
point py : (H.W.)

L w=fGy) = @ +x)cosy, po(25)

2

2 2
2. w=f(x,y,uv) = 1) po(1,-1,0,2)

W—v?) ’

Approximated Value (Aw):
Wian = Wo t+ (fx)po (x —xp) + (fy)po oy — ¥o)

Wian — Wo = (fx)pOAx + (fy)pOAy1 if Wtan — Wo = Aw

AWian = (fx)poAx + (fy)poAy

The Awy,,, is called the Approximate‘Value-of the tangent plane of
surface at the point p,.

¢ If the function f is more.than two variables then:
AWiine = (fx)poAx + (fy)pOAy + (fz)poAZ

The Awy;,,.1s called the Approximate Value of the tangent plane of

surface at the point py.

Notes:
Tofind the approximate value for the function (Aw) be using the
following two rules:
1. Aw = Awy,p,+€1Ax + €,Ay, When €4, €5, Ax, Ay — 0,
Aw = AWgan, P = Po
2. Aw = Awjjpe + €1Ax + €3Ay + €3Az, when €4, €5, €5, Ax, Ay, Az — 0,

Aw — AWline1 P = Do

10
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Example 8: Find the approximate value of the function

w = f(x,y) = x? — xy + y? at the point p, (1, —2) when

Ax = 0.01,Ay = —0.02,¢, = 0.09 and €, = 0.002?

Solution: Aw = Awygnt+€1Ax + €AY, AWign = (fi)p, A% + (fy)p Ay
0

fo=2x—y = (f)p, = 2(1) — (~2) = 4

fy=—x+2y- (fy)p0 =—-1+4+2(-2)=-5

AW, = 4(0.01) — 5(—0.02) = 0.04 + 0.1 = 0.14

Aw = 0.14 + 0.09(0.01) + 0.002(—0.02) = 0.1408

Example 9: Find the approximate value of the-function

w = f(x,y) = x? — xy + y? at the point p,(1,—2) when
Ax = 0.01 and Ay = —0.02?
Solution: w + Aw = f(x + Ax, y + Ay)
w+ Aw = (x + Ax)? — (x A Ax)(y + Ay) + (v + Ay)?
= x% + 2xAx +(Ax)? — xy — yAx — xAy — AxAy +
y? + 2yAy '+ (Ay)?
w=x?—xy+y:, w+Aw—w=Aw
Aw = 2xAx + (Ax)? — yAx — xAy — AxAy + 2yAy + (Ay)?
= (2x = y)Ax + (—x + 2y)Ay + (Ax)? + (Ay)? — AxAy
= AW;q, + (Ax)? + (Ay)? — AxAy
= 0.14 + (0.01)? + (=0.02)? — (0.01)(—=0.02) = 0.1407

11
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The Directional Derivative:

» The Directional Derivative in Cartesian Plane:
Letw = f(x,y) where f:D —- E, (x,y) € D and D is xy plane.

Suppose that py(xo, ¥o) and p; (x4, y;) be two points in D such that

Wo = f(xO,yo) and W1 = f(xl,yl). If PoP1 (lS a mOV|ng vector . or
path) and As= change of length p,p; then the directional derivative

of function f(x, y) is:

W limyge 22 = lim 1o A

f(x1,¥1) — f(*0,Y0)
pl_)p"\/(x1 — x9)%+ (¥1 — Yo)?

( )o—

» The Directional Derivative in Space:
Letw = f(x,y,z)where f:D - E, (x,y,z) € D and D is the space.

Suppose that py(xg,¥0,29) and p; (x4, y4, z,) be two points in D
such that wy = f(x0,¥0,Zo) and wy = f(x1,¥1,21). If popy

(is a moving vector or path) and As= change of length p,p; then the

directional derivative of function f (x, y, z) Iis:

dw o Aw _ W1 — Wo
— = lim — = lim
ds As—0 As As—0 \/(Ax)z + (Ay)2 + (AZ)2

_ f(x1,¥1,21) — f(X0, Y0, Zo)
( )0 = lim > > >
P1=P0 /(x4 — X0)% + (Y1 — ¥0)? + (21 — Zo)

12
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Notes:

1. (590 = (f)oc0s 8 + (f;)osing,

Where 0 is the angle between pyp; and x=axis.

d
2. (d_‘:)o = (fx)ocos a + (fy)ocosp + (fz)ocosy,
Where 0, 8, and y are the direction angles of pyp;.
3. Let 6, B, and y are the direction angles of pop; , u is a unit vector

has the same direction of p,p; and u = cosai + cosfj + cosyk.

4. E = u.v, Where u = cosai + cosfj + cosyk,

v = (fdol + (fydo + (f2)ok.

Example 10: Find the directional derivative-of function

f(x,y,2z) = x*+ 2y? + 3z2 at the point’py(1,1,1) and in the

direction of vector A =i +j +k?

i+j+¥k _itjtk 1 i
=S =it itk

Solution: u = %:
4 Jrrwz e

(fdo = 2x)e=2,(fy), = (4¥)o = 4,and (f,)o = (62)0 = 6

v = (fdol + (o + (f2)ok = 21 + 4j + 6k

Z—‘:—uv—(—l+\/_]+ k).(2i + 4] + 6k)
-2(5)++(5)+ (5 -7
- \\3 V3 Vv3/ 3
Exercises:

1- Find the directional derivatives of given function at the given

point and in the same direction of the given vector A:

13
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1. f(x,y) = xtan‘li Po(L,1),A=2i—]

2. f(x,y,2) = In\Jx2 + y2 + z2 | po (3,4,12),A = 3i + 6j — 2k

3. f(x,y,z) =xy+yz+zx , po (1,—-1,2),A=10i + 11j — 2k
2- The directional derivative of a function w = f(x,y) at p,(1,2) in the

direction toward p;(2,3) is 2v/2 and in the direction toward_p,(1,0) is

(—3), What is the dd_v: at p, in the direction toward the origin?

3- In which direction is the directional derivative of

flx,y) = (x* = yz)/(x2 +y2) at (1,1) equal to zero?

The Chain Rule:

The function of one or more independent variables and each variable

Is a function of one or more other variables. The Chain Rule for

functions of a single variable when

dw dw dx

w = f(x)and x = g(t)then I - de dt

Or

6w_dw dax 6w_dw ax
ar dx ar’ ds dx ds

w'= f(x) and x = g(r,s)then

For functions of two or more independent variables the Chain Rule
has several forms. The form depends on how many variables are

involved.

14
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Case 1: Chain Rule for functions of two independent variables as
follows:
Ifw = f(x,y) and x = x(t),y = y(t) then w = w(t) and
C:l—v: = f(x(@®),y(®)).x'(®) + f,(x(©, y([®)).¥'(t)
Or
dw= ow dx_l_aw dy
dt 0dx dt dy dt

The generalization of case 1:

Ifw=Ff(x,y,z..)andx = x(t),y = y(t),z = z(t), .«.....thenw = w(t) and

dw

7 = Fx(x(@),y(®),2(0), .. ). x' (&) + £, (x(8), y(©), 2(D), .. )y (&) +f,(x(), y(), 2(D), ...). 2' () + ---
Or

dw dw dx ow..d ow dz
_=_|_+_l_y+_l_+llll
dt dx dt dy dt dz dt

Example 10: Find C;—‘:: iIf w= xy and x = cost,y = sint , what the

derivative’s value at t = 7T/Z.

i WA IW\ PR Ow dy _ —
Solution: dt_ax'dt+ay'dt_y( sint) + x(cost) =

sint(—sint) +e«cost(cost) = —sin’t + cos?*t = cos2t

d
(d_‘f)h”/z = COS <2.7T/2> = cosm = —1

Examplell: Find i—v: ifw=xy+zand x = cost,y =sint,z=t,

what the derivative’s value at t = 0.

) dw ow dx ow d ow dz
Solutlon:E =—.—+ 24

Ty wtam w= y(—sint) + x(cost) + 1(1)

= sint(—sint) + cost(cost) + 1 = —sin®t + cos?t + 1 = cos2t + 1
15
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w
(E)tzo=cosZ(0)+1=cosO+1=1+1=2

Case 2: Chain Rule for functions of two independent variables as
follows:

Ifw=f(x,y)and x = x(r,s),y = y(r,s) thenw = w(r, s) and
d
o = Fo(x09), Y0, 9)). 2, + £ (x(r, ), 9).

iw

== = fx(x(r, ), y(r,9)). x5 + £, (x(1, ), y(1::8) )5

Or

ow _ ow 6x dw ady dw _ ow 0x dw ady
or ox ar ay or’ ds . 0x as dy 0ds
The generalization of case 2:

e Ifw=Ff(xy2z2..)andx = x(r)s),y = y(r,s),z = z(r,s), ... ..... then
w =w(r,s) and

ow _ dow ax+6w 6y+6w 0z ow dw dx dw 9dy Ow 0z

or oxor Toyar oz or T as oxos Tayas Tazas T

o Ifw=f(yz..)andx =x(r,s,q,..),y=y(,5s,q,..),
z=2z(r,s,q,..),...thenw =w(r,s,q, ...) and
ow ow ax ow 6y+6w az+m
or ox 6r dy or 0z or ’
ow ow ax ow 6y+6w az+m
ds Ox as dy ds 0z 0s ’
ow ow ax ow ay ow 0z

dq ox dq dy oq oz aq "

16



Chapter Four Partial Derivative

Examplel2: Find Z—V: and ‘Z—V: interm of r and s if w = x? + y?

and x =r—Ss,y =1 +5s.

Solution:1-w = (r — s)? + (r + 5)?

ow ow
—=2(r—s)+2(r+s)=4r,—=-2(r —s) + 2(r +s) = 4s.
ar ds
Jaw _owox awdy  aw_owox owdy
or  9x or 9y or’ ds 0x ds 0y 0Os
=2x(1) + 2y(1), = 2x(—1) +2y(1)
=2(r—=s)+2(r+s), =-2(r—s)+2(r+s)
= 4r , = 45§

Examplel3: Find ‘Z—V: and 2—‘: intermofrand sifw =xy + z

and x =r—s,y=r+s,zZ =1+ 2s.

. 0w ow 0dx . Oow dy . Ow 0z Ow ow dx . Ow 0dy , Ow 0z
Solution: — = —. =+ —,— —, — = . —_—. .
or ox Or dy~ or, dz Or  O0s ox 0s dy 0s dz 0s

=y(1) +x(1) + 1(1), =y(—1) +x(1) +1(2)
=(r+s)+(r—s)+1, =—(r+s)+(r—s)+2
=2r+1 , = —2s+ 2

Exercises:

1- Find 0;—‘2' by using Chain Rule for the following functions:

a- w=e***3Vcos4zand x =Int,y =In(t*+1),z=1t

b-w=—"qnd x = cosht,y = sinht
x%2+y?

c-w =x%+y?+ z%and x = etcost,y = etsint,z = et

17
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2- Find Z—‘: by using Chain Rule, check your answer by using

different method and evaluate Z—V: at given value of t for the

following functions:
a- w=x?+y?%x =cost,y =sint;t=m
b- w = x% + y2,x = cost + sint,y = cost — sint,;t =0

C- w=§+§,x = cos’t,y = sin®t,z = 1/t; t=3

d- w = In(x? + y? + z2),x = cost,y = sint,z= 4Jt; t = 3
e-w=2ye¥*—Inz,x=mn{t*+1),y=tan t,z=e'; t =1
f-w=z-—sinxy,x=t,y=Int,z=e" 5 t=1

3- Find Z—V: and Z—V: in term of r and s by using Chain Rule and

check your answer by using/different method for the following

functions:

a- w =\/x2 + y24z%2and x =e"coss,y =e"sins,z=e"
b-w=Inx?+y*+22)and x=r+ s, y=1r—5,z = 2rs

c- W=x+2yandx=§,y=r2+lns
- ow ow . . .
4- Find . and —, Interm of u and v by using Chain Rule and
check your answer by using different method and evaluate
ow Jow

P at given value of u, v for the following functions:

a- w = 4e*iny,x = In(u cosv) ,y = usinv; (w,v) = (2,"/4)
b-w = tan™? (x/y) ,X =ucosv,y =usinv; (u,v) = (1.3,”/6)

18



Chapter Four Partial Derivative

C-w=xy+yz+xz,x=u+v,y=u—v,z=uv; (u,v) =(1/2,1)

d-w =In(x? + y? + z%),x = ueVsinu,y = ue’ cosu,

z =ue?; (u,v) = (-2,0)

ou

du .
% and S, asa functions of x, y and z both by

Ju
5- Express e

using Chain Rule and by expressing u directly in term

0

of x, y and z before differentiating and evaluate a—”,—u and 2
dox" oy 0z

at given point (x, y, z) for the following functions:
p—

a-u=q—_z,p=x+y+z,q=x—y+z,r=x+y—

z;(x,y,z) = (\/§, 2,1)

b-u = e sin"1p,p = sinx,q = z2lny,r = 1/,; (x,y,2) =
/a2 7Y

Higher — Order Derivative:

1- If the function'y = f(x) can derivation n times for x then
derivatives of fas follows:

y = f(x),
dy
y’=f’(x)=a,
w e dodyy  d’y
y' =f (ﬂ—a(a)—ﬁ,

dxm

n) — ) —
4 f ) dx \ dxn1

19
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Example 14: Find y'and y" if y = x3 + 2x.
Solution: y' =3x2+2,y" =6x,y'"" =6, y"" = 0.

2- If the function w = f(x,y, z, ...) can partial derivation n times
for x,y, z,...then

af ow
fx =35 " 3%’
?2f 3 (of
fxx = x2 _ ox (ax)'
Bf 3 (9%f
frxx = ax3  ox <ax2)'

af '_ 9 (an—l f)

[rxx.x = Ix™  ox\gxn-1

Same way for variables y, z.. ..

Example 15: Find fyyyxx@nd fyyyyy if w = f(x,¥) = x* = 3y%x + y* + 10.
Solution: f,, = 4x3 =32, fix = 12X2, firxyx = 24x,
frxxx = 24 frxxxx = 0,

fy. = <6yx + 4y>,f,, = —6x + 12y%, f,, = 24y,

fyyyy = 24 fyyyyy =0
3- Higher — Order partial derivatives for different variables as

follows:

_0*f d <6f>
f"y_axay_ay dax/)’

20
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% f d (0f
o= k= ()
dydx O0x\dy
a3f a [ 9*f d 0\ Of
feye = - - 15 (5: )16
0x0y0z 0z \dxdy 0z \dy/ "0dx
Note: Let w = f(x, y) be a continuous function and have partial
derivatives f, f, then f., = f,.

Examplel6: Prove that f,, = f,, such that

w=f(x,y) =x*—3y2x + y* + 10
Proof: f, = 4x° —3y?, f;, = —6y,
fy = —6yx +4y>, fyx = —6y
fry = fyx
Examplel?7: Find fyy, and f,, if

w = f(x,y,2z) =3y%x + y3zx + x%z

Solution: f;, = 3y*'+ ¥3z # 2xz, f;, = 6y + 3Y%Z, fyy, = 3y*

fz = ygx +x2»f2y = 3y2x»fzyx = 3}’2
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