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Chapter One Conic Sections

Chapter one

Conic Sections
The distance between two points p;(Xy,y1) and p,(X,,y») is:

d=+(x; — x1)% + (2 — ¥1)?
The distance between point p(x,y) and line Ax + By + C = 0.iS:

d_|Ax+By+C|
VA? + B?

The general equation of second degree is:

Ax*+Bxy+Cy?+Dx+Ey+F=0
Such that A,B,C,D,E and F are constants.

1- The Circle

The set of points in aplane whose distance from

some fixed center point is constant radius value.

Let c(h,k) and r are the center and the radius of circle respectively. If
p(X,y) be a.point on this circle then the standard equation for circle is:

cp =1 where r>0

and

Jx—-m2+ @ -k2=r
or

(x—h)?+ @y -k?=r?
Note: if the center of circle is (0,0) then x? + y? = r?
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Chapter One Conic Sections

Examplel: Find the center and radius of the circle has the following
equation: x2+y?—4x+6y—3=0

Solution: (x?—4x+4)+ (y?+6y+9) =4+9+3
(x—2)+(y+3)? =16
The center is (2,-3) and the radius equal 4.

Example2: Find the equation of circle if the center (-1,1)"and through
tangent the line x + 2y =4

. |Ax+By+C| _ |1(-D+2(1)-4| _ 3
Solution: d = g Frr =7

(x+ D2+ (y—1)? =2
EXxercises:

1- Prove that the loci of the point' p(x,y) is circle. If the distance
between p and A(6,0) equal-twice the distance between p and B(0,3)?

2- Find an equation for the circle through the point (1,0),(0,1) and (2,2)?
3- Find an equation for the circle through the point (2,3),(3,2) and (-4,3)?

4- Find an equation for the circle centered at (-2,1) that passes through
the point (1,3).<Is the point (1.1,2.8) inside, outside, or on the circle?

5-Find equations for the tangents to the circle: (x — 2)? + (y — 1)? =5,

at the points where the circle crosses the coordinate axes?
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2- Parabola

Parabola is a set that consists of all the points in a plane equidistant
from a given fixed point and a given fixed line in the plane. The fixed
point is called focus (F) and the fixed line is called directrix (L).

AN

PF = PQ

JE—p)2+ @ —-02=/(x+p)?+ ¥ ~y)?

x% = 2px + p* +y% =x?% + 2px +p°

y?2 =4px ,x >0 issymmtric with x — axis

%

y? = —4px x? = 4py x? = —4py



Chapter One Conic Sections
Equation Focus(F) | Directrix AXIis
1 y? = 4px (p,0) X =-p X-axis
(y — k)? = 4p(x — h) (h+pk) | x=h-p
2 y? = —4px (-p,0) X=Dp X-axis
(y—k)?>=—-4p(x—h)| (-pkK) | x=h+p
3 x* = 4py (0.p) y=-p | y-axis
(x — h)? = 4p(y — k) (hk+tp) | y=k-p
4 x% = —4py (0,-p) y=p y-axis
(x—h)? =—-4p(y—k) | (hk-p) y=k+p

Example3: Discuss and sketch the following equation:

y2+6y+2x+5=0

\

Solution:
(y+3)+2x—4=

(y+3)2=-2x+4
(y+3)*=-2(x—2)

2=4p
1 _—
p=§

V(hK)=(23) , F(h-pR)= (2-5,-3)= (5-3)

Chtp=2iio
XTRTP =T 75

Example4: Find the focus, vertex and sketch of the following
parabola:

x2+2x+1—4y—4=0

Solution: (x+1)?2=4(y+1)



Chapter One Conic Sections

V(hK)=(-1,-1), p = 1, F(hk+p)= (-1,-1+1)= (—1,0)
y=k-p=-1-1=-2

Example5: Find an equation and sketch the parabola that the focus

(2,2) and the directrix is the line x + y = 0.
Solution:

d,=d,

|Ax+By+c]|

JAZ1B2 =\/(x_2)2_|_(y_2)2

[x+y|

—,12—_'_122\/X2—4X+4+y2—4y+4

|x + I
V2
(x+y)?2=2(x* =4x+4+y?>—4y+4)

=Jx2—4x 44492 -4y +4

x2 +2xy 4+ y? = 2x%> —8x + 16 + 2y? — 8y
x24y2=2xy—8x—8y+16=0

Exercises:

1- Find an equation, focus and directrix of each of the following

Parabola, then sketch each one:
y? = 12x, y* = —2x, x*> = 6y, x* = —8y, y = 4x?,
y = —8x%,x = 2y?, x = —3y~2.

2- Find focus, vertex , directrix and sketch of each of the
following Parabola:
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a.(x+1)2=-4(y—-3),b.(y +2)?=8(x—1)

3- Ellipse

Ellipse is the set of points in a plane whose distances from two fixed
points in the plane have a constant sum. The two fixed points are
called foci(Fy,F,) of the Ellipse.

o
~—_ 1| “

F1(c,0), F»(-c,0)

pF; + pF, = constant

JE =02+ @ —02+/(x+0)2+ (¥ —0)2 = 2a where a>0

VX2 —2cx + ¢ + y2 = 2a—y/x% + 2cx + c2+y?

x? —2cx + c? +y? =4a® — 4a\/x? + 2cx + c2 + y2 + x% + 2cx + c? + y?

4ex + 4a? = 4ay/x? + 2cx + c? + y?

cx + a? ='ay/x2+ 2cx + 2 + y?
c*x? + 2ca’x + a* = a®x? + 2ca’x + a?c? + a®y? where a>c

(aZ_CZ)xZ + a2y2 — (aZ _ CZ)aZ

2
St=—=1 where a>c
2 2
X
;+Z—2=1 where a>b, b? = a? — ¢?

The Ellipse equation of x-axis with center (0,0) and foci (+c, 0).
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Chapter One

e = 2 c<a -e<l (Eccentricity)

The Directrix Ly, L, are:

a2
x =+ or x=i7

o1

Conic Sections

If x = 0
(0,-b)5 (0,b)
Ify =0

(-2,0)5(a,0)

—
N

But The Ellipse equation of y-axis with center (0,0).and foci (0, c).

(0,-a)5(0,a)
Ify=20
(-b,0)5 (b,0)

The Directrix “Ly;:L, are:

A
J

a a
y = i; or y = i?
X- axis y- axis
xZ yZ x2 yZ
? + ﬁ =1 ﬁ + ? =1
Fl(C,O), Fz(-C,O) F]_(O,C), F2(0, -C)
Centre C(0,0) Centre C(0,0)

Al(a,O), Al(-a,O)
Bl(oi b), BZ(O’ _b)
a

X =4-
e

Al(01 a), AZ(O!_a)
B1(b,0), Bx(-b,0)

+a
y__e




Chapter One Conic Sections
(x-h? (y-—k)? (x—h)? (y-—k)?
a? bz 1 b? az 1

Fi(h+c,k), Fy(h-c,k)
Centre C(h,k)
A;(h+a,k), Ai(h-a,k)
B1(h,k+b), B,(h,k-b)

a
x=h+t-—
e

F1(h,k+c), Fy(h,k-c)
Centre C(h,k)
A(h,k+a), Ay(h,k-a)
B1(h+b,k), B,(h-b,k)

a
= -|-—
y=k p

Example6: Find athe equation of Ellipse that the focus F(0,0) and

a=3,C(0,2)?
Solution:

(y—k)?
a2

(x=h)? _

b? 1

+

b2=ag?—-c2>p2=9—4->p=+V5

(x—0)%
— =

(y—2)2 n
9

1

e =—=

c 2
a 3

\

Example7: Discussand sketch the following equation:

9x% 4+ 4y +36x—8y+4=0

Solution:
9(x%+4x +4)+4(y* -2y +1) =36

9(x +2)*+4(y —1)? =36

(x+2)?

132
+(y 1) —1
4

9

a’=9-a=+3,b>=4->b =+2

2 _

=a’—b? 5c?=9—-4=5->5¢c=

9

+V5




Chapter One Conic Sections

h=-2,k=1- C(—2,1)centre of Ellipse

Fi(hk +¢),Fy(hk —c) - F,(-2,1 +V5),F,(—2,1 = V5)
Aj(hk+a),Ay,(hk —a) = A1 (2,1 +3),4,(—2,1—-3) = A;(—2,4),A,(—2,-2)

By(h+b,k),B(h—b,k) = B;(—2+2,1),B,(-2—-2,1) —» B{(0,1),B,(—4,1)

2
y:ki%—))/=1+

ﬁl

Exercises:
1- Find an equation of Ellipse if the vertices (1,1),(1,7) ,(3,4)and
(-1,4)?

2- Prove that the tangent of Ellipse z— +L = 1t the point p(Xy,Yy1)is

2 b2
xxl YY1 _ 1?
a2 b2 '

3- Find the equation of an Ellipse of eccentricityg if the line x =9

is one directrix and the focus is at(4,0)?

4- Find the equation-of Ellipse having the center C, focus F and
sketch graph:

1. C(0,0), F(0,2), a=4 2.C(0,0), F(-3,0), a=5
3. C(0,2), F(0,0), a=4 4. C(-3,0), F(-3,-2), a=4

5- Find and sketch the center, vertices and foci of the Ellipse:
1)25x% 4+ 9y? — 100x + 54y — 44 =0

2) 9x% + 4y% = 36
3.4x% + 9y? = 144
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4- Hyperbola

Hyperbola is the set of points in a plane whose distances from two
fixed points in the plane have a constant difference. The two fixed
points are called foci(F,F,) of the Hyperbola.

F1(-c,0), F»(c,0)

pF, — pF, = 2a

JE+)2+ @ —0)2—/(x—c)2+ (y — 0)2 = 2a where a0

x? y? 2 2 2
a1 where c>a, b* =c“—a
2 2

Xy

— 5= 1

a? b2

The Hyperbola equation the foci on x-axis with center (0,0),
intersection with x-axis at (+a,0)and its asymptotes y = + %x

v
rd

Eccentricity: e

C
- ,c>a
a

Directrix: x =+

o
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Chapter One Conic Sections
X- axis y- axis
xZ yZ y2 x2
Z 21 Z 1
F1(c,0), F2(-c,0) F1(0,c), F2(0, -c)
Centre C(0,0) Centre C(0,0)

Al(a,O), Al('a,O)
Bl(o,b), BZ(O!_b)
b

A1(01 a)’ A2(01_a)
B1(b,0), Bx(-b,0)
a

y=iax y=i5x
2 2
x=t==1% y=+=£
hZ k2 _kZ _hZ
G=h?_0-0_, O-K_ =M,
a? bz a? b2

F1(h+c,k), Fo(h-c,K)
Centre C(h,k)
Ai(h+a,k), Ai(h-a,k)
B.(h, k+b), B,(h,k-b)

O~ k) =+ (x—h)

F1(h,k+c), Fa(hik-c)
Centre C(h,k)
Ay(hk+a); Ay(h,k-a)
B.(h+b, k), B»(h-b,k)

G=1) = 7 (x = h)

a a
x=hx- y=k+t-
e e
a? a’
x=h+— y=kt—
C c
Example8: Sketch the fallowing hyperbolas:
L= 2 — 1 (HW.
&\ 3= [ =5 =1( )]

Solution: 1. C(0,0)

a’> =9 5a=+3,b>=16>b = +4

c? =a*+ b? » c =+ ada? + b*=+5
F1(0,5), F»(0,-5)
Al(073)! Al(oi-g)

B1(4,0), B,(-4,0)

WIQ
-PIUJ

y=ft-x->y==+-x

12
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a’
C

ul] O

Example9: Sketch the following hyperbolas:

1.9(x —2)2—4(y+3)2=36 [2 4(x—2)>-9(y+3)2=36

3. 4x% — 5y% —16x + 10y + 31 = 0]H.W.

_ 2 2
Solution: 1, &=2° _O#3)7 _ 4

4 9
C(21_3)

a’*=4 -a=2,b*=9-b =143
c? =a’+b? > c=+a?+ b*=+V13
F1(2+V13,-3), F5(2-V13,-3)

A1(2+2,-3), A1(2-2,-3)— A1(4,-3), A1(0,-3)

B1(2,-3+3), B2(2,-3-3) — B41(2,0), B4(2,-6)

N
h++a2—> 2+ ki
X = _— x'=  —
= ST
b 3
G-RB=t-@-D>+3)=15(x-2)

Exercises:

1- Prove that tangent of Hyperbola b2x? — a?y? = a?b? at the points
P1(X1,Y1) IS b*xxq —a’yy, = a®bh* ?

2- Find an equation of Hyperbola from the given in formation, F,(0,0),
F,(0, 4) and pass through the point (12,9)?

3- Find an equation of Hyperbola that the eccentricity v2
13
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and the vertices(0, +2)?
4- Find an equation, foci, directrix, and asymptotes of each of the
following Hyperbola, then sketch each one:

x2—y?2=1 ,9x%>—-16y% =144 ,8x%*—-2y* =16 |,
64x2—36y2=2304 ,8y2—2x2=16 ,yz—x2=8.

2 2
5- The Hyperbola ’16—6 - % = 1, is shifted two units to the right to

— 2 2
(x162) _ % = 1. Find the center, foci,

vertices and asymptotes of new Hyperbola and sketch it.

generate the Hyperbola

6- Find the center, foci, vertices and asymptotes of Hyperbola

2 2
(3’22) _ x? = 1 and sketch it.

7- Find and sketch the center, foci, vertices and radius as appropriate
of the conic sections:

x2+4x+y? =12, 2x*#2y%2—28x+12y+114=0
x2+2x+y—3=0, y?—4y—-8x—-12=0
x2+5y% +4x =1,9x*+ 6y + 6y =0and, x> + 2y? —2x —4y =—1.

Note:
The general equation of conic section:
Ax* 4+ Bxy+ Cy*+Dx+Ey+F =0
Using the Discriminant B? — 4AC
If B2 —4AC =0 - Parabola
If B?—4AC <0 - Ellipse
If B2 —4AC >0 - Hyperbola

14
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Examplel0: Use the Discriminant B? — 4AC to decide whether the
following equations represent parabola, ellipse, or hyperbola:

1-x2+ 4y +20x +y = 4
2-xy+y4—3x=5
3-x% —2xy+y*—6x =2
Solution: 1.A=1,B=0,C =4 > B?>—4AC =0—-4(1)(4) =
—16 < 0 (Ellipse)
22A=0,B=1,C=1->B?>—-4AC =1-4(0)(1) =1 >0 (Hyperbola)
3.A=1B=-2,C=1- B?—4AC = 4 — 4(1)(1) = 0(Parabola)

Quadratic Equation and Rotations
The general equation of second degree is:

Ax?> + Bxy+ Cy* + Dx+ Ey+F =0

This equation could be Circle. or Parabola or Ellipse or Hyperbola
(except few cases). In all these.cases Bxy is unavailable (i.e. B = 0).

IfB+0

Examplell: Let'F,(a,a), Fi(-a,-a) be two foci of hyperbola and
rotated angle a = 45°.

|pF, — pF,| = 2a

15



Chapter One Conic Sections

pF, —pF, = 2a

VE+a2+ @+ a)?—J(x-a?+(y-a)?=2a

x? +2ax + a® +y? + 2ay + a? = 4a® + 4a/(x — a)? + (y — a)? + x* — 2ax + a® + y? — 2ay + a*

4ax + 4ay — 4a® = 4a/(x — a)? + (y — a)?]+ 4a

x+y—a=+(x—a)?+ y—a)?

[(x +y) —a]*=(x — a)* + (y — a)*

x?+ 2xy + y? — 2ax — 2ay + a? = x* — 2ax + a® + y? — 2ay + a?
2xy = a?

The foci of Hyperbola equation on xy with 452 ./In.this example,
rotated original axis (x and y) by 45°(counterclockwise).

To find the new axis x’ and y'from rotated original axis with rotated
angle a (counterclockwise).

In Aopm

X =om = opcos (a&+9)
y =pm = opsin (a+ 0)

opm’ &bl >

x'"=om' = opcos0

y'=pm' = opsin6
x = op (cos a cosf — sina sin )

y = op (cos 8 sina + sinf cos @)

X = op cos a cosf — opsina sin 6
y = op cos 0 sina + opsiné cos a
x=x'cosa —y'sina

16
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Conic Sections

y =x'sina+y cosa

In the last example, 2xy = a? and rotated angle & = 45°.

x=xcosa —y'sina - x =

y=x'sina+y' cosa >y =

2xy = a?

() ()

)= =a

CHNCO
a2 g2
Hyperbola

=1

c =va? +b%2=F2a
F,'(V2a,0),F,' (—V24a,0)

x' = F/2a, y' =0

_ v2a—0 _
f— > f—
_ \V2a-0 _
— > —

Fi(a,a),

All(ai 0)1 AZI(_a' 0)

x'=4a, y'=0

a—0 a
x: —

V2 2
_a+0_ a
NG

g

x'—y
V2
I+yl
V2
_ —VZa-0 _
=—7—=- o
_ Zao_ F,(—a,—a)
=—>—-=
—a—0 -—-a
x: —
@ o Z V2l e
V2'\V2)’ _—a+0 a 2
TRz

17



Chapter One Conic Sections

B,'(0,a),B,'(0,—a)

x'=0, y'=+a

x_O—a_—a x_0+a_a

‘ﬁ‘ﬁl aa _ﬁ_ﬁl a._a
y=O+a=a Bl(\/i’\/i)' y=0—a=—a B ( 7 \/f)
AR, NN,

Note:

If applied two equations of rotated axis on equation of.degree two,
then will find new equation of degree two as follows:

A'x'"*+B'x'y'+C'y"*+D'x'+E"'y'+F'=0
The relation between old and new equations will be as follows:
A" = Acos* a+ Bcosa sina + Csin* a
B' = B(cos? a — sin* a) + 2(C — A)sina cosa

C' = Asin*>a — Bcosa sina + C cos?

a
D' = Dcosa + Esina
E' = —Dsina+ Ecosa
F'=F
To find the rotated angle « for the equation:
B' = B(cos? a — sin® a) + 2(C — A)sina cosa
B'"=Bcos2a+ (C—A)sin2a if B'=0
0 =Bcos2a+ (C — A)sin2a

cos2a _ A—-C
sin2a B

18
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cot2a = ———
B

Examplel2: Decided whether the conic section with equation

x? + xy + y? = 3 represents a Parabola, an Ellipse, or Hyperbola.
Solution: A,B,C=1

A-C 1-1
B 1
2 = 90° » a = 45°

cot2a = =0

! !

x =x'cosa —y'sinag > x = —=
V2

I / x'+y’
y=xSsSlha+y cosa >y = 7z

(xl_ylz (xl_y/ (x/_l_y/ (xl_l_y/z_
% )+< 7 )( N )“ ) C3Ixe

X =2x'y 4y +x =yt 24y +y =6

3x” +y” =6

12 12

X
7+y?=1 ,a=FV6 ,b=7FV2, c=+a*—-b? =42

F,'(0,2),F5'(0,—2)

€=——\/—g=\/—3_<1
LI (IS (Directrix)
=F-—=F—= irectrix
e
3
;o _x'-3  x'+3
Ify—3—>x—\/_,y—\/§

19



Chapter One Conic Sections

\/§x=x’—3,\/§y=x’+3

V2x—V2y=-6 (the equation of first Directrix)

7z YT

If yY=-3- x=

V2x=x"+3V2y=x"-3

V2x—V2y=6 (the equation of second Directrix)
€(0,0)5A4',(0,V6),4',(0,—V6),B8'1(J/2,,0),B'2( =v/2,0).
F,(—V2,v2), F,(V2,—V2) , A, (—V3,V3), 4,(V3, —/3),
B1(1,1), B,(—1,-1).

Example13: Prove that the equation x* +6x%y? + y* = 32 become
x'* +y'* = 16 after the coordinate-axes angle rotation 45°.

Solution:
! I x,_y,
x =x'cosa —y'sina »x ===
y=x'sina+y cosa—y= x\;%y
=yt =y YD) Y
—— 6 =32 x4
4 + 2 2 * 4 ]

(X’ _ yl)4 + 6(xl _ yI)Z(xl + y/)z + (x/ + yl)4 = 128

x" —4x"y +6x"y" —4x'y” +y" +6x" — 124"y + 63"
+x" + 4x’3y’ + 6x’2y’2 +4x'y” +y" =128

8x'" +8y"" =128

4 4

x"+y =16

20



Chapter One Conic Sections

Examplel4: use the definition of ellipse conic to find ellipse equation
that foci F,(-1,0), F»(0,4/3) and through the point (1,0) and find the angle
of rotation.

Solution:

pFl + pFZ = 2a

\/(x+1)2+y2+\/x2+(y—\/§)2=2a

\/(1+1)2+02+\/12+(0—\/§)2=2a

24+2=2a->a=2

\/(x+1)2+y2+\/x2+(y—\/§)2=4

\/(x+1)2+y2=4—\/x2+(y—\/§)2

x2+2x+1+y2=16—8\/x2+y2—2\/§y+3+x2+y2—2\/§y+3

2x+1+2\/§y—3—16=—8\/x2+y2—2\/§y+3

2x + 24/3y — 18 = —8Jx2+y2—2ﬁy+3
4x% 4.8V3xy + 12y2-72x-72\/3y+324=64x2 + 64y — 128+/3y + 192
-60x2 + 8v3xy — 52y% —72x+56+/3y—132=0

15x2 — 2+/3xy + 13y?+18x—24+/3y—33=0

A-C_15-13 2 _ -1
B —2v3  -2v3 3

cot2a =

a in quarter two and four

21



Chapter One Conic Sections

200 =120° » a = 60°
20 = —60° » a =-30°

Examplel5: Prove that A" + C' = A + C whatever the angle of rotation.

Solution:

A"+ C' = Acos? a + Bcosa sina + C sin® a + A sin? « — Bcosa sina + C cos? a
Z(A+C)cos?a+ (C+A)sin*a
= (A+C) (cos? a + sin* a)

=(+0)

Examplel6: Prove that x'* + y'* = R? is x2 4 y%/= R? whatever
the angle of rotation (H.W.).

Exercises:
1- Prove that B"”* — 4A’C' =.B%= 4AC whatever the angle of rotation.

2- Prove that D” + E” = D? + E2 whatever the angle of rotation.

3- Prove that the coordinate ‘axes angle rotation 45°and A = C for the
equation Ax? + Bxy+ Cy? + Dx + Ey + F = 0 to produce deleting

Xy.

4- Find the'equation of the curve x* + 2xy + y? = 1 after the
coordinate axes rotation to produce A =1, A" = 0.

5- Decided whether the equations represents a Parabola, an Ellipse,
or a Hyperbola and find angle a:

Ax?—xy+3y?+x—y—3=0,
b) 2x% + xy —3y*+3x—7 =0,
¢) x? —4xy + 4y?> — 5 =0,

22



Chapter One Conic Sections

d) 2x? —12xy + 18y —49 =0
e)3x2+5xy+2y2—8y—1=0

f) 2x% + 7xy + 9y? + 20x — 86 = 0, and
9)9x%+6xy+y:—12x—4y+4=0

5- Use the discriminant B2 — 4AC to decide whether the following
equations:

a)x2—3xy+y2—x=0,

b)3x% — 18xy + 27y* = 5x + 7y + 4 = 0,

) 2x2 + 4xy — y? — 2x + 3y = 6,

d) x% + 4xy + 4y%* — 3x = 6,

e) 2x2 —49xy + 3y? —4x =7,

f) 3%% + 12xy + 12y2 + 435x29y"+ 72 = 0,
9) 3x2 —V15xy + 2y? +x +y = 0,and

h) 3x2 — 7xy + 417 y? =1
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