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Chapter Six Sequences and Series

Chapter Six

Sequences and Series

Sequence:
Sequence is a function that its domain is natural numbers (N) and the
sequence was writing as following:

{(n,f(n)): n=123,..}

The sequence represented as follows:

< a, > or{a,}or {f(n)}or a(n) or a,
Example 1: Find all terms of the following sequences:

l.a,=3 VneN,2.a,=(—1)" VneN,
3.a,=n-—1 VnENand4.an=% vn € N

Solution:1.a; =3,a, =3, a3 =3, ,...a,=3, ..
2.a,=(-D'=-1a,=(-1)?=1, a; = (-1)3 = -1,
. ay = (=1 L.
3. a;,=1-1=0,a,=2-1=1, a;=3-1=2, ,.a,=n-—1,
1 1 1 1
4, a1=1=1,a2=5 as =§, ) wes an=;,

The Graph of Sequence:
Thereare two methods of represent the Sequence:

» The sequence a,, represented by using number line.
» The sequence a,, represented as a pair of point (n, a,,).
Example 2: Graph the following sequences by using two methods:
l.a,=4 VneN,2.a,=(—1)" VneN,
d.a,=n VneNand4. a, = (—1)““% VneN
2
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Solution: 1. a, = {4,444, ...,4, ...}

2. a, ={-11,-11,..,(-D",..}

A
—
- - - |
— >
y
3. a, = {1234 ..,1,..}
1 1. -1"1 1 1
4 an _{ ;?;EJT)EJ? .,(_1)7’l+1 n’ }

Convergent and Divergent Sequences:
Let a,, be a sequence and L is a real number, a,, is convergent to L if

Ve >0,3k €N 3la,— Ll <e Vn>k

a,, 1s convergent to L is represented by a,, — L and this means L is
the limit of a,, (lim,,_,, a,, = L).

On the other hand the sequence a,, is divergent if
3
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de >0,VkE€N d|a,— Ll =€ VYn>k
If the limit of a,, is not exist then a,, is divergent.

Example 3: Determine each of the following sequence if convergent
or divergent and find their limits:

l.a,=n—1 Vn€N, 2.an=% vn €N,

3.ay, = Vn€N4an—1+(_) vn € Nand
2n
n?-n

°.ap =g 5— VnEN

Solution: 1. Lim,_, a, = lim,,,,(n —1) = 00+ 1.= © — a,, is divergent

| —

. . 1
2. Limy e ap = limp o —-=—==0 = an is convergent (a,, — 0)

/\3

) =3=O—>anis

3. Lim,,,, a, = llmn_,Oo lim o =

convergent (a,, = 0)

1+% If neven

. . (1" .
4. Lim,_ . a, = lim, 5 (1/+ = lim
o n = lim g (1557) = Jmy 1-- if nodd

1+ 0if niseven .
1—-0if nisodd

n—->0o n-oon

lim1+ lim = if niseven {

lim'1 — lim = if nisodd

n—oo n—-oon

lim, ., a, =1 - a, isconvergent(a,, = 1)

2 n?
n

n
: Y -n\ _ . 22 nZ | _

n2 n2
1
: 1-2 1-0 1 . 1
lim, (3—+1> = 275 =3~ @n Is convergent (a, — 5)
Property 1:
1. If the sequence is convergent then the limit of this sequence
IS unique.

2. If a,,, b,and c,, be three sequences such that a,, < b,, < c,
and Lim,,_,, a,, = Lim,,, ¢,, = L then Lim,,, b,, = L
4
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3. If f:D — E be a function define and continuous on R and
a,, be a sequence in D such that a,, — L, L € D( this means f
is define on a,, and continuous at L) then f(a,) — f(L).
4. If the two sequences a,, and b,, are convergent such that
Lim,,_,, a, = A and Lim,,_,, b, = B then:
e Lim,_.(a, +b,) =Lim,,,a, £Lim, b, =A%B
Lim,,_,(ka,) = k Lim, . a,, = kA (ks scalar)
Lim,_«(a,.b,) = Lim, - a, .Lim,_ b,.= AB

an Limy 00 an A
e Lim = ==
n=>%p,  Limp,eob, B

Example 4: Find the limit of the following sequences:
1
1 a, =8 2. b, = /”* and 3. ¢, =A/2'= 27 (H.W.)

Solution: 1. -1 < cos(n) <1 - o1 gl 1
n n n

le(—) = le(—) =0

n—oo n—>oo
By using Property 1( 2) , Lim(22222) = o

n—.oo
2. Leta, = nTﬂand f(x)=+x
n 1 1

nt+l  oopty 14y |
lim = lim =—%— = lim =1- lima, =1
n—oo n n— oo nt n—oo n—oo

n
By using Property 1(3), (a,) = f(1 ( [22 5 1) > lim,,_., /”; =1

Lopital Rule: If f(x)and g(x) are two derivative functions at
X, then

f@)_y. ')
000 Moy o7

The rule is used when the result of limit is equal to:oo, 0°, 1“3%
Example 5: Find

1. lim —

n—oo 3™’

limy_,,
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2. lim (In(n) — In(n + 1)),
n—oo
3. limn_)g(l — tann)sec(2n) ,and

Inn

4. lim — (H.W.),
n-oo n
Solution: 1. lim — =2
n—oo 3N Io'e)
li n_l_ 1 — i 11_ 1 1 1_0
T A A 3 T e 3n e In3 | oo In3 -

2. lim[In(n) —In(n+1)] = 0 —

n—->0o

lim In = lim(In(n) — In(n + 1))
n-o N+ n—-oo
= liml lim 1 1)=li 1 li .
= dimlnGe) — lim I -2y = tim - = lim 2
=0—-0=0
: _ fiod—tann _ 0
3. hmn_)%(l — tann)sec(2n) = 7111—% os7n o
4
1t ) Ol 1—tann_l_ —sec?’n
nl_r,%( an n)sec(2ny = n:r% cos2n nli%—z sin 2n
) ) )
ST
sec®z 2
= =—=1
ZSin% 2
Special Cases:
1. lim Vn=1,
n—>00
2. lim (1 +5)" = e*,
n—-oo n
3. limx™=0,|x| <1,
n—>0oo
4. limVx =1, x>0,
n—->0o
5. lim 2 0,
n—oo n!
6. lim 2" = 0
n-oco N
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Example 6: Find
1. 1lim 2D 2 Jim Y72, 3. lim /37, 4. lim (——)”

n—oo n n—oo n—oo Nn—0o0
100
5. lim (=9, 6. lim
n-ooo N n—oo TU

2ln(n)

Solution: 1- lim In(n) _ lim =2(0)=0
n-oco N n-oco N
2- lim ¥nZ = limn"/n = hm n (n )2 = (1)2 =
n—oo n—oo
3-lim V3n = llm (3 /n)(’{/_) =1(1) =1
n—>0o
: 1\"
4 lim (-3) =0
5- lim (—)“ = llm (1 ——)” = e~ 2
n-oo N
6- lim 222 = ¢
n-oo nl!

Exercises:

Determine each of the following sequence if convergent or divergent,
Find all terms and graph each one:

2n+1

1. a, = vVn'e N,
1-3n

2. a, =ssinn “Vn €N,

3.a,=1+(-1" VneN,

4. a;) =e ™ Vn€eN,

5.a, =e™ Vn€eN,

6. an=1+(;1) vn € N,

7

LA, = sin(§+%) Vn €N
Series:

» The Infinite Series:
Let a,, and s,, be two sequences such that:
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Sl == al,
Sz == a1 - az,

S3=a1+a2+a3,

Sn=a1+a2+a3+"'+an

The s,, is called infinite series and represented as follows:

(0.0]
n=1

The YX_, a,, is a partial sums sequence of s,,.

Convergent and Divergent Infinite Series:

The infinite series Y, _;a, IS convergent if s,Iis convergent. If
Y1 Gy, 1S convergent this.means it is having sum and it is sum as
follows:

a, =Le lims, =L

n—-00o

is

The infinite series )._;a, Is divergent if s,is divergent. If
Y= @y is divergent this means it is not having sum.

Example 7:

N N 3 3 3
;“ Z(w)": 0z oy T oy
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3 3 3 3 3 3

—, =—+4 -, = —+4 +
171002107 102’2 T 10 T (10)2 T (10)°

3 3 3 3
S0 =g+ ges gt G (D)
1 3 3 3 3
T55n = G+ G + o+ F o)
Subtraction (2) from (1)

1 3 3 2 3

—_ —_— - —_— —_ —

=105 = 10 " oyt~ T =10 T o)

9 3 (1 1 ) I I 1 (1 1 )
_ — = —_— —_ - = — —
10" 10\ @0y T Akt T RN\ o)

_1(1 0)_1
3 3

»_, a, is convergent

» The Geometric Series:
The series a +ra + r?a'+-- 4 r"a + --- such that (a # 0)
where (7 is the ratio between the value and previous one). This series
iIs called geometric series and represented as follows:

(00]
E ar™
n=0

Example 8:

1. 1+1+1+1+.... Is geometric series suchthata = 1,r === 1.

(S [N

2.1+ % + 512 + 5—13 + --- Is geometric series such thata = 1,r = %

Convergent and Divergent Geometric Series:
Let -, ar™ be a geometric series,

Y jar*=a+ra+ria+--+rta+ -
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Tofind:s; =a,s, =a+ar,s;=a+ar +ar?,...,
s,=a+ar+ar?..,ar™t......... (1)

rs, =ar+ar®+ar3,..,ar™....... (2)

Subtraction (2) from (1)

(1-1 n a—ar™
—1r)s,=a—ar* - s, =
e Ifr=0thens, =a
e Ifr=1thens, =na
—ar™ i
o If 1| <1 then limp ey = limy o ———=0= and s, is
a
convergent to —
1-r
. . a-ar™ .
o If|r]| >1 then lim, s, = llmn_,oo? = —oo and s, Iis

divergent
The geometric series Y, ,—,ar™ is

< Convergent if || < Land ¥5_,ar” = —

s Divergent if |r| =1

Example 9: Determine which of the following series is convergent
and which ofthem is divergent:

1346+ =+— 42+
3 32 3
2.1=2+4—-8+ -
: 1.1 1 1.1 1
Solution: 1.3+ 6+-+=+—=+-+=34+5+(1+-+5+=+)
3 32 3 3 32 3
a=1r= %(Geometric Series) — |r| < 1( the series convergent)

c . a1 1 3
3
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2- Y=o ar™ = Xpzo(1)(=2)"

a =1,r = —2 (Geometric Series) —
|r| = |-2] = 2 > 1 (series divergent)
Property 2:

1. If Y2, a, and Y.;—; b, be two infinite series such that
Yy Qp = Aand }.;°-; b, = B then:
d 21010:1(‘171 + by) = 2%0:1 an Z?Lozl b,=AxB
o Yo (kay) = kY -1a, = kA (kisscalar)
2. If Y7, a, is divergent then )., ca, isalso divergent
Ve #0
3. If Y0-1 a, is infinite series and the limit of a,, is not exists
then Y.7°—; a,, is divergent.

Example 10: Determine each of the following series if convergent or
divergent:

1. X% n?
2. Yo ()™
ORI
Solution: 1. Y-, n? is divergent since lim,,_,., n? = oo (Property 2(3)).
2. ¥ (=1)™is divergent since lim,,_,.,(—1)"*tis not exists
(Property 2(3)).
a, = (O™ =1{1,-11,-1,..}
lim 1 if nodd

1 if nodd
. qyn+l _ ) noo _
111—{210( D lim(—1) if neven {—1 if neven
n—>00

0 1 1 1.1 1.1 1.1 . .
3. XamBt=5+50)+3 (5)2 +- (5)3 + - is geometric
series such that a =r = % |r| = % <1 then Z;‘{;l(%)” is

o I\n a 1/2 1/2
convergent and Zn=1(5) =TT, T, 1.

11
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e 1(—)" == —(—) + = (—)2 +%(§)3 + .-+ is geometric series
such that a =r = 5, lr| = § < 1 then Z;‘{’zl(g)" IS convergent

a 3 14

and 2;‘{;1(1)” ===t =;

i (—)"—(—)” 1—1—1
- B 2 2

Exercises:

Determine each of the following series if convergent or divergent:

1. Yo-q1a,, a, =1
2.1+ 2(7) + 2(7)2 + 2(7)3 +

4. Y=o Qn = Z?lozls_n

» The Positive Series:
Let Yo, a, be infinite series-then )., a, is called positive if
a, = 0 Vnand s, is called increase sequence

S1 = aq4,S, = aq +a,,s3 =a; +a, +as,..
Spn = a4 +a, +asz,..a,

S5, 8535+ <5, <

Tests of Positive Series:

1. Comparison Test:

Let )7~ a, be positive infinite series then ). ; a,, is convergent if there
exist positive infinite series ),.—, b,, such that },>°_; b,, is convergent

and a,, < b,,. Otherwise ).>°_; a,, is divergent if there exist positive infinite
series ),.—, ¢, such that ’>°_; ¢, is divergent and a,, = c,,.

12
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There are some series:

» The Harmonic Series:
This kind of series is always divergent and it is define as follows:

(e 0] (0] 1
2,4= 2
n=1 n=1
All the following series are divergent:

St 2 Bt 3 Evet g - (bY Using Property. 2(2).

» The P- series:
This kind of series is defined as follows:

[o'e} [ee]
an = —
n np

n=1 n=1

This kind of series is convergent or divergent depends on the value of
P:

e If' P> 1 then the series is convergent.

e If P < 1 then the series is divergent.

o If P = 1 then the series is Harmonic, so this series is
divergent.

Property 3: If ¥°_, a,, be infinite series and Y, a,, is convergent
then a,, is convergent too. The converse of this property is not true (if
a, isconvergentthen )>_, a,, is not always convergent) for

example, a,, = nl is convergent to 0 but Z,"{;l% Is divergent.

13



Chapter Six Sequences and Series

Example 11: Determine each of the following series if convergent or
divergent:

L. Zn=1 n 2. Zn=1 11’ 3. Zn=1 o’ 4. Zn=1\/_ﬁ d

- _ 1 1,1, 1,1 w 1
5. Ym=1Gn =5+s+2+-+-+++ [6. X7, and

in 2
7. e (HW))]

Solution:

1. Y- 1% 7 Yme 1> L is Harmonic series and its divergent
Y 1771 Is divergent (by Property 2(2) in page 11).

2. Z;’{’:l = Zn 15 > is Harmonic series and'its divergent

Y1 ﬁ is divergent (by Property 2(2) in page 11).

32 Z =1+ +1+1+ R P L I
= L 31T 41 276" 24

8

n=1

ib il 1+ = +1+1+ —1+1+1+1+
1" n 2 22 23 2 4 8
n= n=1

n < b,/Nn,and Y2, b, = Z;‘{’zo(l)(%)” is Geometric series

(a=1r= %) - |r| = % <1 - )., byis convergent— Z;‘{;l% Is
convergent too (depends on Comparison Test).

1 1 . . 1 1 .
4. ¥ro17== Yq=1—1 IS P-series because P = - < 1 - 37, —is

n2

divergent
5 co —5 1 1 1 1 1 1 1 —5 1 1
Dm=10n = +§+ +;+( +E+§+Z+.”)_ +§+ +
1 w 1

14
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1 . .
By 3. In same example — Z%oﬂﬁ IS convergent = .o, a,is
convergent

The limit of Comparison Test:
Let o, a, and X.7_; b,are two infinite series such that

hmn_,oo‘; k where k is real number and k # 0

n
= )1 ay, isconvergent & Y.>°_, b,is convergent.
= Y1 ay, isdivergent & Y., b,is divergent.

Example 12: Determine each of the following.series if convergent or
divergent'

o 2n 2n3+100n2+1000
L. Zn 12n 1’ , 2. Zn 1Sln , 3. Zn 13n2-4n+1’ Zn 1 %n6—n+2
—n-1 100+n 2n+1
[5. Zraam w6 By i and 7. Ty e (HW)]
Solution:
(00] (0/0] (00) (0e) 1
1. 27’121 an - ZTL 157 < on_1 - 1 + + + + |€t anl bn - Zn:lz_n
. . 1 .
iIs  Geometric _series (a = 1,r = E) - |r| = ;<1- Y1 bylis
convergent.
1
an 2n — . " .
lim — = lim = lim = lim =1+#0
n-w p, n-o 1 n-oo 2N — 1 n—oo 1 1
2n - 2n
1 .
Z;’{’zlzn_l IS convergent
.1 1
2. Yp=10n = Z%C):lSln;’ b, = n
1 .1
Sin— Sin—
lim,, e Zn = 1imy, o, — 2 = 11m3 T =1 # 0(Since lim, o — sinx _ 13
n p— n

15
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Since Yp—1 b, = Yo 1> X is harmonic series and divergent —» Y.>°_; a,

Is divergent.
9 2n 2
00 n R 1 _ n
3. anlm—z:n 1W Zn 1 in+i2
PY Y AEY nn
2
—
fim & im0 ! ! L0
1m — = 11im = 1Im = = —
n-w b, n-ow 2 n—>003_é+i 3—04+0. 3
Tl
Since Yn—1 by, = X 2 is harmonic series and diver ent— Y, .a
n=1 n= 1 g n=1%%n
Is divergent.
3 5 3n3 Adoon? 10 3,100, 10
4 Z 3n°+100n“+10 o0 & T .6 76 __ oo n3 n% b
an=1  1_¢ — Ln=1"1_¢ —4an=11 1 2
ETL —-n+2 6n nz s 5ts
n6 nb né
3 100 10
n3 + n4 +F
1 1 .2 3 +100 10 34
an 6 n5. né _ . n3 nt "penm 1
e, AT T3 Al 12 31
n3 6 n> n® 6

Since ).;-1 by = Z,‘f:l% isP-seriesand P =3>1-)>_,b,is
convergent— > >, a, IS convergent.

2. The Ratio Test:
Let Y-, a, be positive series such that

lim, ., 21 = k where k is scaler
n a

n

e If k < 1 then the series is convergent.
e If k > 1 then the series is divergent.
e If k = 1 then the series maybe convergent or divergent.

Example 13: Determine each of the following series if convergent or
divergent by using Ratio test:

16
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o 1 o nin! w 1 o 3n
1. Zn:l ;’ 2 ZTl:l @l 3 ZTL=1 ﬁ; and 4Zn=1m

Solution:

l.a,=- a =
P Ty L T
1

. a 1 . +1 . 1 71
lim L2 = lim 2 — |im —.- =

n—=e an n—-e % n-oocon+l 1

2 1 1

. n . n . -
lim —=lim 2y = lim —=—=1 - )7 a, either

n—-oo N+l nooo —4= n—-o 1+-— 1+0
nn n

. 1. . . 1.
convergent or divergent —» Y2 ~Is harmonic series — Z;’{’:l;ls

divergent
__nln! _ (n+1)!(n+1)!
2. an = enyr Y1 T T 00
(n+1)!(n+)! ( 9 ) @)
. Ant1 _ 1 T (2n+2)! 9. n+1)!(n+1)! (2n)!
limy, e, an, limy e nn! 711—>oo (2n+2)! ‘ninl
(2n)!
(n+1) n!(n+1)n!  (2n)!_ .. (n+1)(n+1)
noow (2n+2)(2n+1)(2n)! nlnl hod (2n+2)(2n+1)
D+ _ 17 L ntl S 1+

1 ,. 1,.
= =-lim ;7% == lim —&% =
n—-oo 2(n+1)(2n+1) 2n—ooo2n+1 2 n—ooo e 2 n—ooo 2+

1 (140 11 A4 w nln! .
-l ==-_=(— - L —
> (2+0) 55 =< Z"—l(zm! IS convergent
3 _ 1 L1
n = T2 Ik 1 02
1
lim,, 5o, 2 = lim 4+ D® — im o
nreo q, n—-o niz n-oo (n+1)2° 1
2
: n? : n? : % : 1
lim =lim ———=1lim — = lim —— =
n—oo M+1)? nooon?+2n+l noowo 2,20, 1 plhoo 1+5+-
n2 " n2 2 nn
1 o ) : o 1
—oio = 1 - Y- a, either convergent or divergent — Zn=1§
- . 1 .
is P-seriesand P =2>1— Z;‘{;l; is convergent
317_ 3(7’1+1)
4 an = w1 T ey

17
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3(n+1)

: a : (n+1) \/— 3(”+1) 4” An
lim, e —2 = lim,, e — 7+ = lim =

n n—o0 4(n+1) N 3n

4” .\/ﬁ

lim 33 A 3 lim vn__3 lim = =3 lim =
nooo 4" .4n+1° 37 4-n—>oo Vn+1 4-n—>oo n+1 4 nooo B
3 3 3n .
= lim =< 1)y — i
4 nooo 1+— 1+0 4 < Z”—14nx/ﬁ S
convergent

3. The n" Root Test:

Let ).o-; a, be infinite positive series such that
lim,, o, /a, = k where k is scaler
o If k < 1 then the series is convergent.
e If k > 1 then the series-is divergent.
o If k = 1 then the series maybe convergent or divergent.

Example 14: Determine each of the following series if convergent or
divergent by using n™ Root Test;

2n 1
(0] [0 0]
1. anlﬁ ,and Z-anlﬁ

Solution:
Zn

1. a, = ﬁ'
. n . n (2 e
limy, 0 /@y =lim,,_, \/: = 111_1;1;10 T =
' 2 =lim —— = lim s == lim —
n—oo (n)n n-— Oonn nn n—oo YK/_TV_ n—oo \/_\/_
(1)(1) (since lim,,, Yn=1)=2>1- Z;?f:li—z is
divergent

2. ay = i,

18
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n

lim,,_ o "/, = lim,,_,., ”\/% — lim nﬁ = lim 2= 0< 1 -
n—>00

n-oon

1 .
Z,‘i{;ln—n is convergent

Exercises:

Determine each of the following series if convergent or divergent:

1
n2+1’

127’1 11+ln anz_l_l 3271 1271’421’11

5 Zn=1 (n+3)! and 6. Zn=1 (n+1)(n+2)

3" n! 3! n!

The Alternating series:
The series Yo ,(—D)"*'a,= a; —a, tag —a,.. is called
alternating series.

Property 4:

Let ', (—1)™*1qa, is alternating-series then this series is convergent
if satisfied the following conditions:

o a, >0 Vn,
o lima, =0

n—-oo

The Conditionally Convergent:
If the serigs is convergent by satisfied the conditions of property 4
thenthis series is called have conditionally convergent.

The Absolutely Convergent:

Property 5:

1. If Y27~ a, be infinite series (maybe positive or negative or
alternating terms) and )., |a,| is convergent then 7", a,, IS
convergent too. The converse of this property is not true (if Y,;—, a,,
Is convergent then >.>°_; |a,| is not always convergent) for example,

19
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n

R Z,"{;l% is convergent (by Property 4). but

_1\n
Yoreq | ( :) | = Z;‘{’zlni (harmonic series) is divergent.

2. If Yo_ia,is infinite series and lim,_. a, =L # 0then
Y%_. a, is divergent.

= The series ),;—; a,, is called absolutely convergent if }7°=4 |a, |
IS convergent.
= |s not necessary the sum of absolute series equal to sum-of origin

ies. F o g0 (D" _ 411 1
series. For example, Yoo =1t oS
- - 1 1 1
geometric serieswhere a = 1,7 = —> - [r| = |_E| =2<1-
D", DL/ 1 1
Sn=o-5n IS convergentand X £ 5 =y = 3 =
2 2 2
2 (g0 __a w (DB Qe 1 11
5(Zn=0an_E)’bUth=0|2_n|—anoz_n—1+5+z+
! i i seri 1 1 _1
~+ s geometrlc series whetea = 1,r ==~ — |r| = E| =<
(= 1)” 1
1_)271 0 | T T =
2
1 1
2 2
(Zn olan| = 5.

= To find convergent or divergent for absolute series (that have
positive and negative terms) by using tests for positive series.

Example 15: Determine each of the following series if convergent or
divergent:

)n+1

17’1
1Zn1() andZan

nz

Solution:

20
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n

D", e no_ . n .. n
1 Xn=1| 5n+1 | = anls +1 _711_{2;571+1 - Tlll—{lgo 57”+% a
lim — = — == ¢ 0 (By Properties 5(2)) Yo—1 | (CD7n | is
n—>c>05+l 5+0 n=11 sn+1
divergent.
22n1|(1) |—Zn012 is P-serieswithP =2>1—-
(_ )n+1 ( )n+1
Y1 | | is convergent and Y., — IS absolute
convergent.

Example 16: Determine each of the following series if-absolutely or
conditionally convergent:

. (_1)n+1 . ( 1)n+1 1)11
1-Zn=1 n ’ [ 2. Zn=1 Vn and 3. Zn 1 In (HW)]
Solution:
—_1\n+1 —_1\n+1
2;’;’:1( 131 -y |( 131 | = 2;’{;1% IS harmonic series and it

(_1)n+1

Is divergent— Y. 2", IS not absolutely convergent but it have

conditionally convergent because:
1
O ap =—> 0 Vn,

1 1
@) an+1=m3an=; vn

o lima, = lim = = 0

n—oo n-oon

» Power series:
The ~ series Y2,a;x'=  ag+a;x +a,x? + azx3 ... (where
ay, a4, a,,as, ... are constants) is called power series.

We can represent any function by using power series of n terms as
follows:

fx) =Xoaq x'=ay + a;x + ax? + ..+ ax ... (1)
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For find the constants a,, a4, a,,, ..., a,
f(x) =ag+a;x+ax?+ ...+ a,x™,
f'(x) = a; + 2a,x + 3azx* + 4azx® + - + na,x™ 1,

f"(x) = 2a, + 6azx + 12a,x% + ...+ n(n — 1)a,x" 2,

f@x) =nla,x™" =nla,
When x = 0

£0) =ag, £'(0) = ay.f"(0) = 2a;, »a, =2

£ (0)

(3)
F®(0) =6a; - az = f '(0)’ f®(0) =24a, > a, = -

3!

(n)
F(x) = nlay > ay = Lo

Put the values of (a,, asya,, .-, a,,) in equation (1)

" 3) ()
f(x) = f(0) + f'(0)x +f2—(!0)x2 +f3—!(0)x3 A n!(o)

This equation is called the Taylor polynomial of degree n for
function f (x) at x = 0.

xn

But'if n.— oo the equation become as follows:
" 3) (n)
f@) =fO) +f @x+1 22 4 L0534 L yny |

This equation is called the Makloren series for function f(x) at x = 0.

Example 17: Find Taylor polynomial and Makloren series generated
by the function f(x) =e*atx = 0.
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O, [P0, Y0,

Solution:
2! ETE n!

flx)=e*=

eX =eY + Y x+—x + S X3 g Sy
2! 3! n!

“=14+x+Z 4+ 4+ ..+2 Isthe Taylor polynomial
=1+x+5+% —Is the Taylor polynomia

3

2 n
But e*=1+x +%+%+ +% + ... Is the Makloren series

Exercises:

Find Taylor polynomials and Makloren series for the foellowing
functions at x = 0:

1.f(x) =3x3+2, 2. f(x) =e™,3. f(x) = cosh x,
4, f(x) = sinhx,5. f(x) = cos xand 6. f(x) = sin x.

Where coshx = %(ex + e™),and sinh x = %(ex —e ™)

» Taylor Series:
The power series is representing when x = a as follows:

Yooai(x —a)=sag+ai(x—a)+a(x —a)? +az;(x—a) ..+
a,(x —a)" 4

We can represent any function of this kind of power series by using
the same value of terms (a,, a4, a,,, ..., a,, ... as follows:

n (n)
L@ gy L@

(x—a)"

f) =f(a) + fl(a)(x —a) +
This equation is called extending Taylor polynomial for f(x) at x = a.
But if n — oo the equation became as follows:

f”( ) f(g)( )

f)=fl@)+ fa)(x—a)+ (x —a)* + (x —a)® +
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This equation is called the Taylor series for function f(x) at x = a.

Example 18: Find Taylor series generated by the function

f(x) = cosx at x = 2m.

Solution:

f(x) =cosx=fQ2n) + f'2mr)(x — 2m) + fné!zn) (x —2m)% +

(3)
G (x — 2m)3 + -

[f(x) =cosx = f(2r) = cos(2m) = 1, f'(x) = —sinx = f'(2m) =
—sin(2m) =0,f""(x) = —cosx —» f"(2m) = —cos(2m) = —1,
F®x) =sinx » f®2n) =sin(2n) = 0, F*(x) = cosx -
f®2n) = cos2n) =1, ...,

£ ={ ) s = FO@D= 1)

cosx =1 +0—%(X—2T[)2 +0+%(x—27t)4 +O—é(x—27t)6 .t

1
= (x — 2m)"

_1_ Y 2 400 4 _ 1. 6 o 2n
cosx =1 2!(x 27T) +4!(x 27T) 6!(x 27T) ...+(2n)!(x 27T)

This is the extending Taylor polynomial for cosx at x = 2n
But cosx =1 —%(x — 21)? +%(x —2m)* —é(x —2m)° ...
Is the Taylor series.

Convergent of power series:

Property 6:
Let Yo, a, x™ be a power series:

s If the series Y.,—, a, x™ is convergent at x = b then it is
convergent to every values of x less than b. This means the
series is convergent for all values of x such that |x| < b(b # 0).
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% If the series Y., a, x™ is divergent at x = c then it is divergent
to every values of ¢ such that |x| > |c|(c # 0).

Example 19: Find the interval of convergent for the following series:

(2x— 5)
12711 andzan (HW)
Solution:
XM (n+1)
an ' n+1 = n+1
x(n+1)
X X n nx
lim | 22| = Jim | 2£ L] = Jim = 1im |
n-co  a, n—oo X" n-owo |n + 1 Xn n-ooIn 4+ 1
n
n
= |x|lim [~ = |x]| lim |——| = |x|
n—-oo _+1 n—oo 1 +l
n n n

By using the ratio test If |x].<-1.then'the series is convergent— —1 < x < 1

When x =1 - )= 1 = Ve 1> > is harmonic series — the series is

divergent. But x——1—>2n 1 —Zn 1 — - the series is

conditionally<convergent (Property 4). the series is convergent—
-1<x<1.

25



