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Chapter Three 

Vectors and Parametric Equations 

Parametric Equations: 
In Cartesian plane can represent the curve equation as follows: 

𝑦 = 𝑓(𝑥), 𝑥 = 𝑔(𝑦), 𝑜𝑟 𝐹(𝑥, 𝑦) = 0 

For example the circle equation of centre (0,0) and radius r represent 

as follows:  

𝑦 = ±√𝑟2 − 𝑥2               [ 𝑦 = 𝑓(𝑥)] 

𝑥 = ±√𝑟2 − 𝑦2               [ 𝑥 = 𝑓(𝑦)] 

𝑥2 + 𝑦2 − 𝑟2 = 0            [𝐹(𝑥, 𝑦) = 0]  

But there is other way to represent curve equation by using parameter, 

by define x and y depend on this parameter and these equations are 

called parametric equations. 

If t is the parameter then   𝑥 = 𝑓(𝑡), 𝑎𝑛𝑑 𝑦 = 𝑔(𝑡), these equations 

are parametric equations of parameter t. 

Example 1: Find parametric equations of the curve  𝑦2 = 4𝑝𝑥  using 

as parameter the slope  𝑡 =
𝑑𝑦

𝑑𝑥
 ? 

Solution: 𝑦2 = 4𝑝𝑥  → 2𝑦
𝑑𝑦

𝑑𝑥
= 4𝑝 → 

𝑑𝑦

𝑑𝑥
=

2𝑝

𝑦
 → 𝑡 =

2𝑝

𝑦
→ 

𝑦 =
2𝑝

𝑡
……… . 1 

Put equation 1 in original equation 

4𝑝2

𝑡2
= 4𝑝𝑥 
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𝑥 =
𝑝

𝑡2
…………2 

𝑥 =
𝑝

𝑡2   𝑎𝑛𝑑 𝑦 =
2𝑝

𝑡
 are parametric equations 

Example 2: Find parametric equations of the circle                         

𝑦2 + 𝑥2 = 𝑎2, 𝑦 > 0  using as parameter the slope of the tangent at 

(x,y)? 

Solution: 𝑦2 = 𝑎2 − 𝑥2 → 𝑦 = ±√𝑎2 − 𝑥2 

When  𝑦 > 0  → 𝑦 = √𝑎2 − 𝑥2 →
𝑑𝑦

𝑑𝑥
=

1

2
(𝑎2 − 𝑥2)−

1

2(−2𝑥) 

𝑑𝑦

𝑑𝑥
=

−𝑥

√𝑎2−𝑥2
 → 𝑡 =

−𝑥

√𝑎2−𝑥2
→ 𝑡2 =

𝑥2

𝑎2−𝑥2 → 𝑡2𝑎2 − 𝑡2𝑥2 − 𝑥2 = 0 

𝑥2(𝑡2 + 1) = 𝑡2𝑎2 → 𝑥2 =
𝑡2𝑎2

𝑡2 + 1
→ 

𝑥 =
𝑡𝑎

√𝑡2 + 1
……… . .1 

Put equation 1 in original equation 

𝑦 = √𝑎2 −
𝑡2𝑎2

𝑡2+1
 → 𝑦 = √

𝑎2𝑡2+𝑎2−𝑡2𝑎2

𝑡2+1
 

𝑦 =
𝑎

√𝑡2+1
……….2 

𝑥 =
𝑡𝑎

√𝑡2+1
  𝑎𝑛𝑑 𝑦 =

𝑎

√𝑡2+1
  are parametric equations 

Example 3: Find Cartesian equation and sketch the following curve: 

𝑥 = 𝑡 + 1, 𝑦 = 𝑡2 + 4  when  0 ≤ 𝑡 < ∞?    

Solution:      𝑡 = 𝑥 − 1 → 𝑦 = (𝑥 − 1)2 + 4 → (𝑥 − 1)2 = 𝑦 − 4 

 is Parabola equation    

C(h.k)=(1,4), 
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F(h,k+p)=(1,
17

4
)  [4𝑝 = 1 → 𝑝 =

1

4
 ]  ,  

and 𝑦 = 𝑘 − 𝑝 → 𝑦 =
15

4
   

Example 4: Find Cartesian equation and sketch the following curve: 

𝑥 = 𝑎𝑐𝑜𝑠𝜃, 𝑦 = 𝑎𝑠𝑖𝑛𝜃  when  0 ≤ 𝜃 ≤ 2𝜋?    

Solution: cos 𝜃 =
𝑥

𝑎
 , 𝑠𝑖𝑛𝜃 =

𝑦

𝑎
 

𝑐𝑜𝑠2𝜃 + 𝑠𝑖𝑛2𝜃 =
𝑥2

𝑎2
+

𝑦2

𝑎2
→  1 =

𝑥2 + 𝑦2

𝑎2
→ 𝑥2 + 𝑦2 = 𝑎2 

This is the circle equation when C(0,0) and radius a. 

Example 5: Find Cartesian equation and sketch the following curve: 

𝑥 = cos 𝑡 , 𝑦 = 𝑠𝑖𝑛 𝑡  when  0 ≤ 𝑡 ≤ 2𝜋 ? (H.W.). 

Example 6: Find Cartesian equation and sketch the following curve: 

𝑥 = cos 2𝑡 , 𝑦 = 𝑠𝑖𝑛 𝑡  when  0 ≤ 𝑡 ≤ 2𝜋  

Solution: 𝑠𝑖𝑛2𝑡 =
1

2
(1 − 𝑐𝑜𝑠2𝑡) → 2𝑠𝑖𝑛2𝑡 = 1 − 𝑐𝑜𝑠2𝑡 → 

𝑐𝑜𝑠2𝑡 = 1 − 2𝑠𝑖𝑛2𝑡 → 𝑥 = 1 − 2𝑠𝑖𝑛2𝑡 → 

𝑥 = 1 − 2𝑦2 → 2𝑦2 = 1 − 𝑥 → 

𝑦2 = −
1

2
(𝑥 − 1) is Parabola equation  

C(1,0), −4𝑝 = −
1

2
→ 𝑝 =

1

8
 , F(h-p,k)=(1-

1

8
 ,0)=( 

7

8
,0), x=h+p=1+

1

8
=

9

8
 

Exercises: 

1- Find Cartesian equation and sketch the following curves:  

a) 𝑥 = 𝑡2 + 𝑡, 𝑦 = 𝑡2 − 𝑡                      when  −∞ < 𝑡 < ∞ 

b) 𝑥 = 2 +
1

𝑡
, 𝑦 = 2 − 𝑡                           when   0 ≤ 𝑡 < ∞ 

c) 𝑥 = 2𝑡 + 3, 𝑦 = 4𝑡2 − 9                     when  −∞ < 𝑡 < ∞ 

d) 𝑥 = 3 − 2 sech 𝑡, 𝑦 = 4 − 3 tanh 𝑡     when  −∞ < 𝑡 < ∞ 
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e) 𝑥 = 2 + 4 sin 𝑡, 𝑦 = 3 − 2 cos 𝑡      when  0 ≤ 𝑡 ≤ 2𝜋 

f) 𝑥 = sec 𝑡, 𝑦 = 𝑡𝑎𝑛𝑡                         when  
−𝜋

2
≤ 𝑡 ≤

𝜋

2
 

g) 𝑥 = cosh 𝑡, 𝑦 = sinh 𝑡                   when   0 ≤ 𝑡 < ∞ 

2-  Find parametric equation of the circle   𝑦2 + 𝑥2 = 𝑎2, 𝑦 > 0  using 

as parameter 𝜃 defined by the equation  𝑥 = 𝑎 tanh 𝜃 ? 

 

Vectors 

Vectors are encountered in physics, as line segments whose direction 

is the direction of a force (or position, velocity) and whose length (or 

magnitude) gives the intensity of the force but the vector in geometry 

is used to represent the position of a point in relation to another point 

(i.e. a vector in space is specified by an initial point A and an end 

point B and is denoted by 𝐴𝐵)⃗⃗⃗⃗ ⃗⃗ ⃗⃗  ⃗. 

 

   

 

A vector of length 1 is called a unit vector and is denoted by u but a 

vector of length 0 is called a zero vector and is denoted by O. 

Properties of Vectors  

1- Tow vectors are equal if they have the same length and 

direction. 

 

2- a) Add two vectors is also a vector. 

 

 

b) Subtract two vectors is also a vector. 
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3- If a vector v and a scalar  c (scalar is a real number , it can be 

positive ,negative, or zero) then cv is also a vector and the length 

of cv is c time of length v: 

a) cv is same direction of v if c positive number. 

b) cv is opposite  direction of v if c negative number. 

Definition of Vector in Cartesian plane: 

A vector v in two-dimensional (Cartesian plane) equal to the vector 

with initial point at the origin O(0,0) and end point p(x,y). 

v=𝑂𝑝⃗⃗⃗⃗  ⃗=(x,y) 

 

 

Notes: 

1- The length of vector v is denoted by |v|. 

2- A unit vector on the  x-axis is denoted by i and i=(1,0). 

3- A unit vector on the y-axis is denoted by j and j=(0,1). 

 

4- If a and b two scalars then: 

a) ai is a vector on the x-axis or parallel to x and the length of 

ai is a units. 

b) bj is a vector on the y-axis or parallel to y and the length of 

bj is b units. 

5- It can represent any vector in Cartesian plane by using two 

vectors i and  j. 

If v=(a,b), ai is a vector on x-axis, the length of ai is a units and 

bj is a vector on the y-axis, the length of bj is b units then a 

vector v is sum of two vectors ai and bj. 

v(a,b)↔ v=ai+bj 

By using Pythagorean Theorem, |v|=√𝒂𝟐 + 𝒃𝟐 
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6- A zero vector is denoted by 0 and 0=(0,0) ↔ 𝟎 = 𝟎𝒊 + 𝟎𝒋. 

Vectors Operations: 

If 𝑣1, 𝑣2are two vectors in plane defined as follow: 

𝑣1 = (𝑎1, 𝑏1) ↔ 𝑣1 = 𝑎1𝑖 + 𝑏1𝑗, 

𝑣2 = (𝑎2, 𝑏2) ↔ 𝑣2 = 𝑎2𝑖 + 𝑏2𝑗 

1- Addition 

𝒗𝟏 + 𝒗𝟐 = (𝒂𝟏 + 𝒂𝟐, 𝒃𝟏 + 𝒃𝟐)  ↔ 𝒗𝟏 + 𝒗𝟐 =(𝒂𝟏 + 𝒂𝟐)𝒊 +(𝒃𝟏 + 𝒃𝟐)𝒋 

2- Subtraction 

𝒗𝟏 − 𝒗𝟐 = (𝒂𝟏 − 𝒂𝟐, 𝒃𝟏 − 𝒃𝟐) ↔ 𝒗𝟏 − 𝒗𝟐 =(𝒂𝟏 − 𝒂𝟐)𝒊 +(𝒃𝟏 − 𝒃𝟐)𝒋 

3- Scalar Multiplication 

If v=(a,b) be a vector and c is scalar then cv is defined as follow: 

 

cv=(ca,cb) ↔ 𝒄𝒗 = (𝒄𝒂)𝒊 + (𝒄𝒃)𝒋 

and   |cv|=c|v| 

Properties of Vector Operations: 

Let 𝑣1, 𝑣2, and 𝑣3 be vectors and a, b be scalars 

 𝑣1+𝑣2=𝑣2+𝑣1 

 (𝑣1+𝑣2)+ 𝑣3=𝑣1+(𝑣2+𝑣3) 

 𝑣1+0=𝑣1 

 𝑣1+(-𝑣1)=0 

 0 𝑣1=0 

 1 𝑣1=𝑣1 

 a(b𝑣1)=(ab) 𝑣1 

 a(𝑣1+𝑣2)=a𝑣1+a𝑣2 

 (a+b) 𝑣1=a𝑣1+b𝑣1 
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Notes: 

1- Equal two vectors 

𝒗𝟏 = 𝒗𝟐 ↔ (𝒂𝟏, 𝒃𝟏) = (𝒂𝟐, 𝒃𝟐) ↔ 𝒂𝟏 = 𝒂𝟐 𝐚𝐧𝐝 𝒃𝟏 = 𝒃𝟐 

2- Parallel of vectors 

𝒗𝟏//𝒗𝟐 ↔
𝒂𝟏

𝒂𝟐
=

𝒃𝟏

𝒃𝟐
= 𝒄, c is scalar 

 

Vector Between Two Points: 

Let 𝑝1(𝑥1, 𝑦1) and 𝑝2(𝑥2, 𝑦2) be two points in the plane. 

𝑝1𝑝2⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗=∆𝑥𝑖 + ∆𝑦𝑗   or    𝑝1𝑝2⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗=(∆𝑥, ∆𝑦) 

𝒑𝟏𝒑𝟐⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  =(𝒙𝟐 − 𝒙)𝒊 + (𝒚𝟐 − 𝒚𝟏)𝒋   

or   𝒑𝟏𝒑𝟐⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  =(𝒙𝟐 − 𝒙𝟏, 𝒚𝟐 − 𝒚𝟏) 

The length of 𝑝1𝑝2⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ 

|𝒑𝟏𝒑𝟐⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  | = √(∆𝒙)𝟐 + (∆𝒚)𝟐=√(𝒙𝟐 − 𝒙𝟏)
𝟐 + (𝒚𝟐 − 𝒚𝟏)

𝟐 

The Direction of Vector: 

Let v=ai+bj and 𝜃 the angle between v and the x-axis and denoted by 

Dir v. 

𝑫𝒊𝒓 𝒗 = 𝐭𝐚𝐧𝜽 =
𝒃

𝒂
 

𝑫𝒊𝒓 𝒑𝟏𝒑𝟐⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗   = 
𝒚𝟐−𝒚𝟏

𝒙𝟐−𝒙𝟏
 

Example 7: Let 𝑝1(2,3)  and 𝑝2(4,5) be two points in the plane, 

Find  𝑝1𝑝2⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ , 𝑝2𝑝1⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗, 𝑝1𝑝2⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ + 𝑝2𝑝1⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗, 𝐷𝑖𝑟 𝑝1𝑝2⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗,  𝐷𝑖𝑟 𝑝2𝑝1,⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ |𝑝1𝑝2⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗|and 

 |𝑝2𝑝1⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗| . 

Solution: 𝑝1𝑝2⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗=(𝑥2 − 𝑥1, 𝑦2 − 𝑦1)=(4-2,5-3)=(2,2)=2i+2j 

               𝑝2𝑝1⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗=(𝑥1 − 𝑥2, 𝑦1 − 𝑦2)=(2-4,3-5)=(-2,-2)=-2i-2j 
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𝑝1𝑝2⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ + 𝑝2𝑝1⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ =(2-2,2-2)=(0,0)=(2i+2j)+(-2i-2j)=(2-2)i+(2-2)j=0i+0j 

𝑝1𝑝2⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ + 𝑝2𝑝1⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗=0 

𝐷𝑖𝑟 𝑝1𝑝2⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ =
𝒚𝟐−𝒚𝟏

𝒙𝟐−𝒙𝟏
=

5−3

4−2
 = 

2

2
= 1 

𝐷𝑖𝑟 𝑝2𝑝1⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ =
𝒚𝟏−𝒚𝟐

𝒙𝟏−𝒙𝟐
=

3−5

2−4
= 

−2

−2
= 1 

|𝑝1𝑝2⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗|=√(𝑥2 − 𝑥1)
2 + (𝑦2 − 𝑦1)

2 = √(4 − 2)2 + (5 − 3)2 

=√22 + 22 = √4 + 4 = √8 = 2√2 

|𝑝2𝑝1⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗|=√(𝑥1 − 𝑥2)
2 + (𝑦1 − 𝑦2)

2 = √(2 − 4)2 + (3 − 5)2 

=√(−2)2 + (−2)2 = √4 + 4 = √8 = 2√2 

Example 8: Prove that the unit vector u can represent as follow: 

𝑢 = 𝑐𝑜𝑠𝜃𝑖 + 𝑠𝑖𝑛𝜃𝑗 

When 𝜃 the angle between u and the positive x-axis. 

Proof: let 𝑢 = 𝑜𝑝⃗⃗⃗⃗  and p(x,y) any point in plane such that |u|=1 

u=xi+yj 

𝑢 = 𝑐𝑜𝑠𝜃𝑖 + 𝑠𝑖𝑛𝜃𝑗 [ x=𝑐𝑜𝑠𝜃, 𝑦 = 𝑠𝑖𝑛𝜃] 

|u|=√𝑐𝑜𝑠2𝜃 + 𝑠𝑖𝑛2𝜃=√1=1 

Example 9: Let v=ai+bj find the unit vector u has the same direction 

of v. 

Solution: |v|= √𝑎2 + 𝑏2 
𝑣

|𝑣|
= 

𝑎𝑖+𝑏𝑗

√𝑎2+𝑏2
=

𝑎

√𝑎2+𝑏2
𝑖 +

𝑏

√𝑎2+𝑏2
𝑗 

In ∆𝑜𝑚𝑝 

𝑐𝑜𝑠𝜃 =
𝑎

√𝑎2+𝑏2
 , 𝑠𝑖𝑛𝜃 =

𝑏

√𝑎2+𝑏2
 

𝑣

|𝑣|
= 𝑐𝑜𝑠𝜃𝑖 + 𝑠𝑖𝑛𝜃𝑗 = 𝑢, 𝒖 =

𝒗

|𝒗|
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Example 10: Find the unit vector u has the same direction with  

v =3i-4j. 

Solution:  

 𝑢 =
𝑣

|𝑣|
=

3𝑖−4𝑗

√32+42
=

3𝑖−4𝑗

√9+16
=

3𝑖−4𝑗

√25
=

3𝑖−4𝑗

5
=

3

5
𝑖 −

4

5
𝑗 

|u|=√(
3

5
)2 + (

−4

5
)2=√

9

25
+

16

25
= √

25

25
= √1 = 1 

𝐷𝑖𝑟 𝑣 =
𝑏

𝑎
=

−4

3
 

𝐷𝑖𝑟 𝑢 =
−4

5⁄

3
5⁄

=
−4

3
    

𝐷𝑖𝑟 𝑣 = 𝐷𝑖𝑟 𝑢 

Example 11: Find the length and the angle that each one makes with 

the positive x-axis of the following vector: 

1) i+j, 2) 2i-3j, 3) -2+3j, 4) 5i+12j, 5) -5i-12j, and 6) √3i+j 

Solution: 1)  v= i+j→v=(1,1) 

|𝑣| = √(1)2 + (1)2=√2,  

𝐷𝑖𝑟. 𝑣 =
𝑏

𝑎
=

1

1
= 1 → 𝑡𝑎𝑛𝜃 = 𝐷𝑖𝑟 𝑣 = 1 → 

𝜃 =   tan−1 1 → 𝜃 = 45° 

2)  v= 2i-3j→v=(2,-3) 

|𝑣| = √(2)2 + (−3)2 = √4 + 9=√13,  

𝐷𝑖𝑟. 𝑣 =
−3

2
→ 𝑡𝑎𝑛𝜃 = 𝐷𝑖𝑟. 𝑣 =

−3

2
→ 

 𝜃 = tan−1
−3

2
→ 𝜃 = −tan−1

3

2
→ 𝜃 = −56.3° 

5) v= -5i-12j→v=(-5,-12) 

|𝑣| = √(−5)2 + (−12)2 = √25 + 144=√169 =13,  

𝐷𝑖𝑟. 𝑣 =
−12

−5
→ 𝑡𝑎𝑛𝜃 = 𝐷𝑖𝑟. 𝑣 =

12

5
→ 
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 𝜃 = tan−1
12

5
→  𝜃 = 67.3° 

Exercises: 

1- Find the unit vector u has the same direction with v=3i+4j. 

2- Le w=(3,-2), and v=(-2,5), represent each vector in the form 

(ai+bj) and find the length of each one: 

a) 3w, b) -2v, c) w+v, d) w-v, e) 2w-3v, f) -2w+5v, g) 
3

5
w+

4

5
v, 

and h) 
−5

13
w+

12

13
v 

3- Represent each vector in the form (ai+bj): 

a) The vector 𝑝1𝑝2⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ , where 𝑝1=(1,3) and 𝑝2=(2,-1). 

b) The vector from the point A=(2,3) to the origin. 

c) The vector 𝑜𝑝⃗⃗ ⃗⃗  ⃗, where o is the origin and 𝑝 is the midpoint of 

the vector  𝑝1𝑝2⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗   where  𝑝1=(2,-1) and  𝑝2=(4,3). 

d) The sum of 𝐴𝐵⃗⃗⃗⃗  ⃗  and 𝐶𝐷⃗⃗⃗⃗  ⃗ where A=(1,-1), B=(2,0), C=(-1,3), 

and D=(-2,2). 

e) The unit vector that makes an angle 𝜃 =
2𝜋

3
 with the positive 

x-axis. 

f) The unit vector that makes an angle 𝜃 =
−3𝜋

4
 with the positive 

x-axis. 

g) The unit vector obtained by rotating the vector (0,1), 120° 

counterclockwise about the origin. 

h) The unit vector obtained by rotating the vector (1,0), 135° 

counterclockwise about the origin. 

Coordinate Space: 

There are three planes in space (xy, xz and yz) and these planes called 

Coordinate planes such that:  xy ┴ xz ┴ yz and these planes intersect 

in coordinate axes (𝑥𝑥′, 𝑦𝑦′ and 𝑧𝑧′) but the coordinate axes intersect 

in origin point. The coordinate planes are divided space into eight 

parts. 
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p(x,y,z) is point in the space,  the origin point is O(0,0,0). 

There are eight options of point in space: (x,y,z),(-x,y,z),(x,-y,z), 

(x,y,-z),(-x,-y,z), (-x,y,-z),(x,-y,-z),)(-x,-y,-z). 

The distance between two points p1(x1,y1,z1) and p2(x2,y2,z2)in space 

is: 

𝒅 = √(𝒙𝟐 − 𝒙𝟏)
𝟐 + (𝒚𝟐 − 𝒚𝟏)

𝟐 + (𝒛𝟐 − 𝒛𝟏)
𝟐 

 

Equations and Shapes in Space: 

In space can represent the equation as follows: 

𝑧 = 𝑓(𝑥, 𝑦), 𝑦 = 𝑔(𝑥, 𝑧), 𝑜𝑟 𝐹(𝑥, 𝑦, 𝑧) = 0 

Surface: 

All points p(x,y,z) are satisfied the equation 𝐹(𝑥, 𝑦, 𝑧) = 0 is called 

surface. For example, Ax+By+Cz+D=0 ( when A,B,C and D are real 

numbers) is equation surface of space. 

Sphere: 

Sphere is geometric shape of the set of points p(x,y,z) whose 

distances from fixed point in the space is constant . The fixed point 

and constant distance are called center and radius of the Sphere 

respectively.  

To find equation of sphere in space, let C(h,k,l) and r are center and 

radius of sphere respectively. P(x,y,z) is any point in sphere 

PC=r 

√(𝑥 − ℎ)2 + (𝑦 − 𝑘)2 + (𝑧 − 𝑙)2 = 𝑟 
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(𝒙 − 𝒉)𝟐 + (𝒚 − 𝒌)𝟐 + (𝒛 − 𝒍)𝟐 = 𝒓𝟐 

 

Example 12: Find the centre and radius of the sphere: 

𝑥2 + 𝑦2 + 𝑧2 + 4𝑥 − 4𝑧 = 0 

Solution: (𝑥2 + 4𝑥 + 4) + 𝑦2 + (𝑧2 − 4𝑧 + 4) = 4 + 4 

(𝑥 + 2)2 + 𝑦2 + (𝑧 − 2)2 = 8 

C(-2,0,2), 𝑟 =  √8 

 Exercises: 

1- Find the centre and radius of the following spheres: 

𝑎) 𝑥2 + 𝑦2 + 𝑧2 − 2𝑥 + 2𝑦 = 0 

b) 𝑥2 + 𝑦2 + 𝑧2 − 2𝑧 = 0 

c) 3𝑥2 + 3𝑦2 + 3𝑧2 + 2𝑦 − 4𝑧 = 9 

d) 2𝑥2 + 2𝑦2 + 2𝑧2 + 𝑥 + 𝑦 + 𝑧 = 0 

2-  Find the locus of P if  𝑑1 is the distance between P(x,y,z) and 

origin, 𝑑2 is the distance between P and Q(0,0,3), and 𝑑1 = 2𝑑2.  

3- Find the distance between P(x,y,z) and  

a) x-axis , b) y-axis, c) z-axis, d) xy- plane, e) xz-plane, and f) 

zy-plane. 

 

Vectors in Coordinate Space: 

A vector v in space equal to the line between origin point O(0,0,0) and 

end point P(a,b,c). 

𝒗 = 𝑶𝑷⃗⃗⃗⃗⃗⃗ = (𝒂, 𝒃, 𝒄) 

 A unit vector on the  x-axis is denoted by i and  i=(1,0,0). 

 A unit vector on the  y-axis is denoted by i and  j=(0,1,,0). 

 A unit vector on the  z-axis is denoted by i and k=(0,0,1). 

If a,b,c are real numbers 
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o ai is a vector on the x-axis or parallel to x and the length of 

ai is a units. 

o bj is a vector on the y-axis or parallel to y and the length of 

bj is b units. 

o ck is a vector on the z-axis or parallel to z and the length of 

ck is c units. 

Let v=(a,b,c) is a vector  

v(a,b,c)↔ v=ai+bj+ck 

The length of vector v is denoted by |v| and defined as follows: 

|v|=√𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 

The vector between two points 𝑝1(𝑥1, 𝑦1, 𝑧1) and 𝑝2(𝑥2, 𝑦2, 𝑧2) in 

space is: 

𝑝1𝑝2⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗=∆𝑥𝑖 + ∆𝑦𝑗 + ∆𝑧𝑘   or    𝑝1𝑝2⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗=(∆𝑥, ∆𝑦, ∆𝑧) 

𝒑𝟏𝒑𝟐⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  =(𝒙𝟐 − 𝒙𝟏)𝒊 + (𝒚𝟐 − 𝒚𝟏)𝒋 + (𝒛𝟐 − 𝒛𝟏)𝒌  = (𝒙𝟐 − 𝒙𝟏, 𝒚𝟐 − 𝒚𝟏, 𝒛𝟐 − 𝒛𝟏) 

The length of vector 𝑝1𝑝2⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗  in space is denoted by |𝑝1𝑝2⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗| and defined 

as follows: 

|𝒑𝟏𝒑𝟐⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  |=√(𝒙𝟐 − 𝒙𝟏)
𝟐 + (𝒚𝟐 − 𝒚𝟏)

𝟐 + (𝒛𝟐 − 𝒛𝟏)
𝟐 

The middle of 𝑝1𝑝2⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ is 𝑝3(
𝒙𝟏+𝒙𝟐

𝟐
,
𝒚𝟏+𝒚𝟐

𝟐
,
𝒛𝟏+𝒛𝟐

𝟐
) 

 

 

A unit vector u in space has the same direction of v is defined as 

follows: 

𝒖 =
𝒗

|𝒗|
 

Example 13: Find the length of the following vectors: 

a) 3i+6j+2k , b) i+4j-8k, c) 2i+j-2k, and 9i-2j+6k 

Solution: a) |v|=√𝑎2 + 𝑏2 + 𝑐2 

|v|=√32 + 62 + 22=√9 + 36 + 4 = √49 = 7 
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Example 14: Find the unit vector has the same direction of the vector 

4i+3j+12k? 

Solution: 

𝑢 =
𝑣

|𝑣|
 

 

u =
4i + 3j + 12k

√42 + 32 + 122
=

4i + 3j + 12k

√169
=

4i + 3j + 12k

13
   

=
4

13
𝑖 +

3

13
𝑗 +

12

13
𝑘 

 

| 𝑢| = √(
4

13
)2 + (

3

13
)2 + (

12

13
)2=√

16

169
+

9

169
+

144

169
= √

169

169
=1 

 

Properties of Vectors in space 

Let 𝑣1 = (𝑎1, 𝑏1, 𝑐1)𝑎𝑛𝑑  𝑣2 = (𝑎2, 𝑏2, 𝑐2)be vectors in space then 

 Zero vector is O=(0,0,0) 

 Equal 

𝑣1 = 𝑣2 ↔ (𝑎1, 𝑏1, 𝑐1) = (𝑎2, 𝑏2, 𝑐2) 

                           ↔ 𝑎1 = 𝑎2 ∧ 𝑏1 = 𝑏2  ∧ 𝑐1 = 𝑐2 

 Parallel  

𝑣1\\𝑣2 ↔ 𝑣1 = 𝑠𝑣2 (𝑠 𝑠𝑐𝑎𝑙𝑎𝑟) 

                           ↔ (𝑎1, 𝑏1,𝑐1) = 𝑠(𝑎2 , 𝑏2, 𝑐2) 

                                ↔ (𝑎1, 𝑏1,𝑐1) = (𝑠𝑎2 , 𝑠𝑏2, 𝑠𝑐2) 

          ↔
𝑎1

𝑎2
=

𝑏1

𝑏2
=

𝑐1

𝑐2
= 𝑠 

 

 Addition 

𝑣1 + 𝑣2 = (𝑎1 + 𝑎2, 𝑏1 + 𝑏2, 𝑐1 + 𝑐2) 

                                   =(𝑎1 + 𝑎2)𝑖 +(𝑏1 + 𝑏2)𝑗 + (𝑐1 + 𝑐2)𝑘 
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 Subtraction 

𝑣1 − 𝑣2 = (𝑎1 − 𝑎2, 𝑏1 − 𝑏2, 𝑐1 − 𝑐2) 

                                   =(𝑎1 − 𝑎2)𝑖 +(𝑏1 − 𝑏2)𝑗 + (𝑐1 − 𝑐2)𝑘 

 Scalar Multiplication 

If c is scalar then 𝑐𝑣1is defined as follow: 

 

𝑐𝑣1 = (𝑐𝑎1, 𝑐𝑏1, 𝑐𝑐1) 

Properties of Vector Operations: 

Let 𝐴, 𝐵, and 𝐶 be vectors and a, b be scalars 

 𝐴+𝐵=𝐵+𝐴, 

 (𝐴+𝐵)+ 𝐶=𝐴+(𝐵+𝐶), 

 𝐴+0=𝐴, 

 𝐴+(-𝐴)=0, 

 0 𝐴=0, 

 1 𝐴=𝐴, 

 a(b𝐴)=(ab) 𝐴, 

 a(𝐴+𝐵)=a𝐴+a𝐵, 

 (a+b) 𝐴=a𝐴+b𝐴 

 Product 

 Dot( Scalar) Product 

𝒗𝟏. 𝒗𝟐 = |𝒗𝟏||𝒗𝟐|𝒄𝒐𝒔𝜽 

𝑐𝑜𝑠𝜃 =
𝑣1. 𝑣2

|𝑣1||𝑣2|
 

Properties of dot product: 

Let 𝐴, 𝐵, 𝐶𝑎𝑛𝑑  𝐷 be vectors in space: 

 𝐴. 𝐵 = 𝐵. 𝐴 

 𝐴. (𝐵 + 𝐶) = (𝐴. 𝐵) + (𝐴. 𝐶) 

 (𝐴 + 𝐵). (𝐶 + 𝐷) = (𝐴. 𝐶) + (𝐴. 𝐷) + (𝐵. 𝐶) + (𝐵. 𝐷) 
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 𝐴. 𝐴 = |𝐴|2  (Prove) 

 𝑖. 𝑖 = 𝑗. 𝑗 = 𝑘. 𝑘 = 1 

 𝐴┴𝐵    (𝑂𝑟𝑡ℎ𝑜𝑔𝑜𝑛𝑎𝑙 or 𝑃𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟) ↔ 𝐴. 𝐵 =  0 (Prove) 

 𝑖 ┴ 𝑗 ┴  𝑘 → 𝑖. 𝑗 = 𝑖. 𝑘 = 𝑗. 𝑘 = 0 

 If 𝑣 = 𝑎1𝑖 + 𝑏1𝑗 + 𝑐1𝑘, 𝑎𝑛𝑑 𝑤 = 𝑎2𝑖 + 𝑏2𝑗 + 𝑐2𝑘 then  

𝑣. 𝑤 = 𝑎1𝑎2 + 𝑏1𝑏2 + 𝑐1𝑐2  

 

 Cross ( Vector) Product 

𝒗𝟏 × 𝒗𝟐 = 𝑵|𝒗𝟏||𝒗𝟐|𝒔𝒊𝒏𝜽 ( Where N is a unit vector perpendicular 

of 𝑣1 𝑎𝑛𝑑 𝑣2) 

 

If n is a unit vector perpendicular of plane then  

|𝒗𝟏 × 𝒗𝟐| = |𝒗𝟏||𝒗𝟐|𝒔𝒊𝒏𝜽  (|N|=1) 

 

Properties of cross product: 

Let 𝐴, 𝐵, 𝐶𝑎𝑛𝑑  𝐷 be vectors in space: 

 𝐴 × 𝐵 ≠ 𝐵 × 𝐴 (Prove) 

 𝐴 × (𝐵 + 𝐶) = (𝐴 × 𝐵) + (𝐴 × 𝐶) 

 (𝐴 + 𝐵) × (𝐶 + 𝐷) = (𝐴 × 𝐶) + (𝐴 × 𝐷) + (𝐵 × 𝐶) + (𝐵 × 𝐷) 

 𝐴 × 𝐴 = 𝑂  (Prove) 

 𝑖 × 𝑖 = 𝑗 × 𝑗 = 𝑘 × 𝑘 = 𝑂 

 𝐴┴𝐵    (𝑂𝑟𝑡ℎ𝑜𝑔𝑜𝑛𝑎𝑙 or 𝑃𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟) ↔ 𝐴 × 𝐵 = 𝑁|𝐴||𝐵| (Prove) 

 𝑖 ┴ 𝑗 ┴  𝑘 → 𝑖 × 𝑗 = 𝑘 = −𝑗 × 𝑖 → 𝑗 × 𝑖 = −𝑘 

                    𝑖 × 𝑘 = −𝑗 = −𝑘 × 𝑖 → 𝑘 × 𝑖 = 𝑗 

                      𝑗 × 𝑘 = 𝑖 = −𝑘 × 𝑗 → 𝑘 × 𝑗 = −𝑖 
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 Nonzero vectors v and w are parallel ↔ v× 𝑤 = 0 

 Projection 

Let A and B be two vectors the 𝐶  is vector projection of A and B 

and denoted by 𝑃𝑟𝑜𝑗𝐴𝐵 = 𝐶  and  𝑃𝑟𝑜𝑗𝐴𝐵 = (
𝐵.𝐴

|𝐴|2
)𝐴. 

Scalar projection of A and B =|𝑃𝑟𝑜𝑗𝐴𝐵| 

 

Example 15: Find 𝑣1. 𝑣2 𝑎𝑛𝑑 the angle between two vectors 

𝑎) 𝑣1=2i+j and 𝑣2=i+2j-k and b) 𝑣1=i-2j-2k and 𝑣2=6i+3j-2k (H.W.)? 

Solution: 𝑣1. 𝑣2 = 𝑎1𝑎2 + 𝑏1𝑏2 + 𝑐1𝑐2 → 𝑣1. 𝑣2 = 2(1) + 1(2) +

                                 0(−1) = 2 + 2 = 4 

𝑐𝑜𝑠𝜃 =
𝑣1. 𝑣2

|𝑣1||𝑣2|
→ 𝑐𝑜𝑠𝜃 =

4

√22 + 12 + 02 √12 + 22 + (−1)2

=
4

√5√6
→ 𝜃 = 𝑐𝑜𝑠−1

4

√5√6
 

Example 16: Prove that 𝐴 × 𝐵 = −𝐵 × 𝐴? 

Proof: 𝐴 × 𝐵 = 𝑁|𝐴||𝐵|𝑠𝑖𝑛𝜃 

         𝐵 × 𝐴 = 𝑁|𝐴||𝐵|sin (−𝜃) 

𝐵 × 𝐴 = −𝑁|𝐴||𝐵|sin 𝜃 

𝐴 × 𝐵 = −𝐵 × 𝐴 

Example 17: Find 𝑣 × 𝑤 If 𝑣 = 𝑎1𝑖 + 𝑎2𝑗 + 𝑎3𝑘, 𝑎𝑛𝑑 

                           𝑤 = 𝑏1𝑖 +  𝑏2𝑗 + 𝑏3𝑘 ? 
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Solution: 

𝑣 × 𝑤 = (𝑎1𝑖 + 𝑎2𝑗 + 𝑎3𝑘) × ( 𝑏1𝑖 +  𝑏2𝑗 + 𝑏3𝑘) 

=(𝑎1𝑖 + 𝑎2𝑗 + 𝑎3𝑘) × 𝑏1𝑖+(𝑎1𝑖 + 𝑎2𝑗 + 𝑎3𝑘) × 𝑏2𝑗 + 

(𝑎1𝑖 + 𝑎2𝑗 + 𝑎3𝑘) × 𝑏3𝑘=𝑎1𝑏1(𝑖 × 𝑖) + 𝑎2𝑏1(𝑗 × 𝑖) + 

𝑎3𝑏1(𝑘 × 𝑖) + 𝑎1𝑏2(𝑖 × 𝑗) + 𝑎2𝑏2(𝑗 × 𝑗) + 𝑎3𝑏2(𝑘 × 𝑗) +

𝑎1𝑏3(𝑖 × 𝑘)+𝑎2𝑏3(𝑗 × 𝑘) + 𝑎3𝑏3(𝑘 × 𝑘) 

= (𝑎2𝑏3 − 𝑎3𝑏2)𝑖 − (𝑎1𝑏3 − 𝑎3𝑏1)𝑗 + (𝑎1𝑏2 − 𝑎2𝑏1)𝑘 

 

Or 

𝑣 × 𝑤 = |
𝑖 𝑗 𝑘
𝑎1 𝑎2 𝑎3

𝑏1 𝑏2 𝑏3

|=|
𝑎2 𝑎3

𝑏2 𝑏3
| 𝑖 − |

𝑎1 𝑎3

𝑏1 𝑏3
| 𝑗 + |

𝑎1 𝑎2

𝑏1 𝑏2
| 𝑘 

            =(𝑎2𝑏3 − 𝑎3𝑏2)𝑖 −(𝑎1𝑏3 − 𝑎3𝑏1)𝑗 + (𝑎1𝑏2 − 𝑎2𝑏1)𝑘 

 

Example 18: Find the unit vector perpendicular to both vectors 

A=i+2j-k and B=i-j+k? 

Solution: 

𝐴 × 𝐵 = |
𝑖 𝑗 𝑘
1 2 −1
1 −1 1

| = |
2 −1

−1 1
| 𝑖 − |

1 −1
1 1

| 𝑗 + |
1 2
1 −1

| 𝑘 

            =(2 − 1)𝑖 −(1 + 1)𝑗 + (−1 − 2)𝑘 = 𝑖 − 2𝑗 − 3𝑘 

𝑢 =
𝐴 × 𝐵

|𝐴 × 𝐵|
=

𝑖 − 2𝑗 − 3𝑘

√12 + (−2)2 + (−3)2
=

𝑖 − 2𝑗 − 3𝑘

√14

=
1

√14
𝑖 −

2

√14
𝑗 −

3

√14
𝑘 

| 𝑢| = √(
1

√14
)2 + (

2

√14
)2 + (

3

√14
)2=√

1

14
+

4

14
+

9

14
= √

14

14
=1 

 

Example 19: Find the vector projection of vectors A=i+j and  

B=2i-j+3k and find |  𝑝𝑟𝑜𝑗𝐴
𝐵 |? 
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Solution: 𝑃𝑟𝑜𝑗𝐴𝐵 = (
𝐵.𝐴

|𝐴|2
) 𝐴 =

(2)(1)+(−1)(1)+(3)(0)

12+12+02
(𝑖 + 𝑗) =

  
2−1

2
(𝑖 + 𝑗) =

1

2
(𝑖 + 𝑗) =

1

2
𝑖 +

1

2
𝑗 

|𝑃𝑟𝑜𝑗𝐴𝐵|=√(
1

2
)2 + (

1

2
)2 = √

1

4
+

1

4
= √

2

4
 =

1

√2
 

Example 20: Find the 𝐴 × 𝐵 𝑎𝑛𝑑 𝐵 × 𝐴 if  a) A=2i+j+k and  

B=-4i+3j+k , [b) A=2i-2j-k and B=i+j+k , c) A=2i and B=-3j, and      

d) A=
3

2
i-

1

2
j+k and B=i+j+2k ](H.W.) ? 

Solution: a) 

𝐴 × 𝐵 = |
𝑖 𝑗 𝑘
2 1 1

−4 3 1

| = |
1 1
3 1

| 𝑖 − |
2 1

−4 1
| 𝑗 + |

2 1
−4 3

| 𝑘

= −2𝑖 − 6𝑗 + 10𝑘 

𝐵 × 𝐴 = |
𝑖 𝑗 𝑘

−4 3 1
2 1 1

| = |
3 1
1 1

| 𝑖 − |
−4 1
2 1

| 𝑗 + |
−4 3
2 1

| 𝑘

= 2𝑖 + 6𝑗 − 10𝑘 

 

Example 21: Find a vector that is perpendicular to both vectors 

A=i+j+k and B=i+j (H.W.)? 

Equation of Line: 

Let L is a line in space through the point 𝑝1(𝑥1, 𝑦1, 𝑧1) and parallel to 

vector 𝑣 = 𝐴𝑖 + 𝐵𝑗 + 𝐶𝑘 .To find the equation for the line L, if 

p(x,y,z) is any point on L then  

𝑝1𝑝⃗⃗ ⃗⃗ ⃗⃗  = (𝑥 − 𝑥1, 𝑦 − 𝑦1, 𝑧 − 𝑧1), 

𝑝1𝑝⃗⃗ ⃗⃗ ⃗⃗  \\𝑣 → 𝑝1𝑝⃗⃗ ⃗⃗ ⃗⃗  = 𝑡𝑣 ( 𝑡 𝑖𝑠 𝑎 𝑠𝑐𝑎𝑙𝑎𝑟) → 

(𝑥 − 𝑥1, 𝑦 − 𝑦1, 𝑧 − 𝑧1) = 𝑡(𝐴, 𝐵, 𝐶) → 
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(𝑥 − 𝑥1, 𝑦 − 𝑦1, 𝑧 − 𝑧1) = (𝑡𝐴, 𝑡, 𝐵, 𝑡𝐶) → 

(𝑥 − 𝑥1) = 𝑡𝐴, (𝑦 − 𝑦1) = 𝑡𝐵, (𝑧 − 𝑧1) = 𝑡𝐶 → 

(𝑥 − 𝑥1)

𝐴
= 𝑡 ,

(𝑦 − 𝑦1)

𝐵
= 𝑡 ,

(𝑧 − 𝑧1)

𝐶
= 𝑡 → 

Line: 
(𝒙−𝒙𝟏)

𝑨
=

(𝒚−𝒚𝟏)

𝑩
=

(𝒛−𝒛𝟏)

𝑪
= 𝒕  

(Line Equation through the point 𝑝1 and parall to vector 𝑣) 

 If 𝐴, 𝐵, 𝐶 ≠ 0 then  
(𝑥−𝑥1)

𝐴
=

(𝑦−𝑦1)

𝐵
=

(𝑧−𝑧1)

𝐶
 

 If one of 𝐴, 𝐵, 𝐶 equal to zero then 

 If A=0 then  
(𝑦−𝑦1)

𝐵
=

(𝑧−𝑧1)

𝐶
∧ (𝑥 − 𝑥1) = 0. 

 If B=0 then  
(𝑥−𝑥)

𝐴
=

(𝑧−𝑧1)

𝐶
∧ (𝑦 − 𝑦1) = 0. 

 If C=0 then  
(𝑥−𝑥1)

𝐴
=

(𝑦−𝑦1)

𝐵
∧ (𝑧 − 𝑧1) = 0. 

 

 To find parametric equations for the line, if t is a parameter then  

(𝑥 − 𝑥1)

𝐴
=

(𝑦 − 𝑦1)

𝐵
=

(𝑧 − 𝑧1)

𝐶
= 𝑡 → 

(𝑥 − 𝑥1)

𝐴
= 𝑡 → (𝑥 − 𝑥1) = 𝑡𝐴 → 𝑥 = 𝐴𝑡 + 𝑥1 

(𝑦 − 𝑦1)

𝐵
= 𝑡 → (𝑦 − 𝑦1) = 𝑡𝐵 →  𝑦 = 𝐵𝑡 + 𝑦1 

(𝑧 − 𝑧1)

𝐶
= 𝑡 → (𝑧 − 𝑧1) = 𝑡𝐶 →  𝑧 = 𝐶𝑡 + 𝑧1 

𝒙 = 𝑨𝒕 + 𝒙𝟏 ∧  𝒚 = 𝑩𝒕 + 𝒚𝟏 ∧ 𝒛 = 𝑪𝒕 + 𝒛𝟏 (Parametric equations of parameter t) 

 

Example 22: Find the line through the points P(1,2,-1) and 

 Q(-1,0,1), and find parametric equations ?   

Solution: 

𝑃𝑄⃗⃗⃗⃗  ⃗ = (-1-1,0-2,1+1) = (-2,-2,2) 
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(𝑥 − 𝑥1)

𝐴
=

(𝑦 − 𝑦1)

𝐵
=

(𝑧 − 𝑧1)

𝐶
→ 

𝐿: 
(𝑥 − 1)

−2
=

(𝑦 − 2)

−2
=

(𝑧 + 1)

2
 

The parametric equations are: 

(𝑥 − 1)

−2
=

(𝑦 − 2)

−2
=

(𝑧 + 1)

2
= 𝑡 → 

𝑥 − 1 = −2𝑡 → 𝑥 = −2𝑡 + 1 

𝑦 − 2 = −2𝑡 → 𝑦 = −2𝑡 + 2 

𝑧 + 1 = 2𝑡 → 𝑧 = 2𝑡 − 1 

 

Example 23: Find the line through the point p(3,-4,-1) and parallel to 

the vector  𝑣 = 𝑖 + 𝑗 + 𝑘, and find parametric equations? 

Solution: 
(𝑥 − 𝑥1)

𝐴
=

(𝑦 − 𝑦1)

𝐵
=

(𝑧 − 𝑧1)

𝐶
→ 

𝐿: 
(𝑥 − 3)

1
=

(𝑦 + 4)

1
=

(𝑧 + 1)

1
 

The parametric equations are: 

(𝑥 − 3)

1
=

(𝑦 + 4)

1
=

(𝑧 + 1)

1
= 𝑡 → 

𝑥 − 3 = 𝑡 → 𝑥 = 𝑡 + 3 

𝑦 + 4 = 𝑡 → 𝑦 = 𝑡 − 4 

𝑧 + 1 = 𝑡 → 𝑧 = 𝑡 − 1 

 

Example 24: Find the distance from the point P(0,0,12) to the line 

(x=4t, y=-2t, z=2t)? 

Solution:  𝑣 = 𝐴𝑖 + 𝐵𝑗 + 𝐶𝑘 = 4𝑖 − 2𝑗 + 2𝑘, the line through Q(0,0,0) 

𝑃𝑄⃗⃗⃗⃗  ⃗ = (0-0,0-0,0-12) = (0,0,-12)=-12k 
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𝑃𝑄⃗⃗⃗⃗  ⃗ × 𝑣 = |
𝑖 𝑗 𝑘
0 0 −12
4 −2 2

|

= |
0 −12

−2 2
| 𝑖 − |

0 −12
4 2

| 𝑗 + |
0 0
4 −2

| 𝑘 

= −24𝑖 − 48𝑗 

𝑑 =
|𝑃𝑄⃗⃗⃗⃗  ⃗ × 𝑣|

|𝑣|
=

√576 + 2304

√16 + 4 + 4
=

√2880

√24
 

Exercises: 

1. Find the line through the points and find parametric equations for 

these lines:  

a. P(-2,0,3) and Q(3,5,-2),  

b. P(1,-1,2) and Q(-1,-4,-2),and 

c. P(1,2,0) and Q(1,1,-1)? 

2. Find the line through 

a. The point  p(2,1,-2) and parallel to the vector  𝑣 = 𝑖 + 𝑗 + 2𝑘,  

 and find parametric equations for this line. 

b. The point p(2,3,1) and parallel to the vector  𝑣 = 3𝑖 − 2𝑗 + 6𝑘, 

and find parametric equations for this line.  

3. Find the line through the origin and parallel to the vector  

𝑣 = 2𝑗 + 𝑘, and find parametric equations for this line. 

4. Find the distance from the point to the line 

a. p(0,0,0) ; x=5+3t, y=5+4t, z=-3-5t  

b. p(2,1,3) ; x=2+2t, y=1+6t, z=3 

c.  p(-1,4,3) ; x=10+4t, y=-3, z=4t 

5. Find the distance from the origin to the line  

(𝑥 − 2)

3
=

(𝑦 − 1)

4
=

(𝑧 − 2)

5
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Equation of Plane: 

To find the equation for the plane through the point  𝑝1(𝑥1, 𝑦1, 𝑧1) 

and perpendicular on the vector 𝑁 (A,B,C) , if p(x,y,z) is any point on 

the plane , the vector 𝑝1𝑝⃗⃗ ⃗⃗ ⃗⃗  = (𝑥 − 𝑥1, 𝑦 − 𝑦1, 𝑧 − 𝑧1) inside the plane 

𝑁 ┴𝑝1𝑝⃗⃗ ⃗⃗ ⃗⃗   →  𝑁 .  𝑝1𝑝⃗⃗ ⃗⃗ ⃗⃗  ⃗ = 0 →  

(𝐴, 𝐵, 𝐶). (𝑥 − 𝑥1, 𝑦 − 𝑦1, 𝑧 − 𝑧1) = 0 → 

 

Plane: 𝑨(𝒙 − 𝒙𝟏) + 𝑩(𝒚 − 𝒚𝟏) + 𝑪(𝒛 − 𝒛𝟏) = 𝟎 

(Plane Equation through the point 𝑝1 and perpendicular on vector 𝑁) 

Notes:  

1. 𝐴(𝑥 − 𝑥1) + 𝐵(𝑦 − 𝑦1) + 𝐶(𝑧 − 𝑧1) = 0 → 

         𝐴𝑥 − 𝐴𝑥1 + 𝐵𝑦 − 𝐵𝑦1 + 𝐶𝑧 − 𝐶𝑧1 = 0 → 

       𝐴𝑥 + 𝐵𝑦 + 𝐶𝑧 = (𝐴𝑥1 + 𝐵𝑦1 + 𝐶𝑧1) → 

      𝑨𝒙 + 𝑩𝒚 + 𝑪𝒛 = 𝑫  (𝐷 is scalar) [General Plane Equation perpendicular on 

vector 𝑁] 

2. Let  𝑃1,𝑃2 be two planes in space: 

𝑃1 = 𝐴1𝑥 + 𝐵1𝑦 + 𝐶1𝑧 = 0 

𝑃2 = 𝐴2𝑥 + 𝐵2𝑦 + 𝐶2𝑧 = 0 

And  𝑁1 = (𝐴1, 𝐵1, 𝐶1), 𝑁2 = (𝐴2, 𝐵2, 𝐶2),  

Such that  𝑃1  ┴ 𝑁1 and    𝑃2  ┴ 𝑁2 

There are two options: 

   𝑃1 \\  𝑃2  →  𝑁1\\𝑁2 →
𝐴1

𝐴2
=

𝐵1

𝐵2
=

𝐶1

𝐶2
 

   𝑃1  ┴   𝑃2 → 𝑁1┴  𝑁2 → 𝑁1.  𝑁2 = 0 → 𝐴1𝐴2 + 𝐵1𝐵2 + 𝐶1𝐶2 = 0 

3.  

 The angle between two planes is an angle between two 

vectors 𝑁1, 𝑁2 perpendicular on planes. 
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cos 𝜃 =
𝑁1.𝑁2

|𝑁1|.|𝑁2|
→  𝜽 = 𝒄𝒐𝒔−𝟏𝜽

𝑁1.𝑵𝟐

|𝑵𝟏|.|𝑵𝟐|
 

 

 

 The angle between the line and plane is an angle between 

the vector 𝑣 is parallel to line and the vector 𝑁 

perpendicular on plane. 

𝐜𝐨𝐬 𝜽 =
𝒗.𝑵

|𝒗|.|𝑵|
→  𝜽 = 𝒄𝒐𝒔−𝟏𝜽

𝑣.𝑵𝟐

|𝒗|.|𝑵𝟐|
 

 

 

Example 25: Find the plane through the point p(0,2,-1) and 

perpendicular to the vector  𝑁 = 𝑖 + 2𝑗 + 2𝑘? 

Solution: Plane: 𝐴(𝑥 − 𝑥1) + 𝐵(𝑦 − 𝑦1) + 𝐶(𝑧 − 𝑧1) = 0 

1(𝑥 − 0) + 2(𝑦 − 2) + 2(𝑧 + 1) = 0 

𝑥 + 2𝑦 + 2𝑧 − 2 = 0 

𝑥 + 2𝑦 + 2𝑧 = 2 

Example 26: Find the plane through the points 𝑝1(1,1,-1)), 𝑝2 (2,0,2) 

and 𝑝3(0,-2,1)? 

Solution:  

𝑝1𝑝2⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ =(2-1,0-1,2+1)=(1,-1,3) = i-j+3k 

𝑝1𝑝3⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ =(0-1,-2-1,1+1)=(-1,-3,2) = -i-3j+2k 

N=𝑝1𝑝2⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗  × 𝑝1𝑝3⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ =|
𝑖 𝑗 𝑘
1 −1 3

−1 −3 2

| = |
−1 3
−3 2

| 𝑖 − |
1 3

−1 2
| 𝑗 + |

1 −1
−1 −3

| 𝑘 

               = 7𝑖 − 5𝑗 − 4𝑘 

N ┴ 𝑝1𝑝2⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ and 𝑁 ┴  𝑝1𝑝3⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗  then N ┴ plane of ( 𝑝1𝑝2⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ , 𝑝1𝑝3⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗) 

Plane Equation through the point 𝑝1 and perpendicular on vector 𝑁 
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Plane: 𝐴(𝑥 − 𝑥1) + 𝐵(𝑦 − 𝑦1) + 𝐶(𝑧 − 𝑧1) = 0 → 

7(𝑥 − 1) − 5(𝑦 − 1) − 4(𝑧 + 1) = 0 → 

7𝑥 − 5𝑦 − 4𝑧 − 6 = 0 

7𝑥 − 5𝑦 − 4𝑧 = 6 

Example 27: Find the angle between two planes: 

𝑃1: 𝑥 + 𝑦 = 1, 𝑃2: 2𝑥 + 𝑦 − 2𝑧 = 2? 

Solution: 𝑁1 = (1,1,0),  𝑁2 = (2,1, −2) 

cos 𝜃 =
𝑁1.𝑁2

|𝑁1|.|𝑁2|
 =

(1)(2)+(1)(1)+(0)(−2)

√1+1+0  √4+1+4
=

2+1

√2  √9
=

1

√2
 

→  𝜃 = 𝑐𝑜𝑠−1
1

√2
→  𝜃 =

𝜋

4
 

Example 28: Find the angle between the line  
(𝑥+1)

2
=

𝑦

3
=

(𝑧−3)

6
and 

the plane 10𝑥 + 2𝑦 − 11𝑧 = 3? 

Solution: 𝑣 = (2,3,6), 𝑁 = (10,2, −11) 

cos 𝜃 =
𝑣. 𝑁

|𝑣|. |𝑁|
=

(2)(10) + (3)(2) + (6)(−11)

√4 + 9 + 36 . √100 + 4 + 121

=
20 + 6 − 66

√49. √225
=

−40

(7)(15)
=

−40

105
= −0.38

→ 𝜃 = 𝑐𝑜𝑠−1(−0.38) 

Example 29: Find the distance from the point p(2,-3,4) to the plane 

x+2y+2z=13? 

 Solution: 𝑁 = (1,2,2),  

Let L is a line through p and parallel to 𝑁 

The line equation is: 
(𝑥−2)

1
=

(𝑦+3)

2
=

(𝑧−4)

2
 =t 

x=t+2, y=2t -3 and z=2t+4 

(t+2)+2(2t-3)+2(2t+4)=13 → t+2+4t-6+4t+8=13 → 9𝑡 + 4 = 13 →

 9t=9→ 𝑡 = 1 
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x=1+2=3,  y=2(1)-3=-1, z=2(1)+4=6 

Q(3,-1,6), the distance between P and Q is: 

𝑑=√(3 − 2)2 + (−1 + 3)2 + (6 − 4)2 = √1 + 4 + 4=√9=3 unit 

Example 30: Find an equation of plane 𝑃 that pass through the two 

points  𝑝1 (1,0,-1), 𝑝2(-1,2,1) and parallel to the line of intersection of 

the planes, 𝑃1: x+y-2z=0 and 𝑃2: 2x-y+3z=0? 

Solution: 

𝑁1(1,1,-2), 𝑁2(2,-1,3) , 𝑁1 ┴ 𝑃1, 𝑁2 ┴ 𝑃2 

Let 𝑉 = 𝑁1 × 𝑁2= |
𝑖 𝑗 𝑘
1 1 −2
2 −1 3

| = |
1 −2

−1 3
| 𝑖 − |

1 −2
2 3

| 𝑗 + |
1 1
2 −1

| 𝑘 

                          =(3-2)i-(3+4)j+(-1-2)k=i-7j-3k 

The vector 𝑉 the line of intersection of the planes 𝑃1and 𝑃2, 𝑉\\𝑃 

𝑝1𝑝2⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ = (−1 − 1,2 − 0,1 + 1) = −2𝑖 + 2𝑗 + 2𝑘 

𝑁 = 𝑝1𝑝2⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ × 𝑉= |
𝑖 𝑗 𝑘

−2 2 2
1 −7 −3

| = |
2 2

−7 −3
| 𝑖 − |

−2 2
1 −3

| 𝑗 + |
−2 2
1 −7

| 𝑘 

                          =(-6+14)i-(6-2)j+(14-2)k=8i-4j+12k 

P: 𝐴(𝑥 − 𝑥1) + 𝐵(𝑦 − 𝑦1) + 𝐶(𝑧 − 𝑧1) = 0 → 

    8(𝑥 − 1) − 4(𝑦 − 0) + 12(𝑧 + 1) = 0 → 

8𝑥 − 8 − 4𝑦 + 12𝑧 + 12 = 0 → 8𝑥 − 4𝑦 + 12𝑧 = −4

→ 2𝑥 − 𝑦 + 3𝑧 = −1 

Exercises: 

1. Find the plane through the points  

𝑎) 𝑝1(2,4,5) , 𝑝2 (1,5,7) and 𝑝3(-1,6,8). 

𝑏) 𝑝1(2,-1,-1) , 𝑝2 (1,1,-1) and 𝑝3(3,2,1). 

2. Find the plane through the point p(1,2,-3) and perpendicular to the 

vector  𝑣 = 𝑖 − 4𝑗 + 𝑘? 

3. Find the angle between two planes: 

     𝑎) 𝑃1 = 5𝑥 + 𝑦 − 𝑧 = 10,  𝑃2 = 𝑥 − 2𝑦 + 3𝑧 = −1      

    𝑏) 𝑃1 = 3𝑥 − 2𝑦 + 𝑧 = 3, 𝑃2 = 2𝑥 + 𝑦 − 2𝑧 = 6 
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4. Find the distance from the point to the plane 

a. (0,1,1); 4𝑦 + 3𝑧 = −12,2 

b. (0,0,0); 3𝑥 + 2𝑦 + 6𝑧 = 6, 

c. (1,0,-1); −4𝑥 + 𝑦 + 𝑧 = 4, 

d. (0,-1,0); 2𝑥 + 𝑦 + 2𝑧 = 4, 

e. (2,2,3); 2𝑥 + 𝑦 + 2𝑧 = 4. 

5. Find intersection point of the line to the plane and find the angle 

between the line and the plane: 

a. 
(𝑥−1)

2
=

(𝑦+1)

−1
=

𝑧

3
;   3𝑥 + 2𝑦 − 𝑧 = 5. 

b. 𝑥 = 1 − 𝑡, 𝑦 = 3𝑡, 𝑧 = 1 + 𝑡;  2𝑥 − 𝑦 + 3𝑧 = 6. 

c. 𝑥 = −1 + 3𝑡, 𝑦 = −2, 𝑧 = 5𝑡;  2𝑥 − 3𝑧 = 7. 

6. Find a plane through  𝑝1 (2,1,-1) and perpendicular the line of 

intersection of the planes: 𝑃1: 2𝑥 + 𝑦 − 𝑧 = 3 and  

𝑃2: 𝑥 + 2𝑦 + 𝑧 = 2? 

7. Find a plane through the point 𝑝1 (1,2,3) , 𝑝1 (3,2,1) and 

perpendicular to the plane 4𝑥 − 𝑦 + 2𝑧 = 7? 

8. Find a plane through the point 𝑝1 (1,-1,3) and parallel to the plane 

3𝑥 + 𝑦 + 𝑧 = 7? 

9. Find a plane through the point 𝑝1 (2,4,5) and perpendicular to the 

line 𝑥 = 5 + 𝑡, 𝑦 = 1 + 3𝑡, 𝑧 = 4𝑡? 

10. Find a plane through the point 𝑝1 (1,-2,1)  perpendicular to the 

vector from the origin to 𝑝1? 

11. Find the point of intersection lines and find the plane determined 

by these lines: 

a. 𝑥 = 2𝑡 + 1, 𝑦 = 3𝑡 + 2, 𝑧 = 4𝑡 + 3, and 𝑥 = 𝑠 + 2, 𝑦 = 2𝑠 + 4, 

 𝑧 = −4𝑠 − 1. 

b. 𝑥 = 𝑡, 𝑦 = −𝑡 + 2, 𝑧 = 𝑡 + 1, and 𝑥 = 2𝑠 + 2, 𝑦 = 𝑠 + 3,  

𝑧 = 5𝑠 + 6. 

c. 
(𝑥−1)

1
=

(𝑦−2)

3
=

𝑧−3

1
,

(𝑥−2)

1
=

(𝑦−3)

4
=

𝑧−4

2
. 
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12. Prove that intersection line of two planes: 𝑃1: 𝑥 + 2𝑦 − 2𝑧 = 0 and 

𝑃2: 5𝑥 − 2𝑦 − 𝑧 = 0  is parallel to the line 
(𝑥+3)

2
=

𝑦

3
=

𝑧−1

4
  and find 

the plane determined by these two lines? 

 


