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Chapter Three Vectors and Parametric Equations

Chapter Three

Vectors and Parametric Equations

Parametric Equations:
In Cartesian plane can represent the curve equation as follows:

y=fx),x=gQ),or F(x,y) =0

For example the circle equation of centre (0,0) and radius:r represent
as follows:

y =+\Jr?—x? [y = f0)]

x =112 —y? [x =f(y)]
x2+y2—1r2=0 [F(x,y) = 0]

But there is other way to represent curve equation by using parameter,
by define x and y depend on this parameter and these equations are
called parametric equations.

If t is the parameter then/ x = f(t),and y = g(t), these equations
are parametric equations of parameter t.

Example 1: Find parametric equations of the curve y? = 4px using

as parameter the slope t = % ?
ion: v2 = v _ v _2r _2p
Solution: y* = 4px — 2y—=4p > == S ot="o
2p
y=T.. 1
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X = E... e e e 2

t2

2 . .
x = t% and y = 7’9 are parametric equations

Example 2: Find parametric equations of the circle
y? + x% = a?,y > 0 using as parameter the slope of the tangent at

(xy)?
Solution: y? = a? —x%? > y = +Va? — x2

1
When y >0 -y =+Va? —x? - Z—z = %(a2 — x%)2(—2x)

2

LA _ X 2 _ 2,20 12,02 _ 02 _
ax Vo T ima o U T ame o et —xt =0
t2a?
2(+2 2,2 2
x“(t“+1)=ta*-> x° = -
( ) t2+1
ta
X = U |
Vits +1
Put equation 1 in original.equation
_ az_tzaz_) _ |a?t?+a?-t2a?
Y= t241 3 t2+1
a
Y= o 2
x= 2. gndy = —%— are parametric equations
SV MY T Ty 4O a

Example 3: Find Cartesian equation and sketch the following curve:

x=t+1,y=t>+4 when 0 <t < o0?
Solution: t=x—-1->y=((x—-1)?+4->(x—-1)>=y—4
Is Parabola equation

C(h.k)=(1,4),
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Fihk+p)=(1) [4p=1-p =11,

andy=k—p—>y=1z5

Example 4: Find Cartesian equation and sketch the following curve:

X = acosf,y = asinf when 0 <60 < 2n? /\

Solution: cos @ = = ,Sinf = Z \j
a a

2 2 2 2
X X< +
00529+sin26=—+y——> 1= Y i

a? a? a?

- x*+y®=a

This is the circle equation when C(0,0) and radius a.

Example 5: Find Cartesian equation and-sketch the following curve:
x=cost,y=sint when 0 <t <2m?(HW.).

Example 6: Find Cartesian equation and sketch the following curve:
x =cos2t,y=sint when 0.<t < 2m

Solution: sin®t = %(1 — cos2t) — 2sin’t = 1 — cos2t -

cos2t =1 — 2sin’t - x=1— 2sin’t -
x=1-2y*>2y?=1—-x- \\
y? = —%(x — 1) is Parabola equation /
- ! —(1-X 0)=(Z —h+p=1+L = 2

C(1,0), —4p = —>oP=3, F(h-p,k)—(l-8 ,0)=( 8,O), x=h+p 1ts = <
EXxercises:
1- Find Cartesian equation and sketch the following curves:

A x=t’+ty=t:—t when —oo <t < o

b)x=2+-,y=2-t when 0 <t <

C) x=2t+3,y=4t>*—-9 when —oo < t < o

d)x =3 —2secht,y=4—3tanht when —c0o <t <
4
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e) x =2+ 4sint,y=3—2cost when 0<t<2nm

f) x =sect,y = tant when ?Stsg

g) x = cosht, y = sinht when 0<t<oo
2- Find parametric equation of the circle y? + x? = a?,y > 0 using
as parameter 6 defined by the equation x = atanh 8 ?

Vectors

Vectors are encountered in physics, as line segments whese direction
Is the direction of a force (or position, velocity) and whose length (or
magnitude) gives the intensity of the force butthe-vector in geometry
Is used to represent the position of a point in relation'to another point
(i.e. a vector in space is specified by an initial point A and an end

point B and is denoted by AB).

A vector of length 1'is called a unit vector and is denoted by u but a
vector of length O'is.called a zero vector and is denoted by O.

Properties of Vectors
1- Tow vectors are equal if they have the same length and
direction. >

S

2- a) Add two vectors is also a vector. </?

b) Subtract two vectors is also a vector. <[
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3- If a vector v and a scalar c (scalar is a real number , it can be
positive ,negative, or zero) then cv is also a vector and the length
of cv is ¢ time of length v:

a) cv is same direction of v if ¢ positive number.
b) cv is opposite direction of v if ¢ negative number.

Definition of Vector in Cartesian plane:
A vector v in two-dimensional (Cartesian plane) equal to the vector
with initial point at the origin O(0,0) and end point p(x,y).

Notes:

1- The length of vector v is denoted by |v|.
2- A unit vector on the x-axis is/denoted by i and i=(1,0).
3- A unit vector on the y-axis is-denoted by j and j=(0,1).

v=0p=(X.y) /

l —>
4- If a and b two'scalars then:
a) ai is a«vector on the x-axis or parallel to x and the length of
ai is-a.units.
b) bj is a vector on the y-axis or parallel to y and the length of
bj is b units.
5- It can represent any vector in Cartesian plane by using two
vectors i and j.
If v=(a,b), ai is a vector on x-axis, the length of ai is a units and
bj is a vector on the y-axis, the length of bj is b units then a
vector v is sum of two vectors ai and bj.
v(a,b)e v=ai+bj A
By using Pythagorean Theorem, |v|=vVa2 + b2
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6- A zero vector is denoted by 0 and 0=(0,0) & 0 = 0i + 0j.

Vectors Operations:
If v;, vyare two vectors in plane defined as follow:

vy = (aq,b1) © vy = agi + byj,
v, = (az, by) © vy, = azi + byj

1-  Addition
v1+v, =(a; +ay, by +by) ©vy+vy=(a; +ay)i +(by+ b,)j
2-  Subtraction

v, — v, = (ag — az, by — by) © vy — v, =(a; — ay)i +(by — by)j

3-  Scalar Multiplication
If v=(a,b) be a vector and c is scalar then cv is defined as follow:

cv=(ca,ch) «cv = (ca)i + (cb)j
and |cv|=c|v|

Properties of Vector Operations:
Let v,, v,, and v be vectors and a, b be scalars

" v +v,=v, vy

" (v1+vy)+ V3=V (vt s)
= p;+0=v,

" v1+(-14)=0

= 0v;=0

» 1v,=1,

» a(bvy)=(ab) v,

» a(v;+v,)=av,+av,

» (a+b) vy=av,+bv,
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Notes:
1- Equal two vectors
v1 = v, © (aq,by) = (az, b)) © a; = az and by = b,

2- Parallel of vectors

b .
v1//v, & 2 =21 = cisscalar
a bz

Vector Between Two Points:
Let p; (x4, y1) and p, (x4, y,) be two points in the plane.

pips=Axi + Ayj or Dip;=(Ax, Ay) 4

P1P2=(x2 — x)i + (Y2 — ¥1)Jj ﬁ

or p1p2=(x2 —Xx1,¥2 —¥1)
The length of p;p,
P1Pz2] =V (A%)2 + (Ay)2=y/ (X2 = x1)% + (V2 — ¥1)?

The Direction of Vector:
Let v=ai+bj and 6 the angle between v and the x-axis and denoted by

Dir v.

, b
Dirv =tan@ =

. —— Y2~ V1
Dir —
P1DP2 o

Example 7: Let p,(2,3) and p,(4,5) be two points in the plane,

Find p1p,, P2P1, P1P2 + P2P1, Dir p1p2, Dir pypy [p1p2]and
|p2p1] -

SO|UtI0n plpzz(xz - xl,yz - yl):(4‘2,5'3):(2,2):2i+2j

D2P1=(x1 — X2,¥1 — ¥2)=(2-4,3-5)=(-2,-2)=-2i-2j
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P1P2 + P2p1 =(2-2,2-2)=(0,0)=(21+2))+(-21-2))=(2-2)i+(2-2))=01+0]

p1P2 + P2p1=0

L o—— _Y2—YV1 __ 5-3 _2_
Dir p1p, = = 3" 1

X2—X1 4-2

. —— _Y1—Y2 3—-5_ -2
Dir = = = —=
PaP1 = T T e 2

P02 1=y (2 — %1)% + (Y2 — ¥1)2 =/ (4 — 2)% + (5 — 3)?
=22+ 22 =4+4=/8=22

020717V (%1 — %2)% + (V1 — ¥2)? = /(2 — 4)? +(3=5)?
=/(=2)2+ (-2)2 =V4+4=8=2V2

Example 8: Prove that the unit vector u can represent as follow:

u = cos0i + sinbj
When 6 the angle between u and the positive x-axis.
Proof: let u = op and p(x,y) any-point in plane such that |u|=1
uU=xi+yj /

u = cosOi + sinBj [ x=cosf,y = sinb] /‘

lu|=V'cos26 + sin260=+1=1

Example 9: Let v=ai+bj find the unit vector u has the same direction
of v.

Solution: |v|= Va? + b2

v ai+bj a . b . 4

Wl T Vazen? - Vazapr' T Vazept)

In Aomp i
a ; b

€06 = J=s SN0 = =g —

Z = cosOi + sinfj = u,u = —

v v

9
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Example 10: Find the unit vector u has the same direction with
v =3i-4j.

Solution:
y= = 3i—4j _ 3i-4j _ 3i-4j _ 3i-4j _ 3. 4
" vl V32+42  o9+¥16 V25 5 5 5/
3 —4 9 16 25
= [(=)2 —)2= [+ — = |Z= = =
=2 + (2= (2410 = [E=vT=1
Di b —4
irv=—=—
a 3
—4
. —4
Dlru—s—/s——
/s 3

Dir v =Diru

Example 11: Find the length and the angle that each one makes with
the positive x-axis of the following vector:

1) i+j, 2) 2i-3j, 3) -2+3j,4) 5i+12j, 5) -5i-12j, and 6) V3i+]
Solution: 1) v=i+j-v=(1,1)
vl = (D)2 + (1)?=VZ,
b 1

Dirv=—=—==1->tand = Dirv=1-
a 1

0= tan 11— 6 = 45°
2) v=2i-3|]-Vv=(2,-3)
vl = (@2)2+ (-3)2 =V4 + 9=V13,

-3
Dir.v = — - tanf = Dir.v = — -
ir. Vyf — an ir.v=—

3
0 = tan‘17 -0 = —tan‘lz — 0 = —56.3°
5) v=-5i-12]-v=(-5,-12)

lv| = {/(=5)% + (—12)2 = V25 + 144=1/169 =13,
—12 12

Dir.v = —— > tanf = Dir.v = —
ir.v _5—>an ir.v=—-

10
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12
0 = tan_1? - 0 =67.3°
Exercises:
1- Find the unit vector u has the same direction with v=3i+4;.
2- Le w=(3,-2), and v=(-2,5), represent each vector in the form
(ai+bj) and find the length of each one:

a) 3w, b) -2v, ¢) w+v, d) w-v, e) 2w-3v, f) -2w+5v, Q) %W+§V,

and h) 2w+=2v
13 13
3- Represent each vector in the form (ai+bj):

a) The vectorp;p,, where p;=(1,3) and p5=(2,-1).

b) The vector from the point A=(2,3) to the origin.

c) The vectorop, where o is the origin and p is the midpoint of
the vector p;p, where p,=(2,-1) and" p,=(4,3).

d) The sum of AB and CD where A=(1,-1), B=(2,0), C=(-1,3),
and D=(-2,2).

e) The unit vector that makes an angle 6 = 2?" with the positive
X-axis.

f) The unit vector that makes an angle 6 = _TS” with the positive
X-axis.

g) The unit vector obtained by rotating the vector (0,1), 120°
counterclockwise about the origin.

h) The unit vector obtained by rotating the vector (1,0), 135°
counterclockwise about the origin.

Coordinate Space:

There are three planes in space (Xy, Xz and yz) and these planes called
Coordinate planes such that: xy - xz 1 yz and these planes intersect
in coordinate axes (xx’, yy' and zz") but the coordinate axes intersect
in origin point. The coordinate planes are divided space into eight
parts.

11
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A

p(x,y,z) is point in the space, the origin point is O(0,0,0).

There are eight options of point in space: (x,y,2),(-X,Y,2),(X,-Y,2),
(X,y,-Z),(-X,-y,Z), ('X,y,'Z),(X,'y,'Z),)('X,'y,'Z).

The distance between two points pi(Xy,Y1,Z1) and p,(X,,Y»,z,)in-space
IS:

d=+(x2—x1)%+ 2 — y1)% + (22 — 21)>

Equations and Shapes in Space:
In space can represent the equation as follows:

z=f(xy),y=9x2z),0rF(x,y,z) =0

Surface:

All points p(x,y,z) are satisfied the equation F(x,y,z) = 0 is called
surface. For example, Ax+By+Cz+D=0 ( when A,B,C and D are real
numbers) is equation surface of space.

Sphere:
Sphere is geometric shape of the set of points p(X,y,z) whose

distances from fixed point in the space is constant . The fixed point
and constant distance are called center and radius of the Sphere
respectively.

To find equation of sphere in space, let C(h,k,l) and r are center and
radius of sphere respectively. P(x,y,z) is any point in sphere

PC=r

Ja-m2+ G-k +Ez-D2=r

12
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(x—h)?+ @y —k?+(z-1D?%=r?

Example 12: Find the centre and radius of the sphere:

x2+y?+z2+4x—4z=0
Solution: (x? +4x+4)+y*+ (z> —4z+4) =4+ 4

(x+2)2+y°+(z—-2)>=8
C(-2,0,2), r = V8

EXxercises:

1- Find the centre and radius of the following spheres:
aA)x?+y2+22-2x+2y=0
b) x2+y?+22—-2z=0
C) 3x2+3y?>+3z2+2y—4z=9
d 2x2+2y2+2z22+x+y+z=0

2- Find the locus of P if .d; is the distance between P(x,y,z) and
origin, d, is the distance between P and Q(0,0,3), and d; = 2d,.

3- Find the distance between P(x,y,z) and
a) x-axis ;/b).y-axis, c) z-axis, d) xy- plane, e) xz-plane, and f)

zy-plane.

Vectors.in Coordinate Space:
A vector v in space equal to the line between origin point O(0,0,0) and
end point P(a,b,c).

v=0P = (a,b,c)

» A unit vector on the x-axis is denoted by i and i=(1,0,0).

» A unit vector on the y-axis is denoted by i and j=(0,1,,0).

» A unit vector on the z-axis is denoted by i and k=(0,0,1).
If a,b,c are real numbers

13
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o ai is a vector on the x-axis or parallel to x and the length of
ai is a units.
o Dbj is a vector on the y-axis or parallel to y and the length of
bj is b units.
o ckis a vector on the z-axis or parallel to z and the length of
ck is c units.
Let v=(a,b,c) is a vector
v(a,b,c)e v=ai+bj+ck
The length of vector v is denoted by |v| and defined as follows:
vI=Va? + b? + c?
The vector between two points p; (x4, y1, z1) and p3(x,,%,, z,) in
space is:

p102=Axi + Ayj + Azk or p;p,=(Ax, Ay, Az)

P1P2=(x2 —x1)i+ (Y2 —y1)j + (22 —z))k = (X2 — X1, Y2 — V1,22 — Z1)

The length of vector p;p, in space/is denoted by [p;p,| and defined
as follows:

|P1P2|:\/(x2 =x1)2+ (y2 —yp? + (22 — 71)?

X1+tX2 Y1tY2 Z1+Zz)

The middle of p1p, is p3 (. T, T

A unit-vector u in space has the same direction of v is defined as

follows:
v

u=—
v
Example 13: Find the length of the following vectors:
a) 3i+6j+2k , b) i+4j-8Kk, c) 2i+j-2k, and 9i-2j+6k
Solution: a) [v|=vVa? + b2 + 2

IV|=V32+ 62 +22=v/9+ 36+ 4 =49 =7

14
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Example 14: Find the unit vector has the same direction of the vector
4i+3j+12k?
Solution:

4i+3j+ 12k 4i+3j+12k  4i+3j+ 12k

u= =
V42 4 32 + 122 V169 13
4 n 3 ,+12k
—13' 713/ 13

— 22 4 (32 o (X2ye= (26 9 01440 169
|ul = \/(13) + (13) + (13) \/169 165 T Tes 169 L

Properties of Vectors in space
Let v; = (a4, by, c1)and v =(a,, b,, c;)be vectors in space then

e Zero vector is 0O=(0,0,0)

e Equal
vy = vy © (aq,by,¢1) = (az, by, c3)
(_)Cll:az/\ b1=b2 /\C1=C2
e Parallel
v1\\v, © v, = sv, (s scalar)
< (a1:b1,C1) = s(ay, by, ¢;)
< (a1»b1,C1) = (say,sby,scy)
a1 _ b1 _ & _
a; by ¢ §
e Addition

vl + vz - (al + az,bl + bz, Cl + Cz)
=(a1 + az)i +(b1 + bz)] + (Cl + Cz)k

15
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e Subtraction
V1 — vy = (ay — az, by — by, ¢4 — ¢3)
=(a; — az)i +(by — by)j + (c1 — )k
e Scalar Multiplication
If c is scalar then cvyis defined as follow:

cv; = (caq,cby,ccy)

Properties of Vector Operations:
Let 4, B, and C be vectors and a, b be scalars

» A+B=B+A,
» (A+B)+ C=A+(B+0C),
= A+0=4,
= A+(-A)=0,
= 0A=0,
= 1 A=A,
= a(bA)=(ab) 4,
» a(A+B)=aA+aB,
» (a+b) A=ad+bA
e Product
> Dot( Scalar) Product

V1.V = |v4]||v;|cosO
V1.V,

|U1||Uz|

cosO =

Properties of dot product:

Let A, B, Cand D Dbe vectors in space:

e A.B=B.A
e A.(B+C)=(A.B)+ (4.0)
e (A+B).(C+D)=(A.C)+ (A.D) + (B.C) + (B.D)

16
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e A.A=|A|* (Prove)
sii=jj=kk=1
e A--B (Orthogonal or Perpendicular) < A.B = 0 (Prove)
s (Ljl koij=ik=jk=0
o Ifv=ayi+byj+cik,andw = a,i + b,j + c,k then
V.W = a0y + b1by + c1C,

» Cross ( Vector) Product

V1 X v, = N|vq||v2|sin@ ( Where N is a unit vector perpendicular
of v; and v,)

If nis a unit vector perpendicular of plane then

[v1 X v| = |vq]|v;[sind (IN|=1)

Properties of cross product:

Let A, B, Cand D Dbe vectors in space:

A X B #+ B XA (Prove)
AX(B+C)=(AXB)+ (AXC0)
(A4B)X(C+D)=AXC)+(AXD)+(BxC)+ (BxD)
AX A= 0 (Prove)
i Xi=jXj=kXk=0
A-B (Orthogonal or Perpendicular) < A X B = N|A||B| (Prove)
n (LjLlkoixj=k=—jXiojXi=—k
IXk=—j=—-kXi-o>kXi=j
jXk=i==-kXj-okXj=—i

17
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/

e Nonzero vectors vand w are parallel & vxw = 0
e Projection
Let A and B be two vectors the C is vector projection of A and B

and denoted by Proj,B = C and Proj,B = (%)A.
Scalar projection of A and B =|Proj,B| I
>

Example 15: Find v,. v, and the angle between two vectors
a) v;=2i+j and v,=i+2j-k and b) v;=i-2j-2k and v,=6i+3j-2k (H.W.)?

Solution: v;.v, = a;a, + b;b, +¢;65 - v1.v, = 2(1) + 1(2) +
0(—1) =24+2=4

V1. Vy 4
cosf = ——————>icosO =
[v1[v.| V22 + 12402 /12 + 22 + (—1)2
4 9 1 4
=——>50 =cos" ——
V5vV6 V5vV6

Example 16: Provethat A X B = —B X A?

Proof: A X B = N|A||B|sin6
B x A = N|A||B|sin(—8)

B x A= —N|A||B|sin 6
AXB=—-BXA

Example 17: Findv X w If v = a,i + a,j + ask,and

18
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Solution:

vXw = (a4l + ayj +azk) X (bii+ byj+ b3k)

=(aii + a,j + ask) X byi+(a i + a,j + azk) X b,j +
(a i+ a,j + aszk) X bsk=a,b,(i X i) +a,b;(j X i) +
asb;(k X i)+ ab,(i Xj)+a,b,(j Xj)+azb,(k xj)+
a;b;(i X k)+a,b;(j X k) + aszb;(k X k)

= (azbsz — aszb,)i — (a;b3 — azby)j + (a1b; — aby)k

Or
_ij _[92 az;, a1 az|. |4y a
VXW =4 G A3|=|, 193|l_b1 b3|]+b1 b2|k
by by bs

=(azbs — azby)i —(abs — azby)j + (a1by — a,by)k

Example 18: Find the unit vector perpendicular to both vectors
A=i+2j-k and B=i-j+k?

Solution:
i k
_ i I U I I s N I R
AXB—i _21 ‘1‘|—1 1|‘ |1 1|J+|1 —1|k
=2-1Di-O+1Dj+(-1-2)k=i—-2j-3k
AXB i —2j— 3k i —2j— 3k
u = = =
|AXB| 4/12 + (=2)2 + (=3)2 V14
1 2 3 "
= 1 — —_
V14 V140 V14

1 4 9 14

—_ I L N2 Y 3 2= —+—= |—=
ul= [ + R+ G [+t o = el

Example 19: Find the vector projection of vectors A=i+j and

B=2i-j+3k and find | proj& |?
19
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(i +)) =

ﬂ) 4 = @WHEDDHE))

|A|? 12412402

Solution: Proj,B = (
2=1,, , o~ _ Ll o _ 1. 1.
— @+ =50+ =5i+3j

cp= (N2 (e (11 2L
ProjBl= |2+ (D2 = [+i= 2oL

Example 20: Find the A X B and B X A if a) A=2i+j+k and

B=-4i+3j+k , [b) A=2i-2j-k and B=i+j+k , c) A=2i and B=-3j,and
d) A=Zi-j+k and B=i+j+2k J(H.W.) ?

Solution: a)
Lok 1 1y. 27 1]. 2 1
AXB = = — k
X _24 ; 1 |3 1|L |—4 1|]+|—4 3|
= —2i — 6j + 10k
Lok 3711 —4 1|. |—4 3
B = | — _
X A 24 i 1 |1 11 |2 1|j+|2 1|k
=2i 4+ 6§ —10k

Example 21: Find a vector that is perpendicular to both vectors
A=i+j+k and B=i+j (H.W.)?

Equation of Line:

Let L is aline in space through the point p; (x4, y;1, z1) and parallel to
vector v = Ai + Bj + Ck .To find the equation for the line L, if
p(X,y,2) is any point on L then

m = (X — XY — Y1,z _Zl)l

p1P\\v - pip =tv (tisascalar) - /
(x —x,y—y1,Z—2z1) = t(4,B,C) - /

20
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Chapter Three Vectors and Parametric Equations

(x—x,y—vy,z2—21) = (tA,t, B, tC) —
(x—x)=tA,(y—y1) =tB,(z—2) =tC >

(x_xl)—t (y_yl)_t (Z_Z1)_
A7 B 7 C

t -

(x—x1) _ (y—y1) _ (2-2z1) _
===

Line:

t

(Line Equation through the point p; and parall to vector v)

2 1fA,B,C # 0then &=X) = v _ (=)
A B Cc

 If one of A, B, C equal to zero then
e If A=0 then (y;yl) = (Z_Czl) A(x %) = 0.

e 1f B=0 then (’:x) - (Z‘CZ” Ay —y,) = 0.

e If C=0 then (x;xl) = (y;yl) AN(z—z)=0.

¢ To find parametric equations.for the line, if t is a parameter then
(x — x1) _ v —y1) b, (z—2z) _

t —»
A B C
X —X
(Tl)zte(x—xl)=tA—>x=At+x1
¥=t—>(y—3’1)=t3—> y=Bt+y
Z=7z
( C 1)=t—>(z—zl)=tC—> z=Ct+ 2z,

x=At+ x4 N y=Bt+ y; ANz = Ct + z, (Parametric equations of parameter t)

Example 22: Find the line through the points P(1,2,-1) and
Q(-1,0,1), and find parametric equations ?
Solution:

PQ = (-1-1,0-2,1+1) = (-2,-2,2)
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Chapter Three Vectors and Parametric Equations

(x—xl)_(y—yl)_(z—zl)_)
A B  C
L G- -2 @+
=2 —2 2

The parametric equations are:

x—1) -2 (=+1

2 T 2 T2 Tt

x—1=-2t ox=-2t+1

y—2=-2t py=-2t+2

z+1=2t »z=2t-1

Example 23: Find the line through the point p(3,-4,-1) and parallel to
the vector v =i 4+ j + k, and find parametric equations?
Solution:

(x—xl)_(y—yl)_(z—zl)_)
A B. -~ C
(x-3) +4) (z+1)
b—5o1 =1

The parametric equations-are:

x—3) (W+4) (E+1

= — — >

1 1 1

x—3=t »2x=t+3

y+4=t -oy=t—4

z+1l=t -z=t—-1

Example 24: Find the distance from the point P(0,0,12) to the line
(x=4t, y=-2t, z=2t)?

Solution: v = Ai + Bj + Ck = 4i — 2j + 2k, the line through Q(0,0,0)

PQ = (0-0,0-0,0-12) = (0,0,-12)=-12k
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Chapter Three Vectors and Parametric Equations

. i j  k
PQXv=([0 0 -—12
4 =2 2
_10 =12}, |0 =12|,,10 0
_|—2 2 |l |4 2 |]+|4 —2|k
= —24i — 48;j
_ [P xv| <576+ 2304 +2880
vl Vie+4+4 24
EXxercises:
1. Find the line through the points and find parametric'equations for
these lines:

a. P(-2,0,3) and Q(3,5,-2),
b. P(1,-1,2) and Q(-1,-4,-2),and
c. P(1,2,0) and Q(1,1,-1)?
2. Find the line through
a. The point p(2,1,-2) and parallel to the vector v =i + j + 2k,
and find parametric equations for this line.
b. The point p(2,3,1) and-parallel to the vector v = 3i — 2j + 6k,
and find parametric equations for this line.
3. Find the line through the origin and parallel to the vector
v = 2j + kyand find parametric equations for this line.
4. Find the distance from the point to the line
a..p(0,0,0) ; x=5+3t, y=5+4t, z=-3-5t
b. p(2,1,3) ; x=2+2t, y=1+6t, z=3
¢.” p(-1,4,3) ; x=10+4t, y=-3, z=4t
5. Find the distance from the origin to the line
x-2)_@-1D_(z-2)
3 4 5
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Chapter Three Vectors and Parametric Equations

Equation of Plane:

To find the equation for the plane through the point p, (x4, 1, 2;)
and perpendicular on the vector N (A,B,C) , if p(x,y,z) is any point on
the plane , the vector p;p = (x — x4,y — y1,Z — z,) inside the plane

N-+pp > N.pip=0 >
(A4,B,C).(x —x1,y—Yy1,Z—2z;) =0 -

Plane: A(x —x1) + B(y—y1) +C(z—24) =0
(Plane Equation through the point p; and perpendicular on vector N)
Notes:
1. Alx —x1)+B(y—y1)+C(z—21) =0
Ax — Axy +By — By, + Cz—(Cz; =0
Ax + By + Cz = (Ax; +'Byy+ Czy) —

Ax + By + Cz = DD is scalar) [General Plane Equation perpendicular on
vector NJ

2. Let P; P, betwo planes in space:
PL=Ax+Biy+(Cz=0
P, =A,x+B,y+(,z=0
And Ny = (44, By, C), N = (43, By, C3),
Suchthat P, ~N;and P, -N,
There are two options:
A _B_ G

= PL\\ P, - 1\/1\\]\’2_’142—32—(;2

u Pl‘LPZ_) Nl‘LNZ_) Nl.N2=0_>A1A2+Ble+C1C2=0
3.

e The angle between two planes is an angle between two
vectors Ny, N, perpendicular on planes.
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Chapter Three Vectors and Parametric Equations

N;.N, \

-1 Nl'NZ
cosf = - 0 =cos 00—
N3N IN21 N >2 /
\

e The angle between the line and plane is an angle between
the vector v is parallel to line and the vector N 1’\

perpendicular on plane.
N ‘U.Nz / | \

v _
cos@ =———> 0 =cos 16
|v|.|N| |v].|N2|

Example 25: Find the plane through the point p(0,2,-1)and
perpendicular to the vector N =i + 2j + 2k?

Solution: Plane: A(x —x;) + B(y —y1) + C(z—2,) =0
1(x—0)+2(y—2)+2(z+1) =0
x+2y+2z2-=2=0
x+2y+2z=2

Example 26: Find.the/plane through the points p,(1,1,-1)), p, (2,0,2)
and p5(0,-2,1)?

Solution:
p1p2 =(2-1,0-1;2+1)=(1,-1,3) = i-j+3k
p1ps =(0-1,-2-1,1+1)=(-1,-3,2) = -i-3j+2k

i j ok -1 3. 1 3. 1 -1
N= = = = - ke

=7i—5j— 4k

N-L p1pz and N + p;ps then N L plane of (p1p; , P1P3)

Plane Equation through the point p, and perpendicular on vector N
25
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Plane: A(x —x;) +B(y —y,)+C(z—2,) =0 -
7x—1)-5(y—1)—4(z+1)=0-
7x —5y—4z—-—6=0
7x—5y—4z=6

Example 27: Find the angle between two planes:
Piix+y=1"P;:2x+y—2z =27
Solution: N, = (1,1,0), N, = (2,1,-2)

9 = NiNz _(D@)+OD)+(0)(=2) _ 2+1 1
COSU = NN, Vitito vatitd vz o v2
S f=cos = g =—

V2 4

CH) _ ¥ _ Dy

Example 28: Find the angle between the line

the plane 10x + 2y — 11z = 3?
Solution: v = (2,3,6), N = (10,2,—11)
v.N - (2)(10) + (3)(2) + (6)(—11)
[vI{IN|. V& +9 + 36.V100 + 4 + 121
=20+6—66= —40 =_40=—038
V494225 (7)(15) 105 '
- 0 = cos~1(—0.38)
Example29: Find the distance from the point p(2,-3,4) to the plane
X+2y+22=137
Solution: N = (1,2,2),
Let L is a line through p and parallel to N

The line equation is:
(x=2) _ 043) _ (=)
1 2 2
X=t+2, y=2t -3 and z=2t+4
(t+2)+2(2t-3)+2(2t+4)=13 — t+2+41-6+4t+8=13 > 9t + 4 = 13 >

9d=9->t =1

cos @ =
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x=1+2=3, y=2(1)-3=-1, z=2(1)+4=6

Q(3,-1,6), the distance between P and Q is:

d=\(3—2)2+ (=1 +3)2 + (6 — 4)2 =1 + 4 + 4=9=3 unit
Example 30: Find an equation of plane P that pass through the two
points p; (1,0,-1), p»(-1,2,1) and parallel to the line of intersection of
the planes, P;: x+y-2z=0 and P,: 2x-y+3z=07

Solution:
N,(1,1,-2), N,(2,-1,3) ,N; ~P;, N, - P,
i j k
B _ 1 o=2p, 12,1 1
LetV—leNz—é L —32—|_1 S-S+,

=(3-2)i-(3+4)j+(-1-2)k=i-7j-3k
The vector V the line of intersection of the planes P;and P,, V\\P
pip, =(—1-12-014+1) =-2i4 2j + 2k

Lok 2 2. =2 21. =2 2
N — V: — = — k
P12 X 12 _27 _23 |—7 —3|‘ | 1 —3|] +| 1 —7|

=(-6+14)i-(6-2)j+(14-2)k=8i-4j+12k
P:Ax —x))+B(y—y,)+C(z—2;)=0-
8x—1)—-4(y=0)+12(z+1)=0-

8x—8—-4y+122+12=0->8x—4y + 12z =—4
- 2x=y+3z=-1

Exercises:

1. Find the plane through the points
a) p(2,4,5) , p, (1,5,7) and p;(-1,6,8).
b)p.(2,-1,-1) , p, (1,1,-1) and p5(3,2,1).

2. Find the plane through the point p(1,2,-3) and perpendicular to the
vector v =10 —4j + k?

3. Find the angle between two planes:

a)P, =5x+y—-—z=10, P, =x—-2y+3z=-1
byP, =3x—2y+z=3,P,=2x+y—22=6
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4. Find the distance from the point to the plane
a. (0,1,1); 4y + 3z =—-12.2
b. (0,0,0); 3x + 2y + 6z = 6,
c. (1,0,-1); -4x+y +z =4,
d. (0,-1,0); 2x + y + 2z = 4,
e. (2,2,3);2x +y + 2z = 4.
5. Find intersection point of the line to the plane and find the angle

between the line and the plane:

. (x—1)=(y+1)=£; 3x+2y_2=5
2 -1 3

b.x=1—-t,y=3t,z=1+4+¢t;, 2x —y+ 3z = 6.
C. x=—-1+4+3t,y=-2,z=5t; 2x —3z=17.

6. Find a plane through p; (2,1,-1) and perpendicular the line of
intersection of the planes: P;: 2x + y —z =3 and
Py:x+2y+2z=27

7. Find a plane through the point p; (1,2,3),p, (3,2,1) and
perpendicular to the plane 4x =y 4 2z = 7?

8. Find a plane through the point p, (1,-1,3) and parallel to the plane
3x+y+z=77

9. Find a plane through the point p; (2,4,5) and perpendicular to the
linex =5 +t,y =1+ 3t,z = 4t?

10. Find a plane through the point p; (1,-2,1) perpendicular to the
vector from the origin to p,?

11. Findthe point of intersection lines and find the plane determined
by these lines:

ax=2t+1,y=3t+2,z=4t+3,andx =s+ 2,y = 25 + 4,

a

z=—4s — 1.
b.x=ty=—-t+2,z=t+1l,andx=2s+2,y =5+ 3,
z=>5s+6.
c (x—1) _ (y-2) _ z-3 (x-2) _ (y-3) _ z—4
1 3 1’ 1 4 2
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12. Prove that intersection line of two planes: P;: x + 2y — 2z = 0 and

P,:5x — 2y —z = 0 is parallel to the line (x;rB) = % = Z%l and find

the plane determined by these two lines?
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