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Chapter Two Polar Coordinates

Chapter Two

Polar Coordinates

Cartesian Coordinates: any point in the plane can be represented as
a pair of real numbers (x,y).

Polar Coordinates: in the plane fix an origin O (called the pole) and
an initial ray from O. Then each point P can be located by assigning

to it a polar coordinate (r, 8) in which r gives the directed distance
from O to P and 6 gives the directed angle from the initial ray to ray

OP.
So r is positive when measured on ray and negative when going

backward (opposite direction) but 6 is positive when measured
counterclockwise.and negative when measured clockwise.

Polar Coordinates are not unique, for example, (2, 7—”) =(-2,9)
6 6

-11m

6)'

and (2, g) =(2,




Chapter Two Polar Coordinates

Example 1: Plot the following points?

pl(zlg )’ p2('2’§ )l p3(2’_TTE )! p4('21_Tn )1 p5(21§ )1 p6('21§ )1 p7(210);
p8('2’0 )

The Relation between Cartesian Coordinate (x,y) and
Polar Coordinate (r, 8): /

X
- = cosf - x = rcos@

% = sinf - y = rsin@

x2+y2 =712 s1r=4/x2+ y?

rsinf sin@
SPAR Y tand =25 0 = tan12
rcos@ x cosf x X X

Example 2: converting the following Cartesian coordinate
to polar coordinate: a)x? + y? — 6x = 0,

b)x*+ (y—3)=0(H.W.)?
Solution: a) x = rcosf,y = rsinf
(rcos@)? + (rsinf)? — 6rcosd = 0

r2(cos?0 + sin?0) — 6rcosd = 0
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Chapter Two Polar Coordinates

r? —6rcosd =0

r = 6C0s0

Example 3: Plot and transfer the points
122 (—2,%) and p, (2,%) (H.W.)

to Cartesian coordinate?

Solution: x = rcosf — x = —2cos_—6n = —2(?) =—/3

y =rsinf -y = —2sin— = 2sin~ = 2(%) =1
4 (-2,_—:) - p(=V3,1)

Example 4: Plot and transfer the
points p; (1,1), p, (=1, —V/3)(H.W.) to polar coordinate?

Solution: x2 +y2 =r2>1+1=7r% > /

2=125r=+2

s
9=tan_1%—>9=tan‘11—>1=tan9—>9=Z

Example 5: Find-Cartesian equation to polar equation

a) rcos (9 — %) = 3,[b) % = 2rcosB,c) r* = 2sin26]. (H.W.)

Solution: a)rcos (0 — g) =3- r(cochosg + sinf sin g) =3-
%rcos@ +§rsin9 =3- %x+§y =3->5x+V3y=6
Example 6: Find intersection points of the following two curves (a
constant): ) r=a(1+cos 0 ), r=a(1-sin )

Solution: a(1+cos 6 )= a(1-sin 9)



Chapter Two Polar Coordinates

sin@

1+cos @ = 1-sin 8 — 5= —1 ->tanf = -1

cos

0 T, §=135°
= —__ - =
7%

T
6=2m—7~ 0=315°

r=a(1+cos 135°) » r =

|
Q
—~
—_
|
il
~—

r=a(l+cos 315°)—>r=a (1 + —),

(a(1- 715) ,135%),(a (1 + %) ,315°).
Note:

1- If r=0 for any value of 6 then (0, @) is the origin point.

2- If r=a (a is a constant) for all value of 8then these points are
represented a circle of centre (0,0) and radius a.

3- 6=A (A is an angle) for all value of r the these points are
represented a line through origin point.

Exercises: 1- Plot and converting the following points to Cartesian
coordinates:

a.(3,2),b.(:3,9),¢.(3,5),d.(-3,5)

2-Graph the locus of point p(r, 8) Whose polar coordinate
satisfy the given equation inequality or inequalities.

a) r=2,b) r>2, ¢) r<2, d)1<r<2,e) 0 < 6 < 30°r = 0,

)0 =120°r<-2,0)0=60°1<r<3,

h) 8 = 495°,r > —1.

3- Graph the loci:

a) rcos 8 =2, b) rsin 8 =-1, c¢) rcos(@ - 60°)=3, e) rcos(30° - §)=0.
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4-Show that (-2, %”) is on the curve r = 2sin26 and (%, 37”) IS

on the curve r= -sin(%).

5-Show that these equations represent the same curve:

r=cos 8 +1,r=-cos 6 -1.

6- Find some intersections of the following curves (a constant):
a) r=a(1+cos 8 ), r=a(1-cos #) b)r=a(1l+sin ), r=2acosb

Draw Curve in Polar Coordinate:
F(@)=r or F(r,0) =0

e Symmetry about the x-axis (polar axis)
F(r,0) =F(r,—0)or F(r,0) = F(-r,mTt —0)
For example, r =3cosf = 3cos(—6)
e Symmetry about the origin
F(r,0) =F(-r,0)orF(r,0) =F(r,m+ 0)
For example, % =3cos8, - (—7)? = 3 cos 8

e Symmetry-about the y-axis
F(r;0)y=F(r,t—0)orF(r,0) = F(—r,—0)
For example,r = 3sinf = 3sin(m — 0)

Example 7: Discuss and sketch the following curves:
Dr =a(1 — cosh),2)r = a(l — sind),

3)r? = 2a”co0s20 ,4) r = asin26,5) r = sin30,
6)r=60,and 7) r = —6.

Solution: 1) Cardioid curve

e 05606 <2

e F(r,0)=F(r, —6) y
6




Chapter Two

(Symmetry about the polar axis)

o —1<c0s80<1->0<L1—-cosf<2->
0<a(l—-cosf)<2a—->0<r<2a

¢ Intersection points

f6=0-r=0 (0,0)
T T
If9—5—>r—a (a,;)
3T 3w
If9—7—>r—a (a,;)
If 0=nm->r=2a (2a,m)

d ) d )
o &L= asind —» L > 0 when sin > 0
ao do

Polar Coordinates

(sinf > 0 in the interval [0,1]) — increases when 6 € [0, ]

P, P, Ps Py Ps
7] 30° 60° 90° 120° |/ 150°
r 0.15a | 0.5a a 1.5a. [ 1.85a

2) Cardioid curve

e 00 <2nm

o —1<sinf<1-5051-5sinf<2-0<a(l-sinf) <

2a > 0<r <2a
e a(l—sin(mr—0)=a(l—sinb)
F(r,0) = F(r,m — 0)(Symmetry about the y — axis)
e /Intersection points

fo=0-r=a (a,0)
If9=g—>r=0 (0,%)
fo="5r=2a (20,2
f0=m->r=a (a,m)

o 2—2=—ac050—>2—2§0whenc05020

(cos@ > 0 in the interval [%n,g]) — decreases when 0 € [_—n,

7
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P, P, Ps P, Ps
30° 45° 60° | —30° | —45°
0b5a | 0.3a | 0.1a | 15a | 1l.7a
3) Lemniscate Curve
e f<2p<i s T<cpg<t
2 2 4 4

o —2a% <r? < 2a?
e F(r,0) =F(r,—0),F(r,0) =F(-r,0),F(r,8) =F(-r,—0)
(Symmetry about the polar axis, y-axis and origin)
e Intersection points
If 6= 0->7r=+v2a (V2a,0)
If 6= m>r=—/2a (—\/fa,n)

o 2r¥ — _4a25in20 —
o

dr —2a?
de
dr

0 < 0 when'sin26 >0
T

020 <m-0=0 < % — decreases when 8 € |0, Z]

sin26

P

P2

30°

45°

+a

0

4) Rose curve

e 050 <2m
e —a<r=<a
o F(r,0) = F(r,m — 0)(Symmetry about the y- axis)

e Intersection points
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f 0=0-r=0 (0,0)
VA T

|f9—5—>7‘—0 (O'E)
31T 3

If9—7—>r—0 (0,7)

fOo=m>r=0 (0, )

o I _ 2acos26 — ar > 0 when cos260 = 0
de de

(cosZQ > 0in the interval%n <20 < g) — increases when 0 € [_Tn,z]

4
P, P, Ps P,
6 30° 45° -30° -45°
r 0.86a a -0.86a -a

5) Rose curve

e 0<60<2m

e —1<r<1

e F(r,0) =F(r/m=06)
(Symmetry-about the y- axis)

e Intersection points

f6=0-r=0 (0,0)
T T

|f9—5—>7"——1 (—1,5)
3w 3

|f8—7—>1"—0 (1,7)

fO=nm->7r=0 (0, )

o« L 3cos360 — ar > 0 when cos36 = 0
do e
(COSBH > 0in the interval_?n <30 < g) —

. - T
increases when 6 € [?,g]
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P, P>
0 30° -30°
r 1 -1

6) Spiral curve

e 060 < 2m

e 0<r<2r->0<r<6(m=314)

e No Symmetry

Polar Coordinates

e Intersection points

f0=0->r=0 (0,0)
fo=>->r=15 (15,2) r
6 =2"5r =45 (45,5 )
If 0= nm->r=314 (3.14, ) /

o % =1- % >0 </increases when 6 € [0,2m]

P: P, P3
0 30° 45° 60°
r 052 | 0.78 | 1.04

7) Spiralcurve

o 2<O0<0

o 0<r<2r->0<r<6(m=314)

no Symmetry
Intersection points
If 6=0-r=0

If 6 = _7” ->r=15
10 === 571 =45

If 6 = —m->r=314

(0,0)

(1.5~
(45,7

(3.14,—m)
10
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Polar Coordinates

- Z—; < 0 - decreases when 6 € [—2m, 0]

dr
[ J E = —1
P1 P2 Ps
0 -30° | —45° | -60°
r 052 | 0.78 | 1.04

Note:

The curves in polar coordinates as follows:

» Cardioid Curves

r=a + bcos@ or r=a + bsinf

» Rose Curves

r=asin(n@) or r=acos(nf)

o If n=1 then the curve’is a circle.

o If nisan odd numberthenthe number of leaves equal n.
o If nisan even numper then the number of leaves equal 2n.

> Lemniscate Curves

r2 = cos260 orr? = sin26

» Spiral’ Curves

r=aé

Exercises: Discuss and sketch the following curves:

1) r=a(l+sinh), 2)r =a(l+ cosh), 3)r = acos26
4)r = a(1 + 2sinf), 5)r = a(1 + 2cos0), 6) r = a(2 + sinb)
Nr = a2+ cosB), 8)r? = 2a?sin26, 9)r = sin28,

10) r2 = sin260,11) r? = cos20and 12) r = cos36

11
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Example 8: Find the points on the following curve:
r=a(l+ cosB)

Solution:
a- If the tangent is parallel to x-axis

dy_
dx

y=rsin8 — y = a(1 + cos 0)sinb

0

ay_

. d
—-=acos 0 + acos?0 — asin?6 — %zacos 6.+ acos20

x=rcos 8 — x = a(1 + cos 6)cos0O

Z—z:-asin 6 + 2acosf(—sinf) — Z—z:-asin 0 — asin20

dy
o .

dx/d‘9 dx

acosf + acos26 ( dy

—asinf — asin26 - dx

acosf + acos26

—asinf.— asin26 -

Q|+

acosf + acos26 = 0]

cosO + cos20 =0

cosO + 2cos*0—1=0
2c05%0 + cosd —1 =0
(2cosf —1)(cos8 +1)=0

2co0s80 —1=0 orcos6+1=0
12
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1
cosf = E or cosf = —1

0 =60°,—60° orf =m
r=a(1l+cos 60°) or r=a(l+cos )
r:a(1+%) or r=a(1-1)

r=>a orr=0
2

Ca, F60°), (0,m)
b- If the tangent is parallel to y-axis (H.W.)

Example 9: Sketch and find intersection points for the following pair
of curves: 1. r = a(1l + cosB),r = 3acosd ,and
2. =14 cos0),r? = 4cosf (H.W.)
Solution: intersection points for two curves
a(l + cosf) = 3acosf ]|+~ a
1.+ cosO = 3cosb

2cosf =1

9—1

coS =3

6 =TFo

-3

T 3a

Ifo =— —>r=a(1+cos§)—>r=

3 2

Ifo==X% —>r=a(1+cos_—n)—>r=3—a
3 3 2

3a 1w 3a T

G G 3

r = 3acosf (Symmetry about the x-r axis)

e 0506 <2nm

13
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e —3a<r<3a
e Intersection points

If 6 =0->r=3a (3a,0)
If 6 =m->r=-3a (—3a,m)
A YA
|f9—5—>7‘—0 (O'E)
3n 3
fo=257r=0 (0.3)
. Z—; = —3asinf - Z—; < 0 when sinf > 0 — decreases when 6 € [0, ]
Py P, Ps P, Ps Ps
0 30° 45° 60° | 120° | 150°/170°
r 25a | 2J1a | 1.5a | -1.5a |-25a [-2.9a

The Polar Equation for Line:
Let a be the length of perpendicular line from pole (origin) to line L

and a be an angle between perpendicular line and x-axis. To find the
equation of L when P(r, 8) & Q(a, «) be two points on L.

AOQP,< POQ=6 — a

cos(f — a) = cos(< POQ) - rcos(0 —a) = a

Example 10: Sketch the following straight line

a)rcos(@—%) =3,b)rcos(9 +%) =2

Solution: a) Q(3, g) —>a= %,a =3

14
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b) Q(2,— %)—>a=—%,a=2

e

Special cases of Polar Equation for Line

1) If the line L is parallel to y-axis

a=m or a=0

Ifa=0 - rcos(0—0)=a — rcosf =a

ifa=m ->rcos(6—m)=a - recos(m—=0) =a—
—1cos0 = a - rcosf = —a
The Polar Equation for Line is parallel to y-axis as follows:

rcosO = +a

2) If the line L"is parallel to x-axis

o _37‘[
a—zoroc— >

T
Ifa =-
2

rcos(f — g) = a — rcos(— (g — 9) =a - rsinf = q, (a, —)

3T
Ifa =—
2

15



Chapter Two Polar Coordinates

3m 3T . 3m
rcos(6 — 7) = a — rcos(— (7 — 9)) = a - rsinf = —a, (a, 7)
The Polar Equation for Line is parallel to x-axis as follows:
rsind = +a

Example 11: Sketch the following straight line:

a)rsinf = 4,rsinf = —4,c)rcosd = 4 and d)rcosd = —4

Solution:

s T
fa=>--a=4, (47)

3 3
Ifa—7—>a— —4, (4,7)

3) If the line L through the origin
The Polar Equation for Line L through'the origin as follows:
0=A

Example 12: Sketch the following straight line: 8 = g ?

tan"' 2= 52 =tant5 =35y =+3x
X 3 X 3 X
T
9=§0ry=\/§x

Polar Equation for the Circle of radius a Centered at
C (b,£°):

P(r, 8) be a point on the circle, AOCP,< POC=6 — B

16
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The polar equation for the circle of radius a centered at C (b,8)

a’ = b? +r* — 2brcos(0 — B)
Notes:
e If the circle’s centre is origin point(b=0)

a? =p%2+71r?2— 2brcos(0 — ) ‘

=rTr

e If the circle passes through the origin.(a=h)
a’? = b% +r? — 2brcos(6 — B)

a’ = a? +r?—2arcos(6 — )] a=b /_\

r? = 2arcos(8 — B)]=+r

r =2acos(0 — B)

Example 13: Sketch a) = 6 ¢cos (9 — %) ,b)r = 4cos(0 + %)
A

Solution: a) 2a=6—'a =3, C (3,7)
4
—-TT /-\ - ]
b) 2a=4— a = 2,C (2'_6 ) U

e [f.the circle passes through the origin(a=b) centered on x-axis

B=0orf=m

If b=a— r = 2acos(8 — B) CX)

If 3 =0—- r =2acos(0 —0) - r = 2acos6 (Equation for circle
through the origin centered C(a,0)on the positive x-axis)

17
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Iff =m— r =2acos(8 —m) > r = —2acos6 (Equation for circle
through the origin centered C(a,r)on the negative x-axis)

r = +2acos6O (Equations of circles pass through the origin centered on x-axis)

Example 14: Sketch 2 = 4a?cos? 6

Solution: r? = 4a%cos? 0 - r = ¥2acosb

e If the circle passes through the origin(a=b) centered-on y-axis

3

ﬁ=gorﬁ=—

2

If b=a— r = 2acos(8 — B)

Ifﬁ=§—> r =2acos(9—§)—> r = 2asinf

(Equation for circle through the origin centered C(a,g)on the positive y-axis)

31T

If,8=7—> r =2acos(9—_7n)—> r = —2asinf

(Equation for circle through the origin centered C(a%")on the negative y-axis)

r = +2asinf

(Equations of circles pass through the origin centered on y-axis)

Example 15: Sketch a) r? = 9cos? 6,b) r? = 4a’sin® 0

Solution: a)7? =9cos? 8 - r = ¥3cosO

b) r?* = 4a?sin® 8 - r = F2asind

18
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Polar Equation for Conic Section if place one focus F
at the Oriqgin point and the Directrix L parallel to y-
axis:

L: X=-k

If P(r, 8) ay point on conic section, by definition of conic section
E —_ e
PQ

PF = ePQ = eP'Q’

PF =e(Q'F+FP)

PF = e(k + rcos0)

r = ek + ercos@

(1 — ecos0) = ek
k
r = L when x=-k or rcosf = —k
1—ecos@

Special Cases:
1) If e=1 then'the Conic Section is Parabola :

k
"= 1— cos@
In some cases:
sin® h =—(1 - cos8) - 2sin? o =1—cosO -
2 2 2
11 ko ok
ZSiTlZ% 1 — cos6 Zsng 1 — cos@

19
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k k .0
r=— or=gcscts
2sin? >
Parabola
The Parabola section with focus (0,0) and I
directrix is parallel to y-axis, x=-k 1-cos6
The Parabola section with focus (0,0) and I
directrix is parallel to y-axis, x=k 1+cosg
The Parabola section with focus (0,0) and o M
directrix is parallel to x-axis, y=-k Ny
The Parabola section with focus (0,0) and [P 4R.
directrix is parallel to x-axis, y=k 1+sind

2) If 0<e<1 then the Conic Section is Ellipse-

If e=2
2
1
2k k
T = =
1—%C089 2 —cos0

The denominator is.always positive because score of cos not more
than 1.

3) If e>1 then the Conic Section is Hyperbola :

Ife=2
2k
1 -—2cos0

Ellipse Hyperbola
The conic section is intersect with | . —__¥ Jo—
negative x-axis, first focus is (0,0) 2-cos0 1-2cos6
and directrix is parallel to y-axis
The conic section is intersect with | . —__¥ Jo—:
positive x-axis, first focus is (0,0) 2+cost 1+2cos8

20
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and directrix is parallel to y-axis

The conic section is intersect with | . —_X Jo—.:
negative y-axis, first focus is (0,0) 2-sin® 1-2sind
and directrix is parallel to x-axis
The conic section is intersect with | . —__X Jo—.:
2+sin6 1+2sin6

positive y-axis, first focus is (0,0)
and directrix is parallel to x-axis

Example 16: Determine the polar equation and sketch the given
curves: 1)x? + y?2 — 2y = 0, and 2) y? = 4ax + 4a*

Solution: 1) r%2 = 2rsinf - r = 2 sin6

2) r%sin%0 = 4arcosf + 4a?
r2(1 — cos?0) = 4arcosO +4a?
r?2 —r2cos?0 = 4arcos. +'4a?
r? = r%c0s%0 + 4arcosf + 4a?

r? = (rcosd + 2a)? > r = F(rcosf + 2a) -

If r = rcos6 + 2a - r(1 — cosf) = 2a /
__za N
"~ 1—cos6

The Parabola section is intersect with negative x-axis, focus (0,0) and
directrix is parallel to y-axis.

x=-k=-2a
T T
0¢O,if9=5—>r=2aor0=7—>r=2a

if0=m->r=a
Or r = —rcosf — 2a - r(—1 — cosb) = 2a
—2a
r_1+COSH

21
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The Parabola section is intersect with positive x-axis, focus (0,0) and
directrix is parallel to y-axis.

x=k=2a

9¢n,if9=§—>r=—2aor9=37n—>r=—2a

if0=0->r=a N
I

Example 17: Determine the Cartesian equation and sketch'the
8

1-2cos6

. > > rsind rcos@
Solution: 1) \/x2 + y? = 2sinfcosO — /x? + y2.=2 — =
2 —92Y X 2 7
Jxe+y —2T.r—> x2 + y? 2\/x2+y \/x2+y2—>
w/x2+y2:2— - (x? +y)2=2xy—>(x + y?2)3 = 4x?y?

2)\/X2+_’y :%z_x—)1/x2+y :1_ 82x -
r [x2+y2

[x2+y2
Jx?+y?—2x=8->/x2+y2-2x-8=0

EXxercises:

following curves: 1) r=sin26, 2)r =

1) Determine the polar equation and sketch the given curves:
a) (x% +vy2)?% + 2ax(x? + y?) — a?y? = 0,
b) xcosa + ysina = b(a and b are constants)
2) Determine the Cartesian equation and sketch the following
curves:
a) r = 4cosf,b) r = 6sinf,c) r = a(l + sinf), and
22
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d) r? = 2a%cos26

3) Sketch the following loci:
a)r=a+acosf, b)r = 2cos(6 + 45°),
c)r=4cscH, d)r = 5sec@,and

e)r =3sin6
4) Find polar equation for each conic sections:

1) e=1, x=2, 2) e=1, y=2, 3) e=5, y=-6, 4) e=2 x=4, 5) e==, x=1,
6) e:% , X=-2,7) e:% , X=-10, and 8) ) ezé , Y=6.
5) Sketch the following:

Dr = - 2)r = © 3)r = 2 4)r = i

14+cos6 '’ " 2+cos6’ ~ 10=5c0s6’ "~ 2-2cos6’
12 8 400
B)r = —. 6)r = — 7)1 = —,
12+3sinf 2—2sinf 16+8sin6

8)r = 3sec(0 — g), 9) r = 4sec(6 + %), 10) r = 4siné,

11)r = =2 co0s 6, 12)r = 8(4 + cosh), 13) r = 8(4 + sinf),

14) 1/(1 — sin@)’ 15) 1/(1 + cos0)’ 16) 2/(1 + 2sinf)’ and

17) 2/(1 + 2cos0)

The Angle v between Radius an Tangent of Curve
AOPQ,p =0+ > =@ —0,r=f(0)

— tany = tan(p — 0)

tang — tanf
tany =

1 + tangptan

23
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dy
o
dx X
tamp = dx x _ do do
142 dy dx dy
x'dx .y 'd6 *dgTVde
X dx/
dae
dy dx
*de 76
. dr . .
= rcos6 (rcos@ + sinf @> — rsinf(—rsind
+ cos &
CcoS T
=r2cos?6 + rcosfsinf Z—; + r2sin%0 — rsinfcosb Z—;
. dx dy ﬂ
Use same way to find Xoty—2=1—
B r? L rde
tany = @ = ﬂ =
"do do
. B rdo
any = I

Example 18: Find vy for the following curve: r = a(1 — cos6)

) dr . de 1
Solution: — = asinf - — = —
de dr asin@

. B rdf
any = I

24
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1 _1-cos® _  2sin? 9/2 _ sine/2

=a(1 — cos#). asind  sin® Zsin‘g/2 .cose/z - 6059/2
. 0 0
= —_ > = —
an > Y >

Length of Arc or Curves
s= length of arc between two points on curve in polar plane

ds (change of arc length)

x=rcos0,y = rsinf
ds? = dx? + dy* N

ds? = (—rsinfdf + cosOdr)? + (rcosfdé-+ sinfdr)?

ds? = r?sin?0d0 — 2rsinfcosOdédr + cos?*0dr? + r?cos?*6d6*?
+ 2rcosOsinfdldr.+ sin?0dr?

=(sin?0 + cos?0)r*df?* + (cos*6 + sin*0)dr?>

=r2d6? + dr?

= r2de? % (Z—Z.d@)z

ds= |r2 + (ﬁ)2 do
de
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Example 19: Find length of the cardioid curve:

r =a(l —cosf) when 0 < 0<2m

Solution:

B B dr\?
.[dS:j r2+<—) dé
o o db
2

2T 2T dT
j ds = f r2 + (—) do
0 0 do

:fozn Ja?(1 — cos8)? + a2sin?0 db

:fozn Va2—2a2cosO + a?cos?0 + a?sin?60do
=a fozn\/Z — 2cos6 df
_ 2T . >0
=\/2a fo V2 SlTLZE do
:Zafznsingd0:4a 7" sin2.2dg
0 2 0 2°2

=4a [—cos g] 2: = 4a [—cos%ﬂ + cos g] = 4a[l+ 1] = 8a

Example 20: Find length of the arc for the following curve:

.50
r = asng when 0 < 0<nm

Solution:

B B dr\ 2
j ds = ] r2 + (—) df
o o do
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2

.[Onds = .[On\/(asmz g)z + (Z;) d6

s . 40 . o0 0
=/ \/azsm4—+ a?sin? - cos?- df
0 2 2 2

.0, . 0 0
:fon\/azsmz—(smz—+ cos?=) do
2 2 2

=a fOnSing df=a f:Sing dO=—2acos g]g = —Za[cosg —cos g]
= —2a[0 — 1]=2a

Example 21: Find length of the arc for the following curve:

r=af?* when 0<6O<m

Solution:
B B dr
ds=f r2+<—) dé
a a do
T T dr 2
as=[" |ctgzr+ (%) a0

Jyas= ), Jcoene+ (G

=["Va20% + 4a%6? do

=["\/a?02(62 + 4) db
2,0y
=a [ 0VO? + 4 do= % [( 2 4+ 4)°2 — 4 3/2]

_Cl 2 43/2 8
=3[ + 972 - g]

Example 22: Find intersection points between following two curves
and find the angle between their two tangents:
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B 1 B 3
"= 1 — cosf 'r_1+6050
Solution:
1 3 3—3cosf =1+ 0 - 2 = 4cos6
= - —_ = - ==
1 — cos@ 1+ cos@ cos cos cos
T
0=—>0=+—
— COoS > - 13
When r=——— 9==C
1-cos@ 3
1 1 1 T
= 1-cosy N 1—%_2%1 =2 @ E)
When r= —— 9 ==
1-cos@ 3
1 1 1 -
r= 1—005%1 - 1—%_22: =21, (2, ?)
_T
tany = dr
do

1
tanl/)l ~ 1—cost9/ —sin6
(1—cos6)?

1 (1—cos6)? 1-cos6
1—-cos@  —sin@  —sinb

| =

_r “2_T1
When 9—3—> tan ;- 5= 7

2

3
— 1+cos@
tanlpz - /35in9

(1+cos6)?

28
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3 (1+co0s6)? 1+cos6
14+cos@  3sinf  sinb

When 9=§—> tan,— ﬁ2=\/§
2

V3+l/

tany, —tanyp; V3

tanl/)=1+tan1,b1 tany, 1—3 1/\/5_

When 6 = —g (HW.)

Example 23: Find intersection points of curve r = a(1 + cos6)
with horizontal tangent.

Solution: ay _ 0
dx

dy
/dH dy
dx =0= a6
/o

0,

y =rsinf - y =.a(1'4+ cosf)sinfd - y = asinf + acosfsinb

d
% = acos@+acosfcosf — asinBsinf = 0

= acosO +acos*0 — asin’*6 =0
=acosO — a[sin*6 — cos?8] =0

= acosf — a[1 — cos?8 — cos?8] =0
= alcosf + 2cos?6 — 1]=0

= a[2c0s%0 + cos8 — 1] =0

= a(cosf + 1)(2cos6 — 1) =0

If cos@+1=0->cosbd=-1-0=m
29
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Or 2cos8 —1 =0 - cosf =

N

-0 =+

e

T T 1 3a ,3a T
When 9=i§—>r=a(1+cos-l_-§)=a(1 +E)_)T_7’(7’i§)

O=nm->r=a(l+cost)=a(l—1)->r=0,(0,m)

The Area of Region in Polar Plane

The area A bounded between the curve r=f£(0) and rays of two
anglesa <0 <pf

T
1 = f(6:)
A; = the area of OPQ
1 1
A =51 D8 =< (f(6,))* 16,

242,

n n
=1 =1

(f(6,))* A6;

N =

A =limugg Xy 3(F(0)2 80'=[0 2 (£(6,))%d6

F1
A =j —r%do
a 2
Example 24: Find the area under the curve r? = 2a%cos26 when
T <ot
4 4
Solution:
T T
2 1 12
A =j —1r2dl = 2.—J c0s20.2a*d0o
-n 2 2 ),

4

=a® [#c0s26.2d6 = a*sin26] né‘* = a* (sin%ﬂ — SinO):azsinzi = a?
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Example 25: Find the area under the curve r = a(1 + cos8) when
0<6<2rm

Solution: A = fozn %rzde = 2.%]: a’. (1 + cos6)*do

=q? fon(l + 2c0s0 + cos?0) db
m 1
=azf [1+ 2cos6 +§(1+C0829)] do
0
[J, 1.d0+2 [ cos6.dO + [ 1.dO + = [ c0s26.2d0]
= 2[0+2 ] 9+10+1 ' 29]”
=a sind + 50 +sin26
— 2 1 1
=a? [ = 0+ 2(0 <0) +5.(7 — 0) +7 (0 - 0)]
=a [TL’-l— n] a?

Note: To find the area between ‘two curves:
r = f,(8),, = £,(0) and a., are angles of intersection points.

A=A, —Al—fﬁ ridf — fﬁ—rlde where « ,
A1
A=j E[r%—ri]ale
a

Example 26: Find the area of the region that lies inside the circle
r = 1 and outside the cardioid r =1 — cos 6

Solution:
A= f_,@zl ~r?]d6=2 [,/2 2[1} — r?]d6
T/y T/,

A= j [1—(1—2cosB + cos?0)]do = f (2 cos @ — cos?6)do

0
31



Chapter Two Polar Coordinates

_ /s 1+cos26 _ ., 0 sin20]7/
=J,%(2cos 6 — ——)df = [ZSlnH - ] /2
T 3.14
= 2 _—— = —_—
4 4
Exercises:

1) Find length of the following curves:

50
> r=asm25 when —r < <0

> r= asin3§ when 0< 0<m

> r =a(1l+ cosf) when0< < 2n
» 1 =62 when0< <5

> r=6(1+cos®) when0< o<
> r=2(1—cos8) WheHESHSn
> r = acos3§ when 0< 95%

2) Find the area inside the curve: r = 4 4+ 2cos6.

3) Find the area.inside the curve: r = 3acos8 and outside the
curve: 7 =.a(1 + cosH).

4) Find the area shared inside by the circles: r = a and r = 2asiné.

5).Find the area of the curve r? = 2a?sin2 .

32



