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Chapter one

The Real Numbers 4ddal)l sasy) -

The sub sets of the real numbers are :-

1) Natural Numbers skl slac¥) : (N)

N={1,2,3,4,..}

2) Integer Numbers dspsaall dlaeV) : (T or Z)
l1=2={...,-3,-2,-1,0,1,2,3,...}

3) Rational Numbers 4l dlacY) : (Q)
Is any number that can be written in the form S , Where p and q

are integerand q # 0
Q={xeR,x:§,p,qu,q¢0}

Notice
That every integer nis also a rational number since we can write it as
the quotient of the %
4) Irrational Numbers :- (Q) Aol lacy)
Are all those real numbers that cannot be written in the form S,

where p and q are Integers
For example :- T, V5 ,V3,V2
V2 =1-41421356,.... 450 dae] il
= 3- 141592,....
Note that :-
e (g L 2 5 Y AR Ao senae

J

DCNCICQCR

QUQ=R




Chapter 1
The rate of change of a function
a) Coordinates for the plane :-

To assign coordinates to points in plane , we start with two number lines
that cross at their zero points at right angles the horizontal line is called
the x- axis p vertical line the y- axis , the point at which the lines cross is
the origin .

- We assign a pair (a, b) of real numbers to each point p in the plane
. the number a from the x- axis is the x- coordinate of p .
The number b from the y- axis is the y- coordinate of p. the pair
(a, b) is the ordered pair .

€ X (] D) P XA
origin point

>

Note :-

1) Every point on the x- axis has y- axis zero& every point on the
y- axis has x- axis zero +
\’

2) The origin point (0,0) l



3) Directions along the axis :- the values of x & y increasing in the
positive direction & decreasing in the negative

Ex) plot the points & in which quadrature the following
Points:-(-3,5),(5,-4),(4,-1)
b) The slope of a straight line :-
Definition :- ( The Increments sl )
When a particle moves from pi(Xy, y1) to pa(X2 , ¥2)
Ax = [ (x, of terminal point)- (x,of initial point)]
Ay = [(y, of terminal point) — (y; of initial point)]
Thatis Ax=x;—X; & Ay =y, -y,
Ax is called delta x & Ay deltay

Ex) If a particle moves from A(1,-2) to B (6,7) find Ax & Ay or (find the
Increments of them )

Sol:- A (1,-2) Initial point & B (6,7) terminal point
Ax = 6-1=5
Ay =7-(-2)=9

EX) If particale start at A(-2,3) fits coordinates receive increments Ax=5,
Ay= -6 what will be its new position ?

Sol:- A (-2,3) & B (?,?) , Ax=5 & Ay= -6

AX = Xy — X = 5=X+2 & Ay = YY1 = -6 = ¥, -3 =X,=5-2 & y,=-6+3=
X2:3& Yo = -3

B(3,-3) terminal point

EX) A particle moves along the parabola y=x, from the point A(1,1) to the
point B(x,y) show that j—i =x+1if Ax#07?

Sol:-Ay =y, —y1 &Ax=x—X;



Ay =y,-Y;

Ay = y-1 | &Ax=x—X;=> AAq =x-1

Ay _y—-1 _x2-1 _ (x-1D<F1) _
Ax T x—1 x—1 (x-1) =x+1
/
Note :- The increment Ax & Ay can be any real number , may be positive
, Negative or zero .

Definition :- (the distance (d) between two points )

P1 (Xl , yl) & P2 (xg , yg) is defined by -
d= /(4 %)2 + (4y)2=/(x 2 —x 1)2 + (y2 — y1)2

Ex ) particle starts from p1 (-1,2) and travels in a straight line to the point
P2(2,-2) find the distance between p; & p;

Sol:-

AX = X=X = AX = 2- (-1) = Ax=| 3

Ay =y,-y1= Ay =-2-2 = Ay =|-4

d= /(4 )2+ (4y)2=+/(3)2 + (-4)2 =9+ 16 = V25
e

the slope Jad)

Let L be a straight line which is not parallel to the y-axis . Let p; (><1, Y1)
& p,(%,,y,) be any two distinct points on L then we call Ay = y,-y; the rise
& Ax = X,-%; the run along L from p; to p, . we define the slope of L as
the rate of rise per unit of run :-

S|ope = rise Ay _y27yl

run AX  XxX2-—Xx1 -

_ A4y _y2-y1
T Ax x2-x1




Note :-

1) Angle of inclination are measured counter clockwise from the
X-axis

2) The relationship between the slope m of a non-vertical line and
the lines angle of inclination & is shown m=tan &

3) The slope of a non vertical line is tangent of its angle on inclination

sin®©

s0s©

4) Lines are perpendicular <> m L = _;1 Jaall o slae = 3 ganll Jae

5) Two parallel lines having equal slops that is m; = tan &;, m,=tan
O, =My =My daall (i L 4 ) siall ilagdinsal)

6) TheslopeofLy=m; & Ly=m,ifLiLL, <> mm, =1 laila )i

M:j—z:tanez

x14+%2 y1+y2)
)

7) The rule of midpoint p= (

Examples :-

Ex1) plot the given points A (-2,-1),B (1, -2) & find the slope of the
straight line determined by them & find a perpendicular line?

2-y1 _ -2+1 -1
Sol :-m=X— =" -_
— xX2—x1 1+2 3

Per,mJ_z_—1= =3
m

1
w|r—\|»—x

Ex2) Let p1(2,-1) & p2(-6,3)find the m & m L & find the midpoint of the
segment p; p2 ?

Ex3) Let p; (1,-1) & p, (2,1) on the line straight L; , & p3 (-2, 0) & p4 (0,4)
on the line straight L,, determined the straights lines parallel or vertical ?

. _1+1 _ _4-0 _ _
ﬂ.-ml—z —2,m2—m—2$m1—m2
& L1I\\ L2



C) Equations of a straight line :-

We can write an equation for a non-vertical straight line L if we know its
slope m and the coordinates of one p; (x4,y;) on it If p(x,y) is any other
point on L, then we can use the two points p; & p to compute the slopes

M= 222 = yeyy = m (x-y)
Ory=ytm (x-x,)
The equationy = y; + m (x-x%) .....(1) is the ( point — slope equation)
of the line that passes through the point p; (%<1,y1) and has slope.
adalss (10 Adadi g alia ale 1) adiiie Aalas
Ex) write an equation for the line through the point (2,3) with slope _?3 ?

Sol :-

Y:y1+m(x-xl)zy:S-g(x-2)=>y:3-§x+3 =>y:6-§><.

A line through two points A(*1,y1) w}
M= 2222 () |
x2—x1 """

y2-y2
X2—X1

Okl (e (A aniiiee Aalas

From (1) &(2) = y=y; +

(x-%1)

The equation y = m x +b is called the slope — intercept equation of the
line with slope m and y — intercept b

YJ}AACM4AL%Léﬂ\9);M}¢¥AMYJ§ﬁﬁMA&hhA
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the equation Ax + By = ¢ (A and B not both 0) is called the general
equation in x and y because it graph always represents a line and every
line has an equation in this form (including lines with undefined slope) .

m=—
B

Examples :-
Ex1) Finding the slope and b intercept of the line 8% + 5y = 20
Sol : solve the equation for y to put it in slope — intercept form
Y=m % +b

8x +5y=20=5y=-8x +20 = y="—"x+4
The slopeism = _?8 , they —interceptisb=4&A=8,B=5,c=20
Ex2) write an equation for the line that passes through the point (2,3)
with slope _73
Sol:y-yl=m(x-x1) = y-3=—=(x-2) = y=—>x +3+3
=>y=_73><+6 = 2y=-3x+12=2y+3x =12
A=3pB=2¢pc=12
Ex3) find the slope of the line 2x + 3y =5
So_': m= A = -2

B 3
Note :- the distance d from the point p1 (x<4,y;) to the

. A _ | Ax1+Byl+c| .. e L as
line Ax +By+c=0is d_WW}muﬁuw\



Ex) find the distance from the points D(-1,0), E(1,1) , and f(-3,5) to the
lineL:2x+3y-5=0

Sol :-
dD — |2(—1)+3(0)—5| - 7
V22 432 V13
_l2()+3(1)-5| _ 0 _
== 7z 0
gF = 12C)+3G)-s] _ 4
V2Z 132 Vi3
The functions ad) Al

The function Let A and B be two non — empty sets , the — relation that
assigns to every element x € A, with aunique value y € B is called a
functions

FFA-B,vxeA,3!'lyeB!>f(x)=y

Note :- A B
A= Domain = Dy, B = co- domain = Go — Dy ®_)©
*) the set of all images f(x) =y, V x € Df

Is called the Range of f= Ry x—>f - f(y)
Ri={f(x) =y, x€ D¢} iant ouAput
Or={y,y=f(x),V x € Df}

Ex(1) Fis not function Ex(2) fis a function

A B A B

X a a > 1
/1

¢ SN b >< 2

Z > C C/ N 3

w d d 4




Sincef(x)=aandf(x)=b Rangef={1,3,4}
Ex(3)
A B

’.’

F is not function

Since o< € A and « has not image
Ex (4)

Linear function y=x y y#x

Y=f(x)=x ,f:R—R

Df = R={ X€R,-0c0 < X < o0} <« (0,0 -

Rf=R={y€R, ,-00 <y < oo}

Is function v
Ex (5)

Y= f(x)= X y »y=x*

DFR
R=R+={yeR:y=>0} x<0 \ x>0 X

- {yeR, 0< oo} <« ->

=[0, 0] ‘i’
Is function
Ex (6) y

y*=x , not function yAFx

:W:&:}lyl:&ﬁy:?& < >

v xeDf, 3 F +/- two image , for every x not function .

10



But if y

y_{ VX function yl =YX
—/x function y2

X
<€ >
Ve
Ex(7)
2y+3x=5
2y=5-3x= y= 5_% function
Ex(8)
Y-9
X

y=2x function

Absolute values :-

Definition :- The absolute value of a real number x is denoted by |<| and
is defined by the formula

|X|: \/EZ y=-x X
X x>0

IXI: 0 x=0 (O,
— X x< (0

For example :-

[-8]=8 191 =9 ,10]=0

The absolute value of x is always either positive or zero , but never
negative .

11



Properties of absolute value :-

Let a, b be two real numbers then :-

1) lal= [al
@) lal=1all
(3) la.b]=|a]. |b]

@ 151=15 b #0

(5) |atb] < |a] + |b] (triangle inequality)

(6) x| =a > x=#a

(N |*x]|<aeo-asx<agp|XxX|<aey-a<x<a
8) |*]|=a« x=aor x<-a

(9) | x| a < x>aor x <-a

Geometrically :- dowaigl) Laldl o

The absolute value of x is the distance from % to zero on the real
number line since distances are always positive or zero , Also

| x-y]= the distance between x and y on the real line

|4-1]% ]1-4] =3

I I 4

3 9)

—

T s
[-31=3101=0 [5]=5

Ex) find the value of x that satisfy the inequality | < |> 3?
Sol:-{x€eR, |x]|> 3} ={ xeR, x>30r x<3}

= (3, ) U (-0,-3) = R\ [-3,3]

Ex) find the solution set for the following inequality | 7-4x|>1
Sol:-{xeR, |7-4x|=1} ={ x€R, 7-4x]|=1or 7-4%x| <1}

={x€eR,-4x>-60r-4x<-8

12



={x€eR, xs%or X=2}
=(-0,2) U (2,®) =R\, 2)

Ex) solving an Equation with absolute values | 2x-3|=7
Sol:- by property | x|=a<>x=+a
2x%-3=7 &  2%-3=-7

2x=10 & 2%x=-4

x=5 &  x=-2

Ex) |5==]< 1

Sol :-

1<5--<1 by (7)
-6<—=<-4 (subtract5)
<_>3>§>2 (multiply by%)

o § <x<2 (take reciprocals)

2

EX) |2-2%]| <7

13



Ex) |*<-1] =6
Sol :-

x-1>6V %x-1<-6
x>7Vx<-5
s=[7,00)V (-0,-5]
H.w.

1) | x| >5

2) | <] +1

3 I51<1

4) |x-4] <2

5) |2x+5]> 4

6) [2x-3|> 1

How to find the Domain and the Range of function

1) The domain of all polynomial or odd root is all real numbers
(Real number , R)
alac Y1 JS Ledlaa i 0,8 Hia ) gl 3 gas Badetie JSE o Alal) cailS 1)
Lagal

Ex(1) f(x) %3 +2x%+3x-5
Df=R,Rf=R

Bx (2)(x) = YX 1
Df=R,Rf=R

Ex(3) f(x)=Vx7 -1
D:=R,R¢=R

Ohall Jaad Al dadall alac W1 JS Lellae (8 a5 3 3l 5 4 )0 Alo A1l il 13

14



2) The domain of even root such as square roots is all real numbers
that the expression under the radical to greater than or equal to
zero

Ex(1) f(x)=vx2—-4
x2-4 > 0= (x-2) (x+2) =0
(X-2)=0A(-x+2) 2 0= X222 A X=-2=[2, 0]

(%-2) SOA(X42) 0= X2 A X<Z-2= [ -00, -2]
Ds (-0, -2) U (2, o) = R\(-2,2)

Ex(2) v2 x —1
2X-1>0 = 2x>1=> x > %
Df=[ , o]

3) Piecewise functions :- A function that is defined by more than one
formula is called a piecewise function such functions are written
using the brace(s) , such as signum function , absolute value
function, ..., etc.

The domain of these function are the restrictions of the functions .

Ex(1) find the domain of | x| y=-X T‘y y=x
X if x> (0
FX)=|x]=5 0 if x=0 x%, x
— X if x<0
Df:R,Rf:|R+:[O,00) \L

Ex(2) f(x)=y=|x+3] findD;

X +3 if X+3>0=>%x>3
|x+3] = 0 if x+3=0=>x%x=3
—(x+3) if x+3<0=x<-3

Df:R,Rf:R+

15



X ifx<-2 , find Df
Ex(3) f(x)= x+1 if —2 <x<1
x2 if x>1

X<-2V-2<x<1vx>1
(-0, -2) U[-2,1] U (1, 00) =R
Df: R

Ex(4) find the domain of

(Ll if x< 2
v=h00={ 3 f s
Dfi=R ,Rf:{-1,3}

4) The domain of Rational function is all not number except the value
of x which make the denominator zero

X

Ex) f(x) =

x2-1

Df =R\ {-1,1}

X

x%2-1

X_1Tr,/1+4y2

= 2

2y#0= y# 0

=x=yx>-y = yx* —x-y =0

y:

1+4y220:y22%1=>y220

YE R
Re= [R\{0}
Ex) y=- x==
D= R\ {0} Re= R\{0}

16

X2-1#20=x%#1
VxZ #1= |x|#1

x=+1



1

B y=— y=—

x— T x-1

Ds =R\ {1} yx-y=1
R = R\ {0} yx=1+y
x=1t¥
- y

5) There are special cases of Rational function
a) | fthe rational function contain a sequare root in the denominator
then domain is all real number the expression under the radical

greater than zero

2—Xx
EX) Vi—x
1-x>0 = 1>x, Df = (-00 ,1)

Y = =yV1 — x=2-X

Y (1-x) = (2X)°

yo- Y2X = 4-4x+X°P
X*- Ax+4-y*+xy*=0
X“H(-44Y") x+(4-y*)=0

a=l, b=y+y? | c=4-y? , x=-pF Lt

2a

_=(4+y2)F/(-4+y?)2-4(1) (4-y2)

X 2(1)

_ 4-y2F,/16-8y2+y4—16+4y2
- 2

_4-y2+,/y4—4y2
2

y-4y’> 0= y* (y*-4) = 0

Yy >0AY 4> 0= y?>0Ay*>4
= YERA|y|=2

~Ri=[2,0) U (-0,-2] =>yE RAYy=2VYy<-20rR\(-2,2)

17



6) | fthe rational function contain odd root in the denominator then
domain is all real number except the value of x which make the
denominator zero .

3 (x+1
x—2

y=" /% ., DFR\{2}

y=" /g =y =2 = (x-2) y’axtl

xy>-2y3-x-1=0

Ex) f(x)=

(y*-1)x=2y*+1

2y3+1
SX= Y
y3—-1

V2 -1#0= Y #1= y#1
Ri=R\{1}
Exercises

Find the Domains and Ranges for the following functions :-

1

(1) y=f(=—

X*+1#0= X?2-1 , DR

+3

1
x2+1

yzleJr1 +3=y-3=
(y-3) (x*+1) =1
yXA+y-3x-3=1
(y-3) x*+y-3=1

(y-3)x*=4-y

18



X=F [
y—3

y-4>0 A y-3>0 VvV 4y<0 A y-3<0

y<4 Ay>3  Vy=>4 Ay<3

3<y <4
L ) [
3 4 3 4
(3,4] % @ =(34]
= Re=(3,4]
Homework

Find the Domains and Rangers for the following functions

(1) f(x)= \/i—iz

(2) y=fx)= 22
ol 7. o

x+1

@)y=f)= 2

Graphs of functions :- 4V aw

A nother way to visualize a function is its graph If f is a function with
domain D, its graph . consists of the points in the cartesian plane whose
coordinates are the input — output pair for f In set notation , the graph is

{()f(x) | xeD}
Quick Graphing :- A pd) )

A quick way to graph an equation by three steps :-

(1) find the x- intercept by setting y=0
(2) find the y- intercept by setting x=0
(3) plot the intercepts and draw the line

19



Ex) sketch the function by using the table ?

f(X)=x,12
Sol:-
(1) Let y=0

Yy-f(X)=x+2 => x+2=0 = x=-2 = < -2

(2) Let x=0
y=0+2 =y=2 = (0

2)

B)X=-1 =>y=1 = (-1,1)

y=-1= x=-3 = (-3,-1)

EX) y=f(x) = x°

Sol :- y=x’= if y=0 = x=0

y=l= x2=1 =x=F1 =(11),(-1,1)

x=1=y=1=(1,1)
X=2 = y=4 = (2,4)

x=-1=y=1=(-1,1)

~—
N
(=)
<

(0,0) origin point

X

-2

-1

N W

y=x2

4

1

L Ne)

20
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Ex) y=f(x)=x

Sol:-ifx=0=1y=0 (00) x|y
If y=0= x=0 (0,0) 111
x=1=y=1 (1,1) 0|0
x=2 =y=2 (2,2) 1 |1
x=-1=y=-1 (-1,-1) 2|2

Note :- we must calculate the domain and the range before Sketch .

If the function a straight line we must determine the intercept point and
joint it if not we take other point but the point must be in the domain of
the function .

There are a number of important types of functions , we identify and
briefly summarize them here .

Linear functions :-

A function of the forn] f(x) = mx+b|, for constants mand b, is called a-
Linear functions .

Figure 1 shows an array of lines f(x) = mx where b=0, so these lines
pass through the origin constant functions result when the slope m=0

Figure 2

y=-X m=\1

Constant

Function has m=
Fig (1) Fig (2)

21




Power functions:-

A function f(x)=x*, where a is a constant , is called a power function —
there are several important cases to consider

a) a=n, aappositive integer

% LFL ~ ol
Ve alvendin.

/ Graphs of f(x) =x", n =1,2,3,4,5 defined

/ For -oc0o <x< o

b) a=-1ora=-2

the graphs of the functions f(x)=x'1:§ and g(x)= x*= x—lz are defined for all
x#0

1 1
Y= Y=,

X2 \
\ /
wo Domj| xz0

Range , y#0 Rar :y> 0

H.w

Sketch the following

1) y=vx ,y=x> ,y=¥x ,y=r= D@R,R=R"

1-x

22



4) y=X
B) y=vx' 4~
Odd function A function f(x) is called odd function if f(-x)=-f(x),

for every x in the functions domain

Ex) Let f(x)=x" y /

F(-X)=(-X)°=-x3=-f(x) X >

=~ fis odd function /

Even function A function f(x) is called even function if f(-x)=f(x) for
every x in the functions domain

Ex) Let f(x)=x? (
f(-x)= (-x)* =x"= f(x) < / x—>

fis even function

Ex) Recognizing Even and functions

Rcmartc :-

(1) The graph of an even function is asymmetric about the y-axis ,
appoint (x,y) lies on the graph if and only if the point (-x,y) lies on
the graph .

(2) The graph of an odd function is symmetric about the origin
appoint (x,y) lies on the graph if and only if the point (-x,-y) lies on
the graph .

23



The composition of functions 4 sl J) sl

Let f and g be two functions such that g(x)€ D; and x €Dy, then there
exist a function f,g which is defined as the following :-

(F,0)00 = f(9)and Domgog = {x :x€ Dom, A g% € Domy}

f

O m
Tog T

(1)R, € D

(2) (f9)0y=(90)
(3) D fog(x)= {x ,x&€ DyA g(X) € Dx}

Also , we define go f as :-

9of(X)= g(f(x))

Dom (gof) = { x=f(x)= € Domg A x€ Dom f}

In general the composition is not commutative fog # gof
Ex(1) Let f(x) =vx, g(x),, x *, then find f,g , gof ?
Sol :- f(x) =vx , Df=R" [0, o)

y=vx =y*=x=R=R"=[0, o)

y(x)=x"+1, D,=R

y=y(X)=xC+1= y=xC+1l=x=y-1 = x=F, [y — 1
y-1>0 = y=>1,R;=[1, )

Now to find fog is Ry & Ds?

[1, 00)< [0, o)

~fog is exist

(fog) ()= f(g")=y/g(x) =Vx2 + 1

24



(fo0)(x)= Va2 + 1

D tog= {X: XED4AQ(X) EDy}

={x= Xx€ RAX*+1 € R"}

={x: xe RAXeR} =R

But X’+1>0 =x*>-1 =x°>0= x€ R
To find gof is REDy?

R'CR= . g.fexist

(90N ()=9(f(a)=( Vx)*+1=x+1
(9of)(x)=x+1

D gof= {x: x€ DAf(x) €Dy}

={x: XER'A Vx €R}

={x: XER'A x€R'}-R*

x=>0=> x€R’

EX(2) let f(x)= V& — 4, g()= 2 then find fog , gof
f(x) =vVx — 4

X-4>0=x=>4, D[4, o0)

y=vVx — 4, y*= x-4=> x=y*+4=R=R"
0=

3-x#0=x#3: D;=R\{3}

yzg = X+1 = y(3-X) =x+1=3y=xy

— _3y-1
x+xy—3y-1=>x——1+y

25



1+yz0=y#-1, R;= R\{-1}
Now , to find fog , is RgEDy?
R\{-1} € [4, o)

~fog is not exist
Now , to= find gof is R €Dg
R'ZR\{3}

~gof is not exist
Homework:-

Find fog , gof to each of the following functions

D F=Ix] 9= -x
(2) If f(t) = t* find g ,h such that (f,g)(x)=(f,h)(X)=x*-10x+25

26



Limits :

Definition : Let f(x) be defined on an open interval about x, , except
possibly at x, itself If f(x) gets arbitrarily close to L for all x sufficiently
close to xo , we say that f approaches the Limit L as x approaches x, , and
we write .

Lim f(x) = L
X—Xo

which is read "the Limit of f(x) as x approaches xois L ", let f(x) be a
function , we said that the limit of f(x) is L when x tend to X, , OR f(x)=L

X=>Xo

Ex: Let y=f(x) = x*+ 3, what happen when x —2

X 3 |25 |23 |21 |2.01 |2.001|2.0001 |Atthe right

F(x) | 12]9.25|8.24 | 7.41| 7.040 | 7.004 | 7.0004

X 1 112 |14 |15 |19 199 |1.999 |Attheleft

F(X) |4 |4.44]4.96|525/598 |6.96 |6.999

@‘V(Z,?)
—> < S

2

L*= lim(x*+3)=7 D=R
X—'2
L™ =lim(x*+3)=7

X—2




L=lim(x*+3)=7  limit exist
X—2
F(2)=(2)*+3=7 function exist
The limit of f(x) as x approaches xo from the right is :
L*=lim f(x) A —

X—Xo Xo
say that f(x) has right — hand limit L+

The limit of f(x) as x approaches x, from the left s :

L=limf(x) = s

X—X- Xo
say that f(x) has left — hand limit L-

function f(x) has a limit as approaches x, if and only f it has left — hand
and right hand limits there and these one —sided limit are equat .

lim f(x)=L < lim f(x)=Land lim f(x)=L
0 x—x0—

X—X x—x0+

The approaches of finding limit :- 4l oy s
To find limit we use some laws of limit

1) For any polynomial p(x) and any real number a, then
lim p(x) = p(a) , where polynomial is
Xx—a

P(X)=cnX"+Cp X" ... +Cx+CO
Ex: finding limits of f(x)=x*+x+5 when x is approach n

L=lim (x*x+s)=1+1+5=7

x—1

F(X)—7 when x—1



2) Quotient

(a) The limit of a quotient of two functions is the quotient of the
limits only when both limits exist and the limit in the denominator
IS not zero :

Ex: finding the limit of the function x3x_2 ;4 when x is approach 3?

. x2-5x+4_lim(x3-5x+4)
lim —
x—3 x2%2-2 limx2-2

_limx3-5limx+lim4_ 33-5x3+4 _ 16
lim x2—lim 2 32-2 7

In this example we substitute in the limiting value of x

(b) Now in any case where the limits of both the numerator and
denominator are o, we should try to algebraically simplify the
expression to get cancellation .

. .. |
Ex: Finding alimit  lim
x—1 1—-x
) 21 limx?-1
Sol : lim = Tz
- x—1 1—x lim1—x

the limit in the denominator is zero can resolve this problem by
factoring

@c/(x+1)
llmx_’l -x _9!@1 =ke=T) 9!—»1 o2
Vx+2-/2

Ex: finding a limit  lim
X—0 X

Sol: notice that both the numerator (v/x + 2 — +/2) and the

denominator (x) approach o as x approaches o, we solve by rationalize

Vxt2—vV2_ (Vx+2-V2)(Vx+2+v2) _ x+2-2
x(Vx+2+v2) x(\/x+ +V2)

the numerator

x _ 1

=% (Vx+2+v2) (Vx+z+v2)




Now
xX—0 X a X—0 (\/x+2+\/§)_ \/E+\/§ B 2\/5

(c) The limit of an nth root is the nth root of the limit

Jim Y/ f(x) = ”/ng_f)r}) f(x)="¢

if nis an odd positive integer
or
if nis an even positive integer and £ > o

Ex: Evaluating the limit_ lim V3x2 — 2x
X—

Sol:Ds=R
lim /32 = 2x = i/ lim (3x2 — 2x) = /8
x— x—

3) Find the limit of a function f(x)=v2x — 6 when x if is the function
contain (a) a square root :- in this case we must fine L+&L- and
one of them not exist so the final limit not exist approach 3

Sol : 2x-6 >0 = 2x>6=> x>3

3+
= Df =[3,00) [ <
L

Now , we find L+,L- 3
L+ = lirgz+\/2x —6=V6-6=0 (b) odd root :- in this

X—
L-= lirgz v2x — 6 not exist —> [ case the limit is exist

xXx—3—

3 since the domain is

o L= lin’éx/Zx — 6 not exist all real number

X—

Ex:- Find the limit of function f(x) = —x_zz when x is approach 2

WX-2=>0= x> 2

X-2#0=X#2
. Df=(2, ) 2

A~



Vx—2 1

L: il—% x=2 = 9%—)2 \/_
1
+= =+
L xligl+ Vx=2 «©
L-= xlﬂ? \/: not exist
=lim \/ﬁ not exist

Ex_: find the limit of function f(x) =v2x — 6 when x is approach 5
-

Sol : Df=[3, ») L3
5eDf=[3, o)

L= lin’SL\/Zx—6=\/10—6=\/Z=2
X—

Now , sometimes a function is described by using different for mulas on
different parts of its domain and we illustrate such a function in the next
example .

Ex: Evaluate lim f(x) , where f is defined by

x—0

|:(X):{xz+2C08x+1,f07“x <0
eX —4 forx =0

Sol : since f is defined by different expressions for x <0and forx > 0 ,
we must consider one — sided limits we have

= lim f(x)= lim (xX*+2cos x +1) = 2cos 0+1=3

x—>0— x—0-—

And

L+= lim f(x)= lim (e*-4)=e°-4=1-4=-3

x—0+ x—0+

Since the one —sided limits are different , we have that
lin% f(x) does not exist .
X—



Ex: Evaluate lin'é f(y) , where f is defined by :
y—)

+ 2 >0
Fy) = {yZ yy< 0

Sol : since fis defined by different expressions fory <Oandy >0, we
must consider one —sided limits , we have

L+= lim f(y)= lim (y+2)=0+2=2
y—0+

y—0+

L-= lim f(y)= lim 2=2

y—0- """ y—0-

Since the one —sided limits are equal , we have that lin(l) f(y) exist .
y—)

Ex: Evaluate lin% f(y) , where f is defined in the above Example
y—)

L= lim f(y) = lim y+2 =1+2=3
y—1 y—1

Note : The limit value does not depend on how the function is defined at
Xo



The limit Laws :

The next theorem tells how to calculate limits of functions
Theorem (1) limit laws

If L, M, and k are real numbers and lim f(x)=Land lim g(x)=M, then

X—X0 X—X0

(1) SumRule : xl_l)T)YClo (f(x)*+g(x))=L+M

The limit of the sum of two functions is the sum of their limits

(2) Difference Rule : lim (f(x)-g(x))=L-M

X—X0
The limit of the difference of two functions is the difference of their
limits
(3) Product Rule : lim (f(x)g(x))=L.M
X—X0

The limit of a product of two functions is the product of their limits

(4) Constant multiple Rule : lim (k-f(x)) = k-L

X—X0

The limit of a constant times a function is the constant times the limit
of the function

(5) QuotientRule : lim 1) ﬁ ,M=0

x—xo0 g(x) -
The limit of a quotient of two functions is the quotient of their limits ,
provided the limit of the denominator is not zero

(6) Power Rule : If r and s are integers with no common factor and
s0, then lim(f(x))™= L ™ provided that L " is a real number (If s is
even, we assume that L >0

Theorem (2) let p(x) is a polynomial function then lim p(x) = p(xo0)
X—XO0

lim (CotCoX+CX*HN+CoX") = Cot C1Xo+CX0%+N+CX0"=p(XO)

X—X0



Infinity limits :

lim f(x)= +oo
X—X0

Or

lim f(x)=- oo
X—X0

Ex(1) : find

f(x) tendsto.

X approach to .

lim L ,Df =R\ {0}

x—o+ X xX—0—

R ANEN A

L= lim 1 does not exist

xX—o0 X

Ex(2): find

+ oo

lim ~ , Df =R\ {0}

Ex: find lim
x—1 (x-1)3

. -1 -1
L+= lim = —=-0
x—14+ (x—1)3 0+

I S
L= xl_‘T{l_ (x-1)3  0-

. lim —X— not exist .
x—1 (x—1)3




Finite limitsas X » + oo :-
. 1 . 1
lim -=0, lim =-=0
xX—+o0o X X—— 00 X

We say that f(x) has the limit L as x approaches infinity and write
lim f(x)=L

X— 00

We say that f(x) has the limit L as x approaches minus infinity and write

lim f(x)=L
X——00
2x%+1
Ex1) L
x—oo X+1
z—§+é xi lim2+limé
Sol: lim =22 = |im +% =———%
X—00 —+— x—oo —+—  lim—+lim—
X2 Xx2 X2 X X2
2+0 2
— = -=
0+0 0
X
. -x . % _ . _ -1
Ex2) lim = lim =% = lim=—
x—o 7x+4 x—o0 7-+- x—>o0 T+-
X X X
-1 _ -1
7+0 7
c iz 5%, 2 5, 2
. x+ . %3 ' x3 . 2 ' x3
Ex3) lim = lim 25 = [im 22
x—o00 2X3— X—00 —— — x—o00 2+ —
x3  x3 x3
_ 0+0 _
2+ 0

Note Important : limits at infinity have properties similar to those of
finite limits




Exercises : find the limit if it exist :

1) lim (Wn?+1-n)

n—oo

2) lim

X— 00

3) lim

X— 00

. x2+2x+3
4) lim =
x—oo X*+4x+4
.1
5) lim —

x—o0 X3

6) lim

x—o00 3x2+45x+1

7) ll

e Fl

x3-2x-5

—3 (x—3)*

2x2%43
8) lim (s

9) lim YX*2

x—oo X+3

sgn (x))

10) lim (Vn?2+n-vn2+10)

n—oo

[x] -9

11
12

x—>3 x2—4

13) lim

) 1
)

) x—5 (x=5)3
14) lim —
)

)

lim
x——1 Vvx+1

x—0
_ (x=+7 x<0
flx) = { —4 x>0
19) lim Tr—z
X—00 -

10



Continuity
Let f be a function , then we say that f is continuous at X if :-

(1) f(xo) is exist
(2) lim0 f(x) is exist

(3) lim f(x) =f(,)
x—x0
EX) f(x)= x? if the function is continuous at x=2 ?
Sol: Df=R
()F(2)=22=4
(2) lim f(X)= lim x2=2%2=4
x—2 x—2
(3) lim x?=1(2)=2%2=4
x—2
~fiscontatx=2

Differentiation

Each point on the curve y = f(x) there is a single straight tangent at that
point, the slope of straight tangent of the curve y=f(x) at the point
(x,f(x)) it represents a derivative at that point .

Y=f(x)

(x1,f(x1))

(X2,f(x2))

11



Let A (x,f(x))be a fixed point on the curve , and B ( x+Ax,f(x+Ax)) is a
nother point therefore Ay=f(x+Ax)-f(x)

— F(x+AXx) B(x+Ax , f(x+AXx))
Secant
Ay
— F(X) tangent
A (x, f(x)
AX

Note : that at Ax decreasing length (close to zero ) the straight secant AB
more and more a pliability begins on the straight tangent at the point
(x,f(x)) , this means that slop straight secant AB be equal to slop straight
tangent at the point (x,f(x)) , that’s when (Ax—0) , knowing that slop
straight tangent at the point (x,f(x)) represents a derived function at that
point .

= = im ¥
mtan A lmo mS@C x’ﬁlo Ax

Fron e fx+Ax)—f(x)
)= Agcino Ax

f( ) dy df(x)

dx Ax—o Ax

Note : when the value of the limit exist then the function called
differentiable function , and f called the derivative of f at x

12



Ex(1) let f(x) = 4x -2 , find £ (x) by definition

Sol: y=f(x)= lim f—(x”g—f )

f(x)=4x-2 , f(x+ Ax) = 4(x+Ax ) -2

Fron —  1s 4(x+Ax)—2-[4x-2]
f¥)= Ai@o Ax

. AX+4AAx—2—4K+2
= lim

Ax—o0 Ax

. VV.vd
= lim —
Ax—o BX

= lim 4=4

Ax—o

Ex(2) let f(x) = v/x , find the equation of the tangent line and normal line
at the point (4,2) by definition .

Sol: myan f(x)
](4 2) ] (4,2)

fx)= lim YA

Ax—o0 Ax

- lim (\/x+Ax—\/§ Vx+Ax+x
Ax—o0 Ax ' VX+AX+\/§

= lim X+Ax—x
Ax—o0 AX(VX+AX+\/§

= lim i
Ax—o0 px(Vx+Ax++/x

Ax#o0

1
= lim ——
Ax—o Vx+Ax+yx

1 1

Vx+Vx  2x
1 1
Mean }(4,2)- Wi 1

(y'yl) = Mean (X'Xl)

y-2=; (x-4)

13



yzi x+1

-1 -1
m; = =4 =44
Mtan 7

(Y-y1) = my (x-Xy)
y-2=-4(x-4)

y=-4x+18

Definition : the normal line to a curve is the line that is perpendicular to
the tangent of the curve at a particular point

tangent

(x,f(x))

Normal line

Exc: find £(x) by definition :

1- f(x) =x3

2- () =x2 + =

3- Let f(x) =x2, find the equation of the tangent line and normal line
at the point (3,9) by definition

4- Using definition to prove that f£(x) = m for f(x) =y = mx +b

5- Find the tangent line at (6,3) for y=vx + 3

Theorem : Every function is differentiable at x, then fis
continuous at X, .

Proof : to prove lim f(x) — f(x,)

X—X0

Le lim [f(x) - f(x,)] = 0

X—XO0

14



suppose that Ax = X-X, = X=X, + Ax
f(x) = f(x, + Ax)

when x — X, , then Ax — o
lim [f(X) = f(Xo)] = lim [f(Xo+ AX) =T (Xo)]
X—X0 X—XO0

f (xo+ Ax—f(x,)

- Afcano [ Ax 4]

:Ai@o f(xo+A22—f(xo) Ai@o Ax

=f(x,).0

=0

Note : The inverse of the above theorem is not true ____ if this function

f continuous at the point , it is not necessary to be differentiable at that
point as in the example :

Let f(x) = Ix] , X =0

_ A —F (%) (x if x 20
F(X) Agclir)lo Ax IXI_{_x lf xr<0

_ Al || _(Ax if Ax >0
Fog= lim EEEL A |_{_Ax oar <0
FO)= lim = jim P L+= lim E=1

Ax—>o Ax Ax—o Ax i Ax—o+ Ax
l-= lim ==

L+ # L- = limit is not exist
-~ fis not differentiable function at xo=0

£y oy = F9 g()—f(x).g™
(M) Q0= 9 #0

x+1

Ex:-f(x) =—, find f(x)

x.1— (x+1) 1 x—x—l _ -1

x2 x2

Sol : £(x) =

15



Corollary

dx™"

=-nx "1
dx

Lety=f(x) =x~",forne Z,,x # 0, then y=1f(x) =
Ex: let f(x) =-5 x, find f(x)
F(x)=-5(-3) x*'=15x "

% (x")=rx""lvr €R

(8) h(x) =f(@®) . g(x) , h="fog (X)
h=fog(x)=f(g")
},f = (f. ogj(x) =
f(g(x)). g'(x)
Corollary :-

Let y= (f(x))", n€Z

2= (f(x)) " £(x)

Derivation properties :-

(1) F(x) = ¢, c is constant , then £(x) =0
Ex:letf(x)=-5, f(x)=0
(2) (c.f) () = c.f(x) , cis constant
Ex: letf(x) =3x = f(x)=3
(3) (f+9) () =f () + ()
Ex:letf(x)=2x,9(x)=1
Sol: (f+g) () =f (X) + g (x) = (2)+(1)=2(1)+0=2

Rem: (i FHFFF .. F ) (X) = F1(0) F F20) F ... + fn(¥)
@ f )=nx"" | nis positive integer
Ex: f(x) =x° = f (x)=6x*"=6x"

(5) (f.9) (9): f(x). g ()+9(%). f (¥)
Ex: f(x) = (x*+2) (1 —x2) , find £ (x)

Sol: f (4)=(°+2) 5 (1) + (1) - (+2)

16



= (0C+2) . (-2x) + (1-X%) . (3x%)
Rem : (f.g.h) (X)=f(x).g(x). AKX) +f(X). h(Xx). GX) +g9X) . hx) . f(x)

EX(2) : lety=t*-1 , x= 2t+3, find 2 at t=1

dy _dy/dt

dx  dx/dt

_ 2t

2

d

=t 21 t=1
dx

=1

Exc :

1- Lety=x*>—3x?+5x-4 , x=t’+t , find Z—Z
Find 2 -
dx
2- Lety=u*+1, u=x’+3
3- Y=3t%-1, x=6t-1

2
4_ Y:t_’ :L
1+t 2+t
5- Y=t*, x=———

1-t
6- Y=22"* Z=x*+1
7- Y=w>w!, w=3x
8- Y=2v*—  v=(2x+2)*"

9 Y= Uu=vZx+1

u?+1’

Chain Rule

Lety=f(x) , x=g(t) |, find =
gz__dy dx

dt  dx dt

Lety=f(t) , t=g(x) |, find
dy _dy at

dx dt dx

17



Lety=f(t) , x=g(t) , find =

dy
& _ar
dx dx

at
Ex(1): let y=3x-1 , x=2t ,find%

d dy dx
Sol :_y: a _ax
dt dx dt

=(3).(2)
=6

Sy =3x-1
=3(2t)-1
Y=6t-1

dy
_:6
dt

Implicit differentiation (aal) Gaidy)

Ex: x2+xy+y5=0 X dtan sy el X Apuilly e (335

dx dy dx
2XE+(XE+yE)+5y

4d
_y:O
dx

2x+xy-+y+5y4y-=0
Xy +5y'y =-2x-y
(x+5y") y'=-2 x-y

-_—2x-y
x+5y4

(y Jiemdlh x Jlael) y Jawal s @i

ZXZ_;+(X%+VZ_§) +5y4%=0
2%-x " +X +y x +5y*=0
X+5y*=-2X x ™ -y x~

X+ 5y* = (-2x-y) x~

18



Ex : find the equation of the tangent line and normal line of the curve
X2+y2=2 at the point (1,1)

Sol: 2xZ + 2y Z =g
dx dx

2x+2yy =0
2y y =-2X

oI _ X
Y=2% 7%

y-=m] a1 = _Tl =1
(Y-y1) = m(x-xy)
y-1=-1(x-1)
y-1=-x+1

y=-x+2 the equation of the tangent line

-1

mdL ] a1 =

m](1,1)
ml ] (1,1) 2:—1 =1
(y-y1) =m (x- x1)
y-1=1(x-1)

y=x the equation of the normal line

19



Higher - order derivatives Lle 45 ye (e CalEidall

Let y=f(x)

e Lim LSO &Gy e
()= Agclﬁ}o Ax VY s Agiial

=, v .. flx+Ax)-f(x)_d%’y _ = _ (2)  alall Sl aEdl

f(X)_Achno Ax _dxz_y_y A0l dsidial

F(X) = lim f(x+Ax)—f(X): ddy — }=] — y(3) A0all A danad)

Ax—o Ax dax3

(n) (n-1) (n-1) n (n)

f(X):Alim fx+Ax)-f(x) _ dy =y nEN Al Al A

x—0 Ax dx™
d? a ,d S At 435
=2 == () second derivative ; Adiadla
dx dx ‘dx
d3 d d? . .
=2 == (=2) third derivative
dx3 d dx?

Ex: let y= 2x3+x2%-1

Y~ =6x2+2x
y~==12x+2
y==12
y(4) =0, ..

20



Chapter three

Applications of Differentiations Graphing function 4all Sl Jabial) au

Ex(1): let f(x) = ¥/ = x3

DR A 5 4 LS Clilae a5 Y

x=0=y=0

y=0=3Yx=0 =Sl 0o e aa pdaladll ddasi (0,0)

= x=0
f(-x) =3V—X=-3\)/§='f()() dm‘}[\&sa@)la\_&o ‘_r\;_\.d\
f(-x) # f(x) Y osnall pe phliie ye Siaiall

1 ‘_2 1 / . . — ey
f(x) = 3X T o+ G jra e+ sk

f=0=1=0 (See 2y x<0 x=0 x>0

=— Gy pe e - o= fT 3L
|

_ |
f=0=-2=0 x=0 (0,00)
/

N

Ex(2): f(x) =
x2-1=0=2x2=1=2Vx2=VI=|x| =1=x=F1

De=R|{1,-1} 4 LA el



X=1x=-1
y_ 1 . T 1
I - x2-1 xlﬂznoo y_ xlinoo x2-1
1=yx?-y
=
= lim ==
e
1+y=yx?
(2 =1 _ (xlinc}oi)z
y Jim 1= tim 2)2
2= 1Y
y
_ |1ty __(0)?
IXI - y - 1—(0)2
_ T |1ty =2
=¥ | =7
=0
y=0 S8Y) sMas
— — 1 —
Ifx=0=y= R
— — 1 —
lfy=0=0=——=0=1
1 1
(%) :(—x)2—1 - x%-1 =1()
f(-x) #=-f(x)
ol _ 0-2x
) =:
=\ —2x
f (X) - (x2-1)2
F(X)=0=-2x=0= x=0
f )
/. . / \ . .\ . .
ot Cijae ettt Q- -0 Cire pEe--- T 3L
| | |
x=-1 X£0 XE1

| L
2



= (x?-1)%2.-2+2x.2(x%-1).2x
fx)= D)

- -2 0*=T){x2-1-4x2}

s
(x2-1)3

_ —2{-3x%-1}
RCGREE

2(3x%+1)

f= =25

f=(x)=0 = 3x%+1=0 > 3x2=-1 = x? :é

b 0 b

HHHHE Cojre e - Yoo Cijma e+t T 8L
x=-1 0 x=1

x:—ll x=i
Ri=(-c0 ,-1] U (0, )-R | (1,0]

Ex(3) : y=|x2 — 4]

x2—4 ifx*—4>0=>x?>4>|x|>2=2x>2Vx< -2
= 0 ifx?—4=0=>x*=4>|x|=2=>x=2,-2

—(x2—-4)ifx*—-4<0=>x’<4>|x|<2>32<x<2
D;=R A g 4y BlE Cldae a0 Y

x=0 = y=|-4]|=4



y=0= |x* — 4]=0 = x=2, -2
f(-x)= 1(=x)*-4] = |x* — 4] =f(x)
f(-x) = -f(x)

x2—4ifx>2 Vx<-2
y= o if x=2,-2
4—x% if —2<x<2
2x  if x>2Vx<-=-2
Yy-=4 s Gmif x =2, -2
—2x Iif —2<x<2

\ x

- Chgra e HH+0---Chggra e HHH Y- 3L
-0 0 2
2 ifx>2Vx<-=-2
Y= e if x =2,-2
-2 if-2<x<2
b g 0
tH Cijra e - Yo hyre pe tttt yT L
2 0 2
MY
(0,4
(-2,0) (2,0)
Rf:R+



Ex(4) : Graph of the following functions :-

1- y=x?—-2x+4
2- y=x3—12x+ 10
3- y=x°

_x+3

8- y_x+2
9- y=vx2 -1
10- y=x* -1
11- y=vx + 1
12- y=x2 -1
R\ {-1} £ [ 4, o0)
=~ fog is not exist

Now , to find gof is Rt € Dg

R'ZR\ {3}
=~ gof Is not exist

Homework :-

Find fog , gof to each the following functions

OC)=IxI .9k , -x
(2)If f(t)=t* find g, h such that (fog)(x)=(foh)(x)=x*-10x+25



chapter four

The inverse trigonmetric functions 4itiall ) sall (u sSze

(onto —&1-1) bijective f 4l dlall culS 1)

X17#EXo=>T(Xq) £ (%)
Vy€y 3dAx€Ex oy=f(X)

fix—y3 y =f(x) .f is1-1& onto
=3 fly-x3 x=f"1(y)

; SiNAda o gSaa

Let y=sin X

Sin: R - [-1,1]

Sin: [-2m ,2m] = [-1,1]

arc sin s sin-1 el Wl a5 sin Al (e Kaa o 3aaa Ay (o i
~siny=sin(sinx)

sin™y=x

~y=sin xex=siny

sin:[-~,~]— [-1,]

sinis 1-1 & onto -~ 3 sin'3

_E E]

sin-1:[-1,1] — [
Dsin: ['% ,g] :Rsin-1

R sin— ['1;1] =D sin-1

Y

T s
vzﬁw VAR YA

& -1)

y y=sin x
1 —G.1




2 i” 00) 5 X
(2-1) -1
4 y=sin"x
s 4 .
> (1, 3 X=siny
(0,0
-1 0 1 (x)y
s s
(_11 _E) _E
y=sin X & x= sin'lyxe[—g , g]dﬁ Ly
.1 1 N
sin"y # - : diadka

O s 4pn % Al o sint Al

sin"(-x)=-sin™(x)

Lety=sin™(-X) & siny=-X  (usSaall Ciy jai (e
& x=-siny
& x=sin (<y) 48 sin Adla Y
e sintx=-y
& y=-sin™ (x)

= sin(-x)= -sin™(x)

D Ol



- Jlia

sin(-1)=sin™*(1)

sin(-1)=-~ , sin™(1)=

- (COS) A L gS2a

Y=cos X

cos :R —[-1,1]

cos: [-2r , 2n] — [-1,1]

cos: [0, ] — [-1,1]

cosis 1-1 & onto - 3 cos™ sl Arccos 3

cos™: [-1,1] — [0, @]

y=CO0S X




(TE !'1)

y=cos™ x
; X=cosy

T
(01 ;)

(1,0)

-1 0 1 X
x€[0, m] J< cos™ (cos x) = x
ye[-1,1] J< cos(costy)=y
y=Cos X < x=c0s -1y xg[0, 7] N S P

cos™(-X)=m - cos™ X

Zaq)éyjaﬂ;jjwﬁ\qgacos'lﬁbjm

oY) Gkl Let y= 1 - cos™(X) L o )

= y-1r = -c05 (X)
= cos ™ (X)=m -y
=X=C0S(t -Y)
=X=-C0S Y

=C0S Y = -X

=y =05 (-X)



Sy= ¥l cayhll
~.c08™(-x) =1 - cos™ (x)
s A ALk
Let y= cos™(-x)
COS Y=-X o sSaall Ciy yai (1a
X=-COS
X= cOs(r -y)
cos'x =1 -y
«y=1 - C0S™(X)
= €08 (-x)= 1 -cos™(x)
cos™(-1)=T , cos™(1)=0 e
cos™, sin” I G e Aage Al i

sin x + cos™ x :g x €[-1,1]

cos‘lng-sin'lx X €[-1,1] )< = oA

w=>—sin(x), x €[-1,1] o padl -

sin™(x) = %—W
sin(sin'lx):sin(g —w)
x=sin(§ —w)

X=COsS W

W € Dos? WE[O, ] ?

< sinx<

N R

N
c
'y
[



< % +sin'x<0 -1 A A i) e Gl RY) pea % il
T > %— sinx=>0
0< %— sin’x<

O<w<m
- W =c0s™(X) x€[-1,1] K
- €08™(x)= = = sin™(x) x€[-1,1] &<
-t s A Ak

Sin =X CoS 5 =X p
~0C = sinx . B=costx 1
o« + ’8 =

_T_
p=5=x

N R

N =

= 08 (x)=~ = sin™(x) S

180 &biall Uls ) & sena Y

(tan) 43 (i gSaa

y=tan x

tan:R\{x:x:§+nn,ne —R

tan: (-%,%)—>R 4 Bl Gl x = —g,ng

tanis 1-1 & onto - I tan? s Arctan >

1 T TT\ v sy wy ® T 3
: -— =) A Glalas y=-— y=—
tan”:R —( 2,2) 288) iy y=-2.Y=3

V <

(-rr,0) 0,0) (m,0)




31 T T 3
X=- — X=-= X== X=—
2 2 2 2
y=tan x
1 y \
i (© i X
! .
X=-= ' X=—
2! V2
! Ay
_ T
————————————————————————————————————— Yy =3
(0,0) >X
_ T
----------------------------------- y=-3
y=tan"1x
x=tany
y=tanx © x = tan"ly xe(—g,g)dﬁ e gl

tan~1(—x) = —tan™1(x)
Let y=tan~1(—x)

tan y=-x

X=-tany

X=tan (-y)

-y=tan " 1x

tan~1x

Y= —

s tan”(—x) = —tan"1(x)

Ly, alla * tan-1 adla

s ol



tan™1(1) = % tan~1(=1) = —% : Jla
(cot) Ay L sSae
Y=cot x
Cot:R\{x;x=nm ,n€l}->R
Cot: (0.7) — R
Cotis 1-1 & onto ~3cot™t s Arccot 3 cot™*:R - (0,m)
X=-2m X=- T x=0 X=T X=21
. K o
(==.0) .0\ [G.0) (370)\ X
: Y=cot x |
X=0Ay :b(=7r
Z 0) X
Y=cot x
/
____________________________________________________ -
\ (0, g) y=cot 1x
!:coty s
X~ y=0
y=cotx & x= cot™lyx € (0,m)X iy



cot™lx +tan"1x =
cot™1(x) = %— tan~1(x)
w = %— tan~1(x)

tan~t(x) = g— w

_ T _ sin(™/5-w) _ cosw
x =tan (2 W) - cos(™/,-w) " sinw

X=cot w

w € D.,?
w € (0,m)?
O<w<mn?

1T _ T
—<tan"lx <- o) Lay
2 2
T — T
- > —tan" x> —-
2 2

T _ T
——< —tan"lx <=

2 2

0 <%—tan‘1x <
O<w<m

~w € (0,m)

W € Dot

~w = cot lx

~cot™lx = % —tan"1x
cot™1(x) = % — tan"1(x)
Let tan™1(x) =y

~x =tany

= wtw

Aaal idl il ) sl Zadlial
2

ol Op

P ol

A Ay Hh



(% — y) =Z = cot 1(x)

cot(%—y) = cotZ

tany = cotZ
tany =x N
s X =cCcotZ

~cot™i(x) = %— tan~1(x)

-1 sin~1(x) - e
tan™t(x) # o5 1(0) :
-1 cos™1(x)
cot™t(x) # pryons
tan™? (i) = cot1(x) - o) il
o= tan~! G) osal ol
tan oc = % s sSaall iy = (e
1
o tanx
X = cot <

x= cot™1(x)
. -1(1) = -1
. tan (x) cot™ (x)
: (sec) Al L sSae

y =secx

A
sec : R {x:x = S+tnmne I} - lyl=1
sec: [0, ]\ {%} -yl =1

sy>1vy<-—1

10



SR\ (-1,1)

3

~dsec s Arcsec 3 sec™l:|x| = 1 - [0,7]\{

Secis 1-1 & onto

.............. HE
1
<

&)~
.............. 1
<
nﬂ
f ..... nLZ
B 53
-
1
&~
B [
<
[
-
d
Ju N
1
>

Secx

y=

(m,—1)

4

“X

X=1

0

(L0,

11

('11 TE)




y=sec™1(x)

x=secy s

sec™(x) = cos‘l(%) Ix|= 1 Ry
Let y= sec™1(x)
X=secy

1

cosy

Cosy= %

Ly = cos‘(i)

~sec™(x) = cos‘l(%)

sec™(—x) = m — sec™(x) s o) s
Let sec™1(—x) =y S okl
L SeCy = —x esSaall Cay pal e

X=secy

X=-cosy cos (m —y) = —Ccos y

_ 1
cos(mt—y)

X=sec(mr —y)
T —y = sec }(x)
~y =m—sec 1(x)
~sec”(—=x) = m—sec™1(x)
:(csc) Ay s gSae

Y=csc(X)

12



Csc:R\{x:x=nm,nel}-|yl=1
Csc: [ S I\{O0} = |yl = 1
sy=1vy<-1

s R\(-1,2)

Cscis1-1&onto .~ 3Jcsc 13 esc™ x| =1 - [—%,g] \ {0}

X=0
| Y | :
N N
li —-3r :, T :: IE
': (1) ': 1 GD .: ':
:u —-3n \ T T E 31T E >
LT LT3 Py o— 1 X
! 2 ! 2 2 : :
| = G
3 y<-1
x:-l'2 T x=|- T x=0 X=T1 X=2 1
y=CSC(X)
x=0y
>1
G D

—TT T -7

— = X

2 2

(-1 !
y< -1
y=csc(x)

13



N |
—~
=
N
N—r

x< -1 -1 1¥x_1‘—y:O&

D N
(L) | &

Y=csc™1(x)

csc™(x) = sin‘l(i) IX|= 1K DOl Sle oA
Let y=csc™1(x) © ol Ll
Cscy =x

1
siny

1
&ny-;

v ay — aim—171

Ly =sint(d)
~ese i (x) = Sin‘l(%)

sec sin‘l(_?z) 0 Y il Ja

o= sin! (_—2) oSl

3

Sing = —
3

(4) 5 (3) cwud Al sing <0
S Dsin

T T

g€ [_E’E] sin; [— %%] > [-1.1]

14



4) 5(1) oo S0
& il S 25 g sl

o in the fourth quarter

B)?=x%2+4
9=x%+4
X2=9-4=5
x=F/5
x=+V/5
. 1 —_2 _ _ ST i
SeC(SlTl (3)>—se00— cosg  sad 4B >1
Sec:R\ {x: x=§+mr,n €N} -yl =1
Secx=>1vsecx <-1
EX) Find the value sin~*(—>)
Soli- sin™*: [-1,1] = [—,7]
—TT T
w0 €53
sin~1 (_71) = —sin?! G) [ since sin™! odd func.]

Lety = Sin_l(_?l)
siny= = = y=—=

Yy =3 Y=
~ o inthe four th quarter

Ex) Find the value sec1(2)

Sol: -+ sec™t:|x| =1 - {0,n}\ {g}

15
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~ o €[0,7]\ {g}

Lety = sec™1(2) => secy =2

1 1
=2=cosy=->0
cosy 2
_ I

~ o inthe first quarter

-1 ASal) AR JI gall coletiia

d(sin™'u) 1 du . .
- = = L ) aey  axd
1 dx Vi-u? "dx Ol 2
o deos™y _ 1
dx - Vi-u? “dx
d(tan™>u) _ 1 du
3- =L
dx 1+u“ dx
d(cot™tu) _ 1 du
4- —= — —
dx 1+ul dx
5. d(sec™tu) _ 1 du
dx T uVuZ-1 Cdx
6- d(csc™lu) _ 1 du
dx T JulVuZ-1 dx
Aaiiall aa v AlL)
1- f(x) =sin"1(x?)
; _ ; _ 2x
f(x) - 1— (xz)z 2x 1— x4
2- y =cos Wx
;o 1 1 x% _ -1
y - (V3)? 2 2v/xV1-x
3- y =tan"1(e%)
j=—1 _ o*.Ine.l= -2
y = 1+(e%)2 e ne 1+e2%
4- y = sin"W1—+x
. 1 1 I e
y = S(l—+Vx)"z.—-x"z=
1-(V1-x)?
1 1 1

16



4xJ1-Jx |1-(1-Vx)  ax1Vx Jx—x+x

-1
ax1—x¥x
—1,1—x
x)cot e
F(Ieot™ (%
¢ — 1 (14x)—-1-(1—x)1
1+x
— 1 -1-x-1+x
A+02+(1-)2 " (1+x)2
(1+x)2
— (1+x)2 -2
1+2x+x2+1-2x+x2 "~ (1+x)?
1 2
-~ —2= =tanx
242x2 2(1+x2)
; 1
x) =
f) =
_1 N1+x2
f(x) = sec 1(T)
1
f( ) 1 x.%(1+x2)_5_2x_\/1+x2_1
x — ]
|\/1+x2 Vi+x2,, x2
( )2-1
[N
X
2x—V1+x2
= ! 2/1+x2
Vi+x2 [1+x2 ' x2
x| x2
x2=(1+x?)
= 1 vi+x?2 1 x—1—x2
VitaZ [14x2-x2 xZ mL Vi+x2Z T x?
x| x2 1 \/x_z \/x—z
Vo2 Vitx? 2 Viex VirxE x?
)
f= -1
1+x2

-l Al Cual ; pla

sin~1(1) — sin1(~1)
tan~1(1) — tan~'(-1)
sec™1(2) — sec™1(-2)
-2 Al Gl el Jaa
cos(sin™1 0.8)
sin(2 sin™1 0.8)
cos (- sin%)

17



4- sec™(sec(—30°))

-1 ol lee JS Aad aa

1- sin(cos™! \/2—5)
2- sec(cos™! %)
3- cos(cos™?! %)

4- csc(sec™12)
5- cos(cot™11)

6- tan(sin™! (— %))
7- cot(sin™? (— %))
8- cot(tan~1(—v3))
9- csc(sin~?! (_T\E))

10- tan(sec™1(1))
11- cot(cos~10)

: (Natural Logarithm function) (=l &5 te 5l ally

y=ILnx ,x>o0 W

Ln:(0,) >R y=Ln x
Lne =1

Inl1=0 (2,0.69)
Ln2 =069 1102 x
In10=x=1 (,—0.69)

y=1Ln (u(x)) pans
X s g Ay y(x) Cus
y=Ln(2x) .J%

Y=Ln (cos X)
y=Ln(e*) =«

18



S e U AN el A

1- Ln(xy)=Lnx+Lny ,x>0,y>0
2- Ln(§)=Lnx—Lny

3- Ln(i) = —Inx = Ln G)=Lnl—Lnx= —Inx

4- Inx*=alnx
(LN2=0.69 ¢ Cale 131 ) 1 SV 2 ALl

Ln16=Ln2*=4ILn2=4(0.69) =276

1
LnV2 = Ln 22 % Ln 2 = (0.5)(0.69) = 0.345

Ln8=Ln23 =3 Ln2=3(0.69) = 2.07
Ln%: —In2= —069

-;gumxwﬁ;m\

1- 2Ln(cos2) = Ln 1+02°SG
wy\ QJ)H\: Ln 14+coso
2 cosz(%)

2
=Ln cosz(%)
=2Lncos(?)
= ¥l okl
2- Ln (x +Vx2 —1)=-Ln (x-Vx2 — 1)
eV Gaskall= L (x + V2 — 1)

(x+Vx2-1)(x—Vx2-1)
(x—Vx2-1)

= Ln

=In —= =Lnl—ILn(x — Vvx? - 1)
= —Ln(x— Va2 —1) = sa¥) Gkl

3- 2Lnsing =Ln(1—cosao) + Ln (1 + coso)
ga¥) shll= I (1 — coso) + Ln (1 + cos o)

19



= Ln ((1 —coso) (1 +cosa))
= Ln (1 — cos?o)

= Ln sin®c

=2Lnsing = ¥ )kl

Y=rsin@ ,x = rcos 6

r2cos6? + r2sin®? — r2

@ O _ g
r r T

U=u(x)
Y=a"

Lny=Lna“* =ulna

1d du
2 == Ina
y dx dx
. dy du
=—==y.lna —
du
=Lnaa*—
Y dx
ILna
|Oga—
b Inb
Ina _ Lna _
loga = = —=1ILna
10 Ln1o 1

X (o) Aanaills Aam g0 Al U s 1 Al S AN A

dLnuzdLnuld_u . \Q}'}G .
dx du " dx T

dinu dx

dx u
Al 3 A e Sl Adlall J gas

Lim,_, Lnx = + o0

20



Lim,_ ,+ Lnx = —o0
PG o el aa Al

1- im(x—-ILnx)=1-Lnl=1-0=1

x—1

2- Iim : cos(Lnx) = cos(Lnl) = cos(0) =1
3- Ilm Ln x®+D) = llm {(x +1).Lnx}

x-1

= lim(x+1) llm Lnx
x—1

=(1+1).In1=2(0) =

. L +1 Ln(1
4- lim 2O+ M) = 2
x—-0 X o 0
1

= lim %L = [jm —
x-0 1 x—0 x+1 0+1

I
1
[N N
1
=

Y 2 Al

1- y = Ln (x? + 2x)

_ 2x+2

T xZ42x
2- y = Ln (tanx + sec x)

__ sec’x+secx.tanx _ secx anx)

tanx+secx _(tanx+secx)
y =secx
3- y = (Lnx)3

y = 3(Lnx)2.§

¥ aa: (HW.) sl

I

y = Ln (xVx2 + 1)
2- y=Ln (3xVx + 2)
3- y=xLlnx —x

4- y = x3 Ln (2x)

1+x
5-y——L 1-x
3
6-y__Lnl+x3
-y=lIn_—

21



8- y=Ln(x*+4)—xtan

9- y = x(Lnx)3

y=e*

e*: R — (0,)

e* = Ln"1(x)

e=2718

e°=(27)°=1>0

e2=(7)*=729>0
-1 — -1 — i

et =277 =->0

e* = exp(x) = Exp(x)

y = eu(x)

y = esinx
y = etan—lx
y=e¥*
y = 3%
y=e*
y :i

x

y=e* e x=1Lny

1- ec=1

2- e¥1,e¥2 = gX1tX2
eX1 _

3- 872: exl X2

-1

N R

(The exponential function) 4swwy) il

e

22
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4- (eX)F = e™

Vr €R

1- Ln (e™*%) = —x?

2- Ln (er_lc) = %

1
Ln- _ 1
3- e x ==
X

4- 2Lnx — pLnx? — ;.2

X

5- exp(Lnx — 2Lny)
= exp (Lnx-Lny®)= exp (LN %) =

6- eXtlnx — ox oLnx

e
= e*.x
=xe*

- X —

y = e% S| aLE Al y=f(x) Cus

de¥ du
= ¥ — e=2.718
dx dx
1- y = etan‘lx
+_ tan"lx _1
—e .
y 1+x2
ex
2- yv=1Ln
y 1+e*
y= 1 (1+e¥).er1-e*e1
=—

1+eX

(1+e%)

ex

eX '(1+ex)

|-

(1+e%)2

1 e¥+e?¥—e?¥

23
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1
T (1+e¥)

tany = e* + Lnx
sec’y.y = e*.1 +§

1

, ex+;
y= sec?y
P ax (HW.) e ol
1- y =x%e*
2- y==-(e*+e™)
_ eX—e—X
3- y= eX+e™*
4- y = esin W

5- y=(1+2x).e7?*
6- v = (9x? — 6x + 2)e3*

-1
7-y==7-.e"™  a=constant

x2

8-y=e"
9- y=x2— ¥
10- y =e* Lnx

The function y= Lo gu akie ¥ &3 e Sl
log, x = Ln—x,x>0,a >0,a #1
Lna

Lnu
log,u =

ILna

u>0,a>0,a#1

D oal sl

1- log,(x.y) = logg x +log, y
2- log, (%) = logy x — log, y
3- log, x¥ = y.log, x

4- log,a=1 olne=1

i

log,1=0 «ILnl=0

24



Ln 16 Ln 2% 4In2

log, 16 = = = =4 EN
Ln?2 Ln2 Ln?2

|09149— Ln49_ Ln 72 _ 2Ln7 _ _
Ln; —In7 —Ln7

log,,10=1

log,, 100 = log; 102 =2 log,;,10 =2(1) =2
Ioglo 1000 |0910 10 3 = _3 Ioglo 1 10 - 1 - _3(1) -_

-7 Aaladl A Hle Sl Adlal) dsidia

Lna " u

d loggu

__ duldx

dx

u.Lna

u>0,a>0,a#1

1-
2-

Y A Akl
y = log,(x? + 3x)
. 2x+3
y= (x2+3x).Ln2
y = log,(tan x + sinx)
, _ sec’x+cosx
Y= (tan x+sinx) .Ln 7
y = Lnx.10g x
y = Lnx + 1090 % .~
Y= "x.Ln10 J10 ‘X
y = loggsin™"x+ — a= constant
1
3,] _ [1—x2 + e*1-xe*1
sin~lx.Lna e2x
Yol
y =log, sinx

y = log,(e* + sinx)

25



+ Lalall Aucansdy) A1

Lnx

=
I
®

Lna

at = (elnayu
u — ,ulna
a>0 gy —0o <u < oo i ey dua

-+ ) ) Al 55

1- at=a (a>0)

2- a°=1

3- aq. a19 — au+19

4- (am/n)" =a™

5- (a.b)* = a*. b* (a>0,b>0 &)

- alad) AeanaY) A e
at = e (il Caa

da* d

aa _ 2 r,ulna
dx dx (e )
da“ _  ulna du
—=e Ina .—
dx dx
da“ _ 4 du
- a Lna . ™
- ASiial) o s AL
1- y = 2(x2+secx)
y = 2(*+secx) 12 (2x + secx. tanx)
2- y = 4sin”'x
/) sin~ x 1
y=4 .Ln4. —
3- y=x".1* = a¥
y=x".n¥Inr.1+n*nx™ 11
- Aaiiall aa g

26



y = 5x2+x—1
— 6sin x+Lnx+3

y
y = osecx
y = 3tanx

— x4 /3
Y= Ln (1+x3) +7
g =9tz

-+ aliy)

Find x if 3* = 2*+1

Ln 3% = Ln 2*t1

x Ln3 = (x + 1)Ln2
xLn3 = xLn2 + Ln2
xIn3 — xLn2 = Ln?2

(Ln3 - Ln2)x = Ln2
Ln 2 _ Ln2 _ Ln2
Ln 3-Ln2 Lng Ln1:5

310g3 7 &+ 210g2 5 — 510g5x Find x
elog3 7.Ln3 4 elogz 5Ln2 — elogsx.LnS

e%.ma + e%.an _ e%'LnS
eLn7 + eLnS — eLnx
7T+5=x

X=12

-1 Aalad) et jle Gl Adlal) g dalad) duat) ADAN G A8

log,y=xey=a%a>0,a#1
logpy =x &y = 10*
log.y =Llny=x & y=¢*

log,32=5 < 32= 2°

U"‘Lm\J\ il Ogj ( ,',_.,:ul. ) L ~=,.x 2\:\....&; d\Jq o :\73‘3,)\-.9)“\} :\:mu.n‘j\ 2l
(Logarithmic differentiation) (<ite sl WY 44, )l

Gl e el g ) OIS 1)

- Al aa - Abia)
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1-

H.W.

y=xx2'”=u x>0
Iny =1Ln x**

Lny = x%. Lnx

Y= x2 14 Lnx. 2x

y x

y = y(x + 2xLnx)

y = x*2(x + 2x Lnx)
y=@*+1)

Lny = Ln (x* + 1)

Lny = Lnx . Ln(x? + 1)

X’ — 2x 2 l
” Lnx =t Ln (x= + l).x
y= (Zanx + Ln(x2+1))

x2+1 X

. 2 nx ( 2xLnx | Ln(x?+1)
y_(x +1) (x2+1+ x )
y = (sinx)®"* sinx >0

Lny = Ln (sinx)tnx

Lny =tanx.Ln (Sinx)
2+ Ln(sinx) .sec%x
sinx

sinx cosx
(

Y =tanx.
y

7 — + 2 -
y=y( oo+ se x.Ln (Sinx))

y = (sinx)®"* (1 + sec?x.Ln (sinx))

Dy=x*x°>0

2)y = Vex’ +eX

3) x (V5+Lnx)

4)y = xLnx

28
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Chapter Five

Hyperbolic functions 4 3 J)gad

1- Sinh (x) = 2 ‘:' 031 ) A

2- Cosh="" 530 31 AL Call Ay

3- Tanh(x)= Zi:z:i tanh(x)=jir;};((’;))
X_ ,—x h
4- COth(X): zx_z—x COth(X)_ta h(x) = :r?h((;c))
5- Sech(x)= ex_ze_x sech(X)= oovm
6- Csch(x)= ex_ze_x csch(x)= sinlll(X)
Graph hyperbolic functions :- i 30 J) oAl anay y-
1- f(x)=sinh(x) f(x) sinh(x)
D=R , R#R /FU o) X
2- f(x)= cosh(x) \j f(x)=cosh(x)
D=R , Re=[1,00) (0,1)
Yy
--------------------- =1
3- f(x)=tanh(x) —__©0)  x
Df:R ,sz('l,l) _________________________ =1

f(x)=tanh(x)

xzoq y
4- f(x)=coth(x) K

Di=(-00,0) U (0, 00)  mmmmmmmmmmmeqemommmmooeees y=1
Ri=(-00,-1) U(1, o) —> X
______________________________ y:-l

\ f(x)=coth(x)



5- f(x)=sech(x) AY

DR ) Rf:(O, 1] / (U:TKA
X

f(x)=sech(x)

6- f(x)=csch(x) k

Df=(-00,0) U (0, o) > X

Ri=(-00,0) U(0, =) 0
f(x)=csch(x)

Identities for hyperbolic functions 20000 30 Al J)gall (pu ClEMal)

cosh?(x)-sinh?(x)=1
1-tanh?(x)=sech?(x) tonh?(x)+sech?(x) =1

coth?(x)-1=csch?(x) coth?(x)-csch?(x) =1

cosh (-x) = cosh(x) 45
sinh(-x) = -sinh(x) 424

tanh(-x) = -tanh(x) 4%

cosh (x) +sinh (x) = e* }

cosh(x) —sinh(x) = e™*

cosh(x+y)=cosh(x)cosh(y)+sinh(y)
sinh(x+y)=sinh(x)cosh(y)+cosh(x)sinh(y) —




tanh(x)+tanh(y)
1—tanh(x)tanh(y)

tanh(x+y) =

cosh(2x)=2cosh?(x)-1

cosh?(x)= % (1+cosh(2x)) }cosh(Zx)ﬂ:Zcoshz(X)-l

sinh?(x)= = (cosh(2x)-1)

2

cosh(2x)-1=2 sinh*(x)

Cosh(2x)=2sinh?(x)+1

Cosh(2x)=cosh?(x)+sinh?(x)
Sinh(2x)=2sinh(x)cosh(x) }

Derivatives of hyperbolic functions :- 4031 J) sall Cliide
-1
1- LG - ogh(u) L
dx dx
9. Cosh(®) _ i) L
dx dx
dx dx
4- d coth (u) - -CSChZ(u)d—u
dx dx
5- 435N - sech(u) . tanh(u)
dx dx
d csch(u) _

du
— =-csch(u) . coth(u) —

Examples :- finding Derivatives

1- Y=sinh(3x)
y-=3cosh(3x)

2- Y=cosh2(5x)

y=2cosh(5x) . sinh(5x) . 5=5sinh(lox)
3- y=tanh(2x)

y-=2sech?(2x)
4- y=coth(tan x)



y~=-csch?(tan x) . see’x.1

5- y=sech®x
y~=3sech?(x)-sech(x).tanh(x).1
y~=-3sech’®(x).tanh(x)

6- y=4csch(§)
y~=#4csch() . coth() -
y‘=-csch(§) . coth(f)

Exercises:- finding derivatives :-

1- f( cosh(x)

2- f(x

)

)=e cosh(x)
3- f(x)=Ln(sinh(x?))
4- f(X) tan (4x+1)

)=Ln

)=

)=

5- f(x)=Ln(tanh(x))

6- f(x)=e*.tanh(2x)

7- f(x)=tan"1(sinh?x)

8- f(x)=coth(;)

9- y=cosh?(5x) — sinh?(5x)
10- sinh y=tan x

11- y=sinh?(3x)

12- sin *x=sechy

13- x=cosh(Lny)

14- tan x=tanh®y

15- sinh y=see x

16- y=tanh (Ln x)

17- y=sinh(tan™e3%)

18- y*x cosh y +sinh *x = 50
19- y=cot (csch (e*¥))

20- f(x)= csch® (v2x)

Inverse Hyperbolic Functions :- ApSall 2200 30 J) sl

4



x=sinh y & y=sinh (x)
-0 <X< 00, -00 <Y< 00

x=cosh y & y= cosh *(x)

x=>1 ,y=o0

x=tanh y &y=tanh™(x)
x=coth y  y=coth™(x)
x=sech y & y=sech ()
o<x<1l , y>o

x=csch y & y=csch™(x)

sech™(x)=cosh™(-)

csch™(x) = sinh™()

Graph Inverse hyperbolic functions -: dsuSall 45200 31 J) sall ans

y
y=sinh-1(x)
x=sinh(y)
/‘ 0 X

AY
/ y=cosh™(x)
! x=cosh(y)

(1,0

y=cosh™(x)

1-1&onto



N
:':yztanh'l(x)
E':xztanh(y)
[
y
y=coth-1(x)
x=coth(y)
0
/
y=sech™(x)
(1,0) X
y=-sech™(x)

)



y=csch™(x)
x=csch(y)

sinh*(x)=Ln(x+Vx2 + 1) ,-oo < x < oo , X€ER
cosh*(x)=Ln(x+vx2 — 1) ,x>1 <

tanh™(x)= % Ln 12X x| < 1 &

1-x

coth ()=~ Ln = =tanh™() , [x|>1

x—1

sech™(x)= Ln (")= cosh™(}) , O<x <1
csch(x) = Ln (& + 2220 = sinh @) |, x#0
X |x| X
el T x>0
CSC X)=
_In 1+V1+x2 x<0

—-X



Chapter Six
Integration Jalsil
The indefinite integral 23 ) Jalsil)
o f Al sana ) JelSE o ey iy
[f(x)dx =F(x)+c¢

D G f(x) Alall d8ida uSe g F(X) 5 JalSill culs 58 ¢ G
F~(x)=f(x)

Akl (e 43l (e Sl iy a5 (S

Theorems :-

(1) For any rational power r=-1
_ xr‘+1
JxTdx = —
(2) For any constant a
Jadx=ax+c
(3) For any constant a
faf(x)dx=a [ f(x)dx
@ JIf () F g()ldx = [ f(x)dx F [ g(x)dx
=~ from (3) and (4) we have :

[la f(x) F bg(x)]ldx =a [ f(x)dx ¥ b [ g(x)dx

s.t ab constants

+c

Examples :-
< _ x5H . x_6 N
(1)fxdx—5+1 c=—+c
1 _3 x—3+1 x—Z -1
— dx = = +c="+c=—+
@fzdx= [xTdx=—+c=Z+c= S +c

(3)f3x5dx=3fx5dx=3.x5+1+c= 12 =S4
5+1 2 2

3
E+1 =

Yau 32
@) [vVxdx=[x2dx=F"vc= 224 c= %\/F+c
2
(5) [(B+ 6x2)dx = [3dx + [6x%dx =3 [dx +6 [ x*dx

1



=3X+ﬁ2§+c=3x+2x2+c

1

(6) [(5x* —%) dx = [5x*dx — f%dx
=5fx*dx — 10 [ x?dx
gt X _q0 ¥
=B --10. - +c

10
=x>+—+c
X

Integration of the power functions [f(x)]" 4 Jal<s

JLF@I . f~()dx = LI ¢

n+

s.t n=#-1andcany constant

Examples :-

[5+6x]2 .06dX _[5+6x]3

el frx)” s
JI1 + 5x%]°. xdx f(x) =1+ 5x?

f~(x) =10x

[1+5x2]° 10x dx
[F)1* ()

10 219 =1
= —J[1+5x%P.xdx = |

1 [1+5x%]*° 1+5x%]1°
- L [14+5x7] +o= [1+5x7] +C
10 10 100

_r A ) g edlalss

1) [sin(x)dx = —cos(x) + ¢
fsin(u)j—z = —cos(u) +c

2) [cos(x)dx =sin(x) +c¢
fcos(u)i—’; =sin(u) +c¢

3) [sec?(x)dx =tan(x) +c

[ sec?(u) Z—Z = tan(u) + ¢



4) [ csc*(x)dx = —cot(x) + ¢
[ esc?(w) Z—z = —cot(u) + ¢

5) [[sec(x).tan(x)]dx = sec(x) + ¢
[[sec(w) . tan(u)] Z—Z =sec(u) + ¢

6) [[csc(x).cot(x)]dx = —csc(x) + ¢
[[csc(w) . cot(u)] Z—’; = - csc(u)+c

Examples :-

(1) [ cos(2x) dx = % [ cos(2x)dx
= % [ cos(2x). 2dx
=2sin (2x) +c
(2) [ xsin(2x?)dx = %fx.sin(sz) dx
= %f sin(2x?2).4x dx
= % .—C0s(2x2) + ¢
= _Tlcos(sz) +
(3) [(sec? (x) + 4x®)dx = [ sec?(x)dx + 4 [ xBdx
= tan(x) +4. x +C
(4) [ 3csc(x) . cot(x) dx = 3 [[esc(x) ?cot(x)]dx

= -3 c¢sc(x) +C
(S)ICSCZ(\/E).% (Wx)~ = (x%)‘ = %x_?l = %
%fcscz(ﬂ).% =2 fcscz(ﬂ).% dx
= -2 cot(v/x)+c
-1 ddaal) Jalil)

qﬂff Foli e A Jualis e FealS sfoc, B] 5 e dadl sh, il 13)
EPRTRPEN
[ =1 f(x)dx



= F(+c|”

= eV aally (o sell — oY1 aally g gl

= F(b)+c-(F(a)+c)

= F(b}F(a)

b a e f Al saadll dA\szsgf;fm,J\w
Jiy LS Jalill el aall b g JalSall 5oV aallg ansi s

[7f s N [ab] s e el LG oS5 Al o

-1 asaal) Jalsill pal 63

W [PUaf F hog)= ke [, fFha [) g
@ f=[f+[ f3ceab]

@[ f=F®b)-F@)=~(F(a)-F®))=-[.f
@[ f=F(a)-F(a)=0

G [ f=2['F

So=2f0 f
[ f=0

s
2

Bx f7 |55 + (4x +1'2) | dx

— Lsin?x

zsin2xcosx dx f§(4x+1)1/2 dr ¥ du = ddx
4

T T
4 u du 4 u" du

1 (4x+1)2
42 3/2

sin"1x

SRS
S ERNIE]

-+

J(4x +1)3

Nl

N ERNIE]
Alan |

[2f=F(b)-F(a)



1 l/ n 3_ 1 T 3
inZ (sin§)+6 (42+1) 6 (44+1)

sm;
1 1
+ =@ +1)3 -2 (m +1)°

-+

[N N
Sl -

S anaal) Jelsil e cdiyds

(Area under acarve ) : (saiall Caad dalill

<ol x=h s x=adkaindls (y=0) X ssaes Y=F(X)inidl sl daludl A oS3

0 f (x)dx|

Ab =
—uiﬁ y:dj y:C&L}LA..}SLmMJ (X:O)ijMj X:g(y)‘fia.mﬂ_i RREY A:\Aw\ CulsS \J‘j
=d
a¢= |27 gy

Ex1) Find the area bounded by the x- axis and the cecrie y=x’& x= 1 & x

=3
Xx=35x=1 Casivsall 5 siaiall saaaal) dikiall dalis Coueal
_ \
A3 = f;=13f(x)dx| \ i/‘y:xz
=[P x2ax| =[213 | x=1 y=0 x=3 X
-|@_ @ :|9_l| :|83|:83 dalie 52a
3 3 3 3 7

3
Ex2) Find the area bounded by the x-axis and the cuwe y=6-x-x
y=0 & X sl

Y1=Y2

(6-x-x*=0) x-1
X>+x-6=0=>(x+3) (x-2) =0 =x=-3,x=2



= |12, FGoydx| = | 1,6 — x — x2)dx]

2

3
x x> 2
=|6x —=— — =— |
2 3]3

= f_23 6dx — f_23 xdx — f_23 xzdx|

=|(12-2-5) - (-18-2+%)

=[10-2+18+ 3—9|= |19—§+3| ﬂ (0,6)
3 2 3 2
= M| =6-x-X?
6
- 114+11| — |125 (_3’0)/ \(2’0) X/

Ex3) Find the area bounded by the line x+y=1 and the coordinate axes

f(x)=y=1-x

x=0=y=1 (0,1)
y=0 = x=1 (1,0)
y1=1-x, y»,=0

Y1=Y>

1-x=0 = x=1

=|(1-2) -0l =Fl=3
X1=1-y,x2=0
X1=x2
1-y=0=y=1

X=g(y) =

Ty

\(1.0) X

| = |f01(1 —x)dx| = |f01 dx — folxdx| = |x —xz—z]é|

dalie SJA}

A= S gay| = |f, @ - yyay| = |f; dy - f, v dy|



= _y_z 1|: |( —1)— |: |l|:l daliw 32a
|y 2]0 1 2 0 2 2 2

(Area between two curves) omisis (b ) gasall daluall

[5 (@) = 00)dx| = [[01 = y2)dx]

yl=f1(x) Ty /
— —
G x=b

~ /X

i ml

4= 224000 = 9200y | = 22 Gy = xp)ay|

c

Ab=

y=d

x2=92(y x1=g1(y)

y=c !

Ex4) find the area bounded by the curve y=2-x2 and the line y=-x
Y1=y2

2-X2=-X

X2-x-2=0 = (x-2) (x+1)=0

X=2,x=-1

Y=-x s y=2-x2

X=-1=y=1 x=-1= y=2-1=1

X=2=>y=-2 X=2 = y=2-4=-2



a2z f

L2 - H@)dx| = [[Z,04 - y2)dx|
=12, x? = (—x)ax| = | 2,2 — x* + x)dx|

= f_zl 2dx—f_21x2dx+f_21xdx| = |2x— x;+x—:] _21|
= (4—-+Z) (-2+3+D)|

3

— (6 _ g) _ (—12-;-2+3)|

<[ )= el = [ = [ =
:4i
20
Ex(2
y=Sin X Gminiall gy ) saally saaaall g Js¥) a1 4 JSa) At dilaial) dalie 2a
fy=cos X s
yl=y2
COS X = sin x Ay
X:% (X:O)y_));d\
Al= (x) — fz(x))dx‘ y1=cosx
‘ x=0|/y24 sin
| >
:|f0n/4008x dx—fon/“sinx dx| 0~ ~m X
=|sinx ] n(/)4+COSx] né4|

= (sin%— sin0) + (cos%— cosO)|

:(%_0) (r 1)| |\/_ __1| |ﬁ_1|




=V2-1=]14-1|=104]|=04



;A 48y ks Jalstl (1)

d(u.v)=u.dv+v.du

fudv=[[duv)—v.du] &gy
fu.dv=u.v—fv,du

Ex- |

x? x
X
U (x2+1)°/2 d

(x2+1) /z

Let u=x? = du = 2x dx

dv= dx:”’—‘f(x +1) /2 2x dx
(x2+1)
_1 (x2+1) /2
T2 T
2
_ -1
(x2+1) /2

fudv=uv— [v.du
f—x3dx = 52, —— —f L 2xdx

(x2+1)'/2 (x2+1) /2 (x2+1) /2

= s+ [(2+1) Y2 2x dx

(x2+1)
__ X’ (x2+1) /2 ny
(x2+1)1/z %
B A C I A



-1 ool Adad &8y kg Jalsill (2)

o o sa LS JalSs o3 Ay ghall anil) Apleny o 5 Liild aliall (5 gy o) S Janadl) S 13
- Gl Jual

4+x2
Ex: [—— x-8
8+x

2+4
Ay W e X Qs x+8’_x —
[ n.; éﬁ R 5 A Tx2 T 8x

2
fi: dx 8x+4
68
f[(x—8)+ m]dx +8x-+ 64
68 il
1
f(x_8)dx+68fm dx
u 2 du u  du
(x_zg) +68In|x + 8|+ ¢
Jevws 5 5usll (e e sana 1 suel) &5 s o 5 Liild Janl) (pa €I il S 131 L)
LAkl ala) Lule
AL 0555 455 A NE T S ¢ : 8 pmally el S 13 (1) Al
x—a)?
1 A, A, A,

(x—a)r x—a+(x—a)2+ N (x —a)
AXHB UL (1S5 Al (8 ALlat (0 Y 5 aXPHDXHC 5 pealls Jalall S 131 L (2)
cBaal g da o Jalas gl
4-2x
EC | e &
4-2x __ Ax+B c D

(x241)(x—1)2 T X241 x-1 (x—-1)2
_ (Ax+B)(x—-1)%+c(x?+1)(x—1)+D(x?+1)
- (x2+1)(x—1)2
_ (Ax+B) (x?—2x+1)+(cx?+c)(x—1)+Dx2%+D
- (x?+1)(x-1)?
_ Ax3-2Ax%+Ax+Bx?-2Bx+B+cx3—cx?+cx—c+Dx?*+D
- (x2+1)(x-1)2
_ (A+c)x3+(-2A+B—c+D)x2+(A—2B+c)x+(B—c+D)
- (x2+1)(x-1)2

—2A+B—-c+D=0
FB+cFD=F4
—2A = —4
“A=2

2A+B-c+D=0 ..... (2)]

A-2B+c=-2....(3)



C=2=c=—-A..(1) sl
B=1 e 2-2B+(-2) = -2 ..(3) &ilas s

D=1 &= 1-(-2)+D=4 ..(4) e o

. 4-2x x4l -2 1
(x2+1)(x—1)2 x2+1  x-1  (x—1)2

f 4—-2x dx = f[2x+1+ -2 ]dx
(x2+1)(x—1)2 x2+1  x-1 (x 1)2

=[S dx -2 [+ [—— dx

x2+1 (x—1)2

2x d d d — 124
[ A, & Zx__xl+f(alcl ) Zdx

XZJ-]. x%+1 du

+c

-1
=ln|x?+ 1]+ tan ' (x) — 2 Ln|x — 1| + (x _1)

1)1

sLnjx? + 1| = cot™1(x) — 2Ln|x—1|+ +c

a? +u? Vu? — a2, Va? — u? ; Al cilay el aladiudy Jalsili(3)
du ., _1u —1u ,
= -+ ) — -+
(1)f\/7 sin" =+ c sl — cosT -+ ¢
_ 1 —-1u -1 —1u /
= = Z 4+ | — Z 4+
(2)fuu2 T, SeC el —escTi o+

1 _1u £ 1 _1u ,
()f2 —= —tan"t=+c s — =cot™ -+¢
a“+u a a a a

Sraal) 0S8 e Ao VU U e G o

U=a sind u=ssaill aadiuiv/g2 — y2 i< 13 (1)

Ex: [ x VO—x2=+Va?2-u? =a=3,u=x
Letu=asin @

Xx=3sin 8 = dx = 3cosé do
fixfds 9 xZ=y9—9sin?6

3cosO
=9 cos?6
[do =3cos 6



0+c

. _1x
sin §+C

. dx
ifm

f 5sec?6 de6
5 secO

[d6

0+c

. _1x
sin §+C

. dx
S e

x=3sin9 = sing = g — 0 = sin~}

w xR

u=atan @ =il PREGRE a? + u? oK< (2)

V25+x2=+Va2+u2 =a=5,u=x

Let u=a tan 6

Xx=3sin @ = dx = 3cos 8 do

V9 — x2=+/9 — 9sin20 = \/9(1 — sin20)

=+/9cos?0
=3cos @

x=3sin @ = sin@ = g — 9 = Sin_lg

u=atan @ =il PREGRE a? + u? oK< (2)

V25 +x2=vVa?+u2 =a=5,u=x

Let u=a tan 6

x=5tan 8 = dx = 5 sec?0 db

2
[ V25 + x2 =25 + 25 tan?8
[seco do = /25 (1 + tan?6) = V25 sec?6
In |sec@ +tan 8| + ¢ =5secd
In 255+x2 + = sec 9 = Y52 tang = g
u=a sec 0 uay il axdiui /g2 + u? oS 1 (3)

: dx 2 _ — 2 _ 2 4 — —

ifxm Vx2—-16=+Vu?—a?2,u=x,a=4

Letu=asecé

x=4secd = dx =4secOtan0O do

4



Vx2 — 16 =16 sec?6 — 16

_ f 4secOtanf do
4 secB 4tanf

:% [de =\/16 (sec?6 — 1)
:%9+c =16 tan?6 = 4tan @
=i Sec‘1§+c Xx=4sec 0 = sech = z =>9=sec‘1%

-1 gaal) Juas) A8yl Jalsil (4)

JRaN a0 cus f(X) =ax? + bx + ¢ Al Jisad oSl (e K1)
- SV wall JusS) A5k plasiul au? + B

b
ax2+bx+c=a(x2+zx)+c

oDe) L sall (X Jalae Ciuai)? # 5k 5 ddlialy

_ 5 b b? b2
—a(x*+ - x+ —2)+c— —
a 4a 4a
b b2
:a(x+—)2+c— —
2a 4a
—au’+B
b? b .
B=c-— &u=x+— B JRSITEN
4a 2a

s Ladie ()5 ol 138 aladiad of -1 ddaadla
ax? + bx + ¢ I dids3i (S ¥ (1
(RS Gl g ) ) 3 Sailadl g ax? + bx + ¢ ) oS e (3

aladinl (a3l Wiy g2 + B dpall M ax? + bx + ¢ 2l dissd A i
oSl o el JalSall gl Akl cilay gl JalSill

d . i
[ — gl JLeS) 4y jla alaaify Jalill aa

V2x — x2=\/-(x2—-2x) = -(x2 —2x+1-1)

=J-(x2-2x—-1)-1

=/-(x-1)2-1

5




=J1—(x—1)?

a':]- ) u= X_l = du == dx
f dx — f dx f du
Vorxz ) i1 oz
=sin"Y(x—-1)+c =sin"tu+c
s -cosTH(x = 1)+ ¢ = -cos lu+¢

Double Integral 1-A

@ [ 2y dx dy

_422

_ V2 J4-2y?
_fo yx] \/m

V2

=T * y4—2y?)-(y*-J4—2y?)]1dy
V2 2 V2

=l 2y yA-2y*dy == [T -2y .J4-2y*dy
1 (4—2y2)°%/ -1

=25 =1 = JVA-2y?. 4ydy

2
=3 @-2y)7] ¢

=5 [0—(@)72]=3

2) [ [ dy dx

:foly]eox dx = folexdx: ex|(1): el 0= p_1

3) [, J; (1 — 6x2y)dx dy
LA —6xy)dx] —dy = [, (x—2x3y)|2dy =] (2 -
16y)dy



=2y-8y?| = 2°-8-(-2710-8)= —27+10 _8+2+8=4

Triple Integral — Volume

2 ~4—y? 2 ~4—y? 2 ~4—y?
- f 17 dzdxdy = [7 [z 2 dedy = f7 [ (-
0)dxdy

2 —y2 2 2
=/ yX|40y —dy = [[(y* (4—y?) = 0)dy = [, (4y — y*)dy
_ y*12 _ _
=2y? — 7|0_8—4_4

2- [ S dzdy dx = [T, [z [P dydx = [, [ (2 -

x)dy dx
= f_12(2y —xy) |% dx = f_12(4x — 2x%)dx
2 2 —8x2—
=22 - 2o | L= 2~ )6
2 16 16
=2---(8-7) -(8+5)

=-6-3=-6-6=1-[2] =12

—-18-18 612
= = =-12
3 A,

3 [T dzdydxe= [ [TV 25 dy dx
= f_ll fol_x(5 — x% —4x?)dy dx = f_11 fol_x(S — 5x2)dy dx
1 -
= [, (5y = 5x?y)|'}" dx
= [ (5(1 — x) = 5x*(1 — x)dx = [ (5 — 5x — 5x? + 5x3)dx

5x2 5 5 1
=5x-2—— 2x3 +2 x*|
2 3 4 -1



4 [ f_T"l [ dz dy dx

1 ~0
Jo f—le

1 00
x;i/;l dy dx = | f—Tl[(x +y+1)—(x—y)ldy dx

=y 21+ 2y)dy dx = [y +y?)

0
-1 dx
2

= 0-(F+3)dx= [ 1dx=1x|;

H.W
A :
(1) [ fo xsiny dy dy

() [, 7 dxdy

4—x2

Z_xz y dy dx

@) [, ) =

(@) [ [ R Y azdx dy

2y /1-y2 J8+x2+9y2

9—x2
3 3 (8+x%+9y?
) S50 oz fig. y2oye dZdx dy

3



Chapter Eight
Conic Sections
The distance between two points p; (x;,y;) and p, (x, ,y,) Iis:
d=y/(x2 — x1)% + (y2 — ¥1)?

The distance between point p(x,y) and line Ax+By+c=0is :

d:|Ax+By+c|

VAZ+B?
1- Thecircle

The set of points in a plane whose distance from some fixed center point
Is constant radius value .

The general equation for circle of second degree is :
(x-h)?+(y —k)? =r?

Let c(h,k) and r are the center and the radius of circle respectively . if
p(x,y) be a point on this circle then the standard equation for circle is :

cp=r wherer> 0

and JE—h2+@y—k)2=r
Note : if the center of circle is (0,0) then x? + y? = r?

Example 1 : Find the center and radius of the circle has the following
equation: x?2+ y2 —4x+6y—3=0

Solution: (x? —4x+4)+ (y?+6y+9)=4+9+3
(x-2)*+(y+3)*=16
The center is (2,-3) and the radius equal 4 .

Example 2 : Find the equation of circle if the center (-1,1) and through
tangent the line x+ 2y = 4

g JAx+By+e| _ [1(=1)+2(1)-4| _ 3
Solution:d=—"r—o-= — 5= = &



(D)? + (y = 1)* = ¢

Exercises :

1- Prove that the loci of the point p(x,y) is circle . if the distance
between p and A(6,0) equal twice the distance between p and
B(0,3)?

2- Find in equation for the circle through the points (1,0) , (0,1) and
(2,2)?

3- Find an equation for the circle through the points (2,3) , (3,2) and
(-4,3)?

4- Find an equation for the circle centered at (-2,1) that passes
through the point (1,3) Is the point (1.1, 2.8) inside , outside , or
on the circle ?

5- Find equations for the tangents to the circle
(x-2)? + (y — 1)? = 5, at the points where the circle crosses the
coordinate axis?

2- Parabola

Parabola is a set that consists of all the points in a plane equidistant
from a given fixed point and a given fixed line in the plane the fixed
point is called focus (F) and the fixed line is called directory (L)

Q('p7y) !y)

V(0,0 F(p,0)

=p

y2=4pL< is symm tnic with x- axis

PF=pQ

V& —p)2+(y—0)2=/(x +p)? + (y — y)?
x2-2px+ p? + y% = x% + 2px + p?
y?=4px ,x>0 issymmtricwithx — axis

2



4
A 0.p) /
P Qp.y) (7% y=p
\ Q=(X,P)
FEP,0)
X=P Y=-P / ){\X,Y)
Q(X.-P) F(0,-P)
y? = —4px x? = 4py x? = —4py

Symmetric with x-axis sym — with — axis sym — with y — axis

& open to left & open to up & open to down

V(h,K) : (y,0) v(h,k)=(0,0) v(u,k)=(0,0)
Equation Focus(F) Directrix Axis

1 y? = 4px (p,0) X=-p X-axis
(y-K)? = 4p(x — h) (h+p.k) X=h-p

2 y? = —4px (-p,0) X=p X-axis
(y-k)? = —4p(x —h) | (h-pk) X=h+tp

3 x? = 4py (0,p) Y=-p y-axis
(x-h)* = —4p(y —k) | (hk+p) Y=k-p

4 x? = —4py (0,-p) Y=p y-axis
(x-h)* =—4p(y —k) | (hk-p) Y=k+p

Examplel : Discuss and sketch the following equation :

y2+6y+2x+5=0

Solution :

(y+3)2+2x—4=0




(y+3)2 = -2x — 4
(y+3)* = —2(x — 2)
2=4p

p=2
2

V(hK) = (2-3), Fh-pk) = (25, =3) = G, —3)

X=ht+p=2+= =2

Example2 : find the focus and vertex and of the following parabola :
x*+2x+1-4y—-4=0

Solution : (x+1)?2=4@+1)

V(h,k)=(-1,-1),p=1, F(h,k+p)=(-1-1+1)=(-1,0)

y=k-p=-1-1=-2

\ F(-1,0 (0,0) |

('1"1)

V=2

Exercises :

1) Find an equation, focus and directory of each of the following
parabola , then sketch each one :
yZ — 12x’y2 — _2x’x2 =6y’x2 = —8y,y:4x2
y= —8x? ,x=2y% x= —-3y?

2) Find focus, vertex and directory , and sketch of each of the
following parabola :



a(xt1)*= -4 (y—3),b.(y +2)* =8(x - 1)

3- Ellipse

Ellipse is the set of points in a plane whose distances from two fixed
points in the plane have a constant sum . The two fixed points are called
foci (F; , F,) of the Ellipse

p(x.y)
a 0
F,(-c,0) 0,0) F1(c,0)
Fl(C,O) , Fz(-C,O)

pF1+pF,=constant
JOx—c)2+(y—0)2+/(x +c)2+ (y—0)2=2awherea>0
Jx2—2cx+ c2+ y2 =2a— \[x2+ 2cx + c2 + y2

x?2 —2cx +c?+ y? =4a? —4aJx2 +2cx + 2+ y2 + x2 + 2cx +
2 + 32

Acx + 4a? = 4aJx% + 2cx + c2 + y?

cx+a? = a\/x% + 2cx + c2 + y?

(cx+a?)? = a?(x? + 2cx + ¢ + y?)
c?x? + 2ca’x + a* = a’x? + 2ca’x + a*c? + a’y? wherea > ¢

(@? — c?)x? + a?y? = (a? — c?)a?

xZ 2

= 23’ -=1 where a>c

a a<—c

x2  y? 2 2 2 2 2 2
;+b_2=1 - ¢“= a*—b* where a>b, b =a“—-—c

The Ellipse equation of x-axis with center (0,0) and foci (£c, 0)
e=— c<a-e<l (Eccentricity)

5



The Directory Ly,L, are :

a?

X==%x

o |Q

OT'X:i'?
if x=0

(0,-b) , (0,b)

If y=0

(-a,0), (@,0)

But the Ellipse equation of y-axis with center (0,0) and foci (0, £c¢)

2 2

X y

Az(@//_\

B1(0,b)

%(3,0)

\ F2(0,-c)

F1( y

a1
If x=0 A1(0,a)
(0,-a), (0,a)
If y=0 F1(0,c
(-b,0), (b,0) B2(-b,0) B1(b,0)
The Directory L, , L, are: F2(0/-c)
Y==% % or y= ia?z A2(0,-a)
i x-axzis i y-axzis
wt e 2t =t
F1(c,0), Fx(-c,0) F1(0,c), F»(0,-c)
Centre C(0,0) Centre C(0,0)

Al(a,O) ) Al(-a,O)
Bl(oib) ) B2(0!-b)

a
X==x -
e

Al(oia) ) AZ(Ol_a)
B1(b,0) , Bo(-b,0)

a
=4 -
y_e




(x—h? (=k)?_
a? bz
Fi(h+c,k) , Fa(h-c,k)

Centre C(h,k)
A;(h+a,k) , Ai(h-a,k)
B, (h,k+b) , By(h,k-b)

x=h+ 2
e

1

= =R _

b? a?
F1(h,k+c) , Fo(h,k-C)
Centre C(h,k)
A;(hk+a) , Ay(hk-a)
B:(h+b,K) , Bo(h-b,k)

_ a
y—ki Z

Example 1 : Find and sketch the equation of Ellipse that the focus F(0,0)

and a=3,¢(0,2) ?

Solution :
=i | G=h? _ g
a? b2

b2=a?—c2->b2=9—-4 -bh= +\/5
0= @-0? _ 4

9 5 T2
ezg — 2 A;(0,5)
ykFE=2F 3=2F - F.(0\4)
(0,2)
B2(V/5 ,2) B:(V/5,2)
\Fz(o )
2(0,-1)
Example 2: Discuss and sketch the following equation :
9x2+4y2+36x—8y+4=0
Solution : y=5.02

(9x2 + 36x + 36) + (4y? — 8y +4) = 36

9(x?2+4x+4)+4(y>* -2y +1) =36

AL(-2,4)




9(x + 2)2 + 4(y — 1)? = 36 o-2.1)

(@+2)” L =D® _ 4

4

B2(-4,1) B1(0,1)

9

a’?=9->a=F3, b =4->b=7F2 K,

2 —

A-2,-2)

y=-3.02

c2=a?—-bh2>5c2=9-4=5-5¢c=+/5

h=-2,k=1- c(—2,1)centre of Ellipse

Fi(h,k+c),F2(h,k-c) > F (=21 ++5),F,(—2,1 —V/5)

Ai(hk+a),Ax(hk—a)- A;(—2,1 +3),4,(—2,1 - 3) - A4,(—2,4),4,(—2,-2)

B,(h+b,k),B(h-b,k) » B,(-2 + 2,1), B,(—2 — 2,1) - B,(0,1), B,(—4,1)

o @ _ 9
Exercises :
1- Find an equation of Ellipse if the vertices A1(1,1) , A2(1,7) , B1(3,4)

2-

and B2(-1,4) ?
2 2

Prove that the tangent of Ellipse = + 2= = 1 at the point p(X,y1)
a? b2

. XX
is =L+ 21 =19
a b2

Find the equation of an Ellipse of eccentricityg if the line x=9 is

one directrix and the focus is at (4,0) ?

Find the equation of Ellipse having the center C, focus F and
sketch graph :

1) C(0,0),F(0,2), a=4

2) C(0,0), F(-3,0),a=5

3) C(0,2),F(0,0),a=4

4) C(-3,0), F(-3,-2) ,a=4

Find and sketch the center , vertices and foci of the Ellipse :
1) 25x% +9y? — 100x + 54y —44 =0

2) 9x% +4y? =36



3) 4x2% +9y? = 144

4- Hyperbole

Hyperbola is the set of points in a plane whose distances from two fixed
points in the plane have a constant difference , The two fixed points are
called foci (F,F,) of the Hyperbola .

F1(-c,0) , F2(c,0)

pFi-pF,=2a

Jox+c)2+(y—0)2—/(x—c)2+ (y—0)2=a2wherea>0
2 2

Z—Z—Czy_a2= where ¢ >a,b? =c?—a?
2 2

;C_Z_czy—a2= -t =at+ b

The Hyperbola equation the foci on x-axis with center (0,0) , intersection
with x-axis at (% a, 0) and its asymptotes y:i%x

X=-a X=a

y
><) P(Xy)

FI(c0)  A2(a0) AI@0) F2(c,0)

Eccentricity : ezg c>a




Directrix: x==+ %

X-axis y-axis
x2 y2 y2 x2
@ 2 T
F]_(C,O) , Fz('C,O) Fl(O,C) , FZ(O,-C)
Centre C(0,0) Centre C(0,0)

Al(a,O) ) Al('a’o)
Bl(oib) ) BZ(O!-b)

Al(oia) ) A2(01'a)
B1(b,0) , Bo(-b,0)

y:i%x y=i%x ]
_4,a__a -+2=-3%
X—iz—i7 y—ie + -
(x-h? O-k?*_ y—k? (—h?_ 1
a2 b2 a2 b2

Fi(h+c,k) , Fa(h-c,k)
Centre C(h,k)
A;(h+a,k) , Ai(h-a,k)
B, (h,k+b) , By(h,k-b)

(K== 2 (x = h)

x=h+2
eZ

a
X=h=+—

C

F1(h,k+c) , Fo(h,k-C)
Centre C(h,k)
A;(hk+a) , As(hk-a)
B:(h+b,K) , Bo(b-b,k)

(y-K)=£ 2 (x—h)

Example 1: sketch the following hyperbolas :

2

8

1. X2
9

1

(o)}

Solution : 1. C(0,0)

a’>=9 -a=3,b°=16 - b =4
c?= a?+ b? > cVaZ+b? = +5

F1(0,5) , F»(0,-5)

y_i\w y:Z% )

10




A1(0!3) ) Al(ol_s) A1(0,3) y:g %

B1(4,0) , Bx(-4,0) B,(-k,0) B.(k,0)

yekix >y =*>x =
_, a _ .9

y_i T -y = - 5 A;(0,-3)

Example 2: Sketch the following hyperbolas :

1. 9(x —2)2 — 4(y +3)2 = 36
2. 4(x —2)% —9(y +3)2 =36

3. 4x> —5y? —16x+ 10y +31=0

N2 2
Solution : 1. & 42) _ o)

9

C(2,-3)

a*=4 -a=2,b>=9->b= %3

c2=a?+b*>c=+VaZ+b?= £+13

F1(2+V13, -3) F, (2- V13, -3)

A1(2+2,-3) , A1(2-2,-3) = A; (4,-3) , A1 (0,-3)

B1(2,-3+3) , B(2,-3-3) — B4(2,0)

2
x=h++ < S x=2+

Cc

5l
w

) Bl(2’-6)

K== 2 (x—h) >y +3)= - (x—2)

B1(2,0) /

(0,0)

F2 x }\
d
/

X=2-

4
V13

X(2,-3)

X=2+

11

Al

4
V13

xF1

X B2(2,-6) \



Exercises

1- Prove that tangent of Hyperbole b?x? — a?y? = a?b? at the
points p1 (x1,y1) is b2xx1 —a2yyl =a2 b2 ?

2- Find an equation of Hyperbola from the given in formation,
F1(0,0), F2(0,4) and pass through the point (12,9) ?

3- Find an equation of Hyperbola that the eccentricity \/§:§ and the
vertices (0,£2)?

12



Chapter Nine
Polar Coordinates

Cartesian Coordinates : any point in the plane can be represented as a
pair of real numbers (x,y) .

Polar Coordinates : in the plane fix an origin O (called the pole) and an
initial ray from O . then each point P can be located by assigning to it a
polar coordinate (r,8) in which r gives the directed distance from O to P
and @ gives the directed angle from the initial ray to ray OP.

P(-2,-30)

0 -0
P(2,-30)

So r is positive when measured on ray and negative when going
backward (opposite direction) but 6 is positive when measured
counterclockwise and negative when measured clockwise .

Polar Coordinates are not unique , for example , (2, 7?”) =(-2, %) and

) -

—-117m

29=2—

P2(-r,G) p3(r,-G)




Example 1: plot the following points ?

P (23) P2 (-23)ps (25) 2u (25 s (25) s (-25).

b7 (2v0)’ Ps (_2’0)

4 i,/ 1625)
P8 pz

A
0 <G

1>l

<«

P2 p6 p3

The Relation between Cartesian Coordinate (x,y) and Polar Coordinate
(r.0):

X=c0sO - x=rcosd

=sinf - y=rsind

x24+y2 =12 5r= [xZ+y2

rsinf sin 6 _
=z :X—>tan9=2—>9=tan1§

rcosé@ X cos @ X X

Example 2: converting the following Cartesian coordinate to polar

coordinate : y

a) x2+y2—-6x=0 X

b) x2+(y—3)2=0(H.W.)? r£0 |y x
Solution :

a) x=rcosf,y=rsiné
(rcosB)? + (rsinf)? —6rcosd =0
r2(cos?6 + sin?0) — 6rcosd =0
r2—6rcosf =0
r=6r cos 6



Example 3 : plot and transfer the points
D1 (—2 _?”) and p, (2, %) (H.W.) to Cartesian coordinate ?

Solution: x =rcosf —» x = —Zcos%r: — (§)= —+/3

_ - _ P A . T 1)\ _
y=rsing -y= —Zsm?—Zsmg—Z (E)_l

b (-2) > (V) iz e

o >l
—

O

o>

Example 4 : plot and transfer the points p, (1,1),p, (=1, —V3)(H.W.)
to polar coordinate ?

Solution: x2+y?2 =12 51+1=1r252=125r=+/2

6 = tan‘1§—>9 =tan 1> 1=tanf -0 = %
P% 2 1
PWZ D)
Note :

1- If r=0 for any value of 8 then (0, 8) is the origin point .

2- If r=a (ais a constant ) for all value of 8 then these points are
represented a circle of canter (0,0) and radius a .

3- 8 = A (Aisan angle) for all value of r the these points are
represented a line through origin point .

Example 5: Find Cartesian equation to polar equation

a) Rcos(@ —g) =3
b) r2 = 2rcos@
¢) r2=2sin26 (HW.)



Solution :

a) rcos(9 - %) =3 >r (cos@cos§+sinesin§) =
3 —>r(§ rcosé + \/; rsing) =3 —>%x+‘/2—§y=3—>x+
V3y =6
Example 6: Find intersection points of the following two curves constant
a) r=a(l+cosf),r = a(l —sinfH)

Solution : a(l+cosf) = a(1 —sin )

Snf — 1 Ltanf = —1
cos @

0 =T —§—>9=135°
e=2n—§—>9=315°

l+cosf =1 —sinf -

° _ 1
r=a (1+cos 135°) »r=a (1 + \/_E)

(a(1-%) 1135°%), (a (1 + %) 1315°

Exercises : 1- plot and converting the following points to Cartesian
coordinates :

a 3.9 b.(3,9,06>0,d(3.D

2- Graph the locus of point p(r , 8) whose polar coordinate satisfy the
given equation inequality or inequalities .

a)r=2 , b)r=2 , c)r<2, dl<r<2 , ¢0<6<
30°,r=0 , flg=120°,r< —2 ,9)9=60°,1<r<3,
h)g = 495° r > —1

3-Graph the loci :

a) rcos@ =2, b)rsind = -1 ,c)rcos(6 —60°) =3
d) rcos(30°—-6) =0



4-Show that (-2, %”) ison the curve r=2sin 2 8 and (% : 3?”) Is on the
curve r=-sin (g)

5-Show that equations represent the same curve :
r=cos@+1,r=cosf -1

6-Find some intersections of the following curves (a constant)
a)r=a(1+ cos 0),r=a(1-cosf) b)r=a(l+sin @) ,r = 2acosb

Draw Curve in polar Coordinate :

F@)=r or F(r,0) =0

Symmetry about the x-axis (polar axis)
F(r,0) = F(r,—6)

For example , r=3 cos 8 = 3 cos(—60)
Symmetry about the origin :

F(r,0) = F(—7,0)

For example , 72 = 3cos 8 ,— (—r)? = 3cosb

Symmetry about the y-axis
F(r,0) = F(r,m—0)

For example ,r=3sinf = 3sin(m — )
Example 7 : Discuss and sketch the following curves :

1) r=a (1 —-cosh)
2) r=a(l—-sing)
3) 2 = 2a?co0s 26

4) r = asin26
5) r =sin 360
6) r =6 and
7N r=-0



Solution 1) : Cardioid curve

0<60<2m

F(r,0) = F(r,—0)

symmetry about the polar axis

—1<cosf <1-0<1-cosf <2-0<a(l-
cosf) <2a - 0<r<2a

Intersection points

If9=5—>r=a (a,;)
__3m _ 3n
If9—7—>r—a (a,;)
f0=nm—->r=2a (2a,m)
fe=0-r=0 (0,0)

d ) d )
L =asing » L >0whensing >0
de de

(sin@ > 0 in the intrval [0,m]) — increases when 6 € [0, ]

P, P, P3 P4 Ps
30° 60° 90° 120° 150°
0.15a 0.5a a 1.5a 1.85a

2) Cardioid curve

*0<60<2n

*a(1-sin(m,0)) = a (1 —sinB)

F(r, 8) = F(r,m — 8)(symmetry about tBe y — axis)

-1<sinf <1-0<1-sind<2-0<a(l-
sinf) <2a-0<r<2a
Intersection points

(0,%)

fo="o5r=0
2 2

f6=2>r=2a (2a,%)




fo=nm->r=a

fe=0 ->r->=a

dr

(a,m)

(a,0)

d
£ = _acosH —>d—230whencose >0

do

(cos8 = 0 in the intrval [%n,g]) — decreases when 6 € [_7”,2]
P, P, P3 P4 Ps
30° 45° 60° -30° -45°
0.5a 0.3a 0.1a 1.5a 1.7a

3) Lemniscate Curve

*T<20<i5"<9<s

2 2 4 4

*F(r,0) =F(r,—6),F(r,0) = F(-r,0),F(r,0) = F(-r,—0)
(Symmetry about the polar axis , y-axis and origin )

Intersection points

fo=0-1r=FV2a
fo=m »r= ++2a

dr
2r —= —
ae

& — 0 whensin26 >0

do

(¥V2a ,0)
(£V2a,m)

4a?*sin20 - — =
do

r

—2a?

sin 260

0<20<mr->0<86 S%edecreaseswhene € [O,%]

Po ! P2
0 0 30° 45°
r FV2a *a

H.W.

r =a(l + cos o)
r=a(l +sin o)
r? = 2a?sin20
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Integrals in polar Coordinates :

If £ (r, 8) is a function defined on regain R and bounded by two arrows
0 = a,0 = B and two curves r = r;(8),r = r,(6) . Then Double
Integral in polar Coordinates as follows :

[A [f(r 6)dA= ff f:lz((:))f(r, O)rdrd® where A inside R



The Area in polar Coordinates :

By using Jaction transformation to transform Double Integral from
Cartesian plane to polar Coordinates as follows :

jff(x,y)dxdy=.[.[f(rcos 0,rsinf)rdrd6

dxdy=rdrd@
A = [ A [ dxdy [the area in Cartesian plane)

A= [A[rdrd6 [ the area in polar Cooedinates)

Example 10 : Find the value of Double Integral in the polar coordinates
1 V1-x2

I f\/ﬁ (x? + y?)dydx

Solution :

y=+xVl—-x2-5y2=1-x>>x2+y?=1-1r2=1

»r=x1->r=0andr=1,0=0and 6 = 2n

r-rar - r-ar = —4
027r 01 2 drdo 027r 01 3d do 21T

r=1

0 4]r=0 do

1 p27 05 0=27 21 T

== do = - e
4f0 4] 6=0 4 2

Example 11: Find an equivalent Double Integral in term of polar
coordinates [ [ ydydx

Solution :
X=rcosf,y=rsinf

y=x-rsing =rcosf —cosfd =sinf — 6=

XxX=2 ->rcosfg =2 »r=

2
—>r=2secH
cos @
T

r=0andr =2secf,0 =0and 0 = "

[ [2°°° rsing .rdrd6 =

z T3 ]
[i 1757 r?sing .drde = [3]7"2 sin 6d6

= [+2 sec30sing do = gfg% sec?0df =2 ftan 6 sec?0d6 =

8 tan29] 9=§
3 2 6=0

_4 27'[ 2 _4 _4
—E[tan S~ tan 0]—5[1‘0]—5



Example 12 : Find the area inside the Cardioid r=a(1 — cos 8)

Solution:0 <60 <2m
0=0->r=a(l—-cosf)->r=0
r=0andr =a(l—cos0),06 =0and 6 =2r

A= f027t an(l_COS 6)1" drdo = fOZn 1*2_2] r:a(rl;gose) 4o =

a;fozn(l — c0s60)?d6 = a?zfozn(l — 2c0s 6 + cos?0)do =
2 5 1

L 21~ 2c0s6 + (1 + c0s20) df =

2

£ [6—2sin6 + 7 +:sin20] 2"
a? . 2m 1 _. . 1.
==\l = Zsindm +—+-SIn4r — 0+ Z2SINU — U —=SIn
~[2m — 2sin2m + 2+ sin4m — 0+ 2sin0 — 0 — ;sin0]

3a?m

:%2[27'[+7T] =

10



	ch1
	ch2
	ch3
	ch4
	ch5
	ch6
	ch7
	ch8
	ch9

