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Chapter One

Sequence:-

A sequence is a function whose domain is the set of positive integer
1,2,3,... . We denote the sequence by < f(n) >) . Where f(n) is the

function at valued n.

The sequence f isthe set {(n, f(n));n € N}. That is ,the set of all pairs
(n, f(n)), with n appositive integer. We also write a,, to denote the

sequence whose ordinateaty = a,, .

Examples:-

n+1
The set { (n, n—il) ,n=1,2,3,....} isasequence whose value at n is ﬁ
e <1>=1,1,1,.....
Theset{(n,1),n=1,2,3,.....} isasequence whose value at n is 1.
Finite sequence :-

The sequence < f(n) > is said to be finite if there exist two
numbers a and b suchthata < f(n) < bora< f(n) <bora <
fm)<bora<f(n)<bhb.

Note:- every finite sequence is bounded.



Infinite sequence:-

The sequence < f(n) > is said to be infinite if both a and b or one

of them equal to +oo .

Note:- every infinite sequence is unbounded.
Convergent Sequence:-
A sequence is said to be convergent if it approaches some limit .

Formally, a sequence S,, converges to the limit L . A divergent sequence

doesn’t have a limit. lim,,.S, =L

Discuss the following sequences:-

The set { (1,%), (2&), (3,%), ..... pis a finite and bounded sequence when

n — oo,
1

lim—=20
nl—r>{>102n

1
< -->- 0 the sequence converge to zero.
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2n

1
o« <—>=¢,
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The set { (1,%), (2,&), (3&), ..... pis a finite and bounded sequence when

n — ©o

)



1 .
< — >- 0 the sequence is converge to zero.

1
S_
n+1 2

0<

e <1>={1,1,1,......}.

Theset{ (1,1),(2,1),(3,1),..... } is afinite and bounded sequence when

n — oo,

lIim1=1

n—-oo

< 1 >-1 the sequence is converge to 1.

The set { (1,%), (2,%), (3,2), ..... }is a finite and bounded sequence

since when n — oo, there are two Solutions for this sequence:-

First solution:-

2n 1 1
I 2n+1_1_ 74‘5_1_ 2+ﬁ_2+0_
nl—l:go 2n _nl—r>lg>lo Z_Tl _nl—>r13c> 2 o 2 o
n
2n+1
>-1

2n
Second solution:-

im 2 i el Cmte Lt o140=1
nl—rLlo 2n _nl—rLloZn Zn_nl—{?o 2n N




2n+1

>—1
2n -

The sequence is converge to 1.

e <n>={1,23,....},.n€EN

Theset{ (1,1),(2,2),(3,3), ..... } isainfinite and unbounded sequence

when n — o, < n >— oo, The sequence is diverged.

Note:-  Those sequences are also infinite, unbounded and diverge

3 6
<+n><5n%>< % >, < % > And so on. Have a same solve like

<n>.

Example:- Find the Domains for the following sequences

1
6 < —>
n—-1
n—1=0
n=1

n € N/{1}

Oor n={2,3,4,...}.

n € N/{1,2,3}



Or n=1{4,5,6,...}.

1
n+4

o < >

neNsince n+4>0 - n>-—-4

1

n-3

o <

>

n—3>0
n>3
n € N/{1,2,3}

Oor n=1{4,56,...}.

1
3—n

o <

>

3—m>0
3I>n
n ={1,2}.

1 .. . ..
L= Is finite sequence having two limits.

o <+V7—n>How?

Are the sequences converging or diverge?

n-2
n2+1

1. < >

Solution:-



5 n 2 1 2 0—0
om=2 w2 _0-0_
7‘1Ll—1;1<;10n2+1 Al—r}olonz 1 _7‘1LI—I>I<;101+i_1+0_0
nz ' n? n?
n< = 1 >-0
n3+1
2. <>
el +—= 1+0 1
Sol.- ImEi==limZ2=lim—% =-"=-=0
n—-oo N— n—-oo o n—oo 23 0-0 0
3
“ < 7:21 > The sequence is diverge.
3. <(-D"*">nenN
Sol.- <(-D"*">={-1,1,-1,1, ...}
iy~ (-1 nodd
<=0t {1neven}
(1,-1),(3,—-1),(5,-1),... n odd}
1)t > =
<E=Dt> {(2,1), 41),(6,1), .. n even
1< (-1D"<1

& < (=1)™ > Is bounded.

_ {—1 n— oo odd}

But lim (—1)"
ut lim (—1) 1 n > o even

n—-oo

& < (—1)™ > Is diverge because it has two limits.

Discuss the following sequences? (Homework)

4, < (1)1 >
5. < (D™ >
6. <1—-(—D">



1
(-nn
8. <n—-(—-1D">

7. <

>

n
G 0
="

n

9. <

>

10. <

>
11. << 5n+4 >
12.< 2>

3n

13.< ¥n >

n2
n3+43

14.<

>

Find the values of a4, a,, a3 and a, for the following sequence

< a, >, were given a,, term ?

1 an=1;—2n
1-1 O
a1= 12 =T=
1-2 -1
=T Ty
1-3 =2
=732 T g
1-4 -3
“TT2 T 16
(_1)n+1
2' an: 2n-1

(_1)1+1 (_1)2
T T 71

D (=1
=Tt TT T




D™ _ (D¢ 1
Q=""%531 T Tz T g

e R G

4= g1 22 8

_1\n+1
3. a, = (2111)_1 Homework?
4. a, = (nz—+nl)(1 - %) Homework?

Are the following sequence converge or diverge find the limited of

each convergent sequence?

1. a,=2+(0.1)"
n=1273,..
a, =2.1,a, =2.01,a, = 2.001, ...

n -, lim a, = lim(2 + (0.1)
n—oo

n—oo

1
—lim(2 +—
”n( +10n)

n—->0o

=2+lim—=2+4+0=2
10M

n—oo

A, 2

2<a,<21
< a,, > is bounded.
2. a, =2+ (0.1)"? Homework

Not :- All of these sequence are diverge:- < a,, > = % < a, >=

(n—1)?%and <a,>=m+ (-1D") .



when n — o the limit sequenceslim a, = o

n—>oo

cosn

3. < a,>=

—1<cosn<1

—1 cosn
—<
n n

<

S|

But<_71>—>0and<%>—>0

cosn

>- 0
n

By theoremifa,, < b, <c,Vnand <a, >- Land < c, >—

L then < b, >- L.

But this sequence is diverge show that < a, >=n+cosn ?

(Homework).
Mathematical Convergent for Sequence:-

A sequence S,, is said to be converge Mathematically for a real
number L if and only if for every positive real number (¢ > 0), there exist

corresponding number (K € N), such that :

<S,>> Lo |S,—-Ll<e Vn>K.

Example:- prove that

1. <150
n

Proof:- |%—O| <€ vn> K



1
2. <2—n>—>0

Proof:- |2in—0| <e€ vn > K

1
ﬁ<€ vn > K
1
— < € vn > K
zn

1
2n>g vn> K

1
In2™ > In—
€

nln2 >Inl —Ine

0—1Ine

n= In2

—Ine
" Inz

3. <nT+1>—>1

Proof:- |n+1 — 1| <e VvVn>K

n



n
1
—‘<e vn > K
n
1
—<e€ vn> K
n
n>-—- vn > K
€
1
K =—
€

4. < ﬁ >— 1 prove that ?(Homework)

5 < % >— 0 prove that ?(Homework)

Converge of sequence by theorem of continuous

If s,, = L and f is a continuous function on L ; f is defined on all terms
of sequence , then f(s,) — f(L).

Example:- prove that

1. < /n—+1>—>1
n

Proof:- Let x = nT“

o n+1 n 1 ) 1
lim =lim—-+—-=liml14+—-=1+0=1
n+1
s < >—>1
n

Let f(x) = /x



f is continuous at 1.

Since f(1) =limf(x) =1

n—-oo

limf(x) = limf(x) =1

n—-+1 n—--—
The limit from left equal the limit from right equal to 1.

n+1 n+1
n

Here , by theorem of converge f( ) - f(1),< — > 1.

1
2. <2n>-1

1 . .1

Letx == ,limx =1lim-=0

n n—-oo n
n—oo

Let f(x) = 2* continuous at 0
=~ By theorem of converge (if s,, = L and f is a continuous function on L
then f(sn) = f(L)).
1
f) = £(0)

1

1
W< 2n>-51

In+1

3. < >—-3

Let x = 9’”21 lim x= H.W.

n— n—oo

Let f(x) = Vx

f is continuous at 1. H.W.



1
4, <5 >-1
2n

1 . .1

Letx == ,limx =1lim-=0
n n—-oo n
n—oo

Let f(x) = zix continuous at 0 H.W.

5. <\/%>#>O

Diverge to zero and the function not continuous at zero because the limit

from the right doesn't exist.
The series
Definition:-

If < a, >={ay,a,, as,..}is infinite sequence , then a; + a, +

as + ...is called an infinite series and it is written as Y.,_, a,,.

If series of the form a; + a, + a; + ...+ a,, .Then is called a finite
series and it is written as Y- a = S, , which S, is finite series. The
sequence < S,, > is called the sequence of partial sums of }.;_, ay ,

where:-

52:a1+a2

S3:a1+a2+a3

Sn=a1+a2+a3+"'+an



Example :-

" z 2n = 2(1) +2(2) + 2(3) + -

i 2 2 2 2
>I<*z:(n+1) :(1+1) +(2+1) +(3+1) e
n=1

n 1 2 3
—4+9+16+
B 2 3
= /1 1w 1 1
S N 5 -V SR O U VU PRI
n n 2 3
n=1 n=1 n=1

Theorem:-
If Yoot @, and }.;°_; b,, are series, and ceR, then:-

1L Yp=1€.an =CYplqay

2. Z?f:l(an + bn) = Z;.:):l a, + Z;.:):l bn'
Definition:-

The infinite series ),,—; a,, Is said to be converging to L i.e.

Yim—q an = L, if the sequence of partial sums < S,, > converge to L.

lim,_ S, =L, LeR ; Y5—q1 ar = Sy,

1
n(n+1)

Example:- Is the series Y1 @y = Yineq converge ? find it's

sum if exist?

Sol.:-



1L 4, B
nn+1) n (m+1)

_A(n+1)+Bn
B n+1)

_An+A+Bn
- (n+1)

1 _ A
nn+1) m+1)

A=1,A+B=0"=1+B=%= B=-1

1 1 1

n(n+1)=n_(n+1)

S, =1 1

1= 2

s, =1 1+1 1—1 1

2_< 2) (2 3)‘ 3
5—11+1 1+(1 1\ 1
3_< )(2 3) 3 4) 4

S_( 1+(1 1+1 1+ +1
no 2) 2 3) 3 4) (n
lim S, = lim (1 1 =1-0=1
novoo n_nl—{go( T (m+1) T T

(e0)

'°'Zﬁ22%_2(n11):1

n=1 n=1 n=1

1
n+1)

)=1

1
_(n+1)




Are the series Y., a, = Z,"{;lﬁ converge ? find it's sum if exist?

1 1

1. anzm Z.angm Homework
0o 1 co 1 1
3 2=t DD 4. Yn=0C5 7))

Geometric Series:-

Those are Geometric Series and a is positive constant , r is the base of

series .

The sequence of partial some for the series Y50, ar™ 1 is:-

n +ar+ar®+ - +ar"?

- first_term

1. If|rl=1

Sp.=a+a+a+--+a=na

< §, > =<na > diverge == ¥> . ar™ ! diverge
2. If|r| > 1

Yo ar™1diverge

3. If|r| <1

The series Y%, ar™ 1 is converge and the sum is:-

— first term a
1 — base 1—7r
n=1

Not:-If the series }.;>—; ar™ and |r| < 1 the sum is



o0
ar™ =
1—-r

n=1
That mean the first term is ar and the partial sequence of the series is

S,=ar+ar*+ar3+ -+ ar®

Example:- which series are converge and diverge .if it converge find

the sum of series?

n=1
1i(7>_7+7+7+
50 an) =3 T 32 T 33

n=1
2(47)=Z7-(4—n)=2“r
n=1 n=1 n=1

7
4

7 .
|r] < 1 w— %> (4—n) converge and the sum is =T =

4

NN YN
wIN



=1 _7 dFT—7
a—,r—gan T.=3

n
|r] > 1 wep >, (g) and have no summation.
diverge

ii ”"‘Z‘”’”

pa

Z%( = o2 (P 5 ()

1 1
—_ —_ - _ n
a=-, Ir| =1 Z 2( 1)™ diverge
n=1
S /5 1\ w5 v1
£ )= Lmt ) w
n=1 n=1 n=1
55_551_5 W acspll pplS
on om = ar™, a—,r—z, T.=3
n=1 n=1 n=1
The series is converge and the sum is:-
*5 5 - 5
il 2 __ 2 _ il
ZZ” T=1-° ZZ"_)S
Sa-SibeSor . wminal e
Z 3n Z ‘3m 4 , a=1,|r =3 .T.=

M8
wl,,__k
hJIh*

W =



2 2 2 2
1 2+§+5+E+"+%1+"
J— N 1 —_ N n —_ —_ —_
—ZZSn_l—Zar ,a=2,r==,F.T.=
n=1 n=1

2 . 2
7] < 1 mmp 3204 (3n_1) converge and the sum is =— =

3

win| N
Il
w

4
a= 1,r=§and F.T.=1

|r| > 1 w—py> (g)n diverge.

3.2—-34+8+72+73+7%+ -

=—1+1+7+7*+73+7*+ -

(0.0]

=—1+Z(7)"=Zar”,a=1.IrI=7>1

n=0 n=0

4, 1-24+4—-8+--

= (2" + (2T + (=27 + (=2)° + -



- Z(_Z)nua = 1; |T'| = 2 > 1
n=0

The series is diverge.

5. 34 6+-+—+—+-
3 3 3

=8+1+ +1+1+
B 3 32 33
e TR R 1
=8+23—n=21.3—n=2ar , a=1,|r|=§, F.T.=1
n=0 n=0 n=0

i 1 1
=T
n=13 I-3

6. 1+2(7)+2(7)*+2(7)%+ - HW.
7. YpeiC=cCc+c+c+--is constant series and geometric series
with

a = ¢, |r| = 1 where c is constant and The series is diverge.

Write the geometric series with (Homework).

gl 2
.a—S,r—

3
1
2

2.a=3r=

Method of convergence

1. The P-Series Test
- 1
Zn— , p >0 isP — Series

Q) TP > 1 e— Z;’f’ﬂni,, IS converge.



b) IfP <1 weemmb ¥, is diverge.

C) If P =1 m—) 21?:1% Is diverge and it's called Harmonic

Series..
Example:-
1) Z;’,":l% , Harmonic Series and P-Series diverge because p=1.
2) Z;’,":lf—l =3 Z;’{;li , Harmonic Series and P-Series diverge because
p=1.

3) Z;‘le\/iﬁ , P-Series diverge because p = % <1

4) Z‘,’,":l% , P-Series converge because p =2 >1.

5) Z‘,’,":l\/% = Z;‘{;li , Harmonic Series and P-Series diverge because
p=1.

6) Z‘,’,":l\/% , P-Series converge because p = % >1.

2. The n-Ratio n-terms Test:-
Let .-, a, be a series; a,, > 0 ,then:-

If lim,,_,, 2 = L € R,
an
) IfL <1 e )._;a, iSconverge.
D) IfL>1 oy Yopq @, IS diverge.
) fL=1 = »>  a, the series may by converge or
diverge.

Examples :- Are the following series converge ?

. w n
|. Zn:]_s_n
n+1 n
. aAn+1 . 3n+1 . n+1 3 . n+1
Sol. Lim "1 = lim =lim — . — =lim —
n—oo an n—-oo 3£n n—-00 gut1 " n-oo g

1,. 1 1 1
= limy o C+)=-(1+0)=-<1



n=1
2"45
(e o]
. Y=t -
2ntlys
SOI L]m w _ 1 gn+1l . ant+l g 3n
' n = 11m ——— =]im -
1_ 2n+1+5
1m —_—
n=® 3(2n45)
22 5 5
n — —
=1y 27245 1., ontan 1. 245w 1 (240 2
m lim 1 _
3 n—oo an,icg 3 n—oco 2N g —_lmn_>oo_5—— — ) ==
wtm 3 1+ 3\1+0/ 3
(0]
2"+5 2
oo T - —
n=1
4"\/n
(e 0]
. Ypoq =
I a 4_n+1 /n+1 _—
So Lim nHL _ | gn+i ) antl iyt 3n
: = l1m —_— = —
n—oo n—oo 4:15 llmn—mo gl anyn
lim 4Vn+1
n-oo —3\/5
1
4. n+l 4
= -lim — =-lim n 4 (140 _ 4
n—>00 = - —_— -
3 n 3 n—oo 3 1 3 > 1
(e 0]
2"+ 5
T diverge.
n=1
: n=1 ) 3_"
a M mn3 .
Sol. Lim 1 — lim 3ntl _ 1 D" 1ln+1)3 3"
n—-oo an n—-oo (—1)"n3 = lll'l’ln_>oo gl . o

311,



_om+1, (-D"(-1) 3* -1
lm( n )3. 3n.3 .(—1)71_ 3 nhbomn

|
n—oo

1
3

—_1(1+0)—_1<1
3 3

o 3

n -1
Y
3n 3

n=1

3. The Comparison Ratio Test:-

If Yo—qa,and Y2, b, are two infinite series such that:

a
lim —==1L =0

n—0o bn

Then:

1) Y= a, is converge if and only if )7, b, is converge.
2) Ym=qa, isdiverge if and only if }.;°_; b, is diverge.

Examples :- Are the following series converge ?

1

I Xacing
Sol. ay=m—, by=1
a 2n1 1 2™ %—Z 1
rlfi%b_::g?o i =rlzi—>nol<>2n—1:rlli—r>1c}oz_n_i=1—0=1¢0
2n 2m 2n

1 1
Yomibn = Xoii5; geo.Ser. |rl=-5<1
S Y=t zin is converge and

a
Lim — # 0

n>o b

1 .
o Ym=1Gn = Ym=15.-; IS cOnverge

2n

HH oo
L e



2
n 2
SOI a, = 3_i+i2 , bn = ;
2
2T
Lim &2 i~ B2 ! ! 20
1m-—=I1m = |lm = = —
now b, n-ooo z n—>003_£+i 3—0+0 3
n n  n?
Zn 1b Zn 12 P-Sel’. p=1
o 2 .
n=1_ IS diverge and
Li & #0
nir?ob_
(0] [e'e) 2 . -
Zn=1 a, = Zn=1r:n+1 IS dlverge.
2n3+100n%+1000 .
. Yo—q P, Hint let b,, =
2 100 1000
AT _ 2
Sol. an—m, bn_ 3
2 100 . 1000
Bt
1 2 50 500
LG 8- 5+75 _y l+-+53 1+40+0
nl}rorcljb _nl_l:go i _nl—>n;38_i+£ 8—-0+0
n n>  né
+0
o0 o0 2
Zn:l le = anlﬁ P' Sel' p > 1
R Y % is converge and
Lim - % 0
nif?ob— =
o 2n3+100n2+1000 .
“ Xn=10n = Xn=1— 5.5 17 is converge.
Y52, —— is diverge because T, b, = X5, (Homework)

\Y2 _
n+1

Q| =



4. The n-th Root Test
Let Yo, a, be infinite series , such that :-
limy,_,e, \/an = L € R, then :-
) IfL <1 e ), _;a, iSconverge.

D) IfL>1 ey > . a, isdiverge.
C) IfL=1 e— %> . a, hasnoinformation.

Ex. Discuss the convergence for the following series?

. o 2"
I) Zn—13_n

n|2n
A Vn =00 /3n "l /




n
n|2n 2n 1 1
il_r)lélo Ya, = lim /ﬁ= lim —=2lim —-=2.—

n—>0o n—>00 - n—>0o - i
nn nn 00

n
Z — the series is diverge.
n
n=1
H [ee]
IV) Zn=1

Sol.

5n
2(3)"

1 1 1 1
o ~n| 5n _ 5\n nn 5\® 00
A Vo =l /2(3)71—,1520(5) -g—(z) N

<1

= 5n
Z 23" the series is convergent .

n=1
o0 5"
V) Zn:1m
Sol.
n| §n

oo Sn
Z 230" the series is diverge.

n=1
5. The Comparison inequality Test

If 0<a,<b,Vne€N,then:

o If Y7, a, diverge, then }.>°_; b, diverge.

o If )7, b,coverge, then ).>°_, a, converge.



Ex. Are the following series converge?

o 1
L Xn=1e

Sol.
Is converge since Y.o—1 b, = X1 % IS converge
1 1
0< <=
(n+1)2 = n?
w 1
2. Zn—lz
Sol.
D= i ) =)
n=1 n=1 n=1 n=0

o1 11 1 1
ZE‘I+(2)1*(3)(2)1*(4)(3)(2)1*"'

Yim=1 @, converge since Y5 b, is converge .
6. The Absolutely Converge Test:-
- If Y1 a, is Absolutely converge if )., |a,| is
converge.

- If Y- 1la,| is not converge, then);;”_; a,, is not
Absolutely converge.

Ex.



=n"

2n

1
1. Z,"f:l - Absolutely converge since Yo Z;‘{;lz—n
1 . . 1
Z;‘lez—n geometric series |r| = |5| < 1 converge.

)

The series Y., - 1 Is Absolutely converge.

(_1)Tl+1
n2

_4\n+1 .
2. Z;‘le( 132 Absolutely converge since Z;’{’:1|

= Z%oﬂp

Z?f=1n—12 P- series p = 2 > 1 converge.

_4\n+1
The series Y.;-1 ( 1n)2 Is Absolutely converge.

_1yn+1 .
3. Z;‘{;l( 131 Is not Absolutely converge since

(_1)TL+1

i |

1 . . .
= Ym=1 - the series is diverge.

(_1)n+1

4. Yoq (_f/)ﬁnﬂ is not Absolutely converge since Y;—
Sre1
Z?ZLW% P- seriesp = % < 1 diverge.
Conditional Converge :-
If Y01 (—1)"a,, is converge, but }>°_;|a,| is not converge.

Yme1(—1)"a,, Is converge if it satisfies the following
condition:-

e a,>0 VneN.
e a,=>a,,.1VneN.
e lim,,,a,=0VneN.

We said that the series was Conditional Converge not
absolutely converge.



Ex. Do the following series absolutely converge or conditional
converge?

(_1)n+1

1. Yo, Is not Absolutely converge since

(_1)n+1
n

1 . . .
= Yn=1 - the series is diverge.

i |

1
a, >0 VnEN—>E>O

1 1
n = G _)Ezn+1

lima, =0-1lim—=20
n-oo n
n—oo

(_1)TL+1

conditional converge not absolutely converge .

Z?ﬁ:1

_q\n+1
2. Z;‘f’zl( f/)ﬁ Is not Absolutely converge, but conditional converge.

(Homework)

_1\n+1 .
3. Z;‘{;l( :11 Is not Absolutely converge, but conditional converge.

(Homework)
Theorem:-
If Y1 @, is converge, then lim,,_,, a, = 0.

That means if lim,,_,, a,, # 0, then };_; a,, is diverge.

4. Yo (=)t # Is not Absolutely converge
0o +1 _ 1 _ \'o0 n
Zn:l (_1)71 sn+1l Zn:l 5n+1
li 0-1 li 1 1 + 0
= i = —_—
e 1 M1 T 105
n—>00 n

By theorem above Y5>, —— is diverge.

ie. N (—1)"+t 5nnT Is not Absolutely converge.



Note: - The converse of the theorem above is not true
If lim,,_,,, a, = 0 — this not necessary to be }:;"_; a,, converge.

EX. Are the series converging or diverging?
1. Z;‘fﬂ% is diverge
Although lim,, e ~ = 0.
w 1 . .
2. anl\/—ﬁ Is diverge
. 1
Although lim,,_, = 0.
3. Z‘,’,":l% is converge
. 1
And lim,,_, —= 0.
4. Y-y — Is diverge because
limnﬁm# =1 # 0. By theorem = ¥%_, a,, is diverge.
5. Yo n?
w lim,,_,., n? = 00 # 0 — By theorem . ¥%°_, a,, is diverge.

6. Yu=1Vn

+ lim,,_,0, V1 = 00 # 0 - By theorem = ¥%°_, a,, is diverge.

3
7. %%, n"—\/ﬁ (Homework)

2
8. Zoo n“+1

n=1 n

9. Yp=1M
oo nz\/ﬁ

n=1,2,4

10.)




Ex. Determine whether the given series converge or diverge ?

Vn

nZ+1

1 Yn=1
2. 1435 o
3. Yl +30)
4. Z;O=1(_;)n
5. Yy

1
6. Yne1

n2+1
(n+1)!
3In! 37




Chapter Two



The power series :- are the series of the form:

Chlx —a)"=Co+ Ci(x—a)+ Co(x —a)* + -+ Cp(x —a)™ + -
=0

n

In which the center a and the coefficients C, C;, ... are constants.

Ex.:- Taking the coefficients to be 1 in the equation of the power series,
we get the geometric power series :

Zl.x"=1+x+x2+---+x"+---, where a=1,r =x
n=0

when|x| < 1,

Ex.:- Find the interval of the convergence of the series },_, x™ and
the sum of it ?

Ymeo L.x™ =Y ya.r™  geometric series

a=1,r=x ,isconvergewhen |r|=|x|<1- -1<x<1-
xe(—1,1).

- . F.T. 1
Zx =1—r=1—x , Vxe(—1,1)

n=0

Ex. For the following power series: find the interval of convergene
and the sum of it?

1—l(x—Z)+l(x—2)2+---+(—l)n(x—2)”+---
2 4 2

a=1r= —%(x — 2) , the series is converge when

Ir| |1( 2ﬂ<1 |x_ﬂ<1 1<X2
=|—=(x — - |— - — —
r 2 * 2 2



—2<x—2<2 -0<x<4 xe(04).

i( 1)"( 2 F.T. 1
—— x— = =

- 1
= A R N )
1 L2 o oa
S x—2" ZTix—2 x "XE€OH
1+ >

Ex. Find the power series if C,, = 3 and a = 2 ? And find the
interval of convergence and the sum of it? Homework

Sol.

; 3(x —2)"

The Taylor Series Expansion of f(x) about a or near x = a

Let f be a function with derivatives of all orders throughout some interval
containing a as an interior point. Then Taylor series generated by f ata

k=0
=f(a)+ f(a)(x—a) +f 2(!a) (x — @)% + -
(n)
+f (a) (o — @) o
n!

Remark:-

When a=0 , then the series said Maclaurin Series.

e}

(k) I )
zf ) e f(0) +f’(0)x+f ©) 2 + ---+f ©) + -

k! 2! n!
k=0

EXx. : - Find Taylor Series



Expansion of f(x) = i at a = 2, and find the convergence sum? or

Find Taylor Series Expansion generated by f(x) = % near a =2,
and find the convergence sum?

Sol.
(k)
2 FO@ gy

= f@ + @G- a) + 52 a4
(n)
0D e
" (n)
@+ r@G -+ T2 vt B gy

Now we found the derivatives of the function

flx) = % =x"1f'(x) = —x7% f"(x) = 2x73,

£ (x) = —6x74 fF®(x) = 24x75, ..., F@(x) = (1)~ nl.x~ D

Now we put a=2
fQ2) = % =27Lf'(2) = =272, f"(2) = 2.27%,f""(2) = —6.27*

F®(2) =24(2)75, ..., FM(2) = (=1)".nl.2-0+D

f<rz @ _ iy geen ; i
Now we put those values in series * and we get
£ = f@ + F @ -2+ LB = 277 4t LD gy
+ ..
1 B 2_3 (-
fO)=5+-27(x=2) + (x—2)*+ - RbTern i Gl Ol



—1)"
N (—-1)
2(n+1)

1 1 1 , .
) =5 =570 —2) + 55 (x =22 = (x—2)" +

f@) = Z G2y

n=0

FO) = i% 1 (5) -2y
f(x)=§:%<—%(x—2)>n

n=0
This is a geometric series a = % T = — % (x — 2) and it's converge at the

intervals: || <1 - |—%(x—2) | <1l- |%(x—2) | <1

1
—1<§(x—2)<1—>—2<(x—2)<2—>0<x<4 x€(0,4)

Q
ﬁ
3
Il
=l
<=
Il
RN =
[\S]
Il
S}
+
N RN =
|
[\S]
[l
= |

n=0 B 1+ E
Ex. Find the Taylor Series for f(x) = % near a = 1 ?(Homework)

Ex. Find the converge interval and the sum if exist?
o X"
1. Zn=17

Sol. We solve this series by using The n-Ratio n-terms test

K1
a P |x|"*1 n |x|.n
lim | =2 = lim |2 -I;ll = lim .—— = lim
n-o | a, nooo | X" n+1 |x|? n+1
n n—oo n—oo

=x[.1<1->-1<x<1-xe(—-11).

2. Yoo 2X™
Sol.



Irl=|x|<1->-1<x<1,xe(—1,1).

3. Z 0(x+2)

n=

Sol.
S (x+2)" < F.T. 1 1 3
21_—=Zarn: = = =

3n 1—7r 1_x+2 3—x—2 1-—x
n=0 n=0 3 3

x+2

X+ 2
|r|=| ‘<1—>—1<T<1—>—3<x+2<3

3

—1 < x < 5, converge interval x € (—5,1).

o (x+2)"
4' Zn=0 3n+1
Sol.
0 o0 1 1
1 (x+2)" F.T 3 3 1
z—( ) =zar"= = 3 = 3 =
3 3n 1—1r x+2 3—x-2 1—x
n=0 n=0 1
3 3
x+2 x+2
|r|:| 3 ‘<1—>—1<T<1—>—3<x+2<3

—1 < x < 5, converge interval x € (—5,1).

n|(2x = 5)"|
n2

(Zx 5)

52110

. n([(2x = 5)" 5)"
lim V/|a,| = llm
n—>0o

= |2x — 5|lim —
n-oo %2

nn
=[2x-5|<1--1<2x-5<1

4<2x<6-52<x<3, x € (2,3) converge interval



6. Ype 0nx" (Homework)
7. Zn (| —y
(x+5)"

8. Z" 1n(n+1)
9. Y (D"

n+1

Ex. Find the Taylor polynomial generated by f(x) = e* near x = 0?

Sol.
fx)=¢*,a=0

") (0 B o
Zf (0 )( — 0)* = £(0) +f'(0)x+f 2('0)x2 L f (())

fO) = eX - f(0) = e =
() = e* > f'(0) = e =
fr) =eX - fr0)=e® =1

fW@)=e* - fMO0)=e"=1

®) (0 20 0
Zf ©) xk=e0+ef x+§x + - +—x

1+x+—+ +— Zk'

Ex. Find the Taylor polynomial generated by
f(x) = e™* near x = 0?(Homework).
Ex. Find the Maclaurin Series generated by f(x) = cos x ?

Sol.

") (0 "o ™M (0
Zf () — F(0) + f/(O)x +f()2+ f ()

k! n!
k=0




f(x) =cosx - f(0) =cos0=1
f'(x) = —sinx - f'(0) = —sin0 =0
f"(x)=—cosx - f"(0) = —cos0 = —1

f""(x) =sinx - f"'(0) =sin0 =0

f@(x) = (=1 cosx neven - fCM(0) = (—1)"
f@E*(x) = (=1)"sinx nodd - f@+D(0) =0

7 (n)
f () 2y ] (0)

f(x) =cosx = f(0) + f'(0)x +——

nl
x2 x4 X6 (_ )n
COSX_1_7+Z_E"'+ (Zn)' "t
cosx = Y
k=0

Ex. Find the Maclaurin polynomial for f(x) = sinx ?

Sol.
f(x)Zf O
f(x) = sinx = £(0) + ff(o)x+f¥ 2 f(”:l'(O)

51 717 (2n—1)!

I G D
Smx_z(Zk—l)'

k=0

Computation of Logarithms:-

Frome Taylor series expansion, we get



2 x3 n

X X
lLn(l+x)=x——+ —— -+ (D" —+ -
2 3 n
And
n(l-x=—x-2 X X,
n xX) =—x = 3 -
1+x
Ln( )=Ln(1+x)—Ln(1—x)
(1-x)
L(1+x)—2 +x3+x5 +x2n—1+
NAoy et gttt
N+1 _ (1+x)
Now put N =
N1l+x)=(N+1(1 —x)
N+Nx=N-Nx+1-—x
2Nx+x=1-x2N+1) =1 _!
= - = - =
e g *ToeNn+
N+1 1 1 1

Ln

Ex. By approximate find Ln2 ?

v ooy tsens o TsaNv s T

1+1 1 1 !
SOI Ln2 = Ln_ 2((2(1)+1) 3(2(1)+1)3 5(2(1)+1)5
Ln2 = 2 (1 o e - )
ne=2\3 5(3)5

= 2(0.333 + 0.0123 + 0.0008 + )
=~ 2(0.3464) = 0.69314
Ln2 = 0.69314



The logarithms of the number %;gz % are ordinarily
computed first informing a table of natural logarithms of the

integers.

Then it is a matter of simple arithmetic to compute:-

L3—L2+L3
n—n1 n2

4
Ln4 = Ln3 + Ln§

5
Ln5 = Ln4 + LnZ

N+1

Ln(N +1) = LnN + Ln

Ex. Construct a table of natural logarithms in N for N =
1,2,3, ... 10 by the method discussed in connection with equation

N+1 1 1 1

N 2((zzv D 3N T SN IS ")

Ln

But taking advantage of the relations ships:-

In4d = 2Ln2, In6 = Ln2 + Ln3 , In 8 = 3Ln2
Ln9 = 2Ln 3, ILn10 = Ln2 + Ln5

Properties :-

Ln(a.b) = Lna + Lnb
a
LnE = Lna — Lnb

Lna* = kLna



Fourier Series

A Fourier series is an infinite series expansion in terms of
trigonometric functions of f (x) on the interval (0, 2m) is

f(x) = a, +Xi-1[ax coskx + by sin kx]

Where

1 2T
a, =%fo f(x)dx

and

2T

a; = - f(x)coskx dx  fork =01.23,..,n
0

2T

1
b, = — f(x)sinkx dx
TJo

Ex. Find the Fourier series for

1 0<x<
fx) = {2 T < xxS 277:}
Sol.
f(x)=a, + Z[ak cos kx + by, sin kx| (1)

k=1

1 21T
a, =%j0 f(x)dx

1 T 2T
ao=%(j0 1dx+jﬂ 2 dx)



1
= o [x[f + 2x[3"]

—[r—-0+22n —mn)]

=2T[

3
=—|n+ 21| = —
Zn[n ] 2T

3
.'.aozi
1 2T

a =~ f(x)coskx dx
0

1 T 21
ak=—(j coskxdx+j 2 cos kx dx)
T Jo T

1 rsin kx - sin kx o
Zg Tlo-l-z k Tl:] ;k=1,2,3,.--,n
11

2
—(sink 2m — sink m)]

=E[E(smkn—sm0)+k

=1F(0—0)+3(0—0)] - Lo=o0
m Lk k [

1 21 .
b, = ;jo f(x)sinkx dx

2T
=—(f smkxdx+J 2 sin kx dx)
s

11 coskx . cos kx o
=El_ 5 -2— n] k=123, .1
11

n[ (— coskn+c050)+ ( cosk 2w + cos k)]



1
_—k[( coskm + 1) + 2(—1 + cos km)]

1
= E(COS km—1) ;k=123,..,n

—2
(-1 -1 2
ap =TV = ifkodd

ket 0 if keven
b, = 2 b, =0, b= by =0, be=_2
1_?1 2 — Y 3_5' 4 — Y, 5_5

Now we put thea,, ai, by in the series (1), we get:-

flx) = ; + z [0(cos kx) + by, sin kx|
k=1

fx) = ; + ) [by sin kx]

s

3
=5 + [by sinx + b sin 3x + b sin5x + -+ |

3 27,
s~ f(x) = E—;lsmx+

sin 3x N sin 5x ]
3 5
Ex2. F(x) = 3, 0 < x < 2m find the Fourier series?

Sol.

fx)=a, + z [a) cos kx + by, sin kx| (%)

——j f(x)dx——jznfidx

1 27
=_n[3x|0 ]



1
=—32mr —0)
[

L a, =3

1 21
a =~ f(x)coskx dx
0

1 2T
ak:E(j 3 cos kx dx)
0

11 _sinkx ,
=El - |0”] Tk =123,..,1n
13

=E[E(sink2n—sink0)]
173 1
-~;0-0|=-@=0
m Lk /[
1 2T
b, = —j f(x)sinkx dx
TJo
1 27
bk=—(j 3 sin kx dx)
T Jo

1 cos kx
[—3 2”] k=1,23,..,n

T k 0

3
=—(—cosk2m + cosk0)
k

2 C1eD ="
= —(-1+1) = —(0)

Now we put thea,, ay, by in the series (*), we get:-



oo

f(x)=3 + z[O(COS kx) 4+ 0(sin kx)]

k=1

~ f(x)=3

Ex.3:- f(x) =x, V 0 <x < 2r find the Fourier series?

Sol.

fx)=a, +

ak cos kx + by, sin kx|

||M8

1 21
ao=% f(x)dx——j x dx

2
=i[x_|2ﬂ
22 0

1
= — G2

1 2T
a = — f(x)coskx dx
0

1 2T
ak:E(_[ x cos kx dx)
0

By using udv = v.u — [ vdu

u=x, du = dx, dv = cos kx dx,

(*)




_1[ sinkx 24 jznsinkxd
R T
k 2T
1 ( sink2mn )+COS x|0
T & k k2
_1[(2 0 0>+cosk2n—coskol
== n.k 2
ak=0
1 2T
bk=—(j x sin kx dx)
T Jo
By using udv = v.u — [ vdu
— cos kx
u=x, du = dx, dv = sin kx dx, V=
1 coskx 27 (*coskx
e 0+f0 K
I i k 2T
1 ( 5 cosk2n+0)+5m x|0
R & k k2
_1'( N 1)+sink2n—sink0]_1( 5 1>+0—0
_7'[_ T[.k 12 _7'[ n_k 2
.b __2
b =—

Now we put thea,, ai, by in the series (*), we get:-

= S k 2 Gsi k
fx)=m +kz=1[0(cos x)—E(sm x)]



fx)=m ——Z(sm kx)]

Ex. Find the Fourier series associated with the following
functions. Sketch each functions?

1-f(x) _{1 n0<<xx<<2773
2- f(x) _{ 1 ngii;nﬂ}

3-f(x)=3x, 0<x<2m
+reo={} 550

x mt<x<2m
5-f(x)={x OSxSn}

—x m<x<2m



Chapter Three

The vectors



The vectors

Let P, = (xq,y,) and P, = (x,, y9) be two points in RXR, then
P; P, or P, P, are vectors where :-

Py P, = (X3 —x1,¥Y2 — Y1) ' -
P2

PPy = (x1 —X2,y1 — Y2) el

Ex. Py =(2,3),P, = (4,7)

N WsE U N
R GRS T |

P1

P, P,=(4—27-3)

P1 p2 pl
P2

= (24)

—>P2 P, = (2—42—7) y

=(=2,-4)

Ex. P, = (4,2), P, = (—3,5) find P, P, and
m’?(Homework)
e IfP=(xy),0=(0,0), then
0P =(x-0y-0)=(xy)
PO =(0~-x0-y) = (-x,—y)

V = (a,b) = (a,0) + (0,b)



= a(1,0) + b(0,1)
2~V =ai+bj
slopm = 2= tan 6
a
(3,4) = 3i + 4
The Length of V:-
We denoted for The Length of V by | V| for the vector

—

V = xi + yj which equal :-

V| = Va2 + y2

Ex. Find The Length of

3-V=-3i (Homework)
4-V = —i — j (Homework)
Sol. 1-
V]| =52 +72 =25+ 49 = V74

Sol. 2-

|V|=v02+42=10+16=V16=4



The Zero Vector:-
0=0i+0j=(0,0)
6] =02+ 02 = 0
The Unit Vector:-
u = xi + yj when |u| = 1, then u is said to be a unit
vector.
e i(1,0) = |i| = V12 + 02 = 1, i is a unit vector.
e j(0,1) = |j| = V02 + 12 = 1, j is a unit vector.

e u=cos0+sinbd

= |u| = \/(cos 0)2 + (sin 8)2 = 1, u is a unit vector,
To find a unit vector for any vector

We must find the direction of vector V is % which is the unit

vector such that |%| = 1.

Ex. V = 3i —4j find a unit vector for V ?

Sol.



V] =32+ (-4)2=vV9+16=V25=5

V. 3i-4 3 4
““wiT 5 T5'7%/

~ u 1S the unit vector such that:

] = ‘V ‘_ (3>24_(4)2__ 9 16 _ |25
vl TS T8) T (25725 T 25

Propositions:-

IfV, =a4i+ byj & V, = a,i+ byj are two vectors :
1- Vi +V; = (a1 +az)i + (by + by)j
V, +V; = (ay+aq)i + (by + by)j
Where V; +V, =V, +V;
2- Vi =V, = (a1—az)i + (b1 — by)j
Vo = Vi = (az—aq)i + (by — b1)j
V=V, ==V — 1)
3-cVy = caqi + cbyj = c(asi + byj)
4-c(Vy £ V) =cV; £ ¢l
Ex. If V{=3i+5j &V, =3i—2j,find?

V, +V, = 6i + 3j
V2+V1=



V, 4V, =
V, =V, =

3V, =

25V, —V,) =V, =

Def.:- Two vectors V1 = ali + blj & Vz = azi + sz are

equal iff V{ =V, = aqi + byj = a,i + byj

a; = Qa and bl = b2

EX. Show that V; =3i+7j & V, =i+ (5 +1)j are
equal ?

Sol.

o Vl = VZ

Ex. If P4 is the point (1,3) and P,(2,-1) findP{P, , P,P4 ,

5P,P, —3P,P; ?(Homework).

Ex. Find OP; if 0O is the origin point and P5 is the mid point
of the vector PP, joining P4(2,-1) and P,(-4,3) ?

Sol.

P, + P,
P3= 2




P;(2,-1) , P,(-4,3)

2—4 —1+3
P3=( 2 2 )

P; = (-1,1) & 0 = (0,0)

0P;=(-1-01-0)=(-11)

Ex. Find the vector from the point A (2,3) to the origin point?

Sol.

A0 = (0-2,0-3) = (=2,-3)

Ex. Find the sum of the vector AB and €D ,from the four
given points A(1,-1) , B(2,0) , C(-1,3) , D(-2,2)?

Sol.

AB=(2-10+1) = (1,1)
CD=(-2+12-3)=(-1,-1)
AB +CD = (1,1) + (-1,-1) = (0,0

Ex. Find the length and direction of the following vectors:-

l-i+j= li+jl=V12+12 =2
2-V3i+j=

3-2i—3j =

4- 5i + 12j =

5-=2i+3j =



Space Co-ordinates Vectors In Space
The vector inthe3D isV = (a,b,c)or V = (x,y, 2)

Let V be a vector from the origin point to the point

P(x,y,z).

OP=V = (x,y,2)

Ex. Locate (plot) the following points:-
P,(1,2,3),P,(1,2,-3),P3(1,—-2,3),P,(—1,2,3),P5(1,—-2,-3)

,Pe(—1,2,-3),P5(—1,-2,3), Pg(—1,—2,—3).

The vector between two points in space

Let Pl(xl,yl,zl) & Pz(xz,yz,ZZ) be two pOintS

PP, = (X —X1,Y2 — Y1,22 — Z1)



P,Py = (x1 — X2,Y1 — Y2,21 — Z3)
0P = x—-0,y—0,z—-0)=(x,y,2)

V=(a,b,c)<—>V=ai+bj+ck

V| =Va? + b2 + ¢2, |OP| = /x% + y? + 22

The Direct of Vector in Space

] 1%
dir(V) = m

The Distant Between Two Point in Space

|P1P2| = \/(xz —x1)% (y2 —¥1)% (23 — 24)?
Vi=(x1,Y1,21), Vo = (x2,¥2,22),

Prove that V+V,=V, +V,
Sol.

1) VitVo = (Xi+Xo, Y1tY2, 21%25)
= (XotXy, YotY1, 2o+2))
= (X2,Y2,22) + (X1, Y1, Z1)
=V, +V,
ViV, = VotV

2) V1+V3 = (X1-X2, Y1-Y2, 21-22)



Vo — V1 = (Xo-X1, Y2-Y1,22-21)
3)CV = (cx cy ,Cz)
4)V1//V2—>EICERSt Crgaie g Jjls
V1 = Cv2 OR V,=CV,

Suchthat c==t =2 =2
X2 Y2 Z2
5)I1fVv=(,b,c)=0(0,0,0)=o0i +oj +ok
—a=b=c=0
- —»> T > -
B)ViL Vy, 0 = Z&V; V=0 Ceaie dele
( Scalar ) Dot Product Glgaiall JLiil o pall
A=ai+bj+ck & B=ayi +hyj +cok

A.B = a;.a, +by.b,+C1.Co

=1|A| . |B| Cos 6

AB
|Al|B]

Cos@ =

(Ex.) A= 2i- 3j +5k & B=8i - 12j +20 k , find A.B ?
Sol. :
A.B = 2(8) + (-3) (-12) +5 (20)
=16 + 36 +100 = 152
(Ex)A=ai—j+tk & B=i+j+2k & AB=3,finda="?

Sol :



AB=a(l) + (-1) (1) +1 (2)
3=a+l
La=2
( Ex.) If A and B are unit vectors and 8 = 60° find A.B =??

Sol .

Al=1,|B|=1 ,Cosf ==

AB=|A|[B|Cost =1 (1) ;)=

Propositions
1) AB=B.A s.t A=ajithyj+c,, B = ayl +by] +cok

Pf: AB= a1a2+b1b2+C1C2

= a,a,+b,bi+CoCy
=B.A
Another proof : Aol
A.B = |A| |B|Cos6 { Cosé = Cos (-9)}

g j4Cos I 1Y
B.A = |B| |A| Cos(- 8)
=[A][B| Cos(8)

2)ii=1,jj=1,kk=1



pf. i.i=(1,0,0). (1,0,0)

= 1(1)+0(0)+0(0) =1

j.j=1(0,1,0).(0,1,0)

= 0(0)+1(1)+0(0) =1

k.k =(0,0,1). (0,0,1)

= 0(0)+0(0)+1(1) =1
3) AA=|AP

Pf.:  A=(ab) =ai+hj OrA=(ab,c)=ai+hj+ck
AA=?? |AF=7?

AA = (ai+hj) . (ai +bj)

=a(a) +bd)

=’ +b° . AA=|A]
IA| =VaZ + b2
|A|2 — a2 +b2 )

4) A(B+C)=A.B+A.C
A: (a].! a, a3) IB = (bllb21b3) & C: (C11 C21 C3)

Pf : ( B +C) :(bl +Cq, b2+C2 ) b3+C3)
A.(B +C) = (ai(bs+cy) +ay(batcy) + as (bstcs))

= a1b1+a1C1+a2b2+a2C2+ a3b3+ asCs



A.B+A.C = aib; +a,b,+aqc; +a,c, + asbs+ ascs
(5) (B +C).A =B.A+C.A

(6) A. (B.C)=(A.B).C

(7)ij=j.k=ki=0

(Ex) If A=i+j ,B=i find AB=29=7?

AB=1(1) +1(0)=1 A|=v2 , |B|=1
_AB _ 1 _ 1

Cos 6= AlIB] ~ V2V1 2

. p_ To

ER

(Ex)IfA=i+]j—k,B=j—-k & C =2i compute A. (B.C) ?
Sol. B.C=1(2)+(-1) (0) =2
A.(B.C) = 2(1 +j k)

= 2i +2j-2k

(Ex.) Find the angle of the triangle that A (-1,0,2) , B(2,1,-1) ,
C(1,-2,2) Are Vertices of it ??

AB.AC

Sol . Cos 6 = -
2 ;
|AB||AC| B~ \ i
Y ea
B BC C

AB = (2-(-1) , 1-0, -1-2)




cribii g 4aic AB = (3,1,-3)

AC= (1- (-1), -2-0, 2-2)
AC = (2,-2,0)

AB. AC=3(2)+1(-2)+(-3)(0) = 4

|AB| = /32 + 12 + (—3)2 = V19

|AC| = 224 (=2)2+(=3)2= 8

4 4
Cos @ 578 0 = Cos T2
AB.BC _ AC .BC
Cos Y = |AB||AC| Cos ¢ = |AC||BC|

Ex.:IfA=i+j & B =k, C =2j+k Find the angles of A ABC

Sol : (Homework) i’ e B
CONPPRSTRVEIN
AB 5 il Jaid /Y LN
Cos 6 = = B
|A||B
A.C
Cos v = Te
B.C
Cos &= 175 =

(Ex.): Let/T:Zi—j+k B = I + ]+ 2k Find 6 between A

and B ?

Sol : A.B=2(1) + (-1) (1) + 1(2)



e

=2-142 =3 /Q
A
6
A|=.22+ (-1)2+12 =6

B|=V12+ 12+ 22 =6

A.B

Cos @ =
|A]|B|

3 3

~Veve 6 2
.9=Cos™(5)> 10=60"="
(Ex): LetA=2i+j-k ,B = 4j-kfind AB?

Sol.:.- A.B =2(0)+1(4)+(-1)(-1) =4+1=5

(Ex.): If A=2i+aj+k , B = 2i+ j-2k ;and ALB find a ?

Sol.:- ALB- 6 = g - cosf =0

A.B=|4||B| coso =0
AB=22)+a(l)+1(-2) =0
4+a—-2=0-a=-2

ZA=2i—-2j+k&B=2i+j—2k

AlLB=A.B=0
ALY il Vector Product
R W1 | RUREON [ S R Y T PEN P TT R YEX ) QU TS
i ik
al bl cl A=ali+blj+clk

a2 b2 «c2 B =a2i+b2j+c2k



|
X
)
I

al bl
a2 b2

bl cl
b2 c2

al cl

a2 c2 +K

-]

=i1(blc2-clb2)-j(a2c2-a2cl) + k (alb2-bla2)

(Ex.): A =3i+7j—k , B = i+j+3k

. i J k
A XB=3 7 -1
1 1 3

=1(7(3)-(-1)(1)) -1 (3(3) -1) (+1) + k (3(1) -7(+1))
= 22i - 10j -4k
AV o pall AT iy o

A nother Diffenition for 4’ X B -

A XB=1 |A||B|Sin 8 AXB
- __AxB A
~ |A||B|Sin 6
a
B

Unit Vector s s 4aio

(Ex) Find the unit vector 7 If 4 = i+j& B =j—k??

—

Sol. A XBji ik
1 1 0
0 1 -1
: 1 0 1 1
= 1 0 - +
| 2 ‘0 1l Mo 1




=1 (1(-1) -0(1) ) -j (1(-1)-0(0)) +k (1(2) -1(0))
A XB=-i+j+k
A.B=1(0)+1(+1) 0(-1) = 1

COS @ = AB __ 1 _
|Al |B| 22

N

Al=V1Z+12+02 =2

B| =402+ 12 + (-1)2 =2

- 1 ° . 3
.0 =Cost (1) 5 9="" sing=2
2 3 2
= = AXEB
"~ |A||B|Sin @
( —i+j+k) _

&“?X J_‘f V3

= |2+ @+ G

rpo= i

", 1 is unit vector

I
wl»—x

(Ex)IfA=i+4j+k ,B=-2i+j]-2k? sAL B?

Sol. A.B? ( 1f A.B=0 Then A -1 B)



=1(-2) +4(1) +1(-2)
=-2+4-2=0
.AB=0-ie ALlB
Remark : If /T||§ - 0=Zero=0’
Sin0 =0 »:.AXB=Zero>AXB=#|A||B|Sing =0
Propositions :-
1)AXB=BXA
2) AX (C+C)=(AXB)+(AXC)
3)AXA=0 Since 8 =0 6=0"A

4) ixi=jxj=kxk=0

5) A.(A X B)=B .(E X 4) AXB
= Zero kﬁ
(S 5ae B
S Normal . _
Since A X B are | Vertica on A and on B

perpendicular

6)ixj=k & jxk=1 &kxizj

because i+jLk




7) Area of triangle AB C is

=[AXB] C,B,A gx=vy

)
ool

-

C

(Ex.) Let 4 =i+j & B = i+k Find the Area of atriangle ABC

Where 4 , B are two sides of it ??

&.Areaziﬁxfﬂ
b J K 1 0 1 0 11
AXB-=
1 10 =i |0 1| - 1 11+k |10
1 0 1
=i—j-k

[AXB|=12+ (-1)2+ (-1)2=+3

: _1/m_¥3
: Area—zx/—— .

( Ex.) : Find the Area of triangle ABC where are vertices
A(1,-1,00,B(2,1,-1),(-1,1,2)

i A IS § phie ) Cilgadal|y 8 S o) gy A Jadi -; 4diadla
s £ gana JSdu Lo JZLT Clgadiall g cilifaa) JS LIS LT

A (a, b, c) & V =ai+hj +ck

"!E»: !’u



( Lagip _uai )

Sol: AB" = (2 -1, 1-(-1), (-1)-0)
AB AC
=(1,2,-1) / \
AB = i+2j+k
AC =(-1-1, 1-(-1),2-0)
=(-2,2,2)
AC =-2i+2j +2Kk

l .
AB X AC =1 2

1
-

+ k

-2 2

= i(4+2) -j (2-2)+k(2+4)

= 6i+6k

|AB" X AC | =62 + 02 + 62

=36+ 36 =+/72 6

—_—

.. Area=-|AB X AC |

N =

=1z =2 =3z

2

(Ex.) Find Area of triangle where Z=i+j &B =i+k

are two sides of it ?(Homework)



I ] k

Sol.AxB=]1 1 0 A iiE’
1 0 1

AXB =

| AXB |=V

Area=- |A XB|= ( )

Orthogonal = vertical = Normal = Perpndicule
(5 9ec LalS ldd) o ClalSI) 530 (e

-

(Ex .) Find the normal Vector from N = AX B =?Where

A=(2,1,-1) &B =(-2,4,-1) N=A4XFB
i
A = 2i+j-k B = -2i+4j —k .
- —>l J k
Sol. N=AXB 2 1 1 =
2 4 4

Direction (Homework)

(Ex) find the direction of Aand B,A=i,B=?

5a 5l 4aia 98 Dir  ola3Y/ (o) xell wdi unit vector, Dir 4elS La
L slball



Sol. Dir=-2"=2 - N= AXB
= |AXB |
Dir=17 = —
IN|
. AXB
DIr_|ZfX§|
L i J k
AXB=-1 0 0 = i(0)+j (0) +k(1)
0 1 0
=K

IAXB|=v02+02+12 =(1)

L i=Dir=-=K

)

Where | K |= 1

5 s K 4l m5 Cigatall C olad¥) (D) 5l ol sas sl dgaia Ui
i X = K 4nalall ki 138 s K (0,0,1) 5(1) Jshas oan g 4nia

(Ex) : Find the Dir (direction ) between 4 = 2i-2j +k &

B=i+j+k

Sol. (Homework)



(Ex) : f V=2i—j & W=i+3j—2ku = 3i-4j+2k ??

Compute ¢/

(1) (VXW).U =77 (Homework)

Ex.: If A = 4i -8j +k & B = 2i+j -2k

- > —

Are (Ax B). A=B (Ax B) 7?25/ sluall 5isi s



Vector projection ALY Ly

@Jﬁf/umﬂmu‘)uﬂj

.B_BA —
PrOJA—ﬂ.A B

Projf1 A
Praposition:
[A]? = A.A ; A = ai +bj +ck
Proof: A.A =a(a) + b(b) + c(c)

oooooooooooooo

|EScalar projection s s Lliny)

_g/ aB.IY/.LLQ.wy/ dj.é Jw;rj,é

sc.pro.

lforﬁ on A| = IProiil



Ex:- a) Find vertor projection for B on A4 and scalar projection of

it ?

b) Find vertor projection for B on A and scalar projection

|Proj ] =2

Where 4 = 10i +11j -2k

B = 2i +3j+4k
. . Bl — .B _ BA 2_
Sol :- a)-|Proj 4| =7 & Proj 5 = WA_?
b)- Proj 5= A;BZ B= & |Pr0j §| =7?
|B|
Equation of sphere 5,50 Aoles J

(X —X0)*+ (Y-Yo)* + (z-20)* = 1°

i) p G bil ciair 558 S 0 4biiC(Zg, Yo , Xo) O S
p(xy,z) 58 Lse e

y

Py

= |p,pl




r=y(x = %)%+ = %,)% + (2 — 2,)?
Ex.:- find the center ¢ and the radins r for the following sphere
(X -3)° + (y +7)° + (z-5)* =4 ?
Sol.:-¢c(3,-7,5),r=2
Exc:- find ¢ = 2 and r = 2 where x*+ (y-2)* +(z+2)= 36

Sol.:-(Homework)

Ex.:.- find the center and radius from the following sphere

equation x* +y°* + z° + 4x -3z =4 ?

Sol.:-

X2 +y? + 7% +4x -3z =4 (X alaed /¥ )il g all JLaSY

X? +4x +4+y? 47 -37 + (1/2(3)) = A+4+ 2

2 .2 3.2 _ 16+16+4
(x +2)* +y? +(z - 2 )P = 12

4
2

B

" C(-2,o,%) =
Ex.:- find the center and radius from sphere eq.
X2 +y*+-4x +z° +3z=4? (Homework)

Ex.:- find the center and radius from sphere eq.

X2 +y* +z° -2az =0 ?



Sol :- (x-0 )% + (y-0)* + z* -2az + (_Tza )’ = a2
(x-0)* + (y-0)* +(z )’ =a’
C(0,0,a) r=a
Ex.:- find the center and radius from x° -4x +y* +2ay =z*?

(Homework).

i’ el Alea Equation of the line |!

V(alblc)! PO (XO 1y01ZO)

X = Xo +ta Po (X0 ,Y0,20)

y =Y, +tb

Z= z,+tC a,b,c),

siveal] Eyi of 1Y leall 2a

=20 =T To 20 sdicuel) Uolea oa
e o) pildl) L5

L e 4hii 5P Gia L= PP Lis

P (X,y,2), Po (Xo ,Yo,Z0)

V(a,b,c)widis sl osSs



V I PPg PP =tV
(X-Xo)1 +(y-Yo)] +(z-Zo)k = t(ai+bj+ck )
2dle ) &Yoleal) Lina 5 lgia g
—» at = X-Xo, bt =y-yo, ct =z-25

EX:- Find the equation of line L , which pass through Po(1,2,3)
> >
And Parallel to the line V (4,7,-1) = v = 4i +7] —k ??

Sol- L=t=XFo _YYo_Z"%
a b .

X= Xo +al Po(Xo, Yo » Z0)

Y= Yo + bt V (a,b,c)
z=7+ct

L:X;1 - Y;Z _ Z_—14

x=1+1(4) X = 1+4t
y = 2+t(7) y= 2+7t
z=4+1(-1) z = 4-

Ex.:- find line equation for p,(0,1 ,-2) v = (7,6,2) ?(Homework)



plane equations \ll

- R

Ax+By+Cz=D g siwall oz D = AX, +BY, +Cz,
N(A,B,C)
Po (X0 ,Y0,20) t
N(AB,C) & ‘
4—

p (X\y,2) Po (Xo,Y0.Z0)

(izz 2alxill 5/ N PP =0 U N L PPg aleill () 5Sus Cim

T T
cosE—O(Z)—E

o (X —Xo) 1 +(Y-Yo)J +(z-zo)k
0=N.P.P = A (x-Xo) +B(y-yo) +(z-Z0)
Ax+By+Cz = AXp+Byo+Czq

~ Ax+By+Cz =D

Ex :- find plan eqution for p, (1,4.0) and N= 4i+7i -2k ?



AX +By + Cz = Axp+Byo+Czo =D
AX +TY -2Z = &(1) + 7(4) +(-2)(0)

AX+ 7Y +27 =32

EXE : find plane eqution for N (3,5,7) and py(-3,4,5)??
Gl gte Lol

R N2 - N, P1

N2.N1 =0
SN

AL e lgule o gand] Cilaiiinal Ny Ny s lsicss p2 £ plun
N; (A;,B1,C1) & N, (A2,B,,C,)
- il pisal (5 ) 57

PL//P2 — N, /I N, — 2i=21=2

N, (A;,B1,C)) & N, (A2,B,,C)) AM



PINP2 — N,N N, =8

N.N
cosf = ——=
|N7||N2|

,Q sieiaP Cun o siue N ABD o ddlsal)

|PQ| = \/(X1 — Xp)?+ (Y1 — Yp)* + (Z1— Zp)?

Q (Xo.Y0.40) P(X1,Y1.21)

S8 il J31o bl L PL 5 shsall g I3 Al Q 5 sisap
b L QAL o dilesel) g b Q Al P _gicaall (yo dilusall
sl JAOP1

CYLINDRICAL COORDINATES < CARTESIAN COORDIN ATES

(r.0.z) — (x.y,2) !

<e
tang =2 ////
X

=3y

X=rcosé

y=rsin 6
Ex.-(r,0,2)=(1,5,1)—(x,y,2) > x=cos>=0

Y:lsing=2



Z=1
o (x;y;Z) = (0’1’1)

Ex..-(X,y,2)=(1,0,1) find (r, 6,2)?

Sol..-r=,/x2+y2=1

Tan9=9=0
1

6=0

~(r,0,z) =(1,0,1)



Chapter four

Partial Differential



Partial Differential

1- Functions of two and more variables

e y = f(x) Two variables x and y.
Ex1l.y = 3x?2
y = f(x) =3x*

d
2 3(2x) = 6x
dx

e Z = F(x,y) Three variables x, y and z

Ex2.z = 3x% + y?

0z
—=32x)+0
dx

62_6

ax X
62_2

ay_ Y

e W = f(x,y,z) Four variables x, y, zand w

o W = f(xl,xz,x3, ...,xn)



x2—z2

yZ

Ex3. W =

There are two ways to solve that example:-
First way

ow  (2x —0).y* — (x* = 2z%).(0)
ox (v?)?

ow  2xy* 2x

Ox y4 y?2
Second way

1
WZF(XZ —Zz)

aw_ 1(2) O_Zx
ax_yz X _yz

ow  (0).y? —2y.(x* —z%)
dy (y?)?

_ 2y(x*—2z%)  —2(x*—z?)

y* y3




ow (=22).y*-0 -2z
0z y4 o yz

Ex4. W = e*Ln(x? + y2 + 1)

a—W=ex . (2x) + e*Ln(x* +y* + 1)
dx X2+ y2+ 17

ow 1 29)

dy C xZ+yr+l

Ex5.z = f(x,y) = Ln \/x? + y?

ow 1 1(2+ 2)_%2
ax_ x2+y2.2x y X

ow 1 1 oy — X
0x _\/x2+y2'2\/x2+y2. x_x2+y2

ow 1 1 ) y
0y  Jx2+y2 2,/x2 +y2 x? +y?

(x2+y2)
(u2+v2)

Ex6. W =

ow  2x(u® +v?) = (0)(x* +y?)  2x(u®+v?)

0x (u? + v2s)2  (u? 4 v?2)?2

_ 2x
— (u? +v?)



ow 2y(w®+v*)—(0)(x*+y?) 2y
dy (u? + v?2)? -~ (u? +v2)

ow  (0)(w? +v?) —2u(x®*+y*)  2u(x®+y?)
ou (u? + v2)2 (U +v?2)2

ow  (0)(w? +v?) —2v(x*+y?)  2v(x*+y?)
v (u? + v2)2 (U +v2)2

Ex7. Find all Partial Differential of the following blow :-

(u?+v?)

2x

2. flo,y) =x* -y

1. Z =

3
3. fou 2
4w =22
y

Differential by definition

Z = f(x,y) and the partial differential of this function are:
Zy, Zy fx and f, .

af . f(x+Dx,y:) = f(xe, y0)
fr =—=—= lim
dx  Dx-0 Dx

_of . f (e, yo + Dy) — f(x,¥°)
= — = |lim
dy Dy-0 Dy

Iy



Ex. Find f, and f, for the following function:-

f(x,y) =100 — x? — y?

Sol.

of . f(x+Dx,y.) — f(xe,¥)
=— = lim
Jdx  Dx—0 Dx

fx
f(xe,y0) =100 — xo% — yo?
f(xo + Dx,y.) = 100 — (xo + Dx)? — y-?

af 100 — (x0 + Dx)? — y%2 — (100 — x02 — y52)
fr === lim
dx Dx-0 Dx

100 — xo% — 2x:Dx — Dx?% — 3.2 — 100 + x02 + yo?

- Dlylcr—r}o Dx
 —2x.Dx —Dx*> _ (—=2x.— Dx)Dx
= lim = lim
Dx—0 Dx Dx—0 Dx

= lim(—2x. — Dx) = —2x. — 0 = —2xo.
Dx—0

of
Lo =5,="2x
_of f(xe,yo + DY) — f(xo,¥°)
dy  Dy-0 Dy

f(xs,y. + Dy) = 100 — x-% — (y» + Dx)?



of _ 100 —x* = (y- + Dy)* = (100 — x:* — y.%)
fy = = hm

dy  Dy-0 Dy
— i 100 — x-? — y.* — 2y.Dy — Dy* — 100 + x.% + y-?)
- D)llrllo Dy

__ —2y:-Dy-Dy* _ (=2y-—Dy)Dy
= lim = lim
by=0 Dy Dy—0 Dy

= lim(—2y. — Dy) = —2y> — 0 = —2y»
Dy—-0

_of _

fy —_ ay _ _Zyo

Ex. Find f, and f, for the function f(x,y) = x + 3y by using
definition?( Homework).

The Chair Rule

Lw=fly), x=x() &y=y()

ow odw dx dy
ox ' 9y ' dt’ dt
dw _ Ow dx+ ow dy
T dt ox dt 9y “dt

Ex. Find Z—‘f for the function:-

w = x?% + 2y?
W x40
ax x ’
ow

,Xx =sin tandy =cost
dx .

— = CoS

dt

y :

— = —sint

dt



daw 0w dx_l_ ow dy
dt oJx 'dt 0dy 'dt

= 2xcost —4ysint
= 2sintcost —4costsint

dw

— = —2sintcost
dt

2. w=f(x,y), x=x(t,z) &y =y(t,z)

dw odw 0Ox N dw Jdy
ot dx ‘ot 9y ‘ot
ow odw 0x Jdw 0Jy

9z ox 0z 9y 0z

EX.
z = f(v,w), v=v(nu) &w=wnu)
zZ=vw, v =un, w =n? 4+ u?

az_az 0v+ 0z Jdw
on 0v dn ow on

= wu + 2vn

0z
5= (n? + u®)u + 2un?

62_62 6v+ dz Jow
ou dv ou ow du

= wn + 2vu

0z
P (n? + u®)u + 2nu?



Ex. Find % for the functions:- (Homework)

Lz=f(xy), x=x() andy = y(t)
2. z =sin(x.y) , x=% and y = 3t

Ex. Find Z—i and g—; for the functions:- (Homework)

w
z=f(x,y) =ysinx ,x =w — u? andy=;

The gradate & vector differential

We denoted for gradate function f(x, y, z) at the point
pe(Xe, yo, zo) DY:-

of of . of

Aflpe = —lpo- i+ —|po.J +

|l p.- K

Ex. Find the gradate for f (x, y, z) where
f(x,y,z) = x3 — xy? — zat p-(1,1,0)?

Sol.
f. . of ¢
A - S . R
flp 0 |pl+ay|p +02|pk

of L 2 .2 of of

a - 3x y ) ay = ny ) aZ _ 1
of
a |p°(1,1,0) = 3. (1)2 — (1)2 — 2
af
3y Praan = 72 (1).(1) = -2
af
& |p°(1,1,0) =-1

Aflpo=2i—2j —k



Ex. Find Find the gradate for f(x, y, z) where
f(x,y,z) = sinxyz at p-(0,0,0)?(Homework)

Vector differential

We denoted for vector differential by DuAf|p- which equals the
gradate multiplying by unit vector.

DuAf'po = Af'po.ﬁ

Ex. Find vector differential for the previous example

f(x,y,z) = x3 — xy? — z at p-(1,1,0)in the direction of

A=2i—3j+6k
Sol.

-

“ Aflpo=2i—2j—k, A=2i—3j+6k

|A| =V4+9+36=v49=7

= (2i—2j— k).(%i —;j +§k)
RNCRE(E ey



Higher order differentials

z=f(xy)
of 0z
fx—a—a— x = Zx
0 (af)_azf
f"x_ax ox)  0x2
0 0%f _63f
f"’”‘_ax 0x2 ]  9x3
f x.x =ax(ax(ax S 0x) T 5m
n times Tltlmes
af
fyzazzy
0 <6f)_62f
fyy—ay ay _ayz
0 0% f _63f
yyy—ay ayz _ayS

da ad 0 ( 6f> onf

f vy =ay(ay oy \' " dy = gun

n— times . y
n — times

Now, if we have

_9f
fx—a



fry = aay (gi) N aayz;x

NN
fayx = 0x (E)y (ax)> ~ 0x0yodx

And soon .

_ 5 2 ping &L 9F 9 (9f\ 9 (of
EX. f(x,y) =x 7x+y* Find dx’ dy’ dy (ax)'ax (ay)
of

a=5x4—7=fx

Ex. Prove that f,, = f,, for ? (Homework)
1. f(x,y) = sin(xy)
2 fy) =3
3.z =x%+ 2y?
Ex. Prove that fi, = fiyx = fyxx fOrf(x,y) = xcosy + ye*

%=cos + ye* = f,



ﬁ=—xsir1 +e* = f,
dy Y Y
d (0f _ X
a(@)*m“e = Jyx

(2=

fxxy = fxyx = fyxx =e”

EX. Prove that fixy = fiyx = fyxx TOr f(x,¥) = sinxy — %?

(Homework).

Definition: Local Extrema

We call f(a, b) a local maximum of fif there is an open disk R
cantered at point (a, b) for which f(a, b) > f(x, y) for all (x,y) €
R. Similarly, we call f(a, b) a local minimum of f if there is an
open disk R cantered at point (a, b) for which f(a, b) <f(x, y) for

all (x,y) € R.



Definition: Critical Point

The point (a, b) is a critical point of the function f(x, y) if (a, b) is
of of

: : _ —(a,b)=—(a,b)=0
in the domain of f and either oy or one or both of
of of

axand % do not exist at (a, b).
Saddle Point

The point P(a, b, f(a, b)) is a saddle point of z = f(x, y) if (a, b) is
a critical point of f and if every open disk centered at (a, b)
contains points (X, y) in the domain of f for which f(x, y) < f(a, b)
and points (x, y) in the domain of f for which f(x, y) > f(a, b).

Maximum and Local Minmum Points

To find the function if it has a Local Maximum or Local
Minmum Points by using some steps which are :-

1. We find the differential f,, =?, f, =?
2. f =0, f, = 0and solve it to find the critical points.
3. We find the differential f,, =7, fy =7, f,, =7 And put

the critical points in it .
4. We put it into the relation

D = fxxlc-fyylc - fxylcz
5. D>0o0orD<0orD=0.
Here compared with zero .

a. If D>0,f., > 0= Local Min.
b.1f D>0,f, <0 = Local Max.
c. If D < 0 = Saddle Points.

d. If D =0 = No Conclution.



Ex. Find Local max or min if exist for

1- f(x,y) = 6xy — x* — 3y?

fex = =2 = fixl00) = —2
fry = =6 = fyylo,0) = —6
fxy =6 = fyylo,0) = 6
D = fxx|(0,0)-fyy|(0,0) - fxyl(0,0)z
= (=2).(—6) — 36 = —24
~D=-24<0
~ ¢(0,0) is Saddle point.
2- f(x,y) = 3 — 6x — 6y + x> + y?

Sol. f, = —6+2x=0=x =3

f,=—6+2y=0=y=3
=~ ¢(3,3) is critical point.
fex =2 = fixlz3) = 2
fry =2= fyyl@as =2

fxy =0= fxy|(3,3) =0



D = fxx|(3,3)-fyy|(3,3) - fxy|(3,3)2
=(2).2)—0=4

~D=4>0, fL =2>0

~ ¢(3,3) is Local Min. Point.

3- f(x,y) = 6x + 3y —x*> —y3 (Homework).



Chapter Five

The Differential Equation



chapter five oaldl) Juadl)
the Differantial Equation dlalil) ey aleal)

Leiliisia ) Lidloalii g <l juaia G A8Mle (5] oo - Aplualdal) Alstaal)
-: Wi ole 55 dua(Differential Equation)

Ordinary Differential Equation dpalie V) Aabaldt) dataal) -
RERPPPARALY @Lss )y Jiie jpaia e g gias 4;-‘5‘ Aaladll &

Partial Differential Equation A jad) Alalitl) daleal) -Y
ST S e it o 5 5 ) Wkl o
The Order of Differential Equation A laalitl) Alaaal) 45
Al G eday (Jaaldn) dsiia e oo
The Degree of Differential Equation Alalail) dalaall 4a )

Rnal) 5} Juslil s e s Aol 3 el A e (358) o (o0
Cdaalgie V) dsidal) o) Jualdill g o e iy ddall

Examples:-
Exl:- Qy " +3y = x*

Vo) A al g Al A6 0 e Aoliie ) Alialis Alslaa -
Ex2 :- (3x +2y)° . y* ™

Y1l 3 A (Rl ALl Ak

2p 4 2p\3 g2
Ex3 :- (%) + (Z—yi) +ZTI:= 0
o 500 5 0 5 i e -

)92, 0
Ex4:- X6x+y6y = 2z



Y A Al 5 (J VT AS N e 4 s it dalaa -

F 1) Al g oY) Al e ol ) Adialis Alolas -
Ex6:- y"—y*=0

) Al Al A e Aol ) Adoalé Alas -
EX7:-y'+y=2

oW A jall s IV A N e dpaliie) Alalss Alolae -

The Solution of The Differential Equation — 4lsléll ddataall Ja

o) sl e AlA () S35 dubaldal] Aabaall < yuia G Ae (51 A
CAlatal) Aaleddl (38a 5 <Maalal)

Ex:- show that y =x Lnx — X
Is a solution for the following diff . eq. xy'=x+y ....... oAk

Sol.:-y=x Lux-x ....*

y':1.Lnx+x§-1

Put (*) and (**) in (***)
Xy' =Xty
X(Lnx)= x +( XLnx — X)

+ XLnx = xLnx



The general solution alad) Jal)

s (S5 A LEaY) Sl 8 e () s ALl J glal S 4e sene 58

 daleal) 4
Ex:-provethat y=x*+c X +¢Cy...... * Is ageneral solution

for the following differentail equation y" =12 X ............ HoAx

Sol. -y =4x® +cy...... %%

Yy =12x% . ok ok

~ * is a general sol. For ***

The special solution waldd) Jadl

A LAY Sl 5 o g g a8 (e iy ) ) Ll aal 5 da s

Ex :- show that y = x* +5x +4 is a special sol. for the differentail
equation y" = 12x* ?

Sol.y=x4+5x=4 ................ *
Y A5 ok
V' = A2 X e, ok

*isasp.sol. for ***
y=x* + ¢1X +¢, ale Jall oIS Ui

L)"Bd;@l‘écl:S,CQ:é]- Ub)éesj(y" Ahh.qﬂd;s&) Cul GAll Cas
.y"?\hu.dl

Ex1:- find the ordred and degree for the following differential
equation ?

1. )2 +xy' =y?



.y = @By + x)2
M=+ Y3

Ex2 :- prove that the following values are a general sdution for
the equations bested them ??

a-y'+4y=0 , y=c;sin2x + Cycos 2x
b-y"+3y +2y=0, y=c'e*+c*e®

solution for the Js¥) da_ally Jo¥ 4l Alaldtl) e alaal) Jgia
first order and first deqree diff. eq.

d . - “ T, . en
d—z =f (x,y) IS0 (¥ Aa ol g (I V1Al e dplialail) Alalaal) ) 5S3
m(x,y)dx + n(x,y)dy = 0 J<al

- &\y\'&lcuicu)&}

Seperable Differential Suadll AL 8l A Loaldnl) Adsleal) -
Equation

Led el st Lo Lalis o Lt yuibia (homd it 3 Al Al L
JeSs SAX)X + By )dy =0 JSEI Lelaimi ¥ 51 (51 el e Jomn
Al Jall 4e gana 25 T (X,Y)=C o Janid al HhY)

Ex:- solve the following diff. eq. ?

x2(1—-vy*)dx + y(1—x%)dy =0

Sol. :- xzzdx+ Y dx =0
1+x 1-y
fa- = dx +(3) ff_‘;ﬁ:c R
~ Skl x2+1

[dx — -2 2101 - y2| =

1+x2 2

X — tan '1x-%ln|1— y2|=c



~f(xy)=c general sol.

Ex : solve the following diff.eq. xy dy + (2yx® +4x* -y -2 ) dx =0
Sol. :- xy dy + 2x* (y+2) — (y +2)) dx =0

xy dy + (2x° -1) (y+2)dx =0

1 2 _
(2x - ;) dx + (1 - m)dy =0

d d
f2xdx—f7x+fdy—2fy—fzzc Yy
ALERNT

X% - In|x| +y - 2In|y + 2| =c
~f(xy)=c g.sol.forthe diff. eq.

Ex : Homework solve the following diff. eq. ??

xydy +( cx* -2yx* +4-8y)dx =0



Homgeneous diff. eq. dlatiall Alalidl) ey aleal) ¥

f(tx,ty) =t" f(x,y ) Sl sl gaas Al ANl o dlaial) A1)
Ex :- f(x,y)= x° -2xy” +X°y +y°
F(tx, ty) = () - 2 (x)(ty)* + ()" (ty) +(ty)’
— t3X3 _2t3xy2 +t3 X2 y +t3y3
=12 (C -2xy? +X%y +y°)
=t f(x.y)
I a2 e dasilaia o f

X

Ex:-f(%):e% +sin%-(%) +(§)2

ty 2

t - .t 1 t

f(_y) :etx+51n_y -+ y
tx

tx (%) tx
:e%+sinl - +(X)2
X % X
_ 10 e (¥
=€ (F (%)
x3+y3 :
Ex. Is f(x,y) = o7 Homo. Function?(Homework)

Homogeneous differential equation ddiladiall A laliil) Adataall

da ) Gl (e ddlaia I M & N e JS 058 g (385 Al Adalaal) A
S ((QVACEL Y

M(X,y)dx+N(x,y)dy=0
M(tx,ty) = t" M(X,y )
N(tx,ty) = t" N(x,y )



d

& = fxy)

d

a=f(
X

Aaall Gt e dwilaia AN s M (e IS
i Yalaall (e g sl 138 Ja &l glad

JSl Alsladl) pai )

Sl graaig Y
fw) o Y
X, V Jdilly Jaadll 44,6 4 lialdn Aales Wal Cinual €
dv
0

+ _
x v—f)
D vdn Eo iy ede) daall Jai 0
y

Ex. Solve the following differential equation

xdy — ydx = \/x? + y? dx?

Sol.

(y+x2+y?)dx —xdy =0

M(x,y) = (y +/x? +y2)

M(tx, ty) = (ty + \/(tx)2 + (ty)z)

M(tx,ty) = (ty + \/tz(x2 + yz))
M(tx,ty) = (ty + ty/ (%% + yz))
M(tx, ty) =t (y +/(x% + yz))

& M(tx, ty) = tM(x,y)

N(x,y) = —x

N(tx,ty) = —(tx)



=t (-x)
=t N(x,y)

N is homo . function of degree one

ay _
1- we put - - f(x,y)

y [x2+y2

dy _ 57 %

Y
x
| &

Z=te 1) =

ax  x

Putvz% — f(V)=v+V1+v2 -

dx dv
= 4+ = -

Solve — o

%_l_ dv -0

X v—(v+.1+v2)

dax dv _

x | —Nieo?

dm;sédﬁbkﬂdglﬁx,y J il Jiaall 416 Aulialel ddalas Lnal Cisval

A

T e =l

In|x | - fm ........



dv 27
V14v?

/

Ailall Ciliay g2l Ay ylay AUl Jalsil) Ja5 Uia

dv
V1+v2

Letv =tanf

dv =secO d@

. 2 2 A dv
sin“g +los“ 0 =1 f—m

=J

= [ secO do

secO do
sin @

=Ln |secO + tan G|

Vv1+tan@ +tan9|
V1i+v2+ v|

1+ (2)2 +

X

=Ln

Ln

Yy

X

In

Ln|x|-In| |1 + G)Z+

F(X,y)=cC

secO do
Vvtan6+1'

=J

tan’ 6 + 1 = sec’d

R I

Ex :- Homework :- Solve xy dx + (cx*— 2y?)dy =0



non — homogeneous differential Auilaiall yal) ALl ey aleall
eq.

Gias ol 130 Ailate i (065 (W) Aaall 5 o) A (e Fulalil) Alaladl

M(tX, ty) & N(tx,ty) cladll da

SUll JSEIL ¢ S Lia
(ax +by +c) dx + (xx +fY + Y)dy =0
dy _ ax+by+c 131 4L Ledal
dx  ox+BY+Y é Joal
oulladl AU oY)

aclalal) ddadi an g Ll Ledas Culadaliie cilaiiial) Alls 8 -0 Y1 AllS)
ax +thy +¢c =0
ax+Y +Y=0
g i%dﬁb
X=X+h& y=y;+Kk ALl Ay 8l (g Ha0
dy _dy

= e ) Adbaall i in sl

dx dxq
A A 848 Hlall s Ledadg oy, ;. AVY Addlatie Mol Ao Joani
Al Jall e Jiasig Xy AV (a gad e (Sl e 65 (0)

Ex :- solve
(2x =3y +4)dx + (3x —2y +1)dy =0



L Lol (laaliia ¢ JLoginsel
—2x + 3y —4=0
3x—2y +1 =0

-6x + 9y -12 =0
6x -4y +2 =0
(h,k)=7(1,2)
5y=-10
Y =-2
3x -2(-2)+1 =0
3Xx-3=0- x=1

Let Xx=x;+h &y=y; +k
X=X1+1 &y=y, +2

dY1 _ —2(x1+1)3(y1+2)—4
dxq 3(x1+1)-2(y1 +2)+1

dY1 — —le—2+3y1+6—4'
dxq 3x1+3-2y,—4+1
dyl _ —2x1 + 3y1
dx1 3x1— 2y1
_2n 3
dy: _  x1 x1
dxl - 3%1_2y1
X1 X1
_ Y1
dy, _ 2+3(x1)

dx; 3—2@—1)

d —2+3v
Letv=2 — 24 - =f(v)
X1 dxq 3—-2v




dxq dv

+ =0
X1 v=f()
dx1 dv _
x +v— —2+3v =0
1 3-2v
dxq dv
+ 2
x4 3v—2v2 + 2-3v
3-2v
dxq dv
X1 —2 (vZ _1)
(3-2v)
dxq (3 2v)dv _ -0
X1 2(172 1)
dxq dv 2v dv 0
x;1 2v2-1  2(Ww?%-1)
dx; 3 1  2vdv
—=t.: - ={0
f X1 2 2 fv2 f
Ln |z ] -2 [ —=—+= Lnjv? - 1] =c
(v-1)w+1) 2
DS A0 a0 L
1 1
[ ? 2.2
w-1)(w+1) = v—1 v+1
dv 1 dv
B i 2 fv+1

=llnw—1]-ILnlv+1]
2 2

Ln |x1|-§(2l|_n|v—1| -%Ln|v+1|)+% LnjvZ —1|=c¢

(2 _1H

n =2 _ 4| =
(x—1)2 1| =C

1|+ Ln

Ln [x -3 y1+1|+1+ Ln

Ln|x—1|—%Ln|z 1|+ Ln| +1|

X=X+l —>x;=x-1,y=y; +2— y; =y-2 = f(x\y) =c



Ol st (laivaal) Alla b —; Al A

dy  ax+by+c
dx__ax+BY+Y

?

e e s o . a wo oo fe
UI:’J‘JMUWUC‘-‘MQSJM\‘UB@; aas Ly

DS

a4y Hhal) AUl A Jill aladiib Wisss dz = adx + bdy, z = ax + by
z Y

Ex :- solve
(2x+y)dx— (4x+2y—1)dy =0

Sol- & - 2

' dx  4x+2y-1

g = % + % = % Okl sie Glasiiveall
z=2x+Yy
dz = 2dx + dy
dy = dz — 2dx
dy dz
dx dx
dy _ 2x+y

dx _-4X+2y—1

dz _ 2x+y
dx 2(2x+y)—1

dz_ z

dx 2z-1




dz__z+4z—2
dx_- 2z—-1

dz__ 5z-2
dx 2z-1

[2=dz— [dx =[0

5z-2

ijdjldjd—jo
SZ—ZZ SZ—ZZ =

z 1
2f52—2dz_§ Ln|5z— 2| —x=¢C wu..hl)

z 1 2 1
2f52_2d2= Z(Efdz_i_ngz—ZdZ) 5y 7

1 2
=2(§Z+£ln|52—2|)* - 74

Put * in equation 1 we get:-

Ul N Ul N

1 2 1
Z(Ez+2—5 1n|52—2|)—E LN|5Z2— 2| =X =C vooveorrorn

2 4 1
EZ+EIH|SZ_2|_E Ln|5z— 2| —-x=c

2 4 1
Ez+2—5ln|52—2|—g Ln|5z— 2| —-x=c

2 4 —5

§z+ ot In|5z -2|—x=c
2 1
gz—gln|52—2|—x=c

Put z =2x+y we get

2 1
§(2x+y)—£ln|5(2x+y)—2|—x—c

~ f(xy) =c




Exact differential equation 4l 4 laldl) Aalaall (€)

The differential equation M (x,y)dx + N(x,y)dy =0
become Exact if it satisty the condition :-

oM 9N
dy 0x
and the general solution is f (x,y) = c

To find the function f ,we used the relation

fx,y) = fM(x,y)dx +0(y)———————— — — — %

fy A BEL &yl oo Laai sy J Al 4 bl Al @ (y) S
N(x,y) ) sbua s

Al Alalal) Aabeall alall Jall elldy ani g % A Leaa gy () 2
Ex:solve (3x? + 3xy?)dx + (3x?>y —3y? + 2y)dy =0
Sol,

M(x,y) = 3x%2 + 3xy?, N(x,y) =3x%y—3y% + 2y

oM ON
i 6xy = Pl 6x y
Exact diff. eq.

fx,y) = jM(x,y)dx +0(1)
flx,y) = j(sz + 3xy?)dx + 6(y)

3
fl,y) =x+ Exzyz + ()



]
Now f,, = % = N(x,y)

3
0 +Ex2(2y) + 0'(y) = 3x%y —3y% + 2y
do
'(y) = — = —3y% + 2
?'(y) & y©+2y

jd(/) = f(—Syz + 2y)dy
o(@y)=-y>+y*—c
» F(xy) =X3-/—2 x2y? +—y3 + y% =c¢

L Fxy)=c
Ex. Solve 3x(xy-2)dx+(x3 + 2y)dy = 0 (Homework)

Non — Exact diff. eq. dali ) dsbialinl) Adalaall ()

) (o Ay glia e AL () I AT b2 A Ly
oM L dN
dy d x

-MU\@M\&)M&}ML@AJGS]J
© YIS el g Aalaall JalSil) Jale ani -

1 ,0M OM, _
;(ﬁ—g)—f(x) A

O sSms JalSll Jalaa X Ala il S 13



I(x,y) — eff(x)dx
AaLd) A Conen Ll el Al st 4 Alsbaall d yla o juiad -

Remark :

1,0M oM N . . X
—(—— /)= i L gaa HLiaY) oS Adla
(%~ ) =9 (y) 3 ggsbad Gon il g S alla

Jalsill dale oS
I (x ,y) = e_fg(}’)dy

Ex. : solve (3x y*+4y ) dx +(3x% y*+2x)dy = 0

Sol.
oM _ 2 ON _ 2
E_qu +4  # ax—6xy +2
Not Exact
1 oM ON
v (55 =@
L ((qxyH4) —(6xy*+2) ) = ——— (Dy?42) = 2= ()
3x2y2+42x y y x(3y2%+2) y X

i (x’y) = eff(x)dx
[ax
[(x,y) = elx =elnl¥l =«
X(3x y° +4y ) dx+ x (3x°y*+2x)dy = 0

(3X°y*+4xy ) dx+(3x°y*+2x%)dy = 0

M N
oM _ 2.2 _ON _ 2,2
E—Qxy+4x—ax—9xy+4x

.. Exact diff. eq.
The Sol. Is :



f(X,y)=c where

f(xy) = [ M(xy) dx+ ¢ (y)

f(xy) = [(3x*y* + 4xy) dx + ¢ (y)
f(x.y) = Xy +2x’y+ 0 (y)

fy= ay =N (xy)

oL =3yhaxt+ ¢'(y) = N(xy)

- 3\1y2+23<2+ = 3&3y2+>><2

d
220 - [de =f0dy
- @=cy <« constant

Lo (y)=0
. F(x,y) = Xy*+2x%y+c

L F(xy)=c g. s . for diff eq.
Linear diff.eq dgbdl) Lol Alaleal) (1)
ZHp0)Y=0d() Rl le 05

Y Jalsall Jale o
I(x,y) = el P(x)dx
f(x,y)=c A0 3 hadlly Jad) aas Y

y.I=[q(x).ldx+c



Ex. Solve (1+x%) y +xy = x*Vx2 + 1

dy X x%2+1
Sol. — y =

dx + X2+1 x(x2+1)
dy X _ 1
ax T xer1Y T xVx2+1

(% y) = el

1

:eEln|x2+1|
l=e"™Vx2+1 “Vx2+1
g.s. f(x,y) =c
y. 1= [qx).1dx +c
2 - 1 2
yVx?+1 —fxm\/x + 1dx +c

yNVxZ+1 :fi dx +c

yVx2 + 1 =Ln|x|+c
f(xyy)=c
Y Al X (eSally (S 13 Ll ) iy y 1S 13 Ui ; adaa Sl
HpY) . x=q(y)
I(x,y) = el POy
x.I=[q(y).ldy+c

EX. yo+2x=y

Sol . yZ—;+2x:y3



dx+2x_y2
day y

Z—§ + p(y).x =q(y)

I (x,y) = efP(J’)dy

_ efédy = g2 = glmz =2
xI=[q(y).ldy+c
x.y* = [y2.y2dy +c

1
Xy’ =<y’ +c

L f(xy)=c

Special Types of Second order eq.

AN A, @) ealaal) e dald eN

cr lilla 4f 1Y) s il 45 W) piasdi Lia

DfXxy,y')=0 JSEL dleal) CailS 13/
AUl dia )
P=y »p'=F= ()
d (dy d’y _ .,
=)= &=y
LP=y —=p =y

s AUl AL @il ) Ll

2 F(yy.,y)=0
y 2 Al GLELIYL A 8l ) <

—_ !/ d_p_i 1
P=y - =3V



2
o
dy(dy dy? o =Y
— yl N pl — yll
EX: X’y —(y)22xy' =0 4, addiililas

Sol.(D)F(x,y'.y")=0

I | 1_@_ 1
P=y -p =_—-=y
x—-p—xp 0
dp 2x _ 1
ax 2P 2P
Bernolly eq.

d n

Z+p() y=0d0) ¥ n R0}
LAJ‘J‘ Aalaa

Zipy=dp) o« ele ko

e s Azhadll C¥aball (e saT Ala Jidi g(X) (2 s zae Y sy OV
(Bernolly eq) 55 _» Alalaa

q)ﬂ\@nﬂ‘)ﬁm&bQ;ﬁ(l-n)}%ﬁ@.‘ai(O:n)iﬁS\b\UA*
&jjﬁf\hwgcﬁ‘;&,}(é)éuEZZn)\ﬂz\:das@.\aﬁyj).ng‘ﬁ\

Berolly Equation
dy _ n
—+p(Xx).y=q(x) .y
(1) Letz=y"" AU a3 o (V)
d
(2) =+ (1) p(x) .Z=(1-n) q (X
Ahad S s X9 7 Al Aaladll da ()



, N=2
(1) Letz=p'"=p'?=pt= %
(2) % + (1-n) p(X)_Z = (1_n)q (X)

= 4 (12)(=2).2=12) &)

dz 2 -1
Z

z.1(x,2)=[q®),1(x,2z)dx +c

2_ 1
Z'X_f_;.Xdeﬂ:

Z . X2 = -X +C
Z = 2 ) Z —
x P
1 _ —X+C
P - X2
x2 dy
P = _ay _
—xre ’ P dx y
dy = x2
dx  —x+c
—X -C
ad —-x+cC
Jdy=/[ dx <2
—-x+c
+x“—cC
z Bl
cx—c2

JV gl Jad (Y 2 g8



2
y=f(—-x—c+ _;T)dx
y = -X*- €X - ¢2Ln |-x+c|
L f(x,y)=c

A A1) oy Aghadl) AQLaalisl) el
any @ + qp Y™ +a,,y" P4+ a'y + agy=1

Al ¥ Gadall g x ) ga LeiSalaa s A {1 (e dndad dliald’ dalas

f(x) -
AN A e Aol Alald Maleall e Sl 5 (K53, @, s A
f(x) =0 Oa¥) Gkl S 1) 4l i lalae
dilatie dudad Aabialsd dlalea Cuaals

y' = %,y”= %,...,y(")=%
y'+p(x)y +qx)y = f(x) Jsdlly 058 n=2 Ala 8 L

Sl J<E dlaie Aabee (65 f (X) =0 Loaie
y'+px)y +qx)y=0
(&) Al O alaall 0l AN A5 1 (e diladiall Lpkadll Adalaall Aalis oY)
(p,g <)) Jiai s gl 5SS ag,a1,a)
y'+py +qy=0

Ut Cua 4 yia 45 Hhay Ll bl JA)

MJM\&L@.@_}Q} y” = mz&y' = m&y =1

m?+ pm + g (1)=0

Folealidl) Alalaall Ja) () 5Sans Ailida da ) 3a My & My Leie ()



y: Clemlx_l_ Czem2x

Ay glsia 5 A (M =My) OS5 Ladie (¥
y=cie""+X.Cc, ™
m=a F ib oS Alalaall Jall 4008 5 5a m1.m2 o555 Laxie WG (¥
y=e¥(c; cos bx F ¢, Sin bx)

EX . solve (find the generd solution )

d’y | dy . _
dx2+dx-6y_0
i gl m Al Alls el jiea Gl Led yha g 40BN A ) (e ddaaDl Lia
—lﬂ—m@—mz
Y= Ydx 0 dx?
m*+m-6=0

(m+3) (m-2)=0
m;=-3, Mm,=2

g.s. y=cie™* + e ™
y=C1e 7 +C,e™

U O sSe pa¥ hl (B Gsii yT sy B Al e (e Giaill Lia*

Ex.y" -6y’ = -9y
Sol.y" + 6y’ +99 =0
m*+6m+9=0

(m-3)°=0
m=m,=m=3

. y=c,e™ +cxe™



EX.:y" 4+ qy =07?

Sol. m*+q=0

m? = -9

ml1,2 = FV/—9
=¥3vV-1
=+ 3i

my,my=a + bi - a=0,b =3

y=e"(c, cos bx F c; Sin bx)

y= €y €0S 3X + C, Sin 3x

Exc. (1) y" =3y +2y =0 B)y" +qy=0
2)y" =4y’ +4y =0 (Homework)

Laplace Trans for motions Y Bk gl

-1 AN Jalsal) adly f (x) Al (LY Jagad Ciry ¢ WY a9l
L) = f, fePrdx; p Abase
-1 oY Jagad pal i
(1) L{fe) F 909 }=L{f(x) } F {90}
(2) L{Af(X)}= AL{f(x)}
(3) L{Af(X)FBg(x)}=AL{f(x)}FBL {g(x)}

Jiey 43¥ & hall 5 peall e Ga30Y disad ao ) 58 Jiad aal 5 o8 ) dpals Lia
okl s gl e a5l () LSl Aalall o3 (i 13) JelSiie



LA a5 8 g gl Ay Ll

4l 51 ) dpdadll dpalall cauy s bl Gada 8l sl sed Gl o a0 L)
CAphal) dpalall Basy (LY Jysad ol Sl s (Adadd) dpalall Giay Jalill

Proof :
1) Li{fC)+g()}?2=L{f(x) } + L{9(x) }
PELLFO) F 900 3 = f, (F(x) F g(x))e P dx
= [ f@).ePdx F [ g(x)ePrdx
= L{f(x) + L{g(x)}
2) L{AF(x) }=AL{f(x) }
Df: L{AR(X) }= [, (Af (x)e™P* dx
= [y A(f(x)e™P¥) dx
=A [ f(x)e P* dx
= A L{f ()}
3 L{Af()FBg(}”
= [ (Af (e P*) dx F ["(B g(x)e P¥)dx
=A [ f)e P dxF B[ g (x)e P* dx
=A{f(x) }+ BL{g ()}
PF(3) HW . (¥) & () dals e slaic YU (V) daals 0
L{Af(xX)+Bg(x)}??
from propo. (1)
from propo. (2)



NOW if (1) f(x) =L — find L {f(x) }=?
(1) L{1}=[ LePdx=""e™7

=2 (e7P(®) — ¢=P(0)
p

L{1}=+o PENPISS DTN
(2) Iff(x) =e?*
(2) L{e*}= foooeax e P*dx

[ el = [ ey

1 @p)o_ L1 (,(a-p)o _ L0
L elePe = L(e 2

:a_ip (e% (e P®) — 1) = a—ip(oo(O) —-1)

Ex. : (Homework) Find Laplace transformation for the following
function:-

1.f(x) = 2x*

2. f(x) =sin3xe™*
3. f(x) = %sinh 5x

4. f(x) = %cos 2x e3%

5. f(x) = 4cosh 7x 6. f(x) =3x%e*



F(t) F(s)=L(f(t))
1
tn n! s>0, n=0, 1, 2...
Sn+1
eat 1 s>a
s—a
Sinh(at) z s>|al
7
Cosh(at) al s>|al
@ =g
Sin(at) s Wy 5>0
s2+q?
Cos(at) A s3>0
s2+a?
e%sin (bt) b
(s—a)?+b?
e%tcos (bt) T
(s —a)?+ b2
0 SEG)F(0)
il F(u)du
?f(t) [ F(u)
tnest _n n=1,23;.
(S =t a)n+1

D1 sall Gianad Sy @ sad Jsan

gl A Adlaaiad Gigthaall Jygadl) ey Eoa Bdall (pudd Jgand) —; aliadla



Inverse Laplace transformation oY J1 90 (i gS2a
-1 (1] _
112 =1

2. L1 {L} = e
' P-a

A sail) (e sSaa o) 2l 1l g Ll GOy sa

Ex. Find L1 {P (P3+3)} =7

Sol. L™ {P(P3+3)} =17 {% N P_-1|-3}

=L {l} — L1 {;} by prop.1)
P P+3 '

=1—e 3% o Sza J g

Ex. Find Laplace inverse transformation for the following:-

1 L_1 {3P+2}

P2+4

Sol. =L‘1{3P + 2 }

P2+4  P2+4

- )+ 1 )
B P2 + 4 P2 + 4

ST LA FEVRY S
P2 + 22 P2 + 22

=3cos2x + 2sin2x  Jsall

2 1 )
Sol. = L1 {%} +L71 {m}

=cos3x e > +sin3x e % Jsall



Solution of differential Equation by using Laplace
transformation and inverse

Let  ay" +a;y" +apy = f(x)
L s Al O alae I 55 Al A ) (e dudad duali Alobas
LAY ) ghadl) s Alalaall Jal g
Tl costlaal) Al il LY i pat 30 )
OOy isa3 e S 330 Ly} dsaill conen Aslaall (i i ey Y
Asbeall pladl Jall e Jeanid oy Ll
Al 5 1 o) A LY @Sl sad ) rling Al Jad
RN
L{y'(x)} = P L{y(x)} — y(0)
L{y" (x)} = P? L{y(x)} — Py(0) — y'(0)
Pf.1:-

(00)

L' ()} = j V' (x)eP* dx

0
= [ ey @ ar=yerr| T+ | yeoperax
= (y(0)eP® —y(0)e P%) +p J y(x)e P* dx
0
= (0 — 1.y(0)) + pL{y(x)}
= pL{y(x)} —y(0)

Pf 2:-
L{y" (x)} = P? L{y(x)} — Py(0) — y'(0)
LG} = [y e

0



Ex:-Solvey' —y=1; y(0) =0,L (1) =%

L(e™) =

p—a
Sol. L{y}-L{y}=L{1}
p L{y}- y(0) - L{y}=+
(1-p) L{y}- 0=
(1-p) L{y} =

L1

L{y}=— =

1-pP  (1-p) P

1
(1-p)

—} - L1}

(1-p)

LH{L{y}}=L"{

_Pl}

= |_'1{

ty=e*—-1
Ex.:-Solve y" +2y'+5y=0; y(0) =1,y ©® =5

_ b
L{smbxe‘”‘}=(P_I_a)z_l_b2
o P+a
L{cosbxe }_(P+a)2+b2

Sol. L{y" + 2y’ + 5y }=L{0}

Ly }+2 L{y}+5 L{y} =0

P? L{y}- p y(0)- y'(0) +2( p L{y}- y(0)) +5 L{y} =0
(P* +2p+5) L{y} -p-5-2 =0

(P*+2p+5) L{y} =p +7



p+7
(P?2 +2p+5)

L{y} =
LYy = L)

(P? +2p+5)

Y =L s Y )

(P2 +2p+1)+4 (P2 +2p+1)+4

6

_ -1 p+1 -1
y =L {(P2 +2p+1)+4} +1L {(PZ +2p+1)+4}

-1 p+1 _1
L {(p+1)2+4} +3 {

y = }

(p+1)2+4
~y=cos2x.e *+3sin2x.e”™*
Ex. Solve (Homework)
1. y+2y=¢e* y(0)=0
%+2y= cosx;y(0)=1

2
3. —4y=2; y(0)=2

4. y" —4y' +3y=6e**;y(0) =2, y'(0) =6
5.y"-9y=6c0os3x;y0)=0,y'(0)=3



