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Chapter one

The Real Numbers 4&dal) sjasy) ;-

The sub sets of the real numbers are :-
1) Natural Numbers duhll dlac¥) : (N)
N={1,2,3,4,..}

2) Integer Numbers 4susall dlac¥l : (] or Z)
l=2={...,-3,-2,-1,0,1,2,3, ...}
3) Rational Numbers 4wl slac Y : (Q)

Is any number that can be written in the form g, where p and q

are integer and q #0
Q={><ER,><=§,p,qEZ,q¢O}

Notice

That every integer n is also a rational number since we can write it as

the guotient of the g

4) Irrational Numbers :- (Q) daud yuall dlacy
Are all those real numbers that cannot be written in the form g,

where p and q are Integers

For example - 11, V5 ,V/3,V2
V2 =1-41421356,.... 490 dlae] el
= 3- 141592, ....

Note that :-
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Chapter 1
The rate of change of a function
a) Coordinates for the plane :-

To assign coordinates to points in plane , we start with two number lines
that cross at their zero points at right angles the horizontal line is called
the x- axis p vertical line the y- axis , the point at which the lines cross is
the origin .

- We assign a pair (a, b) of real numbers to each point p in the plane
. the number a from the x- axis is the x- coordinate of p .
The number b from the y- axis is the y- coordinate of p. the pair
(a, b) is the ordered pair .

£ X (a] b) X+ X-axis
origin point

Note :-

1) Every point on the x- axis has y- axis zero& every point on the

y- axis has x- axis zero +
T

2) The origin point (0,0) \l/




3) Directions along the axis :- the values of x & y increasing in the
positive direction & decreasing in the negative

Ex) plot the points & in which quadrature the following
Points :-(-3,5),(5,-4),(4,-1)
b) The slope of a straight line :-
Definition :- ( The Increments _»ill)
When a particle moves from pi(x1, y1) to pa(Xs, y2)
Ax = [ (x, of terminal point)- (x,of initial point)]
Ay = [(y, of terminal point) — (y; of initial point)]
Thatis Ax=Xx,—X; & Ay =y, —yq
Ax is called delta x & Ay deltay

Ex) If a particle moves from A(1,-2) to B (6,7) find Ax & Ay or (find the
Increments of them )

Sol:- A (1,-2) Initial point & B (6,7) terminal point
Ax = 6-1=5
Ay =7-(-2)=9

Ex) If particale start at A(-2,3) fits coordinates receive increments Ax=5,
Ay= -6 what will be its new position ?

Sol:- A (-2,3) & B (?,?) , Ax=5 & Ay= -6

AX = X; — X, = 5=X+2 & Ay = y-y;= -6 =y, -3 =X,= 5-2 & y,=-6+3=
X2=3& Yo = -3

B(3,-3) terminal point

Ex) A particle moves along the parabola y=x, from the point A(1,1) to the

point B(x,y) show that % =x+1if AXx#07?

Sol:-Ay =y, —y; & AX=X;—X;



Ay =y, —-y1

Ay = y-1 ] &AMx=x—x;= AH =x-1

Ay _y-1 _x2-1 _(X=1)xF1) _
Ax  x-1  x-1 (x-1) =x+1
/
Note :- The increment AX & Ay can be any real number, may be positive

, hegative or zero .
Definition :- (the distance (d) between two points )

P1 (X1, V1) & p2 (X3, V3) is defined by :-
d=/(4 x)2+ (Ay)2=/(x2 —x 1)2 + (y2 = y1)2

Ex ) particle starts from p1 (-1,2) and travels in a straight line to the point
p,(2,-2) find the distance between p; & p;

Sol:-

AX = X,-X;= AX =2-(-1) = AX=| 3

Ay =y,-y1 = Ay =-2-2 = Ay =| -4

d= J@X)2 + ()2 =+/B)2+ (=82 =9 + 16 = V25

d=5

the slope Jaall

Let L be a straight line which is not parallel to the y-axis . Let p; (X1, y1)
& py(X5,y2) be any two distinct points on L then we call Ay = y,-y, the rise
& Ax = X,-X4 the run along L from p; to p, . we define the slope of L as
the rate of rise per unit of run :-

rise Ay y2-yl
run AX  X2-X1
_ 4y y2-y1
T Ax x2-x1




Note :-

1) Angle of inclination are measured counter clockwise from the
X-axis

2) The relationship between the slope m of a non-vertical line and
the lines angle of inclination & is shown m=tan ©

3) The slope of a non vertical line is tangent of its angle on inclination

M=j—y—tan o= SIn9

X s0s©

4) Lines are perpendicular <> m L = _;1 Jaall G glia = 3 ganll Ja

5) Two parallel lines having equal slops that is m; =tan ©;, m,=tan
692:3|ﬂ1=rn2 d%MLﬂﬂléngbLm‘bugﬁ“d\
6) The slope of Ly = m; & Ly=m; if LiLly; > mm, =1 uik i

. 0 S‘
X1+X2 y1+y2
2Pl 2

7) The rule of midpoint p= ( )

Examples :-

Ex1) plot the given points A(-2,-1), B (1, -2) & find the slope of the
straight line determined by them & find a perpendicular line?

Ex2) Let p1(2,-1) & py(-6,3)find the m & m L & find the midpoint of the
segment p; p; ?

Ex3) Let p; (1,-1) & p, (2,1) on the line straight L, , & p3 (-2, 0) & p4 (0,4)
on the line straight L,, determined the straights lines parallel or vertical ?

1+1 4—-0
&I-m1=; =2,m2=m=2=>m1=m2
@ L1\\ L2



C) Equations of a straight line :-

We can write an equation for a non-vertical straight line L if we know its
slope m and the coordinates of one p; (X4,y1) on it If p(X,y) is any other
point on L, then we can use the two points p; & p to compute the slopes

_y-yl o ]
M="—=7=y-y1=m (X-%4)

Or y=y;+m (X-X;)
The equation y = y; + m (X-X;) .....(1) is the ( point — slope equation)
of the line that passes through the point p; (X3,y1) and has slope.
adalss (10 ddadi g alia ale 1) adiiie Aalas
Ex) write an equation for the line through the point (2,3) with slope _73 ?
Sol :-

y=ya M (- Xp) = y=3-3(x2) =y=3-Ix+3  =y=6-Ix.

A line through two points A(X1,Y1)] B(X2,¥2
A «— |
mM=222 (2)
X2—x1
2-y2
From (1) &(2) = y =ya + ——— (X-X1)

Ogﬁkﬂ@ﬂgﬂ\ﬁﬁmﬂd\&n

The equation y =m X +b is called the slope — intercept equation of the
line with slope m and y —intercept b




the equation AX + By = c (A and B not both 0) is called the general
equation in x and y because it graph always represents a line and every
line has an equation in this form (including lines with undefined slope) .

m=—
B

Examples :-

Ex1) Finding the slope and b intercept of the line 8 + 5y = 20
Sol : solve the equation for y to put it in slope — intercept form

Y=m X +b

8><+5y=20=>5y=-8><+20=>y=_?8><+4
The slope ism=_?8,they—intercept isb=4&A=8,B=5,c=20

Ex2) write an equation for the line that passes through the point (2,3)
with slope%3

Sol:y-yl =m(X-X1) = y-3= _73 (X-2) =vy= _73 X+3+3
=>y=‘73><+6 = 2y=-3x+12=> 2y +3X = 12
A=3¢pB=2¢pc=12

Ex3) find the slope of the line 2X +3y =5

Note :- the distance d from the point p1 (X4,y;) to the

. o |AX14BYlHc| .. sy . s
line AX +By +c=0is d—Wijuﬁuw\



Ex) find the distance from the points D(-1,0), E(1,1) , and f(-3,5) to the
lineL:2X +3y—-5=0

Sol :-
4D = [2ED+3©-5] 7

T V22432 T V13

_l2)+3(D-5] _ 0
dE = V22 +32 _x/ﬁ_o
LGOI IORTI

S Zrsz Vi3

The functions aja

The function Let A and B be two non — empty sets, the — relation that
assigns to every element X € A, with aunique value y € B is called a
functions

FFA>B,VX€EA,IlyeBI3f(X)=y

Note :- A B
A= Domain = D¢, B = co- domain = Go — D¢ ®_)@
*) the set of all images f(X) =y, V X € Df

Is called the Range of f= R¢ X—f - f(y)
Re={f(X) =y, XE D¢} input output
Or ={y, y=f (X),V X € Df }

Ex(1) Fis not function Ex(2) f is a function

b
K




Sincef(X)=aandf(X)=b Rangef={1,3,4}

Ex(3)

F is not function

Since « € A and & has not image
Ex (4)
Linear function y=X y y-A(

Y=f(X)=X,f:R—R

Df = R={ XER,-0 < X < o0}

Rf=R={y€R, ,-00 <y < oo}

Is function v
Ex (5)

Y= f(X)= x y A y=x’

Df=R
R=R+={yER:y=0} X<0 \ x>0 X

- {yER, 0< 0} <« >

=[0,00] ‘i‘

Is function

Ex (6) y

y>=x , not function VY EX

=Jy2 =X = |y| =X =y= FVx <€ >x

v x€Df, 3 F /- two image , for every X not function .

10



But if

_{ VX function y1 =VX
Y —/X function y2

Ex(7)
2y+3X=5

2y=5-3X= y= 5_% function

Ex(8)
Y29
X

y=2X function

Absolute values :-

Definition :- The absolute value of a real number x is denoted by |X| and
is defined by the formula

| % |=Vx? y=-X X
X x>0

Ix]=1 0 x=0 (A8
— X X< 0

For example :-

|-81=8 , 9] =9 ,|0|=0

The absolute value of x is always either positive or zero, but never
negative .

11



Properties of absolute value :-

Let a, b be two real numbers then :-

(1) |al=[a]

(2) lal=[]a]|

(3) la.b|=|a]. |b]
a, _la|

(4) |1 —m,b?fo

(5) |[a+b|< |a]| + |b] (triangle inequality)

(6) |[X| =a«e>X=#a

(7) | X|<ae-as<x<ag@|X| <aey-a< X<a
(8) | X|=a+«> X=aor X< -a

(9) | X| >a > xX>aor X <-a

Geometrically :- dowaigl) Aalil) e

The absolute value of X is the distance from X to zero on the real
number line since distances are always positive or zero , Also

| X-y|=the distance between x and y on the real line

|4-1|° |1-4] =3

'._\
N

|-3]1 =310]|=0 |5]|=5

Ex) find the value of x that satisfy the inequality | X |> 3?
Sol :- { XER, | X|>3}={XER, X>30r X<3}

=(3, 00) U (-0,-3) =R\ [-3,3]

Ex) find the solution set for the following inequality |7-4X|>1
Sol ;- { XER, |7-4X|=1}={ XER, 7-4Xx|=>10or 7-4X | <1}

={X€ER,-4X>-60r-4x<-8

12



- [ X€R, xszor x>2}

=(-0,2) U (2, ) =R\, 2)

Ex) solving an Equation with absolute values |2x-3|=7
Sol:- by property | X |=a<>X=+a

2x-3=7 & 2X-3=-7

2%X=10 & 2X=-4

X=5 & X=-2
Ex) |5==|< 1
X _X
Sol :-
1<5-2<1 by (7)
—-6< _?2 <-4 ( subtract 5)
1 . 1

<—>3>;>2 (multiply byz)

1 1 :
3 < X< 3 (take reciprocals)

Ex) |2-2X| <7

13



Ex) | X-1]| =6

Sol :-

1) |X]| >5
2) | x| +1
3) 15151
4) | x-4] <2
5) |2X+5|> 4
6) |2%-3|=1

How to find the Domain and the Range of function

1) The domain of all polynomial or odd root is all real numbers

(Real number, R)
Sae¥) S Ledlae i (358 Haa b 5l 3 g Baxeie (K4 e A cilS 1)
+agall

Ex(1) f(X) X3 +2%”+3X-5
Df=R,Rf=R

Ex (2) f(x) = ¥x +1
Df=R,Rf=R

Ex(3) f(x)=Vx7 -1
Di=R,R¢=R

DMl Jead 3l Aaaal) dlac V1 JS Lellae o8 g3 53l 5 4 )3 Ala Adlall il 13l

14



2) The domain of even root such as square roots is all real numbers
that the expression under the radical to greater than or equal to
zero

Ex(1) f(X)=VvX 2 —4
X2-4 > 0= (X-2)(x+2) =0
(X-2)Z0A(-X+2) 2 0= X=2 A X=>-2=[2, 0]

(X-2) SO A (X+2) < 0 => X<2 A X<-2 = [0, -2]
D (-o0, -2) U (2, ) = R\(-2,2)

Ex(2) V2 x —1

Ix-1>0 = 2x>1=> x > §
1
pf =, 0]

3) Piecewise functions :- A function that is defined by more than one
formula is called a piecewise function such functions are written
using the brace(s) , such as signum function , absolute value
function, ..., etc.

The domain of these function are the restrictions of the functions .
Ex(1) find the domain of | X| y=-X T‘y y=X

X if x>0 :
Fix)=|x|=¢ 0 if X=0 X p X

— X if X%X<O0

Di=R,R¢=|R+=[0, =) v
Ex(2) f(X)=y=|%x+3| find D

X+3 if X+3>0=>=>%x>3
|x+3] = 0 if X4+43=0=>=>%x=3
—(X43) if X4+3<0=>%x< -3

D;=R,R;=R"

15



X if x < -2

Ex(3) f(x)= X +1

X<-2V-28X<1VvX>1
(-0, -2) U[-2,1] U (1, ) =R
D;=R

Ex(4) find the domain of

o (FLif X< 2
V‘h(x)‘{3 if X> 2

Df=R lRf={-113}

, find Df
if —2 <x<1
X2 if x>1

4) The domain of Rational function is all not number except the value

of X which make the denominator zero

Ex) f(x) =

X
x2-1

Df =R\ {-1,1}

y= a =>x=yx2-y = yx2 -x-y=0

x2—-1

X_1$,/1+4y2

—N
2y70= y# 0

144y2 20 = y2 2 — = y2 >0

YER
Re= R\ {0}
Ex) y=§ x=§
Dr = R\ {0} Re= R\{0}

16

x*-120=>x%#1

Vx2 #1=|x|#1

x=+1



Ex) = ﬁ y= ﬁ
Dr =R\ {1} yx-y=1
Rr = R\ {0} yx=1+y
=LY
y

5) There are special cases of Rational function

a) | f the rational function contain a sequare root in the denominator

then domain is all real number the expression under the radical

greater than zero

2—X

B 7=

1-x>0 = 1>x, Df = (-00,1)

2-x
V== =yV1 — x=2-x

y*(1%) = (2-x)°

v yoX = 4-4x+x°

X’ Ax+4-y*+xy’=0
X2+ (-4+y?) x+(4-y*)=0

b2+4ac

a=1, b=y+y* , c=4-y* , x=-bF

2a

_—(=4+y2)F/(=4+y?)2-4(1)(4—y2)
X= 2(1)

_ 4-y2F,/16-8y2+y4—16+4y2
a 2

_4-y2+,y4-4y2
B 2

yhay'> 0=y (y-4) =0

V=0AY —4> 0= y*> 0N y*> 4
= YERA|y|=2

SRi=[2,0)U(-0,-2] =>yE RAy=2Vy<-2o0rR\(-2,2)

17



6) | f the rational function contain odd root in the denominator then
domain is all real number except the value of x which make the
denominator zero .

3 (x+1
Ex) f(x)= |—
3 [x+1
== . D=R\{2}
I 3_x#1 22y 3=
y= 5=V -x_2=>(x 2) y'=x+1
xy3-2y3-x-1=0

V -1# 0= y* #1= y#1
R=R\{1}
Exercises
Find the Domains and Ranges for the following functions :-
1
(1) y=f(x)= ——+3

X*+1#0= X’#-1 -, D;=R

yz; +3=>y-3=

x2+1 x2+1
(y-3) (x*+1) =1
yx2+y-3x2-3=1

(y-3) x*+y-3=1

(y-3)x*=4-y
= = |x| = |2
y-3 y-3

18



4-y
y-3

X=F

y-4=0 A y-3>0 V 4-y<O0 A y-3<0

y<4 Ay>3 Vy=4 Ay<3

3<y <4
L1 ) [

3 4 3 4

(3,4] % @ =(34]
~ Re= (3,4]

Homework

Find the Domains and Rangers for the following functions

(1) f(x)= |- —2

(2) y=fix)= 22
)=, "} B
(4)y=flx)= 7=

Graphs of functions :- 4 au

A nother way to visualize a function is its graph If f is a function with
domain D, its graph . consists of the points in the cartesian plane whose
coordinates are the input — output pair for f In set notation , the graph is
{(x)f(x) | x€D}

Quick Graphing :- 2 yd) )

A quick way to graph an equation by three steps :-

(1) find the x- intercept by setting y=0
(2) find the y- intercept by setting x=0
(3) plot the intercepts and draw the line

19



Ex) sketch the function by using the table ?

f(x)=x1+2
Sol:-
(1) Let y=0
y-f(X)=x+2 = x+2=0 => x=-2 = < -2
(2) Let x=0
y=0+2 =y=2 = (0,2)
(3)X=-1 = y=1 = (-1,1) x|y (0,2) | 7
y=-1=> x=-3 = (-3,-1) ol 2 (-2,0)/
2|0 v
111
-3 -1

Ex) y=f(x) = x*
Sol ;- y=x"=> if y=0 = x=0  (0,0) origin point
y=1= x2=1 =x=+1 =(1,1),(-1,1)

x=1=y=1=(1,1) X | y=x2

x=2 = y=4 = (2,4) -2 14
x=-1=y=1=(-1,1) 1101 (-2,4) 2,4)

0|0 (-1,1) (1,1)

N | w
L \e)

20



Ex) y=f(x)=x

Sol :- if x=0 = y=0 (0,0) X 1Yy
If y=0=> x=0 (0,0) 1)1
x=1=y=1 (1,1) 00
x=2 =vy=2 (2,2) 1 |1
x=-1=> y=-1 (-1,-1) 2|2

Note :- we must calculate the domain and the range before sketch .

If the function a straight line we must determine the intercept point and
joint it if not we take other point but the point must be in the domain of
the function .

There are a number of important types of functions , we identify and
briefly summarize them here .

Linear functions :-

A function of the forn] f(x) = mx+b|, for constants mand b, is called a-

Linear functions .

Figure 1 shows an array of lines f(x) = mx where b=0, so these lines
pass through the origin constant functions result when the slope m=0

Figure 2

y=-X m=\1

Constant

Function has m=0
Fig (1) Fig (2)

21



Power functions:-

A function f(x)= x* , where a is a constant, is called a power function —
there are several important cases to consider

a) a=n, a appositive integer

v %L ) ™ \T/

/ Graphs of f(x) = x", n =1,2,3,4,5 defined

/ For -co <X< o0

b) a=-1ora=-2

the graphs of the functions f(x)=x'1=% and g(x)= x°= % are defined for all

x#0

wo Dom| xz0

Range, y#0 Ran:y> 0
H.w
Sketch the following
1) y=Vx ,y=x> ,y=3¥x ,y=1= DR, R=R’

22



Odd function A function f(x) is called odd function if f(-x)=-f(x),
for every x in the functions domain

Ex) Let f(x)=x> ol /
F(-x)=(-x)=-x>=-F(x) X
~ fis odd function /

Even function A function f(x) is called even function if f(-x)=f(x) for

every x in the functions domain

Ex) Let f(x)=x> K
f(-x)= (-x)* =x= f(x) < / x—>

fis even function
Ex) Recognizing Even and functions

(1) F(x)=(x-1)
(2) F(x)=x’+1

Rcmartc :-

(1) The graph of an even function is asymmetric about the y-axis,
appoint (x,y) lies on the graph if and only if the point (-x,y) lies on
the graph .

(2) The graph of an odd function is symmetric about the origin
appoint (x,y) lies on the graph if and only if the point (-x,-y) lies on
the graph .

23



The composition of functions 4:S sl ) gl

Let f and g be two functions such that g(x)€ Dsand x €D, then there
exist a function f,g which is defined as the following :-

(o) = f(gx)and Domsg) = {x :XE Domg A g™ € Domg}

BT f
X g(k) f(g(k))
fo8
(1) R, € Dy

(2) (fo8)=F(8x)
(3) D fog(x)= {x ,xE DgA g(x) € D¢ }

Also , we define go f as :-

g0f(x)= g(f(x))

Dom (g,f) = { x=f(x)= € Domg A x€ Dom f }

In general the composition is not commutative fog # g.f
Ex(1) Let f(x) =v/x, g(x), x ', then find f,g , g,f ?
Sol :- f(x) = Vx , D;=R" [0, )

y=vx =y’=x=R=R"=[0, o0 )

y(x)=x*+1, D,=R

y=y(X)=xC+1= y=x+1=x=y-1 = x=F, [y — 1
y-1>0 = y=1, R, = [1, o)

Now to find fog is Rg & Df?

[1, )< [0, o)

~fog is exist

(fog) (x)=f(g™)= /g(x) =vx2 + 1

24



(fg)(x)= Va2 + 1

D fog= {X: XEDzAg(X) ED¢}

={x= X€ RAX*+1 € R"}

={x: X€ RAXER} =R

But x’+1>0 =x’>-1 =x°>0= x€ R
To find g.f is R&&Dg?

R'CR= - g,f exist
(8)(x)=8(f(a))=( V) +1=x+1
(8of)(x)=x+1

D gof= {x: X€ DiAf(x) EDg}

={x: XER'Av/x ER}

={ x: XER"A xER'}-R"

x=>0= x€R’

Ex(2) let f(x)=Vx — 4, g(x)= g then find f,g, g.f
Sol :-

f(x) =vx — 4

x-4>0=x>4, Di=[4, )

y=vx — 4, y*= x-4=> x=y*+4=R=R"

_ x+1

g(x)=—

3—x
3-x#0=>x#3: D,=R\{3}

x+1
V=, = x+1 = y(3-x) =x+1=3y=xy

_au. _3y-1
X+Xxy=3y 1=>x-—1+y

25



1+y#z0=y#-1, R;= R\{-1}
Now , to find f,g , is R,EDy?
R\{-1} € [4, )
~fog is not exist
Now , to=find gof is R ©Dg
R'ZR\{3}
~.gof is not exist
Homework:-
Find fog , gof to each of the following functions

(1) F(x)=|x] ,glx)= -x
(2) If f(t) = £ find g ,h such that (f,g)(x)=(f,h)(x)=x*-10x+25

26



Limits :

Definition : Let f(x) be defined on an open interval about x, , except
possibly at xg itself If f(x) gets arbitrarily close to L for all x sufficiently
close to xq , we say that f approaches the Limit L as x approaches xq, and
we write .

Lim f(x) =L
X—Xp

which is read "the Limit of f(x) as x approaches xo is L ", let f(x) be a
function , we said that the limit of f(x) is L when x tend to x,, OR f(x)=L

X=>Xo

Ex: Let y=f(x) = x*+ 3, what happen when x —2

X 3 |25 |23 |21 |[2.01 |2.001|2.0001 |Atthe right

F(x) [12]9.25|8.24 | 7.41 | 7.040 | 7.004 | 7.0004

X 1 |12 |14 |15 |19 1.99 |1.999 |Attheleft

F(x) |4 |4.44|/496|5.25|5.98 |6.96 |6.999

KN (2,7)
A
—> <«

<€ >

L*= lim(x*+3)=7 D=R
X—"2
L =lim(x*+3)=7

X— 2




L=lim(x’+3)=7  limit exist
X—2
F(2)=(2)*+3=7 function exist
Note :-
The limit of f(x) as x approaches xo from the right is :

L*=lim f(x) | +

X—Xg" Xo
say that f(x) has right — hand limit L+
The limit of f(x) as x approaches x, from the left is :

L=limf(x) - -

X—>X- Xo
say that f(x) has left — hand limit L-

function f(x) has a limit as approaches x, if and only f it has left — hand
and right hand limits there and these one —sided limit are equat .

lim f(x)=L < lim f(x)=Land lim f(x)=L
x—x0 x—x0+ x—x0—

The approaches of finding limit :- il alay) el
To find limit we use some laws of limit

1) For any polynomial p(x) and any real number a, then
lim p(x) = p(a) , where polynomial is
XxX—a

p(x)=cnx"+C, X" ... 4Cix+CO
Ex: finding limits of f(x)=x’+x+5 when x is approach n

L= lim1 (X*4+x+s)=1+145=7
xXxX—

F(x)—7 when x—1



2) Quotient

(a) The limit of a quotient of two functions is the quotient of the
limits only when both limits exist and the limit in the denominator
is not zero :

3_
Ex: finding the limit of the function xxzs_x2+4 when x is approach 37?

. x2-5x+4 lim(x3-5x+4)
lim =—
x—3 x2%2-2 limx2-2

_limx3-5limx+lim4_33-5x3+4 16

limx2-lim2  32-2 7

In this example we substitute in the limiting value of x

(b) Now in any case where the limits of both the numerator and
denominator are o, we should try to algebraically simplify the
expression to get cancellation .

x%-1

Ex: Finding a limit  lim
x—1 1—x

x2-1  limx?-1

Sol: lim :
- x—1 1—x lim1—x

the limit in the denominator is zero can resolve this problem by

factoring
. x2=1 0 o e=T)(x+1) x+17
lims— R S, ey~ A T =2
Ex: finding a limit lim RN

X—0 X

Sol: notice that both the numerator ( Vx + 2 — V2 ) and the
denominator (x) approach o as x approaches o, we solve by rationalize

Vx+2—v2_ (Vx+2-V2)(Vx+2+V2)  x+2-2
x x(Vx+2++/2) _-x(Vx+2+V3)

the numerator

x 1
T x (Var2+v2)  (Vxrz+v2)




Now
li xX+2-V2 _ li 1 1 1
xgr:) X - xir}J (vx+2+x/§)_ VZHV2  2V2

(c) The limit of an nth root is the nth root of the limit

J}ig})n\/f(X)="/9£i_T{éf(x)=W

If nis an odd positive integer
or
If nis an even positive integer and £ > o

Ex: Evaluating the limit limzsv 3x2 — 2x
ho—0

Sol : Di=R
lim /32 = 2x = i/lirré (3x2 — 2x) = V8
X— X—

3) Find the limit of a function f(x)=v2x — 6 when x if is the function
contain (a) a square root :- in this case we must fine L+&L- and
one of them not exist so the final limit not exist approach 3

Sol : 2x-6 =0 = 2x=>6= x=3

3+
L
Now , we find L+,L- 3
L+ = lirgz+\/2x —6=V76—6=0 (b) odd root :- in this
X—
L-= liréz V2x — 6 not exist 5 [ case the limit is exist
x—3—
3 since the domain is
o L= lirré\/Zx — 6 not exist all real number
X—

Ex:- Find the limit of function f(x) = xxT_ZZ when x is approach 2

SX-220= x> 2

X-2F0=>x#2
Df=(2, o0) 2

T~




L= lim 222 = [im —
x—2 Xx—2 x—>2 vx

1
L+ = lim
xX—2+ VX

=+ 0

L-= lim — not exist
Xx—2— VX

1
L = lim ——= not exist
Vx=-2

Ex : find the limit of function f(x) =v2x — 6 when x is approach 5
=

Sol : Df=[3, ) '3

5eDf=[3, )

L= lirrSL\/Zx—6=\/10—6=\/Z=2
xXx—

Now , sometimes a function is described by using different for mulas on
different parts of its domain and we illustrate such a function in the next
example .

Ex: Evaluate llm f(x) , where f is defined by

x—0

I:(x)_{xz+2cosx+1,forx <0
| e*—4 ,forx >0

Sol : since f is defined by different expressions forx <0and forx > 0 ,
we must consider one — sided limits we have

= lim f(x)= lim (x*+2cos x +1) = 2cos 0+1 =3

x—0— x—0—

And

L+= lim f(x)= lim (e*4)=e%-4=1-4=-3

x—0+ x—0+

Since the one — sided limits are different, we have that
lirré f(x) does not exist .
X—



Ex: Evaluate lin% f(y) , where f is defined by :
y—)

(y+2 y=0

Sol : since f is defined by different expressions fory <0 andy =0, we
must consider one — sided limits , we have

L+= ylﬂ& f(y) = yl_l)Tgl+ (y+2) =0+2=2

L-= lim f(y)= lim 2=2
y—0-""" y—0-

Since the one —sided limits are equal , we have that lirré f(y) exist .
y—)

Ex: Evaluate lirr% f(y) , where fis defined in the above Example
y—)

L= lim f(y) = lim y+2 = 1+2=3
y—1 y—1

Note : The limit value does not depend on how the function is defined at

Xo



The limit Laws :

The next theorem tells how to calculate limits of functions
Theorem (1) limit laws

If L, M, and k are real numbers and lim f(x)=Land lim g(x)=M, then
X—XO0 X—X0

(1) Sum Rule : xl_l)?;iclo (f(x)+g(x))=L+M

The limit of the sum of two functions is the sum of their limits

(2) Difference Rule : xl_iz;rczo (f(x)-g(x))=L-M

The limit of the difference of two functions is the difference of their
limits

(3) Product Rule : xl—iglo (f(x)g(x))=L.M

The limit of a product of two functions is the product of their limits

(4) Constant multiple Rule : lim (k-f(x)) = k-L
X—X0

The limit of a constant times a function is the constant times the limit
of the function

: i T _ L
(5) Quotient Rule : xl—lg}o O M=+*0

The limit of a quotient of two functions is the quotient of their limits,

provided the limit of the denominator is not zero

(6) Power Rule : If rand s are integers with no common factor and
s#0, then lim(f(x))™= L ™ provided that L ™ is a real number (If s is
even, we assume that L >0

Theorem (2) let p(x) is a polynomial function then [lim p(x) = p(xo)
X—X0

. 2 2
lim (CotCoX+CoX +Nn+C,X") = Cot+ C1Xo+CoX0 +n+C X0 =p(X0)
X—X0



Infinity limits :

lim f(x)=+o0
X—XO0

Or

lim f(x)=-o
X—X0

Ex(1) : find

L+ = lim l=OO,L-= lim ==

x—o+ X

O ANECN

. 9 X
L= lim - does not exist

xX—o0 X

Ex(2): find

L-= lim ==—2—00
X—o0— X
L= lim =
X—0

-1

Ex: find lim

x—1 (x-1)3
) -1 -1
L+= lim =—-=
x—1+ (x-1)3 0+
) -1 -1
L-= lim =—=-00
x—1- (x-1)3  0-
. lim —— not exist .
x—1 (x—1)3

=—=-00

f(x) _tends to

X approach to .

, Df = R\ {0}

+ OO

, Df = R\ {0}

— _1

X y_x
N 0

X




Finite limits as x > + oo :-

. 1 . 1
lim ==0, lim =-=0
xX—+0o00 X X—— 00 X

We say that f(x) has the limit L as x approaches infinity and write
lim f(x) =

X— 00

We say that f(x) has the limit L as x approaches minus infinity and write

lim f(x)=
X—>—00
2x2%+1
Ex1) lim
x—oo X+1
_ zz—§+xiz _ 2+xi2 limz+limxi2
Sol: lim =23 = lim % =———%
x—00 —+— x—o0 —+—  lim=+lim—
X2 Xx2 X X2 X X2
2+0 2
_ - = 0
0+0 0
_x 1
Ex2) lim = lim =% = lim=—
X— 00 7x+4 xX—oo 7 —+— X— 00 7+—
X
-1 -1
740 7
5x 2 5 2
5x+2 ‘v Sts . w2
Ex3) lim = lim 2% = [im &%
x—o0 2Xx3 3-1 X—00 ——— x—o0 2+ —
X3 X3 x3
0+0
240

Note Important : limits at infinity have properties similar to those of

finite limits



Exercises : find the limit if it exist :

1) lim (Vn?2+1-n)

n—oo
. 1
2) lim =
3) lim z
X—> 00 X
, x%242x+3
4) xlitg) x*+4x+4
5) lim —
x—o X3
, x3—2x-5
6) xli@ 3x2+5x+1
7)Moy
. 2x%+3
0) tim (222 an o)
o) lind X2
x—oo X+3
10) lim (Vn2+n-vn2+10)
n—oo
2_
11) lim 222

x—3 X%2-4

12) lim |x+4]|
x——4

13) lim

x—5 (x—5)3

14) xl—lzzll Vvx+1
15) xli;r?o (x—2)2
y 1
16) xl% X4 +x2%+2
30,
17) lim =2

x—3 X2-9

18) lim f(x)

x—0

_ (x%+7 x<0
f(x)_{x—él x>0
14x

19) lim —

x—oo 1-Xx

10



Continuity
Let f be a function, then we say that f is continuous at xg if :-
(1) f(xo) is exist
(2) lim f(x)is exist
x—x0
(3) lim f(x) = f(x0)
x—x0
Ex) f(x)= x2 if the function is continuous at x=2 ?

Sol: Df=R

(1)F(2)=2%=4
(2) lim f(x) = lim x?>=2%=4
x—2 x—2
(3) lim x%=f(2)=2%=4
x—2
~fiscontatx=2

Differentiation

Each point on the curve y = f(x) there is a single straight tangent at that
point , the slope of straight tangent of the curve y=f(x) at the point
(x,f(x)) it represents a derivative at that point .

Y=f(x)

(x1,f(x1))

(x2,f(x2))

11



Let A (x,f(x))be a fixed point on the curve , and B ( x+Ax,f(x+Ax)) is a
nother point therefore Ay=f(x+Ax)-f(x)

— F(x+Ax) B(x+Ax , f(x+Ax ))
Secant
Ay
— F(x) tangent
A (x,f(x))
x+ Ax
Ax

Note : that at Ax decreasing length (close to zero ) the straight secant AB
more and more a pliability begins on the straight tangent at the point
(x,f(x)) , this means that slop straight secant AB be equal to slop straight
tangent at the point (x,f(x)) , that’s when (Ax—o0) , knowing that slop
straight tangent at the point (x,f(x)) represents a derived function at that
point .

' : Ay
Megn = Allm Mgee = Allm .
X—0 X—o0 AX

INNEET fx+Ax)—f(x)
fio= fim, L2510

- dy d
y.fx), 2, L8

Tdx’ dx

Note : when the value of the limit exist then the function called
differentiable function, and f called the derivative of f at x

12



Ex(1) let f(x) =4x -2, find f(x) by definition

Sol: y=f(x)= lim

Ax—o

f(x+Ax)—f(x)
Ax

f(x)= 4x-2, f(x+ Ax) = 4(x+Ax ) -2

Flor _ 1+ 4(x+Ax)—2—-[4x—-2]
flx)= lim —

AX+ANX—2—HK+2

Ax—o0 Ax

= lim4=4

Ax—o

Ex(2) let f(x) = Vx , find the equation of the tangent line and normal line
at the point (4,2) by definition .

Sol : Meqn ] f(x) ]
(4,2) (4,2)

fix) = lim YXrix—vx

Ax—o0 Ax

- lim (\/x+Ax—\/§ Vx+Ax+y/x
B Ax—o0 Ax "Vx+Ax+Vx

_ lim X+Ax—x
Ax—o Ax (Vx+Ax+Vx

. )74
- Aéc”—>no LPac (Vx+Dx+/x

Ax+o0

1
= lim ——=
Ax—o0 \/X+AX+\/§

1 1

T VRHE  2x
1 1
Mean } 62= 57 T3

(VY1) = Megn  (X-Xq)

y-2=7 (x-4)

13



Definition : the normal line to a curve is the line that is perpendicular to
the tangent of the curve at a particular point

tangent

(x,f(x))

Normal line

Exc: find f(x) by definition :

1- f(x) =x3

2- f(x) =x2 +%

3- Let f(x) =x2, find the equation of the tangent line and normal line
at the point (3,9) by definition

4- Using definition to prove that f(x) =m forf(x)=y=mx +b

5- Find the tangent line at (6,3) for y=vx + 3

Theorem : Every function is differentiable at x, then fis
continuous at x, .

Proof : to prove lim f(x) = f(x,)
X—X0

i.e lim [f(x) = f(x,)] -0

14



suppose that Ax = x-x, = x=x, + Ax
f(x) = f(x, + Ax)

whenx — X, ,then Ax — o
lim [f(x)—f(x,)] = lim [f(x,+ Ax)—"f(X,) ]
X—X0 X—X0

: f (xo+ Ax—f(Xo)

= lim | . Ax]
Ax—o0 Ax
- lim f(xo+Ax)—f(x0) [——
Ax—o0 Ax Ax—o0
=f(x,) .0
=0
Note : The inverse of the above theorem is not true if this function

f continuous at the point, it is not necessary to be differentiable at that
point as in the example :

Let f(x) = [x] , %X =0

e fletA)—f (%) (x if x =0
F Ax |X|—{—x if x<0

e JxetAx]—|x] (Ax if Ax =0
Flx)= Afcano Ax |Ax |= {—Ax if Ax<0
F(0) = lim e "L lim 12x] L+ = lim &

Ax—o Ax Ax—o Ax i Ax—o+ Ax
L-= lim X

Ax—o— Ax

L+ # L- = limit is not exist
~ fis not differentiable function at xo=0

Fypor - fP g0 -F(x0).¢™
(7) () ) = =250 g 0
Ex :- f(x) ==, find f(x)
Sol : f(X) _x1-(x+1)1  x—x-1 _ -1

x2 x2 x2

15



Corollary

dx™ "

Lety=f(x)=x"",forn€ Z,,x # 0, theny=f(x) = —

Ex: let f(x) = -5 x, find f(x)

F(x)=-5(-3) x> t=15x "

:—x (x")=rx""vr e R

(8) h(x) =f(g")) . g(x) , h=fog (X)
h=fog(x)=f(g")
ff 3 (fogj(x) 3
f(g(X))_g'(x)
Corollary :-

Let y= (f(x))", n€Z

2= () "™ F(x)

Derivation properties :-

(1) F(x) =c, cis constant, then f(x) =0
Ex:letf(x)=-5, f(x)=0
(2) (c.fj (x) = c.f(x) , Cis constant
Ex: let f(x) =3x = f(x) =3
(3) (F+g) (x) =f () + g (x)
Ex: let f(x) =2x, g(x) =1
Sol: (f+g) (x) =/ () + g (x) = (2)+(1)=2(1)+0=2

Rem: (f,FF,FfF ... F£) () =F1(x) F f20) F ... + fulx)
(4) f (x)=nx"" , nis positive integer

Ex: f(x)=x° = f (x)=6x°"'=6x"

(5) (f.8) (x): f(x). § (x)+g(x). f (x)
Ex: f(x) = (x*+2) (1 =x2), find £ (x)

Sol: f (x)=(+2) - (15¢) + (1) - (+2)

16



= (x*+2) . (-2x) + (1-x%) . (3%9)
Rem : (f.g.h) (x) = f(x). g(x) . A(x) +f(x) . h(x) . g(x) + g(x) . h(x) . f(x)

Ex(2) : let y=t*-1, x= 2t+3 , find L at t=1

dy _ dy/dt

dx dx/dt

_2t

T2
d

=t 27 t=1
dx

=1

Exc

1- Lety= x> —3x* + 5x-4 , x=t*+t, find Z—z
Find 2 .
dx
2- Let y= u’+1, u=x*+3
3- Y=3t>1, x=6t-1

t2 t
4- Y=— , X=—
1+t 2+t
2 t
5- Y=t , x=—
1-t

6- Y=22*  Z =x*+1
7- Y=wiw™ , w=3X
8- Y=2v3+vz—3 ,v=(2x+2)2?

2
9- Y=— u=v2x +1

T uz+1’

Chain Rule

Let y=f(x) , x=g(t) , find Z—Jt/
d_y _dy dx

dt dx dt

Let y=f(t) , t=g(x) ,findZ—i
dy _dy dt

dx  dt dx

17



_ _ . dy
Let y=f(t) , x=g(t) , find ™

dy
@ _ac
dx dx

dt

Ex(1): let y=3x-1 , x=2t ,find%

Sol ; & - & &
dt  dx dt
=(3).(2)
=6
SJy=3x1
=3 (2t) -
Y=6t-1
Y_6
dt
Implicit differentiation (il GELEY)
Ex: x2+xy+y5=0 X— Aiaa Ay y ey x Al Liaca (3id5

2x—+(x—+y ) 5y42—z=0
2x+xy-+y+5y4y-=0
Xy +5y"y =-2x-y

(x+5y*) y'=-2 x-y

- =2x-y
_x+5y4
(y Sdiandly x Juicl) y J 4wl e (5
dy
2x—+ —+ +5y*=2=0
2 T X v ) V'35

2X-XT+X +y x'+5y4=0
X+5y =-2XX~ -y X~
X+ 5y* = (-2x-y) x

18



Ex : find the equation of the tangent line and normal line of the curve
x2+y2=2 at the point (1,1)

SLI:ZXd—x+2yd—y=0
dx dx

2x+2yy =0

2yy =-2X
_T%_ X
2y -y

y-=m] (1,1 = 3 1
(y-y1) = m(x-x1)
y-1=-1(x-1)
y-1=-x+1

y=-x+2 the equation of the tangent line

-1

m],1)

mLl ] (1,1) =

-1
ml ] (1,1) =__1 =1
(y-y1l) = m (x-x1)
y-1=1 (x-1)

y=x the equation of the normal line

19



Higher - order derivatives Lle 44 e (e clELEA)

Let y=f(x)
r _ . f(x+A.X')—f(X) _ d_y - (1) M\Jﬂ | we n
f )= Agcllno Ax “ax YTV s

=y qi. fx+A)—f(x)_ d2y
fo)= im0

= y@ Al ) s

<A

Fx)= lim (80T @_d _ 5 0(3) 20 230 s

Ax—o0 Ax dx3
(n) (n-1) (n-1)  n  (n)
_qa fx+Ax)=f(x) dy A A ol asiaadl
o = Jum FERR 2 oy nen i i
2 -
d—Z =2 (d—y) second derivative : dlaadla
dx dx ‘dx

ds3 d ,d? . A
d_;; == | d_szl ) third derivative

Ex:let y= 2x3+x2-1

Y~ =6x2%+42x
y~=12x+2
y==12
y® =0, ..

20



Chapter three

Applications of Differentiations Graphing function aall bl Jabadal) aw

1
Ex(1) : let f(x) = Vx = x3

D=R 488 5 4 LS o 2 8 Y

x=0=y=0

y=0= Yx =0  cusSillls ) sae ae bl 4 (0,0)

= x=0
f(-x) =V=x = -V/x = -f(x) da¥) dhaits aa Hhaliia aiall
f(-x) # f(x) y osaall pe Hhlie je sl
A

_ -2
f(x)= % X3 = 335; +H+++ Cgra e+ f 3l
F=0=>1=0 (S ldy x<0 x=0 x>0
= U -5
Fx) = § | ?2 x3
-2 1
"% e l‘

_2 —3 -
= : 2 - N =g i

Ve i fo5
f=0=-2=0 x=0 (0,00)
N

y (0,0)

1

Ex(Z):f(x)=x2_1
x2—1=0=2x%2=1=2Vx2=V1=|x| =1=2x=F1

D&=R|{1,-1} Al alall bl



X=1,x=-1
y 1

17 % Am y= lim
1=yx2-y
1
- 1 22
x1—>ngo J’z_;_xiz
1+y=yx?
xXc =— = . . 1
Y Nisiol S
VxZ= |[HY
_ [ty . §
Ix= 07 107
- O
X=+ 3 )
=0
1
|fX:O=}y: 071 =-
1
Ify=0=0=——5 0=1
1 1
f('X) _(—X)Z—l & x2-1 N f(X)
f(-x) #=-f(x)
= 0-2x
f(X) - (x2_1)2
- —2x
fx)= (x2-1)2
f(x)=0=>-2x=0= x=0
7 7N N\
HHH+ Cme et 0 - - - - Cpme e - fT 5L
| | |
X:-’]_ x:I:O XLl

I L
2



x%2-1)2.-2+42x.2(x%2-1).2x
(x2-1)*

fix=-
_ m2e= D -1-4x%)

%
(x2-1)3

_ —2{-3x%-1}
S (x%-1)3

- _ 2(3x%+1)
f (X) - (x2_1)3

f=(x)=0 =3x2+1=0= 3x2=-1> x2 = %

b 0 b

e e - Yoo e e O ™
x=-1 0 x=1

_____________ ,____________________,______________>X
y=0

x=-1 x=1
Rf=(—OO 1'1] U (OI OO)—R | (110]

Ex(3): y=|x? — 4]

x2—4 ifx*—4>0>x2>4=>|x|>2=>x>2Vx < -2
= 0 ifx?—4=0=>x*’=4>x|=2=>x=2,-2

—(x?2—4)ifx*—-4<0>x?<4>|x|<222<x<2
Df=R A 5 Al AL Cldlae an 5y Y

x=0 = y=|-4|=4



y=0= |x2 — 4|=0 = x=2,-2
f(-x)= | (=x)?-4| = |x* — 4] =f(x)
f(-x) # -f(x)

x2—4ifx>2 Vx< -2
y= o if x=2,-2
4—x% if —2<x<2
2x  if x>2Vx<-=2
Yy-=9 o Gomif x=2,-2
—2x if —2<x<?2

\ T

- - - Chma pE +++0---hggre g bt y- 5L
-0 (o] 2
2 ifx>2Vx< -2
YT={ ey if x =2,-2
-2 if-2<x<2
0 0 4
e B BT e YT 5L
-2 o 2 &
NY
(0,4
(_210) (210)
Rf= R+



Ex(4) : Graph of the following functions :-

1- y=x? —2x + 4
2- y=x3—12x + 10
3- y=x°

1
4 y_x2+3

5- y-x

Tx—1
2

x
6- v=
Y x2-1
_Xx7+1
X
_x+3

8- Y=oy

9- y=Vx2 —1
10- y=x* —1
11- y=v/x + 1

12- y=Vx2 —1
R\ {-1} £ [ 4, =)

=~ fog is not exist

Now, to find gof is R; € Dg

R'ZR\ {3}

=~ gof is not exist

Homework :-

Find fog, gof to each the following functions

(1) f(x) =[x ,8(x) , -x
(2)If f(t)=t> find g, h such that (fog)(x)=(foh)(x)=x>-10x+25



chapter four

The inverse trigonmetric functions 4ilial J) gall L sSze

(onto —&1-1) bijective f dylie A1) el 1)

Xl;thzf(Xl)if(Xz)

VyE y dx € x Sy=f(x)
f:x—y> y=f(x) .,f is1l-1& onto

L= 3 f—l;y—>x3 x=f_1(37)

- sinadla 4 9520

Let y=sin x

Sin:R - [-1,1]

Sin : [-2m ,2m] - [-1,1]

arc sin s sin-1 el L e s sin Al (e Kaa o8 s Ala (o paia
~sin"y=sin"(sinx)

sin'1y=x
~y=sin x®x=sin'1y

. T T
sin:[-=, 21— [-1,1]
sinis 1-1 & onto ~ I sin™’3
. T T
sin-1:[-1,1] — ['E 'E]
T T 1

Dsin= ['E :;] =Rsin

R sin— ['1:1] =D sin_1

NVER Sy A&/\/

(—

2 /'1)

\ y=sin X
Vs



2 A 0OZ X

N y=sin"'x
g (1, g ) X=siny
(0,0
-1 0 1 “(x)y
T s
(31,5 -

y=sin X & x= sin'lyxE[-g ) % 108 iyl

ik TR

siny

sinty #

O Cun A 3 Alla & gint Al

sin™(-x)=-sin*(x)

s G

Let y=sin(-x) & siny=-x  ssSxall g 2 (1
& x=-siny
& x=sin (-y) a8 sin Al Y
& sintx = -y
& y=-sin™ (x)

= sin™ ()= -sin"(x)



sin(-1)=sin™(1)

sin(-1)= -g ,sin(1)=

N =

Y= cos x

cos :R — [-1,1]

cos: [-2m, 2w] — [-1,1]

cos: [0, ] — [-1,1]

cos is 1-1 & onto -~ 3 cos™ sl Arc cos 3

cos™: [-1,1] — [0, 7]

- dl:\.a

: (cos) )y U4 5%

(m,

“|:1
N
=)
x

-1)

y=C0S X

o
NS
>




(T[ 1_1)

y=cos'1 X

x=cosy

(1,0)

x€[0, ] JS cos™ (cos x) = x

vE[-1,1] < cos (cos™ty) =y

y=Cos X & x=cos -1y x€[0, ] J< - iy
cos ™ (-x)=1 - cos ™" x L2 Vs dan s ol Ao 8 cos™ Ala 1 ABaadla
oY) bl Let y= 1 - cos™(x) - oA

= y-1 = -cos ' (X)
= cos ' (X)= T -y
=X=cos(1m -y)
=X=-COS Y

=C0S Yy = -X

=y = cos ' (-x)



=y= ) LJJH\

~cos ™ (-x) = - cos™ (x)

Let y= cos™(-x)

COS y=-X  usSaall Cay 2 (1

X=-COS Y

X= cos(m -y)
-1

COS X =TT -y

. Y= 1T - €os (X)

=~ cos™(-x)= 1 -cos ™ (x)

cos(-1)=T ,  cos(1)=0

cos ', sin™ Al G et dage ABDle it
sin'1x+cos'1x=§ x €[-1,1] &

cos'1x=§-sin'1x x €[-1,1] &

w=§— sin*(x), x €[-1,1]
intyx)= X _
sin"(x) = 5w
sin(sin'lx)=sin(§ -w)
. Vs
x—sm(; -w)
X= COS W
W € D.s? WE|O, ] ?

T . -
— <sinlx<

2

NI

- g AN Al ok

s

O gl - gl
= O Ly



- < -g +5in"x<0 -1 daa) il pual ol plaY) e -g adlaly
T = %— sin'x=>0
0< g— sin'x< 7w

O<w<m
" W = cos (x) x€[-1,1] X
~ cosH(x)= g— sin™(x) x€[-1,1] &
- A Al sk

sin oc= X, cos B =x g
¢ = sin"x ,  B=cos™ x 1

xX+f=

T
p=5=x

NI

Y

oS (x)= %— sin™(x) x

180 Ll L) & sana Y

(tan) ad)a 9&35:.4

y=tan x
tan:R\{x:x=§+mT,n€ I}—R

tan:(-%,%)—>R Al Bl Albdlaa x = -%,x=§

tanis 1-1 & onto -~ Itan? s Arctan >

T T Wy e T s

-1
tan

/ <

(-1t,0) 0,0)




3n b3 T 3w
X=- — X=-—- X =— X=—
2 2 2 2
y=tan x
. y :
| (00) | X
7! —
K== ! X
2 ! I 2
! AY
— &
------------------------------------- y ==
W
-_T
----------------------------------- y=-~
y=tan~lx
x =tany s
-1 T T .. -
y =tanx & x = tan™'y xE(—;,E)dﬁ Dy
4 dla A tan-1 Al
tan"1(—x) = —tan™1(x)
Let y=tan~1(—x) © ol
tan y=-x
X=-tany

X=tan (-y)
-y =tan"1x
Y= —tan"1x

s tan1(—x) = —tan™1(x)



tan"1(1) = % Jtan~1(-1) = =% - Jlia

4
(cot) A L sSaa
Y=cot x
Cot:R\{x:x=nm,n€l}-> R
Cot: (O,m) = R
Cotis 1-1 & onto . Jcot=tsl Arccot 3 cot™:R — (0,m)
A
X=-21 X=-TC x=0}ly X= n\ X=2'T
i g 7 T N
E E(ZJO) ( )O) ':(210) ': X
| Y=cot x
X=0/A\y X= 1T
Q) X
Y=cot x
\%\
_____________________________________________ =TT
X=coty
X~ y=0
y=cotx & x= cot"lyx € (0,m)X Dy gl



cot™lx + tan™1x =
cot™1(x) = %— tan~1(x)
w = %— tan™1(x)

tan~1(x) = %— w

X = tan (E — W) = SinC/pmw) _ OSW — wtw
2 cos(™/,—w) sinw
X=cotw
W € D,pt?
w € (0,m)?
O<w<m?
Zctanlx < O
2 2
s -1 T r w)
- > —tan”""x > —— (—— —) - R
2 2 22
—tan
cot
—I<—tanx <2 (0,m) 2 R
2 2 -1
cot
T N1 daa) yiall al LT IAN
0<Z—tan'x<m ol i platpend — :
O<w<m
~w € (0,m)
W € D,y

~w = cot lx

~ocot™lx = %— tan~1x
cot™1(x) = %— tan~1(x)
Let tan™1(x) = y

L X =tany

ol On

P ol

SUBSECE



(g — y) =Z = cot™1(x)

cot(%—y) = cotZ

tany = cotZ
tany =x S
S x = cotZ

~cot™H(x) = g— tan™1(x)

-1 sin~1(x) Ty
tan™"(x) #+ o ;
-1 cos~1(x)
cot™" (s sin~1(x)
tan? G) = cot1(x) - o) il
o« = tan~! G) oSl s ol
tan « = i o sSxall a2t e
A
" tanx
X = cot «

x= cot (x)
. tan™?! G) = cot1(x)

: (sec) A u sSaa
y =secx

sec : R {x:x= %+nn,n€l}—>|y| >1

sec: [0, ]\ {g} Syl =1

sdy>1vy<-—1

10



SR\ (-1,1)

}

T
2

~ dsec™ls Arcsec 3 sec™l:|x| =1 - [0,m]\ {

Secis 1-1 & onto

x
.......................... m__z
- =
NS
_n (@)
o
||||||||||||||||||||||||||| Il
X
—
n \_/m
5 Bl
........... =1
v/m
—
(@)
~N
i
1
&l
|||||||||||||||| Dﬂ A N 11
>3
_
=
O 1
Q_u o\
11
X

y=SecX

(m,—1)

ot

x
R« \
] 1
> !
]
e—{ 1
1
! Al
' x
1
1
1
| .
1 —
" .
1 i
“ —
1
1
' —
z | = —
~ 1
1
1
1
~ :
& “
-~ 1
\ “ —
S— I 1
1
1
1
1
|
1
' Aam!
i _
1
! VI
| x




y=sec™1(x)

x=secy sl
sec™l(x) = cos‘l(i) |x|=1Jdd [y
Let y= sec™1(x)
X=secy
_ 1
cosy
Cosy= i
Ly = cos"(i)
~sec T (x) = cos‘l(i)
secTi(=x) = m — sec™1(x) o) )
Let secT (—x) =y SOk
nsecy = —x oosSaall Cay el e
X=secy
X=-cosy cos (T —y) = —cos y
__ 1
cos(m—y)
X=sec (T —y)

T —7vy = sec 1(x)
~y =1 —sec H(x)
~sec”(—=x) = m—sec 1(x)
: (csc) Ay G sSaa

Y=csc(x)

12



nmnel}-|y|=>1

Csc:R\ { x: x

IO} = [yl =1

T T

22

Csc: [

sy=1vy<-—-1

Ji R\(-l,l)

Cscis 1-1 & onto

csc(x)

y=

Bl

csc(x)

,—1)

(

(4
2

y:

13



NE
‘I—‘
N
\—/

Y=csc™1(x)

csc™i(x) = sin‘l(i) |x|= 1 DOl
Let y= csc™1(x) HeLE

Cscy =x

1
siny

o
&ny—x
vy — eip—1cL
Ly =Ssin (x)
~esci(x) = sin‘l(i)

sec sin‘l(_?z) =0 Y il Jany

o= sin! (_—2) osil

3

sinc = —
3

(4) 5 (3) cre ) S sing < 0

o € Dsin

o €E [—E E] sin: [— g,g] - [-1,1]

2’2

14



(4) 5(1) el S o
& @ S adi g sl

o in the fourth quarter

(3)2=x%+4

9=x*+4

x2=9-4=5

x=TFV5

x = +V5

sec (sin‘1 (?)) =seco = Cota in\ = % > 1

Secx=>1 Vsecx < -—1

Ex) Find the value sin™1(— %)

T N L
Sol:- « sin™1: | 1,1]—>[2,2]

sin~! (_—1) = —sin~?t (%) [ since sin™! odd func.]

Lety = sin_l(_?l)
siny = — y= -
~ o inthe four th quarter

Ex) Find the value sec™1(2)

Sol: = sec™:|x| =1 - {0,}\ {g}

15

oo id A8y s



€ [0,7]\ &}

lety = sec™1(2) = secy = 2

1
cosy

=2=>cosy=%>0

=y =

~ o inthe first quarter

d(sin"tu) 1 du

dx T Vi—uz E
d(cos™tu) 1 du

dx T Vi-uZ dx
d(tan™u) 1  du

dx T 1+u? Tdx
d(cot™'u) 1

dx T 1+ul Cdx
d(sec™'u) _ 1 du

dx T uVuz-1 “dx
d(csc™'u) 1

dx - lulvuz-1 °

du

du
dx

f@) = sin™ (x?)

z 1 2x
f(X)—WZX T

y = cos™Wx
1

7= 3 /1—(@2 .

y = tan"1(e¥)
.1
y= 1+(e*)2

y = sin"/1—+x

1

y= —
/1—(\/1—\/5)2

11 L !
4 Vx J1-1+vx \/(1_\/;)

N
=

X —
e*.lne.1 =
1+e2%

1

16
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-1 -1

WEIVE 1oy AVEVIVExoxeE

-1
ax1-Vx Vx
-1l
f)cot™ ()
Z 1
f(x) = 1+ 1__x 2 "

(1+x).—1-(1-x)1

2
G
_ 1 —1-x-1+x
A+x)2+(1-x)2 * (1+x)2
(1+x)2
_ (1+x)?2 -2
1+2x+x2+1-2x+x2 " (1+x)2
1 2
=— — 2= = tanx
2+42x2 2(1+x2)
4 1
x) =
f( ) 1+x2
_1 N1+x?
f(x) = sec™(——)
x
1
f,_( ) 1 x.%(1+x2)_5.2x—\/1+x2—1
X) = .
1+x VitxZ,, x?
X ( X ) .
X
2x— V1+x2
_ 1 2y 1+x2
VitaZ (1422 x?
|x| x2
x2—(14x2)
B 1 Jitx2 1 x-1-x%2 1
12 2z © %2 Vi 1 V1+a? T x2
E] x2 : Va2 a2
A Y =1 1 A2 -1 1
Vitx?  V14x?2  x2 Vi+x2Z "V1+xZ "x?
y)
X
f'. v 1
T 142

S OV FEWEN BT DN

sin™1(1) — sin71(-1)
tan (1) — tan1(-1)
sec™1(2) —sec™1(-2)
- Aalull Gl el daiy
cos(sin™1 0.8)
sin(2 sin™1 0.8)

cos™1(—sin %)

17



4- sec”(sec(—30°))

S e JS e o

1- sin(cos™?! g)
2- sec(cos‘lg)
3- cos(cos‘lé)

4- csc(sec™12)
5- cos(cot™11)

6- tan(sin™* (— %))
7- cot(sin™? (— %))
8- cot(tan (—v3))

9- csc(sin~! (_Tﬁ))

10- tan(sec™1(1))

11- cot(cos~10)

: (Natural Logarithm function) sxuhll &3 )& gl 4l

y=Lnx ,x>o0 1\y
In:(0,00) > R y=Ln x
Lne =1
In1=0 (2,0.69)
Ln2 =0.69 (1,002 < x
In10=x=1 (%,—0.69)

y = Ln (u(x)) s
X s e ddla y(x) Cus
y=Ln(2x) .J&%
Y=Ln (cos x)

y=Ln(e*) =x

18



ot A kel Alal al s

1- Ln(x,y)=Lnx+Lny ,x>0,y>0

2- Ln(§)=Lnx—Lny

3- Ln(l): —Inx = Ln (1)=Ln1—Lnx= —Ln x
X X

4- Lnx®*=alnx
(Ln2 = 0.69 ¢ <wale 131) 1 (Y1 2 7 ALl
ln16=Ln2*=4Ln2 =4(0.69) = 2.76
InvVZ = [n2s = % Ln2 = (0.5)(0.69) = 0.345
Ln8=Ln23=3LIn2=3(0.69) = 2.07
n>= —Ln2= —0.69

-:@bm%wﬁ:m\

1- 2 Ln (cos g) =1ILn 1+CZOSU

¥l CaLhall= | n 1+C2°S“

Zcosz(g)
2
=Ln cosz(g)
=21Ln cos(g)
2- In (x + Vx2 — 1) =-Ln (x-Vx?2 = 1)
¥V Gbl=In (x + Va2 — 1)
(x+VxZ2=1)(x—Vx2=1)
(x—Vx2-1)
x2—(x%-1)

x—Vx2-1
x2—x%+1

=ILn

=ILn

=Ln =
X—=Vx+—1

— 1 - _ — fx2 —
=ILn o =Inl —Ln (x x4 —1)

= —Ln(x— \/xz—l)z oY) oyl
3- 2Lnsinoc =ILn(1—coscg)+ Ln (1+ coso)
oYl Gokll= In (1 — cos o) + Ln (1 + cos o)

19



=In ((1 —coso) (1 +coso))

= Ln (1 — cos?o)

= Ln sin®c

=2 Lnsing = V) <kl

Y=rsinf ,x =rcosé

r2cos0? + r?sinf? — r

xz + yZ =1
2 2 2
(x) _I_(Y) _ ) =1
T r r
U=u(x)
Y=a¥

Lny=Lna* =ulna

1d du
2= 2 Jna
y dx dx
, dy
—_ .L a_
y dx y
du
=Lnaa%—
Y dx
10 _Lna
a —
gb ILnb
Ln a Lna
loga = —
10 Ln 10

du

Lim,_ ., Lnx = + o

2

L) ) ilE o

20
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Lim,_, ,+ Lnx = —o0
P aa g o Alad) aa Al

1- lirrll(x—Lnx)= 1-Ilnl=1-0=1
X—

2- lim : cos(Lnx) = cos(Lnl) = cos(0) =1

3- 11m Ln x®+1) = llm {(x+ 1).Lnx}

x-1

= lim(x+ 1) llm Lnx

x—1
=(1+1).Ln1=2(0)=0

4- lim Ln(x+1) In(1) _ 0

x>0 X g 0

1
= lim % = lim 1—Lzlzl
x-0 1 x—0 Xx+1 0+1 1

/AR NN N

1- y = Ln (x? + 2x)

_2x+2

T x2+2x
2- y = Ln (tanx + secx)
sec’x+secx.tanx secx(sgex'-rtﬁx)

tanx+secx _(tanx+secx)
y =secx
3- y= (Lnx)3

¥ = 3(Lnx)%.%
P (HW.) ol

1- y=Ln (xVx%2 + 1)
2- y=Ln (3xVx + 2)
3- y=xLlnx —x

4- y = x3 Ln (2x)

1+x

> Y= _L 1-x

1 x3

6-y_ gLn 1+x3
X
7-y—Ln2+3x

21



8- y=Ln(x*+4)—xtan

9- y = x(Lnx)3

y=e”

e*:R — (0,)

e* = Ln"1(x)

e =2.718

e =(27)°=1>0

e2 = (2.7)2=7.29>0
-1 _ ¥1 __ -1

e - =(27) " = > 0

e* = exp(x) = Exp(x)

y = et
y = eSinx
y = etan-1x
y=eVx
y = e3*
y=e*
y=1

=

1- e°=1
2_ exllexZ — ex1+x2
- ﬁ — X1—X3
eX2

_1x
2

(The exponential function) 4swwy) il

22
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4- (e*)' = e™* Vr €R
5- e = —
ex

6- el™ = x =Lne*

1- Ln (e7™?) = — x?
2- Ln (e?lc) = i

1
Ln—- 1

3- e x=-
X

2
4- eZLnx - eLnx — x2

5- exp(Lnx — 2Lny)

= exp (Lnx-Lny%)=exp (Ln %) =

6- eXtlnx — opx olnx
ey, x
=xe*

lim,_,,e* =+
lim,,_,e*=0
y = el Glaiiy)ala iy u=f(x) Cus

deY% du
= e% — e=2.718
dx dx

1+eX
, 1 (1+e*).e*1—e*e*1
y== (1+e*)2
1+eX
1 eX+e2X_eg2X
T oeX T (1+e%)
X

1 e
e* " (1+eX)

23
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_ 1
T (1+e%)

tany = e* 4+ Lnx

sec’y.y = e*.1 +i

Yy 2 (HW.) e el

The function y= Lo gu (sakie ¥ &3 jle Sl

- ex+§
y= sec2y
1- y = x%e*
2-y =% (e*+e™)
ex_e—x
v e e*+e™*
4- y = esin_lx/i
5- y = (14 2x).e™%*
6- ¥y = (9x% — 6x + 2)e3*
7- y = %;1 e a= constant
8- y= e=x’
9- y - xZ _ e—x2
10- y =e*. Lnx
log, x = le—z,x>0,a >0,a 1
Lnu
log,u = —

u>0,a>0,a#1

1- log,(x.y) = log, x + log, y
2- log, (5) = log, x —log,y
3- log,x¥ = y.log, x

4- logpa=1 oLlne=1

5- log,1=0 &Lnl1=0

24



Ln 16 Ln 2% 4In2

log, 16 = = = =4
Ln 2 Ln2 Ln 2
2
6- 10g149 _ Ln419 — L7 — 2In7 — _2
7 Ln; -In7 —-Ln7
loglo 10 = 1

10g10 100 - 10g10 102 =2 loglo 10 = 2(1) =2

logy9 7oos = 10819 10~ 3=-3logp=110=1=-3(1) = —

- ML:J\
Inu
—_— — r i \
]oga u T il Cos

d Inu

o logau =€ 9

Lna

d
= — . —Lnu
X

Lna " u

dloggu _ du|dx

dx u.Lna

u>0,a>0,a+1

1- y = log,(x? + 3x)
s 2x+3
y= (x2+3%x).Ln2

2- y = log,(tan x + sinx)
y =
3- y = Lnx. log10 X

sec?x+cosx

(tan x+sinx) .Ln 7

y = Lnx. + log o x .-

x.Ln10
4- y = loga sin~lx + e_x a= constant

1
[1—x2 n e*1-x.e*.1

sin~1x.Lna e2x

y =

1- y =log, sinx
- y =log,(e* + sinx)

25
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+ Lalall Lpeansy) 11

a>0 bl —00 < U< 00 &b ey dua

— il ) A Ll 2

1- al=a (a>0)

2-a°=1

3- au_aﬁ L au+19

4- (am/n)" =a™

5- (a.b)* = a*. b (a>0,b>0 &)

-2 Aalad) Ay AN)) Asiiia
at = eulna u:,),_d\ e

ﬂ - i (euLna)

dx dx
da ny du
— = Ina.—
dx dx
da“ 4 du
= a .Lna . ™
-1 4aiiall A 4t
1- y = 2(x2+secx)
y = 20*+sec) 102 (2x + secx. tanx)
2- y = 4sin"'x
o __ gsin”1x 1
y=4 .Ln4 e
3- y=x".n* =a"
y=x".a*Lnr.1+n*ax™ 11
- Adiiall ot caal g

26



1-
2-
3-
4-
5
6-

1-

y = gx?+x—1

— 6sin x+Lnx+3

y
y = gsecx
y = gtanx

4 2
y= Ln (1ix3) +7" :
§ =212

Find x if 3% = 2*t1
Ln 3% = Ln 2**1

x Ln3 = (x +1)Ln2
xIn3 = xLn2 + Ln2
xIn3 — xIn2 = Ln2

(Ln3 — Ln2)x = Ln2
Ln 2 Ln2 Ln2

Ln3-Ln2 Ln% Ln1:5

3logs7 4 plog25 — glogsx  Ring x

elog3 7.Ln3 + elogz 5Ln2 _ elogsx .Ln5
Ln7 Lns Lnx

eln7 4 olnsS — plnx

7+5=x
X=12

=t Aalall Aua e S ANl g Aeladl A1 ANAN s 48D

logp,y=xy=a*a>0,a+1
log,py=x < y= 10*
log,.y=Lny=xy=¢e*

log,32=5 < 32= 2°

¥l iy (S1g amll Lguiand duSe 150 (o dpad e Sll) 5 dans) Al
(Logarithmic differentiation) (<3_ke sl (LAY 44 ,k

- Aaidal) aa - Al

27



1- y=xx2"’=u , x>0
Iny =1Ln xx
Lny = x%. Lnx
2= xz.% + Lnx. 2x
y =y(x + 2xLnx)
y = x*%(x + 2x Lnx)
2-y=(x*+1)
Lny = Ln (x? + 1)l™x
Lny = Lnx . Ln(x? + 1)

Y= Lnx. fx + Ln(x? +1).-
y x2+1 x
e 2xLnx Ln(x2+1))
y=Yy ( x2+1 . x

2
y = (xz + 1)Lnx (Z;Ij:;x Ln(xx +1))
3- y = (sinx)®"* sinx >0
Lny = Ln (sinx)®@n*
Iny =tanx.Ln (sinx)

COS X :
Y = tanx .= + Ln (sinx ) . sec2x
y sinx

22 222 4 sec?x .Ln (sinx))

4
VR (cosx "sinx

y = (sinx)®"* (1 + sec?x.Ln (sinx))
H.W.
1)y = x5x°>0
2)y = \/m
3) 5 (V5+Lnx)

4y =x

28
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Chapter Five

Hyperbolic functions 40 30 Jlsad

. eX—e™* . .

X

2- Cosh = &—% 03l plai cuall Al
_ eX_eg—X _sinh(x)
3- Tanh(x)= XX tanh(x)_cosh(x)
_e¥—e ¥ : _ cosh(x)
4- COth(X)— T COth(X) h(X) sinh(x)
5 1
5- Sech(x)= oX_o—% SECh(X)— cosh(x)
2
6- Csch(x)= —=—= csChiX =
Graph hyperbolic functions :- L) Jad amy y-

1- f(x)=sinh(x) T/ f(x)=sinh(x)

Di=R , R=R 0,0) —> X
1/ /|
2- f(x)=cosh(x) f(x)=cosh(x)

Df=R , Rf=[1,00) (0,1)
Yy
----------------------- y=1
3- f(x)=tanh(x) —___(0,0) X
Df=R B Rf=('1,1) _________________________ 5-1

f(x)=tanh(x)

x=oﬂ y
4- f(x)=coth(x) K

Di=(-0,0) U (0, 00) -mmmmmmmmmmooqmmmmomoommoees y=1
sz(_ool-l) U(ll OO) —> X
______________________________ y:-]_

f(x)=coth(x)



5- f(x)=sech(x) Y

Dr=R , Ri=(0,1] / (UTTK
X

6- f(x)=csch(x) k

D¢=(-00,0) U (0, o0) X

sz(_oolo) U(OI OO) o
f(x)=csch(x)

Identities for hyperbolic functions 4,0 31 el J1 Al alEMal)

cosh?(x)-sinh?(x)=1
1-tanh?(x)=sech?(x) tonh?(x)+sech?(x) =1

coth®(x)-1=csch?(x) coth?(x)-csch?(x) =1

cosh (-x) = cosh(x) 4=
sinh(-x) = -sinh(x) 4_3

tanh(-x) = -tanh(x) 422

cosh (x) + sinh (x) = e* }

cosh(x) —sinh(x) = e™

cosh(x+y)=cosh(x)cosh(y)+sinh(y)

sinh(x+y)=sinh(x)cosh(y)+cosh(x)sinh(y) —




tanh(x)+tanh(y)
1—tanh(x)tanh(y)

tanh(x+y) =

cosh(2x)=2cosh?(x)-1

cosh?(x)= % (1+cosh(2x)) }cosh(Zx)+1=2cosh2(x)—1

sinh?(x)= = (cosh(2x)-1) cosh(2x)-1=2 sinh*(x)

1
2

Cosh(2x)=2sinh*(x)+1

Cosh(2x)=cosh?(x)+sinh(x)
Sinh(2x)=2sinh(x)cosh(x)

Derivatives of hyperbolic functions :- 413l J) sall il
-1
o LR _ o) &
ar dx
2- LMW _ Ginh(u) &
dx
3- dtLh(u) = SeChz(u) d_u
o dx
4- chh(u)z - Schz(u)d_u
dx dx
5. dsech), -sech(u) . tanh(u) =
dx o
6. 8 i coth(u) 2
dx “

Examples :- finding Derivatives

1- Y=sinh(3x)
y-=3cosh(3x)

2- Y=cosh2(5x)

y=2cosh(5x) . sinh(5x) . 5=5sinh(lox)
3- y=tanh(2x)

y-=2sech?(2x)



4- y=coth(tan x)
y~=-csch’(tan x) . see’x.1

5- y=sech’x
y‘=3sech2(x)-sech(x).tanh(x).l
y‘=-3sech3(x).tanh(x)

6- y=4csch(§)
y~=Acsch(Z) . coth(3) -

y‘=-csch(§) . coth(z)

Exercises:- finding derivatives :-

cosh(x)

1- f(x) y

2- f(x)=e*.cosh(x)
3- f(x)=Ln(sinh(x?))
4- f(x)=tanh(~-)
5- f(x)=Ln(tanh(x))

6- f(x)=e*.tanh(2x)

7- f(x)=tan"'(sinh?x)

8- f(x)=coth()

9- y=cosh?(5x) — sinh?(5x)
10- sinh y=tan x

11- y=sinh*(3x)

12- sin " x=sech y

13- x=cosh(Lny )

14- tan x=tanh’y

15- sinh y=see x

16- y=tanh (Ln x)

17- y=sinh(tan™e3¥)

18- y*+x cosh y +sinh > x = 50
19- y= cot (csch (e*))

20- f(x)= csch® (v2x)




Inverse Hyperbolic Functions :- duSal) 450 51 J) sall
x=sinh y & y=sinh *(x)
-00 <x< 00, -00 <y< 00

x=cosh y & y= cosh (x)

x=1 ,y=o0

x=tanh y ©y=tanh™(x)
x=coth y & y= coth™(x)
x=sech y & y= sech *(x)
o<x<1l , y>o

x=csch y & y= csch™(x)

sech'l(x)=cosh'1(§)

csch™(x) = sinh'l(%)

Graph Inverse hyperbolic functions -: aeuSall 230 31 J) gall au

y
y=sinh-1(x)
V x=sinh(y)
/‘ 0 X

AY
y=cosh™(x)
X x=cosh(y)
(1,0
y=cosh™(x)
5



1-1&onto

(0,1)

“X

/
R
I
< o
g 3
In I
> 5
x
> O -
<
A O
Q —
Al o

—_
X =
-\ =
1
L
< =
[e) (@)
o O

Ny

-sech™(x)

y:




y=csch™(x)

x=csch(y)

sinh™(x)=Ln(x+Vx2 + 1) ,-c0 < x <o , xER I

cosh*(x)=Ln(x+Vx2 — 1) ,x>1 &

1+x
1-x

Ix] < 1 M

tanh™(x)= % Ln

coth 'l(x)=l Ln X2 =tanh'1(1) , Ix|>1 X
2 x—1 X
NETRY)
sech™(x)= Ln (1+ ; ad )= cosh'l(i) , 0<x <1
N 2
csch™(x) = Ln (l PAESE )= sinh'l(l) , x#0
X [x] X
A/ 2
1() Ln1+;+x , x>0
csch™(x)=
2
_In 1+\/_1x+x x<0



Chapter Six
Integration J«\sil)
The indefinite integral 2isa 2l Jalsil)
Lo AUl sana il SRS Gy iy e
[fl)dx=F(x)+c
D G f(x) Adlall 48ida uSe g F(x) 5 JalSill Culd g ¢ G
F~(x)=f(x)
Al aSe ) o JalSil) iy ot Sy
Theorems :-

(1) For any rational power r#-1
xT+1
[x"dx =
r+1
(2) For any constant a

fadx=ax+c
(3) For any constant a
[af(x)dx=a [ f(x)dx
(4) J[f () F g(0))dx = [ f(x)dx F [ g(x)dx

~ from (3) and (4) we have :
Jlaf@) Fbg()ldx =a[f(x)dxFb [ gx)dx

s.t a,b constants

+c

Examples :-

x5+1 x6
(1) [x°dx=—+c= —+¢
5+1 6

-3+1

1 _ x x~2 -1
(2)f;dx=fx3dx=_3+1+C=_—2+6=2—xz+c
x5+1

5+1

6 6
(3) [ 3x>dx =3 [ x°dx = 3. +c=/3{1.j?+c=x7+c
2
1/ 3/
(4) [Vxdx = [x'/2 dx = x12I1+c= x§2+c= EVx3+c

2

(5) f(3+6x%)dx = [3dx+ [6x*dx =3 [dx+6 [ x*dx

1



3
=3x+ﬁ2;:7+c=3x+2x2+c
1

4 _ 10 — 40y — (10
(6) J(5x* — ) dx = [ Sx*dx — [ S dx
=5[x*dx — 10 [ x"?dx

1

x5 x~
—}Ziiij—'lo .i?;'+C
=x5+ 2+
X

Integration of the power functions [f(x)]" 4l Jalss

S f(de= L 1

n+1

s.t n#-1and cany constant

Examples :-

] f[5+6x]2 .6dx _ [5+6x]3

FOOr f~(x)" 3
219 f(x) =1+ 5x?
e [[1+5x%]°.xdx ()= 10%

10 2 _4 [1+ 5x%]° 10x dx
= = [[1+5x*P.xdx = FOO*  f @

1 [1+5x2]%° [1+5x2]10
. G

10 10 100

-1 A ) gl Ol

1) [sin(x)dx = —cos(x) + ¢
fsin(u)i—z = —cos(u) + ¢
2) [ cos(x)dx = sin(x) + ¢
[ cos(uw) Z—z = sin(u) + ¢
3) [sec?(x)dx = tan(x) + ¢

fsecz(u);i—z = tan(u) + ¢



4) [csc?(x)dx = —cot(x) + ¢
[ esc?(w) Z—Z = —cot(u) + ¢
5) [[sec(x).tan(x)]dx = sec(x) + ¢
[[sec(uw) . tan(u)] Z—z = sec(u) + ¢
6) [[csc(x).cot(x)]dx = —csc(x) + ¢
Jl

csc(u) . cot(u)] Z—Z = - csc(u)+c

Examples :-

(1) [ cos(2x) dx = % [ cos(2x)dx
=%fcos(2x).2dx
= % sin (2x) +c
(2) [ xsin(2x%)dx = %fx. sin(2x?) dx
= %f sin(2x?). 4x dx
= % .—cos(2x?) + ¢
= _Tlcos(sz) +c
(3) [(sec? (x) + 4x®)dx = [ sec?*(x)dx + 4 [ xBdx
= tan(x) +4. %9 +C

(4) [ 3 csc(x) . cot(x) dx = 3 [[csc(x). cot(x)]dx

= -3 ¢sc(x) +c
(S)fcscz(\/}).j—; (Vx)~ = (x%)‘ = %x_?l S %
%fcscz(\/}).j—; W, fcscz(\/}).% dx
= -2 cot(v/x)+c
-1 ddaal) Jalsil)

qﬂff £l Le Fllall Jualisi (e FeslS g oc, B] i) (e dad sh, il 1)
HEPATRORN
[y f =1, feodx



= F(x)+c 2
= eV aally Gy gl — W) aally (o sl
= F(b)+c-(F(a)+c)
= F(b)-F(a)
bl a oe f AN sasdl dAmszsgf;’f aaall
Ja WS Jolsill eVl aslb 5 Jolsill oVl aallig e

[ f s 3 a,b] 3 ) o JalST AL ¢S5 f A0l

-1 daaall Jalsil) (ol 3

W) [ Oaf F hog)= ke[, fFho f) g

@[ f=[f+] f3celab]

BV, f=F®b)-F@=—(F@-F®)=-]f
@[] f=F(@—F(a)=0

GV [ f=2[Ff

S =2 f
[ f=0

sin“ x

B 7 [ <255 + (4x +172)] d

s

zSin"?x cosx dx n fng(4x+1)1/2 do %du=4dx

T u du au” du
A T
sin~lx |3 1 (4x+1)3/2 2
-1 [T 4, 3/, T
4 4
T Vs
REES PR roran pEl P [Pf=F(@®)-F(a)
sinx |® 6 T a
4 4



1 l/ E 3_1 3 3
sing (sin§)+6 (42+1) 6 (44+1)

_|_

[N N

+ =@ + 13- /(@ +1)?

e

- sl Jalsal | de i

(Area under a carve ) : iaiall Gaddalill
- ul_q X=b yx=a latiuall g (y=0) x s> y:f(x)‘f;.ml' 1ally 3aasal) dalial) A oS

Al =

x=b
[ foodx|
-l y=d s y=clagival 5 (x=0)y Jsne s X=g(Y)inialls 323x0 Adalusal) cuilS 131

4¢ =[R2 gy

Ex1) Find the area bounded by the x- axis and the cecrie y=x’& x= 1 & x
=3

x=3x=1 Claivally Jaialls sorsall Addaiall Aali ol
A3 =

12 feodx|

NEl,
|1 x| = [513]

1 x=1 y=0 x=3 X
e o’
3

SN RE

3

8Z :XAL»ASA;}
3

Ex2) Find the area bounded by the x-axis and the cuwe y=6-x-x"

y=0 & x s>l
Y1=Y2

(6-x-x>=0) x-1

X24+x-6=0=>(x+3) (x-2) =0 =x=-3,x=2



X sl g el L
A%; = |f_23f(x)dx| = |f_23(6 —x — xz)dx|

= f_23 6dx — f_23 xdx — f_zgxzdx|

2

_ x* %32
=|ox =5~ 3] 3|
8 9 27
f2-2-8)- 10~ 2.2
/
=|10-2+18+ 2=9| = |19-2+7] (0,6)
3 2 g—

- 114—26+27| y=6_X_X2

114+11 125 S
| s | y |T ('3'0)/ \(2,0) X
Ex3) Find the area bounded by the line x+y=1 and the coordinate axes
flx)=y=1-x N
x=0=y=1 (0,1) (0,1) x+y=1
y=0 = x=1 (1,0) \(1'0) X
y1=1-x, y,=0
Y1=Y2
1-x=0 = x=1

x=1 1 1 1 52

A= |15 x| = [0 0] = | e fywix| = |- 1)

“[(1-3)- o] =B = s
X1=1-y,x2=0

X1=x2

1-y=0= y=1

X=g(y) = 1-y

A= |1} soay] = | -nay] = |} ay Ly ]

6



pEa = = -of - - e
|y 2]0 1 2 0 > > [ 9

(Area between two curves) misia G 8 sasall Aalidl)

2@ - f@)dx| = | 2201 — y,)dx|

yi=fi(x) Ty /
I Ry
g x=b

\ /X

4¢=|12280:0) = 9:00)dy| = 127 ey — x5)ly)

Ab=

y=d

x2=g2(y x1=g1(y)

y=c !

Ex4) find the area bounded by the curve y=2-x2 and the line y=-x
Yl=y2

2-x2=-x

X2-x-2=0 = (x-2) (x+1)=0

X=2,x=-1

Y=-x S y=2-x2

X=-1=>y=1 x=-1= y=2-1=1

X=2=y=-2 x=2 = y=2-4=-2



Aalz

= f_21(2 —x?%— (—x)dx| = |f_21(2 —x% + x)dxl

(a5 5) - 2+

_ (6——)—( 12+2+3)|

18-8 -7 20+7
<[5 Q3TN ki 2 7

1
=4—
20

Ex(2)

= f_21 2dx — f_zlxzdx + f_zlxdx| = |2x - %3+x72] _21|

x__l(f1(x) fz(x))dx|— |f 1 — yz)dx|

y=sin X Cmisiall gy saally 3adaall g Jg¥) a8 JSA) AR dalaial) dalis 2l

$ y=cos X
yl=y2
COS X = sin x My
s
X=Z (X:O)y)}AAM
(x) — £, (x))dx| yl=cosx
=|J#(cosx = sin x)dx| x=0|/y24 sin
T T [ ‘
=|f0/4cosxdx—fo/4sinxdx| o T . «
4 2

= |sinx | né4+cosx] n(/)4|

= (sin%— sin0) + (cos%— CosO)|

“|(z-0)+ G- |=[5+5-1]=[E1



=vV2—-1=|14—1|=]0.4|=0.4




DAl 48k Jalsill (1)

d(u.v)=u.dv+v.du

fu.dv=[[du.v)—v.du] Jddlg s
fu.dv=uv—[vdu

Let u=x? = du = 2x dx

dv= dx =>v——f(x +1) /2 2x dx
(x2+1)
_1 (x2+1)_1/2
T2 EEN
2
N |
 (x2+1) 72

fudv=uv— [v.du

s - o -1 1
f(x2+1)1/2 3 X .(x2+1)1/2 f(x2+1)1/2 . 2x dx

=X 4 [+ 1) V2. 2x dx

(x2+1)
. —x? (x2+1) 72
B (x2+1)1/2 4 £ +c

2

x2+1+c

VxZ+1



-1 omsl) & e A8y yhay Jalsil) (2)
b 7o 5o LS JalSi o5 AL hall danail) dplany o585 Ll Gliad) (g by ) 5S1 Tl (S 13

: ‘;Jl_”d\ JUL)
4+x?
E_Xf 8+x x8
x+8 2
.3 d00 e s =5
5 _NTA T OX

f’;:: dx -8x+4
f[(x—8)+ %]dx +8x+ 64

68 AUl

1

f(x_8)dx+68fm dx

u du u  du

(e 8) + 68In|x + 8| + ¢
Mﬂusx\UA@WG&\)Pg\xﬂeﬁmuw\wﬁs\eu\ds\s\u
ALK Ayl Bde
s AL ) oS5 4t et o pe [T Cua (_) 3y seally Jaladl IS 130 (1) dbaadle
1 A A A

= 1 + - +...+—n

(x—a)® x—a (x—a)? (x —a)”
Ax+B JS3L & oS adany (ld alilsd Sy Y g axPbxtc 5 salls Jalall (IS 131 L) (2)
. 8aal g da jy Jules
D S JE) b e g LS

4—-2x
—f(x2+1)(x 1)2
4—-2x _ Ax+B c D
(x2+1)(x=1)2  x2+1 x—1 (x—1)2
_ (Ax+B)(x—-1)%+c(x?+1)(x—1)+D(x?+1)
B (x2+1)(x—1)2
_ (Ax+B) (x?-2x+1)+(cx?+c¢)(x~1)+Dx*+D
B (x2+1)(x—1)2
Ax3—-2Ax*+Ax+Bx?—-2Bx+B+cx3—cx?+cx—c+Dx?+D
a (x2+1)(x—1)2
_ (A+0)x3*+(-2A+B—c+D)x*+(A—2B+c)x+(B—c+D)
a (x2+1)(x—1)2
A+c=0 ..... (1) -
—2A+B—-c+D=0
+Btc+D=+4
—2A = —4

2A+B-c+D=0 ..... (2)]

A-2B+c=-2....(3)



B-c+D=4.....(4)

C=2=c=-A..(1) Hlx
B=1 < 2-2B+(-2) =-2...(3) alxa (1

D=1 & 1-(-2)+D=4 ...(4) las (se

. 4-2x _ 2x+1 -2 1
T (x2+1)(x-1)2  x24+1  x-1 (x 1)2
4-2x 2x+1 =
f(x2+1)(x—1)2 f[ 2+1 x— (x 1)2] dx
2x+1 dx
_fx2+1 B 2 fx f 1)2
_[2x _ax N, (x— 1)~?dx
PR [
1
=ln|x®? + 1|+ tan  (x) -2 Ln|x — 1| + @D 4
sLn|x? 4+ 1] — cot™1(x) — 2Ln|x — 1| + e M

a? +u?Vu? — a?,Va? —u? ; L) clay el aladiuly Jalil)(3)

. —_1U 1 Uu ,
= sin 1Z+c;‘—cos 1;+c

1 _ -1 _ ,
d (Z)fm= Zsec 12+c;‘;csc 1§+c

-l JSG e aldie VL y e s sat o
u=a sin@ s s=ill PRENAVS vaz —u? o8N\ (]_) °
Ex: [ ax Vo—x2=vVa?—uZ =a=3,u=x

Let u=asin @
x=3sin 8 = dx = 3cos 0O db
V9 — x2 =9 — 9sin26

=9 cos?0
[do =3 cos 6




0+c

L -1 X
sin ~—+cC
3

dx
B [ e

f 5sec?6 do
5 secO

[de
0+c

., -1 X
sin §+c

dx
Ex W%

. . X . —
x=3sin® = sinf = 3 = 0 = sin 1

w R

u=atan 0 =il PRENI a? + u? ) (2) °

V254 x2 = Va2 +u?2 =a=5,u=x

Let u=atan 0

x=3sin @ = dx = 3cos O db

V9 —x2 =1/9 — 9sin20 =/9(1 — sin26)

=19co0s20
=3 cos @

. 0 X A W
x=3sin @ = sin 0 = S = 0 = sin~?!

w R

usatan O =il aadiii g2 4 2 G (2) e

V25 4+ x2=vVa?+ut=a=5,u=x

Let u=atan @

x=5tan @ = dx = 5 sec?0 d6

2
[ V25 + x% =25 + 25 tan?8
[seco d@ =/25 (1 +tan?6) = /25 sec?6
In |secO +tanf8| + ¢ =5secl
In 25+x* + = secl = 25+ x° ,tan 0 = o

5 5 5

u=a sec 0 o sl paxiui v/g2 + y2 S (3) e
dx 2 _ — 2 _ 12 4 — —

Eifxm Vx2—16=+Vu2—a?,u=x,a==4

Letu=asech

x=4sec = dx = 4secOtan O db

4



_ f 4secOtanf db
4 sec@ .4tanf

Vx2 —16 =16 sec?6 — 16

=~ [ df = /16 (sec?6 — 1)
=%9+c =116 tan?0 = 4tan@
Lsec it x=4secld = sec = > = 0 = sec 1%
4 4 4 4

-1 el Jlas) A4y s Jalsil (4)

JE a0 s f(x) =ax? + bx + ¢ Al Jisad Sl (e S 1A
1 Y5 a el JueS) A8y 5k alasinls qu? + B

ax2+bx+c=a(x2+§x)+c

oo L sall (x dalae Cieai)? 7 sk g dilaly

b b2 b?
=afx’+ -x+ =)+ - =
a 4a 4a
b b2
=a(x+—)2+c— —
2a 4a
=au’+BRB
b? b .
B=c-— & u=x+— NESLECATEN
4a 2a

s Ladic (5 sl 128 aladiy o) -1 ddiadla
ax? + bx + c al Jidss cSa ¥ (1
¢ Sl eleial) vie (2
(S G Al g B e) ) pia a5 gx? 4 b + ¢ a5 Leie (3

aladin) m jal iy qu2 + B aaaall N ax? + bx + ¢ 2l Jasad (3 cwdl
L oSal Sl Sl ) AER il patlly Jalsl

dx - s .

V2x — x2=/—(x2—=2x) = -(x2—2x+1-1)

=J-(x2-2x—-1)—1

=/-(x—1)2—-1

5



=/1— (x —1)2

a2 — 2
a=1 ,u=x-1 = du=dx
f dx — f dx f du
V2x—x?2 J1-(x—1)2 Vi—u2
=sin"l(x—1)+c =sin"tu+c
s -cosTH(x—1)+ ¢ = -cosTlu+¢

Double Integral 1-A

) f; VEVARYE L x dy

422

V2

= [(y* 4 —2y?)—(y*-/4—2y?)]dy
V2 2 2

=), 2y y4-2y*dy =_—2f0 —2y.4/4 — 2y? dy
1 4-2y2)/2 _1

oF. 2y 72 351) ]‘{)E =7fw/4—2y2.4ydy

2
=3 @ - 272

=5 [0-®)72]=3

(Z)folfoexdy dx

—fy dx—folexdx=6x|(1)=e1—e°=e—1

(3) f_ll foz(l — 6x%y)dx dy
S —6x7y)dx] —dy = [1,(x = 2x3y)|3dy = [1, (2 -
16y)dy



=2y-8y?|} = 276-8-(-271°-8)= 27610 —84+2+8=4

Triple Integral — Volume

2 r4-y? 2 r4-y? 2 4—y?
- [ ), Y foydzdxdy= Jy S Yz |g dxdy = [ [, Y (y -
0)dxdy

2 —y2 2 2
= [Pyx [P —dy = [y (4=y?) - 0)dy = [ (4y — y})dy

1 2 2— 2 - 2
2 [ I S dzdy dx = [T, [z [P dydx = [ [7F(2 -

x)dy dx
= 1@y —xy) [ dx = [ (4x = 2x®)dx
2 2 —8%2—
= 28 3 X |_12 = 2= 3)-@—)
=252 ) (8+3)

=6-—=6-6=1-[2| =12

-18-18 ~36 12

3 A1

=-12

3- f—11 J‘ol_x f45x—2x2 dz dy dx = f_11 fol_xzs_xz dy dx
= [1 76 - x? — 4x¥)dy dx = [ [T - 5x?)dy dx
= f_11(5)’ — 5x2y)|'y¥ dx

= [1(5(1 = %) = 5x2(1 — x)dx = [ (5 — 5x — 5x2 + 5x%)dx



4- fol f—; f;j;ﬂ dz dy dx

1,0
Jo f—le

x+y+1 _
x—y dy dx =

= f%(l +2y)dy dx = [[(y +y?)

-3

H.W
(1) f; f(jcxsiny dy dy
(2) [, )2 dx dy

3) 5, IF

(4 )f f33’\/1 y? fx 249y2

8+x249y?

ydydx

dZ dx dy

5) [, fg xzf*”x YY" 0% dx dy

x2-9y?

I f—;’l[(x +y+1) = (x — y)]dy dx
& dx

1 11 1
+y)de= [y =1 xlg



Chapter Eight
Conic Sections

The distance between two points p; (x;1,y1) and p, (x5 ,y,) is:

d=y/ (2 — %1)2 + (¥2 — ¥1)?
The distance between point p(x,y) and line Ax+By+c=0 is :

_|Ax+By+c|

VAZ+B2?
1- The circle

The set of points in a plane whose distance from some fixed center point
is constant radius value .

The general equation for circle of second degree is :
()2 + (v = k)? = r?

Let c(h,k) and r are the center and the radius of circle respectively . if
p(x,y) be a point on this circle then the standard equation for circle is :

cp=r where r> 0

and JEx—h2+@y—k2=r
Note : if the center of circle is (0,0) then x? + y? = r?

Example 1 : Find the center and radius of the circle has the following
equation: x?2+ y2 —4x+6y—3=0

Solution: (x? —4x+4)+(y*+6y+9)=4+9+3
(x-2)2+(y+3)2=16
The center is (2,-3) and the radius equal 4 .

Example 2 : Find the equation of circle if the center (-1,1) and through
tangent the line x+ 2y =4

|[Ax+By+c| _ |1(-1)+2(1)-4| _ 3
VAZ+B? V12422 V5

Solution : d=



(+1)2 + (y - 1)2 = 2

Exercises :

1-

2-

Prove that the loci of the point p(x,y) is circle . if the distance
between p and A(6,0) equal twice the distance between p and

B(0,3)?

Find in equation for the circle through the points (1,0), (0,1) and
(2,2)?

Find an equation for the circle through the points (2,3), (3,2) and
('4r3) ?

Find an equation for the circle centered at (-2,1) that passes
through the point (1,3) Is the point (1.1, 2.8) inside , outside, or
on the circle ?

Find equations for the tangents to the circle

(x-2)2 + (y — 1)? = 5, at the points where the circle crosses the
coordinate axis?

Parabola

Parabola is a set that consists of all the points in a plane equidistant

from a given fixed point and a given fixed line in the plane the fixed
point is called focus (F) and the fixed line is called directory (L)

Q(-p,y) )Y)

V(0,0 F(p,0)

y’=4pX  is symm tnic with x- axis

pF=pQ

VE =02+ -02=/(x+p)?+—-y)?
x2-2px+p? + y? = x%2 + 2px + p?
y2 =4px ,x =0 issymmtric with x — axis



/
’ (0,p) /
P Q(p.y) (xy) y=p
F(-P,0)
X=P Y=-P / )\x,v)
Q(X;-P) F(0,-P)
y? = —4px x? = 4py x* = —4py

Symmetric with x-axis sym — with — axis sym — with y — axis

& open to left & open to up & open to down

V(h,k) : (y,0) v(h,k)=(0,0) v(u,k)=(0,0)

Equation Focus(F) Directrix Axis

1 y? = 4px (p,0) X=-p X-axis
(y-K)? = 4p(x — h) (h+p,k) X=h-p

2 y? = —4px (-p,0) X=p X-axis
(y-k)> = —4p(x =h) | (h-p)k) X=h+p

3 x? = 4py (0,p) Y=-p y-axis
(x-h)? = =4p(y = k) (h,k+p) Y=k-p

4 x? = —4py (0,-p) Y=p y-axis
(x-h)?> = —4p(y —k) | (h,k-p) Y=k+p

Examplel : Discuss and sketch the following equation :

y2+6y+2x+5=0

Solution :

(y+3)2+2x—4 =0




(y+3)2 = —2x — 4

(y+3)? = —2(x — 2)

2=4p

V(hk) = (2,-3), Fh-p,k) = (2, —3) = (3, -3)

X=h+p=2+> =

Example2 : find the focus and vertex and of the following parabola :
x2+2x+1-4y—4=0

Solution : (x+1)2=4(y+1)

V(hk)=(-1,-1), p=1, F(h,k+p)=(-1-1+1)=(-1,0)

y=k-p=-1-1=-2

| F-1,0) (0,0 ]

('11'1)

Exercises :

1) Find an equation, focus and directory of each of the following
parabola, then sketch each one :
yZ — 12x’y2 — _Zx’xZ — 6y’x2 — _8y,y — 4‘X2

y= —8x?,x = 2y%,x = =3 y?

2) Find focus, vertex and directory, and sketch of each of the
following parabola :



a.(x+1)?= —4(y—3),b.(y +2)*=8(x—1)

3- Ellipse

Ellipse is the set of points in a plane whose distances from two fixed
points in the plane have a constant sum . The two fixed points are called
foci (F; , F,) of the Ellipse

p(x,y)
a 0
F,(-c,0) 0,0) F1 (c,0)
Fl(C,O) f Fz(‘C,O)

pFi+pF,=constant

JE=—0)2+ @ —-02+,/(x+c)2+ (y — 0)2 = 2a wherea > 0
JXZ—2cx+ c2+ y2 =2a— \Jx%+2cx + c? + y2
x2—2cx+c?+ y? =4a% —4a\x? + 2cx + 2+ y2 + x%2 + 2cx +
c? + y?

4ex + 4a? = daJx% + 2cx + c2 + y?

ox+a? = a\/x% + 2cx + c? + y?

(ex+a?)? = a®(x? + 2¢x + ¢ + y?)
c?x? + 2ca’x + a* = a’x? + 2ca’x + a’c® + a’y? wherea > ¢

(aZ _ CZ)xZ + a2y2 — (az _ CZ)a2
x2 y2

? az—c?

x? o y? 2 _ 2 2 2 _ 2 2
_2+b_2_1 - ¢ = a* —b*° where a>b,b* =a“—c

=1 where a >—c

The Ellipse equation of x-axis with center (0,0) and foci (+c, 0)

e=§ ,c<a—-e<l1 (Eccentricity)

5



The Directory L,,L, are :
x=+ % or x = ia— B1(0,b)

if x=0 Az(y)// T~ A1(a,0)

(0,-b) , (0,b) \ F2(0,-c) Fl(y

_/
If y=0 B2(0,-b)

(-a,0), (a,0)

But the Ellipse equation of y-axis with center (0,0) and foci (0, +¢)

x2 2
Loy
b2 a? 4\

If x=0 A1(0,a)

(0,-a), (0,a)

If y=0 F1(0,c
(-b,0), (b,0) B2(-b,0) B1(b,0) 7
The Directory L, , L, are: F2(0/~c)
a a?
Y= - ory=t+— A2(0,-a)
e C
X-axis y-axis
2 2 2 2
y X y
N NG 2R =
Fl(clo) ’ FZ(_CrO) Fl(olc) ) FZ(OI-C)
Centre C(0,0) Centre C(0,0)
Al(alo) ) Al('alo) Al(ora) ) AZ(OI-a)
Bl(olb) ’ BZ(OI_b) Bl(blo) ) BZ(_brO)
ot e




(x—h)? (y—k)?
a? b2 1
Fi(h+c,k), Fy(h-c,k)

Centre C(h,k)
A(h+a,k) , A;(h-3,k)
Bi(h,k+b) , B5(h,k-b)

x=h+ %

(x—h)? (y—k)?
b? + az
F1(h,k+c) , Fy(h,k-c)

Centre C(h,k)
A;(h,k+a), Ay(h,k-a)
Bi(h+b,k) , By(h-b,k)

y=kt =

1

Example 1 : Find and sketch the equation of Ellipse that the focus F(0,0)

and a=3,¢(0,2) ?

Solution :
(y;ic)z n (x;l)z _1
b?’=a?—c?*->b>=9—-4 b= +/5
12 _0)?
% 92) - 50) 1 y=§
e=—= = A1(0,5)
y=KEER 2F 3z =2F 2 F,(D\)
3
:(::j
B,(V5,2) B4(V/5,2)
\Fz(o )
A,(0,-1)
Example 2: Discuss and sketch the following equation :
9% + 4y? +36x—8y+4=0
Solution : y=5.02

(9x2 + 36x + 36) + (4y* — 8y + 4) = 36

9x?+4x+4)+4(y*—2y+1) =36

Al(-2,4)




9(x +2) +4(y—1)>=36 o(-2,1)
(x+2)2 (y_l)z — 1

+
4 9

a’>=9-a=F3,b*’=4->b=7F2 F

B2(-4,1) B1(0,1)

Ay(-2,-2)

y=-3.02

c2=a?—-bh2>5c2=9—-4=5>¢c=+5

h=-2,k=1— c(—2,1)centre of Ellipse

Fa(h,k+¢),F2(h k-c) > F;(=2,1 + V5), F,(~=2,1 = V5)
As(h,k+a),Ax(h,k—a)—> A;(—2,1+3),4,(—2,1 —3) - A;(—2,4),4,(—2,-2)
B,(h+b,k),B(h-b,k) = B;(—2 + 2,1),B,(—2 — 2,1) - B;(0,1), B(—4,1)

2
y=kiaT ._)y=1i 9

il

Exercises :

1- Find an equation of Ellipse if the vertices A1(1,1), A2(1,7), B1(3,4)
and B2(-1,4) ?

2 2
2- Prove that the tangent of Ellipse % + Z_Z = 1 at the point p(x4,y1)

. ﬁ A% 9
= +_b2 =17

3- Find the equation of an Ellipse of eccentricity g if the line x=9 is

one directrix and the focus is at (4,0) ?
4- Find the equation of Ellipse having the center C, focus F and
sketch graph :
1) C(0,0), F(0,2), a=4
2) C(0,0), F(-3,0), a=5
3) C(0,2), F(0,0), a=4
4) C(-3,0), F(-3,-2), a=4
5- Find and sketch the center, vertices and foci of the Ellipse :
1) 25x%2 + 9y? — 100x + 54y — 44 =0
2) 9x2% + 4y? =36



3) 4x% + 9y? = 144

4- Hyperbole

Hyperbola is the set of points in a plane whose distances from two fixed
points in the plane have a constant difference , The two fixed points are
called foci (F4,F,) of the Hyperbola .

F1(-c,0), F2(c,0)

pFi-pF,=2a

JE+)2+ (@ —-02—/(x—c)%+ (y—0)2 =a2wherea >0
2 2

%—Czy_az= where ¢ > a,b?® =c?—a?

2 2

%—Czy_azzl - % =a*+b?

The Hyperbola equation the foci on x-axis with center (0,0) , intersection

with x-axis at (+ a, 0) and its asymptotes y=1 %x

X=-a Xx=a

y
) P(le)

F1(-c,0) A2(-a,0) Al(a,0) F2(c,0)

Eccentricity : e=§ ,c>a




Directrix: x=1 %

X-axis y-axis
x2 2 y2 2
20, S

F1(c,0), Fx(-c,0)
Centre C(0,0)
A:(a,0), Ai(-3,0)
B1(0,b) , B,(0,-b)

Fl(orc) ’ FZ(OI-C)
Centre C(0,0)
Al(ola) ’ AZ(OI_a)

)

(x—h)? (—k)?
a2 bz 1
F.(h+c,k) , F(h-c,k)

Centre C(h,k)
Ai(h+a,k) , A;(h-3,k)
B1(h,k+b) , B5(h,k-b)

(y-K)=£ 2 (x — h)
a

x=h+-
eZ
x=h+—

a

C

O-k® (—h?

a? b2 1
Fi(h,k+c), Fy(h,k-c)
Centre C(h,k)
Ai(h,k+a), Ai(h,k-a)
B1(h+b,k) , By(b-b,k)
(y-K)=t 2 (x —h)
a

y=ki;
y=k £

a2

C

Example 1: sketch the following hyperbolas :

2 2

=
=

2
1. - =1 2.
9 1

o)}

1

(o)}

Solution : 1. C(0,0)
a’*=9 -a=3,b°=16 -b =4
2= a*+ b* »cVaZ+b%= 45

F1(0,5) , F»(0,-5)

2
S A—
9

N

10

ol w




A1(0,3) , A4(0,-3) AL(0,3) y=f 2

B1(4,0) , B,(-4,0) B,(-k,0) B, (k,0)
1@ _ 43 ~-a 9
y=tox-o>y=1-x V=73
+ % Ly=42
y=t = -y =13 /%

F,(0,-c)

Example 2: Sketch the following hyperbolas :
1. 9(x —2)> —4(y +3)2 =36

2. 4(x—2)2—-9(y+3)> =36
3. 4x2 —5y? = 16x + 10y +31 =0

_ o2 2
Solution : 1. (x 42) — (yzs) =1

C(2,-3)
a’=4 -a=2,h°=9->b= 43
2= a?2+b?>c=+VaZ+b2= ++13

F,(2+V13, -3) F, (2- V13, -3)
A1(2+2,-3) ) A1(2‘2,-3) - Al (4,-3) , Al (O,‘3)

Bl(21_3+3) ’ B2(21_3_3) - Bl(zlo) ’ Bl(21_6)

x=h++ & Sx =2 + =
c 13
(k=22 (x—h)=>@+3) =+ (x-2)
(0,0) B1(2,0) /
RN
F2x A2 / Al XF1
/ x(2,-3)
X 82(2,-6)\
x=2-\/% X= 2+\/%
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Exercises

1- Prove that tangent of Hyperbole b%?x? — a?y? = a?b? at the
points p1 (x1,y1) is b2xx1 —a2yyl =a2 b2 ?

2- Find an equation of Hyperbola from the given in formation,
F1(0,0), F2(0,4) and pass through the point (12,9) ?

3- Find an equation of Hyperbola that the eccentricity \/§=§ and the
vertices (0,£2)?

12
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