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Textbook, Kittel 8™ edition

Chapter one : (Crystalline structure)
1- Introduction

2- Crystalline structure

3- non-crystalline structure

4- Unit cell

5- Bravise lattice & non -Bravis lattice: ’kingd/of lattice structure : a-simple cubic,
b-Body center cubic c- Face centre cubic d- Nacl

d-Hexagonal system

6- symmetry

6- Miller Indices

Note: Correct typing error in the first chapter for Introduction to Solid State
Physics by Charles Kittel, 8%,Edition: In page (12) “Figure 14 caption" one of

the (100)’s should bg/ (100)

1- Introduction:

Solid state physics, also known as condensed matter physics, is the study of
the behaviour of/atoms when they are placed in close proximity to one another.
The serious” study of solid state physics began with the discovery of x-ray
diffractiomyby crystals and the publication of a series of simple calculations of
the properties'ef crystals and of electrons in crystals.

Why crystalline solids rather than nonclystalline solids?

The important electronic properties of solids are best expressed in crystals.
Thus the properties of the most important semiconductors depend on the
crystalline structure of the host, essentially because electrons have short
wavelength components that respond dramatically to the regular periodic atomic
order of the specimen.
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The original experimental evidence for the periodicity of the structure rests
on the discovery by mineralogists that the index numbers that define the
orientations of the faces of a crystal are exact integers. This evidence was
supported by the discovery in 1912 of x-ray diffraction by crystals, when Laue
developed the theory of x-ray diffraction by a periodic array, and his coworkers
reported the first experimental observation of x-ray diffraction by crystals.

The importance of x-rays for this task is that screen
they are waves and have a wavelength T
comparable with the length of a building il '

block of the structnre. Such analysis can also X-ray

be done with neutron diffraction and with
electron diffraction, but x-rays are usually the

: S \N'h\:\‘"“\
tool of choice. Crystal &

When a crystal is exposed to a beam of
monochromatic X rays, the electron density of diffracted ray
any atom diffuses the X ray radiation in all directions. Because of the lattice
repetition, the radiation diffused by one atom will interfere with that diffused by
all other atoms belonging to the crystal. The\result is a diffraction pattern:

CRYSTALLINE
single Crystal

AVANIT

Model and diffraction pattern of a crystalline structure,

Model and diffraction pattern of a paracrystalline structure.

AMORPHOUS
(Non-crystalline) /

/

3 E Model and diffraction pattern of an amorphous structure.
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2-Crystalline Structure & Non-Crystalline Structure:

A solid is said to be a crystal if the atoms are arranged in such a way that
their positions are exactly periodic. Figure 1.1 illustrates the concept. The
distance between any two nearest neighbors along the x direction is a, and along
the y direction is b (the x and y axes are not necessarily orthogonal).

Fig. 1.1: A crystalline solid. All the
atoms are aranged periodically.

A perfect crystal, maintains this
periodicity (or repetitivity) in both
the x and y directiens from -oo to oo.
It follows frem the periodicity that
the atems A, 9B, C, etc., are
equivalent.=lns"other words, to an
observer “located at any of these
atomic sites, the crystal appears exactly the same.

R $

[ |
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single ﬂ

Crystalline “Solid is the solid
form of a substance in which
the atoms or molecules are
arranged in a definite, repeating
pattern in three dimensions.

Crystalline Solid
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Single crystals ideally have a high

degree of order, or regular geometric . .
periodicity, throughout the entire Single Pyrte
volume of the material. ap
Single crystal has an atomic
structure that repeats periodically Amorphous
across its whole volume. Even at Solid
infinite length scales, each atom is .

. Single Crystal
related to every other equivalent
atom in the structure by translational symmetry
Polycrystalline Solid: —

Polycrystal is a material made up of an
aggregate of many small single crystals
(also called crystallites or grains).
Polycrystalline material have a high degree
of order over many atomic or molecular
dimensions.

Polycrystalline
Pyrite form
(Grain)

Crlal St

These ordered regions, or single crytal fegions, vary in size and orientation with
one another.

These regions are called as grains ({,domain) and are separated from one
another by grain boundaries. The atemic¥order can vary from one domain to
the next.

The grains are usually 100 am_-"%00 ‘microns in diameter. Polycrystals with
grains that are <10 nm in diaméterare called nanocrystalline

Amorphous (Non-crystallinehSolid
is composed £ of _randomly
orientated atoms, ions, @r. molecules
that do not form defined patterns or
lattice structures.
Amorphous materials™ have order
only within a, few atomic or
molecularidimensions.
e Amorpheus materials do not have any long-range order, but they have
varying degrees of short-range order.
e Examples to amorphous materials include amorphous silicon, plastics,
and glasses.
e Amorphous silicon can be used in solar cells and thin film transistors.

"Grains'
(Differently Oriented Crystals)
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What is crystallography?
The branch of science that deals with the geometric description of crystals and
their internal arrangement. Crystallography is essential for solid state physics.
A basic knowledge of crystallography is essential for solid state physicists;

e to specify any crystal structure and

e to classify the solids into different types according to the

symmetries they possess.

What is crystal (space) lattice?
In crystallography, only the
geometrical properties of the
crystal are of interest,
therefore one replaces each
atom by a geometrical point
located at the equilibrium
position of that atom.

Platinum Platinam surface Crystal lattice and
(scanning tunneling microscope) structure of Platinum

Basic Definitions:

In order to talk precisely about crystal structures, we must introduce here a
few of the basic definitions which serve as a kind of crystallographic language.
Hese definitions are such that they applyato one-, two-, or three-dimensional
crystals. Although most of our illustrative examples will be two-dimensional,
the results will be restated later for the-8-D case.

The Crystal Lattice:

In crystallography, only/the geometrical properties of the crystal are of
interest, rather than those ariSingyfrom the particular atoms constituting the
crystal. Therefcrre one replacesweach atom by a geometrical point located at the
equilibrium position ofsthat atem. The result is a pattern of points having the
same geometrical praperties.as the crystal, but which is devoid of any physical
contents. This geometrical pattern is the crystal lattice, or simply the lattice;
all the atomic sites have been replaced by lattice sites.

3- Bravais Lattice:

There are two classes of lattices: the Bravais and the non-Bravais.

Bravais Lattice ;| In a Bravais Lattice, all lattice points are equivalent, and
hence by necessity all atoms in the crystal are of the same kind.

Non-Bravais lattice : In a non-Bravais lattice, some of the lattice points are
nonequivalent.
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The figure shows

this clearly.

® Here the lattice sites

B, C are equivalent

each other, and so are

the sites A', B’
among themselves.

® But the two sites A a

A' are not equivalent
each other.

A,
to

Cl

nd
to

Bravais lattice & A nan-Bravais lattice.

B As can be seen by the fact that the lattice is not invariant Under a translation by

AA'. This is so whether the atoms A and A" are of the.same kind (for example,
two H atoms) or of different kinds (for example, H and,Cl atoms).

referring to the set of
atoms stationed near
each site of a Bravais
lattice. Thus, in this
figure, the basis is the
two atoms A and A',
or any other
equivalent set.

non-Bravais
lattice may he
regarded as a
combination of two or
more interpenetrating
Bravais lattices aAwith
fixed ofientations
relative toyeach other.
while the points A', B'

® A non-Bravais lattice is sometimes referred(to as a lattice with a basis, the basis

’_‘/ c rystal Lat“_l

Bra"‘;&“&
,e of the same kind

oints are equivalent

Non-Bravais Latti cm

= Atoms can be of different kind
= Some lattice points are not
equivalent

A combination of fwo -

Thus the points A, B, C, etc., form one Bravais lattice,

, C' etc., form another.

Crystal structure can be obtained by attaching atoms, groups of atoms or
molecules which are called basis to the lattice sides of the lattice point.

Crystal

of the space lattice.

Lattice + Basis

= Crystal Structure
Crystal structure is formed by the addition of the basis to every lattice point
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This figure shows how a
crystal is made by adding a
basis to every lattice point
of course the lattice points

are  just mathematical .
constructions. . . .

Crystal Structure

Crystal Lattice

=
\._‘)I

Lattice Translation Vectors:

An ideal crystal is constructed, by the nfinite repetition of identical groups of
atoms. A group is called the basis.sILhe set of mathematical points to which the
basis is attached is called the lattice.

The lattice in three dimensions.may be defined by three translation vectors ay,
a,, as, such that the arrangement of atoms in the crystal looks the same when
viewed from the point r as when viewed from every point r' translated by an
integral multiple of the'a’s:

r=r+u.a +uza, +uzaz 1)
Three Translation vectors ay, a,, a3 gg & Ui, Uy, Uz are arbitrary integers

Here uy, Uy, Usare arbitrary integers. The set of points r* defined by (1) for all
Us, U, Uz defines the lattice.

The lattice is said to be primitive if any two points from which the atomic
arrangement looks the same always satisfy (1) with a suitable choice of the
integers u;.
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Basis and the Crystal Structure:

The basis of the crystal structure can be identified once the crystal axes have
been chosen. Every basis a given crystal is identical to every other in
composition, arrangement, and orientation.

The number of atoms in the basis may be one, or it may be more than one.
The position of the center of an atom j of the basis relative to the associated
lattice point is

r]' = x]-al + y]'az + Zjag (2)
We may arrange the origin, which we have called the associatedalattice-point, so
that 0 < x]-,y]-,zj <1.

Primitive Lattice Cell

The parallelepiped defined by primitive axes a;, a,, agy, is-ealled a primitive
cell as shown in figure. A primitive cell is cell is atype of ¢ell or unit cell. The
(adjective unit is superfluous and not needed). Ascell=wuill fill all space by the
repetition of suitable crystal translation operationsi, A primitive cell is a
minimum — volume cell.

There are many ways of choosing the/primitive axes and primitive cell for

a given lattice. The number of atoms in a primitive cell or primitive basis is
always the same for a given crystal structure.

There is always one lattice point per primitive cell. If the primitive cell is a
parallelepiped with lattice points at each,of the eight corners, each lattice point
Is shared among eight cells, so that thetotal number of lattice points in the cell

isone: 8 X % = 1. The volume ofa paratlelepiped with axes a;, a,, az is
Vo' |a, - a; X ag]
By elementary vector analysis. The basis associated with a primitive cell
Is called a primitive basis. Nowbasis contains fewer atoms than a primitive basis
contains.
The figure shows LattiCe Points of a space lattice in two dimensions. All pairs
of vectors a;, a, are translation vectors of the lattice. But a;, a5’ are not
primitive translation vectors because we cannot from the lattice translation T

"

from integral combinations of a5, a; .
The other pairs shown of a; and a, may be taken as primitive translation
vectors ofithe lattice. The parallelograms 1, 2, 3 are equal in area and any of
them could bextaken as the primitive cell.
The parallelograms 4 have twice the area of a primitive cell.

10
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primitive cell primitive cell primitive cell

=

H.|'

Non primitive cell

primitive cell a,

Primitive cell of a space lattice
in three dimensions

4- Unit cell:
A volume which, through translation byall of the lattice vectors, can fill the
space without overlapping between'the replica.

Primitive unit cell: any volume of,space which, when translated through all the
vectors of the Bravais lattice, ‘fills' space without overlap and without leaving
voids. Unit cell with the.smallest volume ¢ Unit cell can form from fundamental
vectors, but it can alse be constructed by other methods (e. g.

Wigner-Seitz primitive cell).

Non Primitive cells: The units cells, which contain more than one lattice point
are called non-primitive cells.

H.W. : As,long as the fundamental vectors are fixed, all the unit cells have the
same volume(why?)

This statement defines the primitive translation vectors a;. There is no cell of
smaller volume than a4 - a, X a3 that can serve as a building block for the
crystal structure.

We often use the primitive translation vectors to define the crystal axes,
which form three adjacent edges of the primitive parallelepiped.

Non primitive axes are often used as crystal axes when they have a simple
relation to the symmetry of the structure.

11
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Another way of choosing a primitive is shown in this figure. This is known to
physicists as a Wigner-Seitz cell.

Wigner-Seitz cell :

A primitive cell may also be
chosen following this
procedure:

1- Draw lines to connect a given
lattice point to all nearby lattice
points.

2- At the midpoint and normal
to these lines, draw new lines or
planes.

3- The smallest volume
enclosed in this way is the

Wigner-Seitz primitive cell.

4- symmetry operations
Crystal lattices can be carried or mappedyinto themselves by the lattice
translations T and by various other symmetry operations.

symmetry operations:

A typical symmetry operation is that of rotation about an axis that passes
through a lattice point. Lattices'ean beyfound such that one, two, three, four, and
six fold rotation axes carry the, lattice into itself, corresponding to rotations by
2n, 2 ©/2, 2 ©/3, 2 w/4, and 2n/6yradians and by integral multiples of these
rotations. The rotation axes are denoted by the symbols 1, 2, 3, 4, and 6.

We cannot find a lattice thatygoes into itself under other rotations, such as by
27/7 radians.

NOTE:

1- The crystallographic restriction theorem in its basic form was based on the
observation that the rotational symmetries of a crystal are usually limited to 2-
fold, 3-fold; 4-fold, and 6-fold. However, quasicrystals can occur with other
diffractionypattern symmetries, such as 5-fold; these were not discovered until
1982 by Dan ShecChtman.

2- In 1982 Nobel Laureate Dan Shechtman looked down his microscope and
discovered a crystal with 5-fold symmetry - a form that was thought to be
impossible. His new crystals, called quasicrystals, caused uproar, and eventually
textbooks had to be rewritten across the globe.

12
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Shechtman's Nobel Prize—winning work was in the area of quasicrystals,
ordered crystalline materials lacking repeating structures, such as this Al-Pd-Mn

Atomic image of a micron-sized grain of the"natural Al;;NiyFes quasicrystal
(shown in the inset) from a Khatyrka-meteorite. The corresponding diffraction
patterns reveal a ten-fold symmetry.

13
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We can have mirror reflections m about a plane through a lattice point. The
inversion operation is composed of 7 followed by reflection in a plane normal
to the rotation axis; the total effect is to replace r by —r.

. P
A plane of symmetry parallel A diagenal plane of
to the faces of a cube syemmehwin a cube
-cf."_____-‘-___“ /ll.r" —_
] \
B~ = |
’.” 1 e i
]

The three tetrad axes The six diad axes

Thc four triad axes

of a cube of 2 cube of a cube

Crystal Symmetry Operations:

Symmetry opgrations: Operations under which there is no change in the
spatial distances and angles, and there is no distortion, compression or
extension, and yet after application of the operation, there is still a lattice point

where there were @ lattice point and there is not a lattice point where there were
no lattice point;

— Translation
— Rotation

— Reflection
— Inversion

14
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6 - kind of lattice structure :
Two Dimensional Lattice Types :

There are four distinct types of restriction, and each leads to what we may call a,spegial lattice type. Thus there are five

distinct lattice types in two dimensions, the oblique lattice and the four special lattices'shown in figure below. There are five
Bravais lattice in two dimensions.

2 —rectangular

3 — centered rectangular O__O O
0000
[al = [b]. 8= 90°
lel = 1d]. = 90° O
00 / PAVEL
Lo | © =
’ 00 Crystal family Prim Crystal family | Primitive
) Orthorhombic_| Re€ctangular Orihorhombic|Centered rectangular Lo LEELLLL
1 -oblique O O O
|al# |b]. 8 =80° [al = [b]. & = 120°
-9 O
m b, | h
|
Crystal family | Primitive : o Crystal family |Primitive
Monoclinic Oblique 5 —square. Hexagonal Hexagonal
|lal =|b]. 8 =90°
| Two-Dimensional Lattice/Types I t E[here are five distinct lattice types in two dimensions
Crystal family Primitive

Tetragonal Square

15
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Three Dimensional Lattice types:
The points symmetry groups in three dimensions require the 14 different
lattice types listed in table below.

This gives the seven crystal Cubic
systems, in which all crystal
structures can be classified: .

1. Cubic System (SC, BCC, FCC) l
2. Hexagonal System (S) /

r .
3. Triclinic System (S) ' v
4. Monoclinic System r— T
(S, Base-C)

5. Orthorhombic System Tetragonal
(S, Base'C, BC, FC) Hexagonal

Trigonal

6. Tetragonal System (S, BC)
7. Trigonal
(Rhombohedral) System (S)

In  three-dimensional space,
there are 14 Bravais lattices. These
are obtained by combining one of
the six crystal families with one of
the centering types. The centering
types identify the locations of, the
lattice points in the unit cell as
follows:

1) Primitive (P): lattice paints on, the Momoctisic Triclinic

cell corners only (sometimes called simple)

2) Base-centered (A, B,%r C): lattice points on the cell corners with one
additional point at the center of each face of one pair of parallel faces of the cell
(sometimes called.end-centered)

3) Body-centered (I): lattice points on the cell corners with one additional point at
the center of the'eell

4) Face-centered (F): lattice points on the cell corners with one additional point at
the center of each’ of the faces of the cell

5) Rhombohedrally-centered (R): lattice points on the cell corners with two
additional points along the longest body diagonal (only applies for the
hexagonal crystal family).

Primitive cells by definition contain only one lattice point, but the
conventional bcc cell contains two lattice points, and the fcc cell contains
four points.


https://en.wikipedia.org/wiki/Crystal_families
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Crystal Lattice Axial distance g _ Corresponding
_ Volume Axial angles
family system Ieng&% examples
KoCr05, CusS0y4-9H-0,
Triclinic abﬂ‘/l—ﬂﬂsz a—cn-szﬁ— cm27+ 2 cos a cos I cosy {Allcema%ases} HhElf:J:l_ ! !
\ 1803
N a=y=90° 8 |Monaclinic sulfur,
Monoclinic abe sin
P 5 ;k #00° Na,50, 10H,0
Rhombic sulfur, KNO-,
Orthorhombic abe 2h#c a=pB=y=90° :
BaS0,
Tetragonal 3 a=bh#c a=pB=y=90° WRiE tin, SO, TiO2
a_ E = = = =
: : Caso,
< 3 a=B=y#90°
3./1 = 3cos® o a=h=¢ Calcite (CaCO
Rhombohedral \/1 Je0s a+2c08 @ . b (rhombohedral | { 2
(rhombohedral cell) (rnombohedral cell) cinnabar (HgS)
Hexagonal \ cell
a=5=90°
Hexagonal _3 ﬂﬂc a=>h B ¥ Graphite, Zn0, CdS
9 ; =120°
, s o NaCl, zinc blende,
Cubic a a=b=c¢ 0=8=y=90°

copper metal

i
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7 crystal systems and 14 Bravais lattices in 3D

triclinic monoclinic
a=b #c a=b #c

o P C
ﬂ'sﬁﬂigo 11:590“ ﬂigﬂq
N p.y =90°

tetragonal cubic hexagonal
a=>b#c, a=b=c, a=>b=c

o= p=yr=90° oa=[f=y=90° o= = 90°
P / F y=120°

' L
\‘l-

s,

¥ L]
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The point symmetry
groups in three
dimensions require the

14  different lattice _
types listed in this | Triclinic
table:
Monoclinic
Orthorhombic
There are three
lattice in cubic system: | Tetragonal
the simple cubic (sC) | ...
lattice, the body -
centered cubic (bcc) | Trigonal

lattice, and the face-
centered cubic (fcc)
lattice, included in the
table shown below.

Hexagonal

The 14 lattice types in three dimensions

Number of

lattices cell azes and :
1 a, # a; # ay
aF BFEYy
2 a; F a; ¥ ag

Restrictions on conventional

) = g — (3

Table 2 Charact

Volume, conventional cell A a’
Lattice points per cell % 2 B!
Volume, primitive cell G ar’ L
Lattice points per unit volume fa’ 2a’ 4a’
Number of nearest neighbors 6 8 12
Nearest-neighbor dis a 3" /2 = 1) 8664 af2"? = 0.707a
Number of second rié 12 6 6
Second neighbor distance 2" a a
Packing lraction” LT V3 Lava
=0 524 =0 650 =0.740

i¢s of cubic lattices”

Baxly-centered

Face-centered
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As it mentioned previously, the position of the center of an atom j of the
basis relative to the associated lattice pointis r; = x;a4 + y;a, + zjaz ---
- (2) - 0<x;y;,z<1.

The position of a point in a cell is specified by (2) in terms of the atomic
coordinates x, y, z . Here each coordinate is a fraction of axial length a;, a,, as
in the direction of the coordinate axis, with the origin taken at one corner of the
cell.

® Thus the coordinates of the body center of a cell are 000y 11%
® And the fcc center include 000, == 0 0 %% %0 =

® In the hexagonal system the pr|m|t|ve cell is a right prism based on a
rhombus with an included angle of 120° .

Simple cubic:

The SC Lattice has one lattice point in its unit cell, so it’s unit cell is a
primitive cell. In the unit cell on the lefty,the atoms at the corners are cut
because only a portion (in this case 1/8).“belongs” to that cell. The rest of the
atom “belongs” to neighboring cells.

Coordinatination Number of the SC Lattice = 6.

f
>

P

Simple Cubic (SC) Lattice

20
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Body Center Cubic:

Figure l%’!’imiﬁw translation vectors of the body-

cente c lattice: these vectors connect the lattice
poir origin to lattice points at the body centers.
The pri ive cell is obtained on completing the rhow-

bohedron. In terms of the cube edge a, the primitive
translation vectors are

a, = za(x + § — 2) ; a, =za(—%+§+3);
aa=%§|:i_?+i'] .
Here X, ¥, Z are the Cartesian unit vectors.

e
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C- Face Centre Cubic:

Face Centered Cubic )

In the the face-centered cubic structure

—_

1
a, = Ea(f +9)

- 1 . 4
a2=5a(y+z)

cubic crystal. The primitive translation vectors a,, a,, a; connect
the lattice point at the origin with lattice points at the face centers.
As drawn, the primitive vectors are:

& ® Figure 11 The rhombohedral primitive cell of the face-centered

a=3a(x+¥): ay=zaly+2): ay=jalZ+x) .

The angles between the axes are 60°.

i
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Hexagonal Close-Packed Structure (hcp)

There are an infinite number of ways of arranging identical spheres in a
regular array that maximizes the packing fraction. One is the face centered cubic
structure; another is the hexagonal close-packed structure (Fig. 20). The fraction
of the total volume occupied by the spheres is 0.74 for both structures. No
structure, regular or not, has denser packing.

Figure 20 The hexagonal closespacked structure.
The atomn positions imthis sirlictire do not constitute
a space lattice. The spage)latfieé is simple hexagonal
with a basis of p#ahidentical’atoms associated with
each lattice point. The lattide parameters @ and ¢ are
indicated, where @5 in the basal plane and c is the
magnitude of the axis a5 of Fig. 12.

Figure 12 shows the relationship of the rhombic cellto a hexagonal prism.

Figure 12 Relation of the primitivé cell
in the hexagonal system (heavy lines) to
a pristn of hexagonalgsymmetry. Here
1= dq F da.

N
.

>

—
\al __J| ag /

Figure 21 The primitive cell has @; = 4;, with an
included angle of 120°. The ¢ axis {or a,) is normal
to the plane of a; and a,. The ideal hep structure has
c = 1.633 a. The two atoms of one basis are shown
as solid circles. One atom of the basis is at the ori-
gin; the other atom is at 223, which means at the
- 2 1 1
position r= 3a; + 345 + A,

The number of nearest-neighbor atoms is 12 for both hcp and fcc structures. If
the binding energy (or free energy) depended only on the number of nearest-
neighbor bonds per atom, there would be no difference in energy between the

fcc and hcp structures.
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Crystal Planes:
Within a crystal lattice it is possible to identify sets of equally spaced parallel
planes. These are called lattice planes. In the figure density of lattice points on

each plane of a set is the same and all lattice points are contained on each set
of planes.

~
~ . .
™. S .
N, ~ ~
* .'\ \\ ~. ~ .
~ ~
\'\ \\ ~ 3 . ™~
Theset of SUREENERENE IR
i ~ N e : . .
I i ; N N b - NN NN
planes in ® = b | TN
= ~ ~, “ . - . ~ ~
2D lattice. NN Ny L
- ~ ~ ~ ~ Yy .
~ ~ ~ ~ a N ~ ~ ~
N ~ - ~ N ~ ~ ~
- ~, ~ . N = ~ . ~
.\ ~ - Ta . ~ ~ AN ~
& ~ u . ~ ~ ~ \\ \\
N ~ N .\_\ . S
@ \\ ) i, ~ -\

Coordination Number: ___

 For a Bravais Lattice, .
Coordination Number = The number of lattice
points closest to a given point
(number of nearest-neighbors of each point),

» Because of lattice periodicity, all lattice points,have
the same number of nearest neighbors or
coordination number. (Coordination /Aumber is
intrinsic to the lattice.)

Examples

Simple Cubic (SC) coordination number = 6
Coordination Number = The number of lattice points

Simple Cubic (SC) coordinatien niimber = 6 closest 10 a given point

1. i ; ) (number of nearest-neighbors of each point).
2. Body-Centered Cubic eoordination number = 8
3. Face-Centered Cubic coordination number = 12

24



7- Miller Indices

Miller Indices are
a symbolic vector
representation for the
orientation of an
atomic plane in a
crystal lattice and are
defined as  the
reciprocals of the
fractional intercepts
which  the plane
makes  with  the
crystallographic axes.

Figure 13 This plane intercepts
the a), 8, a; axes at 3a,, 2a,, 2a,,
The reciprocals of these numbers
are 3,3, 3 The smallest thiree inte-
gers having the same ratio are 2, 3,
3, and thus the indices of the plane
are (233).

To determine Miller indices of a plane:

1) Find the intercepts on the axes in terms of the lattice’constants aj, a,, az. The

axes may be those of a primitive or nonprimitive cell.

2) Take the reciprocals of these number and then reduce to three integers having
the same ratio, usually the smallest three” integers. The result, enclosed in

parentheses (hkl), is called the index of the plane (Miller Indices)
3) If fractions result, multiply each by the denominator of the smallest fraction

Instructor: Dr. Ridha H. Risan  Solid State Physics  2018-2019 Chapter One: Crystalline Structure

Examples:
i Axis % Y z
Axis e Y Z
g2 Intercept L ﬁi —l’ o T 8 Intercept 1/2 1 o
& = pointsp a J 1 1 ! points :
Reciprocals | 1/1 «”l b1/ 1 Reciprocals 1/(“/2) 1/ 1811/ 0
Smallest 4 Smal!est 2 1 0
(0,1,0) Ratio 1 1 1 H010), Ratio
i - R Miller indices  (210)
1,0,0) ' Miller indices  (111) :
I _ N X
!éélst - . 5 Axis X Y z
pe & Pointsp 1 I - In;irﬁ:;t 1 0 20
Reciprocals | 1/1 | 1/ 1 [1/ = Reciprocats | 1/1 11/ 0 11/ o0
Smallest
01,0 R L 0 “hetc L 1RO WO
[ L } y ) . i :
pa ¥ Miller Indices (110) Miller Indices (100)
(1,0,0)
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Axis a b | ¢ Axis a b c
Intercept
Inte t o 1
A nPOir:tesp -1 w | % points 1 X Va

Reciprocals | 1/-1 | 1/« | 1/(%) Reciprocals | 1/1 1o | 1(%)

Smallest
Ratio 1 10} 2

“Raie | 1 0] 2

Miller Indices  (102) Miller Indices  (102)

to (100)

In Hexagonal System:
o
a1 =1 az = — a% C = O

The Intercepts:
1 -1 (e's) 0o

The Reciprocals:

& 10
Miller Indi 170 0)

(200) (100)
Figure 14 Indices of important planes mgub tal. The plane (200) is parallel to (100) and

c (0001
S
H [ _
O bl Y O
(L100) || M
_'-__ g3
al
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Crystal Directions:

We choose one lattice point on the line as
an origin, say the point O. Choice of origin is
completely arbitrary, since every lattice point L
Is identical. Then we choose the lattice vector
joining O to any point on the line, say point T. o] :
To distinguish a lattice direction from a lattice / g
point, the triple is enclosed in square brackets [1 f 1]

[ ...] is used.[ujuyuz] or [ngn,Ng].
[ninons] is the smallest integer of the same
relative ratios.

[111] direction

-~
L

| 210]

\

o | |
7‘\ e vy AL Y T -

~
(]

ro}—
to|—

X=1,Y=%,Z=0 X=% ,Y=%,2=1
[1%0] = [210] ['2"21] = [112]

When we writesthe direetion [nin,nz] depend on the origin, negative
directions can belwritten.as [n;71,73] .

V|

[110]

Origin . [110] NN

7 )
[100] v
/ | " 0
- R S Note new

origin

X=1,Y=0,Z=0 [100] X=-1,Y=-1,Z=0 = [110]
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Atomic Packing Factor (APF) (Packing Fraction) (PF) (Filling
Factor):

. . . . olume occupied by lattice points
For a Bravais Lattice: Packing fraction = 2°— PRy E

volum occupied by unit cell

atoms Vatom

APF =

Vcrystal
When calculating the APF, the volume of the atoms in the unit cell is

calculated as if each atom was a hard sphere, centered on the lattice point &
large enough to just touch the nearest-neighbor sphere.
H.W.: Of course, from Quantum Mechanics, we know ,hat this is very
unrealistic for any atom ?
Hexagonal close-packed (hcp): 0.74
Face-centered cubic (fcc): 0.74 (also called cubic close-packedy’ccp)
Body-centered cubic (bcc): 0.68
Simple cubic: 0.52
Diamond cubic: 0.34
The majority of metals take on either the hcp, ccp or bec structure.
Example 1: How to calculate packing fraction for, simple cubic lattice (sc)?
Solution:

To determine the packing fraction, onethas to find first the number of lattice
points in a given cell.
(i)The lattice point in this case refers<te a complete
number of atoms that a unit cell contains.
(i) In a sc, the atoms are in contact with one another
only along the edges of the celhas shewn in figure :
(iii) All the atoms are at the corners of the cubic
lattice.
(iv) Each atom at thesgorneris shared by 8 cells.

Thus, each atom contributes % th of it a unit cell. Since there are 8 atoms at the

. ) 1
corners N = The lattice points sc = 3 ¥ 8=1

This means that a unit cell in sc system has one atom to itself. Thus, volume, V,
occupied by this/atom is,

3
4 4 a
V=c-mr =—n’(—) ,
3 3. /\2

r= 25 (radius of atoms in terms of lattice parameters)
volume occupied by lattice points APF — N atomsV atom

Packing fraction =

volum occupied by unit cell ’ Vcrystal

4 (a\3
Packing fraction = (%) = % =52% This means that 48% of the

volume of a sc is empty, while 52% is filled with atoms.
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Example 2 : How to calculate packing
(bcc)?

Solution:

The primitive unit cell for the body-
centered cubic crystal structure contains
several fractions taken from nine atoms:
one on each corner of the cube and one
atom in the center. Because the volume of
each of the eight corner atoms is shared
between eight adjacent cells, each BCC
cell contains the equivalent volume of two
atoms (one central and one on the corner).

Each corner atom touches the center
atom. A line that is drawn from one corner
of the cube through the center and to the
other corner passes through 4r, where r is
the radius of an atom. By geometry, the

length of the diagonal is a+/3 . Therefore,
the length of each side of the BCC
structure can be related to the radius of the
atom by:

4r
a=—

V3

Knowing this and the formula for
the volume of a sphere, it becomes
possible to calculate thesAPF asyfollows:

2-2ar’
APF = atomsVatom VA §11'T
Vcrystal (ﬂ)s
V3

V3

29
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Example 3 : How to calculate packing fraction for Face-centered
cubic (fcc)?

Solution:

The FCC unit cell is formed by 4
atoms:
- 8 times one eighth of an atom at the
corners of the cube
- 4 times a half of an atom at the center of
the of the faces.

At the faces the atoms at the corners
and the center atom touch, so that the
perfectly fill the face. Hence the length of
the face diagonal is
D=r+2r+r=4r
From Pythagorean theorem you get
a2 + a2 - D2
=>
a=\8 -r=12 .2r

The volume of the cube cell is

Virysta = @ =V2 - 161

The volume of the atoms in the,cellsis
Vaoms =4 - (4'm-r?/3)=16-1R* /3

The packing fraction is

APF — NatomsVatom
v
=(16w1*/3)/ \/2-16-Cr§ysml
( )/ (
=7/ (3V2)

=0.74
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Hexagonal System:

Example 4 : How to calculate packing fraction for Hexagonal close-

packed?
Solution:

For the hexagonal close-packed structure the
derivation is similar. Here the unit cell
(equivalent to 3 primitive unit cells) is a
hexagonal prism containing six atoms. Let a be
the side length of its base and c be its height.
The volume of the unit cell of hcp can be taken

as 24+/2r3 . Then:

=2 =4 2
a=/<4r Cc = 37”
It is then possible to calculate the APF as

follows:

4 3
APF = atomsVatom — 6 §Tl’1"
Vcrystal 3\/§ 2¢
6 %nr3 O —nr T
APF = = ~ 0.74048
3v2

\/_(2)2(' sv‘fm

Note: Number of atoms 1n upper hexagonal plane = % X6=1

Number of atoms in lower,hexagonal plane = % X6=1
We note that each central atom is shared by two unit cells which means upper

- 1
and lower planes,contain 5 atom each.

~ Total number‘ef central atoms in both, upper and lower planes = % x2=1

and there are.three intersititial atoms.

=~ Total number of atoms in HCP crystal=1+1+1+3=6
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Sodium chloride Nacl:

Sodium chloride also crystallizes in a cubic
lattice, but with a different unit cell.
Sodium chloride structure consists of equal
numbers of sodium and chlorine ions placed at
alternate points of a simple cubic lattice.
Each ion has six of the other kind of ions as its
nearest neighbours:

This structure can be considered as a face-

centered-cubic Bravais lattice with a basis consisting of
a sodium ion at 0 and a chlorine ion at the center of the
conventional cell.

B LiF, NaBr, KCI, Lil, etc
B The lattice constants are in the order of 4-7 angstroms.

sodium chloride (NaCl)

Plag view

lattice: cubic F
basis
Na000o @

Cl vatals O

cesium ‘ehloride (CsCl)

lattice“etbic P
basis :
@000 @

Cl %alath O

Plan view

Ov

copper (Cu)

lattice: cubic F
basis :
Cuoo @
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H.W.: Q1, Q2, and Q3 in Introduction to Solid State Physics by Charles
Kittel, 8" Edition

Kittel,ch. 1, Q. 1

Tetrahedral angles. The angles between the tetrahedral bonds of diamond are
the same as the angles between the body diagonals of a cube, as in Fig. 10. Use
elementary vector analysis to find the value of the angle.

Solution:

- 4
Consider the body - centered ‘
cubic lattice. .
We want the angle made by
acb call it 0, i.e. we find the
angle between any two
vectors ay, ay, as:

a, = a(-%+y+2)

N 1 = 5 i v
a3 =-a(X-y+2) Kitte o
page: 10 B

Wl Used a;&a, ; If

0 is the angle e
between them, t %product gives:

a, -az = |a;| |az| cosO

A1 'az = 1,03, T Q a,,az,
= 2 2 T 2 2
laj| =a; = ay, ; lal=a; _\/a2x+a2y+a22

—a2

29-a. A1,02xtaqyazy+aq,a; 4 -1
oSO = S T R A
ap aq| |az (Ex/ﬁ)(ix/ﬁ)

os1 (‘?1) —109.4712206° = 109° 28 16.3

In calculator used key ,,, to obtained degree min sec

=
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Kittel, ch. 1, Q. 2

Indices of planes. Consider the planes with indices (100) and (001); the lattice
Is fcc, and the indices refer to the conventional cubic cell. What are the indices

of these planes when
referred to the primitive
axes of Fig. 117

Solution:
consider the the face-

centered cubic structure
- |
a; =-a(x+y)
2
1 A A
a, = Ea(y + 2)
3y = a(® + 2)
az = 2a XxX+z
The (100) plan in the

simple cubic basis refers to
the plane x=a.

Kkittel chl
age:11

p .

M
el
;

‘he angles between
EhP axes are 60°,

(100)

Figure AL The rhogibohedral primitive cell of the face-centered
cubic crystaliiThe piimitive translation vectors a,, a,, a; connect
the lattice point@Wthe origin with lattice points at the face centers.
As drawn, the primitive vectors are:

4, ex+V) ; a=laly+2) ;. a,=3a( +%) .

The intercepts of this plane omthe ay, Ao, A3 axis is giving by:

2a; = (a,a,0)
2a; = (a,0,a)
No intercept with a,

Theintercepts 202

The Miller indices are then given by looking at the reciprocals of the intercepts:

. 1
The reciprocals 5 0,

N =

And finding the smallest integers with the same ratio

The smallest integers (1 0 1)

In other words, the plane (100) in the simple cubic basis is (101) in the fcc
basis. Similary (001) in the simple cubic basis is (011) in the fcc basis.
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Kittel, ch. 1, Q. 3
Hcp structure. Show that the c/a

ratio for an ideal hexagonal close-

1

packed structure is (2)5 = 1.633. If

c/a is significantly larger than this
value, the crystal structure may be
thought of as composed of planes of
closely packed atoms, the planes

being loos'ely stacked.

Solution:

First recognize hexagonal close

packing has lattice points arranged in tetrahedral:

This means c is just one- half of the height of one tetrahedron.
Consider the following tetrahedron. Looking at.the ‘base of the
tetrahedron, we have:

a Y
30 = 2 d cos 30 [ =
= — = —= - e —
cos ] ana cos 5 \/§
Looking at the tip of the tetrahedron;,we have:
a2
h? + 12 = g? 5 h?P+—=2a? - h?==a?
3 3
2
Since ¢c=2h - h=§ 3 C:=—a2 —  c?=-qa?
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Kittel, ch. 1, Q. 3

Hcp structure. Show that the c/a ratio for an
ideal hexagonal close-packed structure is

1

(%)E = 1.633. If c/a is significantly larger than

this value, the crystal structure may be thought of
as composed of planes of closely packed atoms,
the planes being loosely stacked.

Another solution:

h.. .height of the equilateral triangle

a...lattice constant

1 3
h=+/a*>— (a/2)% = \fl—isza.:\/;*a
Distance x from an atom go the middle of the triangle:

T—g*h—g'-\ﬁ*a
R 3 V4

L_L*a
V3
; 1 2
g_vaz_:rgz az §ﬂ-2: §:}ca
c 8
a V3
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Chapter One:
Questions & Problem

Q.1 - Determine the relationship between the lattice parameter a and the
atomic radius r for monoatomic, SC, BCC and FCC structunes

Solution: Atomic radius is defined as half the distance betweenythe nearest
neighbours in the crystal structure of a pure element. Atomie radius is denoted
by r and expressed in terms of the cube edge element a. Onescan calculate the
atomic radius by assuming that atoms are spheres im, contact in a crystal.
Calculation of atomic radius in various crystal structures is Hiustrated as below:

_— _—T | A simple @ubic (SC) Structure: In SC
T o ‘;'7|r : structure, ‘atoms touch each other along
_ 1 " J il 7 .'Ia : the lattice as shown in this figure
| ,.f \ \ ! 2
", ! e}
/ 10 [} F
F / | B
I _ I F=a
_ Y____:*’/ Tl f I Area a2 = 4?’2
A — - N\ / !
| \ / \/ ha
r Yo/ Ilill/ — :;j
. \ b A
| .'\-I I." /a o
Y | L
—~————— g ———— —)—:“f
. e A
BCC Structure: The atoms touch each other along the diagonal of the Pre s )
cube as shown in figure. @bviously, the diagonal in this case is 4r. //I' P / *‘
! !
AC? = AB*% BCH= o + o = 24° : !
AD? 2 AC? +€D° = 2 + & = 3d? | |
(4% =3a’ l a
- I
[ [
4r a~3
or a= —F— and 2r = —— | !
J3 2 . |
a~3 Il - Y_
}" =
4
- 1677
area 3
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FCC Structure: Atoms within this structure touch along
the diagonal of any face of the cube. The diagonal
has a length of 4r.

AC* = AB* + BC*

or @t =d + o
2
}"2 _ 2a
16

or F= =

and area = = 8§

Q.2 - Draw the following planes in the case of a FCC structure: (112), (001)
and (101).

Solution

(i) Plane and direction (112): In this, we"have h = 1, k = 1 and | = 2. The
reciprocals of h, k and | are 1/0;, 1/T1/2,i.e. 1, 1, 0.5. Now, we can sketch the
plane with intercepts 1, 1, 0.5%alongwx-x, y-y and z-z axes respectively.

(ii) Plane of (001): Here h = 0/k'=0,’l = 1. The reciprocals are 1/0, 1/0, 1/1 i.e.,
o, oo, 1. We obtain the sketch ofi,the plane as shown in figure.

(iii) Plane of (101): Here,h =3k =0 and | = 1. The reciprocals are 1/1, 1/0 and
1/1,1.e. 1, o and 1. We obtain the sketch as shown in figure.

Z A ZA ZA
Ia
> ¥ >y / = > Y
/ /
xA&~ x & X
Plane (112) Plane (001) Plane (101)
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Q. 3 - Draw the planes and directions of FCC structures (321), (102), (201)
and (111).

Solution: (For a cubic system lattice, the direction [hkl] is perpendicular to
the plane (hkl).)

(i) Plane and Direction of (321): Here h = 3, k = 2, and | = 1. The reciprocals
are 1/3, 1/2, 1/1, i.e. 0.3, 0.5, 1. The sketch of the plane with intercepts 0.3, 0.5
and 1 is as shown in Fig. (a). A line drawn normal to this sketched plane and
passing through the origin gives the required direction.

(if) Plane and Direction of (102): Here h =1, k =0, and | = 2. The“reciprocals
of these are: 1/1, 1/0 and 1/2, i.e. 1, «, 0.5. The sketch of the,plane-with these
intercepts is as shown in Fig. (b). A line drawn normal to this Sketched plane
and passing through the origin gives the required direction;

(iii) Plane and Direction of (201): Here h =2, k = 0, and I'=_1. The reciprocals
of h and k, | are: 1/2, 1/0, 1/1, i.e. 0.5, «.1. The sketch of'the plane with these
intercepts is shown in Fig. (c). A line drawn normal to.this sketched plane and
passing through the origin gives the required direction.

(iv) Plane and Direction of (111): Here h =1, k =1, and | = 1. The reciprocals
of h, k and | are: 1/1, 1/1, 1/1, i.e. 1,1, 1.4The sketch of the plane with these
intercepts is shown in F ig. (d). A line drawn nermal to this sketched plane and
passing through the origin gives the required direction.

7 z
.. [102]
(321) Ly
\/

<—(102)

S

[201]~|  /
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Q.4 - An atomic plane in a crystal lattice makes intercept of 3a, 4b and 6c¢
with the crystallographic axes where a, b and ¢ are the dimensions of the
unit cell. Show that the Miller indices of the atomic plane are (432).
Solution: In terms of the lattice constants, the intercepts are 3, 4 and 6. Their
reciprocals are 1/3, 1/4, 1/6. On reducing to a common denominator, they
become 4, 3and 2. Obviously, the Miller indices of the plane are (432).

Q.5 - Write short notes on
(i) Bravais Lattices (ii) Coordination number

The answer in the lecture.

Q.6 - The number of lattice points in a primitive cell /are

(1) 3/2 (2) 1/2 (3) 2 (4) 1

Q.7 -The number of atoms present in the unit cell of HCP structure is
(1)2 2)4 Q) 6 (4) 12

Q.8 - The nearest neighbour distance in.BEC structure is
a3
a 2a Z_a
(1) % (2% S OF
Q.9 - The atomic diameter of/an FCC crystal (lattice parameters a) is
2a 2a a\/i 4a
(1) % (2% (3)—2 OF=
Q.10 - The lattice constant-efa BCC unit cell with atomic radius of 1.24 A

IS

(1) 1.432 A (2) 2.864 A B)L754 A  (4)1.432 A
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Q.11 - Determined the set of cube faces {100}?

Planes equivalent by symmetry may he denoted by curly brackets (braces)
around indices; the set of cube faces is {100} .

All the six faces of the cubic unit cell have same geometry, i.e. they are of the
same form. Thus Miller indices of all the six planes are represented by {100}.
This represents a set of six planes (100), (010), (001), (100), (0 10) and (001).

zZ zZ zZ
A A A
£ F - F E F > Y
||I| || THH A 7 A
TR, €71, 1%
_
AT /;"5// >y H G
. H G ‘iE
x*D c 7 D x*C D o
Plane (100) Plane (010) Plane (001)

Similarly {110} represents a set of six planes’(110), (101), (011), (110), (101),
and (011)

z z z
A A A
£ F
£ g F I F
T Tl -!— -|_--[
A ‘ ‘ B A /: ; B A B
= 7
I ‘ ‘ G i - EH i - H F‘y
D c D c
X;/ F X/D e
(@) Plane (110) (b) Plane (101) (c) Plane (011)
z z z
A A A
E E F o
F £ >y - >y
I NF A _—~ B
LN == 7
Al ! ‘ » y o >
B / G H /// H .//”/ G
& D c & D c D ¢
(d) Plane (110) (e) Plane (101) (f Plane (011)
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Q.12 -SHORT QUESTION ANSWERS

1. What is difference between crystalline and non crystalline solids?

Ans. Atoms in crystalline solids are positioned in an orderly and repeated
pattern whereas in non crystalline or amorphous materials there is random and
disordered atomic distribution.

2. How various crystal structures are specified?
Ans. The various crystal structures are specified in terms of parallelopiped unit
cells, which are characterized by geometry and atom positions within:

3. What is a space lattice?
Ans. A space lattice is an infinite array of points, all with identical surroundings.

4. How a crystal structure is obtained?

Ans. A crystal structure is obtained by combining a Space’ lattice with a basis.
The basis must give the number of atoms per latticeypoint, their types, mutual
orientations and distances of separation.

5. What is a single crystal?

Ans. Single crystals are materials “inwhich the atomic order extends
uninterrupted over the entirety of the specimen; under some circumstances, they
may have flat faces and regular geoimetric shapes. We may note that vast
majority of crystalline solids, however, are polycrystalline, being composed of
many small crystals or grains having'different crystallographic orientations.

6. What are the three relatively, simple crystal structures in which most
common metals exist?
Ans. FCC, BCC and HCP.

7. Mention two features,of crystal structure.

Ans. (i) Coordination number (or number of nearest-neighbour atoms), and (ii)
atomic packing (the fraction of solid sphere volume in the unit cell).
Coordination number and atomic packing fraction are the same for both FCC
and HCP crystalistructures, each of which may be generated by the stacking of
closed-packed planes of atoms.

8. How crystal‘directions and crystal planes are denoted?

Ans. These are denoted by Miller indices. A family of crystal directions or
planes includes all possible combinations of the indices, both positive and
negative. For a given crystal structure, planes having identical atomic packing
yet different Miller indices belong to the same family.
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Q.13 - Give examples of the following systems

I- Body Centered Cubic (BCC) Crystal Structure:
Examples:-

»  Chromium (a=0.289 nm)

» lron (a=0.287 nm)

» Sodium (a=0.429 nm) , where a is the lattice constant

Ii- Face Centered Cubic (FCC) Crystal Structure:

Examples:-
» Aluminum (a = 0.405 nm)
» Gold (a=0.408 nm)

Iii- Hexagonal Close-Packed Structure:

Examples:-
» Zinc (a=0.2665 nm, c/a = 1.85)
» Cobalt (a=0.2507 nm, c/a=1.62)

Very few examples of simple cubic lattices are known (alpha - polonium is one

of the few known simple cubic lattices).

Q.14 - Determine direction indices of the/given vector. Origin coordinates
are (3/4, 0, 1/4). Emergence coordinates'are (1/4, 1/2, 1/2).

Solution:

Subtracting origin coordinatesfromemergence coordinates,
(1/4,1/2,1/2) - (3/4, 0, 1/4) =(-112, 1/2, 1/4)
Multiply by 4 to convertiall fractions to integers
4 x (-1/2, 1/2, 1/4) =A=2, 272)

Therefore, the direction indices are [22 1]

A

Ohargan Tor position

coordinates
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for cubic System?

a
Q15-prove that dnia = Fmrs

In AONA

ON
COS &X= —
OA

ON is the length of the normal from
the origin, O to the plane ABC and It

represent  dp g

_dpa h . h
COS &= ?—g hkl >
h 2
COS? x= (gj d’hkl........... @)
0A 1_a
= ap =ax— = —
P=a*y =y
AONB : B = ON _ dhkl kd
s cos ~ 0B b p Gnki
k
)2
cos?p :(Bj d ... ... (2)
ON dpp 1
AONC=cosx=0C— % :c -
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cos?a + cos?B + cos*y =1...(4)

Substituting eq.s 1&2&3 into eq. 4 :

EEGECIE

In Cubic (a=b=c)

) 1
Akl :[ Y (k) (1)
(&) +(6) (e
d a
 Aprl =
VhZ + k2 + [
Crystal Volume conventional l
2
systems cell z
Cubic al s b h* + k*+ 17
—Z
Tetragonal ac h> + k> I?
a? c?
Orthorhombic abc h* k* 17
22 e
Hexagonal V3 , 4 (h? + hk + k?\ I?
o e 3 a? c2
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Q.16 dn Planes Spcing for cubic system:

Interplanar spacing between parallel closest planes with same miller indices is
given by
a

d —
R+ i+ 12
Where dy = interplanar spacing between parallel closest planes with
Miller indices h, k, and |
a = lattice constant (edge of unit cube)
h, k, I = Miller indices of cubic planes being considered

Q.17 - Copper has an FCC crystal structure and a.unit'eell with a lattice
constant of 0.361 nm. What is its interplanar spacimg dz220?

a
Aoy =
e VR k2T 12
) 0.361 ;
= = U.128mm
22+ 02

Q.17- Find the interplanar distanee, of (200) plane and (111) plane of
Nickel crystal. The radius of Nickel'atom'is 1.245 A.

Solution:

Nickel has FCC structure. Given'radius of Nickel = r = 1.245 A

Lattice constant =a =

Latt cant A4r 4xr 4x1.245 3524
attice constant = a = — = = = J.
V2 2 V2

d 3.52 1.76 A
200 — = 1.

V(224 02+ 02)

3.52 .

d111= =203A

V(12 $12 + 12)

Q.18- The lattice constant of a unit cell of KCI crystal is 3.03 A. Find the
number of atoms/ mmz2 of planes (100), (110) and (111). KCI has simple
cubic structure.
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Q.19 - Planar Atomic Density:

Is defined as the number of atoms per unit area that are centered on a given
crystallographic plane. The planar atomic density is calculated by using the
relationship

No. of atoms centered on the/plane

Pl tomic density = pp =
anar atomic aensity = pp Area of the plane

Q.20- Calculate the planar atomic density in atoms per-square millimeter
for the following crystal planes in BCC chromiam, ‘which has a lattice
constant of 0.28846 nm : (a) (100), (b) (110).
Solution:To calculate the density, the planar aréa and the number of atoms
contained in that area must first be determined.

2
(a) The area intersected by the (1 0 0) planednside the cubic unit cell isa while
the number of atoms contained is:
(4 corners)x (Y. atom per corner)'s,1aton:
a= lattice constant = 0.28846 nm
The density is:
planar atomic density = p,,

equiv. no. of atoms whose gentess are intersected by selected area
Pp =

selected area

1 atom

Pp = (0.28846 * 10-°m)?
pp = 1.202 * 10*3atéms/mm?

m 2
— 19 (™"
= (1202 « 10" atoms/m )(1000 )

BCC

(a) (100)
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(b) For the more densely packed (1 1 0) plane, there are:

1 atom at center + (4 corners) x (¥ atom per corner) = 2 atoms
And the area is given as

(V2a)(a) = V2a?

_ 2 atom
V2 % (0.28846 * 10-°m)?

Py = (2.35 % 10 atoms/m?)(10~° m? /mm?)

pp = 2.35 * 103 atoms/mm?

(b) (110)

Q.21- Calculate the planar atemiedensity in atoms per square millimeter
for the following crystal planes mFCC gold, which has a lattice constant of
0.40788 nm: (a) (100), (b) (110)s

2
(a) The area intersected, by-the’(1 0 0) plane inside FCC unit cell is a while the

number of atoms contained,is:

1 atom at center +(4 corners)x (%2 atom per corner) = 2 atom.
a= lattice constant = 0.40788 nm

The density is therefore:

planar atomic density = p,,

equiv, no. of atoms whose centers are intersected by selected area
Pp =

selected area

2 atom 2

P = (0.40788 * 10-°m)?
pp = 1.202 * 103 atoms/mm?

m
_ 19 ) (————
= (1.202 * 10"’ atoms/m*) (10()0 mm)
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crystal plane (100)
in FCC gold

(a) (100)

(b) For the more densely packed (1 1,0) plane, there are:
(2 face atoms) x(¥%2 atom) + ( 4 corners) %¥’(¥a atom per corner) = 2 atoms

And the area is given as
(V2a)(a) = V2a?

The density is thus:
2 atom

V2 % (0.40788410~°m)?
= (8.50%
+ 1018 atomss
/m?)(107% m? /mm?)

Py

pp = 8504 10 *atoms/mm?

49
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Q.22- Calculate the planar atomic densities of planes (100) and (110) in FCC
unit cell and apply your result for lead (FCC form).
Solution:

(i) Plane (100):
Number of atoms contained in
(100) plane is 4 x i +1=2

Let a Dbe the edge of the unit cell
and r the radius of the atom, then
a=2V2r
Planar density of plane (100)
Planar density of plane (100)

2 0.25

- 4><21‘2= T2

The radius of lead atom is 1.75 A
The planar density of (100) plane of
lead

Planar density of plane (100)

0.25

= (1.75 x 107)2
= 82
x 1012 atoms/mm?

Planar density of plane (100) =%8.2 x 1018

atoms
mz

(if) Plane (110): From Fig. (€);,we have the number of atoms contained in plane
(110):

Number of atoms contained’in (110) plane is 4 X % + 2 X % =2
The top edge of, the plane (110) is 4r, whereas the vertical edge = a

a = 2v2r Thusithe planar density of (110)
2 0177

8v2 r2 R

In case of (110) plane in lead, we have planar density =

Planar density of plane (100) =

0.177
(1.75%107)2
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Angle Between Two Planes or Direction:
Let us consider a cube having two planes ABCD and A,ﬁ
EFCD inclined at an angle with each other. Let hy kq, / “"“HH_H
I, are Miller indices of plane ABCD and h,, k, and I, are f "“‘“;,5
Miller indices of plane EFCD. The angle between these / /
two planes is given by the relation / /
hih, + kik, + 1,1, / /
cosf = 1 1 / /
(R + K+ 122 (3 + K5 + 132 Di <
H"“‘-x .f'{w &
Similarly, the angle @ between the two directions EC F

having Miller indices (hy ki, 1) and (h;, ki, 1))
respectively is given by the relation
hih, + ki k, + 11,

cos@ = T y
(h2 + k2 +12)2 (hi ki +12)2

Example : In a cubic unit cell, find the angle between normals to the planes
(111) and (121).
Solution:

Since the given crystal is cubic, the normals to the planes (111) and (121) are
the directions [111] and [121] respectively. If be the angle between the
normals, then

hihe A+ kik, + 111,

cosf = T T
(h¥+%&+ 12)2 (h + k2 + 12)2

IT%1l+1x2+1x1
cosf = - = 0.9428

1
(@2 F17 + 12)7 (12 + 22 + 12)2

0 =19.47° or 19° 28
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Chapter Two: (Crystal diffraction)
1 - Incident Rays & Braggs Law
2-( X-Ray - Neutrons - Electron )
3-Diffraction Method:
a- Laue Method. b- Powder Method c- Rotating method
4- Reciprocal Lattice
5- Lattice Structure Factor

Note: Correct typing error in chapter two " Introduction to Solid State Physics"
by Charles Kittel, 8" Edition:

®  Inpage 30 - Figure 6 - The phase factor under the outgoingyeam should
be elkr - the prime is missing on K.
B Inpage 36— The text between eq (30) and eq (31)=,"We have, using
(28)," should be "We have, using (29),".
® Inpage 42 - Equation (50) - the last "=" sign sheuld be deleted; sin(Gr)/Gr
Is part of the integrand.
(RS (o o Sig )

r

1 - Incident Rays & Braggs Law

Consider parallel lattice
planes spaced d apart. The
radiation is incident in the
plane of the paper. The path

difference for rays reflected

from adjacent planes is 2dsin ) f

0, where 0 is the angle-between N T
the incident ray and/the planes \’\ﬂ/ d
of reflection and called, as s ‘

g|anClng angle- Derivation of the Bragg equation 24 sin 8§ = n); here d is the spacing
of paralle] atomic planes and 2nx is the difference in phase between reflections
from successive planes.

Constructiveinterference of the radiation from successive planes occurs
when the path difference is an integral number n of wavelengths (A) .
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CB+ BD=nd
CB=BD=dsin 8
&is the angle between the incident
ray and the planes of reflection
Therefore, we have
2d sin &= nt
n=1273,......

where d is the infernlanar

| spacing of planes )

Reflection of Xrays from lattice,planes
in a crystal and derivation of Bragg’s law

s

f-{- Plane |
o

@ + Plane I

@---—- Plane Il

Reflection rules of X.ray diffraction for the commeoen metal structures

Crystal structure

Diffraction does not occur for

Diffraction occurs for

BCC h+ k+ 1= odd number
FCC h, k,  can have both even
and odd integer values
HCP h+ 2k =13n I odd (n —¢integer)

h+ k+ 1= even number

h, k, [ can be all even or all odd
numbers

All other cases

2dpg sin 0 = nA

(by William,L.awrence Bragg

(1912).

We must note that the Bragg’s reflection can occur only for
A < 2d . Although the reflectionsfrom each plane is specular,
for only certain values,of,0 willthe reflections from all periodic
parallel planes add up,in jphase to give a strong reflected beam.

Bragg’s law

If each plane were perfeetly, reflecting, only the first plane of a

parallel set would see the radiation, and any wavelength would be reflected. But
each plane reflects 1073 to 10~> of the incident radiation, so that 103 to 10°
planes may contribute to the formation of the Bragg-reflected beam in a perfect

crystal.
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The diffraction pattern obtained by them consists of a central spot and a
series of spots arranged in a definite pattern around the central spot. This
symmetrical pattern of spots is known as Laue pattern. The explanation for this
was given by Bragg. According to Bragg, the spots are produced due to the
reflection of some of the incident X-rays from the various sets of parallel crystal
planes (called as Bragg’s planes), which contain a large number of atoms.

l . 4000L
s ™., . (220} reflect
£ Main beam
Incident beam <~ g 3000~ peak intensity A=l
from x-ray tube g 180,000 ¢.p.m. 440)
or reactor o 2000 (
g _ § A=1164
8 (220) reflection
© 1000 A -0584 c
k _l\fll . ) 1 1
0° 10° S 40°

Y
o

= Beam from menochromator

-X _
>\\ To crystal specime

&
auff

Monochromating
erystal
on rotating table

<—Undeviated
components of

main beam
Figure 3 Sketch of a monochrwhjch by Bragg reflection selects a narrow spectrum of
x-ray or neutron wave) road spectrum incident beam. The upper part of the figurce

shows the analysis (o reflection from a second crystal) of the purity of a 1.16 A beam of
neutrons from a cal¢iun i stal monochromator. (After G. Bacon.)

* b CL B
S e

=0 BT S i
W i-vgu R —— ; Sasas !
Lt i . it b =1 ; 5 b TV s
Bl IARSeT o e S SR rn ey i e i e i TS b % B
o 40 s0° 1007 nee 120¢ 130 1400 b5l () RN L i

4 X-ray diffractometer recording of powdered silicon, showing a counter recording of the
iffracted beams. (Courtesy of W. Parrish.)
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Example: Determine the interplanar spacing when a beam of X-ray of
wavelength 1.54 A is directed towards the crystal at angle 20.3° to the

atomic plane.

Solution:

2d sin 6 = nA, A=1.54 A
2d sin 20.3°=1* 1.54 0=20.3°

154 154 ——
"~ 2sin20.3° 2x0.3469

Example: X-rays with wavelength of 0.58 A are used for calculating d,q in
nickel. The reflection angle is 9.5°. What is the size of unit cell?
Solution:

a

Vh? + k2 + 12
A=0.58 A & 0 =9.5°
a = a = 0.5a
V22 +02+02 2
Now, from Bragg’s law 2dy sin 6 =nA we have
2 X dypo Xsin9.5°=1x0.58
2% 0.5ax0.165=1x0.58

=28 o524
= 1165

dy0 =

Example Caleulate the Bragg angle if (111) plafies of a cube (a = 3.57 A) crystal are exposed to
X-rays (wavelength = 1.54 A)

Selution We have, Miller indices of the (1) plafies, i=1, k=1 and /=1, a=3.57°and A=1.54 A
Let #be the Bragg’s angle for the first order reflection.

[+

We have d= —————
NY TR T
dy, = 3.57 =206 A
V() +(1)% + (1)
Now, from Bragg’s law, we have
2d,, sin 6= nd
2x 206X sn @=1 x 0.54
1x0.54
sin &= =0.131
2x2.06
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Example For a certain BCC crystal, the (110) piane has a separation of 1.181 A. These planes are
indicated with X-ray of wavelength 1.540 A. Show that the maximum order of the Bragg’s reflection that
can be observed is n = 1.

Solution 2d sin 8= nd d=1.181 A
A=1510 A

2dsing

n: —

A
2x1.181sin 90°
= =1.53
1.540

Since the value of *#° can be integer only, and hence the highest possible value of 7 in'this case is 1.

Example The glancing angle of 1P is observed in first order Bragg's(reflestion. Show that the angle
Jor 3rd order reflection is 31,39
Selution For n=1,
For n=3,
From Bragg’s law, we have
2d sin & = 14 (First order)
2d sin 6 =34 (Third order)

{}ﬂ

o
]

=9

sin &) 1

sin &, B E
or sin &, =3sin & =3 xsin 109=3 x 01736 = 0.5209
: 6, = 31.30°,

Exampie A diffraction pattern of a cubiezervsiabof iattice parameter a = 3.16 A is obtained with a
monochromatic X-ray beam of wavelengith%,54 Ay The first line on this pattern was observed to have
& = 20.3°. Obidain the interplanar spacing and WMiller indices of the reflecting plane.

Solution 2d sin = nd 6= 20.3°
_J nA x’lf 1.54 A
25in & n=1
a=316 A
o 1x154
2 % 0.3469
=222 4
For cubic crystdl, wehave
d= —2% ——
NS S E
2 (3.16)°
or h2+k2+£2=a—=( ) =2
d? (2.22)?

Since (° + ¥ + ) = 2 and hence the Miller indices are (110) or (101) or (011).

56




Instructor: Dr. Ridha H. Risan  Solid State Physics

2018-2019  Chapter Two: Crystal diffraction

Example

[#4

Determine interatomic spacing when glancing angle of 30° is observed during first order
reflection in a crystal having Miller indices as (111). The wavelength of Xerays is 2 A.

Solution d= —— A=2A4A
I+ B+ 6= 30°
. a a n=1
JOreiray 3 | ATETIEE
Now, 2d sin 6= nd

2L Gin30°=1x2A

73
a=2J3 A

2- The Incident Beam :( X-Ray - Neutrons - Electron)

We study crystal structure through
the diffraction of photons, neutrons, and
electrons. The diffraction depends on the
crystal structure and on the wavelength.

At optical wavelengths such as 5000
A, the superposition of the waves
scattered elastically by the individual
atoms of a crystal results in ordinary
optical refraction.

When the wavelength of theyradiation
Is comparable with or smaller_than the
lattice constant, we may find diffracted
beams in directions quite*different from
the incident direction

X-rays:
The energy of_an x-ray photon is

e=hf ==

V=N — T
N - 1
5/ ~ I 1
[ | NX-rayphoton| | | .
| Figure 1 Wavelength versus parti-
r\ cle energy, for photons, neutrons,
oedl N and electrons.
. N N
5 LS
5 1-0, T B ~ mEEEE
@ I — Y
H i_ ~ — N u
= \ cutrons
05 - cutronst 11}
| ~ [Electrons hat \"4-_-.. j
I I \\ B Y
il i
|l T
0.1 T
i

—

5 100
Photon energy, keV
Neutron energy, 0.01 eV

Electron energy, 100 eV

related to its wavelength A by

12.4

() = vy

Where wavelength A in angstrom A and E is of the order of few keV. X-
rays are scattered mostly by the electronic shells of atoms in a solid, since the
nuclei are too heavy to respond. Crystal studies require photon energies in the

10 to 50 KeV as shown in above figure.
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Wavelength 1 am  100nm 10 nm lnny 100 pm 10 pm 1l pm 100 fim
I I L}
visi®E light

ultraviolet light hard X—rays

| 1 L J
Photon energy 1 eV 10evy 100 2V 1 keV 10 ke 100 ke 1 MeV 10 MeW

A A AR

—_— _,....——""'_'_r__
X-ray crystallography MMammography F-I!E-:lica_l cT Airport security
‘l.l‘_' [l = I'|
R T - )

Neutron:
The energy of a neutron is related to its#"de Brogli wavelength by
hZ

2M A2

€E =

p2

where M,=1.675%10% g is the mass of themeutron. We recall that € =

n

and the A is related to the momentum p by A = %
0.28

le(eV)]

Where € is the neutron energytin eV We have A = 1 A for € = 0.08 eV.

Because of their magnetic mement; neutrons can interact with the magnetic
electrons of a solid, and _neutron methods are valuable in structural studies of
magnetic crystals. In nonmagnetic materials the neutron interacts only with the
nuclei of the constituentatoms.

A(A) =

N[ =

Electrons:
The energy of an electron is related to its de Brogli wavelength
h2
by € = 2ma
where m=0.911*10% g is the mass of the electron.
o 12
AMA) =2 ——
[e(eV)]2

Electrons interact strongly with matter because they are charged; they
penetrate a relatively short distance into a crystal.
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3-Diffraction Method:

Max von Laue used a crystal of copper sulfate as the
diffraction grating (Nobel Prize 1914). Crystalline solids consist
of regular arrays of atoms, ion, or molecules with interatomic
spacing on the order of 1A.

The wavelength of the incident light has to be on the same order
as the spacing of the atoms. Reflection of X-rays only occurs when
the conditions for constructive interference are fulfilled.

The Bragg law requires that 6 and A be matched: monochromatic x-rays of
wavelength A striking a three dimensional crystal at an arbitraryy,angle of
incidence will not in general reflected.

There are essentially three methods: The rotating-crystal*method, the
Laue method, and the Powder Method. Regardless of the method used, the
quantities measured are essentially the same.

1) The scattering angle 20 between the diffracted, and “incident beams. By
substituting sin 6 into Bragg's law, one determines the.interplanar spacing as
well as the orientation of the plane responsible for thexdiffraction.

i) The intensity | of the diffracted beam. This quantity determines the cell-
structure factor, Fyq, and hence gives information concerning the arrangement
of atoms in the unit cell.

Example of scattering ‘

0 Alumlnum ( O)IS fce with [‘“ SN ::“'“-:::

. ‘J‘uhat is mlnlmum_energy l\ T X IS | v
x-ray that can satisfy th= | M| L= )
Bragg condition®? L r-- -\%l

< baNNE

H
- -
o I

. The Iar estidistance between planes is for 111 planes:
W3 =a/lv3

« Maximum A is 2d = 2 a /73 = 0.468 nm

* Using 'E.=hv =hc/i, (hc=1.24 %105 m = 1.24 10° nm), the
miRimum ‘energy x-ray for Bragg scattenng is 2.65 keV.

+/ Higher energy x-rays are needed for diffraction from all other
planes/in the crysta
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Laue Method.

: : NG I
This method can be used for a rapid ‘§ A
} ] etector
determination of the symmetry and O b U
orientation of a single crystal. :--j} '

The experimental arrangement is
shown in Figure. A white x-ray beam
- l.e., one with a spectrum of -
continuous wavelength- is made to g ¢ | mmm  mEm
fall on the crystal, which has a fixed f /
orientation relative to the incident
beam.

Flat films are placed in front of and
behind the specimen.

Since A covers a continuous range, the crystal selects thatyparticular wavelength
which satisfies Bragg's law at the present orientation, and a diffracted beam
emerges at the corresponding angle.

The diffracted beam is then recorded as a spot on the film.

But since the wavelength corresponding tosa spot is not measured, one cannot
determine the actual values of the interplanarspacings-only their ratios.
Therefore one can determine the shape but net therabsolute size of the unit cell.
A typical Laue photograph is shown in Figure.

Note that if the direction of the beam is an axis of symmetry of the crystal, then
the diffraction pattern should exhibit this'symmerry.

Figure shows the 6-fold symmetry.ef the'symmetry axis in Mg, which has the
hexagonal structure.

Diffracted

\-1:\\\ ,— beam—
Primary \\s
bsam

\\
Crystal
\.
Wy

I

(a) (b)

The Laue method: (a) Experimental arrangement. (b) Laue pattern for an
Mg crystal, with the x-ray beam parallel to the 6-fold symmetry axis.
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b- Powder Method (Debye Seherrer):

Chapter Two: Crystal diffraction

This method is used to determine the crystal structure even if the specimen is
not a single crystal.

The sample may be made up of fine-grained powder packed into a cylindrical
glass tube, or it may be polycrystalline, in which case it is made up of a large
number of small crystallites oriented more or less randomly.

A monochromatic beam impinges on the specimen, and the diffracted beams
are recorded on a cylindrical film surrounding it.

Because of the large number of crystallites which are randomly (oriented, there
is always enough of these which have the proper orientation relative to the
incident monochromatic beam to satisfy Bragg's law, and benee a diffracted
beam emerges at the corresponding angle as shown in figure. Since both, 6 and
A are measurable, one can determine the interplanar spacing.

Other sets of planes lead to other diffracted beams.corresponding to different
planar spacing for the same wavelength. Thus one can_actually determine the
lattice parameters quite accurately, particularly if theicrystal structure is already
known.

28 = 18_(]'_D
The x-ray powder diffraction ‘pattern for Cu. 26 is the scattering angle.

Note also that, since
the specimen is
symmetric  under
rotation around the
incident beam as an
axis, the diffraeted
beam corresponding
to each 4scattering
angle 26 fans ,out
along a cone whose
axis lies along the
incident beam.

I

X-ray

entry point of
incident rays

20 =180° \ - (20=0°

O

=S ° =%
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c- Rotating method

This method is used for analysis of the structure of a single crystal. The
experimental arrangement is shown in Figure. The crystal is usually about

I mm in diameter, and is mounted on a spindle which can be rotated.

A photographic film is placed on the inner side of a cylinder concentric with the
axis of rotation.

A monochromatic incident beam of wavelength A is collimated and made to
Impinge on the crystal. The specimen is then rotated, if necessary, until a
diffraction condition obtains, that is A and 6 satisfy Bragg's law.

when this occurs, a diffracted beam (or beams) emerges from.the erystal and is
recorded as a spot on the film.

By recording the diffraction patterns (both angles and intensities) for various
crystal orientations, one can determine the shape and Size of the' unit cell as well
as the arrangement of atoms inside the cell.

Crystal Film

Primary
beam

i

Diffracted
— beam

Primary
beam

QI_zﬁ'is, of rotation

Experimental arrangement for the rotating-crystal method.

method A 0
a- Laue Method. variable fixed
b- Powder Method
(Debye Seherrer): fixed variable
c- Rotating method fixed Partially variable
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4- Reciprocal Lattice:
We have seen that the diffraction of X-rays occurs from various sets of parallel
planes having different orientations (slopes) and interplanar spacings. In certain
situations involving the presence of a number of sets of parallel planes with
different orientations, it becomes difficult to visualize all such planes because of
their two-dimensional nature.
To solve the problem, Ewald introduced the new type of lattice known as the
reciprocal lattice.
The idea underlying the development was that each set of parallél planes could
be represented by a normal to these planes having length equal to'the reciprocal
of the interplanar spacing. Thus the direction of each normal“represents the
orientation of the corresponding set of parallel planes-ands its length is
proportional to the reciprocal of the interplanar spacing., The normals are drawn
with reference to an arbitrary origin and points are_marked,at their ends. These
points form a regular arrangement which is calledaa reciprocal lattice.
Obviously, each point in a reciprocal lattice is airepresentative point of a
particular parallel set of planes and it becomes easier to deal with such points
than with sets of planes.
One can construct a reciprocal lattice to a direct lattice using the following
procedure:
(i) Take origin at some arbitrary point,and draw normals to every set of
parallel planes of the direct lattice.
(i) Take length of each (normal equal to the reciprocal of the
interplanar spacing for,_thescorresponding set of planes. The terminal
points of these normals forkm the reciprocal lattice.

A reciprocal lattice vector, ayy;,AS defined as a vector having magnitude
equal to the reciprocal of the tterplanar spacing dy and direction conciding

with normal to (h k I)¢planes. Thus, we have opy = ﬁﬁ , Where 7 is the
unit vector normal to the (hk 1) planes.

Denoting the fundamental reciprocal vector o499, Gp102Nd 61 bY b_{ bj
and b_3) respectively, one obtains

— —
b—> azxa3
1=0100 - == S _ —

al'azxag
— ds; X a;
b2=0'010:___>___>—___>

a1'a2><a3
— a; X a,
b3 = 6¢01 =

a; -a, Xaz
Wherea; -a, X a3 = a,-az Xa, = az-a; Xa, Isthevolume of the direct
cell.
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Reciprocal Lattice Vectors:

As it mentioned previously T = u,a, + u,a, + usas, where u,, u,. Uz are integers
and a, ,a,, az are the crystal axes. Any local physical property of the crystal, such
as the charge concentration, electron number density, or magnetic moment

density is invariant under T.
In literature, sometime the primitive translation vectors a;, a, and a; of a
direct lattice (primitive vectors of crystal lattice) are related to the primitive

translation vectors b; = b, = by of the reciprocal lattice as:
- azxag

b1 =2M=—="=
dq-az Xas

— azxag

bz = 21'[% ———————————————— (*)
dq-az Xag

1 arxa;

b3 =2M=—=">=
dq-az Xas

The factors 2 are not used by crystallographer but are
convenient in solid state physics.

v’ aj,a,,and az : the primitive translation veetors of a direct lattice (primitive
vectors of crystal lattice i.e, crystal axes)
v bTE) and E) . the primitive translation“vectors of the reciprocal lattice
(the axis vectors of the reciprocal lattice)

Each vector defined by (eq.*) is orthogonal to two axis vectors of the crystal
lattice.

b, is normal to @, and a3

b, is normal to @ anday,

bs is normal to @y and @,

Thus _b_;E) and E have the property

b;-a; =2n6;; whered (6;;=1if i=j )& (6;=0 ifi#j)

( b, a;=2m, b, a; =0, b;: a; =0
b, @, 20, b, @, =2m, b;- a; =0
\ byuds; =0, b, a; =0, by @z = 2m

Points in the reciprocal lattice are mapped by the set of vectors
6 == v1b1 + vzbz + U3b3
where vy, vy, V3 are integers. A vector G of this form is a reciprocal lattice

2w

vector. c‘;’h,d = —T where 7 is the unit vector normal to the (h k I) planes.
hkl
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Diffraction Conditions:
Theorem. The set of reciprocal lattice vector G determines the possible x-ray

reflections. The wavevectors of the incoming and outgoing beams are k and k

: /Crysta] specimen

i

Tcident he Outgoing beamn
ncident beam =
lher e;kr

Figure 6 The difference in path length of the incident wave kat'the points O, r is r sin ¢, and the
difference in phase angle is (27 sin @)/A, which is equal to k™, For the diffracted wave the dif-
ference in phase angle is —k’ - r. The total difference in phase angle is (k — k') * r, and the wave
scattered from dV at r has the phase factor exp[i(K — k') - r] relative to the wave scattered from a

volume element at the origin O.

Eigureé 7 Definition of the scattering vector Ak such that
k 77Ak = k'. In elastic scattering the magnitudes satisfy
k"= k. Further, in Bragg scattering from a periodic lattice,
any allowed Ak must equal some reciprocal lattice vector G.

The amplitude of theyelectric or magnetic field vectors in the scattered
electromagnetic wave is proportional to the following integral which defines the

quantity F that we call the scattering amplitude:
F = j dV ner) expli(k — k) -r] = j av n(r) exp[—iAk - r]

Where ‘k=k= —-Ak or k+Ak=k
Here Ak measures the change in wavevector and is called the scattering

vector as shown in previous figure.
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When the scattering vector is equal to a particular reciprocal lattice vector,
Ak = G
In elastic scattering of a photon its energy Aw Is conserved, so that the
frequency of the emergent beam is equal to the frequency of the incident beam.
The magnitudes k and k are equal, and k? = k?, a result that holds also for
elastic scattering of electron and neutron beams. From (Ak = G) we found
K + G = K so that the diffraction condition is written as (K + G)% = K2or
2K-G+G*=0
This is the central result of the theory of elastic scattering ef,waves in a
periodic lattice. If G is a reciprocal lattice vector, so is -Gjandjywith this
substitution we can write the last equation as:
2K-G=G?.......... (The condition for diffraction)
(Another statement of the Bragg condition)
The spacing d(hkl) between parallel lattice planes/that-are normal to the

direction G=hb_1)+kb_2)+lb_3) IS: (d(hkl)= I%nl) . Thus the result

2K - G = G? may be written as:

2 . 2 . .
2 (7”) sin@ = d(h7ltcl) or 2d(hkl)sin® = A . Here 6 is the angle between the

incident beam and the crystal plane.

The integers hkl that define G are, mot necessarily identical with the
indices of an actual crystal plane, becausesythe hkl may contain a common
factor n, whereas in the definition of the indices in Chapter 1 the common
factor has been eliminated. We thus abtain,the Bragg result:
2dsin8 =nA .... Where,d gs,thesspacing between adjacent parallel
planes with indices h/n, k/nl/n.

Laue Equations:

The original result (AK'=4G ) of diffraction theory, may be expressed in
another way to give/what arecalled the Laue equations. These are valuable
because of their geometrical representation. Take the scalar product of both Ak
and G successively with a3y, a, and az. From (14) and (15) we get

6: vlb_1)+172b_2)+v3b_3) (15)
a, - AK'=2nv, , a, - AK = 2nv,, az - AK = 2mv,

These equations have a simple geometrical interpretation. The first equation
a, - AK = 2mv, tells us that AK lies on a certain cone about the direction of a;.
The second equation tells us that AK lies on a cone about a, as well, and the
third equation requires that AK lies on a cone about a3.
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Thus, at a reflection AK must satisfy
all three equations; it must lie at the i
common line of intersection of three i
cones, which is a severe condition that |
can be satisfied only by systematic
sweeping or searching in wavelength or
crystal orientation—or by sheer accident.

A Dbeautiful construction, the Ewald

construction, Illustrated in the figure
below. This helps us visualize the nature of the accident that must ogcur in order
to satisfy the diffraction condition in three dimensions:

D4

Figure 8 The points on the rightthand side are reciprocal-lattice points of the crystal. The vector
kis drawn in the direction of the incident x-ray beam, and the origin is chosen such that k termi-
nates at any reciprocal lattice point. We draw a sphere of radius & = 2%/ about the origin of k
A diffracted beam willbe formed if this sphere intersects any other point in the reciprocal lattice.
The sphere as drawnintercepts a point connected with the end of k by a reciprocal lattice vector
G. The diffrasted z-ray beam is in the direction k' = k + G. The angle & is the Bragg anple of
Fig. . Thisgenstruction is duato F. P Ewald.

You should“know more than Bob. Specifically you should know how to
determine the Bravais lattice from an x-ray diffraction measurement and for a
very good grade you should be able to explain how to determine the locations of
the atoms in the basis.
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BRILLOUIN ZONES:

Brillouin gave the statement of the diffraction condition
that is most widely used in solid state physics, which means in the description
of electron energy band theory and of the elementary excitations of other kinds.
A Brillouin zone is defined as a Wigner-Seitz primitive cell in the reciprocal
lattice.

The Brillouin zone gives a vivid geometrical interpretation of the diffraction
condition

2K-G=G?2......... (The condition for diffraction)
(Another statement of the Bragg condition)
2

We divide both sides by 4 to obtain: K- G G) = (% G)

We now work in reciprocal space, the space of the k’s and-G’S.
v’ Select a vector G from the origin to a reciprocal lattice peint.
v" Construct a plane normal to this vector G at its midpoint.
v" This plane forms a part of a zone boundary as shown in the figure.

An x-ray beam in the crystal will be diffracteduif 1ts wavevector k has the
2
magnitude and direction required by {K-%G = (36) } The diffracted beam

will then be in the direction k - G, as wensee from (kK + Ak = k) with

AK = —G . Thus the Brillouin construetion exhibits all the wavevectors k
which can be Braggreflected by the crystal.

D. ~ . Figuye Beciprocal lattice points near the point O at
t@grigin of the reciprocal lattice. The reciprocal lattice

: wector GG connects points OC; and G, comnects 0L

Two planes 1 and 2 are drawn which are the perpendic-

\ ular bisectors of G and Gy, respectively. Any vector
-

trom the origin to the plane 1, such as k,, will satisty the

diffraction condition k; *(3G) = (3 Go)% Any vector

trom the origin to the plane 2, such as k,, will satistv the

L]
. @
-

diffraction condition ks + (2 G,) = (3 G,
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The set of planes that are the perpendicular bisectors of the reciprocal lattice
vectors is of general importance in the theory of wave propagation in crystals: A
wave whose wavevector drawn from the origin terminates on any of these
planes will satisfy the condition for diffraction.

These planes divide the Fourier space of the crystal into fragments, as shown
in figure for a square lattice. The central square is a primitive cell of the
reciprocal lattice. It is a Wigner-Seitz cell of the reciprocal lattice.

Figure Square reciprocal Jasice with reciprocal
lattice vectors shown as fine blackWiries. The lines
shown in white are perpendijcularbidectors of the rec-
iprocal lattice vectors. The cenfal square is the small-
est volume about the orjgin which is bounded entirely
bv white lines. The sguare is the Wigner-Seitz primi-
tive cell of the reciprogal latfice. It is called the first
Brillonin zoné.

The central cell in the reciprocal lattice is of special importance in the
theory of solids, and we call it the first'Brillouin zone. The first Brillouin zone
Is the smallest volume entirely enclosed by planes that are the perpendicular
bisectors of the reciprocal lattice.vectars drawn from the origin. Examples are
shown in figures.

Figure ConstruCtion of the first Brillouin
zone for an oblique lattige in two dimensions. We
first draw a number of ve@pors from O to nearby

points in the reciprocal lattice. Next we construct

lines perpendicul@r to these vectors at their mid-
points. The smallestenclosed area is the first Bril-

louin zong'.
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Linear crystal lattice

- -
—_—

Reciprocal lattice

= T = T
k= [7] k= [7]

Figure Crystal and reciprocal lattices in one dimension. The basis vector in the reciprocal lat-
tice is b, of length equal to 27w/a. The shortest reciprocal lattice vectors from the in are b and
—b. The perpendicular bisectors of these vectors form the boundaries of the firg i
The boundaries are atk = =w/a.

Historically, Brillouin zones are not part of the
diffraction analysis of crystal structures, but the zones are~an ‘essential part of
the analysis of the electronic energy-band structure oftr@

Reciprocal Lattice to sc Lattice:
The primitive translation vectors of a simple ¢ ice may be taken as the
set:

53 = az
Here X,¥,Z are orthogonal vectors of un gth. The volume of the cell is
a, a, x as = a3 . The primitive tranSlati
are found from the standard prescription:

b—> azxaz g a — a;xa;
1

Il
()
A

a;-apxa;

itself a simple cubic lattice, now of lattice
f the first Brillouin zones are the planes normal

ctors *by,*b,,*bs at their midpoints:

constant (2—“) The
a
to the six reciprocal lattic

e i S gL T
2 AR ’ 202 = TRy

Z

_|_

by = ¥

N =
oA

The six planes bound a cube of edge and
of volume this cube is the first Brillouin
zone of the sc crystal lattice.as shown in figure:

2m/a
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Reciprocal Lattice to bcc Lattice:
The primitive translation vectors of the
bcc lattice as shown in this figure are

—_

a; =za(-X+y+2)

a, =zaX—y+2)

a; = a®@+y-2)

where a is the side of the conventional

cube and X,y,Z are orthogonal unit l
I
vectors parallel to the cube edges. The )
volume of the primitive cell is o N =
’l |
- = - 1 3 H‘“‘ZJ/
V= |al "dp X a3| = Ea Figure Primitive basis vectors of the body-centered
cubic lattice.

The primitive translations of the reciprocal lattice.are defined by (13).
We have, using (29),

T azxag . W agxa; 4L ajxaz
b1:21'[_,_) — , b2 =2T[_,_, — /, b3 =2T[_,_, — (13)
ajq-azXagz aq-azXas aj-azXas

[ b =2@+2) : b=2(R+%) Bs = &+ 9)....(31)

The general reciprocal latticewector is, for integral vy, Vs, V3
6 == v1b1 + vzbz + U3b3

- 2T / R A
G= (;) [(vy + v3)R Hilwgt v3)Y + (v, + v,)2]

The shortest G’s are theyfollowing 12 vectors, where all choices of sign are
independent:
(F)F972), (&) F=72), (Z)F=F9) oo (33)

a a
One primitive cell of the reciprocal lattice is the parallelepiped described by
theb,, b,, by défined by (31).
2Tt 2Tt

b, ="(§+2) : by=2(R+2) by =" R+9)n (31)

a a
The volume of this cell in reciprocal space is:

5 by cby =2 ()
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The cell contains one reciprocal

lattice point, because each of the
eight corner points is shared
among eight parallelepipeds. Each
parallelepiped contains one-eighth of
each of eight corner points.

Another primitive cell is the
central (Wigner-Seitz) cell of the
reciprocal lattice which is the first
Brillouin zone. Each such cell
contains one lattice point at the
central point of the cell. This zone
(for the bcc lattice) is bounded by the
planes normal to the 12 vectors of
Eq. (33) at their midpoints. The zone
Is a regular 12-faced solid, a rhombic

Figure
centeredcubig lattice. The figure is a regular
rhombié¢ dadecabedron.

First Byillonin zone of the body-

dodecahedron, as shown in figure:

Reciprocal Lattice to fcc Lattice:
The primitive translation vectors of the

fcc lattice of this figure:

a; =a(j +2)
a; =a(%+2)
= %a(f{ + )
The volume of the primitive celbis:

az

—_ — =, 1 3
V=|a1'az><ag|=za

The primitive translation vectors of the
lattice reciprocal.to'the fcc lattice are:

b ==(48+9+2) ; b,="(R%-§

Primitive basis vectors of the

Figure
face-centered cubic lattice.

+2) ; by ="TR+9-2)

These are primitive translation vectors of a bcc lattice, so that the bcc lattice is
reciprocal to the fcc lattice. The volume of the primitive cell of the reciprocal

lattice is 4 (27“)3

—_—aA— A= A

The shortest G’s are the eight vectors: (%“) (FXx+y+2

The boundaries of the central cell in the reciprocal lattice are determined for
the most part by the eight planes normal to these vectors at their midpoints. But
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the corners of the octahedron thus formed are cut by the planes that are the

perpendicular bisectors of six other reciprocal lattice vectors:

B)Fm,  (F) 2, (Z) F22) ... (38)

Note that (27“) (2%) is a
reciprocal  lattice  vector
because it is equal to
b,+ Da.

The first Brillouin zone is
the smallest bounded volume
about the origin, the
truncated octahedron shown
in figure. The six planes
bound a cube of edge 4m/a | . .. i o
and (before truncation) of | the face-centered cuhi-

The cells are in reciprota

am)3 . o
VOIume(_T[) and the reciprocal lattice is b
a .

centered.

4mia

Reciprocal Lattice

Brillouin Zone
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Direct Lattice

neel 3
[

Primitive Cell

Reciprocal Lattice

(bcc)

Brillouin Zone

Wigner-Seitz Cell for
Face Centered Cubic Lattice

Wigner-Seitz Cell for
ciprocal Lattice

Body Centered Cubic

. . Bri]ll:nﬁn Zone=
Wigner-Seitz Cell for Wigner-Seitz Cell for
Body Centered Cubic Lattice Reciprocal Lattice
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5- Lattice Structure Factor
When the diffraction condition of Eq. (21) is satisfied, the scattering
amplitude (18) for a crystal of N cells may be written as

F = de n(r) expli(k— k) -r] = JdV n(r) exp[—iAK 1] .......(18)
AK= G ... .(21)
F = Nde n(r) exp[—iG -r] = NS, ............(39)

The quantity S, is called the structure factor and is defined as an integral
over a single cell, with r = 0 at one corner.

Often it is useful to write the electron concentration n(r) as the superposition
of electron concentration functions n; associated with each atom juof the cell. If
r; is the vector to the center of atom j, then the function/nj(r, ="r;) defines the
contribution of that atom to the electron concentration at r._The total electron
concentration at r due to all atoms in the single cellds the'sum over the s atoms
of the basis.

S

n(r) = an(r ) I )

j—1
over the s at atoms of the basis. The decemposition of n(r) is not unique,
for we cannot always say how much/Charge density is associated with each
atom. This is not an important difficulty.
The structure factor defined by (39).may now be written as integrals over
the s atoms of a cell:

Sc = Zi j dV ni(r — 1) expl=iGu. 1]

Sc = Zi exp|—iG - 1] j dV'ny(p) exp[—iG - p] ..... (41)

where p =r — r; We nowydefine the atomic form factor f; as

fi = de n;(pyexp[—iG - p] ........(42)

integrated“ever all space. If n;(p) is an atomic property, f; is an atomic

property. We combine (41)and (42) to obtain the structure factor of the basis
in the form

Sc = ijexp[—iG 1] e (43)
J
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The usual form of this result follows on writing for atom j:

T,

Then, for the reflection labelled by v;, v, v3, we have
G r = (U1b1 + v,by + Usbg) - (xja_l) + yja_z) + Zja_g)) .. (45)

G r=2n (lej + vy, + v3zj)

so that (43) becomes

Sc(vy vy v3) = ijexp[—iZN(lej + vy + v3zj)] oo . . (46)
J

The structure factor S need not be real because the scattered intensity will
involve S'S where ** is the complex conjugate of S so that S-S is real.

NOT:
e'¥ = cosOL 1%sin 0
el?T = cos2m +isin2r =1+0=1=¢ 127
el =cosm+isinT=E1+0=—-1=¢7 "
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Structure Factor of the bcc Lattice
The bcc basis referred to the cubic cell has identical atoms at x;= y;=z,= 0 and

at X,= y,=2,= 1/2. i.e,, (000 & %%%) ; Thus (46) becomes
Sc(vy v, v3) = Z fjexp[_iZ”(”1Xf+”2yf+”3Zf)] ver eee w2 (46)

J

SC(U]_ UZ vg) == Slooo + Slﬁ :> Sc(vl UZ v3) == f}{l + exp[_i”(v1+v2+v3)]}

222

but : e?™ =cos2m+isin2r=1+0=1=e 32
e =cosm+isint=—-14+0=—-1=¢ W&
Where f is the form factor of an atom. The value of S(is.zero whenever the
exponential has the value -1, which is whenewer -the argument is
—im X (odd integer) . Thus we have
e S=0 when (v{ + v, + v3) = odd integer =
Reflections absent (reflection vanishes — cancellation)
e S=2f when (v{ + v, + v3) = even integer =
Reflections present (reflection occurs)

Planes (vq + vy + v3) Sc Notes

(100) odd 0 Reflections absent X
(110) even 2f Reflections present
(111) odd 0 Reflections absent X
(200) even 2f Reflections present
(210) odd 0 Reflections absent X
(220) even 2f Reflections present

Metallic sodium has a bccsstructure. The diffraction pattern does not contain
lines such as (100), (300 (111)yor (221), but lines such as (200), (110), and
(222) will be present;“heresthesindices (v, v, v3) are referred to a cubic cell.
What is the physical interpretation of the result that the (100) reflection

vanishes?

The (100) reflection, normally occurs when N
reflections from the planes that bound the cubic \\ /Aﬂ'{e’m”
cell differin phase by 2x. In the bcc lattice there S~ e T
is an intervening plane (as shown in figure) of \\\/// 2nd plane
atoms, labeledthe second plane in the figure, [ g 2
which is equal in scattering power to the other

. . . . Figure Explanation of the ahsence of a (100) reflection
planes. Situated midway between them, it gives from a body-centered cubic lattice,
a reflection retarded in phase by 7 with respect e e e e s
to the first plane, thereby canceling the adjacent planes is 1 +4™7 =1 -1=0.

contribution from that plane. The cancellation of the (100) reflection occurs in
the bcc lattice because the planes are identical in composition.
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Structure Factor of the fcc Lattice
The basis of the fcc structure referred to the cubic cell has identical atoms at

000;0-=; 20=; 220 . Thus (46) becomes :
222 2 22

Sc(vy v, v3) = z fjexp[_iZ"(”1Xf+”2yf+”3zf)] v ee et (46)
J

Sc(v1 V2 v3) = Slogo + Slo% + S|%O% + S|%O

o If all indices are even integers, S= 4f; similarly if all indiCes.are odd integers.
e But if only one of the integers is even, two of thepexpanents will be odd
multiples of and S will vanish.

e |If only one of the integers is odd, the same argumentsapplies and S will also
vanish.

e Thus in the fcc lattice no reflections can occur for which the indices are partly
even and partly odd.

e S=0 when (v1&v,&v3) =
If one of them different (even or odd)fex the other two i.e., ( mixed) =
Reflections absent (reflection vanishes/— cancellation)

e S=2f when (v1&v,&v3) = areevendntegers or are odd integers =

Reflections present ( reflecCtign oecurs)

S =0 when (v,&v,&v3) not alljedd or all even = Reflections absent
S =2f when (v{& v,& v; palllodd or all even = Reflections present

Planes (V1 &v5& v3) Sc Notes

(100) mixed 0 | Reflections absent X
(110) mixed 0 | Reflections absent Xx
(111) ar@odd integers 2f | Reflections present
(200) are even integers 2f | Reflections present
(210) mixed 0 | Reflections absent X
(220) are even integers 2f | Reflections present
(112) mixed 0 | Reflections absent x
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The point is beautifully illustrated by this figure: both KCI and KBr have an
fcc lattice, but n(r) for KCI simulates an sc lattice because the K_and Cl_ ions
have equal numbers of electrons.

[ | [ | | | I:EI:II:I:I [
Kl
(220)
ﬂdiﬂ}(qﬂgj (223 l J
A | |J' L I ) I_-.--
[ [ [ [ [ [ I:EDD:"
KEr
(220;
(111
20 (400) (223)
)

&0 T 60" a0 40 30 a0
-

Figure  Comparison of x-ray reflections from KCl
and KBr powders. In KCl the numbers of electrons
of K™ and Cl ions are equal The scattering ampli-
tudes fAIK*) and fC1™) are almost exactly equal, so
that the crystal looks to x-rays as if it were a
monatomic simple cubic lattice of lattice constant
a/2. Only even integers oceurin the reflection indices
when these are based on a cubic lattice of lattice con-
stant @. In KBrthe form factor of Br™ is quite differ-
ent to that of K¥, and all reflections of the fec
lattice are present. (Courtesy of R. van Nordstrand.}
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Atomic Form Factor:

In the expression (46) for the structure factor, there occurs the quantity f;
which is a measure of the scattering power of the js atom in the unit cell. The
value of f involves the number and distribution of atomic electrons, and the
wavelength and angle of scattering of the radiation. We now give a classical
calculation of the scattering factor.

The scattered radiation from a single atom takes account of interference
effects within the atom. We defined the form factor in (42):

fi = jdV n;(r) exp[—iG - 1] ..........(49)

with the integral extended over the electron concentration associated with a

single atom. Let r make an angle « with G; then G, r =.Gr cosa. If the
electron distribution is spherically symmetric about.the origir, then

fi = Zﬂf dr r?d(cos a) n;(r) explg iGrcos af

e iGr __ e—lGT‘

—iGr

fi= andrrz n; (1)

after integration over d(cos a) between -1 and,1. Thus the form factor is
given by

sin Gr

fi = 47Tj dr/n(r)n? REU :11)

If the same total electron«ensity were concentrated at r = 0, only Gr =0 would

: : .. SinG
contribute to the integrand. Inthis limi Slg—rr =1,and

fi = 471[ dr nj(r)r* =7 ...........(51)

the number of atomie, electrons. Therefore f; is the ratio of the radiation
amplitude scattered, by the actual electron distribution in an atom to that
scattered by one“electron localized at a point. In the forward direction G = 0,
and f reduces again to the value Z.

The overall electron distribution in a solid as seen in x-ray diffraction is fairly
close to that of the appropriate free atoms. This statement does not mean that
the outermost or valence electrons are not redistributed somewhat in forming
the solid; it means only that the x-ray reflection intensities are represented well
by the free atom values of the form factors and are not very sensitive to small
redistributions of the electrons.
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Diffraction Conditions for Cubic Unit Cells:
The analysis of x-ray diffraction data for cubic unit cells can be simplified

by dnr = ﬁ with the Bragg equation( A = 2d sin 6) or (d =

A ) glvmg 1= 2asin 6@ '
2sin@ J(2+k2+12)

This equation can be used along with x-ray diffraction data to determine if a
cubic crystal structure is body-centered or face-centered cubic.

To use the last equation for diffraction analysis, we must knowswhich crystal
planes are the diffracting planes for each type of crystal stnucture” For the
simple cubic lattice, reflections from all (hkl) planes are possible,

v However, for the BCC structure diffraction occurs only*an jplanes whose
Miller indices when added together (h + k + |) total to(anseven number (as
shown in the table below. Thus, for the BCC crystalnstrueture the principal
diffracting planes are {110}, {200}, {211}, etc., whi€h are listed in the table.

v" In the case of the FCC crystal structure, the principal=diffracting planes are
those whose Miller indices are either all even or all,odd (zero is considered
even). Thus, for the FCC crystal structure the diffracting planes are {111},
{200}, {220}, etc., which are listed in the tahle.

Table Rules for Determining the Diffracting {hk/} Planes in Cubic Crystals

Bravais lattice Reflections present Reflections absent

BCC (h +k+1) =leven (h+k+1) =odd

FCC (h, k. [)sall pdd omall even (h, k.I1) not all odd or all even

Table Miller Indices of the Diffractimg Planes for BCC and FCC Lattices

Cubic

. diffracting
Cubic planes {hki)
planes Sum
{hkl) h + k> W Th*+ K+ 17 FCC BCC
{100} 12 4+ 0% + 0 1
{110} 12+ 18 +0? 2 110
{111} WL 12 + 12 3 111
{200} 22X 0% + 02 4 200 200
{210} 22+ 12+ 07 5
211} 224+ 12417 6 211
7
{220} 22 422 407 8 220 220
{221} 22 422 412 9
{310} P12 4+07 10 310
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Diffraction Conditions for Cubic Unit Cells:
The analysis of x-ray diffraction data for cubic unit cells can be simplified by

combining: {dhkl = ﬁ} with Bragg equation {1 = 2dsin6}. We get:
{ __ 2asin®

\/W} . This equation can be used along with x-ray diffraction data

to determine if a cubic crystal structure is body-centered or face-centered cubic.
The rest of this subsection will describe how this is done.

Interpreting Experimental X-Ray Diffraction Data for Metals with Cubic
Crystal Structures

By squaring both sides of {/1 = \/%} and solving for sin2«€., we obtain
. 2 AR?+k?+1?)
(sin@)“ = g

From x-ray diffraction data we can obtain experimental’ values of 26 for a
series of principal diffracting {hkl} planes. ‘Singe the wavelength of the
incoming radiation and the lattice constant a are ‘Both constants, we can
eliminate these quantities by forming the ratio of two sin’ 6 values as

sin®6,  hj+ki+ 13
sin? 0 h3 + k3 + 12

where 6, and 6z are two diffracting amgles associated with the principal
diffracting planes {h skalp} andi{h gkalg ¥ respectively.

Using last equation and the Miller indices of the first two sets of principal
diffracting planes listed in Tablefer BCC and FCC crystal structures.

Table Miller Indices of the'Biffracting Planes for BCC and FCC Lattices

Cubic
. diffracting

Cubic planes {hkl}
planes Sum
{hkl} B+ k24P TP+ P+ 1 FCC BCC
{100} b+ 0% + 0 1
{110} 12912 +0? 2 110
{111} 12 412 4 12 3 111
{200} 22 + 02 407 4 200 200
{210} 22 412 4+ 07 5
{211} 224+ 12+ 12 6 211
7
{220} 22 422 407 8 220 220
{221} 22422412 9

0} P +12 407 10 310
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We can determine values for the sin’9 ratios for both BCC and FCC
structures. For the BCC crystal structure the first two sets of principal
diffracting planes are the {110} and {200} planes (Table). Substitution of the

; 2 2 2,12
Miller {hkI} indices of these planes into Eq {(S‘“ TN %} gives
B B''B
sin8, 12+ 12 + 02

= ] 0.5
sin? g 22 + 02 4+ 02

sin O

Thus, if the crystal structure of the unknown cubic metal is BCC, the ratio of
the sing values that correspond to the first two principal diffracting,planes will
be 0.5.

For the FCC crystal structure the first two sets of principal diffracting planes
are the {111} and {200} planes (Table). Substitution of the Miller {hkl} indices

in0,\2 _ hi+k3+15) .

of these planes into Eq. {(

sin8, 12+ 12+ 12
_ = = 0.75
sin? 8 22 + 02 4+ 02
Thus, if the crystal structure of the unknown cubic metal is FCC, the ratio of
the sin® 0 values that correspond to the first twesprincipal diffracting planes will

be 0.75.

sin fg

Unknown

metal

| |

Crystallographic

Analysis

. 3

Sin' Sin’6,
29075 =0.5

. . 2
SIn Gy Sin“ 6y

FCC BCC
Crystal Crystal
Structure Structure
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Problem:

An x-ray diffractometer recorder chart for an element that has either the
BCC or the FCC crystal structure shows diffraction peaks at the following
20 angles: 40, 58, 73, 100.4, 86.8, and 114.7. The wavelength of the
incoming x-ray used was 0.154 nm.

a) Determine the cubic structure of the element.

b) Determine the lattice constant of the element.

¢) ldentify the element.
H Solution

(@) Determination of the crystal structire of the element. First, the sifi®@, values are
calculated from the 26 diffraction angles.

28(deg) #(deg) sin # sin® @
40 20 0.3420 0.1170
58 29 04848 0.2350
73 365 0.5448 0.3538
86.8 434 06870 04721
1004 502 0. 7683 0.5903
1147 57.35 0.8420 07090

Next the ratio of the sin® & values of theyfirst and second angles is calculated:

sinfd 0,117
sing 0,238

= 0,498 == 0.5

The crystal structure is BCCsince this ratiois ~= 0.5, If the ratio had been
7= 0,75, the structure wouldhave been FCC.
(&) Determinafion of the laftice constani. Rearranging Eq. 3.12 and solving for

a‘gives
o AMERP4 R4 IR
= ————
4 sin® &
or
MRt k41
g = = B S—
2 sin” &

Substituing/into Eq. 3.17 A = 1,k = 1,and ! = O for the #, &, [ Miller indices
of the first/set of principal diffracting planes for the BCC cry stal structure,
which are the {110} planes, the corresponding value for sin® @, which is 0.117,
and .154 mm for ». , the incoming radiation, gives

0.154 12 + 12 + 02
a = M Y 5318 um -
5 0.117

(o) Hdentification of the element The element is tungsten since this element has a
lattice constant of 0.316 nm and is BCC.
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Q.1) Explain how with the help of X-ray diffraction techniques, the lattice
dimensions are determined.

Q.2) Write short notes on
(i) Bragg’s law. (ii) Electron and neutron diffraction.

Q.3) Discuss Bragg’s law of X-ray diffraction. Describe how the powder
method is used for the determination of crystal structure.

Q.4) State and explain the Bragg’s law of X-ray diffraction."What are its
uses?

Q.5) Derive Bragg’s law by using the simple case“of, in€ident x-ray beams
being diffracted by parallel planes in a crystal.

Q.6) Name the three most important kinds of probes used in diffraction
experiments on crystal. (Hint: See figure page "50" in the lectures).
Discuss the essential condition that the wavelenth of each probe must
satisfy if it is to be useful in understanding ¢rystal structure.

Q.7): Briefly (in a few English sentences) Define or Explain the following
terms:

(1) Reciprocal Lattice.

(2) Reciprocal Lattice Vector

(3) Brillouin Zones

(4) Structure Factor

(5) Atomic Form Factor

(6) Bragg’s law of Diffraetion

(7) Laue Condition (Laue Equations)

(8) Ewald construction

Q.8): Derive Reciprocal Lattice to sc Lattice
Q.9): Derive"Reciprocal Lattice to bcc Lattice

Q.10): Reciprocal Lattice to fcc Lattice

Q.11) Consider a crystal with the simple cubic (SC) lattice structure. The
primitive lattice vectorsare a; = aX; a, = ay ; a3 = aZ

where a is the lattice constant and X, y,Z are the usual unit vectors for a
Cartesian coordinate system. Prove that the reciprocal lattice is simple
cubic also.

Ans. : page "'69" in the lectures
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Kittel - ch. 2 - Q.1 : Interplanar separation. Consider a plane hkl in a crystal

lattice. (a) Prove that the reciprocal lattice vector G= hb_l) + kb? + lb_g) IS
perpendicular to this plane. (b) Prove that the distance between two

adjacent parallel planes of the lattice is d;y,; = |62_n (c) Show for a simple

hklll
2

. . 2 _ a
cubic lattice that d* = e

Solution:

To prove that the reciprocal lattice vector G = hby + kb, + Ibs is
perpendicular to this plane, it suffices to show that G is perpendicular to two
nonparallel vectors in this plane. The crystal plane with Miller'indices hkl is a

plane defined by the intercept points =*, 22, and =*. Two ve¢tgrs,that lie in the

aq az aq as
plane may be taken as (7 — 7) an:l (7; = - Bute
gives zero as its scalar product with G = hb; + kb, +lbsy,, S0 that G must be
perpendicular to the plane hkl.

If we prove that

). . But eaehyof these vectors

E-(%—%)=o - (0=0) - A(G L plane hkl)

a.(ﬁ_ %’):(hb_{+kb_£+li)_§)' (%_ %)

Y P e P
=—(b1'a1) —E(bl'az)‘FE(bz'al)—E(bz'a2)+ﬁ(b3'a1

e
-7 (b3 - az)
But b;-a; =2m6;; wheren(6;;=1if i=j )& (6;;=0 ifi#}))

— — —

b1 a_1)=21'[, bz a;=0, b3_d_1>=0
b, a;=0, b, a;=2m, by a;=0
b, "a; 0, b, a; =0, bs - az = 2m
_ (a; a3
G [2-2)=0
%)
Similary E-(%—%)=O

so that G must be perpendicular to the plane hkl.
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Kittel - ch. 2 - Q.1 — (b) Prove that the distance between two adjacent

. . 2
parallel planes of the lattice is dj,,; = ﬁ
hkl

See: solid state physics by BLAKMORE - Page: 69-70)

If i is the unit normal
to the plane, the
interplanar spacing

. (Aa; ~ G
|s( - )& (n=ﬁ).
Referring to figure,
we can see that both Gy,
and the vector from the
origin of direct space to
the (hkl) plane can be
expressed as multiples of
a unit vector n. The
equation of the (hkl)
plane is that

Gue= G T

thl

|thl|
For any vector I whose

dhkl =Fﬁ=l_')

magitude is larger than d,,,; , dnd thewector (a;/h) obviously qualifies as being
of adequate length. Thus

a5 Gy _ ;- (hby(+ Kb} + Iby)
h| G| Rl G|

hkl

h(a;-by) + k(@ b;) +1(a;-b;)  h(2m) + k(0) + 1(0)
h[Grrl h| G|

d pp =

—_— —

bl'E;=Zﬂ, bz-_de(), b_3>E;=0
21

d pe = —
hkl |%>|
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ittel - _0.1- - ic latti 2___ @
Kittel - ch. 2 - Q.1- (c) Show for a simple cubic lattice that d ETENDEE

For simple cubic (SC) lattice

G = hb, + kb, + lbs

- 2T\ 2T\ 2T\
G=(h—>x+(k—)y+<l—)z for sc
a a a

. 2mh\?  2mk\? /2ml\? 2
|G|=\/<i> +<L> +<L) _ _n\/h2_|_k2+lz
el el el a

p 2T 2T
hkl = —=, —
|Grea| %ﬂ\/h2 +kZ+ 12
d _ a
SN/
2
d? 2

TR+ k242
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Kittel - ch. 2 - Q.2 : Hexagonal space lattice. The primitive translation
vectors of the hexagonal space lattice may be taken as

o (B)5r (B9  em (Br (9 1 wumet
\/§a2c).

(a) Show that the volume of the primitive cell is (
(b) Show that the primitive translations of the reciprocal lattice are
2w\ ~ 2T\ ~ . _ (2m) o AP _2m
bi=(7o)2+ ()7 ¢ ba=(50)%+ (3)7 : bs=T2
so that the lattice is its own reciprocal, but with a rotation of axes.

(c) Describe and sketch the first Brillouin zone of the hexagenal space
lattice.

Solution:
Volume of primitive cell = a; - (a; X az)
x y z
a;xa;=|"vV3a @
2 X a3 = — 0
2 2
0 0 c
X y ZI X Yy
— 7 _|-V3a a -/3a a
a, X az = a a
2 3 2 z)&o 2 2
0 0 cl 0 0
o ac _ —Vv3.ac
a; X a; = (Tx—0)+ 0—— |+ (0-0)

x||%|cos0 = 1
X||y|cos90 =,0

w @A) )+ @) ()
R V3 a?c V3 a?c\ 2vV3d%c
al-(azxa3)=< >+< >=

=) &) -

4 4 4

., V3a’
a, - (a; xaz) = >
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Kittel - ch. 2 - Q.2 : Hexagonal space lattice. (b) Show that the primitive
translations of the reciprocal lattice are

2w\ ~ 2T\ ~ . _ (2m) o AP _2m
bi=(7o)2+ ()7 ¢ ba=(50)%+ (3)7 : bs=T2
so that the lattice is its own reciprocal, but with a rotation of axes.
Solution:

b, = 21 azxaz . bo=2 azxay; | ba =2 ajxa;
V= 2 avaxa; * 27 “lagagxa | 3 T arapxa;
o 3 a’c
a, - (a; xaz) = >
X y 2z
& az X az = ‘f“ =0
0 0 c
X y Z| X y
0 0 ¢ 0 0\/_
— ac N —V3ac| _
a2><a3=(7—0)x+[0— > ]y+(0—0)
., _, ac_ +3ac_
a, Xaz = 2x+ 2 y
ac.. +3acli
%3 2 Xtas Y
— 2 3
b; =2n—— = 21
a; ra, X az 43 a%c
2
b <2n>,\ <2n>
= _x —
1 a a Yy
— a; Xa
b2=2T[_).3_, 1
a1 azxag
x y z
s 0 0.c
@XM =B aNa
— = 0
2 2
X y zZ| X y
y 10 0 c| O 0
B*UZ1/Z3a a 0\/§a a
2 2 2

SN

az; X a; =

[
N‘Q
g}
—
=)
+
/-~
Ll
o
N——
<)
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G5

_>_ — = — _\/§a20
bz—ZT[ a_l,a_z,xa_g, & a1 (azxag)— 2
—ac\ . V3 ac) ..
. ( 2 )x+< 2 >3’
b2=2T[ \/§a2c
2
—2macy.. . (2m/3 ac) .
b_,_( 2 )x+< 2 )3’_ (—mac)x + (V3 ac)y
2T V3 a?c a V3 a?c
2 2
b (—2n>A+ (21t>A
=|—|x N
2 \/§a a y
X V.2
. s 3a a
by = 2n 2L axa=7 €
1°d42 3 —\/§a a
- 0
2 2
x y 2z X y
3a a 0 3a a
a;xa;=| 2 2 2 2
—V/3a a 0 —V/3a"“a
2 2 2 2
a1><a2=0+0+ ) — 4 VA
., (V¥3a* V3a*N\_ (V3a*\
a; Xa, = ) + 1 zZ = 2 VA
V3 a?\ . V3 a? 5
b, = ai X3, 2 2 21 :
3 a; ra, Xag a;-a; Xag V3 a?c
2T A 2
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Kittel - ch. 2 - Q.3 : Volume of Brillouin zone. Show that the volume of the

3
first Brillouin zone is{(zlf)

}Where V. is the volume of a crystal primitive

c

cell.

Hint: The volume of a Brillouin zone is equal to the volume of the primitive

parallelepiped in Fourier space. Recall the vector identity
(cxa)x(axb)=(c-axb)a.

ie.,: (a3 xap) X(ay Xay) =(az-a; Xa)a,
solution:
— a;Xas — azxap — a;Xay
b1=2ﬁ% ; bz =2T[% ; b3 =2 %
aji-azXasz aj-azXagz ai-azXas

Viz :b_1)(b_z)><b_3))

a, X ag az X a; a, Xa,
= ZHT_) ' Zﬁﬁ X Zﬁﬁ
a1-a2><a3 al'azxag al'azxag

2 3
oz = | e @ X ) Giga)¥ @i x 39
v“(exa) X (axh) =(c-axb)a.
|e, . (ag X a1) X (a1 X az) = (a3 - a1 X az)al
(o AN
Vpz = {(a—1> 2 X a_3’)3} [(azXag)* {az - a; x az}a,]

V. = Volume of primitive cell =a; -a, xa; = a3 a; X a,
= a, - a3 %a, = Scalure quantity

o _ [ e o

BZ = {{5}’-5’{ £ 5;}3} [{(az x a3) - a;H{az - a; X a,}]
3

Vpz = K

a; a,%a;
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Remember

A
axb
N b
n
e
bxa a
=-axb

This little cycle diagram can help you remember these results. axb=(ai+dgj+ ﬂg%-l— baj + bak)
i _ s .
ik (D \ Pxie K =arbi(i =) ba(i +arba(ix k)

ixk=i j o« 1)+ ’Xj:}-l-agbg(jxk)
% 1)+ anba(k % j) + azba(k x k)

kxi=j 'k i oixk=_j
w

a=(a1,a2,a3) = mi+asj+azk
b = (b1, bo, by) = bii + baj + bsk

ax b= (a1i+ asj) x (bri+ boj) a2 ;3 O e O e
— ayby(i x i) + arba(i x §) + azbu(j x i) + azbaj x j) bo Chal b by 1by by
ixi=0=jxjandthatix j=k = —j =i,
axb=(aby —asb )k
.
by b
e [
a-b=|al x| cos(8) [ a
Whe_re. ay b '
|a] is tbe ma (length) of vector a b
|b| is the gnitiide (length) of vector b _fr
Ais angle ween a and b | b
i X

a-b=ayxby+a,xby

Like shining
where the shadow lies
a-b=|al x|b|] x cos(8)

a-b=|a| xcos(8) x |b] a-b=|al x |b|] x cos(8)

The dot or scalar product —— = A8 =|4|"|B|cos8

Where |A] and |B| represents the magnitudes of vectors A and B
and @ is the angle between vectors A and B.

A=ai+a, j and B=bi+h, | |:> A+ FB=aq b+a b
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Chapter Three: (Lattice Dynamics)

1- Lattice Vibration
Elastic Waves
2- Vibrational Modes of Linear Monatomic Lattice
First Brillouin Zone
Phase and Group Velocity
3- Diatomic Linear Lattice ( Two Atoms per Primitive Basis)
Vibrational Modes of Diatomic Linear Lattice
4- Acoustic Phonon Branch
5- Optical Phonon Branch
6- Quantization of Llastic Waves
Phonon Momentum
7- Inelastic Scattering by Phonons

Note: Correct typing error in (ch. 4) " Introduction to:Solid State Physics" by
Charles Kittel, 8" Edition:

® In page 97, Eq. (19), Left side equation should be v; not v,.

® In page 98, Eq. (21), upper right matrix entry should be -C(1+e™?); the
minus sign is missing in the exponent.

® In page 104, the minus sign béfween w’w,> and the sine-squared term
should be an equals sign; alsg, belew the summation sign, p-1 should be

p=1.
Name Field
. Ny
> gt lectron —
LA YAA A Y s o , Photon E]L‘-f.-trl:mmgw:tir; wave
—_— AN Phonon Elastic wave
: | : I}]u}smcm Collective electron wave
—\MQJ—- Magnon Magnetization wave
- Polaron Electron + elastic deformation
— Exciton Polarization wave

Impm'tnnt elementary excitations in solids.
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1-lattice Vibration:

In studying crystal structures in the last two chapters, we have assumed that
the atoms were at rest at their lattice sites. Atoms, however, are not quite
stationary, but oscillate around their equilibrium positions as a result of thermal
energy. Let us now discuss these lattice vibrations in detail

Consider the elastic vibrations of a crystal with one atom in the primitive cell.
We want to find the frequency of an elastic wave in terms of the wavevector
that describes the wave and in terms of the elastic constants.

The mathematical solution is simplest in the [100], [140], "and [111]
propagation directions in cubic crystals. These are the directionsef the cube
edge, face diagonal, and body diagonal. When a wave propagates‘along one of
these directions, entire planes of atoms move in phase with displacements either
parallel or perpendicular to the direction of the wavevecter.

ELASTIC WAVES:

A solid is composed of discrete atoms, and this discreteness must be taken
into account in the discussion of lattice vibrations, However, when the wave
length is very long, one may disregard

the atomic nature and treat the solid as a 7
continuous medium. Such vibrations are 7
referred to as elastic vaves. ﬂ
Let us now examine the propagation ) x x4+ dx
of an elastic wave in a sample,in the )
shape of a long bar. Elastic wave in a bar.

Suppose that the wave 1spongitadinal, and denote the elastic displacement at
the point x by a(x). The strain’is defined as {e = Z—u} which is the change of

X
length per unit length. The stress (S) is defined as the force per unit area, and is

also a function of x. According to Hooke's law, the stress is proportional to the
strain. That is,

S=Ye
where the elastig,constant Y is known as Young's modulus.

To examine the dynamics of the bar, we choose an arbitrary segment of
length dx, as'shown in the figure. Using Newton's second law, we can write for
the motion of this segment:

. 92 ]
(pAdx) a_szl =[S(x+dx) —SX)]A . e v e (%)
where p is the mass density and A" the cross-sectional area of the bar. The term
on the left is simply the mass times the acceleration, while that on the right is
the net force resulting from the stresses at the ends of the segment. Writing

S(x+dx)—S(x) =05/0x dx for a short segment, substituting for
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S =Ye, and then using {e = Z—’;} for the strain, one can rewrite the dynamical
equation (*) as

—— ————==0 s eee e eee. (¥)

which is the well-known waue equation in one dimension.
We now attempt a solution in the form of a propagating plane wave
U = Aei(Kx—wt)

where K, of course, is the wave number K = 2r /A , w thedrequency of the
wave, and A is its amplitude. Substitution in (*) leads to

w = v,K where v, =4Y/p

The relation {w = v,K} connecting the frequency/and wave number is known
as the dispersion relalion.

2- Vibrational modes of linear monatomic lattice

We can describe with a single coordinate/us'the displacement of the plane s
from its equilibrium position. The problemyis now one dimensional. For each
wavevector there are three modes as solutions for us, one of longitudinal
polarization (Fig. 2) and two of transverse polarization (Fig. 3).

1 ' | ' '
1 1 1 | ]
Ius—l te :-l- o1 :—a— Usto :—h- s 43 :_-,. tstd
| 1 1 | K .
[ ] [ ] 1 1 |
|} | 1 O A A
'y 'y '} 'y v
1 1 1 1 1
1 1 1 ] 1
1 1 1 1 1
LY L] 1 L} L}
- - 1 .- 1 - Ly - Ly} -
1 1 1 ] 1
--t,—:u.s‘—l g :—)- ey :—b— Yeqa :—b— [T :—1- e pd
1 1 1 1 [ _—
- ‘1:'» - 'L.l'J - ’:) - '1:} - ‘:.:') -
1 1 1 ] 1
1 1 1 1 1
1 1 1 ] 1
1 1 1 1 1
r.‘ rl rl rl fl
g 1) T Ly 1
I | et TV T 7]
. . 1 . 1
s — 1 s s + 1 s + 2 s + 3 s + 4
Figure 2 (Dashed lines) Planes of atoms
when in equilibrium. (Solid lines) Planes
of atoms when displaced as for a longitudi-
nal wawve. The coordinate « mmneasures the
displacement of the planes.
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Figure 3 Planes of atoms as displaced during
passage of a transverse wave.

We assume that the elastic response of the crystal is a linear function of the
forces. That is equivalent to the assumptionithat the elastic energy is a quadratic
function of the relative displacement of any twe points in the crystal. Terms in
the energy that are linear in the displacements will vanish in equilibrium.

We assume that the force on the plane s caused by the displacement of the
plane s + p is proportional to the difference us.,— us of their displacements.

d?ug

dt?

p

For brevity we consider only-nearest-neighbor interactions, with p = +1. The
total force on s from planes s %1 :
Fs = Cusyr —ug) + Cus i u) v (D)
This expression is lingar in the displacements and is of the form of Hooke’s law.

The constant C is the/force constant between nearest-neighbor planes and
will differ for longitudinal’and transverse waves. It is convenient hereafter to
regard C as defined for one atom of the plane, so that F; is the force on one
atom in the plane,s.
The equationofymotien of an atom in the plane s is

2
M dd;s = C(u5+1 tUs—g — zus) (2) Us = ue
where M is the'mass of an atom.

We look for solutions with all displacements having the time dependence
. 2
e”'@t  Then % = —iwue 't = % = —w?ug, and (2) becomes
—Mw?u; = C(ugpq + Us_q — 2Ug) .. o ..(3)
This is a difference equation in the dlsplacements u and has traveling wave

solutions of the form:
us=ueKa o (4)

E = Z Cy (u5+p — uS) ..... Hooke’s law & F=M
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i(st1Ka isKa gtika .. (4

Ug4g =UuUe =ue e~

where a is the spacing between planes and K IS the wavevector The value to
use for a will depend on the direction of K.

With (4), we have from (3):

—w?Mu exp(isKa)

= Cufexpli(s + 1)Ka] + expli(s — 1)Ka] — 2 exp(isKa)}
—w’Mu eisKa — Cu( ei(s+1)Ka + ei(s—l)Ka -2 eisKa)

= Cu( e'sKaegika 4 gisKag=ikKa _ 3 giska) "L L. ....(5)

We cancel u e®X% from both sides, to leave
w?M = —C[exp(iKa) + exp(—iKa) — 2] ... L.l (6)

With the identity {2coska = exp(ika) + exp(%ika)} ,we have the
dispersion relation w (k).
w?M = —C[2cosKa—2] = —2C[cosKa =31 ] =92C[1 — cosKa ]

2 = 2511 _cosKa] G

By a trigonometric identity {1 ~.cos(Ka) = 2sin? (%)} , (7) may be
written as

,  4C (1 I ) . 9
W = 511n > ka [ N .. (9)
4C\2) 1 . . .
w = (ﬁ) smzkal ....(phonon dispersion relation) — w(k) ... ... 9)

1

4C\2
-

A plot of w versus K is@given in Fig. 4.
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Figure 4 Plot of @ versus K. The region of K < 1/ or A » a corresponds to the contin-
uum approximation; here o is directly proportiondto K.

Q.) Show from dispersion relation w(k)for monatomic lattice in one
dimensional that the slope of w versus K is zero at the zone boundary?
Solution: The boundary of the first*Brillouin zone lies at K = + w/a . We

show from (7): w? = % [1 +eos Kay) .............(7)
dw? 2Ca P o
Tk - SnKa=0 oW ..(8)

atK = ig , for hereginka = sin(+m) = 0.

The above results forthe behavior of the dispersion curve (Fig. 4) in the
range {0 <K< g} may also be understood from the following qualitative

argument. FamsmallK, A > a , and the atoms move essentially in phase with
each other{ as indicated in the figure below.

Atomic displacements in long-wavelength limit

A>>a
e e L I—-\
@ ® & —9 @ 9
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The restoring force on the atom due to its neighbors is therefore small, which
IS the reason why w is also small. In fact for K =0 at A = oo , and the whole
lattice moves as a rigid body, which results in the vanishing of the restoring
force. This explains why w =0 at K =0 . The opposite limit occurs at

s

{K = Z} (as shown in the figure below),where, {1 = 2a} . As we see from the

figure, the neighboring atoms are now out of phase, and consequently the
restoring force and the frequency are at a maximum.

- (] ——-

Atomic displacements at wavelength /= 24, which
corresponds to g = m/a.

First Brillouin Zone:
What range of K is physically significantifor elastic waves?
Only those in the first Brillouin,zone, Frem (4) the ratio of the displacements of

two successive planes is given,by
Ugyq u e[z(s+1)Ka] ue LsKaeLKa

B = - = Ka) ........(10
Ug u exp(isKa) e SKa exp(iKa) (10)
The range —= to +xfor the,phase Ka covers all independent values of the

exponential. The range of independent values of K is specified by
A T

-n<Ke<m , or —-——<K<-—

a a

This range is the first Brillouin zone of the linear lattice, as defined in
Chapter 2. The extreme values are {Kmax = ig} . Values of K outside of the

first Brillguin zone’(Fig. 5) merely reproduce lattice motions described by
values within,the limits ig .

Figure 5 The wave represented by the solid curve conveys no information not given by the
dashed curve. Only wavelengths longer than 2z are needed to represent the motion.
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We may treat a value of K outside these limits by subtracting the integral
multiple of {%”} that will give a wavevector inside these limits. Suppose K lies

outside the first zone, but a related wavevector K defined {K =K —Zan} lies

within the first zone, where n is an integer. Then the displacement ratio (10)
becomes

isKa ,iKa
Usy1 uel

i(s+1)Ka] ue e

n.  wexp(sKa) - uevka  ~ ePUKa) ... (10)

Us+1

= exp(iKa) = exp(i2nn) expi(Ka — 2nn) = exp(ika) ...... (11)

S
because {exp(i2mn) = 1} . Thus the displacement,can.always be described

2T

by a wavevector within the first zone. We note that {T} IS a reciprocal lattice

vector because {27”} is a reciprocal lattice vector, Thus=by subtraction of an

appropriate reciprocal lattice vector from K, we always obtain an equivalent
wavevector in the first zone.

At the boundaries {Kmax=i§} of the, Brillouin zone the solution

{u, = u exp(isKa)} does not represent a‘traveling wave, but a standing wave.
At the zone boundaries {sK,,,,a = *sm}, whence
u, = uexp(tism) =u(—1)° ... ... (12)

This is a standing wave: alternatéxatoms oscillate in opposite phases, because
us = *1 according to whethegr,s is\an even or an odd integer. The wave moves
neither to the right nor to the left.

This situation is equivalentito_Bragg reflection of x-rays: when the Bragg
condition is satisfied a traveling wave cannot propagate in a lattice, but through
successive reflectionstback and forth, a standing wave is set up.

The critical value {Kmax = ig} found here satisfies the Bragg condition
2dsin@® = nA : we have 0=%n, d=a ,K=27n ,n=1, so that 1 = 2a.

With x-rays it is jpossible to have n equal to other integers besides unity because
the amplitude ofithejelectromagnetic wave has a meaning in the space between
atoms, butithe displacement amplitude of an elastic wave usually has a meaning
only at the atoms/themselves.

101



Instructor: Dr. Ridha H. Risan  Solid State Physics 2018-2019 Chapter Three: (Lattice Dynamics)

Phase and Group Velocity:

In wave theory, a distinction is made between two, kinds of velocities phase
velocity v, and group velocity wv,. For an arbitrary dispersion relation, phase
velocity is given by

w

v, =—

P K
and group velocity by
dw
Ug = W

The physical distinction between these velocities is that (vp,) phase velocity
is the velocity of propagation for a pure wave of an exactly specified frequency
w and a wave vector. While (v,) group velocity describessthe velocity of a
wave pulse whose average frequency and wave vector are.speeified by w and K.
Q) Briefly Discuss the reasons that group velo€ity is physically the more
significant from the phase velocity?

Solution: Since energy and momentum are transmitted, in practice, via pulses
rather then by pure waves, group velocity is physically the more significant.

The transmission velocity of a wave packet is the group velocity, given as

dw
Ug = ﬁ
or
v, = gradgw(K) .............(13)

the gradient of the frequency with,respeet to K. This is the velocity of energy
propagation in the medium.
With the particular dispersion relation (9), the group velocity (Fig. 6) is
1

Ca*\2 1
v, = <7> cos (EKa> SR AR @ B3

This is zero at the edge of,the zone where K =n/a. Here the wave is a standing
wave, as in (12), and we expect zero net transmission velocity for a standing
wave.

Long Wavelength kimit

When ka&< 1 we expand cos(Ka) =1 —%(Ka)2 , S0 that the dispersion

relation (7) becomes

w? == (%) k2a? e v, (15)

The result that the frequency is directly proportional to the wavevector in
the long wavelength limit is equivalent to the statement that the velocity of

w

sound is independent of frequency in this limit. Thus v = Pl exactly as in the

continuum theory of elastic waves—in the continuum limit ka < 1 .
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3- Diatomic linear lattice (TWO ATOMS PER PRIMITIVE BASIS):

The phonon dispersion relation shows new features in crystals with two or
more atoms per primitive basis. Consider, for example, the NaCl or diamond
structures, with two atoms in the primitive cell. For each polarization mode in a
given propagation direction the dispersion relation wversus K develops two
branches, known as the acoustical and optical branches.

The numerology of the branches follows from the number of degrees of
freedom of the atoms. With p atoms in the primitive cell and N primitive cells,
there are pN atoms. Each atom has three degrees of freedom, one for each of the
X, Y, z directions, making a total of 3pN degrees of freedom fer,the‘erystal. The
number of allowed K values in a single branch is just N for one Brillouin zone.

Thus the LA and the two TA branches have a total ©0f 3N modes, thereby
accounting for 3N of the total degrees of freedom. The. remaining (3p — 3)N
degrees of freedom are accommodated by the opticaldbranches.

Vibrational modes of Diatomic linear lattice

We consider a cubic crystal where atoms of mass M lie on one set of planes
and atoms of mass M, lie on planes interleaved bgtween those of the first set
(Fig. 9). It is not essential that the masses beydifferent, but either the force
constants or the masses will be differentif the two atoms of the basis are in
nonequivalent sites. Let a denote the repeat distance of the lattice in the
direction normal to the lattice planes gensidered. We treat waves that propagate
in a symmetry direction such that a single plane contains only a single type of
ion; such directions are [111]~in/ the,NaCl structure and [100] in the CsCI
structure.

t_1 1 ths g Bt U541
— *— V *— — -
—
K
My M,
L L] L]

Figure 9 Al diatomie crystal structure with masses M), M; connected by force constant C be-
tween adjacent planest The displacements of atoms M) are denoted by u,_), #,, 4y, . .., and of
atomns My by 0, y, 0,4 1. The repeat distance is 2 in the direction of the wavevector K. The atoms
are shown in their undisplaced positions.

We write the equations of motion under the assumption that each plane
interacts only with its nearest-neighbor planes and that the force constants are
identical between all pairs of nearest-neighbor planes. We refer to Fig. 9 to
obtain
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d?ug
M1 dtz = C(vs + vs_l - Zus)
2
S
M, FT o CUgiq F U — 2V5) v vt v e e e et vt et e e vt e e e (18)

We look for a solution in the form of a traveling wave, now with different
amplitudes u, v on alternate planes:

u;, = uexp(isKa) exp(—iwt) , vy =vexp(isKa) exp(—iwt)......(19)

We define a in Fig. 9 as the distance between nearest identieal planes, not
nearest-neighbor planes.

On substitution of (19) in (18) we have
—w*Mu = Cv[1 + exp(—iKa)] — 2Cu }

—w?*M,v = Cu[l + exp(iKa)] — 2Cv R ¢/ 1))

The homogeneous linear equations have,a selution only if the determinant of
the coefficients of the unknowns u, v vanishes:

2C — M w? —C[1 + exp(—iKa)]
—C[1 + exp(iKa)] 2G.— Myw?
or
M M,w* — 2C(M, + M,)w%+2C*(1 —cosKa) =0 ...... (22)

=0 oot (21)

We can solve this equation,exactly for w?, but it is simpler to examine the
limiting cases K, < ¥'and Ka = +m at the zone boundary. For small Ka we

have {cos Ka=1 —%Kza2 + } . This approximation is in fact the Taylor
expansion of the cosine function near zero. We therefore obtain successively
1—cosKa = %K’Za2 :

and the tworoots are:

1 1
w? = 2C (E + M—Z) (optical branch) ... ... ......(23)
1
w? = LK 2q? (acoustical branch) (24)
T
_ ka
M;M,w* — 2C(M; + My)w? + 4C? — 4C%sin? (7) =0 .. (22 %)
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M+ M 2M M
wi(k)=c(#) 11]1— 2 _(1-coska)|....(22 =%

MM, (M; + M3)?
M; + M, M M,
wilk)=C <—M1+M2 ) [1 + (1 BETCTESTAE (K2a2)>] e e (22 55x)

This expression (22 =x) always has a meaning since the argument of the
square root is always positive because we have, for any value of masses M, and
M,, and value of wavenumber k:
0<(1-—coska)<?2
and therefore:

< MM ) coskay<1
O_(M1+M2)2( coska) <
There are thus two possible dispersion relations,sdenoted w., (k) and
w_(k), relating the angular frequency to the wavenumber. Both are plotted in
the first Brillouin zone as shown in figure. These plots represent the so-called

phonon spectrum of a one-dimensional diatomic harmonic crystal.
The values for w, (k) and w_(k) atk = 0 and k = i% can be easily a

calculated from Eq. ( 22** ) (note that we havesehosen M;>M,). The top curve
in figure corresponds to w, (k) and is called the optical phonon branch or
simply optical phonon, while the bottom branch corresponds to w_(k) and is
called the acoustic phonon branch or simply acoustic phonon.

w, (k)
optical branch 501172
ks
I frequency gap
M, ]

w_(k)
acoustical branch

-r/a 0 n/a
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The frequency range between the top of the acoustic branch and the bottom
of the optical branch is forbidden, and the lattice cannot transmit such a wave,
waves in this region are strongly attenuated. One speaks here of a frequency
gap. Therefore the diatomic lattice acts as a band-pass mechanical filter.

as in Fig. 7. We have:
longitudinal acoustical = LA

transverse acoustical = TA modes.

longitudinal optical = LO
transverse optical = TO modes.

Figure 7 Optical and acoustical
branches of the dispersion
relation for a diatomic linear

lattice, showing the limiting
frequencies at K=0 +and

The lattice constant is a.

[2c(ar+ a1 ‘

Optical phonon branéh

|
i (2C /A )17

M, = M, :
{20/ )

|

|

|

i

Acoustical !

phonon/branch |
: &K

a

a
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4- Acoustic phonon branch:
Consequently, in the long wave limit, the angular frequency acoustic phonon
branch can be written as:

w? (k) ~ 2 g2g2 .. (acoustical branch) ... ... (24)

Which means that the angular frequency w_ (k) for the acoustic phonon
branch is proportional to the wavenumber k. The shape of the acoustic branch
Is similar, but the increased mass lowers the frequency. For the acoustic branch
in the long wave limit, the traveling wave is equivalent to the elastic wave of a
one-dimensional atomic chain regarded as a continuous media.

The nature of the vibrations in this region is just Itke.sound waves. The two
atoms in the unit cell move in the same directionsand over a small region it
seems as if the entire crystal has been compresses. or stretehed. This is why the
w_ (k) is called the acoustic branch.

For this branch the two atoms in the«cell, or molecule, have the same
amplitude, and are also in phase (The diatomic lattice may be viewed as an
array of diatomic molecules) . In otherawords, the molecule (and indeed the
whole lattice) oscillates as a rigid body, with.the center of mass moving back
and forth, as shown in the figure below

A S w

Atomic displacements in the Feoustic mode at infinite wavelength (g = 0)

Acousiie
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5- Optical phonon branch:
In the same limit k — 0 ,th e angular frequency of the optical phonon branch
can be expressed from Eq. (22**):

, M, + M, ,
wi (k) =2C (—) (optical branch) ... ... ......(23)
MM,
1 1
2 ~ —_ —_ ’
w® =2C (M1 + Mz) (optical branch) ... ... ... ...(23)

Which shows that the angular frequency w, (k) in the optical"phonon branch
Is a constant in the long wave limit. The nature of the vibrationSuin this region is
that the two atoms in the unit cell move in opposite directions. This is similar to
the top of the band in the monatomic case, where there iSgmaximum distortion
and frequency of vibration.

As K increases, they still move approximately inf phase with each other. This
means that the optical oscillation takes place in“such™a"way that the center of
mass of the cell remains fixed. The two atoms move @wout of phase with each
other,, as shown in the figure below.

A
iy~

Atomic displacemefitsdr the optical mode at infinite wavelength.

Optical

| \¥ -

/ : : u M : I
The ratio of their amplitudes " = — M—Z This type of oscillation around the
1
center of mass’is well known in the study of molecular vibrations. As K

Increases beyond zero, the frequency of the diatomic vibration decreases, but
the decrease is not large because the atoms continue to oscillate approximately «
out of phase with each other throughout the entire K -range.
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The extent of the first Brillouin zone is_a—” <K< g where a is the repeat

distance of the lattice. At {Kmax =+ %} the roots are

5 2C 2¢71/2 5 2C 2¢71/2
My My M3 M

The dependence of w on K is shown in Fig. 7 for M;> M.

The particle displacements in the transverse acoustical (TA) and transverse
optical (TO) branches are shown in Fig. 10. For the optical branch at
k=0 we find, on substitution of (23) in (20),

o L 5 (26)

1% M4

The atoms vibrate against each other, but their centeref mass is fixed. If the
two atoms carry opposite charges, as in Fig. 10, we may excite a motion of this
type with the electric field of a light wave, so that*the”branch is called the
optical branch. At a general K the ratio u/v will be cemplex, as follows from
either of the equations (20). Another solution for the amplitude ratio at small K
IS U =V, obtained as the K = 0 limit of (24)/The atoms (and their center of mass)
move together, as in long wavelength acoustical-vibrations, whence the term
acoustical branch.
Wave like solutions do not exist for certain frequencies, here between

20\ 1/2 20\ 1/2 o . . .
(—) and (M—) . This is a characteristic feature of elastic waves in
1 2

polyatomic lattices. There is a,frequency gap at the boundary {Kmax = ig} .of
the first Brillouin zone.

Figure 10  Transverse optical and
transverse acoustical Waves inpa di-
atomic linear lattige, fllvstrated by the Optioal mode

particle digplacements), for the two
{ /0 — K

modes at the same wavelength.
Acoustical mode
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6- QUANTIZATON OF ELASTIC WAVES:
The energy of a lattice vibration is quantized. The quantum of energy is called a

phonon in analogy with the photon of the electromagnetic wave. The energy
of an elastic mode of angular frequency o is

el ) L RN 1)
when the mode is excited to quantum number n; that is, when the mode is
occupied by n phonons. The term %hw Is the zero point energy of the mode.

It occurs for both phonons and photons as a consequencey of their
equivalence to a quantum harmonic oscillator of frequency,w, for'which the

. 1
energy eigenvalues are also (n + E) hw

We can quantize the mean square phonon amplitudé. Consider the standing
wave mode of amplitude

U = U. coS kx cos wt
Here u is the displacement of a volume element from its equilibrium position
at x in the crystal. The energy in the mode, as in any harmonic oscillator, is half
Kinetic energy and half potential energy, when averaged over time. The Kinetic

2
energy density is %p (%) , Where p is the massidensity. In a crystal of volume

V, the volume integral of the kinetic energyis iprZuozsinZwt. The time
average kinetic energy is

E szuozzl(n+l)hw (28)

=P . .

Because (sin‘wt) = % The square,of the amplitude of the mode is

u? =4 (n + %) h/pVw . This(relates the displacement in a given mode to the

phonon occupancy n of the mede.

What is the sign of w? The equations of motion such as (2) are equations for
w?, and if this is positive/then w can have either sign, + or -. But the energy of a
phonon must be positivejso it is conventional and suitable to view w as
positive. If the crystal structure is unstable, then w? will be negative and w will
be imaginary.

PHONON MOMENTUM

A phonon, of/wavevector K will interact with particles such as photons:
neutrons, and electrons as if it had a momentum AK. However, a phonon does
not carry physical momentum. The reason that phonons on a lattice do not carry
momentum is that a phonon coordinate (except for K=0) involves relative
coordinates of the atoms. Thus in an H, molecule the internuclear vibrational
coordinate r; — r, is a relative coordinate and does not carry linear momentum;

- 1 .
the center of mass coordinate 5 (ry + r,)corresponds to the uniform mode K=0
and can carry linear momentum .
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In crystals there exist wavevector selection rules for allowed transitions
between quantum states. We saw in Chapter 2 that the elastic scattering of an
x-ray photon by a crystal is governed by the wavevector selection rule
k=K+G...oece ... ... (30)
where G is a vector in the reciprocal lattice, k is the wavevector of the incident
photon, and k is the wavevector of the scattered photon. In the reflection
process the crystal as a whole will recoil with momentum —#aG, but this uniform
mode momentum is rarely considered explicitly.

Equation (30) is an example of the rule that the total pwavevector of
Interacting waves is conserved in a periodic lattice, with the pessibleraddition of
a reciprocal lattice vector G. The true momentum of the whole system always is
rigorously conserved.

If the scattering of the photon is inelastic, with the creation” of a phonon of
wavevector K, then the wavevector selection rule beeemes

k+K=K+G......c........ 1)
If a phonon K is absorbed in the process, we have instéad the relation
k=Kk+K+G.....u.......(32)

Relations (31) and (32) are the natural extensiens ofs(30).

7- INELASTIC SCATTERING BY PHONONS

Phonon dispersion relations w(K) are most’ often determined experimentally
by the inelastic scattering of neutronshwith the emission or absorption of a
phonon. A neutron sees the crystal_lattice chiefly by interaction with the nuclei
of the atoms. The kinematics Ofsthe Seattering of a neutron beam by a crystal
lattice are described by the general wavevector selection rule:
K+G=k+K...ooooc. 0o oo . (33)
and by the requirement of conservation of energy. Here K is the wavevector of
the phonon created (+) or absorbed (-) in the scattering process, and G is any
reciprocal lattice vector. For“a phonon we choose G such that K lies in the first
Brillouin zone. The kinetig,energy of the incident neutron is p2/2Mn, where M,
Is the mass of the neutron. The momentum p is given by Ak, where k is the
wavevector of thelheutron. Thus A2k?/2M,, is the kinetic energy of the incident
neutron. If keis,theywavevector of the scattered neutron, the energy of the
scattered deutron is A2k?/2M,,. The statement of conservation of energy is

thZ hzl’{z
oM, - 2m, 2 e (34)

where Aiw is the energy of the phonon created (+) or absorbed (-) in the process.
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In More Detail for Two Atoms Per Primitive Basis:

We write the equations of motion under the assumption that each plane
interacts only with its nearest-neighbor planes and that the force constants are
identical between all pairs of nearest-neighbor planes. We refer to Fig. 9 to
obtain

d®ug
M, T C(vg + vs_1 — 2uy)
d*v,
M, T CUgpq + Ug — 2V5) oo o v v e e e e e e ve eee d . (18)

We look for a solution in the form of a traveling wave, now with different
amplitudes u, v on alternate planes:

u; = uexp(isKa) exp(—iwt) , vy =vexp(isKa) exp(—iwt) .....(19)

We define a in Fig. 9 as the distance between nearest identical planes, not
nearest-neighbor planes.

On substitution of (19) in (18) we have
—w*M,u = Cv[1 + exp(—iKa)] — 2Cu }

—w?*M,v = Cu[l + exp(iKa)] — 2Cv U ¢/ 1)
—w*Miu+ 2Cu — Cv[1 + exp(—iKa)},= 0

—w?*M,v + 2Cv — Cu[l + exp(iKa)} = 0 VR ¢711)
(2C — w?M)u — C(Lme *Yv =0

—C(1+ e *)u + (2C =w2M,)v =0 SRR 021 1)

The homogeneous linear equations have a solution only if the determinant of
the coefficients ofithe unknowns u, v vanishes:

2C “ M, w? —C[1 + exp(—iKa)]

=0 i (21
—C[1 + exp(iKa)] 2C — M,w* (21)

(2C — M;w?)(2C — M,w?) — (—C[1 + exp(—iKa)])(—C[1 + exp(iKa)])
=0

(462 - 2CM2(U2 - 2CM1(1)2 + M2M1w4)
— C?(1 + exp(iKa) + exp(—iKa) + e°) = 0
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Use : {2 coska = exp(ika) + exp(—ika)} & {1 — cos 8 = 2sin? g}

4C% —2C(M; + My)w? + M,Myw* — C%(2 + 2coska) =0
Or:
M, M,w* —2C(M, + M,)w? + 2C*(1 — cosKa) =0 ...... (22)

M;M,w* — 2C(M; + My)w?* + 4C* — 2C*(1 + coska) =0

ka
M;M,w* — 2C(M; + My)w? + 4C? — 4C%sin? (7) =0 ..bh.. (22 %)

This equation is of the form aw* — 2w? +y =0 ,witha,Bandy >0
and has two solutions for w?, denoted w% and w? such that:

2_

a

Therefore, the solution of Eq. (22 *) ara:

C(My, + M) + \/CZ(Ml + M,)? — 4C2 M, My5in? (""2—“)

w2 (k) =

Y T,
Which can be simplified into:

. ka
M+ M, My + Mj\? ' 4sin? (T)

Wi = () £ € |(Srim) —

- M1M2 - M1M2 M1M2

Using the trigonimetric identityy! {ees(2x) = 1 — 2sin?(x)}, this equation
becomes:

P —— + i —_ e %k

This expression alwaysyhias a meaning since the argument of the square root is
always positive because we'have, for any value of masses M, and M,, and value
of wavenumber k:
0<(1-coska)<?2
and therefoyes
MM,
0 ————
(M; + M3)?
There are thus two possible dispersion relations, denoted w, (k) and
w_(k), relating the angular frequency to the wavenumber.
We can solve this equation exactly for w?, but it is simpler to examine the
limiting cases K; < 1 and Ka = +m at the zone boundary.

For small Ka we have {cos Ka=1- %Kzaz}. This approximation is in
fact the Taylor expansion of the cosine function near zero.

(1—coska) <1
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We therefore obtain successively

1 —cosKa = EKZa2

2 (1) C<M1 +M2> I a k@) (22 48)
=C|\——— -0 (1- %
“1 M; M, - My + M)z N
M, + M 2M M, (1
2 _ 1 2 _ 1772 [(Zpe z)
= +
@z (k) C( M, M, ) 1+ \/1 (M, + M,)? (zK 4 (22%)

wi(k)=C (M> 1+ |1 —&(1{2&) O (220%)
- M, M, - (M; + M;)*?

by using the approximation v1—x = 1 —%x forx — 0%(a gain this comes

from the Taylor expansion of v1 — x small valdeswof (' X). Eq. (22**) can than
be approximated by the following expression:

wi(k)=C (M) 1+(1- M, M, (KZ2a?) || ..... (22 #xx%)
MM, 2(M; + M3)?

Acoustic phonon branch:
Consequently, in the long wave limit, the angular frequency acoustic phonon
branch can be written as:
M, +M MM
2k=6(#>1— T ~ 2 (K2q?
A TAT TESTATE
M; +M M4 M
1 2) 172 (Kzaz)]
MM, J12(My +M;)?
C(K?a?)
2(M; + M)

5C
w? (k) ~ 2 _g2q2 . (acoustical branch) ... ... (24)

w? (k) = C(

w? (k) ~ !

wr=—2 _geqr (acoustical branch) ... ... ... (24)

) ~ k Ca?
©-()~k |3, + My
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Optical phonon branch:
In the same limit kK — 0 ,th e angular frequency of the optical phonon branch
can be expressed from Eq. (22**):

wi(k) =C (M) 1+ (1 SLL (K2a2)>_ e (22 %%)

MM, /| 2(My + M,)?
M, + M\ | M;M ]
2k=6(#>1 1- L2 (K2qa?
0=, [T 2o w2 )
M, + M
. 2 — 1 2 —
k>0 = wi(k) c( VT )[1+1]
M, + M, ]
w2 (k) =2C (—) (optical branch) ... ...e.. ..\(23)
M1 M,
M, + Mp\1*/?
wy (k) = [ZC< M, M, )]
1 1
2 ~ —_ —_ '
w* = 2C (M1 + Mz) (optical branch) ... ... .. ...(23)
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Chapter Four : Crystal Defects

1-Point defects

2-Schottky defects

3-Frenkel defects

4-Linear defects

5-Dislocation a- Edge dislocation b-Screw dislocation
6- Surface defects

7- Volume defects

Introduction:

The common point imperfections in crystals are chemicalsimpurities, vacant
lattice sites, and extra atoms not in regular lattice _positions. Linear
imperfections are treated under dislocations. The crystal surface is a planar
imperfection, with electron, phonon, and magnon surface states.

e Some important properties of crystals are centrolled as much by
Imperfections as by the composition of the host crystal, which may act only as a
solvent or matrix or vehicle for the imperfections.

e The conductivity of some semiconducters is due entirely to trace amounts
of chemical impurities.

e The color and luminescence of many. crystals arise from impurities or
imperfections.

e Atomic diffusion may be accelerated enormously by impurities or
Imperfections.

e Mechanical and plastic propertiestare usually controlled by imperfections.

e In some situations defects‘are, in- fact, highly desirable, as in the case of
donor and acceptor impurities, which are essential to the operation of the
transistor.

Types of imperfectiopns:

By taking great“painsy=ome can reduce crystal imperfections< or defects,
considerably, but one can,never eliminate them entirely. In As the name
implies, a defect is a region involving a break, or an irregularity, in the crystal
structure. The most important types of defects are:

+ Point.defects (Zero dimensional defects)

Vacancies (Schottky defects, Frenkel defects), Extra atoms

+ Line'defect (One dimensional defects)

1- Edge dislocation. 2- Scraw dislocation
# Surface defect (Two dimensional defects)

1- Grains boundary. 2- Stacking fault. 3- Twins
# Volume defects (Three dimensional defects)
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+ Point defects (Zero dimensional defects):

An irreqularity in the crystal structure, localized in the lattice. An example is
a foreign atom, or impurity, in the crystal. A crystal usually contains all sorts of
Impurities which attach themselves to it during the crystallization process,
particularly small atoms present in the atmosphere in which the crystal is
grown, such as oxygen, hydrogen, and nitrogen.

An _impurity is substitutional if it occupies a lattice site from which a host
atom has been expelled and interstitial if it occupies a position between the host
atoms.

The region surrounding an impurity is strained, the extent ofthe strain
depending on the kind of impurity atom and its location. An apprec€iable number
of substitutional impurities may be present only if the size(of.the impurity is not
far from that of the host atom, otherwise the strain engrgy tequired would be
prohibitive. Similarly, only small atoms can exist in‘ylarge numbers as
interstitial impurities because the space betweensshost atoms is small,
especially in metals, in which the atoms are tightly packed.

The defect which arises due to the irreqgularity in the’arrangement of atoms or
ions is called point defect.

Point defects are where an atom is missingwer is in an irregular place in the
lattice structure. Point defects include selfiinterstitial atoms, interstitial impurity
atoms, substitutional atoms and vacancies.

1- Vacancies: An empty lattice site/from which the
reqular atom has been removed. In“metals, as in other +
solids, vacancies are createdhy byswthermal excitation,
provided the temperature is suffictently high, because, as | { ¢
the atoms vibrate around theirsregular positions, some
acquire enough energysto leave the site completely.
When the regular atom leavesy the region surrounding a -
vacancy is distorted because the lattice relaxes, as it
were, in order to partially fill the void left by the atom.
This contributes further to the irregularity of the lattice

g choteh,,

in the immediatesneighborhood of the vacancy. There
are two types ofvacancy:

+» Schottky defects
s Frenkelydefects)

Schottky defects: which is a missing atom or ion, also
known as a Schottky defect. We create a Schottky
defect in a perfect crystal by transferring an atom from a
lattice site in the interior to a lattice site on the surface of
the crystal. In pure alkali halides the most common lattice
vacancies are Schottky defects.

G O 0D 9 0
@ g @ Q Q
O}

A Schottky defect
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The probability that a given site is vacant is proportional to the Boltzmann
factor for thermal equilibrium: P=exp(-E\/ksT), where E, _is the energy required
to take an atom from a lattice site inside the crystal to a lattice site on the
surface. If there are N atoms, the equilibrium number n of vacancies is given by
the Boltzmann factor

ﬁ =exp(=Ey/kgT) ———————————— (1)
Ifn < N, then
n=Nexp(—Ey/kgT) ———————————+ 2)

IfE, ~1eVand T =~ 1000 K, thenZ ~ 712 ~ 107°

The equilibrium concentration of vacancies decreases as the'temperature
decreases. The actual concentration of vacancies wilh, bé" higher than the
equilibrium value if the crystal is grown at an elevated temperature and then
cooled suddenly, thereby freezing in the vacancies.

In ionic crystals it is usually energetically favorable to form roughly equal
numbers of positive and negative ion vacancies.®#The formation of pairs of
vacancies keeps the crystal electrostatically/neutral on a local scale. From a
statistical calculation we obtain

n= Nexp(—Ep/2kgT) ———————————— 3)
for the number of pairs, where E, is the gnergy of formation of a pair.

At low temperature the numberof vacancies is small because kT << E,, but
this number increases rapidly®as the temperature rises. Thus for N = [0%°
atoms/m3 and E, = | eV, the number of vacancies at 300 K is N, - 1012
vacancies/m3, while at 900K, it'iS about 10% vacancies/ m3. Therefore raising
the temperature by onlyta factor of three causes the number of vacancies to
increase by ten orders‘ef magnitude.

n = Nexp(—Ey/kgT)
(%) = exp(~EplksT)

In (37)
l(n) +Ey, ( E)l N slop:-%
—_ = — —_—— ) — B
"\ Ty kg) T
, E
slop = ——
ks

/T
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Frenkel defects : Another vacancy defect is
the Frenkel defect in which an atom is
transferred from a lattice site to an interstitial
position, a position not normally occupied by an
atom. In pure silver halides the most common
vacancies are Frenkel defects.

The calculation of the equilibrium number of
Frenkel defects proceeds along the lines of
Problem 1. If the number n of Frenke | defects is
much smaller than the number of lattice sites N
and the number of interstitial sites« N the result is

Q QQ O Q

QM

O O
O O
O (&@O
O O
O
A

Q0 O 0 O

O

Frenkelydefect

ne= (NN 2exp(=E,/2kpT) — ————— — &z =2 — (4)
where E, is the energy necessary to remove an atom from a lattice site to an

interstitial position.

2- Extra atoms:

A substitutional impurity atom: (4dlaiul4aks 5 3)wis an atom of a
different type than the bulk atoms, whi¢h has replaced one of the
bulk atoms in the lattice. Substitutional impurity atoms are usually
close in size (within approximately 15%) to the bulk atom. An
example of substitutional impurity atomssis the zinc atoms in brass.
In brass, zinc atoms with a radius of 0.433 nm have replaced some

Substitution impurity

of the copper atoms, which havearadius of 0.128 nm.

Interstitial impurity atoms: (4w &3l 5 )3) are much smaller than the
atoms in the bulk matrix. Interstitial impurity atoms fit into the open
space between the bulk atoms of the lattice structure. An example of
interstitial impurity atoms-is'the carbon atoms that are added to iron to
make steel. Carbon atomspwith a radius of 0.071 nm, fit nicely in the
open spaces between the larger (0.124 nm) iron atoms.

A self-interstitial™atom: (<ax 45 5)) is an extra atom that has
crowded itS way Into an interstitial void in the crystal structure. Self-
interstitial atems occur only in low concentrations in metals because
they distort and highly stress the tightly packed lattice structure.
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Q. ) Briefly discuss the reasons that , the Frenkel defect is not usually
present in metals except under special circumstances?

Because of the additional elastic energy involved in squeezing an atom into
an interstitial position, the Frenkel defect requires a large amount of energy, and
for this reason is not usually present in metals except under special
circumstances.

Q.) Why the vacancies usually exist only near free surfaces, grain
boundaries, and dislocations, rather than inside a perfect crystal?

Because only at surfaces, boundaries, or dislocations can they“be created
without a concomitant formation of interstitials. In other words, these extended
defects act as vacancy sources.

Q.2 ) Schottky vacancies. Suppose that the energy required to remove a
sodium atom from the inside of a sodium crystal to the boundary is 1leV .
Calculate the concentration of Schottky vacancies at 300K. Hint: N is the
total number of atoms in the sodium N= 2.5x 10% atoms/cm? .

Solution:

From n = Nexp(—Ey,/kgT) & KkT(300 K) =0.025 eV

E, = is the energy required to form a vacangy = 1 eV

Thus, n =(2.5% 10%)( 4x 10*%) =10° per em®

Q.1 ) Frenkel defects. Show that the number n of interstitial atoms in
equilibrium with n lattice vacancies in=a crystal having N lattice points and N_
possible interstitial positions is given by the equation

E; = k"IN =pn JIN' — n)in~] .
whence, for n < N, N', we havf ns NN"}'* exp{ —E/2k;T). Here E, is the energy
necessary to remove an atdm, frfmallattice site to an interstitial ]1{}5jtinn.
Solution:

U = nE;. The numbhérief wawe®6 pick n from N is N!/ (N — n)!n!. The number of ways to put
n into N’ = n'l/ (N' — n)!In!“Butropy:

S = kp | log s log 1
O = Kp |log m + log m
log m ~ N 1OD N — (_\ — n.) log (_\. — ?1) —n lOg n
J‘\-'! o . - . ‘ |
log (V' — )i ~ N'logN'— (N'—n)log(N'—n) —nlogn

8FY _ aU _ mas _ g - R :
(W)T = 5= — T'52 =0, in equilibrium; thus:

(N—=n)(N' —n)
2

N—n N —n
EI = lfT'C.j:'g’_;lr—‘ (10g " + lOg \ n) = ,I;TBT ].Og
n 1

for,n < N, N', E; = kgT'log (NN'/n?); n = /NN/e~Fr/2sT
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4 Line defect (One dimensional defects):
When the deviation from the perfect arrangement is present in the entire row
of lattice points, then the defect is known as line defect. These are commonly

called as dislocation.
Dislocation:
« are line defects,

* cause slip between crystal plane when they move,

 produce permanent (plastic) deformation.

Line defects are dislocations. Dislocations

are areas where the atoms are out of
position in the crystal lattice and cause the
crystal defects. They are generated and
displaced by applying stress. The motion
of dislocations allows slip - plastic
deformation to occur.

* before deformation

¢ after tensile elongation

/ slip steps

The two main types of dislocations are the” edge dislocation and the screw

dislocation.

; Direction of
: dislocation
$. / motion

Dislocation
line

—— (direction of slip)

(a)

(a) Slip in a crystal via the motion of
an edge dislocation.
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(b)

{(b) Slip in a crystal via the motion of
a screw dislocation.
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1- Edge Dislocation:

Figure shows a simple cubic crystal in
which slip of one atom distance has occurred
over the left half of the slip plane but not over
the right half. The boundary between the
slipped and unslipped regions is called the
dislocation.

An edge dislocation EF in the glide plane
ABCD. The figure shows the slipped region
ABEF in which the atoms have been displaced
by more than half a lattice constant and the unslipped region’ FECD with
displacement less than half a lattice constant.

Its position is marked by the termination of an extra vertical half-plane of
atoms crowded into the upper half of the crystal assshowmyin Figure. Near the
dislocation the crystal is highly strained. The simple .edge dislocation extends
indefinitely in the slip plane in a direction
normal to the slip direction. Burgers vector

This dislocation is a line defect because L
distortion is present only in the immediate
vicinity of the dislocation line. This area is
called dislocation core or area. Dislocation lines
are along the top of extra half plane.<lhis type Edge

of dislocation can distort the perfect érystal with ~ “#2°"" )\ -
a small stress. This dislocation.moves parallel _
to the direction of stress.

L .

The magnitude _and ‘the direction of
distortion in crystal lattice is given by the burger vector B. In edge dislocation,
burger vector is perpendigular to dislocation line.
The magnitude and the direction of distortion in a crystal lattice is given by
burger vector B. In edge dislocation, burger vector is perpendicular to the
dislocation line.

2.Screw Dislocation
This is the.second type of line defect which can't be easily envisioned. The
movement of screw dislocation is a result of shear stress but the defect moves
in perpendicular direction of the stress of the atom displacement. This can be
explained with a metal block shown in the figure below by applying shear
stress.
If a shear stress is applied to the block of metal as shown in figure (a). The
plane of atoms of top side will not move from their original position as shown
in figure (b). The atoms of the bottom side have moved to their new position in
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the lattice and have re-
established metallic
bonds. The middle side
atoms are in the process of
moving. In this, only a
small portion of the bonds
are broke at a time. This
movement requires a
much smaller force than
breaking all the bonds

Dislocation = 5
screw  Burger vecto
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across the middle plane and edge dislocation. The atomstwillxcontinue the
movement with increasing shear stress.
The burgers vector, b, is parallel to the slip plane

+ Surface defect (Two dimensional defects)wPlanar Defects:
A planar defect is distortion in a perfect crystal across the plane. The two

main types of defects are Stacking & grainAeundary.

1- Grain boundary: This is another typexof planar defect which is found in

poly crystals. Single crystal is found in specially controlled growth conditions.

Solids are made of a number of small crystallizes which are also known as

Grains. The size range of grains IS up to nanometers to millimeters. The
orientations of atomic planes rotaté with respect to their neighboring grains. All
the grains are separated by boundaries which are called Grain boundaries and

the atoms in this region are not iavsperfect arrangement. In the crystallization

process of solid, these boundaries give the uneven

growth to the solid.

These boundariestare impertant as they develop
the opaque property in the,material and also affect the
mechanical properties. They limit the lengths and the
movement of dislocations. It means more grain
boundary surfacey,area or small grain give more
strength than aularger grain. Grain's size can be
controlledwby temperature cooling. Rapid cooling
gives the smallgrains while slow cooling produces
larger grains. This is the reason for the low strength,

hardness and ductility of large grains at room temperature.
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2- Stacking Fault: A distortion in the long-range stacking sequence can
produce two other types of crystal defects.
1. a stacking fault. 2. a twin region

Stacking faults occur: during crystal growth as part of other defects because
they evolve from other defects

It is sometimes useful to distinguish three kinds of stacking fault. An
extrinsic stacking fault is one that can be created by inserting an extra plane of
atoms into the structure. In the ... ABC|B|ABC... pattern given above the plane
marked |B| is an extrinsic stacking fault.

An intrinsic stacking fault is one that can be created by removing a plane of
atoms. In the sequence ...ABC||BCABC.. the defect marked (|| corresponds to a
missing A-plane, and is hence an intrinsic stacking fault.

The third kind of stacking fault is called a twin boundary, and is a surface
that separates two volumes of crystal that are mirrerimages of one another. In
the sequence ... ABCAB|C|BACBA.... the plane marked.C.is‘a twin boundary;

+ Volume defects (Three dimensional defects):

Volume defects as name suggests are defects in 3-dimensions. These include
pores, cracks, foreign inclusions and other phases. These defects are normally
introduced during processing and fabrication steps. All these defects are capable
of acting as stress raisers, and thus deleterigus to parent metal’s mechanical
behavior. However, in some cases foreign particles are added purposefully to
strengthen the parent material.
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