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ABSTRACT

Our main objective in this thesis is to provide a survey on some

analytical and geometrical  properties of classes included univalent and
multivalent functions. It is the study on a class S,(p,q,A,B, 4, «,l,p) of
analytic mulivalent functions involving higher — order derivatives . We obtain
coefficient inequalities, distortion theorems, radii of convexity, closure theorems
and modified Hadamard products for functions in this class. We have also
discussed and study generalization of a subclass HF]}(a,[)’,A,B) of
multivalent function defined by Dziok-Srivastava linear operator. We obtain
some properties, such as , modified Hadamard product, Holder inequalities and
closure properties under integral transforms are discussed. Also, we have given
class ST,, (k, 8, c) of analytic functions convoluted with differential operator.
We obtain some properties, such as, coefficient inequalities , distortion and
covering theorem , radii of starlikeness and convexity and convex linear
combination .Also, we have discussed and studied certain subclasses
Apnr(1,0,8) | Anor(0,60,8,2z0) and Aj,,,(,6,6,2z,) of meromorphic
univalent functions involving differential operator.\We have obtained numerous
sharp results including coefficient conditions, extreme points, distortion bounds
and convex combinations for the above classes of meromorphic univalent
functions. We have studied a certain subclasses SCy(b,y,A) of harmonic
multivalent functions of complex order. Here , we obtain some results , like,
Coefficient conditions, distortion bounds, extreme points, convolution, convex
combinations, and neighborhoods for a new class of harmonic univalent

functions in the open unit disc are investigated. Also , we study a certain

subclass Wjﬁm(b, a, B,y; t) of analytic functions of the form f = h + g defined
by Dziok-Raina operator . The functions of these classes passes some result on
coefficient conditions, extreme points and distortion bounds, convolution and
convex combination properties and the closure property of the class under
integral operator were determined. We study have studied a certain class

Al;(a, ) k,p) of multivalently Harmonic meromorphic function of the form



f = h+ g. We obtain some properties, such as, coefficient conditions, extreme
points and distortion bounds, convolution and convex combination properties
and the closure property of the class under integral operator were determined.
We discuss strong differential subordination properties for multivalent functions
defined by integral operator. We some application of differential subordination
and superordination result involving integral operator I for certain normalized
analytic functions. We also deal with some applications of differential
subordination Involving hadamard product. We obtain some subordination
results for univalent functions in the open unit disk U. We studied of certain
family of multivalent functions associated with subordination. We have
introduced new classes by using subordination and we have obtained some
geometric propertice , like , coefficient estimates and Distortion and Growth
theorems , radius of starlikeness and radius of convexity, and other related

results for subclasses KM (A,B,a,8,p) and M(4,B,a,d,p) .



INTRODUCTION

The theory of univalent and multivalent functions is an age old branch of
mathematics, particularly complex analysis attracting a large number of
researchers owing to shear beauty, its geometrical aspects and a lot of avenues
of research work. The present work is a part of the geometric function theory.
The study of univalent and multivalent functions is one of the leading branch of
the geometric function theory. An univalent function is an analytic or
meromorphic function f in a domain of extended complex plane such
thatf (z,) # f(z,) for z; # z, where z, and z,are members of the domain.In
other words f is a one-to-one mapping from a domain into the extendedcomplex
plane. One of the fundamental problems in the study of univalentfunctions is
whether there exists a univalent mapping from a simply connecteddomain onto a
given simply connected domain. However, in view of RiemannMapping
theorem above problem reduces to a problem of mapping a unitdisc onto a given
simply connected domain such as starlike, convex, close-toconvex etc.

The class D, of functions that are analytic and univalent on the unit disk

U={z €C:|z| < 1}, normalized by the two conditions f(0) = 0 and
f'(0) = 1land having the Taylor series expansion of the form

f(z)=z+ i

playsan important role in the study of univalent function and for multivalent

functions,
f(z) =2zP + Z a,z"

n=p+1

In context to Riemann mapping theorem, most of the geometric theorems which
are concerned with family of functions D are translated in arbitrary simply
connected domain with more than one boundary point. In1916, Bieberbach
conjectured “The coefficients of each function f € D satisfy |a,| < n,forn=
2, 3,---. Strict inequality holds for all n unless f is a

Koebe function or one of its rotations. For many years this conjecture wasa
challenge to all mathematicians and motivated for the development of thevarious
new methods in the complex analysis. This conjecture was settled inthe summer
of 1984 by Louis de Branges.



Many distinguished researchers in mathematicians like St.Ruscheweyh, H. M.
Srivastava, H. Silverman, S. S. Miller, P. T. Mocanu,S. Owa, P. L. Duren, J. M.
Jahangiri et. al., have opened new avenues in the field of complex analysis,
particularly in geometric function theory. Thepresent work enveils beautiful
applications of generalized Ruscheweyh derivatives, various integral operators,
convolution  theorems, neighbourhood andpartial sums, differential
subordination, hypergeometric functions, fractionalcalculus. The references
which have been cited are enclosed at the end of this thesis as well as with list of
publications .

This thesis is divided to five chapters . These chapters arranged as follows;

Chapter One , We have given an exhaustive list of essential definitions ofthe
family of univalent functions such as, starlike, convex, close-to-convex,
thegeometrical behaviour in the form of bounds like growth theorem, region
ofunivalency, i.e. the radius of starlikeness, convexity, close-to-convexity,
etc.has been defined. The terms like hypergeometric functions, fractional
derivative, fractional integration, subordination principle, etc. have been defined
in detail.

Chapter Two, is devoted to study some properties of certain subclasses of
univalent , meromorphic univalent and multivalent functions defined by some

operators.

This chapter consists of three sections. In section one , we introduce new
subclass S,(p,q;,A,B,A,a,l, B of multivalent functionswith higher order
derivatives defined in the unit disk. we obtain coefficient inequalities, distortion
theorems, radii of convexity, closure theoremsand modified Hadamard products
for functions in this class.

Insection two ,we introduced a new subclass HE!(a,B,4, B) of multivalent
functions involving DziokSrivastava Operator . The results

on modified Hadamard product ,Holder inequalities and closure properties
underintegral transforms are discussed.

Section three, is study on new subclasses S, (k,B)and ST,, (k,B,a,p,q) of
functions with fixed second position coefficients .\We obtain some interesting
properties, such as , coefficient inequalities, distortion and growth property ,
closure property, radii of stalikness and convexity and Hadamard product .

Chapter Three ,is divided into two sections ,we have introduced and studied
some new subclasses A4;,,(0,60,8) , Anox(0.6,6,2)) and Ay, (0,6,6,2,) Of



meromorphic univalent functions which are defined by means of a differential
operator .We have obtained numerous sharp results including coefficient
conditions, extreme points, distortion bounds and convex combinations for the
above classes of meromorphic univalent functions.

Chapter Four , is divided into four sections, section one and two ,we have
introduced and studied certain subclasses SC,(b,y,2) and ng;m(b,a,ﬁ,y; t) of
harmonicMultivalent functions of complex order.We investigate coefficient
conditions, extreme pointsand distortion bounds .We also examinetheir
convolution and convex combination properties and the closure propertyof this
class under integral operator.

An attempt isalso made in undertaking study of multivalent harmonic
meromorphic functions in Section three, we have introduced a subclassajg(a., k,
p) of multivalent harmonicmeromorphic functions defined in the exterior of the
unit disk .We obtain theseveral geometric results.InSection four, we study
univalent harmonic function defined by Ruscheweyh derivative in the unit disk
\We also obtain several interesting properties of class AS# (4, a, k, y)such as
coefficientestimates, distortion bound, extreme points, Hadamard product and
otherseveral results. We have also attempted for deriving applications of
fractional calculus operator in establishing distortion theorem.

Chapter Five is fully devoted to the study of differential subordination
properties of classes of univalent and multivalent functions defined .This is study
strong differential subordination properties for multivalent functions defined by
Ruscheweyh derivative operator. The secondsection deals with some applications
of differential subordination

involving hadamard product. We obtain some subordination results for univalent
functions in the open unit disk U. Section three has been fully dealt with study
of certain family of multivalent functions associated with subordinationand in
section four we have introduced new classes by using subordination and we
have obtained coefficient estimates and properties which contains distortion and
growth theorems , radius of starlikeness and radius of convexity, and other
related results for subclasses KM (A, B, a, §,p)andM (4, B, a, 8§, p).



CHAPTER 1

BASIC DEFINITIONS AND FUNDAMENT AL
RESULTS



CHAPTER ONE

BASIC DEFINITIONS AND FUNDAMENTAL RESULTS
INTRODUCTION

This chapter, included two sections. Section one presents some important definitions
of analytic ,holomorphic, meromorphic, univalent and multivalent functions. We also
presents the concept of neighbourhood of these functions. Some operators such as
Differential, integral , Dziok- Srivastava operator and other operators which are the
basis for obtaining new classes of functions, some of which were generalizations of the
preceding functions. These classes were known by using these operators as well as this
section contains some examples for those concepts.

Section two included some fundemential results and theorems about the functions
which mentioned in the first section of the class of functions that we studies in the
subsequent chapters, which defined by using these operators. This chapter represents
the basis for the expansion and access to the results of subsequent chapters .

1.1 BASIC DEFINITIONS

DEFINITION (1.1.1)[1]:A function f of the complex variable is analytic at a

point z, if its derivative exists not only at z, but at each point z in some
neighborhood of z,. It is analytic in region Uif it is analytic at every point in U.
We say that f is entire function if it is analytic at every point in complex plane C.
DEFINITION (1.1.2)[2] . A function f is said to be holomorphic on U if f is

complex differentiable at every point z, in an open set U , and f is called holomorphic
at the point z, if it is holomorphic on some neighborhood of z, .

EXAMPLE (1.1.1)[2]. The principle branch of the complex logarithm function is
holomorphic on the set C\{z € R:z < 0}.The root function can be defined as

1
Vz = e2'°9% therefore it is holomorphic .

DEFINITION (1.1.3)[2] . A meromorphic function is single- valued function that is
analytic in all the points of its domain ,and at those singularities it most go to infinity
like a polynomial. That is these exceptional points most be poles and not essential
singularities .

EXAMPLE (1.1.2)[2] . Riemann zeta function

£(z) = L [P X2

I'(z)“0
X,yE R.

u?-
eu

— du ,where ¢(2) =Z;’{’=1$=1—12+2i2+3lz+---, and z = x + iy,



is meromorphic function on whole complex plane .It is reduces to the Harmonic
series(which is diverges) and therefore has a singularity. In the complex plane,
trivial zeros occur at -2,-4,-6,... and non-trivial zerosat s = o + it, o,t € R.

DEFINITION (1.1.4)[2].A function f analytic in the open unit disk U={ze C: |z| <
1} is said to be univalent there, if it does not take the same value twice, that is
f(z,) # f(zy)if z; # z, € D . In other words, f is one-to-one (or injective ) mapping
of onto another domain.

EXAMPLE (1.1.3)[2] . Consider the application @,(z) = 12_;; is univalent when
lal| < 1.

DEFINITION (1.1.5)[4].Let D c C be a non-empty subset . An analytic function
f:D — C is said to be multivalent of order p (or p -valent ) if the equation f(z) = w
has at most p roots in D and some w exist, in which the equation f(z) = w has exactly
p roots in D .that is the concepts of multivalent (or p —valent ) functions,which are
generalized univalent functions , over the open unit disk U .

DEFINITION (1.1.6)[2].Let D c C be a non-empty subset . A function f:D — C s
called locally univalent at a point z, € D if it is univalent in some neighborhood of z,
. For analytic function f, the condition f(z,) # 0 is equivalent to local univalent at z,

DEFINITION (1.1.7)[1].Let D c C be a non-empty subset . A function f:D — C is
called conformal at a point z, on D if it preserves the angle between oriented curves
passing through z, in magnitude and in sense . A function f is called conformal in the
domain D , if it is conformal at each point of the domain .

EXAMPLE (1.1.4)[1] . The map f(z) = 'z for some angle 6. This takes a number
z and increases its argument by 6 ,while keeping its magnitude fixed. In other words
, f 1s anti-clockwise rotation around the origin by 6 and dilateshy r = 1.

DEFINITION (1.1.8)[1].A domain Din the complex plane C is said to be convex if
for every pair of points, the line segment joining them lies completely in the interior of
D . In other word , wy,w, € D impliestw; + (1 —t)w, e Dfor0 <t <1.

DEFINITION (1.1.9)[5]. LetXbe a topological vector space over the field Cand let E
be a subset of X . A point x € E is called an extreme point of E if it has no
representation of the form x=ty+(1—-1t)z,0<t<1 as a proper convex
combination of two distinct points y and z in E .

DEFINITION (1.1.10)[5]. LetX and E be as mentioned in Definition (1.1.10) . Then
the convex hull of E is the smallest convex set containing E and the closed convex hull
of E is the smallest closed convex set containing E , it is the closure of the convex hull
of E', we denote the closed convex hull of E by coE .

EXAMPLE (1.1.5) [1]. Any circular disk is a convex set .




DEFINITION (1.1.11) [3].Class D is defined

D={feHW):f(z) =z+ Xy ,a,z",z € U}, (1.1)
and is called the class of analytic functions with positive coefficients .

DEFINITION (1.1.12)[2].A function f € D is said to be normalized if it satisfies the
condition f(0)=0=f'(0)—1 .

DEFINITION (1.1.13)[3]. A function f € D is said to be convex function if the
image f(D) isconvex .

EXAMPLE (1.1.6)[3]. The function f(z) = é is a covex function , sincef (D) is
convex set . where D is the open unit disk , that is , it maps D onto a half plane .

DEFINITION (1.1.14)[7].A domain Din the complex plane C is said to be starlike
with respect to point w, € D if the line segment joining w, to every other point w € D
lies in the interior of D .That is , for any w € D implies tw; + (1 — t)w, € D ,where
0<t<1.

DEFINITION (1.1.15)[7]. A function f € D is called starlike if the image f(D) is
starlike with respect to the origin .

EXAMPLE (1.1.7)[8]. The Koebe function f(z) = (1_# is a starlike function and the

z)2

domain k(D) is starlike with respect to each w, > _—: :

DEFINITION (1.1.16)[3]. . The class Dp is called the class of multivalent functions
with positive coefficients in the open unit disk U and is defined as

Dp={f €eHD):f(2) =2z + XiL,s1arz" ,p EN={1,2,..},z € D}(1.2)

DEFINITION (1.1.17)[9].A function f € Dpis said to be multivalent starlike if
fsatisfies the following conditionf

zf (2) _
Re{m}>0,ze UpeN={12..},f@)#0

and the subclass of all multivalent starlike functions is denoted by S;.

DEFINITION (1.1.18)[9]. A function f € Dpis said to be multivalent convex if
fsatisfies the following conditionf

f'(2) /
Re{1+zf,(zz)}>0,z€U,pENz{l,Z...},f(z);tO,

and the subclass of all multivalent starlike functions is denoted by %, .

DEFINITION (1.1.19)[9]. A function f € Dpis said to be multivalent close to convex
if fsatisfies the following conditionif there is a convex function g such that




Re {fig}>o ZzEU,pEN={12..},9(2) 0,

and the subclass of all multivalent close to convex functions is denoted by C,, .
Note that X, c S, c C,.

DEFINITION (1.1.20)[10]. A function f € Dpis said to be multivalent starlike of
order aif f satisfies the following conditionf

Re{Z]{(())}>a,,ZEU 0<a<p,peN={12..}(13)

and the subclass of all multivalent starlike of order « is denoted by S;(a).

EXAMPLE (1.1.8)[11]. If p =1 The function k(z,p) :m is starlike

function of order a ,since it satisfies condition (1.3) ,z€e U;0 < a < 1.

DEFINITION (1.1.21)[9]. A function f € Dpis said to be multivalent convex of order
«a if fsatisfies the following conditionf

Re {1+Zf(())} >a,zeU;0<a<p,peN={12.)f(2)#0,14)

and the subclass of all multivalent convex of order a is denoted by 7, (a) .

DEFINITION (1.1.22)[2].A function f € Dpis said to be multivalent close to convex
of order « if fsatisfies the following condition if there is a convex function g such that

Re {f()}>a ZEU;0<a<p,peN={12..} 2z°"1 # 0,(15)

and the subclass of all multivalent close to convex functions is denoted by C,(a) .We
note that 0, (a) c Sy(a) < C, (a)Owa(1992) [2] and Jeyaraman et al.(2013) [62]
.The classes K,,(a) and S;(a) are studied also by Owa (1992)[97], Goodman and
Robertson (1950)[48] and Learch( 1978) [72].we note that Sj(a) € S;(0) = S, and
K, (a) € K, (0) = K, ,where S; and K, are denote the subclass of S, ,consisting of

functions which are multivalent starlike and convex in U ,respectively Aouf and
Hossen (2000)[17] and Silverman and Owa (1992) [120]

DEFINITION (1.1.23)[2]. Radius of starlikeness of a function f is the largestr;, 0 <

r; < 1, for which it is starlike in |z| < R, . (1.6)DEEINITION
(1.1.24)[2]. Radius of convexity of a function f is the largestR,,0 < R, < 1, for
which it is convex in |z| < R, .7)

DEFINITION (1.1.25)[13].Radius of close to convexity of a function f is the
largestR;, 0 < R; < 1 ,for which it is close to convex in |z| < Rs. (1.8)




DEFINITION (1.1.26)[14].The convolution (Hadamard product ) of two
functionsf; ,i = 1,2 ,of the form

e}

fi(z) = zP — z a2z, j=12,peN={12,..},z€D
k=j+p

belonging to the class T (j, p) is denoted by £, * f, and defined as follows :
(i * [2)(2) = 2° = X3 jsp Ak ak 22,2 = 0,p € N = {1,2,...}.(1.9)
If p = 1, then the convolution (or Hadamard pdoduct )for f; in T(j, 1)

DEFINITION (1.1.27)[15].The convolution (Hadamard product ) of two
functionsf;,i = 1,2, of the form

fi(z) =2° + X3l vz, pEN={12,..},2z€D,
Belonging to the class Dp is denoted by f; * f,and defined as
(fi * £2)(2) = 2P + Xiep1 Q122" (1.10)

If p = 1, then the convolution (or Hadamard pdoduct ) for f;

EXAMPLE (1.1.9)[15].. If f(z) = Z,‘fﬂézk ,z€Dandh(z) =¥, zk =2 z€

1-z '’

D are functions inD , the convolution of these function is (f * h)(z) = Z,‘fﬂ%zk =
f(z),z € D, where D is the open unit disk .

DEFINITION (1.1.28)[15].For § > 0 ,a § —neighborhood of a function f € S,(a) of
the form

e}

f (2) =zP — Z apz®,a, >0 (z€U, peEN={12...}

k=p+1

is define by

0

Ns(F) = {g:9 € S,(): gD =2 = ) 7"

k=p+1
and Yr_pi1 klay — ¢, | < 63(1.11)
It follows from (1.11) that if
h(z) = zP (p € N)(1.12)
Then

Ns(h) ={g:9 € Sp(a)rg(z) =zP — Zloco=p+1 kak and Zloco=p+1k|bk| =
6} (1.13)



DEFINITION (1.1.29)[15].For 6 > 0, where § — neighborhood of f(z) € T(j,p)of
the form

f@) =2 =Y parz® (a2 0;j,peN={12,..};

is defined byN;(f) = {g: g € T(,p), 9(2) = 2% = TiZjup b 2"

and Y jipklag — bl <8} (1.14)

It follows from (1.15) that if

h(z) =2z (k=j+p;np€N;q€N,=NU{0}). (1.15)

So that ,obviously ,

N5(h) = {g:9 € T(,p), g(2) = 2P — N 14y bz B2 11 Ibidl < 63.(1.16)

DEFINITION (1.1.30)[16].A function f €Dp is said to be in the class J for which
there exist another functiong € L such that

f@ _
g9(2)

1|<p—p (zeU:0<p<p).
where J < D .This for:

(i) D=S,(a);] =HF(wp apB,AB);L=HF (papB AB)
(i) D=5,(a);] =HF(p,ha,v,5,0,AB);L=HF(a,y,B,p A B)
(i) D=T@G,p);]=Tinp,qaAy); L=Tnpqaly)

DEFINITION (1.1.31)[15].The pPochhammer symbol is defined by

__ T(a+n) _ ca(a+1)(a+2)...(a+n-1) for neN
@n=—7=1{

I'(a) forn=0 (1-17)

where T denotes the gamma function .

DEFINITION (1.1.32)[16].Let a4, ay, ... ... ,a;, B, Bay e e , Bmreal or complex numbers
withg; # 0,—1,-2,... ,j =1,2,..,m , the generalized hypergeometric function is
denoted by ,F,(z) and is defined by

[0e]

(apn ... "
Fn(2) = [En(2)(ay, az, ...y, By, Bay ooy P 2) = Z (;:1) ((;l);zn,
= (by), (B, 1

(a1)1-(a)1 a1(a1+1)...ay(a+1) i

=1+
(B1)1--(Bm)1 B1(B1+1)..fm(Bm+1) 2!

+o 2zl <1

;(l<sm+1,LmeN,=NuU{0};z€e U), (1.18)

where (x),, is the pochhammer symbol defined by (1.17) .

EXAMPLE (1.1.10)[16] . oFo(2)(—1;—1;2) = Z%°=oi—7,1 —e?.



DEFINITION (1.1.33)[17].A single-valued function of complex variable is a complex
function f: C — C that has the same value at every point z,.

DEFINITION (1.1.34)[18].A function f of a complex variable z which is single-
valued in this domain and has afinite derivative at every point (analytic) is called
regular .

DEFINITION (1.1.35)[19].A continuous complex-valued function f = u + iv is said
to be harmonic in a simply connected domain D < C if both u and vare real harmonic
inD . If f=u+ ivbe harmonic ,then we can find the analytic functions G, H such
that u = Re G and v = Im H ,thus

where h and g are analytic in D,call h the analytic part and g the co-analytic part of f

DEFINITION (1.1.36)[19].The harmonic function f = h + g is sense- preserving and
locally univalent if J;(2) = |n'(2)I* — |g'(2)|*> >0, Vz € U .Where ], denotes the
Jacobian of . If f = h + g is Harmonic and sense- preserving and injective , then we
say that f is harmonic univalent .Let T = t(U) be denote the class of analytic
functions in U. For positive integer n and a € C, let

tla,n] ={f €t: f(2) = a + a,z™ + ap 12"t + - Jwith 7, = 7[0,1],,7; = 7[1,1] .

EXAMPLE (1.1.11)[20].To show the image of U under the harmonic function
f(z) =z +ZZ—2enter this function in complex tool in the form : z+%'(zz) (see the

following fig.)

[Py

Figure (1.1.): Image of U under the harmonic function.
Note that the harmonic function f(z) = h(z) + g(z) can be written in the form
f(2) = Re(h(z) + g(z)) + ilm(h(z) — g(z)).

Thus for the function above it can be written as



f@ = Re(z+22) +itm(z - 22),

In complex Tool you can also enter the harmonic function in the form. where this
function must be in the form Re (z + (sz) + ilm (z - (sz)

DEFINITION (1.1.37)[3].Let fand g are two analytic functions in the open unit disk
U={z€eC:|z| <1} ,we say that f is subordinate to g ,written by f < g or g is
superordinate to f in U if there exists a Schwarz function w(z) analytic in U with
w(0) =0, and |w(2)| <1(z€U), such that f(z) = g(w(z)).Furthermore , if the
function g is univalent in U , then we have the following equivalence f < g & f(0) =
9(0) and f(U) < g(U).

DEFINITION (1.1.38)[3].Let f: R — C be a function . We call f a Schwarz function
,ifforallc e R,n € N, = N U {0},

"l = 0(z|%) ,

where " capital O " is defined as follows :

Let a,, and b,, be any two sequences and b, = 0 for all n . If there exists a fixed
number m > 0 such that a, < mb,(forall n),then we write a,, = 0(b,) .

EXAMPLE (1.1.12)[21].Under the condition on b(z)in Schwarzian Lemma

b(z) < g(z) = e®z

Suppose that f < g and g(U) = D. Then the inverse g~ is analytic in D and maps onto
U with g=*(a,) = 0.Hence the composite function b(z) = g7 1(f(2)) = g 1 (ay) =
0.

Thus b(z) is a Schwarzian function ,and f(z) = g(b(2)) .

DEFINITION (1.1.39)[22].Let Qand A be any sets inC, let p be an analytic function
in the open unit disk U with p(0) = a and let Y (r, s, t; 2): ((:3 x U - C.

The heart of this monograph deals with the generalizations of the following
implication :satisfy the admissibility condition :

{Y((2),2p'(2),22 " (2); 222z € U} € Q = p(U) < A(1.19)

If A is simple connected domain containing the point a and A # C ,then there is a

conformal mapping p of U on to A such that p(0) = a in this case ,(1.19) can be
written

as :

{Y((2),2p'(2),22 " (2); 22z € U} € Q= p(U) < q(U) .



If Qis alsosimple connected domain and  # C,then there is a conformal mapping h
of Uonto Q such that h(0) =1(a,0,0;0) . If in addition, the function
Y(p(2),zp'(2),z* p" (2); z) is analytic in U ,then (1.19) can be written as :

Y(p(2),2p'(2),2° p" (2); 2) < h(2) = p(2) © q(2)(1.20)

DEFINITION (1.1.40)[22].Let1/):C3 X U — Cand let h be univalent in U. If p is
analytic in U and satisfies the ( second-order) differential subordination

Y(p(2),zp'(2),2° p"'(2); ) < h(z)(1.21)

Then p is called a solution of the differential subordination. The univalent function q
is called a dominant of the solutions of the differential subordination, or more simply
dominant if p < g for all p satisfying (1.21) .

A dominant g that satisfies ¢ < q for all dominants g of (1.21) is said to be the best
dominant of (1.21) .

Note that the best dominant is unique up to a relation of U .

DEFINITION (1.1.41)[22].Denoted by Q the set of all functions q(z) that are
analytic and injective on U \ E(q) where

E(q) = {¢ € aU: lim,_ q(2) = oo}, (1.22)

and are such that q'(¢) # 0 for { € dU \ E(q) .Further , let the subclass of Q for
which gq(0) = a be denoted by Q(a) with Q(1) = Q, .

DEFINITION (1.1.43)[22].Let Qbe a set inC, g € Q and let n be positive integer

.. . . . 3
.The classofadmissible function ¥ [(,q] consist of those functions 1:C x U -

Cthat satisfy the admissibility condition :

Y(r,s, t;z) € Q,
whenever u=q(&) ,v=kE' (&),
t £q"' (&)
andRe {; + 1} >k Re {1 + q’_(f)}’ (1.23)

z€U,§ €dU\E(q),andk =n. ¥ [Qq] =Y[Qq].

In particular ,if

Mz+a
M+az

q(z) =M

where M >0, |a] < M, then q(U) = U, = {w:|w| < M},q(0) =a,E(q) = ¢ and
q € Q(a) .In this case, we set'¥_[Q, M,a] =¥ _[Q,q], and in the special case when
the set Q = Uy ,the class is simple denoted by ¥ [M, a] .



DEFINITION (1.1.44)[23].Let Qbe a set inC, q € Q andn be positive integer .The

classofadmissible function ¥ [, q] consists of those function 1: ¢’ x Ux U - Cthat
satisfies the admissibility condition :

Y(r,s,t;z,&) & Q,
whenever
r=q(&) ,s=k&' (),

andRe {*+1} > k Re {1+ f‘;’—g} , (1.24)

z€U,§€0U\E(@),¢é€U andk 2n. ¥ [Qq] =¥[Qq].

DEFINITION (1.1.45)[23].Let Qbe a set inC, q € t[a,n] andn be positive integer

.. . ! . . 3
.The classofadmissible function ¥ [Q, q] consists of those functions ¥:C X U X

U — Cthat satisfies the admissibility condition :

Y(r,s,t:¢,0) & Q,

whenever
r=q(z) ,s=-2q),

and Re{t+1} > 2Ref1+ ZT;)} . (1.25)

z€U,§€0U,{ €U andm =n Assume ¥ [Q,q] =¥ [Q,q].

DEFINITION (1.1.46)[24].The Bernardi integral operator is denoted by J., and
defined as

Uepf)@ = Z2 [t f(Ddt (f € Sy(@) ;¢ > —p; p € N)(L.26)

DEFINITION (1.1.47)[25].The fractional calculus operator is denoted by D. and
defined as

r'm+1)

Herom —
D, (") = 5o

z"H (m>—1;u € R).(1.27)

DEFINITION (1.1.48)[26].For every f € S, the convolutionoperator W, ,, .(f)(z)can
be defined below :

- (@) (b)n n

Wase(F)@) = Filab.cia) « f&) =2 = ) =5 Syt an

where ,F;(a, b, c; z) is the hypergeometric function given by (1.18) when



a,=a,a,=b,f;=c#0,—-1,...,j=m=1.
1.2 FUNDAMENTAL RESULTS

The following lemmas and theorems will used to proves of the our results in the next
chapters .

LEMMA (1.2.1)[27].Let a = 0. Then Re(w) > a if and only if [w — (1 + a)| <
lw + (1 — a)| , where w be any complex number .

LEMMA (1.2.2)[28].Let @ = 0. Then Re(w) > « if and only if

lw—1| < |w+ (1 — 2a)]| ,where w be any complex number .

LEMMA (1.2.3)(Schwarz Lemma)|[3]

Let f be analytic in the open unit disk U with f(0) = 0and |f(z)| < 1inU . Then
lf'(0)] < 1and |f(2)| < |z| in U . Strict inequality holds in both estimates unless £ is
a rotation of the disk f(z) = ze'? .

THEOREM (1.2.1)(Distortion Theorem)[3]

Foreach f(z) € D, then

<If'@l=

)3 1zl =r < 1(1.28)

(1+7”)3 -

For each z € U,z # 0 equality occurs if and only if f is a suitable rotation of the
Koebe function .

We say upper and lower bounds for |f’(z)| as distortion bounds .

THEOREM (1.2.2)(Growth Theorem) [3]

For each f(z) € D,then

<If@l =

|z| = r < 1(1.29)

(1+T)2 a )2 '

For each z € U,z # 0 equality occurs if and only if f is a suitable rotation of the
Koebe function .

THEOREM (1.2.3).(Bieberbach conjecture)[3]

The coefficients of each f(z) € D satisfy |a, | < nforn = 2,3, ... .The
Strict inequality holds for all n unless f is the koebe function or one of its rotation .

THEOREM (1.2.4)(Littlewoods Theorem)[3]

For the constant e , the coefficients of each function f(z) € D satisfy |a,| <
enforn = 2,3, ....



THEOREM (1.2.5)(Alexander’s Theorem )[3]

Letfbe an analytic function in U , with f(0) = f'(0) —1 =0 .Then f € X if and
onlyif zf' € §*.

THEOREM (1.2.6)( Maximum Modules Theorem )[3]

Suppose that a functionf is continuous on boundary of U (U any disk or region) .Then
,the maximum value of |f(z)| ,which is always reached , occurs somewhere on the
boundary of U and never in the interior .

LEMMA (1.2.4)[23]. Let Y € W, [Q, q]with g(0) = a. If p € t[a, n] satisfies
Y((2),2p'(2),2* p"(2);2,{) €Q, Then p(2) < q(2).

LEMMA (1.2.5)[23]. Let ¢ € W, [Q, g]with g(0) = a. If p € Q(a) and

Y(p(2),zp' (2),z? p"(2); 2, ¢) is univalent in U for € U ,then
Qc{Yyp(2),zp' (2),z2p"(2);2,{):z€ U,{ € U}, (1.30)
implies to q(2) < p(2).

LEMMA (1.2.6)[23].Letyp € W', [Q, q]with g(0) = a. If p € Q(a) and

Y(p(2),zp' (2),z? p"(2); 2, ¢) is univalent in U for € U ,then
Qc{Yyp2),zp' (2),z°p"(2);2,0):z€ U,{ € U}.
Implies to q(z) < p(2).

THEOREM (1.2.7)[3]. Let f, g € H(D),and suppose that g is univalent in U,then the
subordination f(z) < g(z) ifand only if f(0) = g(0)and f(U) c g(U) .

THEOREM (1.2.8)[29].If the functions f(z) and g(z) are analytic in U with
f(z) < g(2),then

21 2T
f|f(rei9)|5d9 Sf|g(rei9)|5d9
0 0

Where § > 0,z=re?and0<r < 1.



CHAPTER 2

SOME RESULTS MEROMORPHIC
FUNCTIONS



2.1 INTRODUCTION

Chapter two is devoted to the study of some properties of certain subclasses of
univalent , meromorphic univalent and multivalent functions defined by

subordination property with some operators.

This chapter consists of four sections. In section one ,we have introduced and
studied some  geometric  properties of a  certain  subclass
S.(v,q;,A,B,A,a,l,p) of multivalent functions defined by differential
subordination property of the form:

e}

f(Z) =zP — z aka(ak > 0);

k=p+n

and satisfying the subordination condition :

L9+ z) }
A{(S(p—z,q)zp‘q_z P

(q+2)
3{5(12{2 q)zp(f)q—z p(p—1)}+/1(1—a)

<(-B);

where 0<B<1,A>0,1>0,05a<1,0<p<Il<1l,peNandp>qg.

We obtain coefficient inequalities, distortion theorems, radius of convexity,

closure theorems and modified Hadamard products for functions in this class.

In section two , we have discussed some interesting properties of anew
subclasses of univalent functions defined in the open unit disc involving Dziok

Srivastava operator of the form:

0

f(z) = Z_Z a,z" (a, =0,n€N),

n=2
and satisfying the condition:

q+1
ﬂu

q
Fy

ZFq+1 ZFq+1
8- 2y | 7 -a|-5] P -1]

-1

<pB, zeU

where



ZqulFfH(z)  ZTHILFIY(R) 4 AZ92I () N
ZqF/lq(Z) - (1- ﬂ)zq“]{fCI(Z) + /1ZQ+1j{fQ+1(Z) SAS

Foro<i1<1,0<f<1,-1<B<A<1,0<y<1andxf(z)=2"+3%,, 1 na,z"
We obtain some properties , such as , on modified Hadamard product ,Holder
inequalities and closure properties underintegral transforms are discussed.

In section three , we have studied on certain new subclass of function with fixed
second positive coefficients in the open unit disk., we have introduced the

subclass ZTw(k, 8)of univalent functionsof the form :

f(z2) = Z+Z a,z",(a, = 0,n €N),
n=2

and satisfying the condition:

(z=w)(U*f(2)"
(I f(2))

(=W @)" 2‘ 3 v 2

(I f(2))

(k e Ny =NuU{0}), forsome (0 <B <1)
We obtain some properties , such as , coefficient estimates,distortion and
covering theorem, radii of starlikeness and convexity and convex linear

combination.

2.1 ON A CLASS OF ANALYTIC MULIVALENT FUNCTIONS
INVOLVING HIGHER - ORDER DERIVATIVES

Let Dp denoted the class of analytic functions:
f@) =2 + X pnarz® s (pn €N ={1,23,...}) (2.1)

are p-valentinunitdisc U = {z: z € Cand |z| < 1}. Let T,(n)denote the
subclass of Dp of the form:



[0e]

f(z) =zP — Z a,z*(a, = 0) (2.2)

k=p+n
We note that T,,(1) = T,,.

For all f(z) € Do, we have

f(2) = 8p, m)zP ™™ + X710 6 (k, m)ay 2™ (2.3)
where

.. i! ii—1){—-2).... i—j+1 [+ 0
i) =t Ll DE=2 4D 2

@-nt u j=0
DEFINITION 2.1.1. Llet S, (p,q;,A,B,A,«,l, fB)be the subclass of Dp consisting of
functions f(z) of the form (2.1) , and satisfying the analytic criterion:

rla+2)(z)
A{é(p—z.q)zp—q—z P

(q+2)
B{ﬁ(pfz q)zp(f)q—z P(P—l)}+/1(1_a)

(2.4)

<(-B); (2.5)

where 0<B<1,A>0,A>0 , q€Ny,=NuU{0} and p>q . And
T;(p;q;A;B;A;a; l;ﬁ) = Tp(n) nSn(p;qrAlB;/La; l;,B)'

We assume that 0<f<1,0<a<pneN,q€Ny,p>q and 6, j){i>]) is
defined by (2.4).

THEOREM  2.1.1.A function f(z) of the form (2.2) is in the
classT,;(p,q,A,B, A, a,l, B)if and only if

Z,imm +B(l = P)lk(k — 1)6(k — 2, q)a < A1 — B)(1 — )8 — 2,4)(2.6)

PROOF. Assume that the inequality (2.6) holds true , then

A {f@*2(2) — p(p — D&p — 2,q) 2°7972}
—(I-P)B{f9*?(2) —plp—-1D(p—2,q)zP~ 12}
+ (1 — a)8(p — 2,q) zP~72|

=|A{6(,q+2) 2P 12 + T 10 8k, q + Dz — p(p — 1) 6(p — 2,q) 2P~17%}| -
(L=PB)|B{8( g+ 2)zP71 2+ T pyn8(k,q +2) ar 2772 —p(p — 1)6(p -
2,Q)zP 172} + A(1— a)8(p — 2,q) zP7972|

We have 6(p,q +2) = p(p — 1)5(p — 2,q) then

= Al = DM = 2,927 97% + Eipink(k — 1,9)8(p — 2,9)a 2472 — p(p —
1)6(p — 2, q)zp_q—z}l - (- ﬁ)lB{p(p —1)6(p — 2, q)Zp—q—Z + 210(0=p+nk(k 16k —
2,Q)axz"" 172 —p(p = V(P = 2,9)27 "2} + A(1 - 9)8(p — 2,¢) 27777

then



= |AZ 5 i k(k — 18k — 2,q)a,z" 92| — (1 — B)|B Tizpin k(k — DSk —
2, Q)22 + (1 — a)8(p — 2,q) zP~172|

< z [A+ B - P)(k(k — Dk — 2, Qagl|z[* 772 =21 — )(I = B)6(p
k=p+n
’ -2,Q)|z|¥ 172 < 0.

Conversely , assume thatf (z) € T,,(p,q,A,B , 1, «, 1, B) thus

Alr9+2(2)—p(p-1)dp-2.9)zP 17
B{f (12 (2)-p(p—1)8p-2,q)zP~ 12 }+ A(1- )8 (p—2,q) zP~972

A[&(p,q+2)zp_q_2+22°:p+n6(k,q+2)akzk_q_2]
— -p(p—1)8(p—2,q)zP~972 <l-R
B[S(p.q+2)zp‘q‘2+22°:p+n5(k.q+2)akzk‘q‘2—p(p—l)S(p—Z.q)zp‘q‘z]
+A(1-a)é(p—2,q) zP~9-2

We have §(p,q +2) =p(p —1)6(p — 2,q) then

AYRLpin k(k—1)8(k=2,q)arz*~972
B Z?=p+n k(k—1)8(k-2,q)ayzk—4-2
+A(1-a)6(p—2,q) zP~—9—2

<l-p

SinceRe(z) < |z| forall z, we have

AZ;?:p_,_n k(k—1)6(k -2, q)akzk_q_z
‘|5 Yhepin ke =18k = 2,q)axz*" 972+ A(1 — a)8(p — 2,q) zP~972
letting z —» —1 through real values , we obtain the desired result .

R

<l-B @7

COROLLARY 2.1.1. Let the function f(z) defined by (2.2) be in the
classT,; (p,q,A,B,A,a,l,B) then

A=) (1-a)6(p-2,9)
a, < [A+B(l_ﬁ)]k(k_1)6(k_2’q)(k >n+p,n€N) (2.8)

The result is sharp for the function .

— b _ _A-PA-0)dp-249) .k
f(z) =z B esizg? k=n+p,neN) (29
THEOREM 2.1.2. let the function f(z) defined by (2.2) be in the
classT,;(p,q;A,B, A, a,l,B).Then for |z| = r < 1we have

7\-(1 - B)(l - (X)@(p -2, Q)S(p +n, m) -m (m)
 [A+BU-B)8(p+nq+2) }rp < |f™(2)|
M-BA -8k -2, s +nm) ,

[A+B(0—-B)]6(p +n,q+2)

{8(1), m)

< {S(p, m) + (2.10)

The result is sharp for the function f(z) given by

_ M=-BA - -29) pn
[A+B0—-B)]6(p+n,q+2)

f(z) =zP (2.11)



PROOF . By Theorem 2.1.1, we have

[4+BU-PIp+ @ +n-DSE+n-2,0) )

k=p+n
< Z [4+ B - B)lk(k — )6k — 2,q)ay
k=p+n
<SAU-p)A—-a)d(p—2,9) (2.12)
That is
C A-B)1-a)s( —2,9)
). S ETEI A 00 e Dee Tz

k=p+n

A=) —a)é(p—2,q)
" [A+BU-PR)1S(p+n,q+2)

From (2.3) and (2.13) , we have

|f(m)(z)| > {6(p,m)rp‘m + rP*ME(p + n,m) i ak}

k=p+n

= {S(p m)rP™m 4 ppin-m A=A —a)b(p—2,q9)6(p +n, m)}

[A+B(l—PB)]6(p +n,q+2)

A=A -a)s(p—2,9)5(p +n,m) rn} Fp-m (2.14)

= {5@' L Y BN CE T EY)

and

l[Ff™(2)| < {5(p,m)rp_m + rP*ME(p + n, m) i ak}

k=p+n

yP—m _ yp+n—m AAl=P)1—-a)é(p—2,9)0(p +n, m)}
[A+B(l—B)]6(p+n,q+2)

{5 )_/1(1—/3)(1—06)6(17—Z.q)f?(p+n,m) n| p-m
e [A+BI-PsGp+nqg+2)

< {5 (p,m)

(2.15)

Putting m=0 in Theorem 2.1.2 , we have the following corollary

COROLLARY 2.1.2. Let the function f(z) defined by (2.2) be in the class
T.(p,q;A,B,A,a,l,B).Then |z| = r < 1 we have

A =P -a)sp—2,9) n} o (2.16)

@l = {1 “TA+B(-PIB(p+nq+2)

and



(2.17)

F@) < {1 f H=AA-a)5p = 2.9) n}rv

A+B(—-Pdp+nq+2)
The result is sharp.
Putting m =1 in Theorem 2.1.2, we have the following corollary

COROLLARY 2.1.3. Let the function f(z) defined by (2.1) be in the class
T,(p,q,A,B,A,a,l,B).Then |z| = r < 1 we have

If'(2)| = {P _ AU - @)~ 2,4) rn} rP-1

[A+B(l—-B)é6(p+n—1,q+1)

and

If'(2)] < {P +

M=PA-@8G-20) ),
[A+B(l—-B)é6(p+n—-1,q+1)

The result is sharp

THEOREM 2.1.3.let the function f(z) defined by (2.2) be in the class
T,(p,q,A,B,A,a,l,B).Then f(z) is p— valent close— to—convex of order 1
(0 <m<p)in|z| < R, ,where

[A+ B =PIk =Dk —=2,9(p—n
AL=PB)A=a)é(p —2,9)

1
k=p
R; =inf (k=zn+ppneN) (2.18)
3

PROOF: we must show that

f'(2)

zb—1

—p|§p—n for |z| < R,

where Rj3 is given by (2.18). Indeed we find from (2.2) that

f'(2) N )
Zp_l _p S Z kaklzlk P
k=p+n
Thus
f'(2)
-1 —p|<p—n
If

(e}

D () a7 <1 (219)

k=p+n
But by using theorem 2.1.1, (2.19) will be true if

K\ [ k-p < (1A+BA-)Ik(k-D5(k-24)
(p—n) 2] —( - (A-0)8(p-20) )

Then



12| < {[A +BI =Pk =16k -2,9)(p - n}ﬁ (2.20)

A=A —-a)é(p—2,q9)

THEOREM 2.1.4. Let the function f(z) defined by (2.2) be in the class
T;(p,q,A,B,A,a,,B).Then f(z)is p —valent starlike of order n (0<n<
p) in |z| < Rywhere

[A+B(— Ik — 15k - MXP—“}W (2.21)

Ry = inf "2"“’{ (=B =~ )8 —2,q)(k —1)

The result is sharp the extremal function

PROOF. We must show that

zf'(2)
- p|<p-n for |zl <R, (222)
where R;is given by (2.21).
2f(2) | _ Snspk-plarlzl?
f(Z) 1_Z]°(°=n+p aklzlk_p
Thus
zf (2) |
—_ S —_
f@ =P
If
k= k—p
Z (p_n) aclz* P <1 (2.23)
k=n+p

But by using Theorem 2.1.1, (2.23) will be true if
(k;n) Iz|FP < ([A+B(l—ﬁ)]k(k—1)6(k—2,q)

p—M A1-B)(1-a)é(p—2,9)
then
1
[A+B(1-P)]k(k—1)6(k-2,0)(p—)\k-p
< >
2l < (M s s ) T (k=n+pnem (2.24)

COROLLARY2.1.4 Let the function f(z) defined by (2.2) be in the class
T,(p,q,A,B,A,a,l,B).Then f(z)is in p-valent convex of order n (0 < n < p) in |z|
<R,, where

[A+B( - B)lpp — D8k — 2, ) — n)}ﬁ

R, = lnszn+p{ A=A —-a)d(p—2,9)(k—n)
The result is sharp .

THEOREM 2.1.5.let u; =0 forj=12,...,mand Z;-”zluj <1 , if function
fj(z)defined by




fi(2) = 2P = Xipin ak‘jzk(ak,j >0,j=12,..,m) (2.25)

are in the classT,;(p,q;A,B,A,a,l,B) for everyj = 1,2,...,mthen the function
f (z)defined by

f@=2- > (Z(ujak,j> )zk (2.26)

k=p+n \ j=1
isalsointheclass T,;(p,q;A,B , A, a, L, B).

PROOF : Since f;(z) is in the class T,(p,q,A,B,A,a,l,B), then byTheorem 2.1.1
that

Yiep+nlA + B = P)]k(k — 1)k — 2,q@)ay; <A1 - L)1 - a)d(p — 2,9)(2.27)
for every j=1,2,... m .Hence

Z [A+ B(l—B)]k(k—1)6(k —2,q) (Z ujak,j>
1

k=p+n J=
- Z M; ( Z [A+B(—B)]k(k —1)5(k -2, Q)ak,j>
j=1 k=p+n

< DA+ BU- Bk = DSk = 2,0a; ) 1y =0~ A1 - D8P —2,9)
j=1

k=p+n J
From Theorem 2.1.1, it follows that f(2)e T, (p,q; A,B , A, ., B) .

COROLLARY 2.1.5. TheclassT,(p,q,A,B,A,a,l,pB) is closed under convex linear
combination

PROOF : Let the function f;(z)(j = 1,2) be given by (2.27) be in the class
T,;(p,q,A,B,A,a,l,p).ltis sufficient to show that the function f(z) defined by

f@) =ufi(2) + (1 - wf(2)

is in the class T, (p,q,A,B,A,a,l,B) .But , taking m=2 ,¢; =u,c,=1—pu in
Theorem 2.1.5, We have the corollary.

THEOREM 2.1.6.Let
fb+n—1(z) = zP
and

A=A -a)é(p—2,q9)

T BA- PG - Ds— 2,7 2P (228

fi(2) = zP

Then f(z)isintheclass T, (p,q;,A,B, A, a,l, B) if and only if it can be expressed in
the form



f(Z) = Zl?:p+n—1 Aukfk(z) (2.29)
where p, = 0 and Yp—pin_1 ik = 1

PROOF :Assume that

fO= ) wh@

k=p+n-1
= Up+n-1fp+n-1+ z ticfie(z) (2.30)
k=p+n
— oD _ V' A-B)(1-a)6(p—2,9) k
=Z Zk=P+n [A+B(l—ﬁ)]k(k—l)(Y(k—Z,q)ﬂkZ (2.31)

B A-B)1-a)6(p—2,9) = i
p ]
= lpin-127 + E, [A+BU—PTkG—DsGk—2,H K
k=p+n

Then it follows that

oo

z ([A+B(l—ﬁ)]k(k—l)S(k—Z.Q))( A=B)(A-a)6(p—2,9) ,uzk)
A(A-p)(1-a)é6(p-2,q) [A+B(-P)Ik(k-1)8(k—-2,9)" ¥

k=p+n

< Z U = (1 - .up+n—1) =1

k=p+n
Hence by Theorem 2.1.1, we have f(z) € T,;(p,q;,A,B, A, a,L,B).

Conversely , assume that the function f(z)defined by (2.2) belongs to the class
TT;,k(p)qIA;B ;ﬂ/;a;l;ﬂ), then

A1-p)(1-a)6(p—-2,9) k
k = Ta+BU-B)lk(k—-1)8(k-2,9)

Setting

— [A+B(l—ﬁ)]k(k—l)&(k—z,q)a
Hi AA-B-a)d(p—-2q) Sk’

Where
HUp+n-1=1— Zl?:p+n Hp-
We can see that f(z) can be express in the form (2.30).

COROLLARY 2.1.6.The extreme point of the class T,;(p,q,A,B, A1, ,l,B) are the
function f,,(z) = z” and

A=A -a)é(p—2,9)

“TA+BU -kl — Dok — z,q)Zk’k Zptn

fk(Z) =z?



Let the function f;(z)(j = 1,2) defined by (2.25) the modified Hadamard product
of f;(z) and f,(z2) is defined by

(fi x f2)(2) = zP — Zloco=p+n ak,lak,22k=(f1 * f2)(2) (2.32)

THEOREM 2.1.7.let the function f;(z)(j = 1,2) defined by (2.25) be in the class
T;(P;q,A,B ,Z,a,l,[)’),Then (fl *fZ)(Z) be in the class
T,(p,q,A,B,A,0,l,B) where

A=) —-a)d(p—2,9)

=l AT BA-PIe+ Do tn-DoGptn-20) (2:33)

The result is sharp for the function fj(z)(j = 1, 2) defined by

AU-B)1-a)5(p—2.q)
. = 7P p+n
@) =2 + e s 2 (234)

PROOF :We need to find the largest g such that

[4+B =)k (k—-1)8(k—1,q)
Z - -0p—2q “ki®kz <1 (2.35)
k=p+n

We have f;(z) € T,(p,q,A,B,A,a,l,B) (j = 1,2) then

[A+B(l-B)]k(k—1)6(k—-2,q) <
Z -B(A-a)d(p-2q) el = 1 (2.36)
k=p+n
and
[A+B(1-B)]k(k—1)6(k—2,9) <
Z B A-0d—zq) Mz =1 (2.37)
k=p+n

By using Cauchy Scharz inequality , we have

[A+B(1-B)]k(k-1)6(k-2,q)
Z AU-B)1-a)d(r—-2,9) A1 0k2 < 1 (2.38)
k=p+n

It is sufficient to show that

1
Ag10k,2 sﬁ\/ak,lak,2(2.39)

1-0

or

AR A-@)5(P—2.q)
< [
V1% S g pika—nst—z 2 30)

Hence in night of the inequality (2.40), it is sufficient to prove that

A1-B)(1-a)8(p-2,9) (1-0)
[A+B(-PTk(k-1)8(k-2,) 2k =p+n)(2.41)




From (2.41) we have

A =B —2,9)(1 — a)®

= T BU =Pl — Dotk —2,0) (2.42)
In the next , we defined the function R(k)by
_ _ _ 2
R = 1 M= BB ~2,9)(1 ~a) (.49

[A+B(—Blklk —1)8(k —2,q)
We note that R(k) is an increasing function of k (k= p + n), therefore

AA=PB)s( —2,9)(1 — a)?
[A+B(-Plp+n)(p+n—-1D5(p+n-2,q)

c<R(p+n)=1- (2.44)

Putting B =1 in Theorem 2.1.7, we obtain the following corollary.

COROLLARY 2.1.7.let the functions f;(z)(j = 1,2)defined by (2.2) be in the class
Ti(p,q;A,B, A, a,)Then (f; * f5)(2) € T;(p,q;A,B,\,0,l) where

AA-1D8(p-2,9)(1 —a)?
[A+BU-D]Jp+n)p+n—-1Dé(p+n—-2,q9)

oc=1-—

Then result is sharp.

COROLLARY 2.1.8. For f;(z)and f,(z) as in Theorem 2.1.7 , the function

oo
h(z) =z — z N
k=2

belongs to the class T, (p,q; A,B , A, «, L, B).

This result follows from the Cauchy-Schwarz inequality (2.28). It is sharp for the same
functions as in Theorem 2.1.7.

THEOREM 2.1.8. Let the functions f;(z)(j = 1,2) defined by (2.26) be in the
classT,; (p,q;A,B, A, a,l,B). Then the function

h(Z) =zP — Zliozp+n ) ’ (azk,1+a2k,2) Zk(245)

belongs to the class T,,(p,q;A,B,1,¢,L,8), where

M- Bl —2,9)(A —a)’
[A+B(— Pkl — 15k —2,9)

The result is sharp for the functions f;(z)(j = 1,2) defined by (2.34)

(< 1- (2.46)

PROOF. By Theorem 2.1.1, we obtain

o [A+B(1-B)]k(k—1)5(k-2,9) 2
Zic=p+n A-B)(1-a)8(p-2,q) k'l] <1(2.47)



and

o [A+B(1-B)]k(k—1)6(k—2,q) 2
Z"’:PM[ A1-p)(1-a)8(p-2,9) k'z] <1(2.48)

It follows from (2.47) and (2.48) that

0 1 [[a+B(1-B)]k(k—1)86(k—2,9)
Zk=p+n [ -

2
2 2
E B (1—a)o(r—20) ] (Cl k’1+a k,Z) < 1. (249)

Therefore, we need to find the largest { such that

[4+B(1-pB)]k(k—1)5(k—2,q)
AL=B)s(p—2,9)(1-0)

2
B %[[A ;g(i ﬁ)ﬁ()l] ]i(i>5(13‘5_('; q)z' 2 @so
that is, that
¢
<1
AL-B)o(p—2,9)(1 — a)z o

" 2[A+ B -Bkk -6k —2,9)

A =Bép-2,90-a)’
2[4+ B —=B)]k(k —1)5(k - 2,q)

D(k) =1 (2.52)

is an increasing function of k(k = p + n), we readily have

A=) —2,9)(1 — a)?
[A+B(-PB)lp+n)(p+n—-1)6(p+n,q+2)

ZSD(p+n)=1—2



2.2 A GENERALIZATION OF A SUBCLASS OF MULTIVALENT
FUNCTIONS DEFINED BY DZIOK-SRIVASTAVA LINEAR
OPERATOR

Let Dp denoted the class of analytic functions:

f(2) =27 + z a7 ;(0,mEN={1,23,...})

n=n+p

which are analytic in the open unitdiscU = {{z: z € Cand |z| < 1}. LetS denote
the class of all functions in Dp which are normalized by f(0) = 0 = f'(0) — 1 and+
multivalent in U.For given two functions f and g € Dpwhere

f(2) =27 + Tpcprranz and g(2) = 27 + Fiicpyy b
The Hadamard product f(z) * g(z)is defined
f(@)xg2) = (f x9)(2) = 2P + ¥5-ps1 anbyz" (2.53)

Also denote by T, (n)the subclass of S consisting of functions of the form

o0
f(z) =zP — z a,z",a,=>0,z€U
n=p+1

studied extensively by [30].

For positive real values of ay,....,a; and B; ..... 8, (B; #0,-1,...;j = 1,2,...,m) the
generalized hypergeometric function ;E,(a; ... ....a;; By ..... Bm; 2) is defined by the

infinite series

o (@p...(a)pz™
lFm(Z) = lFm(al e g ,81 s .ﬁm;Z): = Zn:o([ﬁl)n—(ﬁ;n)nn'(254)

(l<m+1,meN,=NuU{0};z€U),

Where D denotes the set of all positive integers and (1),is the Pochhammer symbol
defined by

ot _ (1, n=20
Wni =57 = {m +1DO42) .. (h+b—1), n€ N} (2.55)

The notation ,F,, is quite useful for representing many well-known functions such as
the exponential, the Binomial,the Bessel, the Laguerre polynomial.
Let H(ay,...0;; B4, ..., Bm) : Dp — Dp be a linear operator defined by

H(ay, .. 0581 ) f (2) =2 (Fp(aq ooy By v s 2) * f(2)
=P 4 Z Tna,z" (2.56)

where
_ (@) n-p - (@In—p 1
(ﬁl)n—p (ﬁm)n—p (n - p)!

I'n (2.57)



Fornotationalsimplicity,wecanuseashorter notation
HLlay o ..a;; By ... Bm]in the sequel. The linear operator H,[a,]is called Dziok-
Srivastava operator, various other linear operators introduced and studied by[31],[32]
and[33].Motivatedbyearlierworksof[34]and[33]. Wedefinethefollowingnew subclass
of T,(n) involvinghypergeometricfunctions.

DEFINITION 2.2.1, A function f €T,(n)is said to be in the class
HE}(p,q,a, B, 4, B)the analyticcondition.

-1
Fq
i 2 — <B, z€U (2.58)
8~y [ - a| - [T 1]

Where
Zq+1Ff+1(z)__ Zq+17ffq+1(z)+—AZq+27ffq+2(Z) 0<i<1
20F(z) ~ (1—Dz9Hf9(2) + AzTHHf N (z)  — ~ 7~

For0<1<1,0<f<1,-1<B<A<1,0<y<1land

Hf(z) =z + 2 r,a,z" (2.59)

n=p+1
Where I",,is given by (2.57).
In our present investigation, we discuss some interesting properties of

functions f(z) € HF),?‘(p, q,a,B,A,B) based on convolution. Further we discuss
certain closure properties under integral transformation.

thefollowingTheoremweobtainnecessaryandsufficientconditionsforfunctions
f(z) € HE!(p,q,a, B, A, B).

THEOREM 2.2.1. A function f(z)of the form (2.52) is in the class HFyk(a ,B,A,B)
if and only if

i o L PUP— A+ DIBY(B AP —qg—a) = (p—q= 1= pB)
e -

(2.60)

_ n(n—-A+D[n—q—1)A —-BB)+py(B—A)(n—q — )]T

ol (2.61)

Cn

andl’,, is defined by (2.57) .
PROOF.For |z| =1,we have

|29 F]* (2) — 29F ] (2)|
— B |(B - A y{z9F*(2) — azIF](2)} — B {z9*'F{"(2) — z9F] (2)}]



=|(1 =Dz HfIY(2) + Az9T2H 972 (2) — z9Hf9(2)|
—BI(B — Ay{(1 — Aa)z9* Hf "1 (2) + Az9*2Hf9%%(2)
—azlHf9(z)}
— B{(1 — D)z9"TH 9% (2) + Az9P2Hf9%2(z) — z9Hf9(2)}|

_  |p—g-1)(Up—i+1)p! 2P 4+ Y
- n=p+1

(n—q—l)(ﬂm—/1+1)n! n| _ (Ap—A+1)p!
(- (-q-1)! (- (P-q-1)! nan2 | ﬁ'(p—q)(p—q—l)!{ (

in—4 !
D ~q—a) =B~ q =D} +Ticpri g omorers Tnanz" (y(B — A)(n—q -
@) —B(n—q -1}

(p qg—1DUAp— 1+ Dp!

@~ ) |z|P
+ nzzpﬂ (n—q- (1;(:11;)—! A+ Dn! R
i;m(;f;)?)p! (B —Ap—q—a)—Bp—q— D}zl
' nglﬁn! ((/;n_—q§!+ 28 - Hn—q - )

—B(n—q - Dil'nay|z["

o nl(n—A+1)
= ) g a4y (B =M —q—a) ~ fB( —q ~ Dlna,

l(Ap—A+1
—%[MUB—A)(p—q—a)+ﬁB(p—q—1)—(p—q—1)]

n=p+1

%[( —q—1)(1—BB)+By(B—A)(n—q— a)ll'na, —

PR By (B~ A)p—q—a) — (p—q— 1)1~ BB)}

= 2L1 p+1

<0 , by  hypothesis.Thus by maximum modulus Theorem f €
HE!(p,q,a,B,A,B).

On the other hand suppose that

zFf+1(z)
F(2)
Fq+1(z) Fq+1
(B—-Ay | g~ —B q -1
F;(2) Fi(z )
‘ G e
— 1 Zqu(Z) | < ﬁ
o B B )
o iy S S )
z4F] (2)

Since Re(z) < |z| forall z, we have



) \
Ap—i+1) (p—q-1)p! » n—2+1)(n-q-1)n!
Up ( )_(P)'CI )p 1z|P + Zn=p+1( n ( )_(n)'q m I'na,|z|"
Re { EE —
(Ap—1+1)p! D
TS EYB - -q-a)P —Bp—q- 1Dz
4+ 3, Yt “)1!)” (y(B—A)(n—q—a) —Bn —q— DInay|z|"

<p

the value of Z on the real axis so that f(z)is real and letting z — -1, we obtain

i n(n—A+1)[ (n—q—1)(1— BB) ]Fa
n—-q) H+pyB-AM—q—a)l "™

_p -2+ DByB—-AP—q—a)— (p—q— 1A — BB)]
- »—q)!

n=p+1

and hence the proof is complete.
Putting g = 1, in the above Theorem , to obtain
COROLLARY 2.2.1 A function f(z) € HF}(p,q,a, 3, A, B) if and only if

o)

2 Cpln = (1 - a)(B - A)ﬁy

n=p+1
Wherec, = (1+ni—A)[(n—1)(1 - BB) + By(B — A(1 — a)]I;,
We note that the result obtained by [35].

In the following theorem, using the techniques[36] we discuss some
convolution properties for functions f(z) € HF],}“(p, qa,B,A,B).

Let the function f;(2)(j = 1,2) be defined by

[0e]

[@ == ) a2 (a2 05 =12) (2:62)

n=p+1

then the modified Hadamard product of f;(z) and f,(z) is given by

@D =27 = ) anaay,?" (2.63)
n=p+1
THEOREM 2.2.2 Let the function f;(z)defined by (2.62) be in the class
HE}(p,q,€1,B,A,B)and the function f,(z) defined by (2.62) be in the class HE}

(p,9,€1, B, A, B). If the sequence {Cn} is non-decreasing then (f; * f,)(2) €
HFyx(p, q,a,B,4,B) where

B ﬁY(B - A)A(ﬁ' Y, Ell l’l)A(ﬁ, Y, EZ' n)(ﬂ,n — A+ 1)rn

_ (Ap—A+Dp!n! (2'64)

(p—-!(n—-q)!

—(1) (1) B ((n - g — (1 = BB) + By (B — (P — 9))
(v1)(w,)By (B — 4)



PROOF: In view of Theorem(2.2.1) it is enough to show that
{ n(n—q—l)(l—ﬂB) }
(n CI)' +By(B—A)(n—q—a”)

»n (By(B—A)p q—“*)
n=p+1 (Ap — A+ 1)@{_(79—61—1)(1_,83)}

(Un—A1+1)——

Iapia,, <1 (2.65)

Where a* is defined by (2.62)

Since f; € HF} (p,a,§1, B, A, B) we have

[ee)

(ﬂ‘l’l — A+ 1)A(18' Y, 51' n)

L (By(B—A)(p—q—¢&1)
n=p+1(Ap — A + 1)@{_@ —qg-1)(1 —,331)}

and for f, € HFyx (p.9,€,, B, A, B) we have

pay, <1 (2.66)

[oe)

(ln —A+ 1)A(181 Y, 52' n)

. v [(BY(B—A)p—q—¢&)
n=p 1(/1}0 /1+1)(p q)|{{_(p—q—1)(1_ﬁB)}}

Cpay, <1 (2.67)

Where
MGy m) = [ = q = (A= BB) + By (B — ) —q — £))]
MGy am) = [ (= q = D(A - BB) + fr(B — D — g~ £))]

v, = By (B —A)(p —q—-&)—(—-q-11-pB)}
w,={By(B-—A)—-q—&)—(@—q—1(A-BB)}

On the other hand, under the hypothesis and by the Cauchy’s-Schwarz inequality that

i [A(B' £ 611 n)]l/z [A(ﬂ, Y, 52' n)] 1/2

n=p+1 (v)(v)

(n—2+ D, [ay 0, <1 (2.68)

From (2.68) and (2.69), it follows that

i (n — 2+ 1)2A(B,7, &, MTAB, v, &5, )T,

n=p+1 [(ﬂp —1+1) (pzi!q)]z (v)(w,) i

an, <1 (2.69)

Now we have to find largest a*such that,
_ (n—q—-1A-pB)
On =2+ D 6L - g —a )}r o
! {ﬁV(B Ap—-q-—«a )} nomiTm
@-o{—(p —q—1)(1 - BB)

n=p+1 (Ap—A41+1)



< i (n— A+ DIAB.y. &, n)ll/Z[A(f)" .62 Tnf/@n1an,;

n=p+1 [(lp /1+1) ] ('/’1)('/’2)

q)'

or, equivalently that
({ﬁV(B —Ap-q-a)-(pP-q-DA- EBI)})
[AGB.y. 61, )] 2[AB, v, &, m)] /2 (n=2)

RV, an,lan,z <
(/ (v,)(v,)AB, Y, ", n))
where
ABy, et =5 q), {(n—q -1 -BB)+py(B— AP —q—a)}

In view of (2.96) it is sufficient to find largest a*such that

[p =2+ D] (1))

(An = A+ DIAGB, ¥, &1, )] 2[AB,y, &, m)] V2T, 1 1
_ByB-H@-q-a)=p—q=1)1 = EB}ABY. &M 2By, &2 m] 2

AQB,y, at,
(1) (w,) By.atin)

(A(B. Y, ¢ AR, Y, &n)(Up — A+ D{BYyB-A P —-q¢) — (@ —q— 1A - BB,
BY(B - A)A(ﬂ' Y, flﬂ n)A(/i‘, Y, 52! n)(/in -1 + 1)rn

a* <

(ﬂp A+1)p!n!
P-)i(n-q)!

~(v) () LB (= q = DA = BB) + By (B — AP — )}
(‘//1)(‘//2)[’)]/(3 —4)

THEOREM 2.2.3 Let the function f;(z)(j = 1,2) defined by (2.64) be in the class
HF&(p, q,a,B, A, B). If the sequence {Cn} is non-decreasing. Then the function

h(z) = zP — E(a,zllﬂa,zllz)z” (2.70)
n=2

belongs to the class HE(p, q, a, B, A, B) where

Wiﬁ?" {By(B-A){p—-q)—(p—q—1(1—-pB)}
Z(A?p /1;)'1)1:' {(n—q—-1)(1—BB)+By(B —A)(p— T,
6 < (UOn—Ji+Dn! 2(Ap—1+1)p!
TR = T AR

PROOF : By virtue of Theorem (2.2.1), it is sufficient prove that

(Jn—i+1)n! [ (n—q—1)(1—-pBB)
Z n-@)! [+By(B—A)(p—q—96)
4 cw—arp [BY(B - A)(p —q—9)
P @-0! |-(p—q—1)(1—SB)

Since fj(z2)(j = 1,2) € HE!(p,q,a, B, A, B) we have

n
(a2,4a%;) <1 (2.71)




(n—q)!

B By (B~ A)p —q — @) — (0 —q — D1~ B)]

i (M [(n—q—-1DA-pB)+By(B-APp—q-— a)]Fn>2 X
a

n=p+1

© (An—-A+1)n! 2
Z ooy M—a—DA =B+ By(B-A)P—q—a)llnan,
= Ap—A+1)p!
WG\ ISR BYB =P —q—a) — (p—q— DA - pB)]
<1 (2.72)
and
$ U2 [ — g — 1)1 — BB) + fr(B - Dp— g — I\
' a
wGa\ S (BY(B ~ ) (p—q — @)~ (p — g~ DA~ BB)]
$ T (g — g — 1)(1 — BB) + By (B = AP — 4 = @ yaz )
< .
G\ SR By (B - (P —q - @)~ (p—q— DA~ BB)]
<1 (2.73)

It follows from (2.72) and (2.73) that

. (An—-A+1)n! 2
1 W[( n—q—1)A-BB)+py(B—A){p—q— )T, L
Z 2\ Gp=2+Dp! (an 1+0n 2)
W1\ T oo BB -q-a)—(p-q-1DA-AB)]
=1 (2.74)

Therefore we need to find the largest §, such that

Cr i - q = (1= BB) + By (B~ A)p —q — O,

Gt By (B~ A)p —q—8) = (p — g — (1 - BB)]

(n—q)!

BT By (B~ M)p—q - @) — (p —q — D(1 — B)]

1 (—“”‘“”"’ [(n—q = 1)1~ BB + By (B~ A)(p —q ~ a>lrn>2
< 2 nz=2

Unt b (g (B — ) (p — @) — (p — g — (1 — BB)}
z(x?p A;r)'l)p {(n—qg—-11-BB)+By(B—A)(p—-q)T,
5<
{(Mznl;)ll)n'ﬂ (B—A)— Mﬁ (B — Ay }

Recently, [37]have studied some results of Holder-type inequalities for a subclass of
uniformly starlike functions. Now, we recall the generalization of the convolution [38]
as given below,

o m
Hn(z) =2z - Z ﬂaﬁ{'j z"(p;>0,j=12,..,m) (2.75)
n=p+1 \ j=1

Further for functions f;(z) € HF)Z‘(p, qga,B,A4,B)(j=1,2,.. m)given by (2.63), the
familiar Holder inequality assumes the following form



i (ﬁam)ﬁ i <ﬁa§§>p_j (p;>1,j=12,..,m: Z—>1) (2.76)

n=p+1 \ j=1 n=p+1 \ j=1 j=1 ]

THEOREM2.2.12If f;(z) € HE}(p, q¢,%;,8,AB),-1<B<A<1,0<f<1,0<A
<1,j=1,2,.., mthen 3, (z) € HE*(p,q,§, 8, 4, B) with

= (n— + )n! i
z{ﬂ(%) (G-~

~pB)+py(B - a)(p - a - 5)r

-[-a-1)G -]}
(ln -1+ 1)n! (lp -1+ 1)p!
) (n—a) (- o)

-G -q-10- ﬁB)]] {(n—q-1)a-p8) -pr(8-2)(p-a)}

/{]_[ (22 [0

]pj (lp A+ 1)P'

W py(B - 4)

| e SO

]pj (lp A+ 1)p

oo {Upr(8 -2 - 9]

[ﬁV(B - A)(p —-q- E].)

+py(B - 4) (p -q- Ej)l"n

j=1

~(p-q-1D(- ﬁB)]] py(B - A)]

where
(S=X™.p; = 1; p; = qij(j =12..,m),q;>1(G = 1.2, ...,m):zj-';lqij > 1).

PROOF : Let f;(z) € HF)Z‘(p, a4.§,B8,4,B)(Jj = 1,2...,m)Then we have

w Un=-21+1)n!

e (m—a =)A= B+ By(B - A)(p—q-§)]
Cp=7+Dp!

n=p+1~ _g)! [.3 (B — A)(p q _E]) —-—q—1(A _,BB)]

which in turn, implies that

(n—q)!

! rnan
wLri S [By (B — M) (p - —§) — (0 —q — D1 — BB)]

( o (in—i+1)n! [(n —q—1)(1—-BB) +py(B — A)(P -—q- Ej)] )q_j
J

1
(g >1 )(j=1,2,...,m):za=1)_
j=1"

Applying the Holder inequality (2.76), we arrive at the following inequality



i {i(";ﬁ;)ﬁ)”'[( —a-DA-FB) + By (B - —a-5)] >_ i
I

up(pﬂf,)l,)p' [ByB - —a-%)—®—qa-11-BB)]

Thus, we have to determine the largest € such that

w (Un-i+1)n! [

g (== DA B+ frB - A —a -] (ﬁapj) -,
n nj | =

wGs R By (B~ M) —q — D — (0 —q — (1= B)]

That is

w Un—-2+1)n!
(n—q)!

(Ap—-2+1)p! n
e - BY(B =AM —q -8~ (p—q-1)(1-[B)]
i I[i (“’}nﬁ)ﬁ)" [n—q =01 - p8) + pr B =D —a-5)] )‘“‘ L

BBy (B-Mp-a-5) - -q-DA-B)]

Pj
n,j

[(n—q—1)(1—BB)+By(B—A)p—q— z)] (ﬁ )
a

j=1

n= p+1 =1

Therefore, we need to find the largest € such that

(An—-2+1)n! [

e (== DA =B+ fyB - -a-9] (ﬁ ag}.])

G E 0 (5 (5 — A)(p—q - ) — (p —q - DL fB)]

(p-2+Dp!
e

n—A+1)n! p;—% 1
Sﬁ e [ noa DU B -AE -5 T e
[BYy(B—A)(p—q—%)—(—q—1)(1~-BB)]

j=1

Since,

Cgr == DB+ B - A -a-5)] TR ]
1_[ =1 <Pj

(Up— ﬂ+1)p'[‘3 (B — A)(p q-— E]) p—q—-1DA - ,[)’B)]

J=1 P-q)!
>0,j=12,..,m)

We see that,

= pi‘i. 1
[ Jan "= @2.77)
j=1 Gn-srnm| (—q—1)(1-BB) ] Pi=g;
m ( (n-q)! +[>’V(B A)(p q- E,) )
J=1\ up-2+1)p!
@-! | -(p—q-1)(- BB)

This last inequality implies that

Mn(;ﬂ_;)l')n![( _q_1)(1—ﬁ1_-3’)+ﬁy(B—A)(p—q—E)]r
(Ap—-2A+1)p! [By(B—A)(p—-q—-% —(p—-—q—1)(1 - BB)] "

(p-)!
7 (D - g~ 1)(1 - BB) + By (B — A)(p — q — §)Ta]”

(n—q)!

< ;
5-"1[“”(,,*;1?”'[[% B-mp-q-%)-@-q-1D1-FB)

which implies



(An— A1+ 1)n!
(n—q)!

[(m—q—-1)(1-pB)
+By(B—A)P—q

=~ [Gp = 2+ D)p!
o] [ 25 B = (-0 - 5) — (0 - a = D - )]
j=1

S (On = A+ Dn\P

j=1

pj

j(Ap — 1+ 1)p!
BB =M —a -] =

- (—-q-—1D0-pB)]

= (n—-21+1)n! p;, (Up — A+ 1)p!
£ < {ﬂ( (n—q)! ) (n—q—1)(1—BB)+ﬁV(B—A)(p—q—Ej)Fn] W{[BV(B

-Ap-]l-[e-q-D0 -8B}

(n—a+Dn!|(lp — 2+ D)p!
 (n-q) (» — q)! [BV(B_A)(”_"_EJ)_(p_q_l)(l—ﬁB)] {(n—q

-1)(1-BB) - By(B-A)(p - q)}}

(n—2+1)n\”
/{ﬂ(w) [(n q—1)(1-BB)

j=1

[By(B—A)(p—q—79

Jj=1

+py(B - A)(p —q- E,-)l"n]pj %BV(B —4)
- (/1"(; i Z;)"! H [(ﬂp(; i -;)j)p! [BV(B — A)(p —q- Ej)

-(-q-10 —BB)]] By (B —A)}

Integral transform of the class HF)Z‘(p, q,a,B,A4,B). For f €S, we define the
integral transform

V() = f AOLALPT

where A is a real value, non-negative weight function normalized so that
[, Ade = 1.
Since special cases of A(t) are particularly interesting such as
A) = (14 0), c>-1,

for which V, is known as[24], and

(1+¢)° 1\%7t
%) tc(log?> c>-1,6=20

A(t) =

which gives the [39].



THEOREM 2.2.5. Let f(z) € HE}(p,q,«, B, A, B) then
V.((N(2) € HE!(p,q,«, B, A, B).

PROOF: By definition, we have

_1)5-1 5 1 5-1 o
Vi(f)(2) = s F(Egl)-l_ 2 lim, Ur te (log %) [z - Z anz"tn—ll dt]

By simple computation, we get

p@=2-y (5 Ly’ g o

We need to prove that V,((f)(2)) € HE!(p,q,a,B,4,B), itis enough to prove

o Un—2+1)n! [(

oy (= q—=1DA =B+ By(B-A)(p —q—a)] (c+1>6
n=p+1—up(pl;)1,)p [By(B—A(p—-q—a)—(p—q—1)(1—-BB)]\¢Tn nen
=1 (2.78)

on the other hand by Theorem (2.2.1), f(z2) € HFyx(p, q,a,B,A4,B) if and only if

@, UL [ g~ 1)1 - BB) + fY (B~ A)p — q — @]
I'ya, <1

G BBy (B =MD —q-a) = (p—q-DA-FB)]

Hence % < 1. Therefore (2.78) holds and the proof is complete. The above theorem

yields the following two special cases.

THEOREM 2.2.6.

1) If f(2)is starlike of order y then V, f (2)is also starlike of order a.
2) If f(2) is convex of order y then V}, f(2) is also convex of order a.

THEOREM 2.2.7. Let f(z) € HE}(p,q, a, B, A, B) Then V,, f () is starlike of order 0 <
¢<1in |z| <Ry, where

1

R, = inf (1= 9Cy _ (2.79)
! ") ngn-2+@-p[ (m—q— (1 — BB) '
(n-q)! +py(B—A)(n—q — @)

Where C, Is defined by (2.52)

PROOF. It is sufficient to prove

(wr@)

-1
Vyf(Z)

<1-¢ for |z| <Ry




Vyf(Z) B o 1 — Z (c+1)6 an|Z|n_1
Thus
VA Z I
(wr@)
V: 1 <1
if
Eper () () anlel™ <1 (2.80

where R is given by (2. 81)

e}

Cn
An—A+ o
Z nl(in-4 1)[( —q—1)A—-pB)+pBy(B—A)(n—q — a)]

n=p+1 (pn—q)!
<1 (2.81)

Comparing (2.82) and (2.83), we have
c+1\% /n—
) (e
c+n/ \1-¢

s n!(An—-1+1) [(
(n-q)!

Cn
—q—1)A—-pB)+pBy(B—A)(n—q— a)]

thus

1

n-1
(1-8)Cn
<
IZI - {(C+1 Sniin—1+1)(n— E)[ (n—q—-1)(1—pBB) } (2'82)
C+n (n-q)! +py(B—A)(n—q—a)

THEOREM 2.2.16 Let f(z) € HE!(p,q,a, B, A, B). Then V, f (2) is convex of order 0 <
¢<1lin|z| < R,, where

n-—1
(1-8)Cn
(c+1) n!(ln—/1+1)n(n—§) (n—q—1)(1—-BB) ]
c+n (n—q)! +By(B—A)(n—q—a)

R, = inf (2.83)




2.3 CERTAIN SUBCLASS OF MEROMORPHIC FUNCTIONS
CONVOLUTED WITH DIFFERENTIAL OPERATOR

Let D be the class of functions f normalized by
f(2)=z+3X>,a,z™(2.81)

Which are analytic in the open unit disk U = {z € C: |z] < 1}. Let S the subclass of D,
consisting of functions which are also univalentin D. Let w be a fixed point in D and
Dw) ={f €eHD):f(w) = f'(w) —1=0}. and S,, denote the subclass of D (w)
consisting of the function of the form

a

F@=——+ > a,(z—w)" (a, 2 0) (2.82)

Z—W
Where @ = Res(z,w)with0 < a < 1
For the function f(z) in the class S, , we define

I°f(2) = f(2)
2a

(z—w)

I'f(2) = (@z-w)f'(2) +

I’f(2) = (z-w)(I'f(2) +

(z—w)

and for k = 2,3, .... We can write

@) = G- W @) + s
a

(z—-w)

In the case w=0, the differential operator I*, given [40].

+ > n*a,(z—-w)" (2.83)

With the help of the differential operatorI* we define the classST,, (k, 8)as follows :
DEFINITION 2.3.1The function f(z) € D(w)is said to be amember of the class
ST,, (k, p)if it satisfies

(z-w)(I*f (2))" (z-w)(I*f(2))"
(% f ()’ + 2| < (k£ ()’ +2p (2.84)
(k e Ny =NuU{0}), forsome (0 <B <1)

Let us write

Sw(k, B) = ST, (k,B) N Sy,

WhereS,, is the class of functions of the form (2.82) that are analytic and univalent in
D.

For the classS,, (k, ), [41]gave the following:
THEOREM 2.3.1Let the function f be defined by (2.87)and g (0 < B < 1) if




Yoonf i+ Playl <a(l—p) keN, (2.83)
Then f(z) € ST, (k, B).

In the view of Theorem (2.3.1), we can see that the function f given by (2.82) is in
the class ST,, (k, 8) which satisfies

a(1-f)
In = i) (2.84)

Let ST,, (k, B, ¢) denote the class of function f in ST, (k, 8)of the form

LI c{a(1-p)}
(z—w) 1+p

f(2) = —w)+ ) a,(z—w)"(2.85)

with0<c<1

THEOREM 2.3.2A function f defined by (2.82) is in the class ST,, (k, §, ¢)if and
only if

e}

Z P (n 4 B)la,] < a(1—B)(1—c) k €N, (2.86)

n=1

PROOEF. Assume that the inequality (2.86) holds true , then
|z =w)U*f(2)" + 20U f(2)'| = |(z = w)U*f ()" + 2BU*f(2))'|

|G E01:/)2 * 2 i+ Dan(z —w)" ™ - @ 2a —7 T2 Z nk g (z — w)r1
n=1
— —(Z iciv)z + 2 nk+1(n - 1)an(z — W)Tl—l + ZBZ k+1 W)n_l
n=1

[ee] - 2 [o'e) —_
= |Zn=1nk+1(n + 1)an(z - W)n 1| - |ﬁ (1 - B) + Zn:lnk+1an(z - W)n 1(77. -
1+ 2)|

e}

< Z n**1(n+ 1a, —2a(1-p) + Z n**la, (n — 1+ 2pB)
n=1

n=1

=Y+ pIn* ta, <a(1-p)(1-0C)

Conversely , assume that f(z) € ST, (k, B, c), thus
z-w)([I*f(@)" +2(I*f (@)
(z—w)(I*f(2))" +2B(I*f ()




- (IF@) +2(I'f(2)
z-w) (I'f(@) +28(I"f(2)

. <(z s+ T (4 Dag(z —w)" - e 25 an<z—w>"1><1

Re

2a © _ 2ap
(z-w)2 + o i (n - Day(z —w)n~1 - (z-w)? + 2B Y nHlay (z —w)r!

Z(n + p)nktla, <a(l—p)

n=1

COROLLARY 2.3.1 Let the function f given by (2.85) be in the class
ST,, (k,B,c)Then

(1-o{a(1-p)} )

a, <
= opktimip) T T

A distortion property for function f to be in the class ST, (k, B, c)is given as follows:

THEOREM 2.3.3 If the function f defined by (2.85) is in the class ST,, (k, 8, c) for
0 <|z—w| =71 <1,then ,we have

a cla(l- ﬁ)}r (1-o)f{a(1 - ﬁ)} < If|
r 1+p) 2(2+pP)

a cla(1-p)} (1—6){a(1—ﬁ)}

=r T Ta+p T 22+p)

with equality for

a  cla(1-p)} 2 —w)
(z-=w)  (1+8)
(0 -9{a -4}
22+ P)

PROOF : Since f € ST,,(k, B, c) , Theorem2.3.2 yields the inequality

f2=

(z—=w)?((z—w) = Fr)

S (1- e - B)}
> an< s 22 (2.87)

n=2

Thus,for0< |z—w|=7r<1.

NEGICRT.) Iy P
n=2

O e Rrer

As|lz—w|=r

a, clal-p)
F@IST+ g Zlan|

and



a cfa(1-p)} N o 3
@12 [om| - “aT s |z—w|—Z|an||z—w| (17— wl =1

S %_ cla(1 - p)} ﬂ)} Zl ol

(1+5)
_ o cla(1 - ﬁ)} (A =oie(d - ﬁ)}
~r 1+p) 2(2+p)

THEOREM 2.3.41f the function f defined by (2.85) is in the class ST,, (k, B, ¢) for
0<|z—w|=r<1,then ,we have

a cla(1-p)} (A -la(1-B)} <|f'(2)|

r T a+p | 22+p8
a cla(l-p)} (1—-o){a(1-p5)}

=t Ta+p YT e p

with equality for

o« cf{a(1 - B)} c{a(1 - B)} ) .
fz_(z—w)+ ) (Z—W)+W(Z—W) , ((Z—W)—+r)
PROOE : From Theorem (2.3.3) , it follows that

N (1-o){a - B}
;nan < F(n+ B) , n=2 (2.88)

Thus, for 0 < |z—w| =r < 1, and making use of (2.88) ,we have

it 200 Zn @l Gz = W)™ (Iz = w| = 7)

F'@)l < |(z—w)| * 1+p)
a cla(l-B)}

s;+ a+p + Z la,|
a cla(1-p)} (1 -o){a(1-p)}

= v avp T 22+

and
Foz =] - S ), laal(e = )" (= wl =)
a cfal-p) <

27_—(1+ﬁ) —anlanI
_a_caQ=p)  (1-00a(-p)

~r 1+p) 2(2+pB)



The radius of starlikeness and convexity for the class ST, (k,8,c)is given by the
following theorem

THEOREM 2.3.5If the function f defined by (2.85) in the class ST, (k, 8, c) then fis
starlikeness of order §(0 < § < 1) in the disk |z — w| < R, (k, S, c, §) is the Largest
value for which

PROOF : It sufficient to show that
(z—w)f'(2)

+1|<1-6
@) ‘
For |z —w| = R, , we have

(z—-w)f'(2) ’

= i

f(2)
© — n
= | an) {<1-6 (289)
(Z—W)+ a1+p) (z-w)+Zn=;lanl(z—w)

|Zn 2(n+1) an(Z_W)nl
a +C{a(1 B)}
lz—w| a+p

<Z(n Dyt < (1 5)%- a-ped=pmt . _ 6)2|an|rn> X T
n=2 =2

<1-96

lz-wl+Elzlanllz—w|"

a+p
;(n —Dlayrt <@ -8a-(1-96) c{c(r1(1+ ﬁf)} —6) z:lanlrn+1

cla(1- )31 - 5)
1+8)

Z(n—(S)IanIr"“ + a(1—8)
n=2

and it follows that from (2.86) we may take

A-ofe@-p%

ay| < ,n =
| Tll nk+1(n+ﬁ) n

Where 1, = 0and Y5, 4, <1

For each fixed r , we choose the positive integer n, = ny(r) for which

)

n+1 ; H
m?" IS MaxXima

then it follows that

= 1— 1- —5
Z(n - 5)|an0|rn0+1 = ( Ciiigl(noﬁi},go )rnOH <a(l-96)
n=2

We find the value r, = ry(k, @, 8, B, c,n) and corresponding integer n,(r,) SO

c(1=8a@-p)} , (0 —8A-)a{(1=F)} i1
1+58) ° no**1(ny + p) 0

<a(l-26)



Then this value is the radius of starlikeness of order & for function f belong to class
ST, (k,B,a,c,q)..

THEOREM 2.3.61f the function f defined by (2.85) in the class ST, (k, 8, c) then f is
convex of order §(0 < § < 1) inthe disk |z — w| < R,(k, B,c,8) where
R,(k,B,c, ) is the Largest value for which

cla(1-p)}B-96) , 4 (1-ola(d - Bin(n+2-6) .

n+1 < _
a+p Wi(n + B) =e(d-9)

PROOF. It suffice to show that

(z—w)f"(2)

—_—— 4 2(<1-6

f'(2)
Note that
2c{a(1-B)}

z-w)f"(2) +p) +Xppn(nt+aglz-w|™ 1
+ 2| < — oG < (1-4)(2.90)

[ -
(@ m—z;’f;z nap|z-w|n-1

Hence for |z — w| < |z| < r, (2.90) hold true if

2e(a(1-P)} , N e e =B% , N e
W?‘Z + ;n(n + Da,r"1 <(1-96) (0( - Wrz - z na,r 1)

or

c{a(1-p)3}3B - 6)
1+p

r2 4 Z n(n+2 — &armtt <a(l—6)
n=2

Our next result involves a linear combination of function of the type (2.85).

THEOREM 2.3.7If

1 —
fi(2) = G fw) + C{(zl( — Bf)} (z —w)(2.91)
and
o« c{a(1—p)} (1-0o)fa(1-p)} n
fa(2) = (z—w) ‘zl' (1(;_9’[;)) (z—w)+ nk+i(n 4+ B) (z—w) n
> .

Then f € ST,,w (k, B, c) if and only if it can expressed in the form

F&) =) infy (293)
n=2

where 4, = 0and Y514, =1

PROOF : It follows from (2.91),(2.92) and (2.93), we have

f@=) infu @
n=2



So that

_«a cfa(-p)} . (1-ofa(1-p)} _\n
f(2) _(z—w)+ 1+p) (z-w)+ nk+i(n+p) n (2 = W)™ (2.94)

since

(-0l -p) n*+(n + B)
4 (Z)‘Z< 1 + B) )ﬂ"u—c){au—ﬁ)}

n=2
Xn=2/n =1-0p <1
Using Theorem (2.3.2) , we easily obtain f € ST,, (k, 8, c), Conversely, let f € ST, (k, B, ¢) since
(1-o)a(1-p)}

an - nk+1(n + B) ’ n 2 2
and Setting
3 nk+1(n+ﬁ)
=T oa-p
and

It follows that
F@) =) Infa@
n=2

THEOREM 2.3.8 The class ST,, (k, B, ¢) is closed under liner combination

PROOF Let the function defined by (2.85) and let the function g be defined by

o« cfa(1 - p)}
I@=owtTap

@—m+;maﬂm (bn 2 2)
Assuming that f(z)& g(z) are in the class ST, (k, 8, c) , itis sufficient to prove that the function H
defined by
HZz)=Af(2)+ A—-ADg(@)(0<1<1)
Is also in the class ST, (k, S, c), since

a cla(1-p)}

==~ awp

(z—w)+ Zlan/1+ (1= Dbyl (2= w)* ,(by = 2)
n=2

We observe that

[ee)

Dkt +B) land+ (1= Dbyl < (1= ) {1 = B))

n=2

With the aid of Theorem2.3.2 , thus H € ST,, (k, B, ¢) and hence the theorem is complete.



ON RESULTS OF MEROMORPHIC UNIVALENT
FUNCTIONS WITH FIXED POINTS DEFINED BY
DIFFERENTIAL OPERATOR



INTRODUCTION

Chapter three introduced and studied some new subclasses of meromorphic
univalent functions which are defined by means of a differential operator.

This chapter divided into two sections ,we have introduced and studied some
new subclasses 4;,,(1,6,8), Ao, 6,6,20)and A;, (9,6,8,2,) 0f meromorphic
univalent functions of the form :

(z)_fz gy >0

n=1

satisfies the conditions:

ZZ(zkf(z))'+a0
2(1% (2))
SZZ(ka(z)),
2(1kf @)

<6

—1+n(1+9)

and

z3(ka(z))”+a0

2(k '
: z”(z @) <
3
@)L+ 6)
22(1kf )

For 0<p<1,0<60<1,0<6<1,keNy,=NuU{0},and z€ U".

For a given real number z,(0 < z, < 1). Let A,,;(i = 0,1)be a subclass of A4;, satisfying
the condition z,f(zo) = 1 and —zZf'(z,) = 1 respectively.

We have obtained numerous sharp results including coefficient
conditions, extreme points, distortion bounds and convex combinations for the
above classes of meromorphic univalent functions.

3.1 CERTAIN SUBCLASSES OF MEROMORPHIC UNIVALENT
FUNCTIONS INVOLVING DIFFERENTIAL OPERATOR

Let A denote the class of functions which are analytic in the punctured unit disk
U* ={z:0 < |z| < 1} of the form:



f(z) = % + Z a,z", a, >0 . (3.1)

n=1

Suppose that A* denote the subclass of A consisting of functions that are univalent
in U*. Further A}, denote subclass of A* consisting of functions f of the form

f(z) = + Z Apemz™™, a,>0,a,,m >0meN . (3.2)

DEFINITION 3.1.1: A function f € 43, is said to be meromorphic starlike of order
ain U*. if it satisfies the inequality

2" @) o .
Re{f,(z)}> a,z€EU0<a<1. (3.3)

On the other hand, a function f € A;,is said to be meromorphic convex of order « in
U*. if it satisfies the inequality

7" @ .
je{1+f()}> @,z€EU0<a<1. (3.4)

Various subclasses of A have been introduced and studied by many authors see [42],
[25], [43], [43], [44], [5], [45], [46], [47], [37]and [48]. In recent years, some
subclasses of meromorphic functions associated with several families of integral
operators and derivative operators were introduced and investigated see [42] , [44],
[49] and [50] . The first differential operator for meromorphic function was introduced
by[40]. [51] introduced a differential operator:

I°f(2) = f(2),

) =2 () + 2

1Pf(2) = z(I'f ()’ +%,
@) =2 (199 @) + 2%

where k € N, = N U {0},z € U".

For a function f € A}, in, from definition of the differential operatorl” f (z), we easily
see that

[ee]
a
I*f(z) = ?0 + Z n*a, ,z™m,
n=1

a,>0,a,,m >0meNkeN,=NU{0},z€ U~



(3.5)

By using the operator I* , some authors have established many subclasses of
meromorphic functions, for example[25],[51], [43] and[43]. With the help of the
differential operator I* , we define the following new class of meromorphic univalent
functions and obtain some interesting results. Let A;, (1,8, §) denote the family of
meromorphic univalent functions f of the form (3.2) such that

zz(lkf(z)),+a0
2(1¥f(2))
5z2(1k f(z))'
2(1kf (@)

<0 (3.6)
—1+n(1+9)
For 0<n<1,0<6<1,0<6<1,keN,=NuU{0},and z€ U".

For a given real number z,(0 <z, < 1). Let A,,;(i =0,1)be a subclass of A4},
satisfying the condition z,f (z,) = 1 and —zf'(z,) = 1 respectively.

Let
Anik(0,6,8,20) = A (0,0,8) N Ay, (1= 1,2) 3.7)

For other subclasses of meromorphic univalent functions, one may refer to the recent
work of[25], [45], [42], [45] and [25].

COEFFICIENT INEQUALITIES

we provide a necessary and sufficient condition for a function f meromorphic
univalent in U*to be in Ay, (1,0,6), Apor(0,0,8,29)and Ay, (0,0, 8, zy) .

THEOREM 3.1.1:

A function f € A7, defined by equation (3.2) is in the class Ay, ,(n,6,6) ifand
only if

Z nfapm((n+m+ 1) +605(n+m+n)—6(1—1))
n=0

< 0ay(1—n)(1+96) (3.8)
where 0<n<1,0<6<1,06<1,keN,=NuU{0},and z€ U".
The result is sharp for the function given by

Bay(1—n)(1+95)

n"(n+m+1)+85(n+m+1])—9(1_I])Z n=z1l (39)

f@) ==+

PROOEF: Assume that the condition (3.8 is true. We must show that f € Ay, (1,6, 5)
or equivalently prove that



ZZ(ka(z)),+a0

k
(1r @) <

SZZ(ka(z)),

(7@) —1+7nae(1+96)

z2(1%f(2) ,+a0 ,
—(I(zif(zz) 22(I*f(2)) + ao(I*f (2))

622(F @) = (215 (@) + n(1 + 8)(2I*f (D))

SZZ(ka(Z)),

(7@ —1+nae(1+9)

n+m+1 n+m+1

— —ao + Xn=o n* (n+m)an,mz — g + Xn=o nkan+mz
(—ay + 2:?:0 nk(n + m)a, 2" — (a, + 27010=0 nka,,z"*m+1)
+9(1 + 8)(ag + Y- nkay mz™tmH)

Yo onf(n+m+ 1a,,ztmH
—ay8 —ay +nag(1+8) + X onfamz™™1(d(n+m) —1+ (1 +95)
Yoo (n +m+ Daym
—ay8 —ay+nag(1+8) +Yponfam(@mn+m)—1+n(1+9)

IA

<6

The last inequality is true by (3.8). Conversely, suppose that f € Ay, (1,6,6) .We
must show that the condition (3.8) holds true. We have

ZZ(ka(z)),+a0

k
(1r @) <

SZZ(ka(z)),

(7@) —1+7nae(1+96)

Thus

Y onf(n+m+ Dapym

<é6
—ag8 —ay+na,(1+38) +Xronfam(@n+m) —1+n(1+9)

Since Re(z) < |z| for all z, we have

. Yoson*(m+m+ Dayim <0
€ —ag6 —ag +na,(1+68) + Yo onfam(@(n+m) —1+ (1 +6)

Now, choosing values of z on the real axise and allowing z — 1 from the left through
real values, the last inequality immediately yields the desired condition in (3.8).

Finally, it is observed that the result is sharp for the function given by

£ =@+ Ba,(1 —n)(1+96)

n+m, > 1.
z n"[(n+m+1)+96(n+m+1j)—9(1—1])]z n



THEOREM 3.1.2: A function f € A;, defined by equation (3.2) is in the class
Anox(,0,8,z5) ifandonly if

il k((n+m+1)+96(n+m+13)—9(1—1])) PR P
6(1—n)(1+96) o

<1 (3.10)
where 0<pn<1,0<60<1,0<8§<1,keNy,=NuU{0},and z€ U".

n*(n+m+1)+605(n+m+1n)—0(1—n))—0(1—n)(1+8)z"m
z(nk((n +m+1)+05n+m+n)—6(1— r])) +0(1—n(+ 6)Zon+m)

f2) = (3.11)

PROOEF: Assume that f € Ay, 0 x (1, 8,6, z,) then
f(ZO) - + Zn 0 An+mZo +m’ ap > 0, Anim > O meN,

then
Zof (z9) = ay + Z ApymZo™ T, a,>0,a,,m >0,meN.

Hence
1=ag+ Yoo nimZo™ ™, ay > 0,a,,m >0,meEN,

therefore

[oe)

ap=1— Z ApymZo™ T, ay,>0,a,.m > 0,m€N. (3.12)

n=0

Substituting equation (3.12) in inequality (3.8), we get

anan+m((n +m+1)+05(n+m+n)—0(1— 13))

n=0
<6 (1 - Z an+mZOn+m+1> (1- I])(l +6)

n=0

Thus

Z[nk((n +m+ 1)+ 68 +m+1) —0(1—1)) + 20" apsm < 81 — 1)(1 + 8)

n=0

nk _
Z[ (n+m+1D+05(n+m+1n)—0(1—1)) R P

80(1—-n)(A+9)

n=0



THEOREM 3.1.3: A function f € A}, defined by equation (3.2) is in the class
An1x(@, 0,8, 2y) if and only if

—(n+ m)Z0n+m+1 An+m

o [k ((n+m+1)+65(n+m+n)—6(1—n))
;l 6(1—n)(1+9)

<1 (3.13)
Where0<n<1,0<6<1,0<6<1,keNy,=NuU{0},and z€ U".

PROOEF: Assume that f € Ay, o x (1, 8,6, z,) then

o0
f(ZO) =—+ Z an+mzon+m; a,>0,a,4m >0 meN.

ap
Zy

n=0

hence
(00]
—20%f"(zy) = ay — Z(n + m)aymzo™ ™, a,>0,a,,m >0meN,
n=0

That mean
1=ay— Yoo +m)ayimzo™t™t, ag > 0,ap4m >0,mEN,

therefore

ap=1+ Z(n + M) ApymzZo™ ™, ag>0,dp4m >0,meEN (3.14)

n=0
substituting equation (3.14) in equation (3.8), we get

e}

znk((n +m+1)+05(n+m+1)—0(1—1))anm

n=0
<6 (1 + z(n + m)an+mzon+m+1> 1-n@A+98)
n=0

and

e}

an((n +m+1)+05(n+m+n)—0(1—1))apim

n=0

+ Z 0(n +m)(1 = 0)(1 + 6)a,mz™ ™ < 0(1 = n)(1 + 8)

n=0

Thus

—(m+m)zy" " a,, <1

- nk((n+m+1)+96(n+m+1j)—9(1—13))
Z[ 61— +0)

n=0



From Theorem 3.1.2 and Theorem 3.1.3, we have the following results:

COROLLARY 3.1.1: Let a function f € A;, defined by equation (3.2) is in the class
Anmor(1,6,8,2y ) Then

6(1 —n)(1+96)
n*((n+m+1)+685§(n+m+1n)—6(1—n))
+z,Mtm+19(1 —n)(1 + §)

Anim < (3.15)
where0<n<1,0<6<1,0<8<1,keN,=NU{0},and z € U".

COROLLARY 3.1.2: Let a function f € A;, defined by equation (3.2) is in the class
Anmir(0,6,8,2y ) Then

6(1—1)(1+9)
nk(n+m+1)+68(n+m+1n)—6(1—p))
—0(1—n)A +6)(n +m)zyntmt+l

Ansm = (3.16)
where0<n<1,0<6<1,0<8§<1,keN,=NU{0},and z€ U".

distortion theorems will be considered and covering property for functions in the
classes Ay, 4 (1, 6,6,2, ) and A3, 1 (1,0, 8, z, ) will also be given.

THEOREM 3.1.4: If a function f € A;,, defined by equation (3.2) is in the class
Anok(®,6,6,2, ), then

m+1)+605(m+n)—60(1—1)—6(1—n)(1+8)rm+!
r((m +1)+66(m+n)—-606(1—-n)+6(1 -1+ 6)20’"“)'

If ()] =

Where0<p<1,0<0<1,0<86<1,keN,=NuU{0},and z € U".

The result is sharp with the extremal function given by

m+1)+65(m+n)—-0(1—-—n)—0(1—n)(+5&rmtt
r(m+1)+05(m+1)—60(1—n)+0(1—n)(1+8)zm1)

f(2) =

PROOEF : Since f € Ay, 0x(,0,8,2, ), by Theorem 3.1.2 we have

((m+1) +68(m +1) — (1 — ) + 2™0(1 — (1 + 8)) Z 4

n=0
[ee]

SZn"((n+m+1)+95(n+m+r])—9(1—13))

+60(1 =)+ 8)z" ™ apm < 6(1 —1)(1 +6),

i“ 6(1— )1 +6)
Z nem S (( +1)+65(m+1n)—-60(1—-n)+0(1—n)(1+6)z, m+1)



also we have

e}

ap=1— Z ApimZo™ ™ Lay > 0,a,4m > 0,mEN
n=0
(m+1)+65(m+n)—6(1 —n)
((m +1)+05(m+1n)—60(1—1)+0(1 -1+ 8)z,m1)

Thus from the above equation we obtain

0]

Qo
@) = ‘7 D ™
n=1

oo
_——r Ayt
r n+m

n=0

m+1)+065§(m+n)—60(1—-n)—0(1—n)(1+§rmt?
T r(m+1)+05(m+1)—6(1—1)+ 61—+ 8z

,a0>0,a,4m >0 meEN

THEOREM 3.1.5: If a function f € A7, defined by equation (3.2) is in the class
A;n,l,k (r_]i 9: 6; ZO ), then

(m+1)+68(m+n)—6(1—-1)—6(1 -1+ 5&rmt?
T'((m + 1) + 95(771 + I]) — 9(1 — I]) + 9(1 _ U)(l + 5)20m+1);

If ()] <

Where0<n<1,0<6<1,0<86<1,keN,=Nu{0},and z € U".

The result is sharp with the extremal function given by

m+1)+65§(m+n)—0(1—n)—0(1—n)(1+86)rmt!
r(m+ 1) +65(m+1)—0(1—n)+6(1—n)(1+8)zm*)

f(2) =

PROOE : Since f € Ay, 1x(,0,6,2, ), by Theorem 3.1.3 ,we have

((m+1) +68(m +1) — (1 — ) + 2™0(1 — (1 + 8)) Z 4

n=0
[ee]

SZn"((n+m+1)+96(n+m+1])—9(1—1]))

n=0
+0(1 -+ &)z " ayym < 61— +6),
i“ 0(1—1n)(1 + &)
nm = (m+1)+605(m+1n)—6(1—n)+0(1—1+8)z,m1)

n=0

Also we have



[}

ap=1— Z ApimZo™ ™1 Lay > 0,a,4, > 0,m €N
n=0
- (m+1)+65(m+n)—6(1—n)
" (m+1)+685(m+1)—6(1—1)+601—n)+8)zm*1)

Thus from the above equation we obtain

[00)
Qo 2 :
_+ an+mzn+m
Z

n=1
o9]
Ao m
< 7 -r An+m

n=0

If(2)| =

,a0>0,a,4m >0 meN

m+1)+608(m+n)—60(1—-1)—6(1 -1+ &rmt?
< r((m +1)+66(m+n)—-61-n+6(1—y+ 5)20m+1)

COROLLARY 3.1.3: The disk 0 < |z| < 1 is mapped onto a domain that contains
(Mm+1)+885(m+n)—-0(1-1n)—-0(1—-n)(1+8)rm+1
(Mm+1)+08(m+n)—-6(1-1)+6(1-n)(1+8)zo™*1)

the disk |w|<( by any function f €

Anox(0,6,6,2) .
The extreme points of the class Ay, 4, (1, 60,6,2, ) and Ay, (1,6, 65,2, ) are given by
the following theorem.

1
)
zZ

THEOREM 3.1.6 : Let f;(2) =

and

) n*(n+m+1)+65§(n+m+1n)—6(1—n))
B +9(1_U)(1+5)Zn+m+1
fn+m(z)_z [nk((n+m+1)+95(n+m+n)—9(1—n))'
+9(1 —I])(l +5)Zon+m+1

n=0z

Then f(z) is in the class Ay, (1, 8, 6, 2, )if and only if it can be expressed in the form
f(2) =X o Vnfnim(2) Where ¥n=0,7,=0(=12,..m—1m=>2) and
Yn=o¥n =1

PROOF: Suppose

) = ) Vafarm(®)



n“(m+m+1)+05(n+m+n)—0(1—n))
_h, i +0(1 — n)(1 + 6)z" M+ Yuem
z L [nk((n +m+1)+605n+m+n)—0(1- 1]))]
+6(1 — )1 + 8)zom+m+1

N | =

i n*(n+m+1)+85(m+m+19)(1—1))¥nim
y0+n=0 [nk((n+m+1)+96(n+m+1])—9(1—1]))]
| “ +0(1 — ) (1 + 8§)zyn+m+1 |

N i 0(1 — ) (1 + 8)ypy 2™+
~ [nk((n +m+1)+05(n+m+n)—6(1— r]))]
+0(1 — n)(1 + 8)zgnm+1

Then , we have

" [nk((n+m+ D+065(n+m+n)—6(1 —r]))]
z +6(1 — ) (1 + §)z,mtmH1
0(1—n)(1+596)

n=0

(1 —n)(1 + 8)¥nim
[nk((n +m+1)+66(n+m+n)—06(1— 1]))]
+0(1 — n)(1 + 8)zom+m+1

Zyn+m =1l-y,=1
n=0
Now , we have

Zofnem(Z0) =1

Thus

ZOf(ZO) = Z Yn+mZOfn+m(ZO) = Z Yn+m = L.
n=0 n=0

This implies that f € Ay, «.
Therefore f € Ao (1,6,6, 2 ).
Conversely, suppose f € Ay0x(0,6,6,z, ). Since

- 0(1—1)(1+96)
a < , n
Z T pk((m+ 1) + 08(m + 1) — (1 — 1) + 0(1 — n)(1 + §)zgntm+1)

n=0

=0

Set



nk((m+1)+65(m+1n) —0(1 —n) +6(1 —n)(1+ §)z,"t™1)

= =0
Yn+m 9(1 — 13)(1 i 5) Apym N =2

andyy = 1= X720 Yntm-
Then

f(Z) = Z ynfn+m(Z)-

1
)
zZ

THEOREM 3.1.7 : Let f;(2) =

and

) n*((n+m+1)+685§(n+m+n)—6(1—n))
B +9(1 _ 1])(1 + 6)Zn+m+1
frrm(2) = ;Z [nk((n +m+1)+05(n+m+1y) —6(1-p)|
—0(n +m)(1 —n)(1 + §)zo™+m+

Then f(z) isinthe class Ay, (1,0, 8, z, )if and only if it can be expressed in the form

f(2) = YuoVnfnsm(@) Where y, =20,y;, =0(=12,..,m—1,m > 2)and
Yn=o¥n =1

CLOSURE THEOREMS

THEOREM 3.1.8:The class Aj,0,(n,6,6,2z, ) is closed under convex linear
combination

PROOEF : Suppose that the functions f, g € Ay, (0,0, 8, z, ) defined by
ag —
fz2)=—+ Z Apemz™t™, a,>0,a,4m >0,z€U"
d n=1
and
by
g(2) = - + Z bpimz™™, ay>0,bpym >0,z€U”
n=1

respectively, it is sufficient to prove that the function H defined by

Hz)=wf(z2)+(1-w)g(z), (0<w<1)

is also in the classA;, (1, 8, 8, z, ).Since



wag+(1-w)bg

H(z) =
U-.

+ Y o(@anem + (1 — w)byym) 2™™ , a0 >0,a,,m >0,z €

We observe that

Z[nk((n +m+1D+605(n+m+1n)—0(1—1n))+ 2z, (wapm + (1

w)byim) < 6(1—n)(1+6)

with the aid of Theorem (3.1.2).Thus H'(2) € A0 x(1,6,8,2, ) .

THEOREM 3.1.9:The class A7;1,(n,6,8,2zy ) is closed under convex linear
combination

PROOEF: The proof is similar to that of theorem (3.1.8).

THEOREM 3.1.10: Let the function f;(z),l = 0,1,2, ..., q defined by

(00
Qo,1 «
fi(2) = 5 + Z Apimi2™ ™, ag > 0,ap4m; >0,z€U

n=1
be in the class Ay, (1,0, 3, 2z, ). Then the function

q

8(2) = ) afi@), (=0

=0
is also in the class A, . (0,0,8,2, ), where XL, ¢, = 1
PROOE : By Theorem (3.1.2) and for every [ = 0,2,3,..,q we have
Z[nk((n +m+1)+085(n+m+1n)—0(1—1n))+2,""™ ] apim
n=0
<60(1-n1n)A+6)
Then

q oo
a
19(Z) = Z (o] (%,l + Z an+m,lzn+m>, (Cl = 0)

=0 n=1

[ee]
Claoz
+ Clan+m,l Zn+m

n=0 \I[=0

Since



oo q
Z[nk((n +m+1)+05(n+m+n)—6(1— I])) + zo’”m“] (z Clan+m,l>

n=0 =0

q q
= Z c (Z[nk((n +m+1)+605(n+m+n)—0(1—n))+ ZO"+m+1]an+m,l>;

q
< (Z q)e(l — ) +8),

1=0
=0(1—-n)(1+98)
Then, 9(2) € Apox(10,6,6,2 ).

THEOREM 3.1.11: Let the function £,(2),! = 0,1,2, ..., q defined by

(00
Qo,1 «
fi(z) = — + E Apemi2™ ™, ap>0,an4m; >0,z€U

n=1
be in the class Ay, (1, 0,8, z, ). Then the function

q

8() = ) afi@, (@20

=0
is also in the class A, (1,0,8,2y ), Wwhere ¥, ¢, = 1
PROOE :The proof is similar to that of theorem (3.1.10).

CONVEX FAMILY

DEFINITION 3.1.2: The family Aj,,,(n,6,6,c ) is defined by A, (1,6,6,c
)=UzrecAmor (1,0, 6,2, ),where is a nonempty subset of the real interval [0,1] and
Anox(1,6,6,c) is defined by a convex family if the subset C consists of one element
only by Theorems (3.1.8) and (3.1.10).

Now, we have the following results:

LEMMA 3.1.1: Let z,z,€C be two distinct positive numbers and
f € Amoi(1,6,8,20) N Ao (1,0, 8,:), then f(z) =~

PROOF: Suppose that f € A7,0x(10,6,6,2,) N Anor(0,60,6,2,)

We have

e}

n+m+1
ap=1- Z An+mZ1

n=0



also

[ee]
a
fl2) = ?0 + Z ApamZ™ ™ ay > 0,054, > 0,m € N.

n=0

Thus, a,;.,, =0,vn >0 , because a,,,, = 0,2z, > 0,2, > 0, hence

1
f(2) = o
This complete the proof of the Lemma.

THEOREM 3.1.12: Suppose that ¢ < [0,1], A7, (0, 6,8, ¢) is a convex family if
and only if C is connected .

PROOE: Assume that C is connected and z;, z, € C with z; < z,.

0]

n+m+1
ap=1-— E An+mZo

n=0

e}

— n+m+1
=1- § An+mZ1

n=0

Suppose that the function f € Ay, (0, 8,6, z,) defined by
f(Z) = % - Z??:O an+mzn+m+1 ag >0, Apym1 > OmeN,zeU
and

g € Anox(,6,6,2,)

Z pemZ™ ™ by > 0,by 4, >0,meN,ze U

n=0

b
9@ =—-
it is sufficient to prove that the function £ defined by

H2z)=wfz)+(1-w)g(z), (0<w<1)
That there exists a z,(z, < z, < z;) is also in the calss Ay, (1, 6,6, z;)
Then k(w) = zH (2)

k(w) = way + (1 — w)by + Z(wan+m + (1= 0)bpm)z™™, ay>0,ap4m >0,z€ U*

n=0



=1+ w Z(z’”m —z28"apem + (1 — @) Z(z’”m — 2", Ao > 0, Ay

n=0 n=0

>0,zeU”

Since z is real number , then k(z) is also number also we have k(z,) < 1 and k(z;) =
1, there exists z, € [z,, z,] such that k(z,) = 1.

Therefore ,
Zz:]'[(ZZ) = Zy, (ZO < Z3 S Zl)
This implies that 7 (z) € Ay,

We observe that

Z[nk((n +m+1D+605(n+m+n)—0(1—1n))+ 2" (wapm + (1

- w)bn+m)

= wZ[nk((n +m+1)+85(n+m+1n)—0(1—1n))+ 2" apim
n=0
+ (1 -w)|n*(n+m+1D+65(n+m+n)—6(1—n))

+ Zln+m+1]bn+m + 9(1 - 1])(1 + 6)(‘) Z(Zzn+m+1 - ZOn+m+1) Apn+m

n=0

FO( =+ =) ) (7" =2 by
n=0

=w z[nk((n +m+ 1) +05m+m+1)—0(1—1n))+ 2" anim
n=0

+ (1 -w)[n*(n+m+ 1D +05(n+m+1n)—6(1—n))
+ 2" b <0 - +68) + (1 —w) (1 —n)(1 +8)
=0(1-1n)1+6)

With the aid of theorem (3.1.2).

Thus , H(z) € Ap (0, 0,6, 2,). Since z; and z, are arbitrary numbers , the family
Anor(, 0,6, c) is convex.Conversely , if the set C is not connected , then there exists
Zy,Z1 and z, such that zy,,z; € Cand z, € C and z, < z, < ;.

Now , let f(2) € A7,0,(0,6,6,2,) and f(z) € A0, (1,0, 6, ;) therefore

k(w) = k(ZZ; (1))



1+ wz;olozo(zzn+m+1 _ Zon+m+1) Ay +
(1 —w) Xy o(zntmtl — g tmiy a0 > 0,0, >0,z € U,

For fixedz, and 0 < w < 1.

Sincek(z,,0)<1 and k(z,,1) >1, there exists w,, 0 < w, < 1 such that k(z,,wy)=1 or
Z,k(z, )=1, where k(z) = wof(2) + (1 — wy)g(2). Therefore
k(z) € Ay01(1,0,6, 7).

Also k(z) € A7, (9, 6,8, C) using Lemma (3.1.1) Since z, € C and k(z) €z.Thus the
family 47, (1, 6, 8, C) is not convex which is a contradiction .



3.2 ANEW SUBCLASSES OF MEROMORPHIC UNIVALENT FUNCTIONS
ASSOCIATED WITH A DIFFERENTIAL OPERATOR

Let A* denote the class of functions which are analytic in the punctured unit disk
U* ={z:0 < |z| < 1} of the form (3.1).

Suppose that A* denote the subclass of A consisting of functions that are univalent
in U”. Further A}, denote subclass of A* consisting of functions f of the form (3.2).

Let Ay, (n,0,8) denote the family of meromorphic univalent functions f of the form
(3.18) such that

Z3(ka(z))”+a0
2( 1k (2) !
. Z”(I = ) <6 (3.17)
3
M —14+1n(1+96)
22(1%f ()

For 0<p<1,0<6<1,0<6<1,keN,=NuU{0},and z€U".

For a given real number z,(0 <z, < 1). Let A,,;(i =0,1)be a subclass of A4},
satisfying the condition z,f (z,) = 1 and —z5f'(z,) = 1 respectively.

Let A%y (0,6,6,20) = A%y (1,6,8) N Api(i = 1,2)

we provide a necessary and sufficient condition for a function f meromorphic
univalent in U*to be in Ay, . (1,0,6), Apmor(0,6,8,z0)and Ay, (0,6, 8, 2) .

THEOREM 3.2.1:

A function f € Aj, defined by equation (3.2) is in the class Ay, . (n,0,5) ifand
only if

Z n*(n+m)((n+m) + (1 +66) — 8(1 + 8) (1 — 1)) ansm

< 0ay(1—n)(1+96) (3.18)
where 0<pn<1,0<60<1,0<8§<1,keN,=NuU{0},and z€ U".
The result is sharp for the function given by

() = ao N Bay(1—n)(1+95) .
z nkm4+m)((n+m)+ (1+68)—0(1+8)(1-1))
>1 (3.19)

n+m

PROOE: Assume that the condition (3.18) is true. We must show that f €
Ank(n,6,6) orequivalently prove that



z3(ka(z))”+a0

2(1k !
k z”(l f(Z)) <0
3
@) 4L ga+ e
22(1kf @)

23(ka(z))”+ao y ,
() ) 2 (I f@) +agz? (If(2)) ‘

523(1"f(2))” - 623(ka(z))” — (zz(lkf(z))’) +1(1+6) (Z2 (ka(z))’)

zz(lkf(z)) 0
ag+ Y2 nf(n+m)(n+m—1Daymz™ ! —a,
+ 32 on*(n + m)appzt M
S§(ag + Xy onf(n+m)(n+ m— Daymz™™ ) + a
— Yok + m)ay mz™ ™) + (1 + 8)(—ag + Ipg nF(n + m)ay 2" M)

Z?lozonk(n + m)zan+mzn+m+1
aod +ay —nag(1+6) + Xy nf(n+ m)ap mz™m* 1 ((n+m—-1)—-1+n(1+9)

Z?f:onk(n + m)zan+m
a(1—pA+8)+rynf(n+m)apm(@(n+m—-1)—-1+n(1 + 5)|

<0

Conversely, suppose that f € Ay, . (1,60,8) . We must show that the condition (3.18)
holds true. We have

z3(ka(z))”+a0

2(1k !
- A <.
3
@)L+ 6)
22(1kf @)

Thus

Y=o (n + m)2apm
aod +ay—nag(1+6) + Xy nf(n+m)aymz™m™ 1 (f(n+m—-1) —1+n(1+9)
<.

Since Re(z) < |z| forall z, we have

R Z;;Ozo nk (n+ m)zan+m
"’{aou " 10) + X ik (n F mapm (6t m—1) -1+ (1 + 5)} <@

Now, choosing values of z on the real axis and allowing z — 1 from the left through
real values, the last inequality immediately yields the desired condition in (3.18).

Finally, it is observed that the result is sharp for the function given by

n+m

() = a N Bay(1 —n)(1+9)

z ,n=1
z nkm+m)((n+m)+(1+68)—0(1+8)(1—n))



THEOREM 3.2.2: A function f € A}, defined by equation (3.2) is in the class
Anox(,0,8,z5) ifandonly if

o [nk(n+m)((n+m)(1 + 68) —6(1 —n)(1 +8))
zl 61— (L +0)

n
<1 (3.20)

n+m+1
+ 2 An+m

where 0<pn<1,0<60<1,0<8§<1,keNy,=NuU{0},and z€ U".
Then result is sharp for the function given by

_nf(n+ m)((n+m)(1+68)—0(1—n)(1+8)) —0(1 —n)(1 +§)zMm+?

f) = z(nk((n+m) + (1 +68) — (1 + 8)(1 — 1)) + 6(1 — n)(1 + &)zyn+m+1)

(3.21)

PROOF: Assume that f € Ay, x (1, 8,6, z,) then

a
F) =224 ) umze™™ 9> 0,8 > O,m €N
0
n=0

hence

oo
Zof (20) = ay + z ApymZo T, ay >0,a,4m >0,meEN
n=0
therfore

(00]
1=aqa,+ Z ApymZo™ T, ay>0,a44m >0meN

n=0

therfore

e}

ap=1— Z ApymZo T, ap > 0,a,.y,m >0,m€EN (3.22)
n=0
Substituting equation (3.22) in inequality (3.18), we get

[ee)

Z n*(n+m)((n +m)(1+68) — 01 + 8)(1 — 1)) s

n=0

<0 (1 - Z an+mzon+m+1> 1-n+96.
n

=0
Thus

[o e}

Z n*(n +m)((n+m)(L+68) — (1 + 8)(1 — 1)) + 6(L + 8)(L — 1) z™+ ™+
n=0

<01 -1 +96)



An+m < 1.

O [+ m) (e +m)(A+68) —6(1 —(A+8)
ZO[ 61— +0) T l

THEOREM 3.2.3: A function f € A}, defined by equation (3.18) is in the class
An1x(,0,8,2y) if and only if

>

n=0

n*(m+m)((n+m)(1+68) —6(1+68)(1—n))
01— +96)

<1 (3.23)

- (n + m)ZOn+m+1l An+m

where0<n<1,0<0<1,0<6<1,keN;,=NU{0},and z€ U".
The result is sharp for the function given by

nf(m+m)((n+m)(1+68) — (1 —n)(1+9))
+0(1 —n)(1 4 &)z
@) = ——
, (n (n+ m)((n +m)+(1+66)—-60(1+6)(1— 1])))
—0(1—1n)(1 + 8)(n + m)zyntm+l
> 1. (3.24)

meN,n

PROOEF: Assume that f € Ay, x (10, 8,6, z,) then

(00]
a
f(z) = Z_O + z An+mZo™ ay>0,ap4m >0,meN
0
n=0

hence

oo
~2o%f'(29) = ag — z(n + M), mzZo" ™, ap>0,a,,m >0,meN
n=0

(00
1=aq,— Z(n + M)y ez ™, a,>0,a,,m >0,meN

n=0
then
g1+ X5 o(n + m)aymzo™ ™™, ay > 0,a,4m > 0,mEN (3.25)

substituting equation (3.25) in equation (3.18), we get

z n*m+m)((n+m)(1+68) —0(1+8)(1—1))anim

n=0

<6 (1 + Z(n + m)an+mzon+m+1> 1-nA+06)
n=0

and



0]

Z n(n +m)((n+m) (L +68) — (1 + 8) (1 — 1)) tpim

n=0

_ Z 0(1 = 0)(1 + 8)(n + M)z ™ < 0(1 — n)(1 + 8).

n=0

Thus

- (n + m)ZOn+m+1 Ap4m

o [k +m)((n+m)(A + 656) — 6(1 + 8)(1 — 1))
Z[ 6(1—-p)(1+6)

n=0
<1

From Theorem (3.2.2) and Theorem (3.2.3), we have the following results:

COROLLARY 3.2.1: Let a function f € A;, defined by equation (3.2) is in the class
A;nO,k(r_]r 9; 6; Zo )then

(1 —n)(1+6)
n*(n+m)((n+m)(1+68) — (1 —n)(1+95))
+0(1 —1n)(1 + §)zyntmtl

Ao < (3.26)
where0<p<1,0<6<1,0<6<1,keN,=NuU{0},and z € U*.

COROLLARY 3.2.2: A function f € A7, defined by equation (3.18) is in the class
A;knl,k(l]; 9} 5; ZO )then

(1 —n)(1+6)
(n*(n + m)((n +m)(1+08)—0(1+86)(1— I]))
+0(1 —1n)(1 + 8)(n + m)z,ntm+l

Apim < (3.27)
Where0<n<1,0<0<1,0<6<1,keN,=NuU{0},and z€ U".

distortion theorems will be considered and covering property for functions in the
classes Ay, 0x(0,0,8,2, ) and Ay, 1 (1, 8,8, z, ) will also be given.

THEOREM 3.2.4: If a function f € A;, defined by equation (3.2) is in the class
A;nO,k(r_]r 9; 6; Zy ), then

m[m(1+68) —6(1 —n)(1+ 6] -1 —n(A + &)r™*
r(m[m(1 + 66) — 01 — n)(1 + 8)] + 6(1 — ) (1 + 8)z,™1)

If ()] 2

where0<n<1,0<6<1,0<8<1,keN,=NU{0},and z€ U".

The result is sharp with the extremal function given by

mm(1+68) —0(1—n)(A+686)]+6(1—n+8&rmtt
rmm(1+66)—60(1—n)A+6)]+6(1—n)A+6)z,™*1)

f(2) =

PROOEF : Since f € Ay, 0x(,0,8,2, ), by Theorem (3.2.2) we have



mm(1+66)—(y—6)(1+ )]

o)

+0(1 = A +O)2™ Y Gy

n=0
(o]

<> wkt m)((n+ m)(1+08) = (1 +6)(y - )
n=0

+0(1+8)(1 -1z, <91 —n)(1+06)

(1 -1 +9)
mm1+608)+m—-6)A1+8)]+6(1—n)(+5)zymt!

Ansm =

NgE

0

S
1l

also we have

ap-1— Z ApimZo™ ™ Lay > 0,44, > 0,mEN
n=0
- m[m(1+688) —0(1 —n)(1 + 8)]
“Tmm(1+68)—-0(1—-—n)A+6)]+6(1—n)(1+ 5z,

Thus from the above equation we obtain

0]

Qo
@) = ‘7 D ™
n=1

(o8]
agp m
= 7 -r An+m

n=0

,a0>0,a,4m >0 meEN

mm(1+688)—0(1—nA+68)]—-60(1—n+8)rmt?
“rmm(14+08)-60(1—-nA+6)]+6(1—n)+6)z,m1)

Hence the proof is complete.
THEOREM 3.2.5: If a function f € A}, defined by equation (3.18) is in the class

An1x(, 0,8,z ), then

) < OmL+08) ~ 6L+ (1~ ) + 0L~ (L + O™
= r[mm(1+68) — (1 +8)(1 — )] + 6(1 — n)(1 + 8)z,™+!

Where0<p<1,0<0<1,0<86<1,keN,=NuU{0},and z€ U".

The result is sharp with the extremal function given by

. mmA+68)-0(1+8)(A—1)+61—n)(+8)r™
f(z) = rim(m(1+66)—-0(1+6)(1—n)]+6(1 —n)(A+ §)z,m*1

PROOF : Since f € A, 1,(1n, 6,6, 2, ) , by theorem (3.2.15) we have



m([m(1+68) — (1 + &)@ —1)] =61 =) + 8)) o Gnim < Tnmon*(n +
m)((n +m)(1+66)—6(1—n)(1+ 6)) -0l -y +86n+
m)z" " a1, < 0(1 —1n)(1 +6),

> 0(1—n)(1+96)
Z mm(1+66)—0(1+6)A—n)]—-60(01—n)(1+ 85)z,mt!

Also we have

ap=1+ Z ApimZo™ ™ Lay > 0,44, > 0,mEN
n=0
m[m(1+66) —0(1+6)(1—n)]
mm+06) —6(1+ ) -]+ 01 —9) (1 + 8)zg™"

Thus from the above equation we obtain

[o¢]
Qo 2 :
_+ an+mzn+m
Z

n=1

(00
O mz
r n+m

n=0

,a0>0,ap4m >0 meEN

If ()] =

mm(1+68)—0(1+868)(1—n)+6(1—n)+8§rmtt
Trimm(1+605)-0(1+6)A—n]+6(1—n+ 5z,

Hence the proof is complete.

COROLLARY 3.2.8: The disk 0 < |z| < 1 is mapped onto a domain that contains
m(m@1+668)-0(1+8)(1-1n))—6(1-n)(1+8)rm+1
[m(m(1+68)—6(1+8)(1-1)]+6 (1—n) (1+8)zo™+1

Apnok(0,6,8,2y)
The extreme points of the class Ay, (1,6, 6,2, ) and Ay,1 ,(0,0,8,2, ) are given by

the following theorem.

the disk |w| < by any function f €

THEOREM 3.2.6 : Let f,(z) = §

and

n=0

~ i nk(n+m)((n+m)(1+68) — (1 —n)(1+8)) — 6(1 — n)(1 + §)zm+m+1
Fram(2) = L z(n((n+m) + (1+668) — 8L+ 6)(1 — 1) + 6(1 — )(L + 8)z,"m+1)

Then f(z) isin the class Ay, (1,0, 8, z, )if and only if it can be expressed in the form
f(2) =Xy o Vnfnsm(2) Wwhere vy, =>0,y;, =0(i=12,..,m—1,m = 2) and
Z?f:o Yn=1

PROOF: Suppose



) = ) Yafarm(@
n=0

[oe]

Yo z n*(n+ m)((n +m)(1+66)—0(1 -+ 6)) +0(1 —n)(1 + §)zntm+l
z Z(n*((n+m) + (1 +68) — 6(1 + 6)(1 — ) + 6(1 — n)(1 + 6)z™+™+1)

Z
n=0

1 c nk(n+m)((n+m)(1+68) — 6(1 — 9)(1 + 6)Vnsm
“z|t ; (nk((n+m) + (1 +68) — (1 +8)(1 —1)) + (1 — n)(1 + 8)z+m+1)

o)

9(1 - I])(l + 6)yn+mzn+m+1
' nZo (*((+m) +(1+68) - 6(1+8)(A 1) + 61— + &)z ™*?)

Then , we have

0(1-1n)(1+9)

y < (1 —n)(1 + 8)¥nim )
[(nk((n +m)+(1+68)—-6(1+6)(1— 1])) +0(1—-n+ 6)Zon+m+1)]

i [(nk((n +m)+(1+606)—-0(1+6)(1— 1])) +0(1-n)(1+ 5)Zon+m+1)]
n=0

Zyn+m =1l-y,=1
n=0
Now , we have

Zofn+m(zo) =1

Thus

ZOf(ZO) = Z Vn+mzofn+m(zo) = Z Ynim = 1
n=0 n=0

This implies that f € A7,0, (10,6, 68, z, ) .Conversely, suppose f € Ay, (0,0,8,2, ).
Since
i 6(1 —n)(1+6)

0
rem = TGk ((n+ m) + (1 + 08) — 01 + ) (1 — ) + 61— (L + O)zm ™ 1)] "=

n=0
Set

_ [(nk((n +m)+(1+66)—-0(1+6)(1— 1])) +0(1-nA+ 5)Zon+m+1)]
Trem = 6 — {1 +5)

Apimn =0

and Yo = 1- 27010=0 Yn+m
Then

f(Z) = Z ynfn(z)-
n=0



1
)
zZ

THEOREM 3.2.7 : Let f;(2) =

and

o nftm)((+m)(1+68) —6(1 - n)(1+9))
JANOEDY +6(1 = 0)(1 + &)z

= <nk(n +m)((n+m)+ (1 +68)—0(1+8)(1- U)))
—0(1 — (A + &) (n + m)zyntm+l

Then f(z) isinthe class Ay, (1,0, 8, z, )if and only if it can be expressed in the form

f(2) = Yoo Vnfnsm(Z) Where v, =20,y;,=0(=12,..,m—1,m = 2) and
Z;c):oyn =1

THEOREM 3.2.8: The class A;,0x(n,6,6,2z, ) is closed under convex linear
combination

PROOEF : Suppose that the functions f, g € Ay, (0,0, 8, z, ) defined by

[ee]
a
f(z) = 70 + Z AemZ™™, Ay >0,a,4, >0,z€ U”

n=1

and
by
g(Z) = ?"— z bn+mzn+m, ag > 0, bn+m >0,zeU”
n=1

respectively, it is sufficient to prove that the function H defined by
H2) =owf(z2)+ (1 -w)g(z), (0<w < 1)isalsointhe classAy,x(n,0,6, 2 ).
Since

wag+(1-w)bg

H(z) =
U

+ Y o(@ayem + (1 — w)byym) 2™™ , a0 >0,a,,m >0,z €

We observe that

Z[nk(n + m)((n +m)(1+65)—6(1—n)(1+ 5)) + zon+m+1](wan+m + (1

—w)byym) < 6(1—n)(1 +6)
with the aid of theorem (3.2.14).Thus H (2) € A7,0x(0,6,6,2, ) .

This completes the proof of the theorem.



THEOREM 3.2.9: The class A;,1,(n,6,6,2z, ) is closed under convex linear
combination

PROOF .the proof is similar on that of theorem(3.2.8)

THEOREM 3.2.10: Let the function £,(2),! = 0,1,2, ..., q defined by

(00

%o, n+m *

fi(2) = — + ) apimiz™, ap>0,ap4m; >0,z€U
n=1

be in the class Ay, (1, 0,8, z, ). Then the function

q

8(2) = ) afi@), (=0

=0
is also in the class A« (1,0,8,2y ), Wwhere X, ¢; = 1
PROOE : By theorem (3.2.14) and for every [ = 0,2,3,.., q we have
Z[nk(n +m)((n+m)(1+68)—0(1+6)(1— I])) + ZO"+m+1]an+m
n=0
<01 -1nA+6)
Then

q )
a
9(z) = Z C (%l + Z an+m,lzn+m>, (¢, =0)

=0 n=1

o0 q
C1Qo,1
— , n+m
- 7 + Cnim1 | Z

n=0 \l=0

Z[nk(n +m)(n+m)(1+608)—6(1+68)(1—-n))+ ZO"+m+1]an+m

n=0

Since

oo q
Z[nk(n + m)((n +m)(1+68)—0(1+86)(1— I])) + ZOn+m+1] (Z Clan+m,l>

n=0 =0

q q
= Z o (Z[nk(n + m)((n +m)(1+66)—0(1+6)(1— 1])) + ZO"+m+1]an+m,l>;
1=0

q
< (Z q)e(l — ) +8),

=0



=60(1-n)(1+96)
Then, 9(z) € Apox(10,6,6,2).

THEOREM 3.2.11: Let the function f;(z),l = 0,1,2, ..., q defined by

(00
Qo,1 «
fi(z) = — + E Apemi2™ ™, ap>0,an4m; >0,z€U

n=1
be in the class Ay, (1, 0,3, z, ). Then the function

q

8(2) = ) afi@), (=0

=0
is also in the class A, x(0,0,8,2, ), where XL, ¢, = 1

PROOF .the proof is similar on that of theorem(3.2.10)

LEMMA 3.2.1: Let z,z,€C be two distinct positive numbers
f € Ao (0, 6,8,20) N (0,6,8,2,), then f(z) =~

PROOEF: Suppose that f € A},0,(10,6,6,2,) N Ay (1, 6,6,2,).We have

e}

n+m+1
ap=1-— E An+mZ1

n=0
[0 0)
=1- Z an+mzzn+m+1
n=0
also
[ee]
— @ _ n+m+1
f(z) = ApsmZ a,>0,a,,m;>0meN
7 )
n=0

Thus, a4, = 0,Vn >0 , because a,, 4., = 0,2, > 0,2z, > 0, hence

1
f(Z)ZE

This complete the proof of the Lemma.

and

THEOREM 3.2.12: Suppose that ¢ < [0,1], A7, (0, 6,8,¢) is a convex family if

and only if C is connected .

PROOEF: Assume that C is connected and z;, z, € C with z; < z,.



[0e]

n+m+1
ap=1- Z An+mZo

n=0

e}

— n+m+1
=1- § An+mZ1

n=0

Suppose that the function f € Ay, (10, 8,8, z,) defined by
f(Z) = % - Z??:O an+mzn+m+1 ag >0, Apym1 > OmeN,zeU
and

g € Anox(,6,6,2,)

b (00]
9(z) = ?O_ z an+mzn+m+1 by > 0, bn+m,l >0,meN,zeU”

n=0
it is sufficient to prove that the function #€ defined by
Hz)=wf@2)+(1-w)g(z), 0<w<1)
That there exists a z,(z, < z, < z;) is also in the classAy, (1,0, 6, z,)

Then

k(w) = zH (2)

k(w) = way + (1 — w)by + Z(a)an+m + (1= w)bpem)z™ ™, ay > 0,ap4m >0,z€ U*

n=0

=1+ w Z(z’”m —z28")apem + (1 — @) Z(z’”m — 2", Ao > 0, Ay
n=0 n=0
>0,z€eU”

Since z is real number , then k(z) is also number also we have k(z,) < 1 and k(z;) =
1, there exists z, € [z,, z,] such that k(z,) = 1.

Therefore , z,H (z;) = z,, (29 < z, < z;) This implies that #(z) € Apox
We observe that
Z[nk(n +m)((n+m)(L+68) — (L + &)L — 1)) + 2" ™| (@ansm + (1

n=0

- w)bn+m)



= w Z [nF(+m)(n+m)(1+88) —0(1+8)(1—1)) + 2" ™ | anym

+ (1 - w)[n*n+m)((n+m)(1+608)—08(1+8)(1—1))

+ Zln+m+1]bn+m + 0(1 - U)(l + 6)0) Z(Zzn+m+1 - ZOn+m+1) An+m

n=0

+O1 =D)AL+ =) ) ("™ =z b,
n=0

= w Z[nk(n +m)((n+m)(1+68)—0(1+ 81 —1)) + 2" "™ anim
n=0

+ (1 - a))[n"(n +m)((n+m)(1+68) —6(1+68)(1 —1n))
+ 2, b <0 - +68) + (1 —w) (1 —n)(1 +8)
=60(1—-n)1+06)

With the aid of theorem (3.2.14).

Thus , H(2) € Al (1,6, 8, 2,). Since z; and z, are arbitrary numbers , the family
Ao (0,6,8,¢) is convex.

Conversely , if the set C is not connected , then there exists
Zy,Z, and z, such that z,,z € Cand z, € C and z, < z, < z;.

Now , let f(2) € A7,0,(0,6,6,2,) and f(z) € A0, (1,0, 6, ;) therefore

k(w) = k(Zz; (1))

=14+w Z(Zzn+m+1 _ Zon+m+1) Apym + (1 _ w) Z(Zzn+m+1 _ Zln+m+1) bn+m: ap > 0, Apsm
n=0 n=0
>0,zeU"
For fixed z, and 0 < w < 1.

Sincek(z,,0)<1 and k(z,,1)<1, there exists w,, 0 < w, < 1 such that k(z,,w,)=1 or
Z,k(z, )=1, where k(z) = wof(2) + (1 — wy)g(2). Therefore
k(z) € Ay01(1,0,6, 7).

Also k(z) € A7, (0, 6,8,C) using Lemma (3.22) Since z, € C and k(z) ¢z.

Thus the family 4;,, (1, 8, 6, C) is not convex which is a contradiction .



CHAPTER 4

SOME RESULTS OF SUBCLASSES ON
MULTIVALENT HARMONIC
FUNCTIONS



INTRODUCTION
Chapter four is fully devoted to study of some results of certain classes of

harmonic multivalent functions.

Several mathematicians have contributed a lot in the study of harmonic
functions. Ahuja and Jahangiri have defined and investigated a family of
Noshiro-type complex valued harmonic functions of the form : f =h+

g ,where h and g are analytic in the unit disk.

A lot of interesting properties leading to distortion theorem , extreme points ,
convolution conditions and convex combinations for the family of harmonic
functions have been obtained by several researchers .Ahuja Jahangiri and
Silverman[52]have contributed a lot about the contraction of harmonic univalent
mappings.These authors have results i.e. for example by considering second
fixed coefficients , a number of noted also researched for the subclass of
harmonic univalent functions.Expressing Taylor series expansion under different

conditions , these authors have obtained a lot of good results are found out.

At the same time a comprehensive class of complex valued harmonic univalent
functions with varying arguments is introduced by Jahangiri(2002) [53]
,Jahangiri and Silverman [52].We also mention the contribution in the study of
univalent harmonic functions by Rosy , Stephan ,Subramanian and
Jahangiri(200)[54].Atshan and Wanas(2013)[55] discussed a new class of

harmonic univalent functions

Chapter four is divided into four sections .In , section one and two , we have

introduced and studied certain subclasses SCH(b,y,A)andW}l'[m(b,a, B,y;t) of

harmonic multivalent functions of complex order consisting function of the form :

h(z) = zP + Z a,z"™ g(z) = z b,z" |bp| <1
n=p

n=p+1

and satisfy the condition

R4 12D sy, e,



where

o(2) = A (272 (h(2)" - 29°2(g(2)) ") + @A+ D) (27" (h(2))")
+ -4 (221(g@) ") + (29(h@)") + (1 - 20299 ()

w(z) = A (292 (h(2)"" +2972(g(2)) ") + @A - D(z9(9(2))")
+(29(h()")

We investigate coefficient conditions, extreme points and distortion bounds. we also
examine their convolution and convex combination properties and the closure property

of this class under integral operator.

An attempt is also made in undertaking study of multivalent harmonic meromorphic
functions in section three, we have introduced a subclass of multivalent harmonic
meromorphic functions defined in the exterior of the unit disk and obtain the several

geometric results which are routine in character.

4.1 CERTAIN SUBCLASSES OF HARMONIC
MULTIVALENT FUNCTIONS OF COMPLEX ORDER

Let Sythe family of functions f = h + g, which are harmonic, univalent and
orientation preserving in the open unit disc U = {z : |z| < 1} so that f is
normalized by f(0) = h(0) = f,(0) — 1 = 0. Thus, for f = h+ g € Sy that
are harmonic , orientation preserving and multivalentin the open disk
U with the normalization

h(z) = zP + Z a,z"™ g(z) = z b,z" |bp| <1
n=p+1 n=p

and f(z) is then is given by



F(2) =27 + Z a, 72" +sz"|b <1 (4.1)
n=p+1

Also, we denote by TSy the subfamily of Sy consisting of harmonic
function f = h + g such thath and g are in form

R =22 = Dl 9@ =) Il (42)
n=p

n=p+1

DEFINITION 4.1.1
For 0<y<1,0<1<

)4 1 .
e or A= e ,b € C\ {0}with |b| < 1 and let

the SCy (b, y,7) denote the family of harmonic functions f € S, of the form
(4.1) which satisfy the condition

Re {1 + %(38 _ 1)} >y, z€eU, (4.3)

where
o(2) = A (202 (h(2)"" - 2772(g(2))"") + @A+ 1) (20 (h(2))"")
+ (1= (241(g()") + (29(h@)") + (1 — 229 (g(2))"
w(z) = A (292 (@)™ + 292 (g()") + @A - D(29(9(2)")

+(2(h()")
We begin with a sufficient coefficient bounds for the class SCy(b,y,A) .

These conditions are shown to be necessary for the functions in
TSCy(b,y,A).where

TSCH(bIYJ}\) = SCH(bJYJ)\) N TSH

THEOREM 4.1.1. Let f = h + g with h and g are given by (4.1) . if
Z o q),Om Aq+1)((n—q) +1bI(1 —V))
nept1 - q),(kp Ag+ D{bIA—y) - (p - q)}
{n-An—-q—-1) - (1 -50)) -2(1-21) — |b|(1 —y)(An — Aq + 1)}
" 2 (n q) I, |
(p —Aq + D{|p|(1 —y) = (0 — )}
<1

(p q)'

(4.4)
wherea; =1,0<y <1,(]b|]<1)is a non - zero complex number ,

0<A< %y or A< ﬁ then f € SCy(b,y,A) and f is sense preserving
multivalent harmonic in U.

PROOF. We show that f is multivalent in U, we show that f(z;) #
f(z,)whenever z; # z,. Since U is simply connected and convex we have



z(t)=(1—1t)z; +tz, € U, where 0 <t<1andifz,z, € U so that z; # z,.
Then we write

f@) = 1) = [ (G = 20W (20) + @ — 29 (o)) .

Dividing the above equation by (z; — z,) # 0 and taking the real part, we

obtain
Re {M} = f Re {h ( (t)) + 1)g ( (t))} dt.

Zy — 23

On the other hand, for |p| < 1,0 <1< (17/—]/) or A= iwe have

Rel'(z) — |g'(2)] = Reh'(2) — Z il

q)'

(p q)' z (n q)' z(n q)'

> p!
(- q)'
Z e ).@n Aq+ 1D((n—q) +bI(1 - )

nSpt1 (p o —Agq+ DibIA=y)— (-9}
Z e q)l{(n q)(?\(n q—1)—-(1- SA)) —-2(1-20)—-|p|(1 —y)(A\n —Aq + 1)}
Ap —Aq + D{|b|(1—y) — (p — )}

Tl

|b,| =0

(p q)'
(4.5)
This along with inequality (4.5) leads to the p-valent of f Note that f is

1 ..
Y _orA>—. This is
(1+y) 1+y

sense preserving in U, for for |[b|<1,0< A<

because

|h'(2)] =

@ q)' Z - )"“”” g q)' L - q)"”'

= ), (An—2Ag+ D((n—q) + Ibl(l - V))
(P Q)' nzp:ﬂ (p o5 Ap =2+ D{bIA=v) = (p— )}
_ L!{(n —9An—-gq-1D—-(1-51)-2(1- 2;\)}
S Z (n-q)! —|b|(1 —=y)(An—2Aq + 1)
= —rs G =g+ D{bIA-v) - (0 — )}

_ n_!{(n—q)(l(n—q— 1) —(1-50)—-2(1-2%
S 2 (n-q)! —|b|(1 —y)(An—2Aq + 1)
n=p (p ol

(p =g + D{[p[(A1 =y) = (» — O}
- n! B
> ;mlbnllzl P

= |g'(2)]

Ayl

|y |

}IanIZI""’




The function
P Z (p q), —Qp—Aq+ D{p|A-y) - (» - q)}
W5 ,,H(n o (An — 7\q+1)((n—q)+lbl(1—y))
i Ap—Aq+D{b|A-y)—(—q)}

(p q)'
— {(n —AMn—q-1)—-(1-50))-2(1- 2;\)}
(" D! —Ibl(l—V)Om Aq+ 1)
Where Y5 ,.1lx,| + 25=plyn| = 1, shows that the coefficient bound given by

(4.4) is sharp. The functions of the form (4.6) are in SCy (b, y,A) because
(n =g+ D((n—q) +1bI(1 =)

|
Z e ||

St o q),(i\p Aq+ D{b|(1-y) — (p — )}

_ n_!{(n —AMn—qg-1D-(1-50)-2(1- zx)}
+z(n—q)! —|b|(1—y)(?\n—?\q+1)
n=p

Ynz™  (4.6)

| by |

=1+ Z|xn|+2|yn|—z

n=p+1
The next theorem shows that the condltlon (4.4) is necessary for
f €ETSCy(b,y,N).
Putting q=1, in the above theorem, to obtain
COROLLARY 4.1.1. Let f = h + g with h and g are given by (4.2) if

i n—2+1)((n—1) +b|1 - ) @ |+§n(xn+x— D((n+1) - bl(1—7))
Z 1bI(1—) "L 1bI(1—)
n=p+1 n=p
<2
Where a; =1,0<y <1,b(|b] <1) is a non-zero complex number,
0<A< (y—) or A= ﬁ then f € SC4(b,y,)) and f is sense preserving ,
univalent harmonic in U.

We note that the result obtained by [56].

|y |

THEOREM 4.1.2 Letf = h+ g with hand g are given by (4.2) . Then
f € TSCy(b,v,7) if and only if

i e q),Om Aq+ 1D((n - q)+|b|(1—V))

S5t e q),(kp Aq+ D{|b|(1-y) — (- q)}

o {(n —An—-g-1)—-(1-50)-2(1- zx)}
+z<n—q>! —|b|(1—y)(xn Aq+1)
= s (o =g+ D{bIA - 1) — (0 — )}

Ibnl S 1;

(4.6)
wherea; =1,0<y<1,0<1<

Y 1
T O A= P and b € C\{0}.



PROOQF.The ’if part’ follows from 7heorem (4.1.1) upon noting that
TSCy(b,y,A) € SCy(b,y,A) . For the ’only if part, we show that
f € TSCy(b,v,A). Then for z = re*®in U, we obtain
(22 (h@) ™ — 20%2(g(2)™) + @4+ D (27 (h()™)
+(1 -4 (2041 (g(@)") + (22(h(@)") + (1 — 2029 (9 ()"

A (2942 (h(2)™ + 29+2(g(2)) ")

+(2r - Dz9(g9(2)" + (z7(h())?)

Re< 1+

1
b

220+2(hea) 404 (2041 () A (204 (g2) )
+(1_57\)<Zq+1(g(Z))q+1)+2(1—2?\)zq(g(z))q
A(zq"'z(h(z))q+2+zq+2(g(z))q+2)

+(2A—1)W +z(h)')

=Red(1—y)+5

e q 2)'a” P P 2 o
— S B I R qs’l)l’;',bn
2(1-22)n!
P -
a7 Pensptimq- 1)'”‘”f1 " g I g ?
hH. N
Zn= p " %Zi)lf)rj
e
( AP —a— D+ O+ DY 57, A= D+ (A 1)}anzn\\
—re](1—y)+1 —z;?=p$%)!{z<n—qxp—q—1)—(n—i>'(1—sz)—2(1—n)m7
GopiAP— DD+ G A=+ Danz?

\ + A=+ (22-1}b, 2"
e 1),{/11? Ag + 1}z° + ¥ p+1b(—ql),{/1n Aq + 1}an \l
~ X Pb(n qy{(n - -q-1 - (1 —51) —2(1 — 2A)}b,z"
|1
/)

Re<(1—y)+

\

(p q), p—2q+13zP + 3014 (n )| ——{An — Aq + 1}a,z"

/__ﬁ

+ X5 m{ln Aq + 21— 1} b, z"

= qw@P Aq+1){b|(1-p) - @ - @}z" +
Zh= =p+1[B[(n— q),(ln 7\q+1)((n q)+|b|(1— y))|an|z”
e, M - {(n 9 (l(n|;|c(11— 1i )—( }511 - i;\)J)r—l)z (1- z;\)} o
(Ap—Aq + 1) 2P + 53 1 7l {An— Aq + 1} 1agiz"
+Zn=p(nT'q)!{An Aq+ 21— 1}|bn|z”

= Re

(p q)'




o O = Aa + D{IbIL~ ) ~ (0~ @)} \
~ Eepst ey A =2 + D((n = @) + 161 = 7)) lan|r™ P
n { (= )An—gq -1 - (1-50) }”, P

+Xn=p

- Ib|(n—q)! 2(1—2;\)—|b|(1—y)(7xn Aq+1)
B (- q)r{ﬂp Aq + 1}Zp + Y= P+1 (n_q)! {An Aq + 1}|ay|r™~P
+ Y% p( {An /1q+2&—1}|b |rm-p
L J

> 0
The above inequality must hold for all z € U. In particular, letting z=r — 71
yields the required condition.

The next theorem gives the extreme points of the closed convex hulls of
TSCy(b,y,A)
THEOREM 4.1.3.A function f = h + g belongs TSCy(b,y,A)if and only if
f can be expressed as

f(@) = Z5-p(Xnhn(2) + Yogn(2) , (4.8)

where

(Ap—2Aq+D){|p|1-V)-(p—-q)}
(@) = 20,k (2) = 27 — B2 2,

n=p+1,p+2,...
e (oriary) - TP )

and
—2 A =2+ DI - ) = ( — )} n
gn(2) = 7P + - {(n B q)(l(n —q—-1)—-(1-51)-2(1- 27\)}
(n-q)! —Ibl(l —y)(n—2Aq + 1)

n=pp+1,.... ),Z(Xn+Yn)=1, X,=0 and Y, >0
n=p
In particular the extreme points of TSCy (b, v, A) are {h,, }and {g,,}.
PROOF : Let f be written as (4. 8) Then ,we have

f) = Z(x ha(2) + Y9 (2))

Z(x £V 2P Z o q),@p ar DIIA—D -0}

——(An-1q+1)((n-q)+|b|(1-7))

n=p+1 (n q)' 1)
(p”q),(xp Ag+D{IbI(1-1)~- (-4}
c oo p =g + D{BIA - ) — (0 — 9} )
Z ! Y. (2"
n

B nzp_.{(n -9An-g-1)-(1-50)-2(1- 2;\)}
(n-a)! —|b|(1 —y)(An—2q + 1)

then,



Z s (n =g+ D((n — ) + [bI(1 - y)) <(pf!q), N-® q)})X
oo o q),Oxp Aq+ D{b|1—y)— (- )} (n! n—-2Aq+D((—q@) +1bI(1-7)) )
n! {(n—q)(x(n— qg—1)-(1-50)— 2(1—2)0}

+Z(n D! —|b[(1 —y)(An —Aq +1)

(p A =g+ D{bIL =) = — @)}

—E5 O —2g + DUBIA - 1) — (0 — )} \
x| - |v.@)"
\ n! {(n -AMn—qg-1)-(1-50)-2(1— zx)}
(n—q)!

—1b|(1 —y)(An —2Aq + 1)

co [00]
T
n=p+1

<1

n=p
Then f € clco TSCy(b,y,A). Conversely, assume that f € clco
TSCH(bi)/i)\))
Letting

Xp,=1- Z ZY

n=p+1

where
19)
Xn=

la,l, n=p+1Lp+2,..
-~ q),(lp Aq+ D{p|(1-y) - (p — 9}

n_!{(n — q)()\(n -qg—-1)—-(1- 57\)) -2(1- 2)\)}
Yn:(n )] —|b|(1-y)(An—2Aq+ 1) byl n=pp+1.
2 A+ DB -1 - @ - Y1 - @)

we obtain the required representation, since

[0e]

f@=27= ) lagla" + i Bl @)"

n=p+1 n=p+1
2 e q),(kp Aq+ D{Ip|(1—y) —(p— q)}X
Lt T Om—2a+ D - ) + I -7)

+2 Lo0p -2+ DILIA-N - - _,

= {(n —A(n—-q-1) -1 -51)-2(1- zx)}( 2)
("—‘D‘ —[b|(1=y)(An —2q+ 1)

=zP — 27010=p+1(zp - hn(z))Xn - 27010=p(zp - gn(z))yn
=(1 - 27010=p+1X

n - 27010=p yn)Zp + 2?10=p+1 hn(z)Xn - 27010=p gn(z)yn
=Z$1o=p Xnhn(2) + Yo gn(2)

The following theorem gives the distortion bounds for functions inwhich
TSCy(b,y,A)yields a covering result for this family.

THEOREM 4.1.4. If f € TSCy(b,y,Dthen for z = re'®, we have




If (@) = (1 + |b,|)r?

—25 W =g + D{LIA =) = (p — )}
s P+ DA- g+ B +1-q) + b1~ 7))

p_!{(p—q)(x(p —q-1D-01-50)-2(1~ zx)}
_ o —1blA-y)p -2+ 1) i1
e q),{(p +1DA=2q + 1} +1-q) + [b[(1 =)}

and
If (@] < (14 |bp|)r?

W@P Aq+ D{bIA-y)— (-9}
(p+1 g @+ DA=Ag+ B{p +1-q) +1bI(1 — 1)}

_ - q)' b1 —y)(Ap—Aq+ 1)

p! {(p ~PA@-q—1D—(1-50)—2(1~ 27\)}
rp+1
ree q),{(p +DA-Ag+1H{(p+1—q) +|b|(1 —y)}

PROQF: We have

F@1 < (14517 + ) (lanl + by "

< (14 B + ) Q] + b, Dree?
n=2

1
= (1+ |b,|)r? +
m{(pﬂ)/l Aq+1}{(p+1-q@)+Ib|(1-y)}
S AP=Aa+D{IbI(1-Y)- (-}

e

3 (E q),{<p+m 2+ D{(p+1-q) + b1 )

|lan|
nSpi —ro (=g + D{bLIA =) = (0 — )}
(p+1-q)
T+ DA-g+1}
+(p q) {+|b|(1 y)}lb I\ p+1
s Y)— -}



< (14 b)) + 1
- ’ m{(f’“ﬂ M+1}{+(T’b+|<11_qy))}

——=(p—-Aq+1){|b|(1-y)-(p—q)}

(p q)'

[oe)

( +1((n—q) +|bl(1—7))
X z I nl
(Kp Agq+ D{|b|(1-y) —(p — ¢)}

)

n_!{(n—q)(l(n—q—1)—(1—5?\))—2(1—270}
(n-q)! —|b|(1 —y)(An—2Aq + 1) b, | ot

Ap—Aq+ D{|Ib|A-y)— (- q)}

(p q)'

1
{(p+1)2-2q+1H{(P+1-q)+|b|(1-¥)}
- q),(kp Aq+D){|b|(1-y)-(p—q)}
/ _p {(p —Ap-g-1D-(1-50)-201- zx)}\
(r-a)! -1l —-—y)(Ap—Aq+1) | o1
Ap =g+ D{bIA-y) = (p — @)}

< (14 |by|)r? +

(p+1 Q!

x| 1-

(p q)'

( o Ap =g+ D{bIA —y) = (0 — @)}
< (1+ |by|)r? +| P=q
\(p+1 > {(p+DA-Ag+1H{p+1-q) + |b|(1-p)}

p_!{(p—q)(x(p—q—1)—(1—5A))—2(1—2A)}
-t —1bIA-y)Ap—2q+1) s

{+DA-2g+1H{{p+1-q) +|bl(1-1)}

(p+1 !

Similarly
If ()] = (1 + |by|)r?

(

| = q),O\p Aq+D{bI1=y) = (p— )}
\(pﬂ S®@+DA-Aq+ B +1-¢q +1bI(1 -7}

p_!{(p - AP —-qg-1D -1 -50)—-2(1— 27\)}
(r-o! —1bl1—=y)Ap—Agq+ 1) Ib,| |ro+1
——{p+DA-Aq+1H{p+1—¢q + |b|(1 —y)}

(p+1 Q!

The upper and lower bounds given in Theorem (4.1.4) are respectively
attained for the following functions



f(z) =2z + |bp|@p

L1 - q),(lp Aq + D{IpI(1=y) = (p — )}
Flp+1) {(p+DA-Ag+1H{(p+1-q) +|bl1-1)}

(p+1 Q!

p_!{(p—q)(x(p—q—1)—(1—5A))—2(1—2A)}
—|b|(1—-y)(Ap —Aq + 1) |b| @p+1

(p—a)!
+1)A—-Ag+1 +1—¢q)+ |b|(1-

i q),{(p )A—Aq +1H(p q) +|bl(1 =y}
and
f2) =

p! (p—q)(A(p—q—1)—(1—sx))—z(1—z)\)}
(1 - |b,|)z? - . (p ‘”'OLP S o U (p‘q3!{ -1bI(1-Y)(Ap—2Ag+1) |b,| | 22+,
4 I'(p+1) e '{(p+1)l Aq+1H{(p+1-q@)+|b|(1-y)} ﬁ{(wf1),1_,1q+1}{(p+1_q)+|b|(1_y)} 4

We show that the class TSCy (b, y,A) is closed under convolution and
convex combinations. Now we need the following definition of convolution
of two harmonic functions. For

f(2) =27+ Z jalz” +Z|b 7"

n=p+1

F(z) =2zP + z |A,|z" +Z|B |Zz™

n=p+1
we define the convolution of two harmonic functlons f and F as

and

(f «P)@) = f(2) + F(2) = 27 — Z @14, 2" +Z|b 1B " (49)

n=p+1
Using the definition, we show that the class TSCy(b,y,7) is closed
under convolution

THEOREMA4.1.5For 0<d<y<1llet feTSCy(b,y,\)and F €
TSCy(b,8,)).thenf * F € TSCy(b,y,\) € TSCy(b,6,7)

PROOF.

Let

f2) =27 + Z al2” +Z|b 27

n=p+1
and
F(z2) = 2P + Z A, |2" + ZIBnIZ""
n=p+1 n=p

be inTSCy(b,y,A). Then f x F € TSCy(b,5,A). We note that |4,| < 1and
|B,,| < 1. In view of Theorem 4.1.2 and the inequality0 <6 <y < 1, we
have



= q>. (An—2g + 1((n - @) + b](1 = 5))
z |an]14n|

a1 (p AP —2Aq+ DbIA—-8) - (p — )}
_ L!{(n —An-q-1—-(1-51)-2(1- 2;\)}
N Z (n-q)! —|b|(1=8)(An—Aq+ 1)
= (p 2 Ap =g + D{[bI(1 = 8) = (p — )}
i (An — Aq+1)((n q)+|b|(1—6))

<y = - 0 ||
Ap—Aq+ D{|b|(1-8)—(» — @)}

| by || By |

n=p+1(p—qm
n! {(n—q)(‘/\(n q—1)—(1—sx))—2(1—2;\)}
+z(n Q)! —|b|(1-86)(An—-Agq+ 1) b, |
o~ q),Onp Aq + D{[bI(1 - 6) — (p — @)}
z = ),O\n 7\q+1)((n—q)+IbI(1—)/))| |
an
ot o (= A+ DI =) — (0~ )}
_ n_!{(n—q)(x(n—q—n—(1—5A))—2(1—2x)}
+z("‘q>~ —[blA-y)An—-2Aq+1) b <1
= s O =2 + DI~ 1) = (0 — @)}

by Theorem (4.1.2), f € TSCy(b, v, 7). By the same token, we then conclude
that f x F € TSCy(b,y,A) CTSCy (b, 5,0).

Next, we show that the class TSCy(b,y,7) is closed under convex
combination of its members
THEOREM 4.1.6The class TSCy(b,y, ) is closed under convex combinations
PROQF. Suppose f; € TSCy(b,y,A)(i=1, 2, --) are defined by

fi@) = 27 = X pia|@in|z" + Xy |bin| 2",

for,2,t; = 1,0 <t; <1, the convex combination of f;may be written as

itifi =zP — i (i ti|ai,n|)zn—g<§: ti|bi,n|>z_"

i=1 n=p+1 \i=1 i=1

Since
Z = ),(An Aq+ 1D((n—q) + b1 - y))
nept1 (p o AP —Aq+ D{bIA —v) — (p - q)}

o {(n—q)()\(n—q— 1)—(1—5@)—2(1—2@}
+z(n—q)! —|b|(1 —y)(An—Aq + 1)
= —Co A =g+ D{bIA =) = (0 — )}

From the above equation we obtain

|bin| <1




Z - q),(kn Aq+ 1D((n—q) + b1 - )/))(Z |ai,n|>
S e q),Oxp Aq+ D{p|(1-y) - (p— 9}

L{(n—qxx(n— —1)—(1—5%))—2(1—21)} _
—|b|(1—y)(An—2Aq+ 1) Ztlb' |)

i (=)
= —rs G =g+ D{bIA-7) - (0 — )} =

=iti{(§ - q),(xn A+ D((n =) + [bI(1 - y))
= Ln w41 e WP —Ag + D{BIL - ) - (» - 0
o M {(n - q)(x(:l —g-D-(1- 50) —2(1 - zx)}
+z(n D! |b|(1—y)(An—2Aq+ 1) |btn|l
n=p

—ro G =g+ D{bIA =) = (0 — )} ]
< tl' =1
Z

Then Y2, t, f; € TSCy(b,y, V).

We consider the closure property of the class TSCy(b,y,A)under the
Bernardi integral operatorL.[f (z)] which is defined by

L [f(Z)] =

THEOREM 3.2.10.. Let f € TSCy(b,y,A).Then L.[f(2)] € TSCy(b,y,2)
PROOQF.From the representation of £.[f(z)], it follows that

L [f(Z)] =

c+1f ge- 1<{p_np+1 ) {c 1<Z|b Kn)d{
= zP — z Apz™ +ZBZ

n=p+1
C+1|b |. Hence

c> -1

Where 4,, = ﬂ |an| and B,

Z e ),(ln A+ D((n—q) +1bl(1—-7)) <c+1 l)
an
n=p+1 (p 5 P = 2q+ D{IbI(A -v) = (p — D)} c+n

n! {(n—q)(x(n q—1)—(1—sx))—2(1—2;\)}
+z(n Q! —|b|(1 —y)(An—Aq + 1)
— q),(i\p Aq + D{b|l(1-v) — (p — @)}
c+1
% <c+n| nl)




n!
(n—q)!
14

- (An—2Aq+ D((n—q) + [b|(1 = y))
< 2 T a
w551 g AP — A+ D{bIA —y) = (p — 9)}
n_!{(n — q)()\(n —-g—-1)—-(1- 57\)) —2(1-22)
—[b[A1-y)(An—2Aq+ 1)

s i (n=q)
2 50—+ DIBIA -1~ - 9)

Since f€ TSCy(b,y,A), Therefore by theorem (4.1.2) , L.[f(2)]€
TSCH(b,)/, }\)

nl

}Ibn|S1




4.2 A CERTAIN SUBCLASS OF ANALYTIC FUNCTIONS DEFINED
BY THE DZIOK-RAINA OPERATOR

Denote by Sythe family of functions f = h + g, which are harmonic,
multivalent and orientation preserving in the open unit disc U = {z : |z| < 1} so
that f is normalized by f(0) = h(0) = f,(0) —1=0. Thus , forf =h+ g €
Sy that are harmonic , orientation preserving and multivalent in the open disk
U with the normalization

h(z) = zP + z a,z" g(2) = Z b,z" |bp| <1
n=p

n=p+1

and f(z) is then is given by (4.1)

We note that the family Sy of orientation preserving, normalized
harmonic multivalent functions reduces to the well known class S of normalized
multivalent functions if the co-analytic part of f is identically zero (g= 0).

Also, we denote by TSy the subfamily of Sy consisting of harmonic
functions of the formf = h + g such that h and g are of the form (4.2), defined
the subclass Gy(y) € Sy consisting of harmonic multivalent functions
f (z)satisfying the following condition

Re{(1+eia)%—ei“}2y, 0<y<1, a€Rr (4.10)

Where

r_ i — i / _ i — i6 ;
z' = aQ(Z =re?),f'(z) = = (f(2) = f(re?)),0 <y < 1,and @ is real. The
Hadamard product (or convolution) of two power series

9(2) = z+ Lpzpr1Pnz" and ¥ (2) = z + Xyipiq Pnz” (4.11)

in S is defined by

(@D =@ ¥@D =2+ ) Vg (4.12)
n=p+1
For positive real parameters ai, Ay, .....,a;, 4, and Bq,By, ... ..., B, Bn(L M EN =

1,2,3,...)such that iwm

m t
1+ZBi—ZAjzo, (4.13)
i=1 =1

the Wrights generalization is given by



Fiml (@1, A, -, (@1, A3 (BB, oo, By Bn)i 2] = Wi | (@i A1 5 (81,B)), 57 |

of the generalized hypergeometric function pFq(ay, .....ap; By, ..., By 2)iS defined
by

oo l m n
1Pm [(at;At)l,l; (,Bt'Bt)LmIZ] = z (1_[ ['(a; + nAt) (1_[ F(,Bt + nBt)_1>%;Z eU
n=0 t=0

t=0

ifA,=1(t=1,..,0)and B, = 1(t = 1, ..., m) , we have the relationship
Q ll‘um[(att 1)1,[ (Bt’ 1)1,m; Z] = lllfm(al, v, a5 ,31, ey :Bm; Z)

N @ e (@) 2

L (Bn e Brdn !

(4.14)

where E, is the generalized hypergeometric function such that [<m+
1(,LmeN,=NU{0})z€U;N denotes the set of all positive integers, (1), =
A1+ 1) ...(A 4+ n — 1)is the Pochhammer symbol, and Q is given by

-1

Q= (ﬁ F(“t)) <ﬁ F(ﬂt)) (4.15)

t=0

By using the generalized hypergeometric function (4.14), Dziok
Srivastava introduced a linear operator which was subsequently extended by
using the Wright’s generalized hypergeometric function (defined above). For the
purpose of this section, we recall the Dziok-Raina linear operator as follows

O[(ar, A) 1 (B, Be)1m|: S — Sis a linear operator which is defined (in terms of
the convolution) by

e[(atrAt)l,l(IBt»Bt)l,m]f(z) =z l‘l’m[(at;At)Ll(ﬁt: Bt)1,m; Z] * f(2).
We observe for the function f € S of the form f(z) = z + X7, 41 anz"™
That

Olarlf (2) = O[(ee, A1 (B, BOumf () = 2+ ) au(@)anz” (4.16)

n=p+1

where o, (o) is defined by

Qr(a; + 4,(n—1)) ...T(a; + A,(n — 1))
n—DIT(B+B(n—1)) ...T(B + Bp(n— 1))

and Q is given by (4.15).

op(ay) = (4.17)



In view of the relationship (4.14), the linear operator (4.16) includes (as
its special cases) various other linear operators like Bernardi-Libera -Livingston
integral operator, Carlson and Shaffer linear operator, Cho-Kwon- Srivastava
operator, Choi-Saigo-Srivastava operator, Ruscheweyh derivative operator and
for more details on these operators.

We now define the Wright generalized hypergeometric harmonic
function f = h + gof the form (4.1) as

Bla]f (z) = Bla1]h(t) + O[a;]g(t)(4.18)

DEFINITION 4.2.1. let ij;m(b, a, 3,v; t)denote the subclass of S, consisting
of functions f = h + g of form (4.1) that satisfy the condition

21 (8[ay1h(2))T*t - Z‘“l(e[aﬂg(z))q”) 1 ﬂeia}
z9(8[a;]h.(2))? — z9(B[a;]g.(2))?

iR{l +%(1 + ,Bei“)<
2,
(4.19)

Where zeUbeC\{0},0<y<1,a€R,B=0,h(2)=(1~-1t)z+th(z),g,(2) =
tg(z) and 0 < t < 1. Further, we define the subclass TW/}™(b,a,B,v;t) of
W)™ (b, a, B,v; t) consisting of functions f = h + gof the form (4.2).

Also, we observe that, Dby specializing the parameters
Lm,aq, ..., a, By, o ... ,Bm,a, B,y and t the class TW}lgm(b, a,B,y;t) leads to
various subclasses. As for illustrations, we present some examples for the cases.

Our first theorem gives a sufficient condition for functions in Wjﬁm(b, a,B,y;t).

THEOREM4.2.1. Let f = h + g be given (4.1). if

{B+Dn—qg-0)+ A -p)Iblt}

Z G on(a)la|
oot g (0= + 6+ D —q = 1)
S G (6 D=+ - (- ibi]
Z CAINES

{X=-bl+B+DP-q-1}

=p (p q)'

(4.20)
where b € C\{0},0<y <1,82>0, and 0 <t <1 then f € W;™(b,a,B,7;t).

PROOF . To prove that, f = h + g € W™ (b, a, 8,y; t), we only need to show
that if (4.20) holds, then the required condition (4.19) is satisfied. For (4.19),
we can write



e {1 N % (1 + peic) <zq+1(e[a1]h(z))q+1 - zq+1<e[a1]g(z))q+1> L ﬁem} >y,

z9(8[a;]h(2))? — z9(O[ay]g.(2))4

Using the fact that R(®w) >y if and only if |1 —y + ©| > |1 + y — o], it suffices to
show that

(o f!q)! {@=)blt+ 1 +B) P —q— D} - (1+ ) (29(Blas]he ()" - 29(Blaslge()")

+(1+ ﬁei“)(Z‘”l(e[al]h(Z))"“ —z9%1(B[a,]g(2))1**)

= ),{Vlb|t+(1+ﬁ)(p q- 1)}

+ (1 + pei@) (29(Blaslhe(2))" — z9(Blas1g:(2))")
— (1 + Be')(29%1(6[ayh(2))7*" — 2T+ (6[ay]g (2))77)

p!
(» -

D 2{(1=yIblt+ (1 +B)(p —q— D}z

- > A+ De-q-0 + A= Pbld o, (@)la el

n=p+1

= D A+ 00— g-0 = A= PIbld o, (@)lb, 21"

N R L )

21— P)Ible+ L+ P —q— 1)}i - a(i;)]|/2||lt)lt
W{HI +B) @ —q- 1)}
)

on(al)wnuzw-l}

on(ay)layllz[™*

>< )'

n=p+1

{(/3+1)(n q—t)— (1 -y)lblt}
{A-»hlt+Q+pHP-q-1}

@ @'

= -0 ),2{(1 y)lb|t+(1+/3)(p—q—1)}{1

- B+ D —q-0+ 1Pkl
- > 5 o(@)la|

{A=-MIblt+ A +pP—-q-1)}

L _(@+D0—g-0-a-piiy n(al)uanl}

n=p+1 (p q)|

(A= Plble+ (1 + B - q - D)

=0

)

which implies that f € W}lg’"(b, a, B,y;t).. The harmonic function

2 P - pble+ (1 +A)(p—q - 1)
— (p q)'
/) ‘Z”n:z (B +De—q-D+a - Pibidoga) "
+z(p P (- PIblE+ (B —q - D)
(F+D0—q-0 - A Nibibona) "




where Y5, 1lx, | + 25=, .| = 1 shows that the coefficient bound given by (4.20)
is sharp.

Next, we show that the bound (4.20) is also necessary for functions f €
W™ (b, a,B,v; t).

Putting g=1, in the above theorem , to obtain

COROLLARY 4.2.2:Letf = h+ g begiven (4.1). If

C (G+D@-0+A-pblg o (B + D +1t) — (1—p)|blt}
(1 —y)lbl ni (1 —y)lbl

n=2 n=1
<1

n(a1)|bn|

where b € C\{0},0<y < 1,820, and 0<t <1, then f € W;"(b,a,B,v;1).
We note that the result obtained by [57].

THEOREM 4.2.2. Let f = h+ gbe so that h and g are given by (4.1). Then f €
TW}™ (b, a, B,v; t). if and only if

[oe]

D e B+ D— g =0+ (1= Plbldon@)lan]

n=p+1

Z e (B D0 = g+ 9 — (L= Dbl (a)lba]

<o ),{(1—y)lbl+(/3+1)(p q-1}(4.21)

PROOE. The ’if part’ follows from Theorem (4.2.1) upon noting that the functions
h(z) and g(z) in f€ W}l{”(b, a,B,y;t) are of the form (4.1), then
fewW;™(b,a,B,y;t) . For the ’only if’ part, we wish to show that
f¢& Tngm(b, a, B,v; t)if the condition (4.21) does not hold. Note that, a necessary
and sufficient condition for f(z) = h(z) + g(z) given by (4.2) be in
TW}lgm(b, a, B,vy;t) is that

(b (29(8la ) (2)! + 29(Ble ) ge(2)") + (1 + pei®) x )

(211 (Blanln(@) ™" - z9+1(Blay]g(2) ")
—(1 + Be'®) x (z9(B[ay]h.(2))? — z7(O[a1 19, (2))7)
b(z7(B[ay 1R, (2))9 + z9(8[a;]g.(2))7)

Re <

v




( S 1-PIbI+(B+D(P-a-1)zP )

- Z%°=p+1m{(ﬁ+1)(n—q—t)+(1—)')IbIt}O'n(a1)|an|Z"

— R (B D (=q+0)~(1-1)|b|t)on (@1) bnl2"

=Re s b(zp—z;‘f;pﬂ tan(al)lanlzn+> (
Z?lo=p top(aq)|bnlz™
\ J
( ——A{(1-V)Ib|+(B+1)(p—q—-1)} )

(p q)'
—Z%°=p+1(n_q)!{(ﬁ+1)(n—q—t)+(1—y)Iblt}an(al)lanlz"‘p

- Z;?:p(n%!q)!{(ﬁ'*' 1D)(n—q+t)—(1-y)|blt}on(a1)|bn|z""P

_ >
Re s (1—za°=p+1tan(a1)|an|zn-p+> (20
Z?lo=p ton(aq)|bpl|z™~P
\ J
If we choose z to be real z—> 1 and since R(—e'®) — |e!®| = —1 the above
inequality reduces to
Ibl+ B+ D@ —-—q—1}
_Z%O=p+1(nﬁ—!q)!{(,8 + 1D —q—1t)+ 1 -p)bltio,(a))la,|r™ P
Z%Lp#!q),{(ﬂ + 1D —q+t)— A -p)lbltio,(a)|by|r™P
! >0 (4.22)

b(l_ T ton(@an ,,+> =
S5 t0n (1) by 7P

If the condition (4.21) does not hold then the numerator in (4.22) is negative for r

sufficiently close to 1. Thus there exists z, = 1, in (0,1) for which the quotient in

(4.22) is negative. This contradicts the condition or f € Tngm(b, a,B,y;t). Hence

the proof is complete.

Next, we determine the extreme points of the closed convex hulls of

f e TWS™(b,a,B,y;t).

THEOREM 4.2.3 A function f = h + g belongs TW5™ (b, a, 8,y; t)if and only if
f can be expressed as

f(2) = Zrop(Xnhn(2) + Yng,(2)) (4.23)
where
h,(z) = z?P

- 1)}
h,(z) = zP — z™" (n
—t) + (1 —y)|blt}

—p+1,p+2,....)
and



{A=pMIbl+B+DP—-q- 1)}
- (1—)/)Ib|t}

(p q)'

gn(z) =zP +

n=pp+1,.... ),Z(Xn+Yn)=1, X,=20 and Y, =0
n=p
In particular the extreme points of TW)™(b, a, B,; t) are {h, }and {g,}.
PROOE : Let f be written as (4.23). Then we have

F) = ) (Xaha(2) + Yuga(2)

n=p

S A-VIb[+(B+1)(p—q-1)}

OO_ X + Y Zp _ OO_ — (p Q)' X Zn +
Zn—p( n n) Zn—p+1 e q)'{(ﬁ+1)(n qg-t)+(1-y)|b|t}on(aq) n

n(Z_)n

s & S A-PIbI+(B+D(P-a-1))
PP BB+ ) (—a+0)-(1-D)Ib|t}on(ar)

then

(n Q)'

{(ﬁ +1)(n—q—1t)+ 1 -plbltyon(a) (
X

2 =PIbl+ @+ DE-q- 1)
({A=Vlbl+ B+ D —q- 1)

X
L AB+DO—q -0+ 1 - PIblton(@)
Z( LB+ D =g+ 0 = (1= PIbleIo(a)
S E{A-pbl+E+DE-q- 1)
(& PGB+ G+ DE-a-D) |
(8 + D - g+~ (1= Ible)oy (@)

[oe)

= Z Xn+ZYn=1—XpS1.

n=p+1 n=p
Then f € clco ngfgm(b,a,ﬁ,y;t). Conversely, assume that f €clco

TW/™ (b, a, B,v; t)). Letting
n=pP+

S

(n Q)'

n=°P
where
LB+ DO—q -0 + A= NIblon(a@)
X, = la,l, n=p+1,p+2,..
k= P =lbl+ B+ DO -q -1}
{8+ D= g + 0 — (L= PIbldon(@)
Y, = by, n=p,p+1,..
L =P)lbl+ B+ D —q -1}

Where}r_ (X, +Y,) =1

Then note that by Theorem (4.23),0< X, <1,(n=23,..)and 0<Y, <
1,(n=1,23,..), We define X, =1—-X7_,,,X,, —Y, and note that by Theorem
3.1.2, X, = 0, Consequenty , we obtain



F) =) Xaha(2) + Vagn(2)
n=p

Using Theorem(4.2.4), it is easily seen that ijgm(b, a, B,y; t) is convex and closed ,
so clco TW™ (b, a, B,y;t) = TW5™(b,a,B,v;t).In other words, the statement of
Theorem(4.2.3) is really for f € TW™(b, a, B,7; t).

THEOREM 4.24 If f € TW5™(b,a,B,y;t) then for z = re®, we have
If (@) < (1 + |by|)r?

20 = da+ D{BIA - 1) - (- )

L+ DA-2q + B +1- )+ bI(1 - 7))

p_!{(p —9Alp—q—-1 -1 -50)-2(1— zx)}
B -! —|b|(1—-y)Ap—Aq+ 1) o+

(pﬁ!_q)! {p+DA-2g+1H{(+1—-9q)+ b1 -1}

and
F @I < (1+ b, )
== (0p —Aq + DB -1 ~ (0 - )}
e @+ D= 2g+ 1@ +1- ) + b1 - 1)}
p_!{(p —Ap-g-1)-Qa-50)-201- zx)}
o —[b|(1 - y)(p —2qg + 1) pi1

(pf_q)! {p+D2-2g+1H{p+1-q) + |pl(1 —y)}

PROOF: We have

F@I< L+ 1B 17+ Y anl + b

n=p+1

[o2)
<(1+[BDr7 + > Uanl + I r?+
n=p+1
1
B+ DP+1-9-O+(1-D)IbltIops(ar)

S A-NIb+B+DP—g-1}

°° <ﬂ{(ﬂ + 1)@ +1—q -0+ 1 =p)blthay,q(a)

x (p+1-q)! : a|
n;d ﬁ{(l—)/)lb|+(ﬁ+1)(p—q—1)}

DB+ Dp+1-q—1)+ 1= P)Iblt}oys (@) )
|bn| T.p+1

+ (p+1-q)!
=il + B+ D -q-1)}

= (1+4|by)r? +




1
{(B+1D)(p+1-q-t)+(1-y)|b|t}op+1 (1)

il
S (A-NIbI+(B+ D (p-q-1)}

@ [ E_(B+1)(n—q—1t)+(1—y)blt}
o z ( n—q 14

S (1 + |bP|)rp + (p+1)!
(p+1-q)!

(n—q)!

LS A=nIbl+ B+ D —q -1}

LB+ D=+~ A= PIblE

e =PIbl+ B+ D —q - 1}
1
< (14 |b,|)r? +
(1 1by]) ((B+1)(p+1-q—t)+(1—=y)|blt}op 1 (ar)

!
S (A-NIbI+(B+1)(p-q-1)}

( B+ D -q+0 -1 -nIbld )
. bl rp+1

op(ar)|an|

n=p+1

Gn(al)lbn|>rp“

(p+1)!
@+1-9)!

1— (p—q)!

! p
e A=nIbl+ B+ D —q -1}

< (1+ |by|)r? +

1 ( 21— )bl + (B + D —q - 1)}

(r—-q)!
Up+1(a’1)
(p+1-q)!

(p+1)! {(B+Dp+1—q—-t)+ A —y)|blt}
P B+ D —q+0 -1 -nIblD )
b | rp+1.

(p—q)!

(p+1)! p
PR B+ D +1-q -0+ A -l

Similarly
If (| = (1+ |p,|)r"

(r—q)!

+

1 ( P -p)bl+ B+ D —q-1)}

Ty (@) %{(ﬁ+1)(p+1—q—t)+(1—]’)|b|f}
LB+ D -q+0 - -7lbl o o
o B+ D@+ 1-q-0+ -l

The upper and lower bounds given in Theorem (4.2.4) are respectively attained for the
following functions
f(z) =2z + |bp|@p

(r—-q)!
op+1(@) \ P _cp L 1Yp+1—qg—t) + (1 —p)|blt}

(r+1-q)!

P_(B+1)(p-q+t)—1-p)blt} ~
|bp| | )P+

1 ( 2_{(1-p)Ibl+ B+ 1D(p—q—1)}

(p—q)!

(p+1)!
g BT D +1-g-t)+ 1A -ylblt}

and
f(2)=(1- |by|)z?

! (A =Ibl+ B+ D - q - 1)
Up+1(a1) -

(p+1)! {(B+Dp+1—qg—-t)+ @A —yp)|b|t}
E_(B+Dp-q+t)—(1—7y)blt} )
by| |27

(r—q)!

B+ D +1-g -+ 1 -VIblE)




{ el<t= G (L MBI+ B+ D —q - 1)
w: |lw| <

D 4 1) (p+1—q— 1) + (1 —1)|b|E}oyss ()

The following covering result follows from the left hand inequality in Theorem (3.2.4).
(p+1-9)!
) l ol B+ De-a+n-a-pblY

COROLLARY 4.2.2. Let f of the form (4.1) be so that f € TW}lgm(b, a,B,y;t)
Then
RO }
(p+1-g)! p 14

We show that the class TWj[m(b, a, B,y;t) is closed under convolution and convex
combinations. Now we need the following definition of convolution of two harmonic

functions. For
) =27+ Z 22" +Z|b (G}

n=p+1

F(z) =z + z |A,,|z" +Z|B |(2)"

n=p+1

and

we define the convolution of two harmonic functlons f and F as

(F * F)(z) = f(2) * F(z) = 2P — Z la, |14, |z" + ZIanIBnIZ"“ (4.24)
n=p+1 n=p
Using the definition, we show that the class TW}l;’"(b, a,B,y;t) is closed
under convolution
THEOREM 4.2 5For
0<s<y<llet feTW; " (ba,B,y;t) and F € TWS"(b,a,B,5;t).
Then. f « F € TW;™(b,a, B,y; t) € TW}™(b,a, B, 5; t).

PROOF. Let
f2) =27+ Z jalz” +Z|b 7"
n=p+1
and
F(z) =zP + z |A|z™ +Z|B |Zz™
n=p+1

be in TW;™ (b, a, B,8;t). Then f x F € TW,™ (b, a,ﬁ, 5;t). We note that |4,] < 1
and |B,| < 1. In view of Theorem (4.2.2) and the inequality0 < § <y < 1, we have
{B+1D(n—q—1t)+ (1 -8)|blt}

Z o On(@)anl14,]
Lt 2 q),{(l—y)|b| +B+DE-q-1}

(B D—q+ 0 — (1~ S)blD)
Z ; 0n ()bl Bl
S @ plbl+ (B + D —q - D)




Gn(al)lanl

Z LB+ DO - -0+ -8)bl)
WLty (A= PIbl+ B+ D - - 1)
Z(n "B+ DO —q+ 0 - (1= bl
{=-PIbl+ B+ D -q- 1)

Jn(al)lbnl

n=p (p—q)!

LB+ D-q -0+ A-DIble)
Z . on(@)la|
Lt s (= PIbl+ B+ D@ —q - 1)

Z i q),{(ﬁ +1(n—q+t)—(1—-y)lblt}

= (p q), {1=yIbl+ B+ —-q-1)}
by Theorem (4.2.2), ijf[m(b, a,B,y;t). By the same token, we then conclude that
f *F € TW;"(b,a, B,v; )TW," (b, a, B, 5; 1).

Next, we show that the class ij{”(b, a,B,y;t) is closed under convex
combination of its members

THEOREM 4.2.6.The class ijgm(b, a, B,y; t) is closed under convex combinations
PROOF Suppose f; € TWngm(b, a,B,y;t)(i=1,2,-- ) are defined by

fl(z) =zP — 2?10=p+1|ai,n|zn + 27010=p|bi,n|(z_)n'

ForY2,t; =1,0 <t; <1,the convex combination of f;may be written as

z tifi = 2P - Z (Z ¢ |ai,n|>zn - z (Z t; |bi,n|>z_n
i=1 n=p

n=p+1 \i=1 i=1

Jn(al)lbnl < 1

Since
> —t) + (A —y)|blt}
Z p! b Un(a1)|ai,n|
o o (=) | +(B+ D@ -q-1}
{B+DM—q+t)— (A —yp)lblt}

+Z = () |bin| < 1
S (bl + (B + D —q - D)

From the above equation we obtain

. q),{(,3+1)(n q—1t)+ (1 —-y)blt} ©
Z on(ay) Eti ||
S5t o q),{( -MIbl+B+D-q-1} =

e )'{(,34‘1)(71 q+t)—(1-y)blt} d
Z T on(aq) Zti |bi |
n=p G- q),{(l—)/)|b|+(,3+1)(l’ q—1} =

{(B+D(n—-g-)+(1- )/)Iblt}
Z?il ti {Z$=p+1 = q)

p!
GG D@1

{(B+1D)(n—q+t)-(1-y)|b|t}
{(1-»Ib|+(B+D(p—q-1)}

1)|aln|+

Z (n q)'
n=p _p!
(r—q)!

n(al)lbi,n|} <y, ti=1.




Then X2t f; € TW“"(b a, B, y;t).The proof is complete.

We consider the closure property of the class ijfm(b, a, B,y; t)under the
Bernardi integral operatorL.[f (z)] which is defined by

Lf)] = L

THEOREM 4.2.7.Let f € TW,™(b, a, B, y; t)thenL [f ()] € TW™ (b, a, B,v; t)

c>-—p

PROOF. From the representation of L.[f(z)], it follows that

Llf(D)] =

z¢ i 0

- e 1(@— ) [ (ilbnlf">di
n=p+1 n=p

=zP — Z Apz™ + Z B,z"

n=p+1

where 4., |an| and B, =i1|b |. Hence

Z(n q),{(ﬁ+1)(n— ~0+ APkl (1)
a
oL gy (PP (4 D - 1) "

—{(B + 1)( +t) — (1 —-y)lblt}
+Z(n D : 1 v o (a2) X <C+1|bn|)
£ T {@—)lbl+ B+ Dp—q 1)
= 8+ D= =0+ plbi]
Lt (A= )Ibl+ B+ D~ g~ 1)
SE (B + D= g +6) — A=l
£ (@ )lbl+ B+ D —q - D}

Since f € TWy™(b,a,B,y;t) , Therefore by theorem (4.2.12) , L/[f(2)] €
TW}l;m (b,a,,y;t).

<

on(ar)|an|

on(ar)|bp| < 1

4.3 ON A CERTAIN CLASS OF MULTIVALENTLY HARMONIC
MEROMORPHIC FUNCTIONS

Considered harmonic sense preserving univalent mappings defined on U = {z : |z]
>1}that map <o to co and represented by
f(2) = h(2) + g(z) + Aloglz|,
where
h(z) = az+ Xy oanz™™ , 9(2) = Pz + Xy_obnz™"
are holomorphicinU and || > |B| =0,A€C .



Now, let us denote the family Xp(s) consisting of all harmonic sense preserving
multivalent meromorphic mapping
f(z) =h(2)+g() , (4.25)
where
h(z) = zP + X Appr 27D,
9() = 1 by z” P by | < 1,12 > 1 (4.26)
For 0<a<2(1-k,0<A<12<k<10<6<10<§{<1landz=

re#.1 < r<o;B,&0and a are real , we introduce the subclass AJs(a, A k,p)

consisting of all functions f satisfying
Re {(1 +el?) M,(Z)zp—_l —pk(1+ e“g)} > pa (4.27)
ZD—1 +(1_p7k)

Also the subclass of multivalent meromorphic harmonic functions with

f(z) =zP + Z|an+p_1|z‘("+p‘1) — Z |brip-1|z"@*PV|b,| <1  (4.28)
n=1 n=1

that satisfies (4.27) is denoted by A/ (a, A\, k ,p).
THEOREM 4.3.1: letf = h + gwith h and g given by (4.26). If

> @+ p = D(@uupos] + [baspsl) <p (4.29)
n=1

then f is harmonic, sense preserving and multivalent in U and f€Zp(s).
THEOREM 4.3.2: let f = h 4+ gwhere h and g given by (4.26). Furthermore , let

Z(n +p - 1)(2 — pA(2k + a)) |an+p_1| + Z(n +p- 1)(2 — pA(2k + a)) |bn+p_1|

<p(2-2k—a) (4.30)
Where 0 < o <2(1—-k),0 < A2 < 1where %S k <1. Then f is sense

preserving multivalent meromorphic harmonic functions with f € AJ;(a,A, Kk, p).
PROOE: If the inequality (4.30) holds for coefficients of f = h + g, then f is sense
preserving and harmonic multivalent in U. Now we want to show that f € AJ (a7, K,
p) .According to (4.27), we have
2o { (21’ (2) - 29’ @)
A(zh'(2) — zg'(2))+(1 — pA)zP

(1+ e —pk(1 + eig)} > pa,

Where
z=7e",0<y<2m0<r<1,0<a<2(1-k),0<0<1,0<E<1,><k<land0<
A<1. Let
N, 2) = (1+e?)(zh'(2) - zg'(2) — pk(1
+ e [A(zh'(2) — zg'(2) + (1 — pA)zP]

and
M(A,z2) = A(zh’(z) —zg'(z) + (1 — p}\)zp



By using the fact Re (w)> pa ifand only if [p(1 — a) + w| > |p(1 + a) — w|,
it is enough to show that
lp(1 — a)M(A,z) + N4, z)| — INXz) —p(1 + a)M(A4,2)| = 0.
Therefore
lp(1- a)M(A,2z) + N(4,2)|
= |p(1 - D{A(z0'(2) — 29’ () +(1 — pN)zP}
+ {(1 + eig)(zh’(z) — m)}
—pk(1 + e¥)[A(zh'(2) — zg'(2)) + (1 — pA)zP||
= {Ap(1 — o) + (1 + €®) — Apk(1 + ) }(zh'(2)) — {Ap(1 — &) + (1 + €?) —
Apk(1 + e }(zg'(2)) — (1 = pDpk(1 + &) — p(1 — a)(1 - pA)}z?|
= {Ap(1 — o) + (1 + €®) — Apk(1 + ) {{pzP —
Yo+ p—Dapy1z”™P D} —{Ap(1 — o) + (1 + ) — Apk(1 +
e =T+ p — Dby z= ™D} — {(1 - pA)pk(1 +€) = p(1 -
a)(1 — pA)}zP|
= (3p — 2kp — pa)|z|? -
Yrea(n+p—1)(2 = pA(1 = 2k — @) |apspq|lzT®PV = T2 (n+p - D(2 -
PA(1 = 2k = @) [bp 4y |1z| =P
also we have
IN(A4,z) —p(1 + a)M(A,2)|
=|(1 + ) (zh'(2) — zg' (@)
—pk(1 + e)[AM(zh'(2) — zg' (@) + (1 — pA)zP]
—p(1 + a){A(zh'(2) — zg' (@) + (1 — pA)zP}|
= |{(1 + e%) — pkA(1 + %) — pA(1 + a)}(zh'(2))
—{pk(1 —pV) (A +e") +p(1 + a)(1 —pA)}(zP)
—{(1 + %) — Apk(1 + %) — Ap(1 + D) }(zg' (@)
= {(1+ e®) — pkA(1 + e%) — pA(1 + a)}(pzP —
Yoo+ p—Dapyp_z7 P D) — {pk(1 —p) (1 +e*) + p(1 + a)(1 -
pA)}(zP) —
{(1+e®) —2Apk(1 +e%) —Ap(1 + )Xo (n + p — Dbz~ P~ DY|

> (pa —p + 2kp)|z|? Z(n +p—1)(2—pA(—=1— 2k — ) |apsp_q|lz|~ P~

n=1

=D 1+ p = D2 = pA=1 = 2k = @) [by | l2]- 7D
Thus "

Ip(1 — ML 2) + N(L,2)| — INL2) —p(1 + a)M(A, 2)|
>2p(2—2k—a)— 2%5(n+p—1D(2—pA2k + @) |apsp-1| — 2Tiei(n +
p — 1)(2 = pA(2k + @) |bpyp-1| = 0(by (4.30)).

Sof € AJ (a), K, p).



THEOREM 4.3.3: let f = h + gwhere h and g have the form given by (4.26). then
f € AJ (o), k, p) if and only if

i n+p-— 1)(2 — pA(2k + a))|an+p_1| N n+p-— 1)(2 pA(2k + a))|bner 1|
p(2 -2k —a) p(2 -2k —a)

<1

n=1

(4.31)
PROOF: The “if” part is clear, since AJ (a, A, K, p) €AJ(a, A, K, p), for “only if” part,
we show that f £A4J.(a, A, K, p) if the inequality (4.31) does not hold. So, we must
show that

. {( [2h' (2) = 29' ()]
e —
A(zh'(2) — zg'(2))+(1 — pA)zP

= Re {ZEZ;} > 0,

where

C@)= [(zh'(2) — 29’ @) (1 + €%) — p(k(1 + ) + a){A(zh' (2) — zg'(2)) + (1 —
p}\zp}]

= {(1+e9) —ap(k(1+e") +a)}(zh'(2)) — {(1 + ) — Ap(k(1 + ) +
a)}(zg'(2)) - ('p(l —pV)(k(1+e%) + a)) zP

={(1+¢%) —Ap(k(1+e*) +a)} {pzp — Z(n +p-— 1)an+p_1z‘(”+p‘1)}

> (1+e'9)— pk(l + eig) — pa}.

—{(1+e®)—2ap(k(1 +e%) +a)} {— Z(n +p— 1)bn+p_1z‘(”+p‘1)}

n=1
— (p(l — p?\)(k(l + eig) + 0()) zP
= pR-2k-a)zIP =X (n+p — 1D(2 - pACk + @) |ansp-1|l2]7 P —
Yo +p = D(2 = pA2k + @) |byyp_q|l2] 7P
also
D(z) = Mzh'(2) — zg'(2))+(1 — pA)zP
= MpzP = Zoi(n+p = Dagyyo1z P} = M=37 (0 + p — Dbpypogz= P D)+ (1 -
pA)zP
=zP — Y A0+ p = Dansp1|lzI7 P + 52 A + p — Dby |l2]7FPD
Upon choosing the values of z on the positive real axis, where |z| = r <1, then we must
show that

P2 =2k = = X0 +p = D(2 = pACh+ ) fag|
+(+p—1(2-prA2k + a))|byip |
1-Y0  An+p- 1)|an+p_1||r|—(n+2p—1)
+A(n+p - 1)|bn+p_1||r|—(n+2p—1)

>1 . (432)

We note that the last inequality is negative for r sufficiently close to 1, then the
inequality (3.25) does not hold, therefore .‘Re{ )}IS negative. This contradicts the

required condition for f €4J,(a, A, k, p). This completes the proof of theorem.



Next we obtain the distortion bounds and extreme points.
THEOREM 4.3.4:let f(z) € AJ (o, A, k, p).Then

P —pR2-2k—a)r'? <|f(@)| <P +p(2—-2k—a)rP
PROOF: Let f €4] (0, A, k, p). Then for |z|] = r > 1 ,we have

[ee] (00
—(n+p-1 > —(n+p—-1
Zp+zan+p—1z ( p )—an+p_1z ( p )
n=1 n=1
[ee]

< rP+ Z(a"“’_l + bn+p_1)r‘("+p‘1)

n=1

If ()] =

< rP4r7P z(|an+p—1| + |bn+p—1|)
n=1

< rP+r7P z(n +p—1(2 - pA2k + @) |agyp_q [r" PV
n=1
+ (n+p—1)(2 — pA2k + @))|byypq [r~ P~V
<rP+p2-2k—-—a)r?®
The left hand inequality can be proved by using similar arguments. This completes the
proof of theorem.
THEOREM 4.3.5: The function
f(2) = h(2) + g(2)€As(a, A, k, p)
if and only if

f(Z) = z(sn+p—1hn+p—1(z) + Tn+p—1gn+p—1(z))' zeU P =1 (4'33)

n=0
where
p(2 -2k —a)
h ~ — D ) h _ — P _|_ —(n+p—1);
p-1(2) = 2P Jhpyp 1 (2) = 2 (n+p_1)(2—p7\(2k+a’))z
p(2 — 2k — a)

>—(n+p—1)

B n+p- 1)(2 — pA(2k + a))Z
Forn>1),Ymo(Snip-1+ Tnip-1) = 1, Snsp-1 = 0 and Tpyp—y = 0. In particular
the extreme points of AJg(a, 2, K, p) are {hy4,—1} and {gn+p-1} -
PROOEF: Suppose that f can be written of the form (4.33), then

f(2) = Sp_1hp-1(2) + Tp_19p-1(2)

Ip-1(2) = 2P, gnyp-1(2) = 7P

z‘” 2-2k-a
+ Sn+p—1 <Zp + p( ) Z_(n+p_1)>
e n+p-— 1)(2 — pA(2k + a))

- 2—2k—a
+ Z Tn+p_1 (Zp p( ) Z‘(Tl+p—1)>
n=1

B n+p-— 1)(2 — pA(2k + a))



= Z(Snﬂ)—l + Tn+p—1) zP
n=0

p(2 -2k —a) o
' nZl l(n +p = 1(2 - pA2k + ) Snip-12 7P
p(2 — 2k — a)
(n+p - D2~ pA2k + )

n_,_p_lz‘("“"l)l

Since

Z(n +p-— 1)(2 — pA(2k + a))(

p(2 -2k —a)
n+p-— 1)(2 — pA(2k + a)))

p(2 -2k —a)
n+p-— 1)(2 — pA(2k + a)))
=p(2 = 2k — @) E7o(Snp-1 + Tnsp-1) < P2 — 2k — @)
So by theorem (4.3.20) f € AJ(a, A, k, p) .
Conversely, if f € A (a, A, k, p), then by Theorem (4.3.20) we have

+(n+p- 1)(2 —pl(2k+a))(

1
z p(2 -2k —a) (n+p- 1)(2 — PA(2k + a)) |an+p—1|
n=1

+(n+p-1)(2-pA2k + a'))|bn+p_1| <1

Putting
n+p- 1)(2 — pA(2k + a))
Snap-1 = p(2 -2k — )
. B (n+p—1)(2—p7\(2k+a’))
ntp-1 p(2 -2k —a)

0<S,,<land Ty.y=1-S, 4 — Z(Snﬂ,_1 + Trip-1)
we get the required result.
DEFINITION 4.3.1: Let
f(Z) = Zp + 2§=1|an+p—1lz_(n+p_1) - 2?10=1|bn+p—1|2_(n+p_1) (434)
g(Z) = Zp + 2?10:1|Cn+p—1|2_(n+p_1) - 2?10=1|dn+p—1|z_(n+p_1) (435)

be in Al4(a, A, k, p), for real number 8, we define the B-convolution of f and g as
follows.

_ |an+p 1Cn+p 1| —(n+p 1) _ Z |bn+p 1dn+p 1|—(Tp1)
(f®ﬁg)(z)_z+zl ( _I_b_l)ﬁ (n+b—1)ﬁ
n:

The 0-convolution of f and g is the familiar Hadamard product, also the 1-convolution
of f and g is named integral convolution and is defined by

(f ®19)(2) =
|ansp-1cnsp-1] —(n+p-1) _ |bnip-1dnsp— 1|ﬁ
Z+Zn1 n+b-1 d an n+b-1 =D,
THEOREM 4.3.6 : Let f(z), g(z) defined as (4.34), (4.35) respectively be in A/ (a,

p(2-2k-a)
2p—pA(2k+a)(n+p-1)

A, K, p). Then the B-convolution of f and g where g >



f = max {log(n +p—1)"1 log (2-2k~a) ; log(n +p
- n#l 2—(a+2k)(A+2Ap - 1))’
(2-2k—a)

(a+2k)(A+2Ap — 1))}

belongs to AJ(a, A, K, p), if furthermore of B, then, we have

PROOF: By assumption, we have f, g € Al (a, A, k, p) ,therefore

& (n+'p—1)(2—p?\(2k+a)) (n+'p—1)(2—p?\(2k+a))
nzl p(2 -2k — a) [nspa] + p(2 — 2k — a) [brp-1 |

(4.36)

—1)71 log Z_

<1

-_ )

n+p-— 1)(2 — pA(2k + a))
p(2 -2k —a)

|Cn+p—1| + |dn+p—1| <1,

and
= n+p-— 1)(2 — pA(2k + a))
; p(2 -2k —a)

(4.37)
also ,we have

p(2—-2k—a)
n+p-— 1)(2 — pA(2k + a))

|Cn+p—1| =

p(2 — 2k — a)
n+p-— 1)(2 — pA(2k + a))

|dnip—1] <
we have to show that

i (Tl +p— 1)(2 - p}\(Zk + 0()) |an+p—1cn+p—1|
] p(2 — 2k — a) (n+p—1)»F
n=
(n Ll 1)(2 - p)\(Zk + a)) |bn+p—1dn+p—1|
p(2 -2k —a) (n+p—1)»F
<1 (4.38)

For this purpose, we have
i (Tl +p— 1)(2 - p}\(Zk + 0()) |an+p—1cn+p—1|

] p(2 — 2k — a) (n+p—1)»F
n

+ (Tl + p— 1)(2 - pA(Zk + 0()) |bn+p—1dn+p—1| < i |an+p—1| + |bn+p—1|
n=1

p(2 — 2k — a) (n+p—1)~ (n+p—1)»F
Therefore the inequality in (4.38) holds true if
2 —2k —
n+p—1F > p( 2

n+p-— 1)(2 — pA(2k + a))
holds true or

~ 2-2k—a) _
B = max,., {log(n+p— 1)1 log - @+200 =1’ log(n+p
~ (2-2k—a)
~ D I G T 200w = 1))}

THEOREM _ 437Suppose  0<ay <a, <2(1-k),><k<1 and f,g €
AJ;(ay, A, k, p), then




f *g € A_]S((XZ,A, k, p)CA_]S((Xl,A, k, p)

PROOF: By assumption it is clear that AJ; (o, 4, k,p) © AJs(oy, A, k,p) . Further

Yoein+p—1) (2 — pA(2k + az))|an+p—1|
+(n+p—1(2-pA(2k + az))|bn+p_1|

<1
p(2 -2k + ay)
Yoin+p—1) (2 — pA(2k + al))|cn+p_1|
+(n+p—1)(2 - pA2k + ay))|dnsp-1| <1
p(2 -2k + a;) -
and consequently, we have
|C | < p(Z_Zk_al)
nip—1l = (n+p-— 1)(2 — pA(2k + al))
p(2 -2k — ay)
|dnsp-a| < ~

n+p-— 1)(2 — pA(2k + al))'
Therefore,

Yoin+p—1) (2 — pA(2k + 0(2)) |an+p_1cn+p_1
+(Tl +p— 1)(2 - p}\(Zk + az))|bn+p—1dn+p—1|

<1
p(2 — 2k + az)
_ (n+p = 1)(2 - pAQ2k + a2))p(2 - 2k + ) (e s
TpQ2-2k—a)(n+p—1(2-pAQ2k+ay)) T
C (n+p — 1)(2 = pAQRk + a))p(2 + 2k + ay)
|brap-1| <1

n=1p(2 — 2k —ay)(n+p —1)(2 — pA2k + ay))
then by Theorem (4.3.6), we have f * g € AJ(a,, Ak, p).
THEOREM 4.3.8: Let f€AJs (a, A, k, p). Then £ is closed under convex combination
PROOF: Let f;(z)€AJs (o, A, k, p) for j = 1 be defined by the following form

[ee] (00
£2) =27+ ) lanipoa le @070 = Y by |70
n=1 n=1

(an+p_1,j =0and byip_qj = 0).
Therefore by Theorem (4.3.20), we have

i <(n +p—1(2—-pA2k + @)

] p(2 -2k — a) Gntp-1j
n+p-— 1)(2 — pA(2k + a)) "
+ p(2 -2k —a) "+p—1'j> '
<1 (4.39)

Then ,we can write for X7, S; = 1,0 < S; < 1the convex combination of f;as

Z?lozlsjf}'(z) =zP + Z?f:l(z;il Sjan+p—1,j)z_(n+p_1) - fo:l(Z})'o:l Sjbn+p—1,j)Z__(n+p_1)-

From (4.39) we get



- [(n+ -
nz p— D2 -pr2k+ )] [
] p(2 -2k —a) | z
e Sjan+p—1,j>

=1 ’j

-V <Z [[(n +p-1)(2

) —pA

j=1 n=1 p(2 - ka_ iz)k . a))] a
n+p-1,

(n+p-
P p(lz)(z — pAQ2k + @)
—2k—a) Brsp-1;

)sis,-:L

j=1

therefore
2]921 s:f:
ifi(z) € AJs(a, &, K, p). This
: completes th
e proof.



CHAPTER 5

DIFFERENTIALSUBORDINATION AND
STRONGDIFFERENTIAL SUBORDINATION OF
SUBCLASSES OF MULTIVALENT FUNCTIONS



INTRODUCTION

Chapter five is fully devoted for the study of differential subordination
properties of classes of univalent and multivalent functions defined by

Ruscheweyh derivative operator , have Taylor series expansion .

Here, we have studied differential subordinations and their properties to
univalent and multivalent functions. Actually the differential subordination topic
originates from the article by the authors entitled "Differential subordinations
and univalent functions . This paper laid a function for the subsequent
development. This concept has been used in various fields , such as , differential
equations , partial differential equations , meromorphic functions , harmonic
functions , integral operators , Banach spaces and functions of several complex
variables. The term differential subordination in field of complex plane can be
looked upon as the generalization of differential inequality on the real line . The

growth of the differential inequalities is a development of the last fifty years .

M. Kamali[58], W. Walter[59] and M. H. Protter [60] have also contributed a lot
in theory of differential inequalities . First order differential implications were
presented in 1935 by G. M. Goluzin[61] and R. M. Robinson[62].

This chapter is divided into four sections. The first section is concerned with
strong differential subordination properties for multivalent functions defined by

Ruscheweyh derivative operator .

We obtain some applications of differential subordination and superordination
results involving a Rescheweyh derivative operator for certain normalized

analytic functions.

The second section deals with  some  applications of differential
subordination Involving hadamard product. We obtain some subordination
results for univalent functions in the open unit disk U. The three section has
been fully dealt with study of Certain family of multivalent functions Associated
with subordination and The four section we have introduced new classes by

using subordination and we have obtained coefficient estimates and properties



which contains Distortion and Growth theorems , radius of starlikeness and
radius of convexity, and other related results for KM(A,B,a,8,p) and
M(A B, a,6,p) .



5.1 STRONG DIFFERENTIAL SUBORDINATION PROPERTIES FOR
MULTIVALENT FUNCTIONS DEFINED BY INTEGRAL
OPERATOR

Let Dp denoted the class of functions of the form
F(2) =27 + Z a, 2" ,(pneN={1,2 . )z€eU (5.1)
n=p+1
For the function f € Dp given by (5.1) and g € Dp defined by
g(z) =z + b, z"
n=zp+1
The Hadamard product (or convolution) of f and g is given by
(f*9)(2) = 2P + Xiipi1anb, 2" = (g * f)(2) (5.2)
Motivated essentially by Jung et al.[2], Shams et al.[10] introduced the operator

Iy: Dp — Dpas follows:

a
$f@ =2+ 524 () acpz™®, a€R (63)

k+p+1

Using the above definition relation , it is easy verify that the operator becomes

an integral operator

19f(z) = (”:(1)) N ( 5)0‘_1 F(Odt, fora > 0 (5.4)

I3f(z) = f(2),for a =0,
and , moreover
0+ DIE2f(D) = 2 (I8 f @) +157f (@), fora€R

We mention that the one- parameter family of integral operator I* = I{* was
defined by Jung et al. [2].



DEFINITION(5.1.1):Let Q be a set in Cand q €Qon u[0,pland A > —p. The

class of admissible functions @, [Q, q] consists of those functions @: C3xUxU —

C that satisfy the admissibility condition:
O(u,v,w;z, &) & Q, (5.5)
whenever
u=q(v=p+1,

and

. {(p +Diwlp+1) —2v+ u}} - R {éq”@

G+ Dv—u 7@ 1}' (5:6)

7€ U,{ € 0U\E(q), £ € Uand k > p.

THEOREM(5.1.1): Let @ € ®,[Q, q]. If f € Dp satisfies

BUEHf @I (@), f@iz €U, E€TICQ,  (5.7)
then Iy772f(2) < q(2).

PROOF: By using (5.3) and (5.4), we get the equivalent relation

2(l5 @) + @

1872 (2) = i (5.8)
2 (I5r@) + @)
@) == (5.9)
. 2(19F @) +2(1%F )
(157 (@) = G 2p+1)(p ) (5.10)
Assume that F(z) = I f (z).Then
y B z(F'(z) + F(2))
B0 =000

Therefore



125 () z z (I,‘,"f(z))” +2 (I,‘,"f(z))l . 212 (2)) + 1% (2)
Z) =
P (p+1 (p+1 (p+1)
Then we have by (5.8)
144 ] ! F
19-2(z) = z {ZF (z) + zF (z)} z(F'(2)) + F(2)
P+1) p+1) (p+1)
1 (22F @ 4 (z+ 1)zF (2) + F(2)
= 5.11
v+ 1){ @+ D } (>11)
Let S+r t+(z+Ds+r
etu=r , v=——7=<, W=
+1) (p +1)°
Assume that
' _ ' _ s+r t+(z+1)s+r'
v(r,s,t;2,8) = 0(wv,w; 2,8 = 0 (r, +D T2 §>. (5.12)

By using (5.8 ) and (5.9) , we obtain

Y(F(2),2F (2), 2°F"(2);2,8) = 0 (I f(2), 15 ' (@), Iy *f(2);2,€). (5.13)
Therefore, by making use (5.7), we get
V(F(2),zF (2),z*F"(2);z, &) € Q. (5.14)

Also, by using

_t+ @+ Ds+r
- (p+1?

and by simple calculations ,we get

P+ Dwp+1D—zvi+uz—-1) t
p+v-—u =57 L (5.15)

and the admissibility condition for @ € ®,[€Q,q] is equivalent to the

admissibility condition for v then , F(z)<q(z). Hence , we get I[y~?f(z) <

q(z2).



If we assume that Q # C is a simply connected domain. So, Q = h(U), for
some conformal mapping h of U onto Q. Assume the class is written as

@, [h, q].Therefore, we conclude immediately the following Theorem.

THEOREM(5.1.2): Let @ € @, [h, q]. If f € Dp satisfies

Oy 2 f(2), Iy f(2), I5f(2);z € U, &) << h(2), (5.16)
then I772f (2z) < q(2).

The next result is an extension of Theorem (5.1.1) to the case where the

behavior of g on dU is not known.

COROLLARY(5.1.1): Let QcC, q be univalent in U and q(0)=0. Let @ €

D, [Q, q,] for some p € (0,1), where q,(2) = q(pz). If f € Dp satisfies
(132 f (), 17 f(2), I3 f(2);2, &) € Q, (5.17)

then 172 (z) < q(2).

THEOREM (5.1.3): Let h and g be univalent in U , with g(0)=0 and set
q,(z) = q(pz) and h,(z) = h(pz). Let @:C3xUxU—C satisfy one of the

following conditions:

(1) @ € ®,[Q,q,] for some p € (0,1) or

(2) there exists p, € (0,1) such that @ € @[k, q,] for all p € (p,, 1).
If f € Dp satisfies (5.16) , then 17 72f(2) < q(2).

PROOF: Case (1): By using Theorem (5.1.1) , we get I;*f(z) < q,,. Since
q,(z) < q(2), then we get the result.

Case (2): Assume that F(2)=I7 f (z) and F,(z) = F(pz). So,

0(F,(2), zF,(2), 2°F, (2); pz) = O(F (pz), pzF '(pz), p*z*F"(pz); pz) € h,(U).

By using Theorem (5.1.1) with associated



O(F(z),zF'(2),z%F"(z); w(z)) € Q,wherew is any function mapping from

U onto U, withw(z)=pz, we obtain F,(z) < q,(z) for p € (p,, 1). By letting

p— 17, we get

I f()f (2) < q(2).

The next theorem gives the best dominant of the differential subordination
(5.13).

THEOREM (5.1.4): Leth be univalent in U and let @: C3xUxU—C. Suppose

that the differential equation

; <q , ’z(q’(Z)) + q(Z)’ 1 {zzq”(z) +(z+ 1)zq'(2) + q(z)};z' §>
+1D (P+1) (r+1

= h(2), (5.18)

has a solution g with gq(0)=0 and satisfy one of the following conditions:

(1) g€ Qo and @ € D [h, q].

(2) g is univalent in U and @ € ®y[h, q,] for some p € (0,1).

(3) g is univalent in U and there exists p, € (0,1) such that
NS CDk[hp, qp], forall p € (py, 1).If f € Dp satisfies (5.16) , then

I37%f(z) < q(z)and gis the bestdominant.

PROOEF: By using Theorem (5.1.2)and Theorem (5.1.3) , we get that g is a
dominant of (5.16). Since q satisfies (5.18), it is also a solution of (5.16) and
therefore g will be dominant by all dominants of (5.16). Hence , q is the best
dominant of (5.16).

DEFINITION(5.1.2) :Let Q be a set in Cand M>0 . The class of admissible

functions @, [Q, M] consists of those functions @: C3xUxU — C such that

(k+ 1DMe® (L+k+1)Me®
@+ "~ (p+1)?

1) <Mei9, : 2, 5) g Q, (5.19)



whenever ze U, £ € U k= 1.

COROLLARY(5.1.2): Let @ € @, [Q, M]. If f € A satisfies that

(152 f(2), IF7 f (2),15f (2); 2, &) € Q, then [Z72f (2) < Mz.

COROLLARY(5.1.3): Let @ € @, [Q, M]. If f € Dp satisfies that

|0(1872f (2), 1871 f (2), 1E f (2); 2, £)| < M, then|I¢™%f (2)| < M

COROLLARY(5.1.4):Let M>0, and Let C(&) be an analytic function in U with
Re{lC(&} = 0for £€ dU. If f € Dp satisfies

(p + D2IE2F(2) — (p+ DIS f(2) - AI3f(2) + €D < M,
then 57 2f(2)| < M.

PROOE: From Corollary (5.1.2) by taking @(u,v,w,z,&) = (p + 1)*w —
(p + 1)v — 22u+ C(&) and Q = h(U), where h(z)= Mz. By using Corollary
(5.1.2), we need to show that

@ € @,[Q, M], that is ,the admissible condition (5.19) is satisfied .\We get

_(k+ 1DMe® (L +k+ 1)Me"
i .
‘(D(M T+ T ez 7 >‘

=|(L+K+1)Me® — (k+ 1)Me*? — 12Me'? + C(&)|
= |(L — A2)Me® + C(O| = (L — 1))M + Re{Le ™} + Re{ C(&)e™}
> AM. Hence by Corollary(5.1.3), we get the result.

DEFINITION(5.1.3):Let Q be a set in C and g€ u[0,p] with g'(z)# 0. The
class of admissible functions ®',[Q,q] consists of those functions
@: C3xUxU — C that satisfy the admissibility condition:

O(u,v,w;{, &) € Q, (5.20)

whenever



~2q'(2) + q(2)

u=q(z),v= 1+ ,
and
p+Dwp+1)—zvi+ulz—1) 1 zq"'(z)
Re{ P+ Dv—u }Zgﬂe{ 1@ +1},(5.21)

2€ U,{ € OU\E(q), € U and m > p.

THEOREM(5.1.5): Let @€ ®k[h,q]. If f€Dp ,I¢%f(2) €Q, and
Oy 2f(2), Iy~ f(2), 15 f(2); z,&) is univalent in U, then

Qc{O(IF2f (2), 187 f(2), 18 (2);z € U, £ € U )}, implies that
q(z) < I7*f (2).
PROOF: By (5.13) and Q{012 £ (2)); z € U, £ € T),

we have Qc{y(F(2),zF'(2),z*F'" (2);z, &);z € U,£€ U)} . From

s+r t+(z+1s+r
V= y W=
r+1D (p +1)°

u=r
we see that the admissibility for @ € ®,[Q, q] is equivalent to admissibility
condition for y. Hence , y € W'[Q, q] and so we have q(z) < Iy ~*f(2).
The following Theorem is an immediate consequence of Theorem(5.1.5).

THEOREM(5.1.6): Let g € u[0,p],hbeanalyticinUand® € ®;, [ h,q]. If

f(z) € Dp, 1372 (2) € Qy and{@(I¢2f(2), 157 f(2), 1%f(2); 2, £} is univalent
in U, then

h(z) << O(I¢72f(2), 187 f (2), 1¢f (2); z, &}, (5.22)
implies that q(2) < I§7*f (2).

THEOREM(5.1.7): Let h be analytic in U and @: C3xUxU—C. Suppose that the
differential equation




z (q'(Z)) +q9@ 1 (224" @+ (z+ 1)zq' @ + q(2) B

has a solution g€ Q, . If @ € ®[h,q],f € Dp, IF72f(2) € Q, and
{B(I1872f (2), 1871 f (2), 13 f (2); z, & is univalent in U , then

h(z) << O(IF72f(2), 17 f (2), 1¢f (2); z, &}, (5.23)
implies that q(z) < Iy~?f(z), and q is the best dominant.

PROOF: The proof of this Theorem is the same of proof Theorem
(5.1.4).

Theorem (5.1.2) and Theorem (5.1.6), we obtained the following Theorem.

THEOREM(5.1.8): Let hyand g, be analytic functions in U,h, be a univalent
functions in U ,q, € Q, with g;(0) = ¢g,(0) =0 and @ € @y [ hy,q,] N
Di[hy, q1]. If f €Dp, IF7?f(2) € u[0,p] N Q, and

{B(IF2f (2), 17 f (2), 13 f (2); z, &}is univalent in U, then

hy(2) << O(IZ2f (2), 17 f (2), 18 f (2); 2, &} << hy, (5.24)

implies that q:(2) < I372f(2) < q,(2).



5.2 SOME APPLICATIONS OF DIFFERENTIAL SUBORDINATION
INVOLVING HADAMARD PRODUCT

Let D(p, 1) represents the class of functions as given below

f(z) =2 + z Anipz™tP(a, 2 0;p €N) (5.25)

n=1

These functions are analytic in open disk U defined as U = {z: |z| < 1} .Let
f(2),9(z) € D(p,1) , where

f(z) =27 + Z an+pzn+p
n=1

and
g(z) =zP + z bn+pzn+p
n=1

Then the convolution
(f * 9)(2) = 2P + X5y Anypbppz™*? (5.26)

Let A,B,o,n,& and ¢, 6, T be fixed real numbers . f(z) € D(p,1) Contained in
Lonee sz A B) gives

1+2Az

Lesep() <. z€U (5.27)
Hy T (2) Hy P f (2)
Le s2p(f) =1 =0+ O] ———"+ 0+ &) ————
Z Z
Where
u+p-1 _ oo ['(utp+n) +
Hp f(2) = 2 + Xin=y I (u+p)n! ApapZ2"™7P (5.27)
a=20n=>20,m=>0,0<y<1
1 1 1 1
<,€20,120,520,0<£S§,0Sa< 1,1]20,0<0S§,—§SB§A§§>

Hence from above relation , we have been obtain

2(HYP(2) = (u+ p)H P F(2) — uHY P (2) (5.28)

This work is due to the [63] and [22].where we have used the techniques of
differential subordination to obtain several interesting properties.



A holomorphic function f is said to be close-to-convex of ordera (0 < a <
1) if there exists a convex function h € D(1,1) and a real f such that

f'(2)
Re (eiﬁh'(z)) >aforzel.

THEOREM 5.2.1.Let the function f(z) € D(p,1). Then

2(ZPHEPTE () = (u+p) (zl‘p}f’;+pf(z)>’ —u (zl‘p}fﬁﬂ’_lf(z))’ (5.29)
PROOEF: we know that
z (zl‘p}[g+pf(z)) =(u+ p)}[‘f”f&) — #Hﬁﬂ’_lf(z)

since z(}[;”p‘lf(z))' +(1-pHS P @D = uw+pHLPfF@D+QA—p+
PH T (2)
But owing to
AF) + (1= pHET @) = 2 (A ),
We obtain
2(ZPHET T (2) = e+ p) (2HE () + (1 — e+ p) (273 (D)

differentiating both sides of above equation we get

Z(Zl—pj_[‘l;"'p_lf(z))” _ (’u n p) <Zl_pj_[/;+pf(z)>’ —u <Zl—pj-[/;+P—1f(Z))/

COROLLARY 5.2.1: Let f(z) € D(p,1) and zPHL P f(2) is convex

. . . -1 .
univalent function. Then z'?H**Pf(2)is close-to-convex of order L2 Lwith
p |(u+p)|

respect to 2" PHEIP £ (7).

PROOF. Since

Z(Zl—Pj-[g"'p_lf(z))” — (u+p) (Zl_pf]{g-l—pf(z))’ _(u+p) (Zl—p}[gH?—lf(Z))'.

We obtain

’

o) )

(#7977 @) @A (29 @)

Since zl‘Pﬂ-[Z+p_1f(z) is a convex function ,



(u+p) (Zl'p?f# i (Z)) —33 z (zl‘p}f,f‘“’"lf(z))" L htp

I e I
|l’l' + pl (Zl_p:]_[pﬂ'l‘p—lf(z)) |l'l' + pl (Zl_p}[;H-p_lf(Z)) |‘Ll + pl

u+p—1>
lu+pl

>Re(

Therefore, by definition of close-to-convex we get the required result.

THEOREM 522 Let f,(2),f2(2) € D(p,1),L.5.,(f1(2)) < hy(z) and
Les.p(f2(2)) < hy(2),where hy(2), h,(2) are convex univalent in U and if “Aﬂ >
O,u+p>A4A>0,then

t+p _ww (7
BED 52 [ 02,0 b0t < hy () o0

0

Ls&‘rp( M+P 1(f fz))

PROOF: Since L.s.,(fi(2)) < hy(2) and L, 5.,(f2(2)) < hy(2) then we have
Lesop(fi(2) * Lesrp(f2(2)) < hy(2) * hy(2) and, the convolution of convex
univalent functions is also the convex univalent function .Now, let

P(2) = Lesap (70577 ((h * 1)) (@)
N AR [0) N G A I2)
+

= (1 o A) A4 A4

Then p(z) is holomorphic function and p(0) = 1in U.

By using (5.28), we have

p(2) + #ATppp'(z) = Losop (HEPf 0 1)) @) + #ATZP (£esep (704777 £2) (Z))’
(1 - T) z7P (7—[’”7’ 1f (2) = }[’”p 1fz(z)) + —Z (7—[’;+p—1f1(z) * 7—[’;+p—1f2(z))’ +

u
Az

Az [(1 _ L) -p (}[uﬂo 1f,(2) * 3ehtP- 1f2(z))

utp utp ,
L2170 (3071, 3£, |

= (1=22) 277 (a7, @ 9711, (D)) + 2170 (37 £, () + 5 ,@) +
(1 -22) (o, 3 1,0+ 7 (s, ) ) o

- ((1 — p)Z P % (g_[u+p 1f1(z) % g_[u+p 1f2(z))), +z17p (g_[gﬂo—lfl(z) " }[g+p_1f2(z))lll

u



:[1 . R ] z7P (}f“*P‘l (z) = }[“+p_1f2(z)) + =+ - (1 - l—p) +

putp  ptp  (u+p)? u+p u+p

(#+p)2 (- p)] x 27 (}[Mp (@) = 3T 1fz(z)) " (}[5+p_1f1(2) *

:]_[l;‘f'p—lfz (Z))”.

2
(u+p)?

Now
Ls,rS,r,p (fl (Z)) * Ls,&‘r,p (fz (Z))
= [(1 _ )z‘p:}[‘”p‘lf
w+p oot

Ap ) A
{1 — z Pyttt +
[( U+p P22 u+

A pZ1—p (}[Z+p_1f1 (Z))’]
- 41D (}[Z+p_1f2(z)),:|

(1 — HATPP)Z z7P (?f§+p_1f1 (2) = Hi*P7f, (z)) + 2 (1 — uATpp)
, 2
X g 41D (:]-[Z+p—1f1 (2) = 3*P71f, (z)) + (ﬁ)

!

x 27 2 (w711, (2) 57 01,(0) |

(1 — #ATpp)z z7P (}[gﬂ)‘lfl(Z) * }[Z+p—1f2(z)) + [2 (1 — 'u)fp) p i . + ('u)fp)zl

o0 (s, e, @) + ()

12

x 2277 (#8471 £ (2) = 370 £, (2))
Then we get
p(2) + p "(2) = Lesap(fi(@) * Lesrp(f2(2))<h1(2) * hy(2)

+p s tmhl(t)*hz(t)dt< hy (6) * hy (6).

rrrrr

Ls ,S,T(fl(z)) < 1+Alzand Le 6T(f2(z)) <

1+
A, <1land 22 “ 2>0,e(6+0)+q>0(+ f) > 0. Then Los,, (3477 (f, * £,) (@) < 1+

1+ A2Z

Where—1<Bl<A1<1 -1<B,<

utp
z t A4
0 1-B;B,t

(A; - B4, - B)E2 ™7 dt = q(2)

where

(u+p)(A —B1)(4; - By)z
u+p+41
Utp BiByz )
/1 ’Blez_l

4 =1+ [1- BB, F, (1,1;2

(5.30)




PROOF :Since igi and igzj are univalent convex function,
1 2
1+A4,z 1+A4,z z z
=1 A, — B 1 A, — B
1+Blz*1+Bzz + (4 1)1+Blz* + (42 2)1+Bzz

=1+ (4, — B1)(4; — By)

1+ BB,z
Thus, by Theorem (5.2.10), we have
+ +p % tuaﬂ_l
_ Uurp _#p
Le 5:(38P71(f * £)(2)) < 1+ (4, — By)(4; — By) 7z f mdt-
0 122

Now, in order to prove (5.30), we write

+ + (£ pt A, — B;)(A, — B,)t
urp _ke "”1<1+(1 1)(2 2)>dt

zZ 2 tx
0 1 - Blet

p(z) =

u+p
A

1 +;
=1+ (4 — B))(4, — Bz)z< )f s 1 (1 — ByBysz)~'ds.
0

Hence we obtained the required result . Putting A, = A, = B; = B, = 1 in Theorem
5.2.3, we have next corollary.

1+z

COROLLARY 5.2.2 Let f;(2), f>(z) € D(p, 1).and L, 5.,(f1(2)) < — and

1-z
1+
[’8.6,1,;0 (fz (Z)) < 1_; then

+
P _q

u+p _u+pfztz
A
0

Ls,é‘,r,p(fl * fz)(z) <1+4 dt.

z
1+t

Putting A=1, u = 0 in Corollary (5.2.2) we have

COROLLARY 5.2.7Let f,(2), f,(z) € D(p, 1).and let Lo 0, (f1(2)) < E and

1+
Lo,0,0p (fz (Z)) < 1—; then

1 tp—l

Lop(fixf)(2) <1+ 4PZ_pf dt.

Consider the following integral transform[16]

(0]

Fo(2) = Czﬂ fo e (e = Z =

— flz" «f(z)  (531)

n=p

Where , f(z) € D(p,1) and ¢ + p > 0. Now since

+p-1 _ zP _ o TI'(utp+n) +
H?l?l P f(Z)_(l_Z)pHp *f(Z) - Zp + anl I'(u+p)n! an+pzn p

Where f(z) € A(p,1) and ¢ + p > 0. Now since



r(u+p+n)
Fu+pn v

n+p

+p-1
P f(z)=2p+z
n=1
We have
2(HPTR(2) = (c+ PHETP () — cHEPTR(2) (5.32)

THEOREM 5.2.12 Let p, c be real number (u = 0) such that c + p > 0 if
f1(2), f2(2) € D(p, 1) satisfy

ut+p—1
Iy (f1xf2)(2) <14 1Bz -B)z
) ' 1-B;1Byz

Then

Hy TP (Fe(2)+Ge(2)) < q(z) <14Ya=E Bz
P 1—B1 Bzz

Where F.(z) is defined as

0]

R = [ fwde= Y SR )

n=p

and

zP S T(u+p+n
}[g'-'-p_lf(z) = (1 _ Z))l * f(Z) = zP + z Igl(lll +pp)n') an+pzn+p
n=1

G.(z) is defined as follows

> (¢ +p)
6 = ) 2+ £,(2)
n=p
and
L, c+p
a(@) =1+ (1= BB, —— 1 (4, = B) (4, - B)z oF, (1,1; 24¢
) Blez )
+p’ Blez_ 1

HEP(F(2)%6e(2))

PROOF: Let p(z) = -

zP

Then p(z) is holomorphic in the disk U such that p(0) = 1 .since we know

2(HfP (D) = e+ PHLPF(2) - HIPT ()

Then



Z_p’ _ }[I!Jt+p_1(f1*f2)(z) | (Al—Bl)(Az—Bz)Z
p(z) + e = <1
Then
j_[li"'p_l F *G
p (ZL;)(Z) c(2)) <p(Z)
z 1+ At 1+ A,t A, —B)(4, — B
— (C+p)z—(c+p)J tc+p—1( 1 )*( 2 )dt < 1+( 1 1)( 2 Z)Z
0 (1+B1t) (1+th) 1_BlB22
Finally we obtain
_ +p
q(Z) =1 + (1 —_ BlBZZ) 1m(141 —_ Bl)(AZ - Bz)Z 2F1 (1,1, 2+cC
BB,z
T p;B B1 2 )
1D2Z — 1

If weputé =7=0,p=4, =4, =1,B; =B, = —1. In above theorem5.2.4 , we
have next result.

COROLLARY 5.2.4 Let c + 1 > 0 where ¢ a real number . If f;(2), f,(z) € D(p,1) and

Brf2)@) g 4 42 o E@Ce@) oy o q 4 22
VA 1-z zP 1-z
where it is,
_ = c n _ N ¢ n
@)= ) o  [1D,60) = ) s f(2)
n=p n=p
and

c+1 z
_ _ -1 : :
q(z) =1+4(1-2) e oF, (1,1,3+C,Z_1)



5.3 SUBORDINATION OF CERTAIN FAMILY OF
MULTIVALENT FUNCTIONS

Let Dp be the set of all function f(z) having the form

o)

f(z) =zP — Z a,z", a,=0 (5.33)

n=p+1
Where p € N, a set of natural numbers which are p-valent in U forp € N

DEFINITION 5.3.1: A function f(z) € Dp is in the subclass H (<) of starlike

function if R (%) >x,z€U ,0 <x< 1.

DEFINITION 5.3.2: A function f(z) € Dp is in the subclass G() of convex

!
function if R (1 + %

)>o<,ZE’U.

DEFINITION 5.3.3: A function f(z) € Dp is in the subclass M (4, B, a, §,p) if it
satisfy

22" (2)
+1-p
1 zf!(z 1+Az
1+ E{ 2f17 () } = Tv8z (5:34)
W+1+p—26

ForO < Re(a),0<6<1,-1<B<A<1,z€.

Furthermore a function f(z) € Dois in the class KM(A,B,a,6,p) if zf'(2) €
M(A,B,a,8,p)

THEOREMD 5.3.1:A function given by (5.33) isin M (4, B, a, 6, p)if and only if

PROOF: Let f(z) € M (4, B, a,8,p)

Therefore from (5.34) we have

2f' (2)
1 sz’(zj +(1-p) 1+ Az
P(Z):l-l-a sz,,(z)+ o 28 <1+BZ
Zf,(Z ( p )
1+ Ak(z
P(z) = —()
1+ Bk(2)

where k(z) is Schwarz function

P(2)=(1 + Bk(2)) = 1 + Ak(2)



k(z)(BP(z) —A) =1—-P(2)

lk(z)| < 1

22f'(2)
1 [{ 2f'@) +(1_p)}]

N
2L @ ip-26

a
@)
21" @
{ @ +(1_p)} B

22f" () _
T T (1+p=26)

<1

A—B{1+1
a

22" (2)+(1-p)zf(2)
a(A=B){z?f"" (2)+(1+p=28)zf" (2)}-B{z*f" (2)+(1-p)zf' (2)}

2@+ A -pzf' () == ) nln-p)a"

n=p+1

<1 (5.35)

e}

Z2f"(2)+ A +p—28)zf'(z) = 2p(p — 6)zP — Z nn+p—28)a,z"

n=p+1

From (5.35) we have

- Z?Lo:p+1 n(n - p)anzn
a(A—B){2p(p — 8)zF — L3, n(n +p — 28)a,z"}
+B{2$10=p+1 n(n - p)anzn}

<1

- Z?Lo:p+1 n(n - p)anzn

1
2ap(A—B)(p — )27 — 3=, 1in(n + p — 28) — Bn(n — p)anz®|

Since Re(z) < |z| . We obtain after considering on real axis and letting z— 1 we get

[0e]

> nm-pa,

n=p+1

< 2|alp(A-B)(p —6) — Z In(n + p — 26) — Bn(n — p)la,z"

n=p+1

e}

> n(—p)+In{(n +p - 26) - B~ p)}| < 2lalpld - BY(p - 5)

n=p+1

That is



Z ﬁanS1

n=p+1

where

K(n) = 2|alp(A—B)(p —96)
n=p+1n(m —p) + [n{(n +p — 26) — B(n — p)}

COROLLARY 5.3.1: If f(z) € M (4, B,a,§,p) then

a, < k(n)
and the equality holds for
f(@) =2zP —k(n)z"

THEOREMD 532 : f(z) =z — ¥3-p11a, 2", a, =0 is inkM(4,B,a,d,p) if
and only if

Z %anﬁp

n=p+1

PROOF: Suppose f(z) € kM(A,B,a,6,p).If zf'(z) €e M(A,B,a,d,p)

Let g(z) = zf'(z) Therefore from (5.34) we have

2r' (z)
P() =1+ i * AP <t Az
2= a 1+ Bz

22" (2) B
e T (1+p—26)

This is equivalent to ( since |k(2)| < 1)

1 [{%m‘p)}]

241
a L(Z)+1+p_26

29'(2)
29" (D),
{zg’(z> +a p)} B

229" (2) _
2o H(A+p—28)

<1

A—B[1+1
a

29" (z) + (1 —p)zg'(2)
229" (2) z%g"(2)
a(A - B) {+(1 +p— 25)29’(2)} - b {+(1 - p)Zgl(Z)}

z°g"(2) + (1 —p)zg'(2) = - z n*(n — p)a,z"

n=p+1

<1



[oe]

z2g9"(2)+ (1 +p—268)zg'(2) = 2p*(p — 6)zP — Z n*(n+p—26)a,z"

n=p+1

we have

_'Zg;p+1n201_'p)anzn

a(A— B){2p2(p — 8)zP — nepr1?(n+p— 28)a,z"} <1
+B{_ 27010=p+1 n*(n — p)anzn}
_ - Z??:p+1 n*(n—p)anz" <1
(2ar*(A-B)(p—8))zP X3 p41(*(n+p—28)—Bn*(n—p))anz™

Since Re(z) < |z| . We obtain after considering on real axis and letting

z— 1 we get

> wn-pay < 20alp*@-BYp -8 - ) n2((n+p-28) - B(n-p))ay
n=p+1 n=p+1

> {ne=p)+ [n2((n+p —28) = B =) Jan < 2lalp?*(4 - BYp — &)

n=p+1

e}

z%anw

n=p+1

COROLLARY 5.3.2: If f(2) € M (4, B, a,38,p) then

pk(n)
n

a, <

n —

and the equality holds for

F(2) = 27 — z pk(n)zn

n

n=p+1

THEOREM 5.3.3: f(2) € M (A, B, a, §,p) then

lz|P = zIP**k(p + 1) < If (D] < 2P + [z|P* k(p + 1)
with equality hold for
f(2)=2P —zP"k(p+ 1)
PROOF: f(z) € M(4,B,a,6,p)

Therefore from theorem (5.3.2)



[}

Z a, < k(n)

n=p+1
F@IZ 1P = Y lagllzl 2 12 = 1217 Y lagl 2 |217 = 2P k(p + 1)
n=p+1 n=p+1
Similarly
@IS P+ Y lagllzl < 2P+ 127 Y lagl < |21 + 2P k(p + 1)
n=p+1 n=p+1
Therefore
|z[P — 12" k(e + D) < |f (D] < 2P + |zIPk(p + 1)
THEOREM5.3.4: f(z) € kM (A,B, a, 6,p) then

o1 PE(@ +1)
r+1)

o+ PE(@ + 1)

<If@] <z + |z oD

|z|P — |z]

with equality hold for

p+1 PE(@ +1)
r+1)

PROOF: f(z) € kM (A, B,a, §,p) Therefore from theorem (5.3.2)

f(z) =2zP —z

e}

z %anﬁp

n=p+1

Z|p+1pk(p +1)

z Zzp—z a Z"ZZP—ZPHZ a,| > |z|P —
If (2)| = |z| la,||z| |z| |z] la,| = |z| | o+ D)

n=p+1 n=p+1

Similarly

p+1 PE(@ +1)

S”—Za "< z|P + P+12asp+
If (2] < |z lanllz|™ < |z]P + 2] lan| < |2]P + |z 0+ D)

n=p+1 n=p+1

Therefore

Z|p+1pk(p +1)
r+1)

THEOREM 5.3.5: f(z) € M (4, B, a, 8,p) then

= @+ D

<lf@l<lz

plz|P™' = (p + DIzIPk(p + 1) < |f' @] < plz|P~* + (p + DIz|Pk(p + 1)



PROOE: f(z) € M(A,B,a,8,p)

Therefore from Theorem (3.3.1)

[}

Z a, < k(n)

n=p+1

e}

f)=p = ) nagzn

n=p+1

[oe)

@I = plalP™ = > nlagllz

n=p+1

>plz|P™ = (p+ Dlz|P Z lax| 2plzIP~ = (p + DIzIPk(p + 1)

n=p+1

Similarly

F@I<plalP™ + Y nlagllz™?

n=p+1

<plalP~ 4 (p+ DIzl ) lanl <plalP™ + (p + DIzPkp + 1)

n=p+1
Therefore
plz|P™' = (p + DIzIPk(p + 1) < |f' @] < plz|P~* + (p + DIz|Pk(p + 1)

THEOREM 5.3.6: f(z) € KM (A, B, a, §,p) then

plz|P~t = z|Ppk(p + 1) < |f' (D] < plzIP + |z|Ppk(p + 1)
PROOF:f(z) € KM(A,B,a,d,p) then
Therefore from theorem 4.1.2

Z %anﬁp

n=p+1

f'(z) =pzP 1 + Z na,z" 1

n=p+1



If' @ = plz|P~*

(0]

= > nlayllm

n=p+1

> plzlP~t = (0 + DIzPP Y layl 2 plzl? = 2P pk(p + 1)

n=p+1

Similarly

If' @I < plz|P~*

o8]
+ ) nlayllm

n=p+1
(00]

<pllP~t 4+ DI Y layl < plzl? + 2P pk(p + 1)

n=p+1
Therefore
plz|P~ — |z|Ppk(p + 1) < |f' (D) < plz|P + |z|P* pk(p + 1)

f(z) is function in Dp is called close to convex of order « (0 <x< 1) if
Re(2){f'(z)} >« forall z € U.

A function f(z) € Dpis starlike of order (0 <x< 1) if Re {Zf(i))} >« forall z € U.

A function f(z) € Dp is convex of order «c(0 <x< 1) if zf'(2) is starlike of order o,
that is Re{ L )} > forall z € U.
f(2)

THEOREM 5.3.7 : IF f(2) € M(4, B, a,5,p) then f € K()if

1

|z| < (A,B,a,é,p) = mf( k(n))

p| < p—«
That is

LD p| <57 puanlanllzl™P <p—c  (5.36)

From theorem (5.3.1) we have

Note that (5.36) is true if



n|z|*P 1

p—x k()

Therefore

Izl < (:k_(:))ﬁ

(p #n,p,n € N), thus we get required result.

THEOREM 5.3.8 : IF f(2) € M(4, B, a, 8,p) then f € §*()if

|z| <r,(A,B,a,6,p) = mf (((Z ch) k(ln)> ) >

PROOF: We must show that

zf'(2) p|
f(2)
We have
2f'(2) | < Zipa(n = pla 2" 537)
f(Z) 1- n=p+1|an||Z|n p
Hence (5.37) holds true if
Sepi1 o Iz < 1 (538)

From theorem (5.3.1) we have

a, <1 (5.39)

Hence by using (5.38) and (5.39) we can obtain required result.

THEOREM 5.3.9 : IF f(2) € M(4, B, a,8,p) ,then f € C(x)if

|zl <73(4,B,a,6,p) = inf (((ZE?S) k(ln)> _ >

PROOF: We know that f is convex if and only if zf"' is starlike

We must show that




Where g(z) = zf'(2)

Therefore we have

o) —X -
Srepri e lanllz" P <1 (540

From Theorem5.3.1 we have

1
Z oy S 1 (5.41)

n=p+1

Hence by using (5.40) and (5.41) we get

<p(p—°<)> or < L
n(n—«) k(n)

o <[ [ (PP=9) 1 o
- n(n—«) ) k(n)

Which complete the proof.

THEOREM 5.3.10: Let fi(2z) = z™ and f,,(z) = zP — k(n)zP,for n = p + 1 then
f(z) e M(A,B,a,6,p) if and only if f(z) can be express in the form f(z) =
111(2) + X5 p1 Anfn(2) Where A4, = 0 and Ay + X7 piq An = 1

PROOF: Let f(z) € M(A,B,a,6,p)

We have
a, < k(n)
If we take
A =La
"=k

n=p+land X3, 14, =1- 144
Then we get required result.

THEOREM 5.3.11: Let fi(z) = zP — ¥ 41 an2" a0y 2 0 (i = 1,2,3,....m) be
the functions in the class M(4,B,a,6,p), (i =1,2,3,....m) then the function
G(z) =zP — iz;‘;pﬂzg’;lamz“ is also in M'(4,B,a,d,p) where § = , {5}
with0 <4§; <1

PROOF: since f;(z) = zP — Y541 an,iZ", an; = 0isin M(A,B,a,6,p)



So by theorem (5.3.2) we have

e}

Z a, < ko)

n=p+1

2|alp(A—B)(p — 8)
{n(n—p) +|(n(n +p —26) — Bn(n — p))}

k(n,6) =

We have

Q

> (1)

n=p+1

m (o8] m
—12 Z 1 < 121 <1
T m k(n,s;) ni = m 4

i=1 n=p+1 i=1
Hence by theorem (5.3.13) , G(z) € M(A,B,a,6,p)

THEOREM 5.3.12: Let the function f(z) = zP — X311 a,z"and g(z) = zP —
Ym=p+1bnz™ be inthe class M'(4, B, a, §,p) . Then the function F(z)defined by

0]

F@) = A-f@+yg@ =2 = ) cuz"

n=p+1
Where ¢, = (1 —y)a, + yb,,,0 <y < 1lisalsoin M(A4,B,a,0d,p).
PROOEF: we have

Fz2)=AQ-y)f(2) +yg(2)

=1-y) (Zp - i anzn> + y<zp — i bnz">

n=p+1 n=p+1

= zP — Z (1 -ya, +yb,) 2"

n=p+1

Since f,g € M (A, B, a, 6, p) so by theorem 5.3.1 we have

and



Z ﬁbn£1

n=p+1
Therefore
1 =1 =1
> wom (= Yan+ ) = (A=) > o0t > oo e
n=p+1 n=p+1 n=p+1
=1 =1
==y Z ko Y Z k)
n=p+1 n=p+1
Therefore

c, € M(A,B,a,8,p)

Let f € M(A,B,a,8,p) , T = 0then a(t,t) — neighborhood of the function f €
M(A, B, a,d,p) is defined by

N‘E’(Z) = {g € M(A, B! a, 61 p)g(z) =z"— Z§=p+1bnzn and Z§=p+1|an - bnlnt+1 < T}
(5.42)

For the identity function if e(z) = z™,q € N, then

Ri(e) = {g € M(A,B,a,8,p): g(2)

=z"— Z b,z" and Z |b,|ntt1 < T} (5.43)

n=p+1 n=p+1

DEFINITION 5.3.4: A function f(z) = z" — X3 ,+1a,2", a, = 0 is in the class
MT™(A, B, a,§,p) if there exist g(z) € M (A, B, a, 6, p) such that

f(2)
g(2)
THEOREM 5.3.13 : If g(z) € M(4,B,a,,p) and

—1|<p—n,ZE’U,OS7T<1 (5.44)

T 1

Then Xt(g) € M™(A,B,a,5,p)

PROOF: Let f € Rt(g) , then by (4.12)

e}

Z n"*a, —b,| <t

n=p+1



This implies that

Znzprilan = bul < = (5.46)

Therefore
f(Z)_1| 2in= p+1cl>oan—bnlS [ ]< [ ]=p—7r
g(2) nep+1bn T ML —k(m)]  nt*1 - k()

Then by  definition 534, we get feM™A,B,ad,p) Thus
Xi(g) €c M™(A,B,a,6,p) .

The generalized Bernardi integral operator is given by

Llf@)] = (c>-pzel)

Lf(2)] =2P — T py1dayz" (5.47)

Where d = (”—p)

c+n

THEOREM 5.3.14: Let f € M (4, B, a, 5, p)thenL [f (2)] € M (A, B, a,5,p)

PROOF : We need to prove that

Since f € M(A, B, a, §,p) then from Theorem (5.3.1)

i k(n)a, <1

n=p+1
But d < 1 therefore theorem (5.3.14) holds and the proof is over.

THEOREM 5.3.15: Let f € M (A, B, a, §,p)thenL.[f(z)]is starlice of order g,0 <
oc<lin|z|<n

Where

1

015D ()

PROOF: L [f(2)] = z" — ¥ y-pr1da,z"

It is enough to prove

2(Lf@D)
LIf@)]




z(L[f @] | _ |Zn=pr1 d(n — p)anz™?
Lc[f(z)] 1- ;.1o=p+1 danzn_p
_ IRy d(n = p)aglzl™?
I S s p+1dan|Z|n P
Y dm-padz™? <p-o|1- Y da,lz"
n=p+1 n=p+1
o0 (n-o)
Srepi1 (o dnlz]" P < 1 (5.48)
From Theorem (5.3.1)
o 1
Zn=p+1@an <1 (5.49)
Hence by using (5.48) and (5.49) we get
n —
(n—o) dlzn-P <
(p — o) k(n)

2" < (Z - Z) (dkl(n))

Therefore

1

Izl < (CZ - Z) (dkl(n))>n—_p

DEFINITION 5.3.5:For a function f(z)which is analytic function in w — plane
containing the origin which is a simply connected region , we define the fractional
integral of order u as

f f@)
rwlt, (z=8)t+

DEFINITION 5.3.6:For a function f(z)which is analytic function in w — plane
containing the origin which is a simply connected region , we define the fractional
integral of order u as

D,"f(z) = d& where u > 0

1L d (" f()
r(wdz )y (z -+

THEOREM 5.3.16: Let f € M(4, B, @, 6, p)then

DYf(z) = —— dé where 1 >u=>0




rp+1 2P (1 _(p+Dk(m)

Trp+u+1) W—+1)Izl> < |D;*f(2)

Sﬂmmu 1
rp+p+1)
(@ + Dk(®) )
— |z 5.50
(p+u+1)| I (5.50)
PROOEF: From definition (5.3.5) we have
-u __ I'(p+1) p+u _ Voo r(n+1) n+u
DZ f(Z) - F(p+li+1) Z Zn=p+1 I"(n+,u+1) anz (5'51)
u>0,n=p+1;pneN
__ I'(n+1)
Let ('b(n) - rn+u+1)
. . . . _ I'(p+2)
Clearly ¢(n) is non —increasing functionofn, 0 < ¢(n) < p(p +1) = TotatD)

From theorem (5.3.1) we have
Yn=p+1lanl < k(n) (5.52)
From (5.51) and (5.52) it follows that

rb+1)

DH < p+u

+¢@+Dlzl ) layl

n=p+1

rp+1) N (p + Dk(n)
*To+a+D ”(1 +w—+1>'2'>

Similarly

rb+1)
rp+up+1)

—¢@+Dlzl ) layl

n=p+1

ID;“f(@)] = |z|P**

rp+1) N (p + Dk(n)
ZI“(p+,u+1)|Z|lD #<1_ p+u+1) |Z|>

This proves the theorem

THEOREM 5.3.17: Let f € M(4, B, @, 6, p)then




rp+1) _ ( (p + Dk((n)
|z|p~# 1 - —2 2
re-p+1) p-—ut+1)
re+1) _
—r@—u+1ﬂﬂp”o
(p + Dk(n)
'*@—u+1ﬂﬂ>

PROOEF: From definition (5.3.6) we have

— r(n+1)
p—H _ y'® _ 7
Z Zn=p+1 F(?’l—ﬂ'f'l) an

stW#&M

(5.53)

r'(p+1)

Y e n—u
ro—pt1) VA (5.54)

D; f(z) =

1>pu=20,n=2p+1;p,neN

r(n+1)
r(n—u+1)

Letyp(n) =

r(p+2)
r(p+p+2)

Clearly y(n) is non — increasing functionofn, 0 < ¢y(n) <yY(p+1) =
From theorem (5.3.1) we have
Ym=p+1lanl < k(n) (5.55)

From (5.54) and (5.55) it follows that

L Te+D N
IDYf(2)| < |zIP “<F(p_ﬂ+1)+¢(p+1)|zl Z Ian|>

n=p+1

rp+1) _ (p + Dk(n)
*To-n+n ™" ”(1 +m'2'>

Similarly

L Te+D -
D} f(2)| = |2|? ”(F(p_ﬂ+1)—¢(p+1)IZI Z Ianl>

n=p+1

re+1 _ (» + Dk()
Zr(p—u+1)|zlp M<1_ p-u+1) lZl)



5.4 CERTAIN FAMILY OF MULTIVALENT FUNCTIONS
ASSOCIATED WITH SUBORDINATION

Let Dp be the set of all function f(z) having the form

0]

F(z) = 27 — Z a, 2", a,>0 (5.56)

n=p+1
Where p € N, a set of natural numbers which are p-valent in U forp € N

DEFINITION 5.4.1: A function f(z) € Dp is in the subclass H (<) of starlike

function if R (%) >x,z€U ,0 <x< 1.

DEFINITION 5.4.2: A function f(z) € Dp is in the subclass G(c<) of convex

function if R (1 + %) >x,z€U .

DEFINITION 5.4.3: A function f(z) € Dpis in the subclass M'(4,B, a,,p) if it
satisfy

zf'(z)
1+ i{ w7 } < dz (5.57)

a |z @ 1+Bz
Z—p+p—25

ForO<Re(a),0<6<1,-1<B<A<1,z€eU.

Furthermore a function f(z) € Dp is in the class KM(A,B,a,68,p) if zf'(z) €
M(A, B, a,8,p)

THEOREMD 5.4.1:A function given by (4.1) isin M (4, B, a, 6, p)if and only if

PROOF: Let f(z) € M(A,B,a,8,p)

Therefore from (5.57) we have

Z—p+p—25

'@
pyo1a P | 144z
SRS F73{0) 1+ Bz

14 Ak(2)
P& =18k
Where k(z) is Schwarz function

P(2)=(1 + Bk(2)) = 1+ Ak(2)

k(z)(BP(z) —A) =1—-P(2)



P(z)—1

)

lk(z)| <1

zf! (Z)+p 28

tx{ZszEZ)_p} ]}
Zf (Z)

—“—=—=+p-26

<1

A—B{1+

zf'(2)-pzP
a(A-B){zf'(2)+zP (p—26)}-B{zf'(2)—pzP}

| <1 (5.58)

0]

zf'(z) —pzP = — Z na,z"
n=p+1

(e}

zf'(z) + zP(p — 26) = 2(p — 6)zP — Z na,z"

n=p+1

From (5.58) we have

— Ln=p+1NAnZ" <1

a(A—B){2(p — &)z — X2 p+1MAnZ n} + B{Y p+1MAnZ n}
Since Re(z) < |z| . We obtain after considering on real axis and letting
z— 1 we get

Z na, < 2la|(p — 8)(A—B) — Z a,[na(A — B) — Bn|

n=p+1 n=p+1

That is
Z (n+ [na(A—B) — Bnl) a, < 2|al(p — §)(A — B)
n=p+1
> o=
a, <
n=p+1k(n)

Where

2|a|(p — 6)(A - B))

k(n) = (n + |na(A — B) — Bn|)

COROLLARY 5.4.1: If f(z) € M(4,B,a,3,p) then

a, < k(n)

and the equality holds for



f(z) = zP — k(n)z"
THEOREMD 54.2 : f(z) =2zP — Y;-p41an 2", an =0 is in kM(4,B,a,6,p) if and

only if

0]

> w1+ @@= B) = B, < lal(4 - BY(” +p—26) = p(p - DB + 1)
n=p+1
PROOF: Suppose f(z) € M(A,B,a,6,p), If zf'(z) € kM (A,B,a,5,p)

Let g(2) = zf'(2)
Therefore from (5.57) we have

zg'(z)
1 v P 1+ Az
P(z) =1+—4~ o <
a |29 p—28 1+ Bz

T

This is equivalent to ( since |k(z)| < 1)

1 {g—p()"’}
‘e 1 5.59
o) < (5.59)
A-Bl1+ 2L
a E%§Q+p—26
zg'(z) — pz?P <1
a(A—B){zg'(z) + zP(p — 20)} — B{zg'(2) — pz?’}
zg'(z) —pz? =p(p — 1)zP — Z n*a,z"
n=p+1
z9'(z) + zP(p — 26) = (p?> + p — 26)zP — Z n?a,z"
n=p+1
From (5.59) we have
p(p — 1DzP — Yoy na,z" <1

a(A — B){(p2 +p—26)zP — Z;‘l‘;pﬂnzanzn}
—B{p(p — DzP — Z;’fzpﬂnzanzn}

p(p — DzP — L7 pin’anz”

" @@= B)®? + p—25) — Bp(p — D}2P — 2,1 n2(a(A — B) — B)apz"

Since Re(z) < |z| . We obtain after considering on real axis and letting

z— 1 we get



P -2+ ) nla, <{lal(A—B)Yp? +p - 26) — Bp(p - 1)}

n=p+1
= ) @@= B) - Blay
n=p+1
Z n2a, + Z In?(a(A - B) — B)|a,
n=p+1 n=p+1

<{lal(A-=B)p*+p—28)—-Bp(p—-1D}—-plp-1)

z (n® + n*(a(A — B) = B)Da, < |al(A—B)(p* +p—28) —p(p - (B + 1)

n=p+1

COROLLARY5.4.2: If f(2) € M(4,B, a,8,p) then

. la|(A=B)(p*+p—28) —p(p—-1D(B+1)
" (n? + [n?(a(A - B) — B)|)

And the equality holds for

C lal(A—B)(p* +p—28) —p(p—-1D(B+1) n

f(z)=2z" - (2 + [n2(a(A - B) — B)])

n=p+1

THEOREM 5.4.2 : f(z) € M(A, B, a, 8, p) then

1zIP = 1zIP* k(p + D) < If (2] < |2|P + |2[P*k(p + 1)
With equality hold for
f(z) =zP —zP*k(p + 1)
PROOF: f(z) € M(A,B,a,8,p), Therefore from theorem (5.4.31)

[oe)

Z an < k(n)

n=p+1

@I =12 = ) lagllzl™ = 121P = 12177 > lanl 2 |27 = |27+ 1kp + 1)

n=p+1 n=p+1

Similarly

F@I< 1P+ Y lagllzl® < 12 + 12174 ) lay] < l2lP + 2P+ e(p + 1)

n=p+1 n=p+1
Therefore
|zIP — 1z[P* k(p + 1) < |f (@] < |zIP + [z[P*Tk(p + 1)
THEOREM 5.4.3: f(z) € kM (A, B, a, §,p) then




la|(A—=B)(p*+p—26)—p(p—-1)(B+1)
> — < |f(2)l
(p+ 1D*(1 + |(a(A—B)—B)|)
la|(A—=B)(p*+p—28)—plp—1D(B+1)
(p+ 121+ [(a(4—-B) - B))

|z|P — |z|P**

< |z|P + |z|P*!
With equality hold for

f(2) = 2P — 771

PROOF: f(z) € kM (A, B, a,6,p), Therefore from theorem (5.4.2)

i L ld@-B)@* +p—26) —p - DB+ 1)
" n?(1+ (a4~ B) - B)))

n=p+1

@Iz 12 = ) layllzl”

>
N |al(4~B)(®* +p —28) ~p(p ~ DB +1)
— |z|P*1 P _ |,|p*1
g n;ﬂ“"' = 7=l (»+ DA +1(@@—B) - B)D

Similarly

@12+ ) lagllzl”

n=p+1
<2l
(o]
1P a)
n=p+1

la|(A=B)(p*+p—28) —p(p—DB+1)

< 12+ e e T T A = B) = B

Therefore

|al(4-B)(p* +p—28) —p(p - DB+1) _ O
(» +1D*(1 + |(a(A—-B) - B)]) -
la|(A—=B)(*+p—28) —p(p—1D(B+1)
(p+ 121+ |(a(A—B) — B)|)

THEOREM 5.4.4: f(z) € M (4, B, a, 8, p) then

|z|P — |z[P*?

< |z[P + [z[P*!

plzIP™t = (@ + DIzIPk(p + 1) < If' (D] < plzIP™ + (p + DIz[Pk(p + 1)
PROOE: f(z) € M(A,B,a,6,p)
Therefore from Theorem (5.4.1)

Z a, < k(n)
n=p+1

f@)=p? = Y nagz

n=p+1



[o e}

@Iz plalP™ = ) nlagllz™?

n=p+1
2 plalP™ = (p+ DIzl ) lanl ZplzlP™ = (o + DlzlPk(p + 1)
n=p+1

Similarly

F@I<plalP+ ) nlagllz

n=p+1

<plalP~ 4+ DIz D lanl <plalP™ + (o + DlzlPk(p + 1)
n=p+1

Therefore

plzIP™t = (p+ DIzPk(p + D < If' @] < plzP™* + (0 + DIzPk(p + 1)
THEOREM 5.4.5: f(z) € KM (4, B, a, 8, p) then

A—B)(*+p—268) — -1D(B+1
e lal( )(zo2 p ) —p(p — 1)( ) < If'()|

(p+1)*(1 +|(a(A—B)—B))

pi l@lA=B)P*+p—-28) —p(p - DB+ 1)
@+ 1D*(1+ |(a(A—B)—B)|)

plz|P —plz|

< plz|? + plz|

PROOF:f(z) € KM (A, B, a,§,p) then

Therefore from theorem (5.4.2)

i L ld@=B)@* +p—28) —p - DB+ 1)
"= n2(1+(a(A~B) - B)])

n=p+1

f'(z) =pzP~ 1 + Z na,z" !

n=p+1

@] = plalP™

= > nlagllzl™?

n=p+1
> plz|P~t

~@+DIP ) lal

n=p+1

o+ la|(A—B)(p*>+p—28) —p(p—1(B+1)
(p + D21 + |(a(A - B) = B)])

> plz|P~ —plz

Similarly



If' (D] < plz|P~*

o8]
+ ) nlayllz™

n=p+1
< plz|P~!

+ (@ +1z|? E la,l
n=p+1
la|(A—=B)(p*+p—28) —plp—1(B+1)

< plz|P~ + plz|P+ @+ D21+ (a(A - B) —B)])

Therefore

la|(A-B)p*+p—28) —p(p—-DB+1) <1F' @)
(+ D21+ |(a(A-B) - B)|) -
la|(A—B)(p*+p—28) —p(p—-1D(B+1)
(»+ D21+ |(a(A-B) - B)|)

THEOREMS5.4.6 : IF f(z) € M(4,B,a,8,p) then f € K(x)if

1

plz|P — plz|P**

< plz|? + plz|P**

. p—X )ﬁ
< A’ Bl ) ) =
2l <724, B,0,5,p) = inf (1o
: zf'(2)

PROOEF: We need to show that | precale p| < p—
That is

L —p| < Biepranlanllzl™? < p-o (5.60)
From theorem (5.4.1) we have

. 1
anpﬂ@an <1 (561)

Note that (5.61) is true if

n|z|"P 1
p—x "~ k(n)

Therefore

Izl < (&EZ))H

(p # n,p,n € N), thus we get required result.

THEOREMS5.4.7: IF f(z) € M(4,B,a,8,p) then f € §*(x)if

1

—xy 1 \™P
|z| <7,(A B, a,6,p) =inf ((p ) )
n

n—oc/ k(n)

PROOF: We must show that

2f'(2)
f@ F

< p—«




We have

/ co _ n-p
Zf (Z) _ p| < Zn=p+1gl p)lan”il_ (562)
f(2) 1- n=p+1|an||Z| p
Hence (5.62) holds true if
oo (n—«) —
Zn=p+1h|anllzln P<1 (563)
From Theorem (5.4.1) we have
o0 1
Zn=p+1ﬁan <1 (5.64)
Hence by using (5.63) and (5.64) we can obtain required result.
THEOREMS5.4.10: IF f(z) € M(4, B, a,8,p) then f € C(x)if
N
. p(p—)\ 1 \*7
< =
PROOF: We know that f is convex if and only if zf' is starlike
We must show that
zg'(2) |
- —
9@ P|P
Where g(z) = zf'(z)
Therefore we have
0 n(n—«) _
Zn=p+1mmnllzln P<1 (5.65)
From theorem5.4.30 we have
o0 1
Zn=p+1ﬁan <1 (5-66)

Hence by using (5.65) and (5.66) we get

(p(p—°<)> ar < L
n(n—«) k(n)

o1 <[ [ (PP=9) 1 nop
2= n(n—«) ) k(n)

THEOREM 5.4.10: Let fi(z) = z" and f,,(z) = zP — k(n)z?, forn = p + 1 then f(z) €
M(A,B,a,6,p) if and only if f(z) can be express in the form f(z) = A,f1(2) +
Ynep+1dnfn(z) Where 4, = 0and A; + X5pi1An =1

PROOF: Let f(z) € M(A,B,a,6,p)
We have



a, < k(n)
If we take

1= 1
n_k(n)an

n=p+land X3, 4, =1 — 44, Then we get required result.

THEOREM 5.4.11: Let fi(2) = 2P — X% ps1 @niZ™ Ay = 0 (i = 1,2,3,...m) be the
functions in the class M(4,B,a,d,p), (i =1,2,3,....m)then the function G(z) =zP —
Y p1 Tty @iz s also in M (A, B, a, 8,p) where § = , U5} with 0 < 6; < 1

PROOF: since fj(z) = zP — X3 p41aniZ", an; = 0isin M(4,B,a,8,p)

So by theorem (5.4.1) we have

Z a, < k(n, )

n=p+1

2|al(p — 6)(A - B))

k(n,é6) = n?(1+ |a(A — B) — Bn|)

We have

[os] m
1 1 Z
) k(n,&;) \ m Ani

Hence by theorem (5.4.1) ,G(z) € M(A,B,a,§5,p)

THEOREM 5.4.12: Let the function f(2)=2zP —X3_,11a,2"and g(z) = zP —
Yn=p+1bnz™ be in the class M'(4, B, a, §,p) . Then the function F(z) defined by

[oe)

F@) = A=-Nf@+y9@ =27 = ) car”

n=p+1
Wherec, = (1 —y)a, + yb,,0 <y < 1lisalsoin M(4,B,«a,d,p).
PROOEF: we have

F(z) =1 =-y)f(2) +yg9(2)

=1-y)| 2P - Z az" | +y| zP — Z b,z"
n=p+1 n=p+1

=zP — Z ((1 —y)ay +ybn)Zn

n=p+1

Since f,g € M (4, B, a, §,p) so by theorem (5.4.1) we have



n=p+1
and
Tt 1
n=p+1
Therefore
L((1—3/)an+ybn)=(1—3/) Z gty Z b,
n=p+1k(n) n=p+1k(x) n=p+1k(x)
<(1-v) Z $+y Z $=1
n=p+1 n=p+1
Therefore

c, €E M(AB,a,6,p)

Let feM(AB,a,d,p) , T=0thena(t,t)— neighborhood of the function f €
M (A, B, a, 8, p) is defined by

Ri(z) = {g € M(A B,a,6,p):g(z) =2z" — Xppr1 bnz™ and Yy_piilan — by |n**t < T} (5.67)

For the identity function if e(z) = z™,q € N, then

Ri(e) =g € M(4,B,a,8,p):g(2)

o Z b,z" and Z b, In™*t <7t  (5.68)

n=p+1 n=p+1

DEFINITIONS.44: A function f(z)=z"—3¥;-p+1anz" a, =0 is in the class
M™(A, B, a,d,p) if there exist g(z) € M (4, B, a, §, p) such that

f(2)
g(2)
THEOREM 5.4.13: If g(z) € M(4,B,a,5,p) and

—1|<p—n,z€ﬂ,0£n<1 (5.69)

TEPT n:’r1 [1 —i(n)]

Then RE(g) € M™(A, B, a, 5, p)
PROOF: Let f € R.(g) , then by (5.67)

[oe)

Z n"*la, —b,| <7

n=p+1



This implies that

Ln=p+ilan = bnl < —7 (5.70)

Therefore

f(Z)_1|<Z$lo=p+1|an_bn|< T [ 1 ]< T [ 1 ]: .
9(2) T 1=Xr b T 0L —k(m)]  ntt 1l —k(n) p

Then by definition 5.4.8 , we get f € M™(4, B, a, 5, p) Thus RE(g) € M™(A,B,a,8,p) .

The generalized Bernardi integral operator is given by

Llf(@)]=

(c>-pzel)

[f(Z)] = Zp Zn—p+1 dapz" (5.71)
Where d = (ZIZ)
THEOREM 5.4.14: Let f € M (A, B, a,§,p)thenL.[f(2)] € M(A,B,a,5,p)

PROOEF : We need to prove that

Since f € M (4, B, a, 6, p) then from Theorem (5.4.1)

i k(n)a, <1

n=p+1

But d < 1 therefore theorem (5.4.14) holds .

THEOREM 5.4.15: Let f € M(A, B, a, 6, p)thenL [f (z)]is starlice of order 0,0 <o < 1in
lz| <7

Where

1

1= (C=0) ()

PROOF: L[f(2)] = 2" — Xyp+1danz"

It is enough to prove

z(Lc[f(@)])
Lelf(2)]

2Ll @D ‘ _
LIf @]

D d(n = el
- 1- day,|z|" P

p|<p—-o0

Yn=p+1 d(n —p)az"?
1- n p+1 danz™"P

n p+1



> dm-panla"? <p-a| 1= Y daylz"

n=p+1 n=p+1

(n-o)

n-—p <
ooy danlz] 1 (5.72)

Zn=p+1

From Theorem (5.4.1)
1
E —a, <
0 a, <1 (5.73)

Hence by using (5.72) and (5.73) we get

n—
(2= 9) 4y apnv <

(p—o0) = k(n)

|2I"7P < (Z - Z) (dkl(n)>

Therefore

1

41<(C=9) ()

Therefore theorem (5.4.15) holds and the proof is over.

DEFINITION 5.4.5:For a function f(z) which is analytic function in w — plane
containing the origin which is a simply connected region , we define the fractional
integral of order u as

j £
rwl, (z=4t*

DEFINITION 5.4.6:For a function f(z)which is analytic function in w — plane containing
the origin which is a simply connected region , we define the fractional integral of order u as

1 d(* f@©)
F(wdz ), (z—&F

THEOREM 5.4.45: Let f € M(4, B, a, 8, p)then

re+1) 2P (1 _(p+ Dk

D,"f(z) = d& where u > 0

DYf(z) = — dé where 1>u=>0

|Z|> <[p;*f (@)

rp+p+1) p+u+1)
'+1 + Dk
< T@+D e (1 N wm) (5.74)
rp+p+1) pt+tu+1)
PROOE: From definition (5.4.4) we have
- _ Irp+n) r(n+1)
D "f(2) = mzmu B Z"=p+1r(n+u+1) nZ" (5.75)

u>0,n=p+1;p,neN



r(n+1)
rn+u+1)

Let p(n) =

r(p+2)

Clearly ¢(n) is non —increasing functionofn, 0 < ¢(n) < p(p+ 1) = ToipeD)

From theorem (5.4.1) we have
Zn=p+ilanl < k() (5.76)

From (5.75) and (5.76) it follows that

_ L Te+D C
|D;Af(2)] < |2IP “(ﬁ"‘ﬁb@"ﬂﬂzl Z Ian|>

n=p+1

rp+1)

N (p + Dk(n)
< Tzi;qriztpjfjlzlp “’(1 +-———————————|Z|>

p+u+1)

Similarly

B} L Te+D C
D7 £)] = |2IP ﬂ(ﬁ—maﬂ)m > |an|>

n=p+1

I'p+1 + 1k
> @+1) 2| (1 (@ +DkMm) IZI>

rp+u+1) p+u+1)
THEOREM 5.4.17: Let f € M (4, B, a, §, p)then

rp+1) 2| <1 _(p+Dkm)
rp—p+1) p-—p+1)

IZI) <|Dif(@)|

'p+1 + Dk(n
< T+ (1 . Mm) .77)
rp—p+1) p—u+1)
PROOF: From definition 6 we have
_ I(p+1) _ © r(n+1) _
D;f(2) = ro o 2~ nmpi ey W% (5.78)
1>u=20,n=2p+1;p,neN
_ I'(n+1)
Lety(n) = TrtD
Clearly ¥(n) is non —increasing functionofn, 0 < y(n) < yY(p+ 1) = %

From theorem 1 we have
Yn=p+1lanl| < k(n) (5.79)
From (5.78) and (5.79) it follows that
r(p+1 c
Dt f ()] < Lzl (L TGRSV |an|>

rp—p+1)

n=p+1



'+1)

. (0 + Dk(n)
*To-a+n " (1 + —Izl)

p-—u+1)

Similarly

r'(p+1 -
D ()] > |zl (W(f—;)l)—tp(p +Dlzl Y |an|>
n=p+1

rp+1 _ (p + Dk(n)
> (- G )
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