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ABSTRACT

In this thesis, we introduce the concept of T-Pure fuzzy submodule as an
extension of the concept of T-pure submodules. A fuzzy submodule A of a fuzzy
module X is called T-Pure fuzzy submodule ,if for each fuzzy ideal | of R we
have 12X N A=I?A. Also, we present the concept of T-pure fuzzy ideal which is
similar to the concept of T-Pure fuzzy submodule and so, we study the concept
of Quasi T-pure fuzzy submodule.

Based on that we also provide the concept of T-regular fuzzy module Which is
defined by the following A fuzzy module X is called T-regular if every fuzzy
submodule of X is fuzzy T-pure.

This idea leads us to introduce the concept of strongly pure fuzzy ideal, where
a fuzzy ideal | of aring Riscalled strongly pure fuzzy ideal if x, € 1.3P. S Is.t
X; = X:P. where P. is a prime fuzzy singleton of R.

Beside this we discuss the strongly regular fuzzy ring, means a ring R is
called strongly regular fuzzy ring if and only if for all fuzzy singleton r, of R,
3 a prime fuzzy singleton x; of R such that r, = ryx.r,,V t, £ €(0,1].

Among this study we present the concept of strongly pure fuzzy
submodule and strongly regular fuzzy module .A is called Strongly pure
fuzzy submodule denoted by S-pure fuzzy submodule ,if there existsa prime
fuzzy ideal P of aring R suchthat PXN A = PA. let X be a fuzzy module of
an R-module M, X is called S-regular if every x; € X,V t€(0,1] is S-regular
fuzzy singleton.

The relationships a mong all these concepts and several other types of
modules are studied.
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CHAPTER ONE

T-PURE
FUZZY
SUBMODULE




INTRODUCTION

In this thesis ,we introduction and study the concepts of T-pure fuzzy
submodule (ideal), Quasi T-pure fuzzy submodule and weakly T-pure fuzzy
submodules as a generalization of the ordinary concepts of T-pure submodule
(ideal), Quasi T-pure submodule and weakly T-pure submodules ,see[2], where
we call a fuzzy submodule A of fuzzy module X, T-pure fuzzy submodule of
X if for each fuzzy ideal I of R such that 12X n A = I?A. see Definition
(1.2.3), also a fuzzy ideal | of R is called T-pure fuzzy ideal if for each fuzzy
ideal J?of R, ]2 nI=J?I Definition(1.3.1). A is called a quasi T-pure fuzzy
submodule of X denoted by QT-pure if for every x, € X and x; € A,

v t € (0,1] there exists a T-pure fuzzy submodule B of X such that AC B
and x; € B see Definition (1.4.2). and A is called weakly T-pure fuzzy
submodule of X. if for each fuzzy singleton r, of R, (rp)?XnA=
(ro)?A. Definition (1.5.2).

As well as we have in this letter circulating the T-regular fuzzy module and
weakly T-regular fuzzy module see [5],[16]. Where we call a fuzzy module X of
an R-module M, T-regular fuzzy module if every fuzzy submodule of X is
T-pure fuzzy submodule , Definition (2.1.3) also X is called weakly T-regular if
every fuzzy submodule of X is weakly T-pure, Definition (2.3.2).

The principle aim of this research is to make a detailed study of various
properties of T-pure fuzzy submodule (ideal), Quasi T-pure fuzzy submodule ,

Weakly T-pure fuzzy submodules, T-regular fuzzy module ,weakly T-regular



fuzzy module, strongly pure fuzzy ideal (submodule) and strongly regular
fuzzy ring (module).

This thesis consist of three chapter. Chapter one consist of five sections. In
section one, we reviewed some basic definition and properties about fuzzy set,
fuzzy module ,fuzzy submodule and fuzzy ideal of aring R will be needed later
on.

In sections two and three studied T-pure fuzzy submodule (ideal) and gives

some important results of that study either,

In section four, we introduced the concept of Quasi T-pure fuzzy submodule ,
the last section in this chapter, we have explained the concept weakly T-pure
fuzzy submodules.

Chapter two contains three sections. In section one, we introduce the
concept of T-regular fuzzy module by extending the ordinary notion of T-regular

module.

In section two, we examined T-regular fuzzy modules with related modules

In section there we study the behavior of weakly T-regular fuzzy module
under homomorphism see,

1)Let f: X — X\ be a fuzzy epimorphism and X, X\ are two fuzzy modules of
M M\ respectively, if X is weakly T-regular fuzzy module, then X\ is weakly
T-regular fuzzy module. Proposition (2.3.5)

2)Let f: X — Y be a fuzzy epimorphism and X, Y are two fuzzy modules of
M; M, respectively, and every fuzzy submodule of X is f-invariant , if Y is

weakly T-regular fuzzy module, then X is weakly T-regular fuzzy module.



And other result, Proposition (2.3.6)

3)Let X and Y be two fuzzy modules of an R-module M; and M,
respectively. If X@Y is weakly T-regular fuzzy module of M; @&M,, then X
and Y are weakly T-regular fuzzy module ,Proposition (2.3.7)

4) Let X be a fuzzy module of an R-module M. if every fuzzy submodule

of X is fuzzy divisible , then X is weakly T-regular fuzzy module,
(Proposition 2.3.8)

5) Let X be a divisible fuzzy module of an R-module M. then X is weakly

T-regular fuzzy module < every fuzzy submodules of X is divisible.
Corollary (3.10)

Chapter three is devoted to study strongly pure fuzzy ideal (submodule) and
strongly regular fuzzy ring (module).

This chapter consists of three sections. We present in section one the concept
of strongly pure fuzzy ideal with some characterization as follows :

1)Let | be afuzzyideal of R then | is S-pure if and only if I; isa S-pure ideal
of R«v te(0,1] proposition (3.1.4)

2)Let K be fuzzy ideal of R,and let R be a factorial fuzzy ring, such that
yr # 04 non unit fuzzy singleton of R is fuzzy irreducible. Then K is S-pure
fuzzy ideal < K is pure fuzzy ideal, Proposition(3.1.11).

3)Let Kand H are two fuzzy ideal of aring R, if K is S-pure fuzzy ideal of
Rthen KN H is S-pure fuzzy ideal of R, Proposition (3.1.12).

4)Let K and Hare two fuzzy ideal of aring R, suchthat KEH if KN H is

S-pure fuzzy ideal of R, then K is S-pure fuzzy ideal of R, Proposition
(3.1.13).



5)Let K and H are two fuzzy ideal of aring R, if K@ H is S-pure fuzzy
ideal of R.then either K or H is S-pure fuzzy ideal of R, Proposition (3.1.16).
6) Let Kis S-pure fuzzy ideal of R, such that K € F-J(R), then K={0}
Proposition (3.1.1).

Section two is studied the concepts strongly regular fuzzy ring and the
following are some of the results proved in this section

1)Let R be a S-regular fuzzy ring < R, be S-regular ring ,vt€(0,1] Proposition
(3.2.3).

2)Let R, and R, are two fuzzy ring , if R;@®R, is S-regular fuzzy ring. Then
either R; or R, is S-regular fuzzy ring, Proposition (3.2.5).

In section three, we turn to fuzzify the concept strongly pure fuzzy
submodule

a sufficient condition on strongly pure fuzzy submodule Proposition (3.3.4).
In section four is the end of chapter three we study the strongly regular
fuzzy module and we prove some results about it. Also, we study its

generalization.



Chapter One

T-pure Fuzzy Submodules

Introduction:

Recall that a submodule N of an R-module M is a T-pure submodule
of M if for each ideal I of R, I?M n N = I2N. [2,Defenition 1.1.4]

Also, an ideal | of aring Riscalled T-pure ideal of R if for each ideal J
of R, J2NnI=]J2I.

Also, if every ideal of aring R is T-pure ideal ;then we say R is T-
regular ring see [2,Definition (1.1.22)].

And so on, A submodule N of an R-module M is called a quasi T-pure
submodule of M if for each xe M and xé& N, there exists a T-pure submodule
L of M suchthat NSL and x&L.[2]

We fuzzify these concept such as: (T-pure submodule of M, T-pure ideal
of R, Quasi T-pure submodule and weakly T-pure submodules) to T-pure
fuzzy submodules , T-pure fuzzy ideal of R, quasi T-pure fuzzy submodule
and weakly T-pure fuzzy submodule.

This chapter consist of five section. In section one we recall that many
definitions and properties which are needed to prove the results in the next
sections.

In section two we introduce the definition of T-pure fuzzy submodule
and various basic properties about T-pure fuzzy submodule are discussed.

In section three included T-pure fuzzy ideal and basis properties about
this concept.

In section four we introduce the definition of Quasi T-pure fuzzy
submodule , some basic properties are studied .

In section five, we introduce the definition of weakly T-pure fuzzy
submodules and we give some characterization of studied .



§1.1 Basic Concepts

In this section we recall that familiar concepts and some well-known

results which are relevant in our work.

"Definition 1.1.1:

Let S be a non-empty set and | be the closed interval [0,1] of the real
line (real numbers). A fuzzy set A in S (a fuzzy subset of S) is a function from
Sintol. [21]"

"Definition 1.1.2:
Let x;: S — [0,1] be a fuzzy set in S, where x €S, t€[0,1], define by

x((y) =t if x=y and x; (y) = 0if x=y, for all yeS. x; iscalled a fuzzy
singleton or fuzzy point in S. [23]"

"Proposition 1.1.3:

Let a;, by be two fuzzy singletons of S. if a;=by, then a=b and t=k,
where t, ke(0,1]. [16]"

"Definition 1.1.4

Let A and B be two fuzzy sets in S, then:
1-(An B)(x)=min{A(x), B(x)}, for all xeS
2-(AU B)(x)=max{A(x), B(x)}, for all xeS

AN BandAuU B are fuzzy setin S.

In general. If {A,, @ € A} is afamily of fuzzy setin S, then:
[UO(EA AO(] (X)= Sup {AO((X)) a E A) }; for a" XES-



[nO(EA AO(](X)z Inf {AO((X)J a E A, }; for a” XES-
Which are also fuzzy set. [23]"

"Definition 1.1.5:

Let A and B be two fuzzy sets in S, then:
1-A=B if and only if A(x) = B(x), for all xeS
2-ACB if and only if A(x) < B(x), for all xeS

If Ac B and there exists X€S such that A(x) <B(x), then A is called a proper
fuzzy subset of B and written A cB.

By part (2), we can deduce that x, €A if and only if A(x)=>t. [22]"

"Definition 1.1.6:
Let A be a fuzzy set in S, for all t€[0,1], the set A, ={x€S, A(x)>t} is called a
level subset of A.[14]"

"Remark 1.1.7:
The following properties of level subsets hold foreachte [0,1]
1-(An B)=A; N B;
2-(AU B)=A, U B,
3-A=Bifandonly if A;=By, forallte [0,1].[21]"

"Definition 1.1.8:

Let f be a function from a set M into a set N.A fuzzy subset A of M
is called f-invariant if A(X)=A(y) whenever f(x)=f(y), where x, y ¢ M. [8]"



"Pnroposition 1.1.9:

If f is a function from a set M into a set N, A and B are fuzzy subsets
of M, then f(A n B)=f(A) n f(B).[24]"

"Proposition 1.1.10:

Let f be a function from a set M into set N. A and B are fuzzy subsets
of Nthen f~1(AnB)=f"1(A) nf~1(B).[16]"

"Proposition 1.1.11:

If f is afunction defined on a set M, A; and A, are fuzzy subsets of M,
B; and B, are fuzzy subset of f(M). the following are true:

1-A; < f71(f(A)).

2-A; = f7Y(f(A)). whenever A, is f-invariant
3-f(f~* (B;)) = B,

4-if A; € A,,thenf(A;) S f(A,)

5'|f Bl g BZ y then f_l (Bl) g f_l (BZ ).[8]"

"Definition 1.1.12:
Let M be an R-module. A fuzzy set X of M is called a fuzzy module of an
R-module M if,
1-X(0)=1.
2-X(x-y)=min {X(x), X(y), for all x ,yeM}.
3-X(rx)=X(x), for all xeM, reR.[23]"




"Definition 1.1.13:

Let X and A be two fuzzy modules of R-module M. A is called a
fuzzy submodule of X if A c X. [14]"

"Definition 1.1.14:

Let f be a mapping from a set M into a set N, let A be a fuzzy set in

M and B be a fuzzy set in N.
The image of A denoted by f(A) is the fuzzy set in N defined by:

f(A) :{SUP{A(ZNZ e f~1(y}if f1(y) # @,forally €N
v 0 otherwise

And the inverse image of B denoted by f=1(B) is the fuzzy set in M defined
by: £1(B)(x)= B(f(x)), for all x € M [21]."

"Definition 1.1.15:

If A is a fuzzy submodule of an R- module M, then the submodule A;
of M iscalled the level submodule of M where t € [0,1] [14]."

"Proposition 1.1.16:

A is a fuzzy submodule of fuzzy module X of an R-module M if and
only if, A; is a submodule of X, for each t €[0,1] [14]."

"Definition 1.1.17:
Let X be afuzzy module of an R-module M. let {A,, a € A} be a family

of fuzzy submodules of X, then:
1-Ngen Ay 1S a fuzzy submodules of X.
2- 1T {A,, o € A} isachain, then Ugep A, 1S a fuzzy submodule of X [14]."



"Definition 1.1.18:

Let A and B be two fuzzy subset of an R-module M. The addition A+B
defined by (A+B) (X)=sup{min {A(a), B(b), x=a + b} forall x,a,b e M }.

A+B is fuzzy subset of M.[23]"

"Proposition 1.1.19:

Let A and B be two fuzzy submodules of afuzzy module X, then A+B
Is fuzzy submodule of X.[23]"

"Definition 1.1.20:
Let Xand Y be fuzzy modules of R-modules M; and M, respectively,

f . X — Y is called fuzzy homomorphism if f : M;—M,; is R-homomorphism and
Y (f(x))=X(x) foreach xe M; [12]."

"Proposition 1.1.21:

Let X and Y be fuzzy modules of an R-modules M; and M, respectively,
Letf:X — Y be a fuzzy homomorphism.
If A and B are two fuzzy submodules of X and Y respectively, then
1-f(A) is a fuzzy submodule of Y.
2-f1(B) is a fuzzy submodule of X [10]."

"Remark 1.1.22:

If X is a fuzzy module of an R- module M, A is a fuzzy submodule of
X and r;is afuzzy singleton of R,then r,AC A and rX is afuzzy
submodules of X [5]."



"Lemma 1.1.23:

Let A bea fuzzy submodules of afuzzy modules X of an R-module M
and r; be a fuzzy singleton of R, then for any x € M.

sup{inf{t, A(w)}} forallx € M
(reA)(x) =1 x =r1w [21]."
0 otherwise

"Definition 1.1.24:

A fuzzy subset K of aring R is called a fuzzy ideal of R, if for each x, yeR:
1-K(x-y)= min {K(x), K(y)}
2-K(x.y) = max {K(x), K(y)} [9]."

"Proposition 1.1.25:

If f is a homomorphism from a ring R, onto a ring R,. Then the following
are true :
1- f(A) is a fuzzy ideal of R,, for each fuzzy ideal A of R;[22].
2- 1(B) is a fuzzy ideal of R, for each fuzzy ideal B of R,.[8]
3-f(A; A,)=1(A;).f(A,), where A, , A, are fuzzy ideals of R,[22]."

"Proposition 1.1.26:

A fuzzy subset K of Risafuzzy ideal of Rif and onlyif K, t€[0,1]is
an ideal of R [9].”

"Proposition 1.1.27:

Let {A,, a € A} be a family of fuzzy ideal of R, then:
1-Ngen Ay 1S a fuzzy ideal of R.
2- If{A,, a € A} isachain, then Ugep A, is a fuzzy ideal of R [9]."



"Definition 1.1.28:
Let X be afuzzy module of an R-module M. Let A be a fuzzy submodule

of X and K be afuzzy ideal of R. The product KA of Kand A is defined

by: KA(X) =

{supX:Z{lzlrixi{inf{k(rl), ..k(ry),A(x;), ... A(x,)for somer; € R,x;,n €N
0 otherwise

[21]

Note (KA);=K;A; foreachte]0,1], [10]."

"Proposition 1.1.29:

Let X be afuzzy module of an R-module M. Let A be a fuzzy submodule
of X and K be a fuzzy ideal of R, then KA is afuzzy submodule of X [21]."

"Proposition 1.1.30:

Let X be afuzzy module of an R-module M, let A and B be two fuzzy
submodule of X and I, J are two fuzzy ideal of R, then:
1-IAcCIBifAcCB.
2-IACJAf 1 € J[21]."

"Remark 1.1.31:

If X is afuzzy module of an R-module M and x; € X, then for all fuzzy

singleton r, of R, nx=(rx), ,where 2 =min{k,t} [15]."



"Proposition 1.1.32:

Let X be afuzzy ring of Ry andY isa fuzzy ring of R,. Let A be a
fuzzy ideal of R; such that A< X and B is a fuzzy ideal of aring R, such
that BC Y. Then A@B is afuzzy ideal of R;® R,.
where(A@B)(a,b)={A(a),B(b)} for all (a,b) € R;® R, [1]."

"Proposition 1.1.33:

Let X be afuzzy module of an R-module M, A be a fuzzy submodule of
X andr, be afuzzy singleton of R, then ricA=<r>oA [23], from re A=TrA.
Then rA=<r>A[15]."

"Definition 1.1.34:

Let A and B be two fuzzy ideals of R. The product AB of A and B
defined as:(AB)(X) = sup,_yn .., {min(min(A(a;), B(b)))}a;b; €R,n€ N.
[6].H

"Proposition 1.1.35:

Let Aand B be two fuzzy ideals of R.then
1-AB is a fuzzy ideal of R[21]

2'(AB)t: AtBt, fOf a" t E [0,1] [6]."



"Definition 1.1.36:

Let A and B be two fuzzy submodules of a fuzzy module X of an
R-module M .The residual quotient of A and B denoted by (A:B) is the fuzzy
subset of R defined by: (A:B)(r)=sup {te [0,1]: B < A}, for all r eR.

Thatis (A:B) = {r: r.B €A ; riis a fuzzy singleton of R}.

If B=<x> then (A:<x>)={r :rxx €A, ryis fuzzy singleton of R} [21]."

"Proposition 1.1.37:

Let A and B be two fuzzy submodules of a fuzzy module X of an R-
module M. Then the residual quotient of A and B (A:B) isa fuzzy ideal of
R [23]."

"Definition 1.1.38:

Let A be non- empty fuzzy submodule of a fuzzy module X. The fuzzy

annihilator of A denoted by F-annA is defined by:
(F-ann A)(r) =sup {t : te[0,1], r.A<0, }, forallr e R.
Thatis F-ann A=(0,:A) [20]."

"Definition 1.1.39:

Let X bea fuzzy module of an R—module M is called fuzzy cyclic

module if there exists x; & X such that y, € X written as y, = r, X; for some

fuzzy singleton r, of R where k,¢,t € (0,1] in this case, we shall write X=(x;) to

denote the fuzzy cyclic module generated by x; [5]."



"Definition 1.1.40:

A fuzzyring R is said to be afuzzy integral domain if R has no zero
divisor.[8]"

"Definition 1.1.41:

A fuzzy set X of aring R is called afuzzy ring of Rif foralla,beR
1-X(a-b)=min { X(a), X(b)}
2-X(ab)= min{ X(a), X(b)}. [9]"

"Definition 1.1.42:

Let (x~1) be the inverse element of x in R then (x~1), is an inverse of a fuzzy
singleton in A. and X..(x 1), =(x.x71); =1=(x"1); .X; where 1; :R-1 such that

(t if x =1 1 leER_ - "
1I(X)_{ 0 if x#1 = {0 otherwise k(01 4]

81.2 T-pure Fuzzy Submodule

"Recall that a submodule N of an R-module M is called a T-pure sub
module of M if for each ideal I of R, [*’M N N = I?N. see[2,Defenition
1.1.4]"

By the sequences of Definition(1.1.34) and Proposition(1.1.35) we define
if 1 bea fuzzy ideal of R, then the product I.1 is denoted by 12 isa fuzzy
ideal.

"Definition 1.2.1:

Let X be a fuzzy module of an R-module M .let A be a fuzzy sub
modules of X. A is called a pure fuzzy submodule if for each fuzzy ideal K
of R, KXN A = KA.[16]"



"Proposition 1.2.2:

Let X be a fuzzy module of an R-module M and let A be fuzzy sub
module of X. Then A is apure fuzzy submodule if and only if A, is a pure

submodules of X, v t€[0,1].[16]"

Now, we shall fazzify this concepts as follows:

Definition 1.2.3:

Let X be a fuzzy module of an R-module M and let C be a fuzzy sub
modules of X. C is called T-pure fuzzy submodule of X if for each fuzzy

ideal I of R such that 12X n C = I?C.

The following proposition specificates T-pure fuzzy submodule in terms of

its level submodule.

Proposition 1.2.4:

Let X be a fuzzy module of an R-module M and let A be fuzzy sub
modules of X. Then A is T-pure fuzzy submodule of X if and only if A, is

T-pure submodules of X, v t€(0,1].
Proof:
(=)Let J be an ideal of ring R

t if x€e]j

i 2. 2 —
Define 12:R - [0,1] by I2(x) { 0 otherisa VO]
And let N be a submodule of an R-module M

. ) _(t if x€eN
Define A: M—J[0,1] by A (x) = { 0 otherwise v t€(0,1]

It is clear that I? is fuzzy ideal of R and A is fuzzy submoduls of X .

Now, A, =N,I2=] ,X, =M



Let A be T-pure fuzzy submodule of X . To prove A, is T-pure submodules of
X,V te(0,1].

To show that 12X, N A, = I2A,

12X, N A= (I2X), N A, by Proposition (1.1.28)
= (I2X N A), by Remark (1.1.7(1))
=(12A), since Ais T-pure
=12A, by Proposition (1.1.28)

Thus A is T-pure submodules of X,V te(0,1].

Conversely. Let 12 be a fuzzy ideal of R and A be a fuzzy submodules of X
To prove A is T-pure fuzzy submodule of X

(12X N A)=(12X),NA, Vte(0,1]. by Remark (1.1.7(1)
=12X, N A, by Proposition (1.1.28)
but A, is T-pure submodules of X;.
Then 12X, N A, =IZA,
= (12A), by Proposition (1.1.28)
Hence (12X N A)=(12A),
Implies that 12X N A =I?A by Remark (1.1.7(3))

Therefore A is T-pure fuzzy submodule of X.

Remarks and Examples 1.2.5:

1- Let X be afuzzy module of an R-module M and let C be apure fuzzy
submodule of X, then C is T-pure fuzzy submodule .

Proof: Itis clear

The converse not true by



Example: Let M=Z, as Z-module and N=2Z,

Define X: M—[0,1] by X(x) = {é (ifche)lfvfisl\:
Define C: M—[0,1] by C(x) = {(t) igthe’r(mfisl\é v te(0,1]

Clearly X is fuzzy module, C is fuzzy submodule of X and X;=M, C;=N
C; is T-pure submodules of X.. by[2,Remarks and Examples (1.1.5 (1))]
Thus C is T-pure fuzzy submodule of X .by Proposition (1.2.4)

But C is not pure fuzzy submodule of X since if 1,=2Z where [:R—[0,1]
Such that I(x)=t if xe2Z and I(x)=0 if x¢2Z

Now 2Z.Z, n 2Z,={0, 2} but 2Z.2Z7,=2{0, 2}={0}

Thus C; is not pure submodules of X;

Therefore C is not pure fuzzy submodule of X. by Proposition (1.2.2)

2- Let X be a fuzzy module of an R-module M. It is clear that the fuzzy
singleton {0,} and X are always T-pure fuzzy submodule of X, Vv te(0,1].

3-In the fuzzy module Z as Z-module. The only T-pure fuzzy submodule
are fuzzy singleton {0} and Z.

Proof:

if xXeZ

1
Let X: Z—[0,1] by X(x) = {O otherwise

t ifx=20

Let Oy: Z—[0,1] by O¢(x) = {0 otherwise

Xi=Z and 0.=0
By(2) clear that X and O, are T-pure fuzzy submodules

If there exists a fuzzy submodule A



Let nZ be a submodule of an Z-module and (n)? be ideal of R

if XxX€EnZ

t
Let A: Z—[0,1] by A(x) = {0 o

v t€(0,1]
Let 12:R—[0,1] by 12(x) = {t it x€M®  yico1]
0 otherwise
Clearly 12=(n)?, A;=nZ and | is a fuzzy ideal
n?=n?.1e(n)?ZNnnz
But n? ¢ (n)?2.nZ=n3Z
Thus A, is not T-pure submodule
Therefore A isnot T-pure fuzzy submodule by Proposition (1.2.4)
X=Z, 0=0 only two T-pure submodules

Hence O, ,X only T-pure fuzzy submodule of Z-module,v t€(0,1] by Proposition
(1.2.4)

4-Let X be afuzzy module of an Z-module Q, and let C be a non-empty
fuzzy cyclic submodule of X, then C isnot T-pure fuzzy submodule of X.
Proof:

1 if xeqQ

Define X: Q—[0,1] by X(x) = {0 otherwise

t if xX€eN

Define C: Q—[0,1] by C(x) = { 0 otherwise

Vv t€(0,1]

where N is cyclic submodule of Q,X=Q and C=N
N is not T- pure submodule of Q by [2,Remarks and Examples (1.1.5(4))]
Then C isnot T-pure fuzzy submodule of X by Proposition (1.2.4)

5- Let X bea fuzzy module of an R-module M. let C be a T-pure fuzzy
submodule of X such that C=B where B is a fuzzy submodule of X, then
B not need be T- pure fuzzy submodule of X for example.



Example: Let M=Z and N=Z, K=2Z

1 if xXeM

LetX: M—[0,1] byX) ={; 1, X"

t if xXeZ

Let C: Z—[0,1] by C(x) = {0 Chenres V€]
. _(t if x € 2Z
Let B: Z—[0,1] by B(x) = { 0 othees V€]

Clearly C and B are fuzzy submodules of X, Now C,=Z and B=2Z and Z=2Z
but 2Z is not T- pure submodules [2,Remarks and Examples (1.1.5(6))]

Then B is not T-pure fuzzy submodule by Proposition (1.2.4)

The following proposition give some properties of T-pure fuzzy
submodule .

Proposition 1.2.6:

Let A and B are two fuzzy submodules of a fuzzy module X.If A isT-
pure fuzzy submodule of X ,B <€ A.and B is T-pure fuzzy submodule of A,
then B is T-pure fuzzy submodule of X.

Proof:
Since Ais a T-pure fuzzy submodule of X then 12X NA =1%A....(1)
Where 12 is fuzzy ideal of R and since B is a T-pure fuzzy submodule of A then
I2ANB =I2B....(2)
Now, we get I°B = I2ANB by(2)
= (I’XNA)NB by(1)
=12X N (ANB)

=I°XNB since BCA



Therefore B is T-pure fuzzy submodule of X.

Proposition 1.2.7:

Let X bea fuzzy module of an R-module M. and let C be a T-pure
fuzzy submodule of X. If B isafuzzy submodule of X contating C, then C
Is T-pure fuzzy submodule of B.

Proof :
Let 12 be a fuzzy ideal of R and C be a T-pure fuzzy submodule of X.
Hence 12X N C = I12C
Now, I’BNC=(I?BnI?X)NC since C € B&X
=12B n (I?’X N C)
=1’B N 1%C
=12C sinceC< B

Thus C is T-pure fuzzy submodule of a fuzzy submodule B.

"Definition 1.2.8:

Let X and Y betwo fuzzy modules of M; and M, respectively. Define
XOY: M, &M, — [0,1] by (XBY)(a,b) = min{(X(a),Y(b)) forall (a,b) € M;6M,}
XY is called a fuzzy external direct sum of X and Y . [5,Definition(3.5.1)]”

Lemma 1.2.9:

Let N; and N, be two submodules of R-module M; and M,, .If N;@® N, is T-
pure submodule of M;@® M, then N; and N, are T-pure submodules in M; and
M,.

Proof:



Let | be an ideal of aring R
To prove I2M; N N; = I?N; and I?M, n N, = I?N, for each ideal 1% of R.
Since N; ®N, is T-pure in M; &M, we get:
I?(M; ®M,) N (N;®N,) = I*(N;® N;)
(I2M; @®I1?°M,) n (N; ®N,) = 12N, DI*N,
Implies that (I2M; N N;) & (I?’M, N N,) = (I?N,;® I?N,)
Hence I°M; N N; = I?2N; and 1?M, N N,=I?N,

Thus N; and N, are T-pure.

The following proposition shows that the direct sum is closed under the
concept of T-pure fuzzy submodule .

Proposition 1.2.10:

If Aand B be are two fuzzy submodules of fuzzy module X; and X,
respectively ,then A and B are T-pure fuzzy submodule of X;and X, iff A@B
is T-pure fuzzy submodule of X; @ X,.

Proof:

(=)Let Aand B are T-pure fuzzy submodules of X;and X,.
To prove A@B is T-pure fuzzy submodule of X; @ X,.
Then A, and B, are T-pure submodules of (X;), and (X,). by Proposition (1.2.4)
A®B=(A®B), and (X,)D(X,)=(X; @ X,),Vt € (0,1]by [16,Lemma( 2.2.4)]
Therefore (A@B), is T-pure submodule of (X; @ X,), by [2,Corollary (1.1.19)]
Thus A@B is T-pure fuzzy submodule of X, @ X,. by Proposition (1.2.4)

(&)Let A@B is T-pure fuzzy submodule of X; @ X,.



To show that A and B are T-pure fuzzy submodules of X;and X, respectively.
By [16,Lemma (2.2.4)] and Proposition (1. 2 .4) we get :-

(A®B)=A®B; is T-pure submodule in (X;):D(X,)¢

Thus A, and B, are T-pure submodule of (X;), and (X,), by Lemma (1.2.9)

Therefore A and B are two T-pure fuzzy submodules of a fuzzy modules
X; and X, by Proposition (1.2.4).

Now ,we introduce the following proposition.

Proposition 1.2.11:

Let H be a direct summand of a fuzzy module X. Then H is T-pure
fuzzy submodule of X.
Proof:

Let X =H @ C, where C is a fuzzy submodule of X and Hisa direct

summand of X.
Then X=H+C and Hn C = 0 by [Def of fuzzy direct summand]
To prove H is T-pure fuzzy (i.e I2X n H=I?H for each fuzzy ideal 1? of R)
I2XNH=I?(H& C)nH

=(12H @ 12C) n (H ® 0)

=(I’HN H) & (I’Cn 0) by [16,Lemma (2.2.5)]

=(I’ZHNH) @ 0

=I1’HNH

=I?’H sincel?’H € H

Therefore H is T-pure fuzzy submodule of X.



Proposition 1.2.12:

Let f: X — Y be a fuzzy epimorphism and X, Y are two fuzzy modules of
R-modules M;, M, respectively, let B be a fuzzy submodule of X and X are
f-invariant, if B isa T-pure fuzzy submodule of X, then f(B) is T-pure fuzzy
submodule of Y.

Proof:

To prove I2Y n f(B) = I12f(B) for each fuzzy ideal 1% of R.
12Y N f(B)=1%f(X) N f(B) since f is epimorphism
=f(I?’X) N f(B)  by[16,Lemma (2.3.1)]

=f(I?X N B) by proposition (1.1.9)
=f(1°B) since B is T-pure
=12f(B) by[16,lemma (2.3.1)]

Thus f(B) is T-pure fuzzy submodule of Y.

Proposition1.2.13:

Letf: X — Y be a fuzzy epimorphism and X, Y are two fuzzy modules of
R-modules M; M, respectively, if C isa T-pure fuzzy submodule of Y, such
that every fuzzy submodule of X is f-invariant ,then f~1(C) is T-pure fuzzy
submodule of X.

Proof:
To prove f~1(C) is T-pure (i.e I’X n f~1(C) =I? £~1(C) for each fuzzy ideal
12 of R).
f(I2X nf71(C)) = f(12X) nf(f~1(C)) by Proposition (1.1.9)
=f(I’X)n C by Proposition (1.1.11)
=12f(X) N C by[16,Lemma(2.3.1)]

=1’YnC since f is epimorphism



=I2C since Cis T-pure
Therefore f(I2X N f~1(C))-12C so f~1[f(I2X nf~1(C))]= f~1(I%C)
But f~1[ f(I2X n f~1(C))] = 12X n f~1(C)
And other hand and f~1(I12C)=12f"1(C) [16, Lemma(2.3.4)]
Thus 12X N f~1(C) =I? f~1(C)

Lemma 1.2.14:

Let {A;,i € N} be an ascending chain of T-pure fuzzy submodules of a
fuzzy module X and let | be afuzzy ideal of R, then I?[U;en Ai] =

Uien[I%Ai]
proof:
Since I%A; € I?[UienA;],VIiEN

And by 1?[Ujen Ai] € XI? and I?[Ujen Ai] € Uien Aj
Since Ujen A; is fuzzy submodule of X
Then I*[Ujen Ai] € I?X N [Ujen 1]
=Ujen[ I2X N A{] by [16,Lemma (2.4.1)]
=Uien[ I?A;]  since A; T-pure fuzzy submodule
Thus I?[Ujen Ai] € Uien [17A{] by (2)

Therefore 12[Uien Ai] = Ujen[1%4A;]

Proposition 1.2.15:




If {J;;i € N} be an ascending chain of T-pure fuzzy submodule of fuzzy
module X ,then Uien]; 1S T-pure fuzzy submodule of X.

proof:

We must prove that Uiy ] is T-pure
i.e C2X N [Uienlil = C?[Uien];] for each fuzzy ideal C? of R

CZX N [UiEN ]i]:UiEC[ CZX N ]1] by[16,|_emma 241]
=Uijecl C?Ji] since J; T-pure fuzzy submodule of R
= C?[Ujen Jil by Lemma (1.2.14)

Thus Uien]Jjis T-pure fuzzy submodule of X.

81.3 T-pure Fuzzy ldeal

"Recall that an ideal | of aring R is called T-pure ideal of R if for each ideal ]
of R,J2nI=J2I.

If every ideal of aring R is T-pure ideal ,then we say R is T-regular
ring see [2,Definition 1.1.22]"

We, shall fuzzify this concept as follows the Definitions

Definition 1.3.1:
An fuzzy ideal | of a ring R is called T-pure fuzzy ideal of R if for each
fuzzy ideal J%of R, then ]2 nI=]2I.

Definition 1.3.2:
If every fuzzy ideal of aring R is T-pure fuzzy ideal ,then we say R is T-

regular fuzzy ring.



The following result characterizes T-pure fuzzy ideal interms of it is
level ideal.

Proposition 1.3.3:

Let I be a fuzzy ideal of R then 1is T-pure if and only if |, is a T-pure
ideal of R«v te(0,1].

Proof:

(=)Let | be T-pure fuzzy ideal of R To prove I; is a T-pure ideal of R,
v te(0,1].

Let J2 be an ideal of R

: 2
Define K2: R —[0,1] by K?(x) = {t if X€J* i)
0 otherwise

It is clear that K? is fuzzy ideal of R and KZ = J?
TP ]2 nI=J2I
2N 1=Kz N1,
=(K?nI), byRemark (1.1.7)
=( K?D), since | is T-pure fuzzy ideal
=K2I, by Proposition ( 1.1.35(2))
=J%l,  Vte(0,1]
Thus I; is a T-pure ideal, v t€(0,1]

(&)Let I, be a T-pure ideal To prove | is T-pure fuzzy ideal
Let K? be fuzzy ideal of R To prove K2 nI=K2I
vte(0,1], (K2nD=KZnIl, byRemark (1.1.7)
=K2I, since I, is T-pure ideal
=(K?D), by Proposition (1.1.35(2))
Thus(K2 n 1), = (K2D),



Hence K? N I=K?I by Remark (1.1.7(3))
Therefore | is T-pure fuzzy ideal of R.

Remarks and Examples 1.3.4:

1- Every regular fuzzy ring is T-regular fuzzy ring.
Proof: clearly
The converse not true by
Example: Let R=Z, be aring and K={0, 2} be an ideal of R.

1 if xXeER

Define X: R—[0,1] by X(x) = {0 Chemse

t if xeK

Define I: R—[0,1] by I(x) = {o otherwise

V t€(0,1]

Clearly 1is fuzzy ideal of Rand [;=K, X,=R

Then X, is T-regular ring by [2, Remarks and Examples(1.1.23(1))]
Hence X is T- regular fuzzy ring since every ideal of Z, is T-pure
By proposition (1.3.3) every ideal is fuzzy T-pure.

But X, is not regular ring since ideal {0, 2} is not pure by [2,Remarks and
Examples(1.1.23(1))]

Thus | not pure fuzzy ideal by [16,Proposition (2.6.1)]

Then X is not regular fuzzy ring .

2-In any fuzzy ring there are two T-pure fuzzy ideals of R, R itself and {0.}.
3-If R isa fuzzy field,then R is T-regular fuzzy ring.

Proof

Since every field has only one proper ideal {0} then by (2),R is T-
regular fuzzy ring.



The converse of (3) is true if we gives the condition, R is a fuzzy integral
domain.

4- Let R be a fuzzy integral domain. If R is T-regular fuzzy ring ,then R isa
fuzzy field.

Proof:
Let| bea fuzzy ideal of R
Since R is T- regular fuzzy ring. Hence J? n 1=]21 for every fuzzy ideal J?of R.
if we take 1=J implies 12=13,
Thus for each fuzzy singleton 0 = r, of R,V £ € (0,1] ,< r{ >?=<r1; >3

Hence rf= x, rj for some fuzzy singleton x, of R

Then r?(1-x.r;)=0 . but R be a fuzzy integral domain and 0 # r,
Implies 1-x,r,=0. Thus 1=x;r,
Therefore ry is invertible of R

Thus R isa fuzzy field.

First , we start with the following Proposition .

Proposition 1.3.5:

Let R, , R, be two rings and g be any epimorphism function from R; to
R,. If A be aT-pure fuzzy ideal of the ring R;, then g(A) is a T-pure fuzzy
ideal of R.,.

Proof:
Let 12 be fuzzy ideal of R,. To prove g(A) N 12=12g(A).
g(A)NI2=g(A)ng(g~t (1?)) by Proposition (1.1.11(3)).



=g(Ang 1(1?)) by Proposition (1.1.9)
But g~1(1?) is fuzzy ideal of R; by Proposition (1.1.25)
And A is T-pure fuzzy ideal in R, , so that
g(AN g™ (I%)=g(A. g7 (1%)
=g(A).g (g7 1(1?)) by Proposition (1.1.25)
=g(A). 12 by Proposition (1.1.11(3))

Then g(A) is a T-pure fuzzy ideal of R,.

Proposition 1.3.6:

Let R;, R, be two rings and f be any epimorphism function from R, to
R, ,if C is T-pure fuzzy ideal of R, and every fuzzy ideal of R, is
f-invariant. Then f~1(C) is T-pure fuzzy ideal of R;.

Proof:
Let C be a fuzzy ideal of R,,then f~1(C) is fuzzy ideal of R;.by(1.1.25)

Let J? be a fuzzy ideal of R;. To Prove f~1(C) nJ?=f"1(C)J?
And by f(f=1(C) nJ?)=f(f~1(C)) nf(J?) see Proposition (1.1.9)
=C N f(]?) see Proposition (1.1.11(3))
=C.f(]?) since C is T-pure fuzzy ideal
= f(f~1(C))f(J%) by Proposition (1.1.11(3))
= f(f~1(C)J?) by Proposition (1.1.23)
Hence =1 [f(f~1(C) JA)] =1 [f(f~1(C) nJ?)] and by hyposse. We get
71O Nn)2 =710 )?

Therefore f~1(C) is T-pure fuzzy ideal of R;.



Proposition 1.3.7:

Let K be afuzzyideal of aring R, and let J be a fuzzy ideal of a ring
R,, then K@J is T-pure fuzzy ideal of R;® R, if and only if Kand J are
T-pure fuzzy ideal in R; and R, respectively.

Proof:

(=)LetK®] is T-pure fuzzy ideal . To Prove K and Jare T-pure fuzzy
ideals

Let A2 and B? be two fuzzy ideals of R, and R, respectively. Then A?@® B? is
fuzzy ideal of R; @ R, see Proposition (1.1.32)

Hence (K@) n (A2® B?)= (K ®])) (A%® B?) since (K ®]) is T-pure fuzzy
ideal

But (K@ ]) N (A?® B2?)= (KN A2)@d( n B?) see[16,Lemma (2.6.6(2))]
And (K @]) (A%® B?)= (KA?) @(] B?) see[16,Lemma (2.6.6(1))]
Therefore (K N A?) = KA? and ] n B%=] B2 see[16,Lemma (2.6.7(2))]
Thus Kand Jare T-pure fuzzy ideal of R, and R,.
(&=)LetKand Jare T-pure fuzzy ideal of R; and R,.
Let A% and B? be two fuzzy ideal of R, and R,
Hence A%@® B2 is fuzzy ideal in R; @ R, see Proposition (1.1.32)
T.p (K®)) n (A’® B*)=(K®]) (A’® B?)
(KD n (A’ B?) = (Kn A?) &( nB?) see[16,Lemma (2.6.6(2))]
=(KA?) &(J B%) since Kand J are T-pure
=(K®J) (A*® B?) see[16,Lemma (2.6.6(1))]
Hence (K @) n (A?® B?)= (K®]) (A’® B?)
Thus K@ ] is T-pure fuzzy ideal in R; @ R,.



Proposition 1.3.8:

Let | and ] be pure fuzzy ideal of R,thenln] is T-pure fuzzy ideal of
R.

Proof:
Toprove I nJis T-pure fuzzy ideal of R,
To show that for each fuzzy ideal K2 of R (In])nK?= (I nJ)K?
Now, V t€ (0,1] ((INn])K?), = (In])KZ by Proposition (1.1.35)
=(I nJoK? by Remark (1.1.7(1))
= (I, JoK#Z since ], is pure by [16,Propo(2.6.1)]

=l (]tK%)
= L.(JK?), by Proposition (1.1.35)
=I.(] N K?), since ] is pure

=1, Nn(JNK?), sincel, ispure by [16]

=1,n (J.NKP) by Remark (1.1.7(1))

=(I.nJy) NKE

=N NKE by (1.1.7(1))

=((I N J) NK?), by (1.1.7(1))
Therefore (1N ]) N K2=(I n])K?

Then I nJ is T-pure fuzzy ideal of R.

Lemma 1.3.9:

Let {J;,i € N} be an ascending chain of T-pure fuzzy ideal of R.let C be
a fuzzy ideal of R, then C?[UjenJi]l = Uien[C?Ji] -



proof:
C?J; € C*[Uien i), VIiEN
Implies that Uien[ C?Ji] € C?*[UjenJil. .- (1)
But C*[UienJi] € C* and C*[Ujen il € Uien i
Since Uijen Ji IS fuzzy ideal
On other side C*[UjenJil € €2 N [Uien il
=Uijen[ C2 N J;] by [16,Lemma (2.4.1)]
=Uien[ C?J;]  since]; T-pure fuzzy ideal of R
Thus C*[UienJi] € Uienl C?Ji]
Therefore C*[Ujen Ji] = Uien[C?Ji]

Proposition 1.3.10:

If {I;,i € N} be an ascending chain of T-pure fuzzy ideal of R, then
Uienl; is T-pure fuzzy ideal of R.

proof:

We must show that for each fuzzy ideal C%of R
C* N [Uien ;] = C*[UienIi]

CZ N [UiEN Il] =UiEN [C2 N Il] by[16,|_emma (241)]
=Ujen [ C?L;]  sincel; T-pure fuzzy ideal of R
= C?[Ujen i by Lemma(1.3.9)

Hence Uien I is T-pure fuzzy ideal of R.



§1.4 Quasi T-pure Fuzzy Submodules

"Recall thata submodule N of an R-module M is called a quasi pure sub
module of M if for each x € M and x& N, there exists a pure submodule L
of M suchthat NS L and x¢& L. [17]

And a submodule N of an R-module M is called aquasi T-pure submodule
of M if foreach x e M and x & N, there exists a T-pure submodule L of M
suchthat NS L and x & L.[2]

And an ideal | of aring R iscalled quasi T-pure ideal if itis quasi T-pure
submodule of the R-module M. [2]"

We fuzzify this concepts as follows:-
Definition 1.4.1:

Let X be a fuzzy module of an R-module M and A be a fuzzy
submodule of X. A is called a quasi-pure fuzzy submodule of X denoted by
Q-pure if for every x, € X and x € A,V te (0,1] there exists a pure fuzzy
submodule B of X suchthat Ac B and x, € B.

Definition 1.4.2:

Let X be a fuzzy module of an R-module M and A be a fuzzy
submodule of X. A is called a quasi T-pure fuzzy submodule of X denoted
by QT-pure if for every x, € X and x, € A,V t€ (0,1] there exists a T- pure
fuzzy submodule B of X suchthat AC B and x; € B.

Definition 1.4.3:

Let | be afuzzy ideal of a ring R then | is called quasi T-pure fuzzy
ideal of R if it is quasi T-pure fuzzy submodule of X, if X isa fuzzy
module of an R-module M.



Proposition 1.4.4:

Let A be a fuzzy submodule of a fuzzy module X, then A is a QT-
pure fuzzy submodule of X ifandonlyif A;is QT-pure submodule of X,V
te (0,1].

Proof:
Let K, J be two submodule of R-module M

Define X: M—[0,1] s.t X(x) = {é Oifhe’r‘vfisl\g
Define A:M—[0,1] st AG) = { oglefvfislé v te(0,1]
Define B: M—[0.1] st B() = {7 Oti}fer’éviesi v te(0,1]

Clearly X s fuzzy module ,A and B are two fuzzy submodules of X and X;=M
,At:K ’Bt = ] y A4 tE(O,l]

Let A be a QT-pure fuzzy submodule of X To prove A;is QT-pure submodule
of X, ,vte(0,1].

Let x € X;and X & A;. S0 X(X) =t and A(X) < t.
Hencex; € X andx, £ A

Since A is QT-pure fuzzy submodule then there exists a T-pure fuzzy
submodule B of X suchthat AS B

Then B, =] is a T-pure submodule of X, by Proposition(1.2.4)
Therefore A(x) < B(X) by Definition(1.1.5(2))

and x; € B imply B(x) £ t.Then X &€ B, V t€(0,1]

Then A, is QT-pure submodule of X,.

Conversely let A; be a QT-pure submodule of X, .Toshowthat A isa
QT-pure fuzzy submodule of X .

Letx; € X and x; € A. Since x; € X imply X(X) > t.



Then x € X; and x; € A see(Definition (1.1.5))
Hence A(x) < t.impliesthat x¢ A, Vte(0,1]

Since A.is a QT-pure submodule of X, then there exists a T-pure
submodule B; of X,=M such that A(x) < B(x)

Then B is T-pure fuzzy submodule of X, by Proposition (1.2.4)
Therefore A € B ,by Definition(1.1.5 (2)) and x & B;
Thenx, € B v t€(0,1] by Definition (1.1.5)

Then A is a QT-pure fuzzy submodule of X.

Remarks and Examples 1.4.5:

1- Let X be a fuzzy module of an R-module M. If C is a T- pure fuzzy
submodule of X, then C is QT-pure fuzzy submodule of X.

Proof: Itis clear
The converse not true by
Example: Let M=Zgs®Z, as Z-module and N=< (2,0) >

1 if xXeéM

Define X: M—[0,1] by X(x) = {0 e

t if xXEN

Define C: M—[0,1] by C(x) = {0 themuise

v t€(0,1]

It is clear that X is fuzzy module, C is fuzzy submodules of X and X=M ,C;=N
C; is QT-pure submodules of X,. by[2,Remarks and Examples (3.3.2 (1))]

Thus C is QT-pure fuzzy submodule of X by Proposition (1.4.4)

But C, is not T-pure submodule of X, by[2,Remarks and Examples (3.3.2 (1))]

Therefore C is not T-pure fuzzy submodule of X. by Proposition (1.2.4)



2- Let X bea fuzzy module of an R-module M. It is clear that the submodule
Xand < 0; >are always QT-pure fuzzy submodule of X.

3- Let X be afuzzy module of an R-module M and let C be a Q-pure fuzzy
submodule of X, Then C is QT-pure fuzzy submodule of X.

Proof: Itis clear
The converse not true by
Example: Let M=Z, as Z-module and N=2Z,

if xeM

. 1
Define X: M—[0,1] by X(x) = {0 otherwise

t if x€eN

Vv te(0,1
0 otherwise te(0.1]

Define C: M—[0,1] by C(x) = {

Clearly X is fuzzy module, C is fuzzy submodule of X and X;=M, C;=N

C is T-pure submodules of X. by Remarks and Examples (1.2.5(1))

Thus C is QT-pure fuzzy submodule of X by(1)

But C isnot pure fuzzy submodule of X by Remarks and Examples(1.2.5(1))
Therefore C is not Q-pure fuzzy submodule of X.

4- Let X Dbe a fuzzy module of an R-module M. and A be a QT-pure fuzzy
submodule of X such that A=B where B is a fuzzy submodule of X, then B
need not be QT- pure fuzzy submodule of X, for example.

Example: Let M=Z and N=Z, K=2Z

Define X: M—[0,1] by X(x) = {é ;ihe’ﬁvfi;\g
Define A: M—[0,1] by AG¥) = {§ ;ihe’r‘vfisli Vte(0,1] and
if xeK

Define B: M—[0,1] by B(x) = {8 v te(0,1]

otherwise



Clearly X is fuzzy module ,A and B are fuzzy submodules of X, and X;=M,
A=Z,B=2Z and Z=2Z

But 2Z is not QT- pure submodule of X, [2,Remarks and Examples (3.3.2(3))]

Thus B is not QT-pure fuzzy submodule of X, by Proposition (1.4.4)

Proposition 1.4.6:

Let X be afuzzy module of an R-module M, and let Abe a T-pure fuzzy
submodule of X.If B is QT-pure fuzzy submodule of A, then B is QT-pure
fuzzy submodule of X.

Proof:-
Let x, € X with x; € B, then either x, € A or x; € A. assume that x, € A

Since B isa QT-pure fuzzy submodule of A, so there exists a T-pure fuzzy
submodule C of Asuchthat B< C and x; € C,

Thus we have C is T-pure in A and A is T-pure of X.
By Proposition (1.2.6), so C is T-pure of X.
Therefore B is QT-pure fuzzy submodule of X.

If x; € A ,then nothing to prove since A is a T-pure fuzzy submodule of X
containing B and x, € A.

Proposition 1.4.7:

Let X be afuzzy module of an R-module M, and C be a T-pure fuzzy
submodule of X ,if C € Bwhere B is fuzzy submodule of X, then C is QT-
pure fuzzy submodule of B.

Proof:-

Since Cis T-pure fuzzy submodule of Xand C € B



C is T-pure fuzzy submodule of B by Proposition (1.2.7)
Implies that C is QT-pure fuzzy submodule of B.

Proposition 1.4.8:

Let Aand B are QT-pure fuzzy submodule of fuzzy module X, then
ANB is QT-pure fuzzy submodule of X.

Proof:-
Let x, € X and x, € AN B, then eitherx; € Aor x, £ B
Assume that x, £ A since A is QT-pure fuzzy submodule of X,

Then there exists a T-pure fuzzy submodule C of X suchthat A € C and
x¢ & C.

This impliesthat AN B € C and x; € C.

That is AnB is QT-pure fuzzy submodule of X.

Proposition1.4.9:

Let A be a fuzzy submodule of afuzzy module X . Then A is QT-pure
fuzzy submodule of X if and only if there exists a collection of a fuzzy
submodule {Ag}qen sWhere A is an index set, such that for each aeA, Ay is T-
pure fuzzy submodule of X and A=N,c) Aq

Proof:-

(=)Let A is QT-pure fuzzy submodule of X .To prove A=N ) A,
If A is T-pure fuzzy submodule of X, then nothing to prove.
If A is not T-pure fuzzy submodule of X.

Since A is QT-pure fuzzy submodule of X



Then there exists a collection of T-pure fuzzy submodule {A,}qen Such that
A CSnyep Ag Where A is an index set,

To show that Nep Ag € A

Let x; € Ngep Ag thenx, € A, foreach a € A

Suppose x; €A since A is QT-pure fuzzy submodule of X

Then x, is not contained in any T-pure fuzzy submodule that contains A
So x; € A, which is a contradiction

Therefore x, € A and hence Nyep Ag € A

That is A=N ) Ag

(&=)Let A=nNyecp Ay Where A, is T-pure fuzzy submodule of X for each
a € A and A, containing A

T.p A is QT-pure fuzzy submodule of X
Letx, € X and x; € A since A= N,cp Ay SO there exists a;eA such that
Xt & A, .Thus AS A, and x € A,.

Therefore A is QT-pure fuzzy submodule of X.

Proposition 1.4.10:

Let X and Y be two fuzzy module of an R-module Mj, M,. Let Aand B
be afuzzy submodule of X and Y ,then A is QT-pure fuzzy submodule of
Xand B is QT-pure fuzzy submodule of Y if and only if A@B is QT-pure
fuzzy submodule of X@Y.

Proof:-
(=)If Aand B area QT-pure fuzzy submodules of X and Y
To prove A@B is QT-pure fuzzy submodule of X@Y



Let (x¢, i) © XBY with (x¢,y.) € ADB theneitherx, £ Aory, € B
Assume that x, € A since A is QT-pure fuzzy submodule of X, so there exists
a T-pure fuzzy submodule C of X suchthat A< C and x; € C,
But Cis T-pure of X, so by (Proposition 1.2.10) C@Y is T-pure in XY
also A@B < C®Y and (x, y;) £ CHY
Similarly if y, € B, then there exists a T-pure fuzzy submodule of X@Y
containing A@B and does not contain (x;, y¢).
Therefore A@B is QT-pure fuzzy submodule of X@Y.
(=)Let A®B is QT-pure fuzzy submodule of X@Y.

T.p A is QT-pure fuzzy submodule of X and B is QT-pure fuzzy
submodule of Y.

Letx, € X and x; € A, then (x,,0) € ADB
Since A®B is QT-pure fuzzy submodule of X@Y so there exists a T-pure
fuzzy submodule D=C®K of X@Y such that A@B < D and (x,0) € D

It is follows that Cis T-pure fuzzy submodule of X and Kis T-pure fuzzy
submodule of Y by (proposition 1.2.10)

Since A@®B <€ CAK so Ac C and B € K but (x;,0) € D=CHBK thenx, € C
Therefore A is QT-pure fuzzy submodule of X
Similarly B is QT-pure fuzzy submodule of Y .



"Definition 1.4.11:

Let X bea fuzzy module of an R-module M. X is called a finitely
generated fuzzy module if there exists X; X,Xs...... € X such that
X={a;(X1)¢1 ta,(X3)z t.....7a,(Xn) en, Where ai€R and a(x)=(ax), vt € (0,1]

t if y=ax

Where (aX)t(y)z{O otherwise

[7,Definition( 2.11)]"

"Definition 1.4.12:
Let X bea fuzzy module of an R-module M . Then X is said to be

faithful if F-annX=0, where; F-annX={x . rx=0; for all x,&X and r, be a fuzzy
singleton of R, vt, £€(0,1] }. [20,Definition (3.2.6)]"

"Definition 1.4.13:

A fuzzy module X of an R-module M is called fuzzy multiplication
module if for each non-empty fuzzy submodule A of X, there exists a fuzzy
ideal |1 of R, suchthat A=IX. [5,Definition (2.2.1)]"

Proposition 1.4.14:

Let X be a fuzzy module of an R-module M, and let C be a fuzzy
submodule of X, if X is finitely generated faithful multiplication fuzzy
module and C is QT-pure fuzzy submodule of X. Then (C:X) is QT-pure
fuzzy ideal of R.

Proof:-

Let r, € Randr; € (C:X), then r,X & C so there exists x; € X, such that
Xt .¢_ C

But C is QT-pure fuzzy submodule of X, then there exists a T- pure fuzzy
submodule Kof X suchthat C<S K and ry x; € K



Since X is finitely generated faithful multiplication so it is clear that if K is
T- pure fuzzy submodule of X

Then (K:X) is T- pure fuzzy ideal | of R. by [4]
Also ry x; € K then r, £ (K:X)

Hence (K:X) is T- pure fuzzy ideal | of R

Then (C:X) € (K:X) and r, € (K:X)

That is (C:X) is QT-pure fuzzy ideal of R.

Proposition 1.4.15:

Let X be a fuzzy module of an R-module M, and let A be a fuzzy
submodule of X, if X is finitely generatedm faithful multiplication fuzzy
module and (A:X)is QT-pure fuzzy ideal of R, then A=IX for some QT-pure
fuzzy ideal | of R.

Proof:- Itis clear

81.5 Weakly T-pure Fuzzy Submodules

In this section we define the concept of weakly T-pure fuzzy sub
modules and we give some characterizations of study.

"Definition 1.5.1:

Let X be a fuzzy module of an R-module M and A be a fuzzy sub
module of X. A is called weakly pure fuzzy submodule of X. if for each
fuzzy singleton r; of R, r XN A =r;A. [20]"



Definition 1.5.2:

Let X be a fuzzy module of an R-module M and C be a fuzzy sub
modules of X. C is called weakly T-pure fuzzy submodule of X. if for
each fuzzy singleton r, of R, (r)?XnNC = (ry)?C.

Proposition 1.5.3:

Let X be a fuzzy module of an R-module M and A be a fuzzy sub
modules of X, then A is weakly T-pure fuzzy submodule of X if and only
if A.is weakly T-pure submodule of X, Vte (0,1].

Proof:

Let A is weakly T-pure fuzzy submodule of X, To prove A, is weakly
T-pure submodule of X, Vte€ (0,1].

To show that r2X, N A, = r?A,, v te (0,1].

Let y € r2X; N A, then y=r?m forsome m € X,y € A,
Thus m € X and y, € A. But y=r’m

Implies y=(r*m)=(r)*m,

Hence y; € (ro)?Xn A

But A is weakly T-pure fuzzy submodule, so(r)?*X n A=(r,)%A
Hence y, € (r,)?A

It is follows that there exists a; € A such that y, = (r;)?ag
Sothats>t,vs e (0,1].

Hence a, € a; € A, Thatisa € A;

Thus y=r?a € r?A,. so r’X, N A; C r?A,

On the other hand, r?A, € r2X, N A,



Thus r?X, N A, = r?A,
Conversely if A, is weakly T-pure submodule of X;,vte (0,1].
To prove A is weakly T-pure fuzzy submodule of X

We must prove that (r;)?X N A=(r;)2A for each fuzzy singleton r; of
R, V€ €(0,1].

Lety, € (r))?2X N A, theny, € A and y.=(r;)*my for some m, € X, vk €(0,1].
Thusy € A, and me X, but y,=(r;)?m,=(r?m), where A = min{¢, k}
Thus y=r?m and t=A = min{{,k},sot<k

Which implies X, € X, and hence me X,

Thus y=r?m € r2X, N A, = r2A;

Since A;is weakly T-pure submodule of X,

Hence y=r’m and m € A,

Which implies y, = (r;)?m, and m, € A.

So y, € (ry)3A, then (r)?X N A C (r)%A

But (r))?A C (r)’Xn A

Thus (r))?X N A=(r,)%A

Hence A is weakly T-pure fuzzy submodule of X

Remark 1.5.4:

Every T-pure fuzzy submodule is weakly T-pure fuzzy submodule

Proof: Itis clear



Remark 1.5.5:

Every weakly pure fuzzy submodule is weakly T-pure fuzzy submodule

Proof: It is clear

"Definition 1.5.6:

Let X be a fuzzy module of an R-module M, X is called torsion free if
F-annx,=0, for all x; € X, x; # 0 where F-annx={r : r is fuzzy singleton of R;
X< 04} equvilent T(x)=0.[20]"

"Definition 1.5.7:

Let X be a fuzzy module of an R-module M. A fuzzy submodule A of
X is called prime submodule if and only if A% X and whenever r x; S A. for a
fuzzy singleton r, of R and x, € X, implies either r, € (A: X) or x, € A.[5]"

Proposition 1.5.8:

Let X be a fuzzy torsion free of an R-module M, where every fuzzy
singleton of R is idempotent ,if A is weakly T-pure fuzzy submodule of X
,then A is aprime fuzzy submodule of X.

Proof:

Let rox; € A, for fuzzy singleton r, of R and x; € X. If r; € (A:X), then
r, # 0, implies (r)? # 0, and so r? # 0.

But A is weakly T-pure fuzzy submodule , hence (r;)%X n A=(r;)?A
Thus rix, € (r)2X N A. which implies that there exists y, € A,such that ryx=ry;
Then ri(X+ys) = 0, where A = min{(,t, s}.

Consequently : r(x —y), = 0, where a = min{t,s},r, # 0,



So (x —y), € T(x). but X is torsion free
Hence (x —y), € 0;. thus Xy € 0,
Which implies x; € ys.

Thus X, A.

Then A isaprime fuzzy submodule of X.

"Definition 1.5.9:

Let X be a fuzzy module of an R-module M . A proper fuzzy submodule
A of X is called fuzzy quasi-prime submodule if whenever a;xb;, € A. for
fuzzy singleton a, ,b;, of R and x; € X, implies that either a;x; € A or xb;, € A.

[5]"

"Proposition 1.5.10:

Every fuzzy prime submodule of a fuzzy module is fuzzy quasi prime
submodule. [5]"

Lemma 1.5.11:

Let M be atorsion free R-module and N € M, where every element of R is
idempotent . If N is weakly T-pure submodule in M, then N isa prime
submodule in M.

Proof:
Let rx e N forsome reR and x € M.
If r ¢ (N:M), then r #0 so r? #0
But N is weakly T-pure , hence r*M n N=r2N

Thus rx € r2MnN. which implies that there exists yeN



Such that rx =ry, then r(x-y)=0, r+0
Consequently (x-y) €T(M).

But M is torsion free,

Thus x-y=0 which implies x=y
Thenx €N

Therefore N is prime submodule in M

Proposition 1.5.12:

Let X be a fuzzy atorsion free of an R-module M ,and let B be a proper
fuzzy submodule of X, then B is weakly T-pure fuzzy submodule of X if
and only if B is a prime fuzzy submodule with (B:X)= 0,

Proof:

Let B be weakly T-pure fuzzy submodule of X ,then B, is weakly T-pure
submodule of X;.V t€(0,1]. by Proposition(1.5.3).

But X is a fuzzy torsion free so X, is a torsion free, v t €(0,1] by [20,Lemma
(2.2.23)]

Hence B isaprime submodule of X, by Lemma (1.5.11) and (B;: X,)={0},V
t €(0,1] by [20]

But (B: X); €(B;: X;),V t €(0,1] by [20, Lemma (2.1.5)]

So (B: X)={0}, v t €(0,1]. Hence (B: X)= 0,

Now ,to prove B is prime fuzzy submodule .

Let rx; € B, for x; € X, x; € B ,r; isafuzzy singleton of R.
Then rix.C (ry)*X N B=(r;)*B

Since B is aweakly T-pure fuzzy submodule ,so ryx=r,ys for some y, € B



But X;-ys = (x — y)) where A = min{t, s}.
Hence ry(x —y), € 04.thus r; CF-ann(x —y),
But F-ann(x — y),=0, since X is torsion free
Hencer, € 04
On the other hand (B:X)= 0, implies that r, < (B:X)
Therefore B is a prime fuzzy submodule of X.

Conversely if B is aprime fuzzy submodule and (B:X)= 0, T.P Bis
weakly T-pure fuzzy submodule of X

Since Bis aprime fuzzy submodule of X. Then B; is a prime submodule of
X, Vt€(0,1] by[20,Theorem (2.1.10)]

But (B:X)= 04, so (B: X)={0},v t €(0,1]
Thus (B;: X)={0} by [20, Proposition (2.1.8) ]
Therefore B, is weakly T-pure submodule in X,V t €(0,1]. by [20]

Hence B is weakly T-pure fuzzy submodule of X. by Proposition (1.5.3)

Corollary 1.5.13:

Let X be afuzzy module of an R-module M, if C is T-pure fuzzy
submodule then C is prime fuzzy submodule of X.

Proof: It is clear by Remark (1.5.4) and Proposition (1.5.8)

Corollary 1.5.14:

Let X be afuzzy module of an R-module M, if A is weakly T-pure
fuzzy submodule then A isquasi prime fuzzy submodule of X.

Proof: Itis clear.






Chapter two

T-regular Fuzzy Modules
Introduction:

First, recall that R-module M is called T-regular module if every
submodule of M is T-pure. [2]

In this chapter we shill fuzzify of this concepts

This chapter consists of three section .our main aim in section one is
definition the T-regular fuzzy module and we give some characterization for
a fuzzy module to be a T-regular.

In section two we study the T-regular fuzzy module with related modules

In section three we define the concept of Weakly T-regular fuzzy
modules and study the property of this concept.

§2.1 T-regular Fuzzy Modules

"Definition 2.1.1:
Let X be afuzzy module of an R-module M. X is called regular if every
fuzzy submodule of X is pure. [16]"

"Proposition 2.1.2:

Let X be a fuzzy module of an R-module M .Then X is regular fuzzy
module if and only if X is regular modules, v t€(0,1] .[16]"

"Recall that R-module M is called T-regular module if every submodule of M
Is T-pure .see [2]"



Definition 2.1.3:
Let X bea fuzzy module of an R-module M. X is called T-regular fuzzy
module if every fuzzy submodule of X is T-pure fuzzy submodule .

Proposition 2.1.4:

Let X be afuzzy module of an R-module M .Then X is T-regular fuzzy
module if and only if X, is T-regular modules,V te(0,1].

Proof:

(=)Let X be a T-regular fuzzy module To prove X; is T-regular module
,V te(0,1].

Let K be asubmodule of X;,V te(0,1] To prove K is T-purein X;

t if xX€ek

Define A: M—[0,1] by A(x) = {0 otherwise

vte(0,1]

It is clear that A is a fuzzy submodule of X and A=K.

Hence A is T-pure fuzzy submodule since X is T-regular fuzzy module it
follows A; is T-pure submodule of X, .Dby Proposition (1.2.4)

Thus X, is T-regular module

(&)Let X, be T-regular modules,v t€(0,1]. To prove X is a T-regular fuzzy
module.

Let A be fuzzy submodule of X. Then A; is submodule of X,,V te(0,1] by
(Proposition 1.1.16)

Hence A.is T-pure submodule of X, since X, is T-regular
Thatis A is T-pure fuzzy submodule of X, by Proposition (1.2.4)

Thus X is T- regular fuzzy module.



Remarks and Examples 2.1.5:

1- Let X beafuzzy module of an R-module M. If X is regular module then
X is T-regular fuzzy module .

Proof: Itis clear

The converse not true in general by

Example: Let M=Z, as Z-module and N=2Z,

Define X: M—[0,1] by X(x) = {é (i)ihe)rfvsisl\:
Define A: M—[0,1] by A(x) = {(t) ;{hei‘v\ii vte(0.1]

It is clear that X,=M, A.=N and A is fuzzy submodule of X. Then
A is T-pure fuzzy submodule of X (Remarks and Examples (1.2.5(1))

Thus X is T- regular fuzzy module. But Ais not pure fuzzy submodule of X
Remarks and Examples (1.2.5(1))

Thus X is not regular fuzzy module.

2-Let X be afuzzy module of an Z-module Z and Q. Then X is not T-
regular fuzzy module.

Proof: See Remarks and Examples (1.2.5(3),(4))

3-Let M=Z, and N=3Z,

Define X: M—J[0,1] by X(x) = {é (i)ihe)lfvfisl\:
Define A: M—[01] by AC) = {} ;iheﬁvfisli vte (0.1]

It is clear that A is fuzzy submodule of X and X.=M,A=N

Xi=M= Zq is T-regular module by[2,Remarks and Examples (1.1.13(3))]



Thus X is T-regular fuzzy module by Proposition (2.1.4)

But X,=M=7Z, is not regular since the submodule A; isnot pure [2, Remarks
and Examples (1.1.5(5))]

Hence A is not pure fuzzy submodule by Proposition (1.2.2)
Then X is not regular fuzzy submodule.
4'Let Mzzlz y N:< 2 >

1 if x€Z,

Define X:Z;, —[0,1] by X(x) = {() otherwise

t if xXeE<2>

Define A:Z,, —[0,1] by A(x) = { 0 otherwise

v t€(0,1]

It is clear that X,=M, A.=N and A is fuzzy submodules of X.

A¢ is T-pure submodule of X, by[2, Remarks and Examples(1.1.5(3))]
Thus A is T-pure fuzzy submodule of X by Proposition (1.2.4)
Similarly < 3 >,< 4 >,< 6 > are T-pure submodules

Therefore X is T- regular fuzzy module

5-Let M=Zg , N=< 4 >

Define X: Zg —[0,1] by X(x) = {t Oitfhe);;iszeg
Define A:Z, —[0,1] by AGx) = {} if xes V‘v‘i:e v te(0,1]

It is clear that X,=Zg, A;=N and A is fuzzy submodule of X.
A is not T-pure submodule of X;. by[2, Remarks and Examples (1.1.5(3))]
Hence A'is not T-pure fuzzy submodule of X by Proposition (1.2.4)

Therefore Zg is not T-regular fuzzy module .



Proposition 2.1.6:

Let X be a T-regular fuzzy module, then every fuzzy submodule of X also
T-regular fuzzy module.
Proof:

Let A be fuzzy submodule of X.
To Prove A is T-regular fuzzy module.
Let 12 be a fuzzy ideal of R and let B be a fuzzy submodule of A then
I2ANnB=(I1?2XNA)NB since Ais T-pure of X

=12X N (A N B)
=I’XNB since BS A
=1°B since B is T-pure of X

Therefore B is fuzzy T-pure of A implies A is T-regular fuzzy module.

82.2 T-regular Fuzzy Modules With Related Modules

Proposition 2.2.1:

Let X be afuzzy module of an R-module M .Then X is T-regular fuzzy
module if and only if every fuzzy cyclic submodule of X is T-pure fuzzy
submodule of X.

Proof:

(=) It abovis by (Def T-regular fuzzy module )

(&) Let A be fuzzy submodule of X and 12 fuzzy ideal of R
To show that 12X n A = I%A.

Letx,C I°XNA vV xS X,V te(0,1]



Then x,€ A.

But the cyclic fuzzy submodule < x, > is T-pure fuzzy of X by hyp.
Therefor I2X N< x¢ > =12 < x; >

So x;, S I2XN<x,>=1%2 <x, >CSI?A.

Thus x; € %A,

Hence 12X N A = I2A.

Proposition 2.2.2:

Let X be a fuzzy module of an R-module M. Then X is T- regular
fuzzy module if and only if every finitely generated fuzzy submodule of Xis T-
pure fuzzy submodule.

Proof:
(=) It abovias by (Def T-regular fuzzy module )

(<)Since every finitely generated fuzzy submodule of X is T-pure fuzzy
submodule of X
Then every fuzzy cyclic submodule of X is T-pure of X.
Thus by proposition (2.2.1)

Then X is T-regular fuzzy module.

"Definition 2.2.3:

A fuzzy ideal |1 of aring R is called a principle fuzzy ideal if there
exists x;< I such that 1=(x,) then for each m; < 1, there exists a fuzzy singleton
a; of R such that mg=a,x; where s, £ ,t €[0,1], that is I=(X;) ={m< I, mg=a,x; for
some fuzzy singleton a, of R}. [14]"




Proposition 2.2.4

Let X be a fuzzy module of an R-module M, if X is T-regular fuzzy
module, then for each fuzzy singleton r; of R s.t réx,=rfcsréx, foreach x, € X
and for some fuzzy singleton c, of R.Vs,0,t €(0,1].

Proof:
Suppose that x; € X and for each fuzzy singleton r, of R.
Since rix, SriXand rix, €< rfx, > implies réx, S r¢X N< rix, >
But X is T-regular then rZXN< réx, > =r? < r¢x, >
Thus réx, € ré < rix, >

Implies réx, =réceréx, for some fuzzy singleton ¢, of R.

The converse of Proposition( 2.2.4) cannot be a chieved unless we add
the requirement follows when X is a cyclic fuzzy module or R is a principle fuzzy

ideal we give in Proposition( 2.2.5) and Proposition( 2.2.6).

Proposition 2.2.5:

Let X be a fuzzy module of an R-module M, if R is a principle fuzzy
ideal ring, and for every fuzzy singleton r, of R, and XS X st rfx.=
rés,réx, for some fuzzy singleton s, of R implies that X is T-regular module.
vs .t €(0,1].

Proof:

Suppose that A is fuzzy submodule of X and | be a fuzzy principle ideal
of R.

To show that r¢ X n A=r?A for every fuzzy singleton r; of R.

Letx, S rZ XN A. Thenx, S riXand x; € A



Therefore x.=rfc, for some c, € X, ¥n €(0,1].
By hypothesis we get : x,= r¢s,réc, for some fuzzy singleton s, of R
Thus x, C r¢A.

Then 12X N A = I?2A for each fuzzy ideal | of R by (hypothesis).

Proposition 2.2.6:

Let X be a cyclic fuzzy module of an R-module M, If x, € X and for
each fuzzy singleton r, of R such that rfx.= rfcrfx, for some fuzzy
singleton ¢, of R implies X is T-regular fuzzy module.

Proof:

Let X=Rx, be a fuzzy cyclic module for some x, € X.
Let A be a fuzzy submodule of X and Iis fuzzy ideal of R .lety, S I2XNA
Then y, € 12X and y, € A.
Thus y.=rix=ricerix, S r2A for some fuzzy singletonc, of R andr, S1.
Therefore y, € I2A..

Implies X is T-regular

"Proposition 2.2.7:

Every cyclic fuzzy module is fuzzy multiplication .[5]"

Corollary 2.2.8:

Let X be a multiplication fuzzy module of an R-module M, if x, € X and
for each fuzzy singleton r, of R such that rZx.= rfcgréx, for some fuzzy
singleton ¢, of R then X is T-regular fuzzy module.



Corollary 2.2.9:

If R isa T-regular fuzzy ring ,then every fuzzy singleton a, of R a? =a?s,a?
for some fuzzy singleton sz of R and the converse istrue if R isa principle
fuzzy ideal ring .

"Definition 2.2.10:

A fuzzy submodule A of afuzzy module X is called fuzzy semi-prime
submodule, if for every fuzzy singleton r,of R and x; € X, k € Z, such that

r¥x, € A thenrx, € A .[5, Definition (3.2.4)]"

Lemma 2.2.11:

Let X be anonempty fuzzy module overa principle fuzzy ideal ring R.

Then X is a regular fuzzy module iff every proper fuzzy submodule of X is
fuzzy semi-prime.
Proof:
(=)Let X be aregular fuzzy module.
Let A be a proper fuzzy submodules of X.
Suppose that r, be a fuzzy singleton of R and x; € X, v{,t €(0,1].

Such that rZx, € A. Itis clear that ryx; € (rix)=(rx); A=minf{¢,t}
Where (rx), be a cyclic fuzzy submodule of X generated by r;x;
Then rix; € r X

Therefore rix; € r X N (rx),

But X is regular fuzzy module .

Hence rX N (rx), = (rx),

We get roxy € ro(rx), = rg( rexy) =réx; € A



Thus rix; € A

Therefore A is fuzzy semi-prime submodule
(<)Suppose that B be a fuzzy semi-prime submodule of X and X #B.
To prove mgX NB=m¢B for all mg a fuzzy singleton of R ,v s €(0,1].
It is clear that m,B € m X N B.
Now, lety, € m,X NB. vn, s €(0,1].
Then there exists x, € X, Vvt €(0,1].
Such that y,=mgx, , but mgyy,=m2x, € m B
Therefore mgx, € m¢ B
Hencey, € m¢B
Thus mgXNB=m¢B for all fuzzy singleton mg of R.

Therefore X is regular fuzzy module .

Proposition 2.2.12:

Let X beafuzzy module of an R-module M over afuzzy principle ideal
ring R, if every proper fuzzy submodule of X is fuzzy semi-prime .Then X
is T-regular fuzzy module.

Proof: it directly fora Lemma (2.2.11)

The converse of above proposition is not true for example:
Example: Let M=Z, and N=(0)

1 if xXeM

Define X: M—[0,1] by X(x) = {0 Chem

t if x=(0)

vte (0,1
0 otherwise (0.1]

Define A: Z—[0,1] by A(x) ={

It is clear that A is fuzzy submodule of X, A; = (0) and X=M.

Then X is T-regular fuzzy module by Remarks and Examples (2.1.5(1))



But A; = (0) is not semi-prime See [2,Proposition (1.2.2)]

Hence A is not fuzzy semi-prime by[5, Proposition (3.2.6)]

X is called fuzzy semi-prime if (0) is semi-prime fuzzy submodules of X.

The converse of proposition(2.2.12) is true if we give the condition X
Is semi-prime fuzzy modules.

Proposition 2.2.13:

Let X beafuzzy module of an R-module M. If X is T-regular and semi-
prime fuzzy module, then every fuzzy submodule of X is semi-prime.

Proof:
Suppose that A is a fuzzy submodule of X and rfx, € A where r; is
fuzzy singleton of Rand x, € X, v{ ,t € (0,1].
Implies réx, € réXNA = rf A since X is T-regular fuzzy module
Then r¢x.=réc, forsomec, €A ,vne(0,1].
Hence rf(x¢- c,) € 04
But 0, is fuzzy semi-prime.
Hence r;(x- c,) € 04
Thus rix; = roc, € A.

Therefore A is fuzzy semi-prime submodule of X .

"Definition 2.2.14:
A fuzzy submodule A of a fuzzy module X is called divisible if for

every fuzzy singletonr, of R, r, # 0 r;A = A,v( € (0,1]. [16]"



"Definition2.2.15:
Let X be afuzzy module of an R-module M. X is called fuzzy prime
module if F-annX=F-ann A for every non—constant fuzzy submodule A of X

[5]"

Proposition 2.2.16:

Let X be a fuzzy module of an R-module M. If R is a fuzzy principle
ideal and let A be a divisible fuzzy submodule of X, then A is T-pure
fuzzy submodule of X.

Proof:

Let A be a fuzzy divisible submodule of X.then for each fuzzy
singleton r; of R such that rZ A=A

Therefore rgX N A=rZA V £ € (0,1].

Remark 2.2.17:

The converse of the proposition(2.2.16) is not true for example:

Example: Let M=Z, and N={0, 2}

Define X: M—[0,1] by X(x) = {é (i)ihe)lfvfisl\:
Define A: M—J[0,1] by A(x) = {B oitfhefvfisli vte (0,1]

Itis clear that A is fuzzy submodule of X and X;:=M, A=N
Then A is fuzzy T-pure by Remarks and Examples(1.2.5(1))
But A, is not divisible submodule see [2,Remark (1.2.9)]

Hence A is not fuzzy divisible submodule see [5, Proposition (2.2.12)]



The converse is true if we give the condition X is divisible.

Proposition 2.2.18:

Let X be a fuzzy divisible module and R a principle fuzzy ideal ,if C
Is T-pure fuzzy submodule of X,then C is divisible fuzzy submodule of
X.

Proof:

Suppose that C is fuzzy T-pure of X,
To show that C is a fuzzy divisible of X.
Letx, € Cand r, be a fuzzy singleton of R V¢ ,t e (0,1].
Since X is adivisible fuzzy module ,then x,=r?R, forsomey, € X
,vn €(0,1]. But x,=r?y, € réXncC=rfC cr,C
Which implies that C=r,C

Thus C is a fuzzy divisible submodule of X.

Corollary 2.2.19:

Let X be afuzzy module of an R-module M if R isafuzzy principle
ideal and every proper fuzzy submodule of X is fuzzy divisible, then X T-
regular fuzzy module.

Proof: Clearly of Proposition (2.2.16 )

Remark 2.2.20:

The converse is true if X is divisible .

Proof: Clearly of Proposition (2.2.18 )



Corollary 2.2.21:

Let X beafuzzy module of an R-module M if R is afuzzy principle
ideal and X is T-regular and fuzzy divisible, then X is prime fuzzy module.

Proof:

By Proposition (2.2.18) every fuzzy submodule A of X is divisible.
Thus r;A = A for every fuzzy singleton r, of R,V £ € (0,1].
Therefore F-ann(A)= F-ann(X) by[5]

Hence X is prime fuzzy module.

"Recall that an R-module M is said to be I-multiplication module if each
submodule N of M of the form JM for some idempotent ideal J of R
,[11,Definition (2.8) p.75]"

Now, we shall fuzzify this concept as follows:

Definition 2.2.22:

An fuzzy singleton a, of R iscalled fuzzy idempotent if (a,)? = a,
v te(0,1].

Definition 2.2.23:

Let | be afuzzy ideal of a ring R, iscalled fuzzy idempotent if 12 =1

Definition 2.2.24:

Let X be afuzzy module of an R-module M. X is said to be I-
multiplication fuzzy module, denoted by ID-multiplication if A=BX where
A is fuzzy submodule of X and B is fuzzy idempotent ideal of R.



Remark 2.2.25:

It is clear that every ID-multiplication fuzzy module is multiplication fuzzy
module.

Proposition 2.2.26:

If X is an ID-multiplication T-regular fuzzy modules, then X is regular
fuzzy modules.

proof:
Let A isa fuzzy submodule of X and | be afuzzyideal of R, and

A=BX where B is fuzzy idempotent ideal of R.
Toprove IXNA=1A
IXNA=IXNBX butB = B?
Thus IXN A=1IX N B%X
=B2(1X) since X is T-regular and IX is fuzzy submodule
=1(B2X)
=1(BX)
=IA

Proposition 2.2.27:

If X is an ID-multiplication T-regular fuzzy module .Then every fuzzy
submodule of X is ID-multiplication fuzzy submodule.

Proof:
Let A be a fuzzy submodule of X and B be any fuzzy submodule of

A.
such that BS A. Then B is fuzzy submodule of X, by Proposition (1.1.113)



and B=IX but I=]?
Thus B=12X for some fuzzy idempotent ideal | of R.
B=ANB since BC A

=ANn 12X

=I?A since A is T-pure fuzzy module

=1A

Therefore A is ID-multiplication fuzzy module.

82.3 Weakly T-regular Fuzzy Modules

"Definition 2.3.1:

A fuzzy module X is called weakly regular if every fuzzy submodule of
X is weakly pure .[5]"

Now, we shall fazzify this concepts as follows:

Definition 2.3.2:

Let X be a fuzzy module of an R-module M. X is called weakly T-
regular if every fuzzy submodule of X is weakly T-pure.

Proposition 2.3.3:

Let X be a fuzzy module of an R-module M, X is weakly T-regular
fuzzy module if and only if X;is weakly T-regular module, v t € (0,1].

Proof:

Let X is weakly T-regular fuzzy module, to prove X, is weakly T-regular
module



Let K be a submodules of X, vte (0,1].

if xeK

. t
Define A: M— [0.1] by A(x):{ 0 otherwise

vte(0,1]

It is clear that A is fuzzy submodule of X and A=K, vte (0,1].
But A is weakly T-pure fuzzy submodule of X, since X is weakly T-regular
So A is weakly T-pure submodule of X, Vte (0,1].oy Proposition (1.5.3)
Thus X, is weakly T-regular module

Conversely To prove X is weakly T-regular fuzzy module .
Let A be a fuzzy submodule of X.,we must prove that A is weakly T-pure
fuzzy submodule of X.
A is submodule of X, Vte (0,1]. By Proposition (1.1.16)

Hence A;is weakly T-pure submodule of X, since X, is weakly T-regular
module, vV t € (0,1]

Then A is weakly T-pure fuzzy submodule of X. by Proposition (1.5.3)

Therefore X is weakly T-regular fuzzy module.

Remark 2.3.4:
Every weakly regular fuzzy module is weakly T-regular fuzzy module

Proof: It is clear

Proposition 2.3.5:

Let f: X — Y be a fuzzy epimorphism and X, Y are two fuzzy modules of M

M\ respectively, if X is weakly T-regular fuzzy module, then Y is weakly T-

regular fuzzy module.



Proof:

Let A be a fuzzy submodule of Y. To prove that A is weakly T-pure
fuzzy submodule of Y.
That is (r;)?Y nA=(r,)?A for each fuzzy singleton r; of R,vt € (0,1].

Since f~1(A) is fuzzy submodule of X by Proposition (1.1.21(2)) and X is
weakly T-regular, then f~1(A) is weakly T-pure fuzzy submodules of X
Hence (ry)?X N f~1(A)=(r)%f1(A).

Which implies that : f((r;)?X n f=1(A))=f((r,)*f~1(A))

f((r)*X) N f(E7HA)=f((r)*f 7 (4)) by (1.1.9)

(ro)%f(X) N f(E71(A))=(r)2f(f"1(A)) by [16,Lemma 2.3.4]

It follows that (r;)2Y N A=(r;)?A since f is fuzzy epimorphism

Thus Y is weakly T-regular fuzzy module.

Proposition 2.3.6:

Let f: X — Y be a fuzzy epimorphism and X, Y are two fuzzy modules of
M; M, respectively, and every fuzzy submodule of X is f-invariant , if Y is
weakly T-regular fuzzy module, then X is weakly T-regular fuzzy module.
Proof:
Let H be a fuzzy submodule of X. prove that (r;)?X n H=(r,)?H for
each fuzzy singleton r, of R,V € (0,1].
f((r)?X N H) = f((ry)?X) n f(H) by Proposition (1.1.9)
= (r)?f(X) n f(H) by [16,Lemma 2.3.1]
=(r)?Y nf(H) since fis fuzzy epimorphism

=(r)%f(H) since Y is weakly T-regular fuzzy module



=f((r¢)*H)

But (r)?H and (r)2X N H are fuzzy submodule of X and every fuzzy
submodule of X is f-invariant

Hence f~1(f((r)2X N H)) = f~1(f((ry)*H)
Therefore (r;)2X N H=(r;)*H

Thus X is weakly T-regular fuzzy module.

Proposition 2.3.7:

Let X and Y be two fuzzy modules of an R-module M; and M,
respectively. If X@®Y is weakly T-regular fuzzy module of M; @&M,, then X
and Y are weakly T-regular fuzzy module .

Proof:

Let H be a fuzzy submodule of X. Then H@O0, is weakly T-pure fuzzy
submodule of X@Y.

Hence (r))2(X®Y) N (HB0,)= (r))(H &0,)
Which implies that (r;)?Xn H= (r;)?H
So H isweakly T-pure fuzzy submodule of X.

Thus X is weakly T-regular fuzzy module.

Proposition 2.3.8:

Let X be a fuzzy module of an R-module M. If every fuzzy submodule
of X is fuzzy divisible, then X is weakly T-regular fuzzy module.

Proof:
Let H be a fuzzy submodule of X. Let r; be fuzzy singleton of R
vt € (0,1] ,such that r; & 0,. To show that (r;)?X n H=(r,)*H



Since H is fuzzy divisible H N (ry)?X=(r;)?H N (r;)?X=(r,)*H

Therefore X is weakly T-regular fuzzy module.

Remark 2.3.9:

The converse of the Proposition (2.3.8) not true as shown by following
example

Example: Let M=Z,

1 if x€(2)
1/2 otherwise
It is clear that X is fuzzy module

Define X: M—[0,1] by X(x) = {

Hence X is weakly regular fuzzy module by[16,Remark(3.5.9)]
Therefore X is weakly T-regular fuzzy module by(Remark 2.3.4)

1 if x=0
Let A: M— [0,1] by A(X)Z{l/Z if x€ (?) — {0}
0 otherwise

It is clear that A is fuzzy submodule of X and A1/2=(2) which is not
divisible submodules of X..

Since 3(2)=(0) # (2)
Therefore A is not fuzzy divisible, by [5,(2.2.12)]

Proposition 2.3.10:

Let X be a divisible fuzzy module of an R-module M, then X is
weakly T-regular fuzzy module if and only if every fuzzy submodule of X

is divisible.



Proof:

If X is weakly T-regular fuzzy module, let H be a fuzzy submodule of
X.

To prove H is divisible.

Since X is fuzzy divisible, then (r,)?X = X for each fuzzy singleton r, of R
Ve € (0,1] , T'p oa 01

Thus (r,)2XNH =H but X is weakly T-regular fuzzy module
S0 (r;)?X N H=(r,)?H for all fuzzy singleton r, of R,r, € 0,
Therefore (r,)?H = H

That is H isdivisible fuzzy submodule of X.

The converse by Proposition (2.3.8)
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Chapter Three

Strongly Pure Fuzzy lIdeals And Strongly
Pure Fuzzy Submodules

Introduction :

This chapter consists of four sections.In section one we give the basic
properties about strongly pure fuzzy ideal , also we give some
characterizations of strongly pure fuzzy ideal.

In section two is devoted for studying the strongly regular fuzzy ring

In section three we study the strongly pure fuzzy submodule
Next , section four included strongly regular fuzzy module with some
fundamental properties .

83.1 Strongly Pure Fuzzy Ideals

"Recall that anideal 1 of aring R is said to be pure if for each x € I there
exists y € I such that x=x.y[3].

And ideal | of aring R is called strongly pure if for each x € | there
exists a prime element p € | such that x=xp.[18]"

Now. We shill fazzify this concepts as follows :

Definition 3.1.1:

Let | bea fuzzy ideal of a ring R ,liscalled pure fuzzy ideal if for each
X; € I, there exists r, € | such that x.=x, r, V 1, £ €(0,1].



Definition 3.1.2:

if x=p Where p is prime

t
Let x.: R—[0,1] such that x.(p)= {O otherwise

number of R, x.is prime fuzzy singleton.

Definition 3.1.3:

Let K be afuzzy ideal of aring R ,K iscalled strongly pure fuzzy ideal
denoted by S-pure fuzzy ideal if for each r, € K, there existsa prime x, €K
such that r, = rix., V1, £ €(0,1].

Proposition 3.1.4:

Let | be a fuzzy ideal of R then | is S-pure if and only if I; isa S-pure
ideal of R«v te(0,1].

Proof:

(=)Let | is S-pure fuzzy ideal andr, S I
By Def (3.1.3)r; = ryx; <V{,t€(0,1]. To show that r=rx
ro = (rx);  where ¢t=min{¢,t} by Proposition (1.1.31)

r=rx by Proposition (1.1.7(3))
Then Iy is S-pure ideal of R <V t€(0,1].
(&)l; isa S-pure ideal of R and letre I;
Then there exists a prime element x € I, such that r=rx
Let r=rx to prove r, =rx; V¢, t€(0,1]
r=rx implies r;, = (rx), by Proposition (1.1.7(3))
Iy = IeX; where t=min{ ¢, t} by Proposition (1.1.31)

Therefore 1 is a S-pure fuzzy ideal of R.



Remarks and Examples 3.1.5:

1-Let K be afuzzyideal of a ringR, if K is S-pure fuzzy ideal then Kis
pure fuzzy ideal.

Proof: itis clear

The converse not true by

Example: A ring Z, and N=(3)={0, 3} ,H=(2)={0, 2, 4}

Define K: Z, —[0,1] by K(x) = {§ ;ihe’r‘vfisli v t€(0,1]
Define J: Z, —[0,1] by Jx) = {1 ;{hefv\fisli v te(0,1]

It is clear that K and J are fuzzy ideal of Z, and ]J.=H ,K=N
K, is S-pure ideal of Z, by [18]

Thus K is S-pure fuzzy ideal of aring Z¢ , by Proposition (3.1.4)
But J; is not S-pure ideal of a ring Z, by [18]

Hence Jis not S-pure fuzzy ideal of Z, , by Proposition (3.1.4)

But Jis pure fuzzy ideal.

2- Let K be a fuzzy ideal of a ring R.If K is S-pure fuzzy ideal of R, then
JK=Jn K for each fuzzy ideal J of R.

3- Let K be a fuzzy ideal of a ring R. If K generated by prime idempotent
fuzzy singleton , then K is S-pure fuzzy ideal

Proof:

Let K=(ps) be a fuzzy ideal generated by prime idempotent fuzzy singleton
ps, V S€(0,1]

Such that ps=p2. If x, € K there exists fuzzy singleton r, of R such that



X¢= I'¢ Ps IMplies x¢= ry ps=ryps=r¢ Ps Ps=X¢ Ps
Therefore K is S-pure fuzzy ideal of aring R.

4-Let K be afuzzy ideal of aring R, if K is S-pure fuzzy ideal then K is
idempotent .

Proof:
Let K be a S-pure fuzzy ideal of R, and r; € K, V¢ €(0,1]
Then there exists a prime x, € K.
Such that r; = ryx, V&, t€(0,1] but rix, € K. K
Hence r, € K2. Thus K€ K? and it is clear that K? € K . implies K= K2,

Therefore K is idempotent fuzzy ideal of R.

Definition 3.1.6:

Let R be afuzzy ring, then there exists 1, of R such that a;. 1,=(a. 1), =a;
for all fuzzy singleton a, of R, a; is called unit fuzzy singleton.

Definition 3.1.7:

Let x; be a fuzzy singleton of R is called fuzzy irreducible if x.=r; ys. where
r, # 0; # ysisa fuzzy singleton of R «v{,s, t€(0,1] it is non unit fuzzy singleton
of R then either ryor yq is unity of R.

Now, we introduce the concept of fuzzy factorial ring



Definition 3.1.8:

Let S be a non empty fuzzy subset of R,and has no fuzzy singleton
unit of integral domain of R ,then R is called fuzzy factorial if every non
empty fuzzy singleton of R ,written uniquely form vy, X..... Xy Where y, is
unit of R and x;..... xg € S «Vr, t€(0,1].

Lemma 3.1.9:

Let R be a factorial fuzzy ring. Then every irreducible fuzzy singleton
y. of R is fuzzy prime, every x, € S is prime fuzzy singleton and every prime
fuzzy singleton of set Sisthe product of unitof R «v te(0,1].

Proof:
Let y, irreducible fuzzy singleton of R
Thus y, isnon unitand if ag b, € (y,)
Then ag b, = x; y, with x, € S. we write ag, b,, X, as product of irreducible
A= Veq-oo Vri Br=Qie-- Qem  X¢=Tep.....Tep <V 1L K, t€(0,1].
Here , one of those first two product may be empty
Yri----- ¥ri Ak1----- Akm =Te1-----Ien Yr
It is mean that either ag € (y,) orb, € (y,)

Thus (y,) is prime fuzzy ideal of R and it is generated by prime

Proposition 3.1.10:

Let K be fuzzy ideal of R,and R be a factorial fuzzy ring, such that
X; # 04 non unit fuzzy singleton of R is fuzzy irreducible. Then K is S-pure
fuzzy ideal if and only if K is pure fuzzy ideal.



Proof:

Let K be a pure fuzzy ideal of R, and r, € K, there exists x; € K, such that
r, = ryX;. since x, fuzzy singleton of R is irreducible.

Hence x is fuzzy prime of K, by Lemma (3.1.9)
Therefore K is S-pure fuzzy ideal of R.

The converse is clear .

Proposition 3.1.11:

Let Kand H are two fuzzy ideals of aring R, if K is S-pure fuzzy ideal
of Rthen KN H is S-pure fuzzy ideal of R.

Proof. obviously.

Proposition 3.1.12:

Let K and Hare two fuzzy ideals of aring R, such that KEH, if KN H
Is S-pure fuzzy ideal of R,then K is S-pure fuzzy ideal of R.

Proof: itis clear

Corollary 3.1.13:

Let K and Hare two S-pure fuzzy ideal of aring R,then KN H is S-
pure fuzzy ideal of R.

Corollary 3.1.14:

Let K and H are two fuzzy ideal of aring R, then K is S-pure fuzzy
ideal of Rifandonlyif KN H is S-pure fuzzy ideal of R.



Proposition 3.1.15:

Let K and H are two fuzzy ideals of aring R, if K& His S-pure fuzzy
ideal of R, then either K or H is S-pure fuzzy ideal of R.

Proof:
Let x, €K and y, € H, implies x+y, € K& H
Since K @ H is S-pure fuzzy ideal of R. there existsa primer; € K@ H
Where ry=r,+0 € K@ H
Such that x¢+ y=(x¢t+ yi) re=(x¢+ ye) (1o +0)= X1+ yerg € KO H
Since yr, € KNH and K n H={0}
Hence y.r;=0. Thus x.=x.r, € K.
Therefore K is S-pure fuzzy ideal of R.
And if r;=0+r, € K@ H, then we can get H is S-pure fuzzy ideal of R.

Corollary 3.1.16:

Let K and H are two fuzzy ideals of R and R be a factorial fuzzy ring
, such that K @ H is S-pure fuzzy ideal of R, then Kand Hare S-pure fuzzy
ideal of R.

"Definition 3.1.17:

The fuzzy Jacobson radical of aring R denoted by F-J(R) is the intersection
of all fuzzy maximal ideal of R.[13]"

Proposition 3.1.18:

Let K be S-pure fuzzy ideal of R, such that K € F-J(R), then K={0}.



Proof:

Letr, € K, since K is S-pure fuzzy ideal of R there exists a prime x, € K,
such that ry = ryx;

Implies ry(1-x;)=0. And since K € F-J(R), then x; € F-J(R).

Hence r,=0, so K={0}.

83.2 Strongly Regular Fuzzy Ring

"Recall that a ring R is regular if and only if for each x € R, there existsy € R
such that x=x.y.x. [ 19 ]

And a ring R is called strongly regular if and only if for each x € R, there
exists a prime element p € R such that x=xpx .Also aring R is called strongly
regular if each element of R is strongly regular .[18]"

Now. We shall fazzify this concepts as follows :
Definition 3. 2.1:

A fuzzy ring R is called regular if and only if for each fuzzy singleton x, of
R, there exists fuzzy singleton r, of R such that x=x;.r;.x;, V t, £ €(0,1].

Definition 3. 2.2:

Let R be afuzzy ring ,R is called strongly regular denoted by S-regular if
and only if for each fuzzy singleton r; of R, there exists a prime fuzzy singleton
p: of R such that ry = r.p. 1y, V 1, £ €(0,1].

Equivalent a ring R is S-regular fuzzy ring if for each fuzzy singleton of R is
S-regular.



Proposition 3.2.3:

Let R bea S-regular fuzzy ring if and only if R, be S-regular ring ,vt€(0,1].
Proof:

(=)Let R be a S-regular fuzzy ring and re R, to prove R, is S-regular ring
ry = rexer <VEIE(0,1].
Implies r, = (rxr), where t=min{(,t} by Proposition (1.1.31)
r=r x r by Proposition (1.1.7(3))

Then R;is S-regular ring , vte(0,1].

(&)Let R; be S-regular ring to show that R is S-regular fuzzy ring
Let r=r xr toprove r, =rx.r; V¢, te(0,1]
r=rxr implies r, = (rxr), where t=min{ ¢,t} by Proposition (1.1.7(3))
r, =Xy by Proposition (1.1.31)

Therefore R is S-regular fuzzy ring .

Remarks and Examples 3.2.4:
1-Let R: Z, —[0,1] define by

t if reZ,

Vv te(0,1
0 otherwise (0.1]

R() = {
It is clear that R, = Z, and Z, is S-regular ring [18]

Thus R is S-regular fuzzy ring. by Proposition(3.2.3)

By the same method we canto show that if R.=Z¢ is not S-regular ring
and we get R is not S-regular fuzzy ring .

2-Let R be afuzzyring, if Ris S-regular ring, then R isregular fuzzy ring.

Proof: itis clear



The converse not true for example
Example: Let R: Z¢ —[0,1] define by

t if reZg

Vv te(0,1
0 otherwise (0.1]

R(r) = {

Itis clear that R, = Z, and Z, isregular ring ,but Z, is not S-regular ring
by[18]

Then R is not S-regular fuzzy ring . by Proposition (3.2.3)

3-Every fuzzy ideal of Risirreducible and let R be a factorial fuzzy ring,
then R is S-regular fuzzy ring if and only if every fuzzy ideal of R is S-pure.

Proposition 3.2.5:

Let R; and R, are two fuzzy ring , if R;@®R, is S-regular fuzzy ring. Then
either R; or R, is S-regular fuzzy ring.

Proof:
Let fuzzy singleton r,, of Ry and ry, of Ry, V€ €(0,1]
Implies ryy + 15, € R{® R,.PUt X =15, + 1,

Since R;®R, is S-regular fuzzy ring, there exists a prime fuzzy singleton
y:=y:+t0 € R;® R,, such that x,.=xyXi=(rp1 + rp2)yi(rp1 + 1rp2) VI, 1€(0,1]
where 0, < 04

=Tp1Yilp1FTp1YtLe2FTp2Yilp1 + Cp2Yile2

BUt rpyyiTe2, Tp2¥iler S Ry N Ry and Ry N R,=(0)
Thus X¢=rpy + Tpp=Tp1Yiler + Te2¥ileo-

Implies that rpy =1, y:rp1 € Ry

Therefore R, is S-regular fuzzy ring.

And if 0 + y; € R;® R,, by same method we get ry,=rp Vil € R,



Hence R, is S-regular fuzzy ring.

83.3 Strongly Pure Fuzzy Submodules

"Definition 3.3.1:

A submodule N of an R-module M is called is called strongly pure , if there
exists prime ideal P of a ring R such that N n MP = NP.[18]"

Definition 3.3.2:

Let X be a fuzzy module of an R-module M and A be a fuzzy sub
module of X. A is called strongly pure fuzzy submodule denoted by S-pure
fuzzy submodule ,if there existsa prime fuzzy ideal P of aring R such that
PX N A = PA.

Proposition 3.3.3:

Let B be fuzzy submodule of a fuzzy module X. Then B is S-pure
fuzzy submodule of X if and only if B; is S-pure submodule of X,, V te
(0,1].

Proof:

(=)Let | be aprime ideal of ring R

. _ _(t if xel
Define P: R — [0,1] by P(x) = { 0 otherwee | V1EQO1]
And let N be a submodule of an R-module M.

. ) _(t if xXeN
Define B: M—[0,1] by B(x) _{ 0 othenea  VEQ]

It is clear that P is a prime fuzzy ideal of R by [6] since | is prime .and B is
fuzzy submodule of X.

Now, ItisclearthatB, =N, P.=1 ,X;, =M



Let B be S-pure fuzzy submodule of X . To prove B; is S-pure submodule of
X,V te(0,1].

To show that P.X; N B; = BB,

PX N B =PB

(PX N B)= (PB);

(PX)t N B¢= (PB)¢

P.X, N B=P,B,

Thus By is S-pure submodule of X,.V te(0,1].

Conversely let P be a prime fuzzy ideal of R and B be a fuzzy
submodule of X
T.p B is S-pure fuzzy submodule of X

P.X; n B;=P.B; v te(0,1].

(PX); n Bi= (PB), by Proposition (1.1.7(1))
(PXN B).=(PB), Dby Definition (1.1.28)
PX N A =PB

Therefore B is S-pure fuzzy submodule of X.

Remarks and Examples 3.3.4:
1- Let M=Z¢ as Z-module and N=(3) ,K=(2)

: 1 if xeM
Define X:Zs —[0,1] by X(x) = {0 o'ihe)r(wise
Define A: Z; —[0,1] by A(x) = {B oicfhe)r(vfisl\ci v t€(0,1]
Define B: Z, —[0,1] by B(x) = {§ Otiflefwei;: v te(0,1]

It is clear that X is fuzzy module and A, B are fuzzy submodules of X



and X;=M, A.=N, B;=K
A is S-pure submodule of X. by[18]
Then A is S-pure fuzzy submodule of X, by Proposition (3.3.3)

But B is not S-pure fuzzy submodule of X since K is not S-pure submodule of X, ,
by Proposition (3.3.3)

2-Let X be a fuzzy module of an R-module M ,and let C be a S-pure
fuzzy submodule of X, then Cis pure fuzzy submodule of X.

Proof: itis clear

The converse is not true in general for example

Example: Let M=Z,, as Z-module and N= (3)

if xeM

. 1
Define X: M—[0,1] by X(x) = {O otherwise

t if xXéN

Vv te(0,1
0 otherwise te(0.1]

Define C: M—[0,1] by A(x) = {

It is clear that X is fuzzy module, C is fuzzy submodule of X and X;=M ,C;=N
C. is pure submodule of X.. by[18]

Thus C is pure fuzzy submodule of X by Proposition (1.2.2)

But C;is not S-pure submodule of X, by [18]

Therefore C is not S-pure fuzzy submodule of X. by Proposition ( 3.3.3)

Proposition 3.3.5:

Let A be fuzzy submodule of a fuzzy module X and B be fuzzy
submodule of A.if A is pure fuzzy submodule of X and B is S-pure fuzzy
submodule of A, then B is S-pure fuzzy submodule of X.



Proof:

Let B is S-pure fuzzy submodule of A, there exists a prime fuzzy ideal
P of R suchthat PANB = PB

Since A is pure fuzzy submodule of X ,then PX N A = PA.
Implies that BNANXP=BP, and since BSA, then BNA=B
Implies XP N B = PB

Therefore B is S-pure fuzzy submodule of X.

Corollary 3.3.6

Let A and B are two fuzzy submodules of a fuzzy module X.if A is
pure fuzzy submodule of X and ANB is S-pure fuzzy submodule of A. then
ANB is S-pure fuzzy submodule of X.

83.4 Strongly Regular Fuzzy Module

"Recall that an element x € M is called strongly regular if there exists an R-
module homomorphism 6: M — R, such that 6(x)x=x where 0(x) is strongly
regular element in a ring R[18].

And an R-module M is called strongly regular if every element of M is
strongly regular.[18]"

Now. We shill fazzify this concepts as follows :

Definition 3.4.1:

Let X be a fuzzy module of an R-module M, x, € X,V t€(0,1] is called
strongly regular fuzzy singleton denoted by S-regular fuzzy if there exists a
homomorphism 6: M — R, such that 6(x,) x; = x, where 08(x;) is S-regular fuzzy
singleton in a ring R.



Definition 3.4.2:

Let X be a fuzzy module of an R-module M, X is called S-regular if
every x; € X,V te(0,1] is S-regular fuzzy singleton.

Proposition 3.4.3:

Let X be S-regular fuzzy module and A be a fuzzy submodule of X, then
A is S-pure fuzzy submodule of X.

Proof:

Let Abe a fuzzy submodule of X and let I be a prime fuzzy ideal of R
Toshow that IXNA =1A
Itisclearthat IAC IXNA
Now, to show that IXN A S IA
Let x, € IX N A, then x:=)"; ri Xy V £, € €(0,1]. Where ry; € Tand x; €X
Since X is S-regular fuzzy modules ,hence x, S-regular fuzzy singleton
Thus there exists a homomorphism 6: M — R, such that x, = 0(x) xt,
S0 B(x¢) =Xz ei 0(xy) and x¢ = B(X¢) Xe=Xi=q Tej O(Xg)X¢
And since x, € A, hence x.=Y.1-; ry; 0(x)x; € 1A
ThusIXNACIA
ThenIXNA=1A

Therefore A is S-pure fuzzy submodule of X.

Proposition 3.4.4:

Let X bea fuzzy module of an R-module M ,then R is S-regular fuzzy
module if and only if R isa S-regular fuzzy ring .



Proof:

Let R is S-regular fuzzy module to prove R is S-regular fuzzy ring .
Let x; € R, there exists a homomorphism 6:R — R, such that x; = 0(x;) X,
where 6(x;) is S-regular fuzzy singleton of R.
Since 6(x)= 0(1.x)= 6(1)x,
Hence xpsx:=x:0(1)X; ,then x.psXi=X;
Therefore R is S-regular fuzzy ring .

Conversely Let R be a S-regular fuzzy ring to prove R is S-regular
fuzzy module.

Let x; €R, thus there existsa prime fuzzy singleton p, of R such that x,.=xp<X,
vt ¢ €(0,1].

Now, define a function 8: R — R, by 08(x,)= xp, for each fuzzy singleton x, of R
Then 0(X;) X¢= X{PsXt, SO O(X¢) X¢= X¢

Thus R is S-regular fuzzy module.

Proposition 3.4.5:

Let X is S-regular fuzzy module and fuzzy divisible over an fuzzy
integral domain R, then every fuzzy submodule of X is fuzzy divisible.

Proof:

Let A be a fuzzy submodule of X, and letr, be a non zero fuzzy singleton of
R. To prove riA=AV £ €(0,1].

By Remark(3.4.3) A is S-pure fuzzy submodules of X.
So<ry>A=An<r, >X

Claim that r,A=A N1 X, let x; € ANryX, then x.=r¢s;, s; € X



Since x, is S-regular fuzzy singleton of X there exists a homomorphism

0:M — R such that x, = 0(x,) X, and hence x; = 6(x;) X(=r; 0(s;) X, a8S Xy € A
This implies that x, S ry A, hence AN XSy A,

Hence rA=A Nr X.

As r X=X. thus AnX=rA

Sor A=A

Therefore A is fuzzy divisible.



FUTURE WORK

And continued to the subject of the thesis will provide ideas for future
Work is the following :

* T-prime fuzzy submodule .

* T-semi prime fuzzy submodule .

* The relationship between some types of fuzzy submodule (T-pure, T-prime
and T-semi prime)
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