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ABSTRACT

The thesis consists of three pivots,

The first pivot discusses and drives the mathematical formula of the reliability
system of a studying three cases for the stress-strength model.

The first one is the system which contains one component for the strength
random variable X subject to the stress random variable Y; (R=P(Y<X)) when
the two random variables X and Y follow the Exponentiated Weibull
Distribution (EWD).

The second case for the system which contains K" parallel components for the
strength X4, X,, ..., X subject to a common stress Y (R=P(Y< Max Xy, X,, ...,
X«)), when they follow EWD.

The third one, for the multicomponent system (S-out of-K) the strength X works,
when at least S of K are work; (1< S< K) subject to a common stress Y
(R(s,k)=P(at least s of the Xy, X,,..., X exceed Y), when X and Y follow EWD.

The second pivot dependent to estimate the reliability system in stress-strength
of the three cases above using different estimation methods like:- (Maximum
Likelihood Estimator (MLE), Moment Method (MOM), the Shrinkage Methods
(Sh1, Sh2, and Th), Least Squared Method (LS), and the Ranked Set Sampling
(RSS)).

Finally, the third pivot includes a comparison of the proposed estimation
methods for three cases mentioned already using Monte-Carlo simulation depend
on the Mean Square Error indicator (MSE).

As well as, Monte Carlo simulation results show that Shrinkage methods are the
best in most cases since it checks the Mean Square Error is less compared to
other methods.
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CHAPTER ONE

INTRODUCTION, REVIEW OF LITERATURE

AND THE AIM

1-1 Introduction:-

Reliability is the probability of a unit to achieve a required task, under
given environmental and operational circumstances during a specific time.
"Most of the workers in the field of reliability have considered reliability as a
function of time. It is well known that the constituent components of an
industrial or defense equipment, while in operation, are generally subjected to a
certain stress level and also that the components are capable of withstanding
these stresses (environmental or due to conditions prevailing within the
equipment) up to a certain limit only, i.e. the components possess some rated
strength to withstand these stresses. If the stress level exceeds the rated value of
the components' strength, the component will fail to work.

This fact was practically realized during the Second World War when it
was found that defense equipment like radar and electronic communication
systems which were quite reliable otherwise, failed to perform their functions
adequately and efficiently when made to function under environmental
conditions adverse to those for which these were designed. It, therefore, became
necessary to consider the effects of environmental conditions while
evaluating the reliability of an equipment";[66]

The widest practical for reliability estimation is the renowned as stress—
strength (S-S) model. This model is using in several applications like physics

and engineering similar to strength failure and the system breakdown. Therefore,



its application has spread out into many fields, and one of the most developed
usual applications focuses on engineering-oriented problems, as well as the (S-S)
model used in engineering devices, it has been usually determining, how long
range time of the system will be live.
Many of engineering systems, consist of more than one component which they
fail individually or together;[26][28]

The stress-strength (S-S) reliability may be studied for some three
models, the first model is the stress-strength (S-S) reliability of the system which
is contained one component denoted by R=P(Y<X), where Y arise the stress
random variable and X arise the strength random variable where X and Y are

independent random variable, so the stress-strength (S-S) reliability formula can
be obtained as R = fooo fstrength (X)- Fstress (X)dx;[44]. The second model is the

system reliability which is content k™ parallel component say R, and the formula
of (S-S) reliability of this model obtained as R,=P(Y< Max Xy, X,, ..., Xi) and in
addition, the third model for the reliability system of multi-component system (s-
out of-k) obtained as R =P(at least s of the X, X,,..., Xcexceed Y).

One of very common problem in the statistical literature was reliability
estimation. Therefore, the objective of this thesis is to estimate the reliability of
the three stress-strength models mentioned above via different methods
suggested when X and Y are independent and follow Exponentiated Weibull
Distribution (EWD) using a simulation and make a comparison between the
different suggested estimation methods using Mean Squared Error (MSE)

criteria.

“In the statistical approach (the stress-strength model), most of the
considerations depend on the assumption that the component strengths are

independently and identically distributed (iid). Unlike the practical situations,



the components of a system are of the different structure so that the assumption

of identical strength distributions may not be quite realistic";[26][28]

This thesis is organized as follows: Chapter one includes the
introduction, literature review and the aim of this thesis. Chapter two will
address some properties the Exponentiated Weibull distribution (EWD) and
derive the theoretical formulas for three types of (S-S) reliability. Chapter three
concern with estimation reliability of the three model of (S-S) using different
estimation methods like Maximum Likelihood (ML), Moment (MOM),
Shrinkage methods (Sh), Least Square (LS) and The Ranked Set Sampling (RSS)
methods. Chapter four consists of the numerical results and including the
comparison among the estimation methods made during simulation upon
statistical indicator Mean Squared Error (MSE) based on a Monte-Carlo
simulation. Finally, chapter five will cover the conclusions that the results of

this thesis as well as introduce some suggestions for future works.

1-2 Review of literature:-

The issue of finding the reliability P(Y<X) in a stress-strength model has
been discussed in the literature widely when X and Y have some specified
distribution. In what follows, we show some available references and researchers
have studied and estimated the reliability of three models in the stress-strength to

contributions towards these models.

e In 1970, Church and Harris estimated the reliability from stress-strength
relations and discussed the supply only by assuming that both X and Y are
normal independent random variables with the derivation formula and

estimated R using ML estimator;[16]



In 1973, Yadav found reliability system formula in the stress-strength
model by assuming the stress distributed as Normal and the strength
distributed as Gamma distributions. An estimation of the reliability system
introduced under different values of the distribution parameters;[66]

In the same year, Bhattacharyya and Johnson extended the system of
stress-strength to s-out of-k, which is having identical component and
estimated the reliability by UMVU.[13]

In 1974, Bhattacharyya and Johnson introduced and developed the
reliability multi-components stress-strength system model Ry which
includes k of components and identical strength component put up with
common stress function if s (1<s<k) or more of the components
simultaneously operate;[14]

In 1980, Dhillon established (S-S) reliability system formula for four cases
of an identical unit parallel system. The mentioned models were discussed
for different cases: when system stress and unit strength are exponentially
distributed, when system stress follows Maxwellian distribution and the
strength follows an Exponential distribution, when both system stress and
strength follow power series hazard rate distribution, finally, when stress
and strength follow an Exponential distribution;[18]

In 1982 Anne Chao compared the estimations of Pr(Y<X) when X and Y
are s-independent Exponential distribution random variables with mean 3
and o respectively. He made calculations for s-bias and mean square error
(MSE) of the ML estimation of Pr(Y<X) for the case when two-parameter
B, a are unknown and when the only B is unknown;[15].

In 1985, Pandey and Borhan Uddin developed the reliability in multi-

components of stress- strength and they estimated the reliability in multi-



components stress-strength model when both of stress and strength follow
Burr distribution[53]

In 1988, Jaisingh studied the possibility of finding the lower bound for the
reliability of a system such that the strength variable follows the Gamma
distribution and the stress variable follows Chi-square distribution.[30]

In 1991, Pandey and Borhan Uddin estimated the reliability system of
multi-components in the stress-strength model for Burr distribution by
using the Bayes estimators and the non-Bayes estimators and they
conclude the Bayes estimators are the best;[52]

Hanagal in 1996, studied estimation the reliability parallel system which
contains two components strength (X1, X,) follow Bivariate Pareto (BVP)
distribution subject to stresses (Y4, Y,) was Ry, or common stress (Y) was
R,, the stress which follows Pareto distribution;[23]

In 1998, Hanagal estimated the reliability system in the stress-strength
model with k™ components when will be parallel or series, supposed that
the K™ components strength subject to common stress and they are
independent and follows the two parameters Exponential distribution;[25].
In 1999, the researcher Hanagal found reliability theoretically in the case
of stress and strength for a system contain K independent components and
assuming that the system remains work when at least s of the components
are working ;1<s<k where the vector of this components X=(Xy,Xa,...,X)
follows absolute continuous multivariate distribution (ACMVE) while the
common stress random variable Y follows the Exponential distribution
with mean p, and the system reliability which does not depend on the time
is R=P[Y<Xs1)];[22]

In 2001, Gupta & Brown estimated the reliability (R) of stress-strength on

the supposition that each of stress and strength is independent and follows



the normal distribution (Skew-Normal Distribution) and the researchers
enhanced their results by applying via a complete data set;[21]

In 2003, Karam studied efficient estimations of stress-strength system
reliability with four cases upon the parameters. She compared between the
proposed estimators of the reliability in the stress-strength model via the
MLE estimator with UMVUE, when both stress and strength are
independent and identical and follow a Weibull distribution. She
concludes the MLE is the best in the sense of MSE through simulation;[3]
As well as, in 2003, Hanagal succeeded in finding and estimating the
reliability of the series system contains k™ components strength put on
common component stress (Xy+1), the stress and strength follow some of
the failure distributions like Pareto distribution, Weibull distribution, and
Gamma distribution when the shape parameter is known integer number,
also estimate the parameters using MLE;[24]

Also in 2003, Nadarajah & Kotz, succeeded in finding reliability in the
case of stress-strength R=P(Y<X) when each of X and Y is independent
random variables and they belong to a Pareto distribution model;[44]

In 2005, Ali and Woo considered conclusion the reliability R=P(Y<X) via
Pareto distribution with a known scale parameter, including point and
interval estimation and a test of hypothesis;[7]

also in 2005, Nadarajah calculated the reliability in the case of stress and
strength model, in the case of the stress X and strength Y are dependent
random variables follow Bivariate Beta distribution;[45]

In 2006, Ng considered some test and confidence bounds for the system
reliability R=P(Y<X), where X and Y are independent follow an
Exponential distribution with two parameters. The results are based on

missing data and are applicable to some related distributions.;[48].



In 2006, Mokhlis assessed reliability in the case of stress and strength of
two components in parallel under the influence of four different stress
models and on the assumption that the random variables of strength and
stress are independent and distributed (Friday and Patial) Bivariate
Exponential distribution and the common stress models follows
Exponential distribution for two components and he studies other
cases;[38]

Also, in the same year Abed-El Fattah, Mondouh and Ashour estimated
the system reliability R=P(Y<X) in the case of stress-strength using
Bayesian estimation method and maximum likelihood method, when the
stress and strength are identical and independent random variables and
follow Lomax distribution;[12]

In 2007, the researcher Alani evaluated the reliability of R = P [Y <X]
using different estimation methods and on the assumption that the random
variables of stress X and strength Y are independent and have the same
distribution; So the methods of estimation were the maximum likelihood
(ML), the moment method (MOM), the least squared method (LS); the
shrinkage method (Sh), when the stress and strength follow Weibull
model and the Pareto type 1 models. Comparison between the proposed
estimators was made through simulation and she concludes that the MLE
is the best for reliability R in the case of a Pareto distribution and
shrinkage estimator is the best in the case of a Weibull distribution in the
sense of MSE criteria;[1]

Also, in 2009, Saragoglu, Kaya, and Abd-Elfattah estimated the reliability
in the stress-strength model, when the stress and the strength are
independent random variables and follow Gompertz distribution via three

methods, MLE, UMVUE and Bayes estimator. A comparison between the



proposed estimators was made through simulation in the sense of MSE
and they conclude that the Bayes estimator is the best and then the second
was MLE and finally UMVUE;[61]

In 2010, Panahi and Asadi considered the estimation of R= P(Y<X) when
strength X and stress Y are independent r. v.%, but non-identically follow
two parameters Burr type XII distribution and the estimation of reliability
R is obtained using MLE, UMVUE, and Bayes estimators. They conclude
that the MLE and UMVUE are identical and they are better than Bayes
estimator based on MSE criteria for sample size n=10,20,30;[51]

In 2010, Rao & Kantam studied a system of k multi-components which
have independently and identically strength Xi;, X,, ..., Xy random
variables distributed experiencing the random stress Y when the stress and
the strength from the Log—Logistic population;[57]

In 2011, Mokhlis and Khames estimated the system reliability for parallel
and series multi-components in the stress-strength model, such that the
components strengths and stresses follow Multivariate Marshall-Olkin
Exponential distribution with (k+1) and (n+1) parameters,
respectively;[39]

In 2011, Panhi and Asadi estimated reliability system R=P(Y<X) in stress-
strength (S-S) model when the stress and the strength are independent
random variables follow Lomax distribution with independent with
common scale parameter (A) and different shape parameters a; and a,,
respectively via MLE and Bayes estimators. They conclude that, the MLE
is the best for R in the sense of MSE criteria for sample size
n=>5,10,15,20;[50]

in 2012, Ali, Pal, and Woo estimated the reliability R =P (Y <X), when
X and Y are independent random variables follow Generalized Gamma



distribution including four parameters via a modified maximum likelihood
method and Bayesian technique to estimated R. A simulation study has
also been carried out to compare the two methods;[5]

In 2012, Srinivasa Rao estimated reliability system in the multi-
component, when the stress and the strength variables distributed as Log-
Logistic for some shape parameters. The system reliability estimated via
MO, ML, Modified ML, and BLUE methods;[54].

Maha Abdullah in 2012, computed reliability system in stress-strength
which contains K series components strength X=(Xy, X,, ..., Xy) subject
to a common stress (Xy+1) Wwhen the stress and the strength follow an
Exponential distribution. She estimated the reliability by different methods
like (ML, UMVUE, MSE, LS, and Sh) methods and used Monte Carlo
simulation. She found that the shrinkage method is the best comparing to
other methods by via MSE and MAPE;[2]

In the same year, Srinivasa Rao studied estimation for the reliability
system for multi-components in case of stress-strength (S-S) model, when
the stress and strength independent and identical distribution random
variable considered as Generalized Exponential distribution via several
shape parameters and estimated the mentioned reliability by ML
estimation;[55]

Also in the same year, Hassan & Basheikh studied the Bayes and non-
Bayes estimation of a system reliability in S-out of-K model with non-
identical component strengths was subject to a common stress, in the case
when the stress and strength follow the Exponentiated Pareto distribution
with a common and known shape parameter. Five classical estimation
methods; ML, MO, LS, WLS, and percentile; while the Bayesian

estimation considered using symmetric and asymmetric loss function;[26].



Hussian in 2013, considered estimation R=Pr(Y<X), where X and Y
follow GIED with different parameters and assuming common scale
parameter is known. He obtained the maximum likelihood estimator MLE
and Bayes estimators depend on informative and non-informative prior at
the parameters. He also found C.I. of R. Comparisons between the
proposed estimators were made based on Monte Carlo simulation.;[29].

In the same year 2013, Amiri et al. considered the reliability estimation of
R=P(Y<X), when the stress and strength are two independent random
variables follow Weibull distribution with two parameters including
different scale parameters and the known fixed shape parameter and they
obtained ML, UMVUE, and Bayes estimator of R;[11]

Also in the same year 2013, Salem estimated the reliability R=P(Y<X),
where X and Y are independent follow Weighted Weibull distribution via
several methods for estimating the reliability such as ML, LS, and
Bayesian estimators based on non-informative and informative prior
distribution;[59]

And in the same year, Ghanim derived and estimated a formula for the (S-
S) reliability P(X<Y) when the stress X follows the Gamma distribution
with two parameters o; and B;, and the strength Y follows Weibull
distributions with two parameters A; and |;. He assumed that the stress X
follows Weibull distributions with two parameters o, and B, and the
strength Y follows the Gamma distribution with two parameter A, and pl,.
Also, estimated the reliability by using non-Bayesian method MLE and
MOM. In addition, Ghanim used Bayesian method via prior distribution
loss were Jeffery prior information, Extension of Jeffery and Inverse
Gamma distribution. He compared these estimators upon MSE and
MAPE.;[19]



In 2013, Karam studied estimation of system reliability for one, two and s-
out of-k components in stress-strength models and the system consists
non-identical strength component subject to a common stress, using
Exponentiated Exponential distribution with common scale parameter and
made comparison between the ML, PC, and LS estimators of these system
reliabilities when scale parameter is known;[33]

Ali in 2013 estimated the reliability of the parallel stress-strength system
with non-identical component subject to a common stress using Lomax
distribution. She used many methods are Maximum Likelihood,
Percentile, Moment and Least Squares of the system reliability function,
also made a comparison between these methods by Mean Square Error
and Mean Absolute Error;[6].

Sezer and Kinaci in 2013, estimated the stress-strength reliability (R) for a
system consists of two parallel components based on masked data by
using Exponential distribution. Also used a simulation study to a
comparison between Bayes and MLE;[62].

In 2014, Karam and Ali considered estimation of system Reliability in
stress-strength model contain non-identical parallel component subjected
to a common stress using Lomax distribution. They made a comparison
between the ML, PC and MO estimators of the reliability system;[32].
Ghitany et al. in 2015, studied the estimation of the reliability system in
the stress-strength model from Power Lindly distribution. The point and
interval estimation of R;[20].

Jani in 2015, discussed the reliability of the mathematical formula of
multi-components reliability system in stress-strength for two models
Ry and Ry for each of the Burr type I11, Exponentiated Lomax and

Generalized Inverse Rayleigh distributions. She estimated the reliability of



two models by using the ML, LS, WLS, Rg, MOM and RSS methods and
made a comparison among them by MSE and MAPE.[31]

In 2016, Srinivasa Rao et al. estimated a multi-components stress-strength
reliability of system when stress and strength variables follow EWD for
different shape parameters o and B, and common other shape and scale
parameters y and A;[56].

Najarzadegan et al. in 2016, studied estimation of R= P(Y<X); X and Y
are independent r. v.° follow the L evy distribution. They have considered
three different point estimators for R: MLE, UMVUE and Bayes
estimator. He considered two different interval estimators for R:
asymptotic maximum likelihood estimator and bootstrap based percentile
estimator. Comparisons between these estimators were made by
simulation studies also by a real data application.;[46].

In 2016, Karam considered the reliability function R in stress-strength
model for a system has strength component put on independently of three
stresses R the second case used two parallel components strength which
IS subjected to a common stress R,, and the third case used multi-
components Ry via Gompertz model when the location parameter is
unknown and the shape parameter was known and estimated the three type
reliability models by three estimation methods ML, LS, and WLSE and
using numerical simulation. A comparison between the three estimations
was made based on MSE.;[34].

In 2016, Mohamed et al. estimated the system reliability R=P(Y<X) in the
stress-strength (S-S) model, where X and Y have the Lomax population
with common scale parameter. They derived the MLE of R in the case
with unknown scale parameter, and the MLE of the three unknown

parameters. They proposed percentile bootstrap confidence intervals of R,



a Bayes estimator of R, and the corresponding credible interval using the
MCMC sampling technique. Secondly, assuming the case when the
common scale parameter is known, the MLE of R is obtained. In this case,
Bayes estimators have been derived depend on Lindley's
approximations;[37].

In 2017, Hassan studied the estimation reliability in multi-components of
(S-S) system model when the system consists of K components have
strength each component experiencing a random stress. The stress and
strength follow Lindley distribution. The ML, UMVUE and Bayes

estimators of Ry are obtained;[27].

1-3 Some Important Concepts::[49]

A shape parameter controls the distribution and it is called indicator

parameter or stop parameter. Some distributions have one shape parameter like

Weibull and Gamma distributions and other distributions have two shape

parameters like Burr and Beta distributions ...etc.
1-3-2 The Cumulative Function (CDF)

The cumulative distribution function (CDF) is

Fx;a)=P(X<x)=["_f(t;a)dt. (1-1)
1-3-3 Reliability Function R:

Hence, the reliability function of an item is defined by
Rt)=1—-F(t)=P(T=>1t) fort > 0 (1-2)

R(D=J" f (u; a)du.

1-3-4 Failure Rate Function h(t):

As a result, the Failure rate (hazard) function is defined as:



h(t:

a,0) =

f(t:a,0)
R(t:a, 0)

_ f(t:a,0) (1_3)

1-F(t)

And, the cumulative hazard function is defined by:

H(t:a,0) =jh(u:0(, 0)du
0

H(t:

a,0) = ftf(““e)d = —In(1 - F(t: «, 0)). (1-4)

0 R(u

1- 4 The aim of thesis:

The aim of this thesis organizes as follows:

1. Estimate the reliability of stress—strength (S-S) model for the system that

contains one component (R=P(Y<X)) when the strength X and stress Y

follow the two parameters Exponentiated Weibull distribution.

. Estimate the reliability of K™ parallel components system in the stress-

strength model Ry =P( Y<Max. Xy,X,,...xx ) when each of X;;i=1, 2, ..., k
and Y follows the two parameters Exponentiated Weibull Distribution
(EWD).

Estimate the multi-components system reliability in stress-strength model
Rk based on two parameters Exponentiated Weibull distribution.
Comparisons between the proposed estimators for three reliability models
(Maximum Likelihood (ML), Shrinkage Methods (Sh), Least Square(LS),
and Rank Set Sampling (RSS)) methods through Monte Carto simulation
depends on Mean Squared Error (MSE) criteria for the Exponentiated
Weibull distribution with known shape parameter 6 and other unknown

shape parameter o.
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CHAPTER TWO

THEORETICAL FORMULAS

2-1 Introduction:

This chapter involves some applications and properties of the two
parameters Exponentiated Weibull Distribution (EWD) and also consists of
derivation for the reliability system formula in stress-strength (S-S) model when
the stress Y and the strength X are independent random variables follow

Exponentiated Weibull distribution for the three cases below:-

1- When the system consists of one component strength X subject on a stress Y.

2- When the system consists of K™ parallel components strength (X1, X, ...,
X) subject on a common stress Y.

3- When the system of multi-components s-out of-k (s,k) subject to a
common stress Y.

2-2 Exponentiated Weibull Distribution:

2-2-1 The Original and Applications of Exponentiated Weibull Distribution:

"The Exponentiated Weibull family, a Weibull extension obtained by
adding a second shape parameter, consists of regular distributions with bathtub
shaped, unimodal and a broad variety of monotone hazard rates. It can be used
for modeling lifetime data from reliability, survival and population studies,
various extreme value data, and for constructing isotopes of the tests of the
composite hypothesis of Exponentially";[43]. Mudholkar and Srivastava (1993)
proposed a modification to the standard Weibull model through the introduction
of an additional parameter v, such as G(x) is CDF of Weibull Distribution and
F(x) is CDF of Exponentiated Weibull Distribution:



F(¥)=(G(X)) " ; (0<v<w)

That is mean, when v = 1, the model reduces to the standard two-parameter
Weibull model.

Also, in the same year, Mudholkar and Srivastava introduced the
Exponentiated Weibull family distribution (EW) as an extension of Weibull
family;[41]. In 1995, the above researchers introduced the applications of
Exponentiated Weibull (EW) distribution;[42]. Mudholkar and Hutson in 1996,
studied the reliability and survival of (EW) distribution;[40]. Nassar and Eissa in
2003, studied in more detail the properties of (EW) distribution;[47]. Pal and
Woo in 2006, compared the Exponentiated Weibull with two-parameter Weibull
and gamma distributions with respect to a failure rate, and also they showed that
the EWD has an application in many fields such as health costs, civil
engineering, economics, and others;[49]. Several authors have been using the
(EWD) as a model of many fields like flood data, biological studies also in

physical explanation...etc.



The scheme below, refers to the relationship between the EWD and other

distributions:

Exponentiated Exponential Pareto \
Distribution with two shape
parameter(a,0) and two scale
parameter (A, p);[10]
-A)°

Fix)=(1-e )

Exponentiated Weibull Distribution

with two shape (a,0) parameter and Exponentiated Weibull
one scale parameter p;[17] T
Distribution
When p=t stributio

_ ~$°\q
Fx)=(1-e *» ) F(X) — (1_e—x9)a

~

Generalized Weibull Distribution
with two shape (a,0) parameter
and one scale parameter A;[49]

F(x) = (1—e %)

Figure (1): Relationship between the EWD and other distributions

2-2-2 Some Important Properties of Exponentiated Weibull Distribution:

[10].117].149]

The probability density function (PDF) of a random variable X follow
the two parameters Exponentiated Weibull Distribution given as below:

f(x;a,6) = {aexe_le_xe(l e X >0,a,6 >0 (2-1)
0 otherwies



While, the Cumulative Distribution Function (CDF) is:
F(x;a,0) =1 — e‘xg)“ x>0, a,0 >0. (2-2)
Hence, the reliability function R(x) will be:

0 a
R@)=1-(1-¢*)  x>00,0>0, (2-3)
And, the hazard function h(x) is:

fx) _ oz@x‘g_le_x@(1—@"56)“_1
R(X) 1—(1—e—x9)a

h(x) = (2-4)
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Figure (2): the PDF curve of EWD with different values of the parameters when
0=2,3,5 and 0=3.
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Figure (4): Reliability curve of EWD with different values of the parameters when 0=2,3,5
and 0=3.
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Figure (5): the hazard curve of EWD with different values of the parameters
when 0=0.5,1,3 and 6=3.

Now, some properties of the Exponentiated Weibull Distribution are listed
below:-[10],[17],[49].

The r'™ moment about the origin:
E(XM) = a S5 (T CDTE + D+ 176, (2-3)
This implies that:

The mean:

ECO = 0= aZi (7Y CDTG+ DG + D@, (2-4-2)



The Median:

0 1
Xmedian = \/_ In(1 - a_\/z)

The variance:

(2-4-b)

Var(x) = 0% = aZ?’:oZ?:o(—Di—f’fz(“;l) (j) u?=IT (% + 1) (i + 1)_(%“)_

The coefficient of variation:

CV_\/Var(x)_\/E(X—u)2
O E) T EX

_ \[06 X720 Z?:o(—l)i‘j“(“?1)G)uz‘fr(%+1)(i+1)‘%+1)

aZ?‘:‘ol(“?)(—1)"F(§+1)(i+1)‘(§+1)
The coefficient of skewness:

E(X — )
g LXMW

Var(x))2

@SRy (2 Iy Y

- (@X5lo Zf=o(—1)i-i+2(“171)G)yz—fr(%+1)(i+1)'(%+1))%

The coefficient of kurtosis:

J

C.K

...(2-5)

(2-6)

(2-7)

4 © 4 i—jtafa-1Y (4) 4-j l ; —(1+1)
CEX -t aZne B0 () utrG + i+ D

j=0 J

(Var(x))? (@X2, 3 (_1)i—j+2(c¥;1) (2) Hz_jr(%Jr 1) + 1)—(%+1))2'

...(2-8)



The moment generating function:
My(6) = E(e™) = a 320 L S (DTG + D+ D™D, (2:9)
2-3 Theoretical formulas for the reliability system in (S-S) models:-

2-3-1 The Reliability System (R) of Stress—Strensth Model Consist One
Component:[111.1341.]35].

This section concerns with estimating the reliability system R in (S-S)

model which contains one component via different estimation methods and make
a comparison between the proposed methods using simulation depends on the
statistical indicator MSE. Our hypothesis in (S-S) model. The stress (Y) and the
strength (X) are independent variables follow two parameters Exponentiated
Weibull Distribution (EWD).

Now, assume the two random variables X and Y follow the EWD with

parameters (0,0) and (a,,0) as strength and stress respectively.

Hence, the probability density functions (PDF) from (2-1) for each

random variable X and Y is given as below:-

: _ (a,0x91e=*"(1 — e~*" )1 x>0 a,6>0

f(x; @, 0) = {01 ( ) >0, a1,6>0 (2-12)
: _fa, 0y te (1 — e ")l y50;a,050

f; az,0) —{ 020 ( ) >0; 42,60 (2-13)

And, from equation (2-2), the CDF of X and Y are, respectively, given as

below:-

F(x;a,0) = (1 — e *")® x>0 ; ay, 6>0. (2-14)



F(y;ap,0) = (1—e¥)%  y>0;a,60. (2-15)
The (S-S) reliability system R for this model is defined as follows:

R = P(Y<X)
=J[, e f O f ) dydx.

Therefore,

R =f0°° alexe‘le"‘e(l - e"‘e)“l‘ldx fox a, Bye‘le‘ye(l — e‘ye)"‘z_1 dy
=f0°° 2, 0x9 te=*" (1 — e=*")m2tar=1gy

R = aq (2_

a1+ay

16)

2-3-2 The Reliability System (Ry) for K™ Parallel Components in The
Stress-Strength Model:[32].125]and [32]

This section concerns with finding formula of the reliability system for K"
parallel components system in the stress-strength model when (Xi, X,, ..., Xy)
are strength subjected to a common stress Y, when the stress and strength follow
the Exponentiated Weibull Distribution (EWD) with unknown shape parameter o

and the other shape parameter 6 to be common and known.

Assume Xi, Xo, ..., Xk arises strength have (EWD) with parameter «;,
i=1,2,...k and common parameter 6. All components are subjected to the stress y

have (EWD) with two parameters a,, ; , 0 and assumed to be independent.



Then, the reliability system Ry of the K™ parallel components in the stress-

strength model is computed as below:
Ri=P(Y<max Xy, X,..., Xk).

Suppose Z=max(Xy, Xp, ..., Xk)

Re = [ EO)f()dy (2-
17)

Where f(y) and F(y) are defined in equations (2-13) and (2-15) above.
As well known,
F.(2)=P(Z<z)

=P(x1<z)P(X,<z)...P(x¢ <2)

=1-e )M (1-e )% . (1-e )%

=(1 - e~2")Ziza,

This implies that a random variable Z follows EWD with the parameters

K  a;and 6.
Therefore,
— 0 Z{'(=1 a;
EG)=1- (1 — e ) . (2-18)

Substitute equation (2-13) and equation (2-18) in equation (2-17), we obtain:

Rk = fooo(l -(1- e_ye)zi';lai) ak+19y9_1e‘3’9(1 — e_yg)ak+1_1dy



= Jy @8y (1= e ety — [ a0y Te ™ (1~

k+1

e_y9)2i=1 ai=1dy

=1 — Skt1
- k+1 .
i=1 %i

k.
Ry =S54 (2-19)

2-3-3 The Reliability System R, of The Multi-Components s-out of-k in
The Stress-Strength Model:- :[14], [22]. and [34]

This section concerns with finding the reliability system of the multi-
components in stress-strength model Ry, When the stress and strength are
independent random variables and follow the Exponentiated Weibull
Distribution (EWD) with known first shape parameter 6 and unknown second

shape parameter o.

The reliability of system model, s out of k (s-k) denoted by Rsx which
means that the system functioning when at least s ( 1<s<k) of components
survive was introduced by Bhattacharya and Johnson (1974). "They developed
the reliability multi-components stress-strength system model Ry Wwhich
includes k components and identical strength component put up with a common
stress function if s ( 1<s<k) or more of the components simultaneously
operate";[5]. In other word, this system works successfully if at least s out of k
components resist the stress. Noted that, if s=1 and s=k it corresponded,

respectively, to parallel and series systems.

Now, we have to find a system reliability consisting of k™ identical
components (when at least s out of k function) for the strength Xy, X,, ..., X

which are random variables with EWD (a4, 8) subjected to a stress Y which is a



random variable follows EWD (a,,8) depend on Bhattacharya and Johnson
(1974).

Hence the reliability system of a multi-components stress-strength

model R will be;

R =P(at least s of the Xy, Xo,..., Xy exceed Y)

=2 () 1, (1 = ) (E )< 1dF (). (2-20)
Substituted equation (2-14) and equation (2-13) in equation (2-20) becomes:
Re = Zis(§) J, (1= (1= e™¥)™)i((1 = e ™)) Ty 0y ~Te ™" (1 -
ey 1dy

= iczs(lf) fo"o(l —(1- e‘ye)“l)iazgyg_le_ye(l _ e—y")alk—ialmz—ldy_
Suppose z=1— e’ and dz = 6y°~te >’ dy
When 0<y<co implies 0<z<I,
and by some simplification, we get

Re= s Zf:s(lf) fol(l _ Zal)iza1k—ia1+az—1dz_ (2-21)

1 1

Assume t = z%1 = z = (t)«1; this results dz = ai(t)a_l_ldt,
1

and when 0<z<1 implies 0<t<1.

The equation (2-21) become as:

1

C k—jp%2_ 1 1
Rejo= Z_iz;\;s(’;) [l - ot TaTm s at (2-22)



i+22_1

Rei= - 2iss(}) [a-pie e e, (2-23)

The integration in equation (2-23) above looks like the integration of a

function of a random variable T which follows the Beta distribution with

parameters (k-i+-2) and (i+1)
1

k!
Rei= {‘Sl'(k 5 (k—1+— i+ 1).

Using the definition of Beta distribution, we get:

k k! F(k 1+a1)l"(1+1)

R(S k) i=s l'(k l)' F(k+z_i+1) (2'24)
. K (k+2—i it ]

R(S k) i=s l'(k l)' (k+6{2)r(k+6{2) (2 25)

Rii= = Z [Tz (k + — N1 ki, jareintegers. (2-26)

i= S(k l)'
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CHAPTER THREE

SOME ESTIMATION METHODS FOR RELIABILITY
SYSTEM IN THREE PROPOSED STRESS-STRENGTH
MODELS

3-1 Introduction:

This chapter concerns with the estimation of the reliability system in three
proposed cases in the stress—strength model when the stress (Y) and the strength
(X) are independent variables follow the Exponentiated Weibull distribution
(EWD) with two parameters using some estimation methods like Maximum
Likelihood (ML), Moment (MO), Shrinkage methods(Sh), Least Squares
Estimator (LS), and Rank Set Sampling (RSS).

3-2 Estimation Methods for The Reliability System in (S-S) Models:
3-2-1 Maximum Likelihood Estimator E):[34

The Maximum Likelihood is one of the important methods of
estimation, because it has a good characteristics distinguish from the rest of the

methods which is Invariance Property.

Let Xy, X, ..., X, be a random sample from EW(04,0) and yy, Y2, ..., Ym
be random samples from EW(a,,0) then, the likelihood function of the observed

sample is given as:

l = L(x,y; aq,0,,0) = [1721 f(x;) H]n;1 g(Yj)- (3-1)



From equation (2-12) and equation (2-13), the equation (3-1) become:
= [lix1 alexie—1e—x?(1 - e_x‘e)al_l jyia 0»’29)’ e/ (I-e >y )
= alqrgntMme ~Yiz1 X Z, 1y, I _1x9 1 §n1y] no(1-
l)al 1 H 1(1—e y,)az 1
Take Ln to both sides, we get:-

Ln()) = nLna; + mLna, + (n + m)Ln® + ¥, Lnx! ™t + 370 Lny) ™" —

Paxd =T yf B Ln(l— e D)@ 43T In(1— e )@l (32)

By taking the partial derivatives of Ln(l) with respect to o; and oy

respectively, we conclude:

oLn(l) _ n n - l@ )
=Ty (1 - ), (3-3)
aLn(l) _ m m =y i
e —a2+2j=1Ln(1 e 1). (3-4)

Equating the equations (3-3) and (3-4) to zero will be:

all +Yr Ln (1 — e‘xie) =0, (3-5)
_y0

aﬂ2+2}n=1Ln(1—e yJ)zO. (3-6)

Then, the ML's estimator for the unknown shape parameters «; (i=1, 2)

are respectively given as below:



X1 pre™ o\ ! (3_7)

7~ (3-8)
)

~ . . . A _3a;
Noted that, @;,,, . is biased since E(aiMLE)_a__l + «;, 3 may refers to n

or m depend on (i) respectively.

~ -1 A
Hence, &;,= 3705-

iz Will be unbiased estimator of «;, i=1,2.

Therefore,

E y — d V o~ _(ai)z _1 2 3 9
(@;,,) = a; and, ar(aiub)-(s_z) ‘i=1,2. (3-9)
Then, @, ,= Lt S (3-10)

—Z{Lan(l—e—xi )
And, &Zub: m-1 . (3_11)
- Z}Zl Ln<1—e_yj )

By substituting equation (3-7) and equation (3-8) in equation (2-16), we
get the reliability estimation in (S-S) model which is contain one component as
below:-

Ryie = M (3-12)



In order to obtain the maximum likelihood estimator of Ry, suppose that
k components of the system are put on the life—testing experiment. Let X;1, X2,
vees Xin1: Xo1, X22, ..ooXon2) Xkiy Xk2, ..., Xknk fOrm EW(a;, 8), respectively, for
i=1,2,....k; and y; ;t=1,2,...,m form EW (a4, ). Then the likelihood function of

the mentioned system will be:
L= L(ay, 65 x,y) = T1L (T £ G ) TTE21 g (). (3-13)
From equation (2-12) and equation (2-13) in equation (3-13) become:
L= Ty o™ 0K T, T a0t S B I I, (1 — ey
()™ O™ T2y 070 e ZEa e [T (1 — e ) @t (3-14)
Take Ln to both sides in equation (3-14) we get:-
In(l) =
n; Y5 Ina; + (kn; + m)Inf + (6 — 1) Z}il K Inx;; — Z}il Z{-‘zlxl-je +
(@ = DI}, T in (1= 70" ) 4 m Inagys + (0 — 1D T Iny, ~

1y + (@ — DXL In (1 - e‘yfe). ...(3-15)

The partial derivatives for the equation (3-15) with respect to the

unknown shape parameters «; (i=1,2,...,k+1) we get:

aLn(l i i —x;;0 i
n® _ Z—i+ Z;l:l In (1 — e i ) =12,k (3-16)

0ai



oln(l) _ m

k41 Ak+1

+3m i (1-e"). (3-17)

Equating the equations (3-16) and (3-17) to zero will be:

i i —: 0 .
ZT-J’ S n (1 — e¥i ) =0 i=12,..k (3-18)
m m __—y0 _ ]
Akt1 2= ln (1 e ) 0. (3-19)

Thus, the maximum likelihood estimator of the parameter a;
(1=1,2,...,k+1) will be as follows:

S T E— T, (3-20)
5}, tn(1-e7¥07)

a
IMLE

-m

Y, ln(l—e‘J’tg) '

&k+1MLE = (3-21)
By substituting &;, . and @&44,,in equation (2-19), we get the
reliability estimation for K component parallel system in (S-S) model using
Maximum Likelihood method as below:
— Z%(:laiMLE

Riyue = S, (3-22)

=1 Xy



Suppose that k of components are put on life-testing experiment. In this
case, let Xy, Xy, ..., X, be a random sample of size n follow EWD (a4, 8), and y;,

Y, ..., ym be a random sample of size m follows EWD (a,, ).

Then, the maximum likelihood estimator @;  (i=1,2) for the

mentioned parameters a; will be the same as the equations (3-7) and (3-8) in
subsection 3-2-1-1.

By substituting &;  (i=1,2) in equation (2-26), we get the reliability estimation

for R model via Maximum Likelihood method as below:

—~ . a, k k! i a; N —
R(S:k)MLE —Z ZI;Z Di=s (k—1)! [ H]l'zo(k + FMLE -1 1 (3-23)

ay MLE

3-2-2 Moment Method (MOM):-

A moment method was one of the first methods used to estimate the

population parameter, it was introduced by Person (1894).

We need the population moments for X and Y of EWD, which is given below:-

E(X‘r'): azlgz:_ol(a;l)(_l)i(i + 1)—5—11-. (g n 1) ’ lfa N

oo I'(a)
& Lizo i (a—1i)

for r=1,2,3...(3-24)

(—Di+1)7Fr ((+1),ifagn



Then, the population means of X and Y are, respectively, as below;[49].

A (E ) ()G + 1)"air ( 1) Jifa, €N

E(X) = (3-25)
S0 (- + D (341) Lif ey €N

s 1@ 2t () (—IG+ DO (5+1) Life €N .

@S0 (1) + DT (4 1) Lif ap @ N

Equating the sample mean with corresponding population mean, we get:

Y — z:?=1Xi _

X=====E(X). (3-27)

And,

S Z;‘n=1Yj

Y ==—==E(). (3-28)

Then, the Moment estimation method of «; (i=1,2), say &;,,,,, can be

obtained by solving the above equations (3-27) and (3-28) with respect to «;
(i=1,2), when 0 is known based on median procedure which is explained in an
appendix;[67].

Substitution &;,,,, (i=1,2) in the equation (2-16), we get the estimation

of (S-S) reliability by moment method as below:

Ryom = . : (3-29)

C1pom T 2yom



Let x;; ;j=1,2,.., n; be the strength random samples from EWD(«;, 6)
with size n; where «; are unknown parameters, i=1,2,...,k, and let y; ; t=1,2,...,m
be the stress random samples from EWD (a4, 6) with size m, where «a; (i=

1,2,....k+1) are unknown parameters and 6 is known parameter.

The population mean of a random variables X; which is follows the

above distribution is given by equation (3-25).
Therefore,

a5 () G+ D (4 1) Lifa e N

> @) R W _
@ L0t (/G + DT (G4+1) Lif e N

E(X;) =

for i=1,2,... k. ...(3-30)
And by the same way, the population of the random variable Y will be:

1
A 4+1 Z?:gl_l(akthl_l)(—l)t(t + 1)_5_11" (% + 1), ifax., EN

o T - 1 .
Xp41 Zt:o%(_l)t(t'l' 1)7e'r (g‘l‘ 1) Jf Qg1 €N

F(ag+1—

E(Y) =

...(3-31)
Equating the sample mean with the corresponding population mean as follows:-
i

o _ Tty _ P
Xj=——= E(X;) ;fori=1,2,... k. (3-32)

L



And,
Y =gy, (3-33)

Then, the Moment estimation method of «; (i=1, 2, ..., kt1), say
@i,0, CaN be obtained by solving the above equations (3-32) and (3-33) with
respect to a; (i=1, 2, ..., k+1) when 0 is known based on median procedure

which is explained in the appendix;[67].

Substitution &;, ... (i=1, 2, ..., k+1) in equation (2-19), we obtain the
reliability estimation of K components parallel system in (S-S) model using
moment method as below:

_ Zg(:l aiMOM (3_34)

Ry, = :
MOM Y @iy

Let X1, X, ..., X, be a random sample of size n for strength X follows
EW(ay,0), and y1, Yo, ..., Ym be a random sample of size m for stress Y follows
EW(a,,0). Let X and Y are the means of samples of strength and stress
respectively, and the population moments of X, Y are respectively given in
equations (3-25) and (3-26). Then the estimation of unknown shape parameters
a; (1=1,2) will be the same as equations (3-27) and (3-28), respectively, in
subsection 3-2-2-1.

Substitution&;  (i=1,2) in equation (2-26), we conclude the

reliability estimation for R model via moment method as below:



~ @ k! i @ . -
Risiomon = 522 Nies g [ ok + 2224 — )] 72, (3-35)

~ i=s _i\
Aimom (k—1)! MoM

3-2-3 Shrinkage Estimation Method (Sh)::[4]. 8], [9], [60] and [65]

Thompson in 1968 has suggested the problem of shrink a usual

estimator a of the parameter o to prior information o, using shrinkage weight
factor @(@), such that 0< @(a) <1. Thompson say that "We are estimating o and
we believe ay is closed to the true value of a or We fear that o, may be near the
true value of a, that is mean something bad happens if o, = a and we do not use
a,". Thus, the form of shrinkage estimator of o denoted by Qg is defined as
below:
Osp = O(@a+ (1 — 9(@))a,. (3-36)
By using the unbiased estimator @,;, as a usual estimator and the
moment estimator as a prior information of a in equation (3-36) above.
Where @(@) denote the shrinkage weight factor as we mentioned above such that
0< @(@) <1, which may be a function of &, a function of sample size (n;m) or
may be constant or can be found by minimizing the mean square error of Qgy,.
Thus, the shrinkage estimator of the shape parameter a of EWD will be as

follows:

Gsn = B@ &y + (1 - 0@ ) Avom. (3-37)



3-2-3-1 The Shrinkage Weight Function (Sh1):

In this subsection, consider the shrinkage weight factor as a function of

n and m, respectively, in equation (3-37)

@(@) =e™and @(a, =e™ ™.

Therefore,

@, =0@a;, +(1-0@)a,,,, fori=1, 2 (3-38)
Where @; , i=1,2 are defined as in equation (3-10) and (3-11), respectively.

The corresponding (S-S) reliability R, using shrinkage method in equation
(3-38) will be obtained by substituting equation (3-38) in equation (2-16) as

follows:

Ron1 = Aal#hf : (3-39)

X1gp T 026p,

In this subsection, consider the shrinkage weight factor as a function of
n; and m, respectively, as below.

Q(C’fl) =e U ) and @(&k.l.l) =e M ;i=1,2,...,k.



Therefore, the shrinkage estimator of a which is defined in equation

(3-37) using above shrinkage weight function will be:
Aig, = (@), + (1= O(@)) sy,  fori=12,.. k+1. (3-40)

By substituting equation (3-40) in equation (2-19), we obtain the
shrinkage reliability estimation of K components parallel system in (S-S) model
using shrinkage weight function above as follows:

— Tit1 Bigy

Ry = T (3-41)

=1 Xigpq

3-2-3-1-3 Shrinkage Weight Function for Reliability System R, of The

B e D s g g 8 A e e A L D0 T, et

In this subsection, we consider the shrinkage weight factor as a

function of sizes n and m respectively. Such that,
@(a;) =e™,and O(a,) = e ™.

Therefore, the shrinkage estimator of «; is defined in equation (3-38)

upon above shrinkage weight function.

Substitute @;.,  i=1,2 in equation (2-26), we obtain the shrinkage

reliability estimation of Ry model as follows:

D _ az h k k! i c’iz h . -1
Resiosn = 7, Bims gy L ITj=o(k + 225 = ) 172 (3-42)

a1 Shi




3-2-3-2 Constant Shrinkage Weight Factor. (Sh2):

This subsection concerns with the shrinkage estimator in equation (3-37)

when the constant shrinkage weight factor will be assumed as:
p(a@;) = 0.3;i=1,2. ,0< g(a;) <1

Therefore, the shrinkage estimator for o; using constant shrinkage

weight factor will be:
Qigy, = (@D, + (1= 9(@))8;,,0, =12, (3-43)

Substituting the equation (3-43) in the equation (2-16), we get the
shrinkage estimation of (S-S) reliability Ry, by using constant shrinkage weight
factor as below:

Rgpp = ——s2__ (3-44)

C1gpy T&2gp,

In this subsection, constant shrinkage weight factor ¢(a;) = 0.3
;1=1,2,....k+1 will be suggested. Therefore, the shrinkage estimator using
specific constant weight factor will be as follows:



iy, = (@8, + (1 — 9(@)) &,  fori=12,.. k+l. (3-45)

Substituting equation (3-45) in equation (2-19) to find reliability
shrinkage estimation of K™ components parallel system in (S-S) model using the
constant shrinkage weight factor as follows:

— it igpy

ﬁks}lz - Ek-l—l—/\ . (3-46)

i=1 igpy

As same as in subsection 3-2-3-2, we suggest in this subsection a

constant shrinkage weight factor ¢(&;) = 0.3 ;(i=1,2).
And the shrinkage estimator for a; (&;,,,) which is defined in equation (3-43).

Substitute &;, ,;i=1,2 in equation (2-26) to find shrinkage estimation of

R,k Using the above constant shrinkage weight factor as follows:

~ _ 622 h k k! P az h . -1
Rsioysn, = @1;; Zizs Gy [ [Tj=o(k + thz -NI7 . (3-47)



3-2-3-3 Modified Thompson Type Shrinkage Weight Function (Th);

This subsection, introduces a modifying the shrinkage weight factor

consider by Thompson in 1968 as follow:

Assume a modified thompson type shrinkage weight factor as follows:

. 2
(@) = —ZwCmom” 901y fori=1,2.

(@i, —amom)*+var (@i, )
Where Var(a; ) is defined in equation (3-9).

And, the shrinkage estimator for a; (i=1,2) using modified thompson type

shrinkage weight factor will be:
@i, =v@)a;, + (1 —y@)ai,,, fori=1,2. (3-48)

By substituting equation (3-48) in equation (2-16), we get the modified
Thompson type shrinkage estimation of the (S-S) reliability as below:

(3-49)



Take a modified thompson type shrinkage weight function as below:

2
y(@;) = (3t ~2twom) (0.01) ; fori=1,2,.. k+I.

2
(“iub_“iMOM) + Var(aiub)

Therefore, the shrinkage estimator using above modified shrinkage weight factor

will be:
&iTh = y(&i)é?iub + (1 - y(&i))&iMOM . for i:1,2,...,k+1. (3'50)

Substituting equation (3-50) in equation (2-19), we find reliability
estimation of K" components parallel system in (S-S) model ﬁkm using

modified Thompson type shrinkage as follows:

(3-51)

Same as in subsection 3-2-3-3-1, we suggest in this subsection the

shrinkage estimator for@; (i=1,2) which is defined in equation (3-48).

Substitute equation (3-48) in equation (2-26), we conclude the
reliability estimation of Ry based on modified Thompson type shrinkage
weight factor as follows:



(3-52)

3-2-4 Least Squares Estimator Method (LS):- :[11], [31]. and [35

In this subsection, we discuss the estimator of Least Squares method.

This method used for many mathematical and engineering application;[6]

The main idea for this method is to minimize the sum of square error

between the values and the expected value.

To find the parameters o; (i=1,2) via mentioned least squares method, let:
S=XT L [F(x;) — E(F(x))] 2 i=1,2,3...... n. (3-53)

Where, F(x;) refers to the CDF of two parameters EWD which is

defined in equation (2-14) as follows:
F(x)=(1—e~*")a,

And, E(F(x;)) =P.

Such as; P; =n+;1 ,1=1,2,....n.

F(x;) = E(F(x;))

(1= exiym= L (3-54)

n+1’



Now, taking the natural logarithm for both sides in equation (3-54) as below:
a,Ln(1 — e~*")=LnP; . (3-55)
Now, by putting equation (3-55) in equation (3-53) we obtain:

S=¥" [a;Ln(1—e %) — LnP; ] 2. (3-56)
And be finding the partial derivatives for the equation (3-56) with respect to o,
;751 =2¥" [a,Ln(1 — e~*") — LnP,]Ln(1 — e~*"). (3-57)
Then, equate the equation (3-57) to zero to get:

Y [aan (1 - e‘xig) - LnP; ] Ln (1 — e‘xie) =0.

Yz a1Ln (1 — e‘xig) Ln (1 — e‘xie) = ),i=; LnP; Ln (1 — e‘xie).

_Z{Ll LnPiLn(l—e_xie)

A

aq, .= .
1LS Z‘{Lzl(Ln(l_e—xie))z

(3-58)

By same way, one can estimate the parameter a, for Y which

represents stress random variable and follows EWD (a2,0) with size m as follow:

_v .0
Yt LnPjLn(l—e Yj )

X2,6~

(3-59)

ST, (n(1-e 71" )2



We put &, . and &,, . in equation (2-16) to obtain the reliability estimation of R

based on LS as follows:

Rg= —us (3-60)

Suppose the strength random samples x; follow EWD with two
parameters o; and 0 of size n; ;i=1,2,....k, and j=1,2,...,n; and the stress random

samples y; ;t=1,2,....m follow EWD with two parameter oy.; and 0 of size m.
S = Z}il[F(xij) — E(F(x;;))] j=1,2,...,n; andi=1,2,... k. (3-61)

Where F(x;;) refers to the CDF of x; for the two parameters EWD which is

defined in equation (2-14) as follows:
F(x;)= (1 — e™i%),
And, E(F(XU)) :Pij’

such that; P;; =ﬁ :i=1,2,...n; and i=1,2,...k.

F(x;;) = E(F(x5))

(1— e yu= L (3-62)

n;+1

Now, taking the natural logarithm for equation (3-62) to both sides we get:



aln (1—e ") = LnP,; . (3-63)
Now by putting equation (3-63) in equation (3-61) we obtain:
S = Z] Jaln(1—e —xi;" ) — LnP; ]2 (3-64)

And, find the partial derivatives of the equation (3-64) with respect to o; as

below:

a—al =231 [aiLn (1 - e—xue) — LnP; ] Ln (1 - e—xwe). (3-65)
And equating the result to zero, we get:
S0 [aln(1— e™") — LnPy]Ln(l —e™%i") =0

S, aln (1 — e )Ln (1 — ") = ¥, LnP;;Ln (1 — e7i")

. —x: 0
Z’?j LnPijLn(l—e Xij )

=
LS an (Ln(l o) ))2

k. (3-66)
By the same way, one can estimate the parameter «,, for Y which is the stress
random variable follows EWD(o+1,0) with size m as follows:

iy LnPth(1—e—Yt9)

PiLn(1-e7e%)2

(3-67)

C(k'l'lLS =

Where, Pt ,t=1,2,.



By putting @, and &,, in equation (2-19), we obtain the reliability

estimation of Ry based on LS as follows:

== _ E=(=1 aiLS
Ry = Sites (3-68)

Suppose the strength Xy, X», ..., X, IS @ random sample of size n follow

EWD and assume X ;i=1, 2, .., n result the order sample.

Now, to find the parameters a; by the least squares estimator, we can

use the same procedure in subsection 3-2-4-1 as in equations (3-58) and (3-59).

Put &, and @, . in equation (2-26), we obtain the reliability estimation

of Rk based on LS as follows:

Rispyys = 85— [lig(k +=2—j)]"1 i, j kareinteger. (3-69)
@y (k-1)!

alLS

3-2-5 Ranked Set Sampling Method (RSS) :1311, [63], and [64]

“Ranked set sampling was introduced and applied to the problem of
estimating mean pasture yields by Mclntyre in 1952 this function was to improve
the efficiency of the sample mean as an estimator of the population mean in
situations in which the characteristic of interest was difficult or expensive to

measure, but using ranked, it become cheaper”. ;[63], [22]

“The concept of rank set sampling is a recent development that
enables one to provide more structure to the collected sample items”[64]



Let X1, Xo, .. X, be a random sample EWD, let X, X2, ..., X be order

ceey

statistics increasing order. The PDF of X is

fxg) = #('n_q). [F(x@)] " [1 = F ()] f Gy (3-70)

By substituting the PDF from equation (2-12) and the CDF from
equation (2-14) in equation (3-92) will be get:
|

! o\@119~1 )1 n—q
=(q_1)?(n_q)![(1_e_x(q) ) ] [1_(1_6 @ ) ]

1,0%)? e @’ (1 — e *@’ @1, (3-71)

f(xq))

) = Qe (1 e} o (1 et

n!

Such that; Q= m .

The likelihood function of order sample Xy, X(2),. . ..Xm) iS:

L(%(1) X2y 0 Xmy; @1,0) = QPay 0" ey %y TPy e O [, (1 -
e~y a1 Tn_[1 - (1 - e-x<k>9)“1 a ..(3-72)
Take (Ln) for both side of the equation (3-72) as below:
Ln(l) =nLnQ + nLna; + nLnf + (6 — 1) Yo, Lnxg) - Xo=1 xf +
a
(qa; — 1) Yg=1 Ln (1 — e'x(q)e) + (n—q) Xg=1Ln[1 — (1 — e'x(q)g) 1].

Take the partial derivative with respect to the parameter «, get the following:



6\ %*1 0
_<1_e—x<q) ) Ln<1_e—x(q) )
al

[1—(1—e"‘(q)9) ]

aLn(l) VN’
el =t hqln(1-e@") + X1, (n — q)

60.’1

...(3-73)
Now, equate the equation (3-73) to zero, we get:
0\*1 6
8 1—e @ n(1-e @
0%"‘23:151['”(1_396("))_ 3:1('”_61)( )_x (9 ) >=0,
[1—(1—(3 (@ ) ]
...(3-74)
—x, O\ *L —x, O
n (1—3 (@) ) Ln(]_—e (@) ) 3 0
Z=Y"_(n—gq - —Yr_iqln(1—e™*@" )
* a=1( ) [1—<1—e_x(Q)9> B = ( )
...(3-75)

Then, the Ranked Set Sampling estimation method of «; (i=1, 2), say
@, can be obtained by solving the above equation with respect to a; (i=1, 2)

when 0 is known upon the median procedure which is explained in the

appendix;[67].

By putting &, and &, in equation (2-16), we obtain the reliability

estimation of R based on RSS method as follows:

ﬁRSS = _Bss (3'76)

®1psstd2pgs



Firstly find the order statistic of strength X, Xic2), - .-, Xiniy With size n;

and let yq), Y. -..Y be stress order statistic with size m.

The PDF of Xigj, IS:

f i) = n—i![F (xi(j))]j_l [1 —F (xi(j))]ni_j G (3-77)

U-D!(n;— !
fori=1,2,....k.

By substituting the PDF from equation (2-12) and the CDF from
equation (2-14) in equation (3-77), we get:

K] j-1 ni—j

f(xi(j)) = G 1)1'12711 Y [(1 — e—xi(j)G)ai]

[1 -(1- e"‘iu)e)ai]

_x. B —x. ©
aiexi(j)e-le o) (1 — e o) yH1, (3-78)

ag

. = Oy, 9-1,7% n _p i ~ jai-1r1 _ X 6 ni—j
f(xi;)) = Ba;0x;,° e "0 (1—e "0 ) [1—(1—e 'O ]

n;!

The likelihood function of order sample Xi),Xic2), . - - Xicni) 5i=1,2,...,k is as below:
i Nign; i - T CTAL i
L(xl(])' al" 8) = Bnlain enl H7=1x1(1)9 1 H?:l e o H?:l(]‘ -
. 0 . ) (. O\ i ,
e xl(j) )]ai_l H7;1[1 _ (1 —e (xl(])) ) ]ni_] . (3_79)

Take (Ln) for both sides of the equation (3-79), we get:



Ln(l) = n;LnB + n;Lna; + n;Ln6 + (6 — 1) Z;.lil Lnx;, - Z’;il(xl-(j))g +
.0 . O\%i

Ja -—1)Zn‘ Ln(l—e *i )+ (n; — ])Z ! Ln[l—(l—e *i ) ].

...(3-80)

Now, the partial derivation for Ln(l) and equating the result to zero we get:

din(l) _
da; -
_<1_e—(xi(j))9) iLn(l—e_(xi(j))9>
—(xi ok n :
+ Z ] Ln( ) ) + Zj:1(ni = J) —x;, O\ E '
[1—<1—e W ) ]
...(3-81)
6\ 1 0
(1—e_< ‘(1')) ) Ln(l—e_<Xi(j)> >
Xi, - o n; .
My jin(1-e 07 ) =5 - ) G = 0.
ll_(l_e_(Xi(j)>> ]
...(3-82)

Then, the Ranked Set Sampling estimation method of «; (i=1, 2, ...,
k+1), say @&, . can be obtained by solving the above equation with respect to
a; (i=1, 2, ..., kt1) when 0 is known, upon the median procedure which is

explained in the appendix;[67].

By putting @, . ;(i=1,2,....k+1) in equation (2-19), we obtain the

reliability estimation of Ry based on RSS as follows:

—~ Zl a;
Ry, = Zi=17iRss (3-83)

K+l
Yic1 @ipgg



In this subsection, we have to find the parameters a; (i=1,2) using the
RSS method based on the same procedure and steps in subsection 3-2-5-1 as we

obtained in equation (3-75).

Substitution the estimation parameter &@; .. (i=1,2) in equation (2-26),

will obtain the reliability estimation of R based on RSS as follows:

R _ O2pss vk k! i
R(S:k)Rss ~ & o Dis (k—0)! [ H]l'zo(k +

alR

“2ass _ )]t (3-84)
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CHAPTER FOUR

EXPERIMENTAL ASPECT

4-1 Introduction:

The concept of Monte Carlo simulation involves generating random
numbers and describing the stages of experiments simulation in terms of samples

sizes generated, as well as different values of default parameters.

In this chapter, the Monte Carlo simulation technique is used to make a
comparison between some estimation methods for the three proposed cases

system reliability in stress-strength models.

The process of the experiment simulation was repeated 1000 times. The
Mean Squared Errors (MSE) were used to compare between the estimation
methods as a statistical indicator. The results were obtained using programs

written in Matlab version 2010b.

4-2 Simulation:[58]. [36]

Many simulation methods were developed, especially after the rapid
development of using the electronic calculator, which provided to the researchers

a lot of effort, money and time and satisfied for them numerical solutions.

The simulation method provides an experimental basis which is an evidence with
the theoretical basis for choosing the appropriate method or the appropriate
algorithms to analyze and study the phenomena data by matching their

characteristics with the types to which the simulation was applied.

Simulations are defined as representations or imitations of actual reality

using specific models. In real fact, there are complicated processes of



understanding and analysis, therefore, it is better to describe these processes with
specific models similar to the real ones. It is natural that the degree of similarity
between any experiments simulation and real reality depends on how conformity

or similar the simulation model with the real system.

There are different methods of simulation, such as the Analog Method,
the Mixed Method, and the Monte Carlo Method. The Monte Carlo Method is
one of the most widely used methods, and it is used to generate observations for
most of the probability distribution function which is used in many phenomena
since this method depends on sampling methods taken from a theoretical

population experiments on that simulates real population.

The random numbers are formulated and the flexibility of simulation
gives the ability to experiment and test by repeating the process many times by
interpreting the special input for the particular process of estimation at all times,
as well as the importance of the simulation in random, since the series of random
numbers used in the first experiment is independent of the series of random

numbers used in the second experiment and so on.

We use Monte Carlo simulation to observe the behavior of different
methods of estimation for R, Ry and Ry for different sample size and use

different values for shape parameters.

And as mentioned, the experiment simulation based on repeated 1000 times to

obtain the independent samples of different sizes.



4-3 The Simulation Manner:

In this section, numerical results were studied to compare the
performance of the different estimators of reliability which is obtained in chapter
three, using different sample size =(10, 30, 50 and 100), based on 1000
replication via MSE criteria. It concerns with simulation manner for estimating

proposed three cases of reliability system.

A. The simulation manner is written using the Matlab program to
estimate the system reliability R which contains one component

depends on the following steps:

Stepl: Generate the random sample which follows the continuous uniform

distribution over (0,1) as ug,U,,..., u,.

Step2: Generate the random sample which follows the continuous uniform

distribution over (0, 1) as vy, Va,..., V.

Step3: Transform the uniform random samples in stepl to random samples
follows EWD, applying the theorem that using the inverse cumulative

probability distribution function (c. d. f.) as below:
F(x) = (1—e™X)%

U= (1-e™X")u

xi = [~In(1 - Ui“%)]%'

And, calculate V; from step2 by the same method to obtain the random variable

yj-



= [~In(1 - V)l

Step4: Recall the R as in equation (2-16).

Step5: Compute the Maximum Likelihood Estimator of R using equation (3-12).
Step6: Apply the Moment method on R using equation (3-29).

Step7: Calculate the three Shrinkage estimators of R using equations (3-39),
(3-44) and (3-49).

Step8: Compute the Least Squares estimator of R using equation (3-60).
Step9: Compute the Ranked Set Sampling method of R using equation (3-76).

Step10: Based on (L=1000) replication, the MSE for all proposed estimation

methods of Ris utilized as follows:

1 —
MSE = -1 (R; — R)%.

Where R refers the proposed estimators of real value of reliability R.

By using a random samples for x; and y; of size (n,m)= (10,10), (30,10),
(50,10), (100,10), (10,30), (30,30), (50,30), (100,30), (10,50), (30,50), , (50,50),
(100,50), (10,100), (30,100), (50,100), and (100.100).

B. The simulation manner is written using the Matlab program to
estimate the system reliability R, which contains k™ parallel

component depend on the following steps:

stepl: We generate the random sample which follows the continuous uniform

distribution defined on the interval (0,1) as ujg,Uip, ... Ui ;i=1,2,....k.



step2: We generate the random sample which follows the continuous uniform

distribution defined on the interval (0, 1) as wy, Wy,..., W,

step3: Transform the above uniform random samples to random samples follows

EWD using the cumulative distribution function (c. d. f.) as follows:
F(x) = (1—e™ )"
Uij= (1—e i)
14
Xij = [—ln(l - Ui]'mi)]6 ,1:1,2 .,k .

And, by the same method, we get:

1

1
Ve = [—In(1 — W) o

Step4: Recall the R as in equation (2-19).

Step5: We compute the Maximum Likelihood estimator of Ry using equation
(3-22).

Step6: We compute the Moment method of Ry using equation (3-34).

Step7: We compute the three shrinkage estimators of Ry using equations (3-41),
(46) and (51).

Step8: Compute the Least Squares estimator of Ry using equation (3-68).
Step9: Compute the Ranked Set Sampling method of Ry using equation (3-83).

Step10: Based on (L=1000) Replication, we calculate the MSE as follows:

1 —_
MSE = EZiL:1(Rki —Ry)%



Where Ry refer the proposed estimators of real value of Reliability R,.

By using a random samples for xij and yt of size n; and m respectively
(10,10,10,10), (30,50,100,10), (50,100,30,10), (100,30,50,10), (30,50,100,30),
(50,100,30.30), (100,30,50,30), (30,50,100,50), (50,100,30,50), (100,30,50,50),
(30,30,30,30), (50,50,50,50), and (100,100,100,100).

C. The simulation manner is written using the Matlab program to
estimate the system reliability R for this purpose, Monte Carlo

simulation was used as the following steps:

Stepl: We generate the random sample which follows the uniform distribution

over (0,1) as same as in subsection (A).

Step2: We generate the random sample which follows the uniform distribution

over (0,1) as same as in subsection (A).

Step3: By the same way, transform the above uniform random samples to
random samples follows EWD using the cumulative distribution function (c. d.

f.) for x; and v, .
Step4: Recall the R as in equation (2-29).

Step5: Compute the Maximum Likelihood estimator of Ry using equation
(3-23).

Step6: Compute the Moment method of R using equation (3-35).

Step7: Compute the three Shrinkage estimators of Ry using equations (3-42),
(3-47) and (3-52).

Step8: Compute the Least Squares estimator of R using equation (3-69).



Step9: Compute the Ranked Set Sampling method of Rsxusing equation (3-84).

Stepl10: Based on (L=1000) Replication, we calculate the MSE for all proposed

estimation methods of Ry as follows:
1 —~
MSE = - %1 (R(s i), — Respo)?.
Where ﬁ(s,k) refers to the proposed estimators of real value of Reliability R k.

By using a random samples for xi and yj of size (n,m)= (10,10), (30,10),
(50,10), (100,10), (10,30), (30,30), (50,30), (100,30), (10,50), (30,50), , (50,50),
(100,50), (10,100), (30,100), (50,100), and (100.100).

4-4 Simulation Results:

After applying the simulation steps in section 4-3 for each three model R, Ry,

and Ry, we obtained:
A. The model R:
This model consists of estimation of R for EWD (a.,0) when parameters

(ag, ap) = (2,2), (2, 4), (5, 3), (2.3, 2.3), (2.5,5.2), and (5.1, 1.5), with common

shape parameter 6=3 for each cases.



Table (4-1): Shown estimation value of R, when a1=2, 02=2, and 6 =3

_~

(n,m) R Rumip Rsn1 Rh2 R Ris Rgss
(10,10) | 0.50000 | 0.504977 | 0.492579 | 0.500000 | 0.499988 | 0.513860 | 0.506525
(10,30) | 0.50000 | 0.512359 | 0.496640 | 0.500004 | 0.500081 | 0.249262 | 0.724399
(10,50) | 0.50000 | 0.507472 | 0.495096 | 0.500004 | 0.500094 | 0.157255 | 0.805732
(10,100) | 0.50000 | 0.513591 | 0.498067 | 0.500006 | 0.500061 | 0.085890 | 0.892115
(30,10) | 0.50000 | 0.487309 | 0.483697 | 0.499995 | 0.499925 | 0.746869 | 0.274708
(30,30) | 0.50000 | 0.501731 | 0.495814 | 0.500000 | 0.500007 | 0.510170 | 0.499090
(30,50) | 0.50000 | 0.499757 | 0.495795 | 0.500001 | 0.499993 | 0.380737 | 0.614035
(30,100) | 0.50000 | 0.503232 | 0.499276 | 0.500002 | 0.500022 | 0.216342 | 0.760393
(50,10) | 0.50000 | 0.493075 | 0.488151 | 0.499995 | 0.499889 | 0.835964 | 0.199089
(50,30) | 0.50000 | 0.498143 | 0.495650 | 0.499998 | 0.500015 | 0.633772 | 0.381098
(50,50) | 0.50000 | 0.498827 | 0.496894 | 0.499999 | 0.499975 | 0.495030 | 0.498247
(50,100) | 0.50000 | 0.505054 | 0.500262 | 0.500001 | 0.500008 | 0.341256 | 0.666527
(100,10) | 0.50000 | 0.483275 | 0.480895 | 0.499993 | 0.499893 | 0.911308 | 0.106848
(100,30) | 0.50000 | 0.497566 | 0.497137 | 0.499997 | 0.500004 | 0.765676 | 0.243579
(100,50) | 0.50000 | 0.497829 | 0.497246 | 0.499998 | 0.499965 | 0.667934 | 0.337112

(100,100) | 0.50000 | 0.500945 | 0.499658 | 0.500000 | 0.499975 | 0.492771 | 0.501881




Table (4-2): shown MSE values when a;=2, a,=2, and 6 =3 and R=0.500000

(n,m)

—~

RuLe Rsh1 Rshz R1n Ris RRss Best

(10,10) | 0.012302 | 0006431 | 02E-9 | 0.7E-6 | 0.061263 | 0.044716 | Rspy
(10,30) | 0.008648 | 0.002128 | 0.1E-9 | 0.8E-6 | 0.100461 | 0.069589 | Rsp,
(10,50) | 0.007613 | 0.001230 | 0.1E-9 | 0.7E-6 | 0.142304 | 0.103825 | Rsp,
(10,100) | 0.006871 | 0.000589 | 0.1E-9 | 0.7E-6 | 0.184731 | 0.157139 | Rspz
(30,10) | 0.008720 | 0.006664 | 0.1E-9 | 0.8E-6 | 0.102618 | 0.071310 | Rgp,
(30,30) | 0.004167 | 0.002067 | 0.8E-10 | 0.8E-6 | 0.049958 | 0.017960 | Rsn,
(30,50) | 0.003373 | 0.001211 | 0.7E-10 | 0.8E-6 | 0.056870 | 0.025622 | Rgp,
(30,100) | 0.002756 | 0.000640 | 0.6E-10 | 0.8E-6 | 0.106516 | 0.073194 | Rgn,
(50,10) 0.007930 | 0.006568 | 0.1E-9 | 0.8E-6 | 0.140643 | 0.101459 | Rgp,
(50,30) | 0.003408 | 0.002140 | 0.7E-10 | 0.8E-6 | 0.058558 | 0.026927 | Rgp,
(50,50) | 0.002543 | 0.001267 | 0.6E-10 | 0.8E-6 | 0.045029 | 0.010829 | Rsp,
(50,100) | o0.001849 0.000633 | 0.5E-10 | 0.8E-6 | 0.062954 | 0.033772 | Rgpy
(100,10) | 0007031 | 0.006433 | O0.1E-9 | 0.8E-6 | 0.184444 | 0.157806 | Rgny
(100,30) | 0.002768 | 0.002089 | 0.7E-10 | 0.8E-6 | 0.101308 | 0.071825 | Rspz
(100,50) | 0.001945 | 0.001192 | 05E-10 | 0.8E-6 | 0.065026 | 0.033086 | Rspy
(100,100) | 0.001237 | 0.000609 | 0.4E-10 | 0.9E-6 | 0.036399 | 0.005327 | Rsp,




Table (4-3): Shown estimation value of R, when a;,=2, 0a,=4, and 6 =3

—~

(n,m) R RuLE Rsh1 Rshz Rn Ris Rrss
(10,10) | ;333333 | 0.3369308 | 0.325408 | 0.333330 | 0.333336 | 0.357300 | 0.386252
(10,30) | ;333333 | 0.342812 | 0.328934 | 0.333333 | 0.333446 | 0.153133 | 0.616869
(10,50) | 5333333 | 0.346275 | 0.332061 | 0.333334 | 0.333367 | 0.093859 | 0.723831
(10,100) | ;333333 | 0.346563 | 0.331608 | 0.333334 | 0.333422 | 0.046686 | 0.832055
(30,10) | ;333333 | 0.330952 | 0.326924 | 0.333326 | 0.333262 | 0.638930 | 0.188643
(30.30) | 5333333 | 0.337453 | 0.331115 | 0.333330 | 0.333362 | 0.368993 | 0.381909
(30,50) | ;333333 | 0.335446 |0.331172 | 0.333330 | 0.3333655 | 0.253132 | 0.490475
(30,100) | ;333333 | 0.339675 | 0.332952 | 0.333331 | 0.333360 | 0.333360 | 0.658445
(50,10) | 5333333 | 0.327242 | 0.324791 | 0.333325 | 0.333264 | 0.752072 | 0.122067
(50,30) | ;333333 | 0.334048 |0.329821 | 0.333329 | 0.333303 | 0.503847 | 0.272456
(50,50) | ;333333 | 0.333963 | 0.332298 | 0.333329 | 0.333366 | 0.361054 | 0.373814
(50,100) | ;333333 | 0.332757 | 0.332395 | 0.333329 | 0.333366 | 0.218912 | 0.535929
(100,10) | ;333333 | 0.328809 | 0.327350 | 0.333324 | 0.333279 | 0.861869 | 0.066589
(100,30) | ;333333 | 0.331887 | 0.330566 | 0.333327 | 0.333361 | 0.654581 | 0.157285
(100,50) | ;333333 | 0.331502 | 0.330320 | 0.333328 | 0.333319 | 0.532097 | 0.232091
(100,100) 0.335739 | 0.333710 | 0.333329 | 0.333315 | 0.358024 | 0.374920

0.333333




Table (4-4): Shown MSE values when 0,=2, a,=4, and 6 =3 and R=0.333333

(n,m) RumLe Rshi Rsh2 Rt Ris Rgss Best
(10,10) | 0.010148 | 0.004877 | 0.1E-9 | 0.5E-6 | 0.054059 | 0.058840 | Rg,
(10,30) | 0.006782 | 0.001704 | 0.1E-9 | 0.6E-6 | 0.057368 | 0.103391 | Rg,
(10,50) | 0.006557 | 0.000931 | 0.9E-10 | 0.5E-6 | 0.073211 | 0.167399 | Rsn:
(10,200) | 0.006033 | 0.000533 | 0.9E-10 | 0.6E-6 | 0.089957 | 0.255515 | Rspz
(30,10) | 0.006377 | 0.004726 | 0.1E-9 | 0.6E-6 | 0.143137 | 0.029677 | R,
(30,30) | 0.003239 | 0.001704 | 0.6E-10 | 0.6E-6 | 0.045379 | 0.015258 | Rsn:
(30,50) | 0.002800 | 0.001001 | 0.5E-10 | 0.6E-6 | 0.039485 | 0.036743 | Rsny
(30,100) | 0.002033 | 0.000487 | 0.4E-10 | 0.6E-6 | 0.057808 | 0.113648 | Rshy
(50,10) | 0.005579 | 0.004893 | 0.1E-9 | 0.5E-6 | 0.212391 | 0.049034 | Rg,
(50,30) | 0.002731 | 0.001626 | 0.6E-10 | 0.6E-6 | 0.073472 | 0.011450 | Rghy
(50,50) | 0.001873 | 0.001017 | 0.5E-10 | 0.7E-6 | 0.041455 | 0.009221 | Rsn:
(50,100) | 0.001486 | 0.000527 | 0.4E-10 | 0.7E-6 | 0.041391 | 0.048244 | Rshy
(100,10) | 0.005242 | 0.004781 | 0.1E-10 | 0.5E-6 | 0.299677 | 0.072280 | Rsn:
(100,30) | 0.002130 | 0.001644 | 0.6E-10 | 0.6E-6 | 0.145371 | 0.033551 | Rshy
(100,50) | 0.001473 | 0.000942 | 0.5E-10 | 0.7E-6 | 0.081891 | 0.013556 | Rg,

(100,200) | 0.000949 | 0.000474 | 0.4E-10 | 0.6E-6 | 0.036944 | 0.005431 | R,




Table (4-5): Shown estimation value of R, when a;,=5, a,=3, and 6 =3

=~

—

(n,m) R RuLe Rsh1 Rsh2 Rrp Ris Rrss
(10,10) | 5625000 | 0-616384 | 0.606075 | 0.625001 | 0.625005 | 0.591166 | 0.587248
(10,30) | 5625000 | 0-627356 | 0.620916 | 0.625004 | 0.625069 | 0.321262 | 0.796290
(10,50) | 5 625000 | 0-628725 | 0.620036 | 0.625005 | 0.625098 | 0.219678 | 0.864874
(10,100) | ; 625000 | 0-632184 | 0.624488 | 0.625006 | 0.625073 | 0.127857 | 0.928666
(30,10) | 5625000 | 0-612533 | 0.609240 | 0.624998 | 0.624904 | 0.813103 | 0.362485
(30,30) | 5625000 | 0-622077 | 0.619245 | 0.625001 | 0.625031 | 0.611309 | 0.594260
(30,50) | 4 625000 | 0-620802 | 0.620535 | 0.625001 | 0.625006 | 0.468170 | 0.704002
(30,100) | § 5000 | 0-628351 | 0.624372 | 0.625003 | 0.625057 | 0.311408 | 0.828833
(50,10) | 4 e25000 | 0-613511 | 0.611111 | 0.624997 | 0.624956 | 0.885567 | 0.259642
(50.30) | 4 625000 | 0-622551 | 0.621086 | 0.625000 | 0.625016 | 0.728090 | 0.480440
(50,50) | 4 625000 | 0-623836 | 0.622109 | 0.625001 | 0.624998 | 0.594427 | 0.601250
(50,100) | 625000 | 0-626848 | 0.624946 | 0.625002 | 0.625002 | 0.425603 | 0.751918
(100,10) | ; 625000 | 0-609041 | 0.607747 | 0.624997 | 0.6249629 | 0.940218 | 0.150321
(100,30) | ; 625000 | 0-623730 | 0.621965 | 0.625000 | 0.624990 | 0.841843 | 0.324782
(100,50) | 625000 | 0-622757 | 0.621321 | 0.625001 | 0.625007 | 0.755405 | 0.435292
(100,100 0.622571 | 0.622437 | 0.625002 | 0.625006 | 0.606221 | 0.598149

0.625000




Table (4-6): Shown MSE values when o;=5, 0,=3, and 6 =3 and R=0.625000

(n,m) Ruie Rsn1 Rsnaz Rt Ris Rgss Best
(10,10) | 0.010786 | 0.006006 | 0.1E-9 | 0.6E-6 | 0.057024 | 0.032338 | Rgpy
(10,30) | 0.007657 | 0.001908 | 0.1E-9 | 0.6E-6 | 0.1393876 | 0.039126 | Rgp,
(10,50) | 0.006376 | 0.001152 | 0.1E-9 | 0.6E-6 | 0.199150 | 0.061884 | Rsp.
(10,100) | 0.005950 | 0.000533 | 0.1E-9 | 0.6E-6 | 0.270419 | 0.093374 | Rgpy
(30,10) | 0.008073 | 0.005943 | 0.1E-9 | 0.7E-6 | 0.069357 | 0.089356 | Ry
(30,30) 0.003532 | 0.001928 | 0.4E-10 | 0.7E-6 | 0.046314 | 0.012024 | Rgpy
(30,50) 0.003182 | 0.001179 | 0.4E-10 | 0.7E-6 | 0.069744 | 0.013765 | Rgsny
(30,100) | 0.002376 | 0.000612 | 0.4E-10 | 0.7E-6 | 0.134251 | 0.043955 | Rgp;
(50,20) | 0.007015 | 0.006106 | 0.1E-9 | 0.6E-6 | 0.084751 | 0.145253 | Rsny
(50,30) | 0.002816 | 0.001822 | 0.3E-10 | 0.6E-6 | 0.044841 | 0.030620 | Rsp,
(50,50) | 0.002076 | 0.001080 | 0.2E-10 | 0.7E-6 | 0.045579 | 0.007357 | Rsp,
(50,100) | 0.001670 | 0.000575 | 0.2E-10 | 0.7E-6 | 0.079788 | 0.019512 | Rgpy
(100,10) | 0.006637 | 0.006141 | 0.1E-9 | 0.6E-6 | 0.109270 | 0.230131 | Rgp;
(100,30) | 0.002382 | 0.001928 | 0.3E-10 | 0.7E-6 | 0.068154 | 0.096432 | Rgpy
(100,50) | 0.001728 | 0.001168 | 0.2E-10 | 0.7E-6 | 0.047962 | 0.042001 | Rgp,

(100,100) | 0.001109 | 0.000534 | 0.1E-10 | 0.7E-6 | 0.034779 | 0.004312 | Rsny




Table (4-7): Shown estimation value of R, when a;=2.3, 0,=2.3, and 6 =3

—~

(n,m) R RuLe Rshi Rsh2 Rrn Ris Rgss
(10.10) | ) 5ggo | 0-500159 | 0.489304 | 0.500000 | 0.500005 | 0.498990 | 0.500519
(10.30) |, 5ogoo | 0507491 | 0.494305 | 0.500003 | 0.500104 | 0.243499 | 0.718200
(10,50) | 5goo | 0-511232 | 0.496680 | 0.500003 | 0.500059 | 0.147513 | 0.810613
(10,100) | 50000 | 0-511206 | 0.498694 | 0.500003 | 0.500070 | 0.083116 | 0.892288
(30,10) | ;50000 | 0487063 | 0.483719 | 0.499996 | 0.499918 | 0.761057 | 0.268267
(30,30) | 50000 | 0-500005 | 0.495442 | 0.499999 | 0.499945 | 0.497206 | 0.504331
(30,50) | 50000 | 0-498551 | 0.496666 | 0.499999 | 0.500017 | 0.360171 | 0.614426
(30.100) |  cqnop | 0-499685 | 0.498779 | 0.499999 | 0.500035 | 0.223686 | 0.755960
(50,10) | ;5o | 0-488326 | 0.486873 | 0.499996 | 0.499917 | 0.844047 | 0.188704
(50,30) | 50000 | 0-498437 | 0.495508 | 0.499999 | 0.499979 | 0.633696 | 0.380758
(50,50) | 50000 | 0-498428 | 0.497856 | 0.499999 | 0.500062 | 0.500062 | 0.497920
(50,100) | 50000 | 0-499085 | 0.498089 | 0.500000 | 0.500050 | 0.326961 | 0.659023
(100,10) | ;59ggp | 0-488472 | 0.488537 | 0.499996 | 0.499906 | 0.919352 | 0.106278
(100,30) | ;cqgop | 0497377 | 0.494731 | 0.500000 | 0.500022 | 0.774109 | 0.241266
(100,50) | cggop | 0498725 | 0.497394 | 0.499999 | 0.499986 | 0.671408 | 0.338404
(100,100) 0501799 | 0.498560 | 0.500000 | 0.500023 | 0.502432 | 0.503820

0.50000




Table (4-8): Shown MSE values when a;=2.3, a,=2.3, and 6 =3 and R=0.50000

(n,m) RumLE Rshi Rsh2 Rt Ris Rgss Best
(10,10) 0.011455 | 0.005861 | 0.1E-9 | 0.6E-6 | 0.056851 | 0.042707 | Rgp,
(10,30) | 0.008490 | 0.002260 | 0.1E-9 | 0.7E-6 | 0.1053895 | 0.065755 | Rsp;
(10,50) | 0.007944 | 0.001289 | 0.1E-9 | 0.7E-6 | 0.145362 | 0.105781 | Rspz
(10,100) | 0.006871 | 0.000640 | 0.1E-9 | 0.8E-6 | 0.187367 | 0.157170 | Rgy
(30,10) | 0.008492 | 0.006577 | 0.1E-9 | 0.7E-6 | 0.105749 | 0.070279 | Rgp,
(30,30) | 0.004133 | 0.002006 | 0.7E-10 | 0.8E-6 | 0.047096 | 0.015965 | Rgp;
(30,50) | 0.003127 | 0.001267 | 0.5E-10 | 0.8E-6 | 0.061595 | 0.024469 | Rgp;
(30,100) | 0.002589 | 0.000658 | 0.5E-10 | 0.8E-6 | 0.104028 | 0.071028 | Rgy,
(50,10) | 0.007317 | 0.006210 | 0.1E-9 | 0.7E-6 | 0.141773 | 0.105475 | Rspa
(50,30) 0.003147 | 0.001981 | 0.6E-10 | 0.8E-6 | 0.057325 | 0.024790 | Rgpy
(50,50) | 0.002552 | 0.001357 | 0.5E-10 | 0.8E-6 | 0.044359 | 0.009815 | Rsp;
(50,100) | 0.001899 | 0.000682 | 0.5E-10 | 0.8E-6 | 0.065083 | 0.031087 | Rgn
(100,10) | 0.006489 | 0.006248 | 0.1E-9 | 0.8E-6 | 0.187354 | 0.157849 | Rgp,
(100,30) | 0.002784 | 0.002120 | 0.6E-10 | 0.8E-6 | 0.104744 | 0.072282 | Rgpz
(100,50) | 0.001890 | 0.001232 | 0.5E-10 | 0.8E-6 | 0.067223 | 0.031888 | Rgp,

(100,100) | 0.001318 | 0.000661 | 0.5E-10 | 0.9E-6 | 0.041233 | 0.005013 | Rsny




Table (4-9): Shown estimation value of R, when a;=2.5, 0,=5.2, and 6 =3

(n,m) R RuLE Rsn1 Rsna Ry Ris Rrss
(10,10) | ;354675 | 0-335265 | 0.318016 | 0.324673 | 0.324652 | 0.365276 | 0.381690
(10,30) | 354675 | 0.337064 | 0.324764 | 0.324676 | 0.324762 | 0.154082 | 0.602644
(10,50) | (354675 | 0.339457 | 0.324921 | 0.324676 | 0.324745 | 0.091961 | 0.711788
(10,100) | 354675 | 0.339754 | 0.324214 | 0.324677 | 0.324758 | 0.046662 | 0.824506
(30,10) | (374675 | 0-321325 | 0.317341 | 0.324669 | 0.324642 | 0.630029 | 0.177061
(30,30) | 4324675 | 0-328150 | 0.322718 | 0.324673 | 0.324690 | 0.351585 | 0.365937
(30,50) | 334675 | 0-327222 | 0.322514 | 0.324673 | 0.324709 | 0.233742 | 0.474942
(30,100) | . 354675 | 0.329381 | 0.325260 | 0.324674 | 0.324697 | 0.139966 | 0.642862
(30,10) | ;354675 | 0-320830 | 0.316931 | 0.324669 | 0.324632 | 0.742162 | 0.116220
(50,30) | 4354675 | 0-323519 | 0.322063 | 0.324672 | 0.324662 | 0.489146 | 0.254191
(30,50) | 354675 | 0.325705 | 0.324420 | 0.324673 | 0.324663 | 0.351922 | 0.359057
(50,100) | 354675 | 0.327710 | 0.324507 | 0.324673 | 0.324720 | 0.216059 | 0.524649
(100,10) | 4 374675 | 0.314289 | 0.312751 | 0.324669 | 0.324611 | 0.853105 | 0.060479
(100,30) | 394675 | 0.321751 | 0.320650 | 0.324672 | 0.324690 | 0.639732 | 0.148076
(100,50) | (354675 | 0-324001 | 0.322530 | 0.324673 | 0.324681 | 0.528353 | 0.221326
(100,100) 0.325285 | 0.324134 | 0.324674 | 0.324683 | 0.351857 | 0.356567

0.324675




Table (4-10): Shown MSE values when 0;=2.5, a,=5.2, and 6 =3 and
R=0.324675.

—

(n,m) Rymie Rsns Rsh2 Rrp Ris Rgss Best

(10,10) 0.009533 | 0.004523 | 0.1E-9 | 0.5E-6 | 0.055852 | 0.034551 | Rgp,

(10,30) | 0.006390 | 0.001575 | 0.8E-10 | 0.5E-6 | 0.053982 | 0.097955 | Rgp,

(10,50) 0.005911 | 0.000940 | 0.8E-10 | 0.6E-6 | 0.067788 | 0.163791 | Rgp,

(10,100) | 0.005704 | 0.000477 | 0.8E-10 | 0.5E-6 | 0.083391 | 0.256335 | Rgp,

(30,10) 0.005735 | 0.004567 | 0.1E-9 | 0.5E-6 | 0.143671 | 0.029112 | Rgy,

(30,30) | 0.003134 | 0.001605 | 0.4E-10 | 0.6E-6 | 0.042710 | 0.012712 | Rgp,

(30,50) | 0.002521 | 0.000962 | 0.3E-10 | 0.6E-6 | 0.036326 | 0.033072 | Rgp,

(30,100) | 0.002050 | 0.000481 | 0.2E-10 | 0.6E-6 | 0.054718 | 0.108518 | Rgy»

(50,10) 0.005753 | 0.004861 | 0.1E-9 | 0.6E-6 | 0.214244 | 0.046845 | Rgp,

(50,30) 0.002514 | 0.001584 | 0.3E-10 | 0.6E-6 | 0.073027 | 0.010516 | Rgp,

(50,50) 0.001995 | 0.000964 | 0.2E-10 | 0.6E-6 | 0.038922 | 0.008443 | Rgy,

(50,100) | 0.001510 | 0.000519 | 0.2E-10 | 0.6E-6 | 0.040171 | 0.04616 | Rsp,

(100,10) 0.005211 | 0.004775 | 0.1E-9 | 0.5E-6 | 0.300140 | 0.070702 | Rgp,

(100,30) | 0.002136 | 0.001584 | 0.3E-10 | 0.66E-6 | 0.140514 | 0.033305 | Rgp,

(100,50) 0.001345 | 0.000961 | 0.1E-10 | 0.6E-6 | 0.082894 | 0.013372 | Rgp,

(100,100) | 0.000986 | 0.000474 | 0.1E-10 | 0.6E-6 | 0.034374 | 0.004651 | Rgp,




Table (4-11): Shown estimation value of R, when a;=5.1, a,=1.5, and 6 =3

—~

(n,m) R RuLe Rsh1 Rsna Rrn Ris Rrss
(10,10) | 5 779727 | 0.758051 | 0.755666 | 0.772730 | 0.7727693 | 0.706620 | 0.667186
(10,30) | 5772727 | 0.772766 | 0.769158 | 0.772733 | 0.772748 | 0.445102 | 0.858615
(10.50) | 5 779727 | 0.773750 | 0.769535 | 0.772732 | 0.772788 | 0.327827 | 0.909868
(10,100) | 5 775727 | 0.770002 | 0.771047 | 0.772732 | 0.772804 | 0.197734 | 0.952169
(30,10) | 5.772727 | 0.763945 | 0.763054 | 0.772729 | 0.772710 | 0.888515 | 0.474449
(30,30) | 5772727 | 0.767415 | 0.767453 | 0.772730 | 0.772757 | 0.725429 | 0.693388
(30,50) | 772797 | 0.771107 | 0.770077 | 0.772730 | 0.772752 | 0.621960 | 0.793703
(30,100) | 575757 | 0.771361 | 0.771435 | 0.772730 | 0.772746 | 0.457024 | 0.884522
(30,10) | 5.772727 | 0.756907 | 0.756924 | 0.772728 | 0.772679 | 0.933719 | 0.350891
(30,30) | 5 779777 | 0.769518 | 0.769359 | 0.772729 | 0.772708 | 0.813793 | 0.595662
(50,50) | 772797 | 0.770079 | 0.769251 | 0.772730 | 0.772718 | 0.727951 | 0.703224
(50,100) | ; 575727 | 0.772537 | 0.770890 | 0.772730 | 0.772722 | 0.584219 | 0.826194
(100,10) | 5 775727 | 0.761520 | 0.761484 | 0.772728 | 0.772661 | 0.967524 | 0.232377
(100,30) | 575757 | 0.767254 | 0.767747 | 0.772729 | 0.772676 | 0.909501 | 0.428812
(100,50) | ; 775727 | 0.771863 | 0.770758 | 0.772730 | 0.772657 | 0.854326 | 0.554514
(100,100 0.771976 | 0.772080 | 0.772729 | 0.772762 | 0.739401 | 0.710936

0.772727




Table (4-12): Shown MSE values when a;,=5.1, 0,=1.5, and 6 =3 and

R=0.772727

(n,m) Rumig Rshs Rshy R Ris RRss Best
(10,10) 0.007232 | 0.004020 | 0.1E-9 | 0.3E-6 | 0.049227 | 0.067986 Rgyo
(10,30) 0.004138 | 0.001061 | 0.8E-10 | 0,3E-6 | 0.158545 | 0.015968 Ry
(10,50) 0.003268 | 0.000610 | 0.7E-10 | 0.3E-6 | 0.241198 | 0.021412 Reno
(10,100) 0.003397 | 0.000332 | 0.7E-10 | 0.4E-6 | 0.357931 | 0.032816 Rz
(30,10) 0.004505 | 0.003517 | 0.6E-10 | 0.3E-6 | 0.032535 | 0.120549 Reyy
(30,30) 0.001975 | 0.001096 | 0.2E-10 | 0.3E-6 | 0.036668 | 0.019880 Reyy
(30,50) 0.001567 | 0.000644 | 0.2E-10 | 0.4E-6 | 0.064908 | 0.006185 Rgno
(30,100) 0.001267 | 0.000293 | 0.2E-10 | 0.3E-6 | 0.144762 | 0.013974 Rgyy
(50,10) 0.004524 | 0.003684 | 0.6E-10 | 0.3E-6 | 0.036148 | 0.201669 Ry
(50,30) 0.001689 | 0.001091 | 0.2E-10 | 0.3E-6 | 0.028718 | 0.044980 Rgyy
(50,50) 0.001344 | 0.000671 | 0.1E-10 | 0.4E-6 | 0.036706 | 0.012960 Rgyy
(50,100) 0.000960 | 0.000321 | 0.1E-10 | 0.4E-6 | 0.080245 | 0.005394 Ry
(100,10) 0.004139 | 0.003737 | 0.1E-10 | 0.4E-6 | 0.042351 | 0.306010 Reyo
(100,30) 0.001392 | 0.001064 | 0.1E-10 | 0.4E-6 | 0.030320 | 0.130512 Ry
(100,50) 0.000896 | 0.000549 | 0.1E-10 | 0.4E-6 | 0.025804 | 0.055663 Reyo
(100,100) | 0.000636 | 0.000324 | 0.1E-10 | 0.4E-6 | 0.029863 | 0.007479 Reno




This model consists estimation of Ry for EWD(«;,0) i=1,2,..
parameters (ay0,03, 04)=(2,2,2,2), (2,4,3,5),(5, 3,2,1), (2.5,3.3,1.2,4.2),

B. The model Ry:

., k+1 when known

(2.2,5.1,3.4,2) and (5, 1, 2, 4.2) as well as unknown parameter 6=3 for all cases.

Table (4-13): Shown estimation value of Ry, when a1= az= az= as=2 and 6=3

(n1,n2,n3,m) Rk Rige Ry, R, Ry, R, Ripss
(10,10,10,10) 0.750000 0.744182 | 0.748582 | 0.747160 | 0.748552 | 0.739348 | 0.750741
(3050,100,10) | 5 750000 | 0-741109 | 0.750955 | 0.752054 | 0.750917 | 0506018 | 0.947560
(50,100,30,10) | 5 750000 | 0-740331 | 0.750516 | 0.751548 | 0.750491 | 0.511926 | 0.947491
(100,30,50,10) 0.750000 | 0-737277 | 0.750010 | 0.750284 | 0.749967 | 0.486345 | 0.947428
(10,10,10,30) 0.750000 | 0-7°9601 | 0.749834 | 0.749329 | 0.749866 | 0.868083 | 0.502255
(3050,100.30) | 5 750000 | 0749912 | 0.750410 | 0.750882 | 0.750413 | 0.680309 | 0.857636
(50,100,30.30) | 5 750000 | 0749218 | 0.750224 | 0.750539 | 0.750221 | 0.690331 | 0.857581
(100,30,50,30) 0.750000 | 0-747700 | 0.750142 | 0.750016 | 0.750133 | 0.677476 | 0.857352
(10,10,10,50) 0.750000 | 0-764313 | 0.750623 | 0.750665 | 0.750673 | 0.898505 | 0.377363
(3050,10050) | 5 750000 | 0747163 | 0.749238 | 0.748564 | 0.749225 | 0.760340 | 0.783392
(50,100,30,50) | 5 750000 | 0750352 | 0.750088 | 0.750113 | 0.750088 | 0.761263 | 0.783202
(100,30,50,50) 0.750000 0.751512 | 0.750246 | 0.750565 | 0.750249 | 0.739352 | 0.782914
(10,10,10,100) 0.750000 0.764071 | 0.750039 | 0.749684 | 0.750084 | 0.939668 | 0.233004
(30,50,100,100) | 5 750000 | 0-750802 | 0.749552 | 0.749356 | 0.749554 | 0.823460 | 0.644161
(50,100,30,100) | 750000 | 0-750603 | 0.749862 | 0.749517 | 0.749860 | 0.832874 | 0.644155
(100,30,50,100) 0.750000 0.751674 | 0.749995 | 0.749936 | 0.750000 | 0.835356 | 0.643917
(30,30,30,30) 0.750000 0.750412 | 0.750021 | 0.750117 | 0.750024 | 0.758260 | 0.750910
(50,50,50,50) 0.750000 | 0-749615 | 0.750015 | 0.749890 | 0.750012 | 0.746758 | 0.750732
(100,100,100,100) 0.750000 | 0-749066 | 0.749799 | 0.749570 | 0.749795 | 0.756429 | 0.750860




Table (4-14) :Shown MSE values when a;=2, a,=2, az=2, 04,=2 and 6=3 and

R«=0.750000

(ng,nz,n3,m) ﬁkMLE ﬁksm ﬁksm ﬁkTh ﬁkLs ﬁkRSS Best
(101010,10) | 0.004868 | 0.000300 | 0.001068 | 0.000309 | 0059318 | 0.000020 | g
(30,50,100,10) | 0.004537 | 0.000243 | 0.000916 | 0.000251 | 0.135220 | 0.039032 Ry,
(5010030,10) | 0.004193 | 0.000240 | 0.000845 | 0.000247 | 0.133861 | 0.039004 | g
(100,30,50.10) | 0.004465 | 0.000261 | 0.000905 | 0.000268 | 0.144731 | 0.038978 | g
(101010,30) | 0.002572 | 0.000157 | 0.000558 | 0.000162 | 0.045587 | 0.061771 | g
(30550,100,30) | 0.001523 | 0.000094 | 0.000327 | 0.000096 | 0.071428 | 0.011604 | g
(5010030,30) | 0.001452 | 0.000093 | 0.000313 | 0.000095 | 0.069220 | 0.011591 | g
(10030,50,30) | 0.001475 | 0.000002 | 0.000316 | 0.000095 | 0.072806 | 0011526 | g
(10,10,1050) | 0.002048 | 0.000125 | 0.000426 | 0.000128 | 0.045753 | 0.139339 Ry,
(30,50,100,50) | 0.001020 | 0.000064 | 0.000220 | 0.000066 | 0.054211 | 0001168 | g
(5010030,50) | 0.000960 | 0.000062 | 0.000210 | 0.000064 | 0.050526 | 0.001139 | g
(100,30,50,50) | 0.000955 | 0.000063 | 0.000209 | 0.000065 | 0.058852 | 0.001086 Ric,,
(1010,10,100) | 0.001845 | 0.000107 | 0.000378 | 0.000110 | 0.046739 | 0267929 | g
(30,50,100,100) | 0.000583 | 0.000039 | 0.000129 | 0.000040 | 0.047961 | 0.011332 Ry,
(50100,30,100) | 0000578 | 0.000036 | 0.000122 | 0.000037 | 0.044259 | 0.011318 | g
(100:30,50,100) | 0.000599 | 0.000036 | 0.000127 | 0.000037 | 0.046471 | 0.011303 | g
(303030,30) | 0.001579 | 0.000101 | 0.000344 | 0.000104 | 0.051579 | 0.000074 | g
(5050,50,50) | 0.000973 | 0.000061 | 0.000211 | 0.000063 | 0.058605 | 0.000014 | g
(100,100,100,100) | 0.000512 | 0.000031 | 0.000110 | 0.000032 | 0.053907 | 0.000066 Ry,




Table (4-15): Shown estimation value of Ry, when 0,=2, 0,=4, a5=3, a,=5 and

0=3
(n1,n2,n3,m) Rk ﬁkMLE ﬁksm ﬁksnz ﬁkTh ﬁkLS ﬁkRSS

(10,10,10,10) 0.642857 | 0-645624 | 0.643229 | 0.643229 | 0.643224 | 0.681222 | 0.750631
(30,50,100,10) | | -, oc- | 0.636430 | 0.643936 | 0.646205 | 0.643914 | 0409251 | 0.947569
(50,100,30,10) | | ,-gc- | 0.632828 | 0.643146 | 0.644553 | 0.643111 | 0.408313 | 0.947485
(100,30,50,10) | |\ cc | 0.629079 | 0.642634 | 0.642937 | 0.642588 | 0414180 | 0.947441
(10,10,10,30) 0.642857 | 0654607 | 0.642760 | 0.641859 | 0.642787 | 0.815616 | 0.502013
(30,50,100,30) | | -, -oc- | 0.643216 | 0.643248 | 0.643909 | 0.643248 | 0.588887 | 0.857697
(50,100,30,30) | |, ooc- | 0639176 | 0.642292 | 0.642015 | 0.642277 | 0.586119 | 0.857522
(100,30,50,30) | | c,og57 | 0642442 | 0.642884 | 0.643218 | 0.642882 | 0.598339 | 0.857341
(10,10,10,50) 0.642857 | 0656987 | 0.642574 | 0.641810 | 0.642618 | 0.847321 | 0.377691
(30,50,100,50) | | ,o0c- | 0.644024 | 0.643007 | 0.643219 | 0.643008 | 0.673383 | 0.783328
(50,100,30,50) | | 4 gc- | 0.641922 | 0.642261 | 0.642023 | 0.642257 | 0.657943 | 0.783312
(100,30,50,50) | | .45 | 0644403 | 0.642832 | 0.642964 | 0.642831 | 0.683978 | 0.783015
(10,10,10,100) | |, gc- | 0.659236 | 0.642772 | 0.641915 | 0.642818 | 0.914082 | 0.232808
(30,50,100,100) | - oo | 0.644341 | 0.642781 | 0.642595 | 0.642787 | 0.769032 | 0.644306
(50,100,30,100) | - oges | 0.646271 | 0.643099 | 0.643374 | 0.643113 | 0.774551 | 0.643993
(100,30,50,100) | ; (,ogc- | 0.645499 | 0.642738 | 0.642701 | 0.642748 | 0.774267 | 0.643582
(30,30,30,30) 0.642857 | 0642007 | 0.642579 | 0.642220 | 0.642569 | 0.688674 | 0.750699
(50,50,50,50) | |, oco | 0.642407 | 0.642713 | 0.642530 | 0.642714 | 0.685892 | 0.750623
(100,100,100,100) 0.643745 | 0.642942 | 0.643137 | 0.642945 | 0.669423 | 0.750811

0.642857




Table (4-16) :Shown MSE values when a;=2, a,=4, 03=3, 04,=5 and 6=3 and

Ri=0.642857

(ng,nz,n3,m) ﬁkMLE ﬁkshl ﬁksm ’RkTh ﬁkLS ﬁkRss 25
(10,10,10,10) | 0.007619 | 0.000246 | 0.001405 | 0.000259 | 0.065728 | 0.011657 Ry,
(30,50,100,10) | 0.005910 | 0.000184 | 0.001020 | 0.000193 | 0124826 | 0.092852 | g
(50,100,30,10) | 0.006061 | 0.000173 | 0.001016 | 0.000182 | 0.125591 | 0.092799 Ry,
(10030,50,10) | 0.006343 | 0.000190 | 0.001066 | 0.000199 | 0129343 | 0.092772 | g
(101010,30) | 0.003755 | 0.000138 | 0.000687 | 0.000144 | 0.075211 | 0.020057 | g
(30,50,100,30) | 0.002050 | 0.000067 | 0.000359 | 0.000070 | 0.081115 | 0.046210 Ry,
(5010030,30) | 0.002193 | 0.000070 | 0.000381 | 0.000073 | 0.078076 | 0.046092 | g
(100,30,50,30) | 0.002210 | 0.000072 | 0.000385 | 0.000075 | 0.074916 | 0.046004 Ry,
(1010,10,50) | 0.003306 | 0.000123 | 0.000596 | 0.000128 | 0.082252 | 0.070842 | g
(30,50,100,50) | 0.001452 | 0.000048 | 0.000255 | 0.000050 | 0.068434 | 0.019772 | g
(50,100,30,50) | 0.001477 | 0.000050 | 0.000262 | 0.000053 | 0.070877 | 0.019777 Ry,
(10030,50,50) | 0.001567 | 0.000052 | 0.000277 | 0.000055 | 0.067880 | 0.019649 | g
(10,10,10,100) | 0.002487 | 0.000091 | 0.000429 | 0.000095 | 0.092477 | 0.168778 Ry,
(30,50,100,100) | 0.000863 | 0.000031 | 0.000155 | 0.000032 | 0.069145 | 0.000154 | g
(50.100,30,100) | 0.000856 | 0.000031 | 0.000153 | 0.000033 | 0.066422 | 0.000058 | g
(100,30,50,100) | 0.001042 | 0.000036 | 0.000184 | 0.000038 | 0.069626 | 0.000022 Ry,
(30,30,30,30) | 0.002565 | 0.000088 | 0.000463 | 0.000092 | 0.065287 | 0.011655 | g
(50,50,50,50) | 0.001322 | 0.000045 | 0.000232 | 0.000047 | 0.069126 | 0.011650 Ry,
(100,100,100,100) | 0.000664 | 0.000023 | 0.000117 | 0.000024 | 0.068213 | 0.011695 Ry,




Table (4-17): Shown estimation value of R, when o,=5, a,=3, az=2, ay=1and

0=3
(n1,n2,n5,m) Rk ﬁkMLE ﬁksm ﬁksnz ﬁkTh ﬁkLS ﬁkRSS

(10,10,10,10) 0.909091 | 0-908351 | 0.909383 | 0.909432 | 0.909388 | 0.872212 | 0.750813
(30,50,100,10) | , 509091 | 0903633 | 0.909493 | 0.909775 | 0.909483 | 0.715735 | 0.947546
(50,100,30,10) | | 519007 | 0-902337 | 0.909359 | 0.909395 | 0.909342 | 0.700408 | 0.947484
(100,30,50,10) | ;559091 | 0-902960 | 0.909552 | 0.909736 | 0.909542 | 0.679197 | 0.947438
(10,10,10,30) 0.909091 | 0-912588 | 0.909255 | 0.908960 | 0.909268 | 0.936814 | 0502128
(30,50,100,30) 0.909091 | 0-907606 | 0.908884 | 0.908814 | 0.908881 | 0.837772 | 0.857659
(50,100,30,30) | , 50901 | 0907163 | 0.908864 | 0.908754 | 0.908861 | 0.833968 | 0.857474
(100,30,50,30) | , 5p9091 | 0907534 | 0.909004 | 0.908963 | 0.909000 | 0.816446 | 0.857341
(10,10,10,50) 0.909091 | 0-913233 | 0.909126 | 0.908725 | 0.909143 | 0.958393 | 0.377108
(30,50,100,50) | 509091 | 0-907921 | 0.908807 | 0.908527 | 0.908804 | 0.883764 | 0.783414
(50,100,30,50) | , 509091 | 0908035 | 0.908808 | 0.908648 | 0.908806 | 0.860371 | 0.783251
(100,30,50,50) 0.909091 | 0:909025 | 0.909078 | 0.909144 | 0.909080 | 0.866642 | 0.783033
(10,10,10,200) | , 509091 | 0913248 | 0.908930 | 0.908340 | 0.908943 | 0.972631 | 0.232962
(30,50,100,100) | , 519091 | 0909149 | 0.908895 | 0.908709 | 0.908897 | 0.927702 | 0.644279
(50,100,30,100) | , 519091 | 0909060 | 0.909003 | 0.908847 | 0.909003 | 0.927864 | 0.643941
(100,30,50,100) | , ,1q09; | 0909506 | 0.909060 | 0.909023 | 0.909062 | 0.918627 | 0.643956
(30,30,30,30) 0.909001 | 0-909058 | 0.909167 | 0.909255 | 0.909171 | 0.875959 | 0.750767
(50,50,50,50) 0.909091 | 0907783 | 0.908881 | 0.908610 | 0.908877 | 0.873285 | 0.750790
(100,100,100,100) 0.909004 | 0.909105 | 0.909109 | 0.909106 | 0.882051 | 0.750852

0.909091




Table (4-18) :Shown MSE values when a;=5, a,=3, 03=2, a,=1and 6=3 and

R¢=0.909091

(N1,n2,n3,m) ﬁkMLE ﬁksm ﬁkShz ﬁkTh ﬁkLS ﬁkRss Best
(10,10,10,10) 0.000999 | 0.000096 | 0.000245 | 0.000097 | 0.030381 | 0.025115 Ry,
(30,50,100,10) | 0.000960 | 0.000093 | 0.000222 | 0.000095 | 0.098788 | 0.001481 Ry,
(50,100,30,10) | 0.000953 | 0.000089 | 0.000215 | 0.000091 | 0.105920 | 0.001474 Ry,
(100,30,50,10) | 0.000851 | 0.000087 | 0.000199 | 0.000089 | 0.119214 | 0.001470 Ry,
(10,10,10,30) 0.000510 | 0.000040 | 0.000120 | 0.000041 | 0.014412 | 0.165937 Ry,
(30,50,100,30) 0.000330 | 0.000031 | 0.000081 | 0.000032 | 0.044984 | 0.002674 Ry,
(50,100,30,30) 0.000278 | 0.000030 | 0.000070 | 0.000031 | 0.042574 | 0.002669 Ry,
(100,30,50,30) | 0.000291 | 0.000031 | 0.000075 | 0.000032 | 0.049948 | 0.002679 Ry,
(10,10,10,50) 0.000399 | 0.000026 | 0.000089 | 0.000027 | 0.010801 | 0.283462 Ricy,
(30,50,100,50) | 0.000204 | 0.000018 | 0.000048 | 0.000019 | 0.028256 | 0.015843 Ry,
(50,100,30,50) | 0.000174 | 0.000018 | 0.000044 | 0.000019 | 0.036000 | 0.015881 Ry,
(100,30,50,50) | 0.000184 | 0.000018 | 0.000046 | 0.000019 | 0.034885 | 0.015900 Ric,,
(10,10,10,100) | 0.000322 | 0.000017 | 0.000067 | 0.000018 | 0.010280 | 0.457748 Ry,
(30,50,100,100) | 0.000134 | 0.000011 | 0.000031 | 0.000012 | 0.017052 | 0.070248 Ricy,
(50,100,30,100) | 0.000122 | 0.000010 | 0.000030 | 0.000011 | 0.013387 | 0.070416 Ri,,
(100,30,50,100)

0.000106 | 0.000010 | 0.000026 | 0.000011 | 0.018133 | 0.070368 Ri,,
(30,30,30,30) 0.000318 | 0.000031 | 0.000079 | 0.000032 | 0.033071 | 0.025090 Ri,,
(50,50,50,50) 0.000181 | 0.000018 | 0.000046 | 0.000019 | 0.033329 | 0.025098 R,
(100,100,100,100) | 0.000098 | 0.000010 | 0.000025 | 0.000011 | 0.027187 | 0.025119 Ry,




Table (4-19): Shown estimation value of Ry, when 0,=2.5, 0,=3.3, 03=1.2,

0,=4.2 and 6=3
(n1,n2,n3,m) Rk Rie | Riksni | Rksno Ricp, Ry, Ricgss
(10,10,10,10) | ; 625000 | 0-628942 | 0.627499 | 0.627258 | 0.627452 | 0.652338 | 0.750936
(30,50,100,10) | ; g35000 | 0-612315 | 0.627052 | 0.626942 | 0.626951 | 0.414401 | 0.947554
(50,100,30,10) | 5 55000 | 0-614494 | 0.627520 | 0.628414 | 0.627432 | 0.382354 | 0.947459
(100,30,50,10) | 4 ¢55000 | 0-612192 | 0.627085 | 0.627065 | 0.626963 | 0.411508 | 0.947452
(10,10,10,30) | ; 625000 | 0-635315 | 0.626603 | 0.624779 | 0.626588 | 0.803362 | 0.502646
(30,50,100,30) | ; 625000 | 0-623997 | 0.626915 | 0.626474 | 0.626866 | 0.591583 | 0.857652
(50,100,30,30) | 4 ¢55000 | 0-621485 | 0.626683 | 0.625911 | 0.626608 | 0.561022 | 0.857539
(100,30,50,30) | 4 g25000 | 0-625224 | 0.626925 | 0.626931 | 0.626856 | 0.576556 | 0.857403
(10,10,10,0) | , £55000 | 0-641353 | 0.627063 | 0.626080 | 0.627074 | 0.852312 | 0.377130
(30,50,100,50) | 4 ¢55000 | 0-625413 | 0.626831 | 0.626119 | 0.626788 | 0.676039 | 0.783418
(50,100,30,50) | ; g25000 | 0-625690 | 0.627315 | 0.626844 | 0.627257 | 0.640504 | 0.783167
(100,30,50,50) | ; 625000 | 0627822 | 0.627249 | 0.627183 | 0.627195 | 0.675143 | 0.782946
(10,10,10,100) | 5 55000 | 0-640141 | 0.626621 | 0.624912 | 0.626626 | 0.912633 | 0.232757
(30,50,100,100) | ; g25000 | 0628563 | 0.627137 | 0.626706 | 0.627106 | 0.762840 | 0.644140
(50,100,30,100) | ; g25000 | 0-627269 | 0.627006 | 0.626544 | 0.626960 | 0.747024 | 0.644015
(100,30,50,100) | ; s>5000 | 0-627173 | 0.626907 | 0.626153 | 0.626842 | 0.757850 | 0.643707
(30,30,30,30) | ; g55000 | 0-627142 | 0.627035 | 0.626838 | 0.626988 | 0.664785 | 0.750712
(50,50,50,50) |  g>5000 | 0-625260 | 0.626864 | 0.626287 | 0.626804 | 0.670057 | 0.750777
(100,100,100,100) |  ¢>5000 | 0-626084 | 0.627249 | 0.626863 | 0.627189 | 0.655584 | 0.750823




Table (4-20) :Shown MSE values when 0,=2.5, 0,=3.3, az=1.2, 0,=4.2 and
6=3 and R;=0.625000

(ny,Ny,n3,m) Riyis Rigp, Rkg,, Ry Rigs Riges | Best
(10,10,10,10) | 0.008058 | 0.000321 | 0.001536 | 0.000335 | 0.073804 | 0.015979 Ricy,
(30,50,100,10) | 0.006745 | 0.000224 | 0.001174 | 0.000234 | 0.119078 | 0.104043 Ri.
(50,100,30,10) | 0.005815 | 0.000226 | 0.001031 | 0.000234 | 0.129442 | 0.103982 Ri,,
(100,30,50,10) | 0.006299 | 0.000221 | 0.001090 | 0.000230 | 0.122714 | 0.103976 Ri,,
(10,10,10,30) | 0.004334 | 0.000185 | 0.000808 | 0.000192 | 0.076429 | 0.015879 Ric,
(30,50,100,30) | 0.002525 | 0.000099 | 0.000451 | 0.000103 | 0.075068 | 0.054147 Ric,
(50,100,30,30) | 0.002177 | 0.000081 | 0.000381 | 0.000084 | 0.081309 | 0.054097 Ric,
(100.30,50,30) | 0.002327 | 0.000091 | 0.000415 | 0.000094 | 0.080587 | 0.054014 Ric,,
(10,10,10,50) | 0.003387 | 0.000150 | 0.000605 | 0.000155 | 0.086799 | 0.061931 Ric,,
(30,50,100,50) | 0.001554 | 0.000065 | 0.000280 | 0.000068 | 0.074278 | 0.025147 Rice,
(50,100,30,50) | 0.001402 | 0.000060 | 0.000253 | 0.000062 | 0.071252 | 0.025059 Rice,
(100,30,50,50) | 0.001550 | 0.000060 | 0.000273 | 0.000063 | 0.066921 | 0.024951 Rice,
(10,10,10,100) | 0.002965 | 0.000133 | 0.000540 | 0.000138 | 0.102514 | 0.154377 Ri.
(30,50,100,100) | 0.001074 | 0.000052 | 0.000200 | 0.000054 | 0.071931 | 0.000471 Ric,
(50,100,30,100) | 0.000868 | 0.000043 | 0.000163 | 0.000044 | 0.069691 | 0.000423 Ric,
(100,30,50,100) | 0.001133 | 0.000046 | 0.000201 | 0.000048 | 0.073525 | 0.000515 Ri,,
(30,30,30,30) | 0.002707 | 0.000106 | 0.000487 | 0.000111 | 0.068972 | 0.015837 Ri,,
(50,50,50,50) | 0.001466 | 0.000058 | 0.000259 | 0.000061 | 0.070870 | 0.015838 Ri,,
(100,100,100,100) | 0.000714 | 0.000033 | 0.000129 | 0.000034 | 0.067533 | 0.015866 | g




Table (4-21): Shown estimation value of Ry, when 0;=2.2, 0,=5.1, 0z=3.4, 04=2,

and 0=3
(n1,n2,n3,m) Rk Riwe | Rkeni | Riksns | Riqn Rigs | Rigss
(10,10,10,10) | ; g42519 | 0-836556 | 0.838908 | 0.838487 | 0.838899 | 0.808145 | 0.750745
(30,50,100,10) | ; g45519 | 0834567 | 0.840468 | 0.841904 | 0.840457 | 0.596738 | 0.947560
(50,100,30,10) | | g45519 | 0.834006 | 0.840156 | 0.841514 | 0.840150 | 0.596900 | 0.947489
(100,30,50,10) | | g45519 | 0-831817 | 0.839767 | 0.840450 | 0.839749 | 0.600966 | 0.947426
(10,10,10,30) | ; ga2519 | 0-848261 | 0.839758 | 0.840120 | 0.839795 | 0.908274 | 0.502341
(30,50,100,30) | ; g42519 | 0841311 | 0.840058 | 0.841019 | 0.840072 | 0.751741 | 0.857537
(50,100,30,30) | ) g42519 | 0-841346 | 0.839973 | 0.840970 | 0.839985 | 0.760799 | 0.857581
(100,30,50,30) | ; g42519 | 0-840151 | 0.839619 | 0.840226 | 0.839625 | 0.774512 | 0.857255
(10,10,10,50) | ; g45519 | 0-849058 | 0.839643 | 0.839754 | 0.839679 | 0.941523 | 0.376949
(30,50,100,50) | ; g42519 | 0-842474 | 0.840070 | 0.840881 | 0.840089 | 0.800879 | 0.783414
(50,100,30,50) | ; g42519 | 0-842870 | 0.840039 | 0.840972 | 0.840056 | 0.815620 | 0.783191
(100,30,50,50) | ; g42519 | 0-841603 | 0.839633 | 0.840168 | 0.839645 | 0.838734 | 0.783052
(10,10,10,100) | ; g45519 | 0850125 | 0.839686 | 0.839796 | 0.839731 | 0.963327 | 0.232966
(30,50,100,100) | ; 545519 | 0843519 | 0.839954 | 0.840741 | 0.839976 | 0.876934 | 0.644161
(50,100,30,100) | ; g45519 | 0-843478 | 0.839945 | 0.840702 | 0.839963 | 0.884254 | 0.644024
(100,30,50,100) | 215519 | 0.843667 | 0.839742 | 0.840513 | 0.839762 | 0.887382 | 0.643919
(30,30,30,30) | ;842519 | 0-841435 | 0.839650 | 0.840286 | 0.839661 | 0.815402 | 0.751016
(50,50,50,50) | ; g42519 | 0-841364 | 0.839736 | 0.840313 | 0.839749 | 0.817763 | 0.750783
(100,100,100,100) 0.841894 | 0.839745 | 0.840433 | 0.839759 | 0.815803 | 0.750911

0.842519




Table (4-22): Shown MSE values when a;=2.2, 0,=5.1, 03=3.4, 04,=2, and 6=3
and R,=0.842519

(N1,n2,n3,m) ﬁkMLE ﬁksm ﬁksnz ﬁkTh ﬁkLS ﬁkRSS Best
(10,10,10,10) 0.002703 | 0.000152 | 0.000562 | 0.000156 | 0.047028 | 0.008441 Ri,,
RN 0.002541 | 0.000125 | 0.000475 | 0.000129 | 0.132741 | 0.011035 Ri,
(50,100,30,10) 0.002303 | 0.000125 | 0.000434 | 0.000128 | 0.134022 | 0.011020 Ri,,
(100,30,50,10) 0.002501 | 0.000139 | 0.000478 | 0.000143 | 0.131060 | 0.011005 Ri,,
(10,10,10,30) 0.001352 | 0.000073 | 0.000282 | 0.000075 | 0.026758 | 0.116197 Ri,
(30,50,100,30) 0.000776 | 0.000050 | 0.000163 | 0.000051 | 0.063185 | 0.000244 Ri,,
(50,100,30,30) 0.000732 | 0.000050 | 0.000157 | 0.000052 | 0.061682 | 0.000244 Ri,
(100,30,50,30) 0.000852 | 0.000054 | 0.000179 | 0.000056 | 0.051582 | 0.000217 Ri,,
(10,10,10,50) 0.001037 | 0.000057 | 0.000220 | 0.000058 | 0.019976 | 0.217612 Ri,,
(30,50,100,50) 0.000494 | 0.000036 | 0.000109 | 0.000037 | 0.051723 | 0.003535 Ri,,
(50,100,30,50) 0.000452 | 0.000033 | 0.000098 | 0.000034 | 0.044135 | 0.003552 Ri,,
(100,30,50,50) 0.000571 | 0.000040 | 0.000125 | 0.000041 | 0.037103 | 0.003546 Ri,,
(10,10,10,100) 0.000873 | 0.000044 | 0.000181 | 0.000045 | 0.021413 | 0.372134 Ri,,
(30,50,100,100) | 0.000307 | 0.000023 | 0.000067 | 0.000024 | 0.031822 | 0.039488 Ri,,
(50,100,30,100) | 0.000289 | 0.000023 | 0.000063 | 0.000024 | 0.029348 | 0.039501 Ri,,
(100,30,50,100) 0.000406 | 0.000027 | 0.000086 | 0.000028 | 0.0293538 | 0.039508 Ri,,
(30,30,30,30) 0.000823 | 0.000056 | 0.000178 | 0.000057 | 0.041665 | 0.008462 Ri,,
(50,50,50,50) 0.000507 | 0.000037 | 0.000111 | 0.000038 | 0.041106 | 0.008459 Ri,
(100,100,100,100) | 0.000257 | 0.000022 | 0.000058 | 0.000023 | 0.044359 | 0.008444 | o

Rksm




Table (4-23): Shown estimation value of Ry, when o,=5, a,=1,03=2, a,=4.2, and

0=3
(N1,n2,n3,m) R« Riyie | Rkgyy | Rk, Ricpy R, Ripss
(10,10,10,10) | , c55737 | 0649189 | 0.647616 | 0.647691 | 0.647607 | 0.661403 | 0.750741
(30,50,100,10) |  ce5737 | 0.647032 | 0.649820 | 0.653161 | 0.649813 | 0.435153 | 0.947561
(50,100,30,10) | , ce5737 | 0646392 | 0.649495 | 0.652981 | 0.649505 | 0.433618 | 0.947494
(100,30,50,10) | , 55737 | 0642345 | 0.649080 | 0.651824 | 0.649065 | 0.359318 | 0.947432
(10,10,10,30) |, c55737 | 0.665832 | 0.648777 | 0.649868 | 0.648854 | 0.815974 | 0.502088
(30,50,100,30) | , 55737 | 0-655980 | 0.649309 | 0.651720 | 0.649354 | 0.618619 | 0.857634
(50,100,30,30) |, ce5737 | 0.655319 | 0.649210 | 0.651604 | 0.649248 | 0.614254 | 0.857584
(100,30,50,30) | , 55737 | 0651853 | 0.648789 | 0.650676 | 0.648809 | 0.558026 | 0.857371
(10,10,10,50) | ; ces737 | 0.664764 | 0.648194 | 0.648377 | 0.648260 | 0.865533 | 0.377280
(30,50,100,50) | , =537 | 0.656879 | 0.648839 | 0.650913 | 0.648883 | 0.681659 | 0.783371
(50,100,30,50) | , 55737 | 0-654549 | 0.648689 | 0.650249 | 0.648718 | 0.680570 | 0.783213
(100,30,50,50) | , ce5737 | 0.655404 | 0.649200 | 0.651244 | 0.649235 | 0.640374 | 0.783267
(10,10,10,100) | , cx5737 | 0672714 | 0.649187 | 0.650932 | 0.649289 | 0.907689 | 0.232780
(30,50,100,100) | , =737 | 0.656303 | 0.648662 | 0.650037 | 0.648698 | 0.789044 | 0.644199
(50,100,30,100) | , cccy37 | 0657564 | 0.648998 | 0.650857 | 0.649043 | 0.782315 | 0.644043
(100,30,50,100) | ; cecs3; | 0.657066 | 0.648977 | 0.651042 | 0.649022 | 0.751132 | 0.644012
(30,30,30,30) | , 55737 | 0-656419 | 0.649083 | 0.651188 | 0.649119 | 0.689030 | 0.750881
(50,50,50,50) | , 55737 | 0655148 | 0.648846 | 0.650661 | 0.648882 | 0.688914 | 0.750936
(100,100,100,100) 0.656844 | 0.649253 | 0.651498 | 0.649297 | 0.675468 | 0.750869

0.655737




Table (4-24): Shown MSE values when a;=5, a,=1,05=2, a,=4.2, and 6=3 and

R=0.655737

(n1,Nn2,n3,m) Riie | Rigny | Rk Ricqy Ry Ripes | BESE
(10,10,10,10) | 0.007150 | 0.000330 | 0.001387 | 0.000341 | 0.070673 | 0.009046 Ry,
(30,50,100,10) | 0.006353 | 0.000235 | 0.001117 | 0.000245 | 0.124754 | 0.085163 Ry,
(50,100,30,10) | 0.005783 | 0.000234 | 0.001006 | 0.000242 | 0.125978 | 0.085123 Ric.,
(100,30,50,10) | 0.006060 | 0.000251 | 0.001063 | 0.000260 | 0.153729 | 0.085085 Ric,,
(10,10,10,30) | 0.004230 | 0.000206 | 0.000825 | 0.000212 | 0.068391 | 0.023852 Ric.,
(30,50,100,30) | 0.002463 | 0.000125 | 0.000450 | 0.000129 | 0.075665 | 0.040780 Ric.,
(50,100,30,30) | 0.002218 | 0.000122 | 0.000409 | 0.000125 | 0.074765 | 0.040760 Ric,,
(100,30,50,30) | 0.001972 | 0.000118 | 0.000373 | 0.000372 | 0.087270 | 0.040660 Ry,
(10,10,10,50) | 0.003619 | 0.000193 | 0.000739 | 0.000198 | 0.074638 | 0.078114 Ricg,,
(30,50,100,50) | 0.001753 | 0.000109 | 0.000334 | 0.000112 | 0.069858 | 0.016339 Ry,
(50,100,30,50) | 0.001593 | 0.000108 | 0.000316 | 0.000110 | 0.067410 | 0.016323 Ricg,,
(100,30,50,50) | 0.001306 | 0.000093 | 0.000256 | 0.000095 | 0.071525 | 0.016312 Ry,
(10,10,10,100) | 0.003231 | 0.000164 | 0.000606 | 0.000168 | 0.087735 | 0.179510 Ry,
(30,50,100,100) | 0.001194 | 0.000091 | 0.000243 | 0.000093 | 0.064550 | 0.000228 Ry,
(50,100,30,100) | 0.001098 | 0.000084 | 0.000219 | 0.000086 | 0.066490 | 0.000218 Ry,
(100,30,50,100) | 0.000777 | 0.000078 | 0.000165 | 0.000079 | 0.065766 | 0.000256 Ry,
(30,30,30,30) | 0.002472 | 0.000137 | 0.000469 | 0.000140 | 0.066428 | 0.009092 Ry,
(50,50,50,50) | 0.001589 | 0.000102 | 0.000306 | 0.000104 | 0.064434 | 0.009130 Ri,,
(100,100,100,100) | 0.000726 | 0.000069 | 0.000148 | 0.000070 | 0.068265 | 0.009090 Ri,,




C. The model Ry :

This model includes estimation of for EWD with (s,k)=(2,3), (2,4) and (3,4)

When the known parameters are (ay, 0)=(2,4), and (4,2), as well as known

parameter 0=3 for each case.

The results of this model have put it in the tables below:

Table (4-25): Shown estimation value of R, and ’R(S,k) when s=2 & k=3,

a,=2, a,=4, and 6=3

(n,m) Risk | Rsioms | Rslsny | Rsosn, | Rk | ResoLs | Risorss
(10.10) | 0300000 | 0.307234 | 0.299470 | 0.300568 | 0.299487 | 0.251414 | 0.294016
(10.30) | 0.300000 | 0.615000 | 0.209873 | 0.362317 | 0.301685 | 0.074871 | 0.632114
(10,50) 1 0.300000 | 0.737024 | 0.299882 | 0.376514 | 0.302058 | 0.052877 | 0.753338
(10.100) | 9 300000 | 0.852828 | 0.299497 | 0.387354 | 0.301930 | 0.016355 | 0.864906
(30.10) | 0300000 | 0.089494 | 0.301271 | 0.186780 | 0.296786 | 0.675384 | 0.070013
(30:30) | 0300000 | 0.303634 | 0.300208 | 0.300815 | 0.300223 | 0.144981 | 0.293619
(30.50) | 9.300000 | 0.445046 | 0.299532 | 0.334611 | 0.300563 | 0.220380 | 0.445574
(30.100) | 9300000 | 0.641729 | 0.299936 | 0.366283 | 0.301845 | 0.044228 | 0.642825
(50:10) | 0.300000 | 0.040140 | 0.299543 | 0.124472 | 0.289886 | 0.879577 | 0.031017
(50.30) | 0.300000 | 0.180077 | 0.300171 | 0.252438 | 0.298656 | 0.335177 | 0.169282
(50.50) | 9.300000 | 0.301163 | 0.299638 | 0.209724 | 0.299633 | 0.079645 | 0.293936
(50,100) | 4300000 | 0.502280 | 0.300196 | 0.345830 | 0.301549 | 0.108095 | 0.496693
(100,10) 1 4300000 | 0.012960 | 0.300919 | 0.062278 | 0.279538 | 0.868436 | 0.009068
(200:30) | 0.300000 | 0.072448 | 0.300009 | 0.172745 | 0.294050 | 0.653057 | 0.066214
(100,30) | ¢,300000 | 0.143031 | 0.299427 | 0.231925 | 0.296906 | 0.337029 | 0.136715
(100.100) | ¢ 300000 | 0.301467 | 0.209805 | 0.300158 | 0.299812 | 0.225289 | 0.293595




Table (4-26): Shown MSE values for ’R(S,k)when s=2 & k=3, a;=2, a,=4, 6=3,

and R(S,k) =0.30000

(M) | Restomee | Rsiosn | Resosne | Resrom | Resious | Rporss | Best
(10,20) | 0.014510 | 0.000750 | 0.003065 | 0.000775 | 0.010566 | 0.000831 | Risksus
(10,30) | 0.108198 | 0.000560 | 0.005847 | 0.000579 | 0.052690 | 0.110765 | Riskysns
(10.50) | 0.196101 | 0.000552 | 0.007945 | 0.000574 | 0.061851 | 0.205783 | Risksm:
(10,100) | 0.307526 | 0.000500 | 0.009582 | 0.000520 | 0.080730 | 0.319215 | Risksms
(30,20) | 0.046512 | 0.000458 | 0.015064 | 0.000532 | 0.152318 | 0.052965 | Risksns
(30,30) | 0.004997 | 0.000263 | 0.001030 | 0.000272 | 0.028850 | 0.000246 Ris1oRss
(30,50) | 0025702 | 0.000219 | 0.001979 | 0.000227 | 0.010266 | 0.021386 | Rsiosm
(30,100) | 0119754 | 0.000193 | 0.005112 | 0.000203 | 0.065790 | 0.117652 | Risisus
(50.10) | 0.068001 | 0.000343 | 0.032242 | 0.000537 | 0.339584 | 0.072363 | Risisus
(50.30) | 0.016572 | 0.000187 | 0.003088 | 0.000202 | 0.006448 | 0.017168 | Riskysms
(50.50) | 0.002865 | 0.000144 | 0.000573 | 0.000149 | 0.054989 | 0.000153 | Risksn:
(50,100) | 0.043334 | 0.000119 | 0.002514 | 0.000125 | 0.037914 | 0.038784 | Risisus
(100,10) | 0082453 | 0.000311 | 0.057119 | 0.000919 | 0.328643 | 0.084642 | Risisus
(100,30) | .052248 | 0.000134 | 0.016840 | 0.000190 | 0.126220 | 0.054670 | Risisns
(100,50) | 0.025503 | 0.000090 | 0.005079 | 0.000107 | 0.010334 | 0.026692 | Riskysns
(100,100) | 001336 | 0.000066 | 0.000261 | 0.000068 | 0.007150 | 0.000091 | Resiosu




Table (4-27): Shown estimation value of R, and f{(s,k) when s=2 & k=3 ,

O(1=4, O(2=2, and 0=3

MM | Rew | Reome | Reosn | Rewsn: | Reom | Resius | Resiorss
(10,0) | 5 eg5714 | 0681971 | 0.687349 | 0.687573 | 0.687366 | 0.767945 | 0.690091
(10,30) | g eg5714 | 0-871231 | 0.684807 | 0.733387 | 0.686357 | 0.184243 | 0.887485
(10,50) | g eg5714 | 0-919958 | 0.684477 | 0.743024 | 0.686345 | 0.208016 | 0.931340
(10,100) |  eg5714 | 0959338 | 0.685073 | 0.751398 | 0.687162 | 0.037001 | 0.965135
(30,10) | 5 685714 | 0-378822 | 0.686579 | 0.559832 | 0.682645 | 0.884442 | 0.359493
(30,30) | g eg5714 | 0-681366 | 0.685649 | 0.684863 | 0.685631 | 0.636610 | 0.691262
(30,50) | o.685714 | 0-785444 | 0.685009 | 0.713136 | 0.685891 | 0.433780 | 0.798204
(30,100) | 5 eg5714 | 0-885188 | 0.685658 | 0.737451 | 0.687301 | 0.366270 | 0.891471
(50,10) | 5685714 | 0-242645 | 0.686644 | 0.464720 | 0.678128 | 0.960079 | 0.220965
(50,30) | g eg5714 | 0-546355 | 0.685078 | 0.638346 | 0.683724 | 0.543288 | 0.554361
(50,50) | 5 685714 | 0.683347 | 0.685861 | 0.685451 | 0.685849 | 0.637006 | 0.691228
(50,200) | ( ¢g5714 | 0-819922 | 0.685751 | 0.722440 | 0.686920 | 0.481200 | 0.826016
(100,10) | 4 gg5714 | 0-109142 | 0.686695 | 0.315483 | 0.667214 | 0.969280 | 0.093340
(100,30) |  gg5714 | 0-347822 | 0.685362 | 0.543695 | 0.680113 | 0.885155 | 0.348498
(100,50) | 4 gg5714 | 0496933 | 0.685552 | 0.618960 | 0.683343 | 0.789847 | 0.503020
(100,100) 0.684333 | 0.685509 | 0.685334 | 0.685508 | 0.664694 | 0.691194

0.685714




Table (4-28): Shown MSE values for ﬁcs,k)when s=2 & k=3, a;=4, a,=2, 6=3,

and R(s,k) =(0.685714

) ﬁ(s.k)MLE ﬁ(s.k)shl R Bsis ﬁ(s:k)Th ﬁ(s,k)LS ﬁ(s,k)RSS Best

(10.10) | 0.010871 | 0.000577 | 0.002252 | 0.000595 | 0.007885 | 0.000623 Rk
(10,30) | 0.036083 | 0.000302 | 0.003141 | 0.000309 | 0.268655 | 0.040771 R s100,s
(10,50) | 0.055516 | 0.000272 | 0.004095 | 0.000278 | 0.231084 | 0.060355 R0
(10,100) | 0.075028 | 0.000235 | 0.005027 | 0.000243 | 0.420973 | 0.078081 R 510510
(30,10) | 0.104595 | 0.000457 | 0.020051 | 0.000534 | 0.039722 | 0.107038 R0
(30.30) | 0.003660 | 0.000181 | 0.000719 | 0.000187 | 0.006097 | 0.000174 Risiorss
(30:50) | 0.011611 | 0.000144 | 0.001191 | 0.000148 | 0.071215 | 0.012713 R 10511
(30,100) | 0.040255 | 0.000100 | 0.002973 | 0.000105 | 0.106612 | 0.042351 R 100
(30,10) | 0.203144 | 0.000392 | 0.054171 | 0.000561 | 0.075601 | 0.216372 R 51060
(50,30) | 0.023660 | 0.000163 | 0.003175 | 0.000180 | 0.041891 | 0.017432 R 100
(30,50) | 0.002322 | 0.000112 | 0.000454 | 0.000116 | 0.001041 | 0.000118 R (s 105h1
(50,100) | 0018767 | 0.000075 | 0.001591 | 0.000079 | 0.044080 | 0.019710 Risioe
(100,10) | 0.334599 | 0.000377 | 0.142440 | 0.000960 | 0.080463 | 0.351006 Rsioe
(100,30) | 0.117834 | 0.000159 | 0.021757 | 0.000219 | 0.040664 | 0.113870 Risioe
(100,50) | 0.038322 | 0.000098 | 0.005095 | 0.000113 | 0.014107 | 0.033491 Risioe
(100,200) | 0.001141 | 0.000056 | 0.000224 | 0.000058 | 0.005266 | 0.000071

R (s k)sn1




Table (4-29): Shown estimation value of R, and f{(s,k) when s=2 & k=4 ,

0(122, O(2=4, and 0=3

(n,m) Risk) | Risiome | Rsiosm | Rsosne | Resiom | Resors | Resiorss
(10,10) | (40000 | 0-406299 | 0.400560 | 0.401522 | 0.400571 | 0.414676 | 0.391909
(10.30) | (40000 | 0-701578 | 0.399553 | 0.465218 | 0.401522 | 0.045353 | 0.717129
(10,50) | (40000 | 0-800801 | 0.399086 | 0.478165 | 0.401422 | 0.136655 | 0.816852
(10,100) | (40000 | 0-891835 | 0.398006 | 0.488272 | 0.400623 | 0.059801 | 0.902586
(30,10) | (40000 | 0-140953 | 0.401170 | 0.268895 | 0.396296 | 0.632153 | 0.113632
(30,30) | (40000 | 0-400099 | 0.399631 | 0.399552 | 0.399628 | 0.568324 | 0.393196
(30,50) | (40000 | 0-546205 | 0.398734 | 0.435994 | 0.399853 | 0.100903 | 0.548431
(30,100) | [ 40000 | 0-725815 | 0.400360 | 0.470192 | 0.402431 | 0.068933 | 0.725929
(50,10) | (40000 | 0-068639 | 0.399573 | 0.191134 | 0.389261 | 0.805181 | 0.053683
(50,30) | (40000 | 0-259107 | 0.399792 | 0.346286 | 0.398147 | 0.497372 | 0.248017
(50,50) | (40000 | 0-401989 | 0.400166 | 0.400539 | 0.400168 | 0.308320 | 0.392952
(50,100) | (40000 | 0-600130 | 0.399760 | 0.447918 | 0.401228 | 0.293959 | 0.597158
(100,10) | (40000 | 0-022842 | 0.400313 | 0.100443 | 0.376551 | 0.925445 | 0.016836
(100,30) | 40000 | 0-117258 | 0.399983 | 0.251818 | 0.393463 | 0.757374 | 0.108422
(100,50) | ( 40000 | 0-215764 | 0.400163 | 0.324593 | 0.397430 | 0.541421 | 0.205766
(100,100) 0.400018 | 0.400201 | 0.400085 | 0.400202 | 0.566140 | 0.393265

0.40000




Table (4-30): Shown MSE values for ’R(S,k)when s=2 & k=4, a,=2, a,=4, 6=3,

and R(S,k) =0.40000

) ﬁ(s,k)MLE ﬁ(S.k)sm R (5Fsis R K ﬁ(s,k)LS ﬁ(s,k)RSS Best

(10,10) | 0.016877 | 0.000904 | 0.003708 | 0.000936 | 0.012371 | 0.001066 R 51050
(10,30) | 0.097576 | 0.000694 | 0.006445 | 0.000716 | 0.127157 | 0.100932 | g .
(10,50) | 0.164065 | 0.000658 | 0.008203 | 0.000678 | 0.075736 | 0.173943 Rk
(10,100) | 0.242941 | 0.000542 | 0.009636 | 0.000554 | 0.128930 | 0.252642 Ris100,s
(30.10) | 0.071111 | 0.000512 | 0.020448 | 0.000602 | 0.058749 | 0.082152 | g .
(30,30) | 0.005400 | 0.000292 | 0.001107 | 0.000301 | 0.061584 | 0.000283 R (s 10RSS
(30,50) | 0.025637 | 0.000261 | 0.002150 | 0.000268 | 0.092480 | 0.022212 Rsio
(30,100) | 0.108207 | 0.000226 | 0.005650 | 0.000238 | 0.111509 | 0.106317 R 51060
(50.10) | 0.120919 | 0.000403 | 0.046092 | 0.000632 | 0.166508 | 0.119970 | g .
(50,30) | 0.023149 | 0.000213 | 0.003958 | 0.000233 | 0.015605 | 0.023223 R 100,
(50,50) | 0.003550 | 0.000177 | 0.000708 | 0.000183 | 0.009752 | 0.000192 Rsiogs
(50.100) | 0.042329 | 0.000153 | 0.002796 | 0.000159 | 0.020153 | 0.038961 | g .
(100,10) | 0.142399 | 0.000353 | 0.090984 | 0.001158 | 0.278559 | 0.146817 | g .
(100,30) | 0.080980 | 0.000164 | 0.023052 | 0.000237 | 0.130708 | 0.085053 | g .
(100,50) | 0.035378 | 0.000111 | 0.006277 | 0.000127 | 0.024601 | 0.037777 R s105,4
(100,100) | 0.001715 | 0.000085 | 0.000339 | 0.000088 | 0.044552 | 0.000110

R(S,k)sm




Table (4-31): Shown estimation value of R, and ’R(S,k) when s=2 & k=4 ,

O(1=4, O(2=2, and 6=3

(hm) | R | Resomue | Reslosns | Rstosn | Restom | Restors | Restorss
(10,20) | ;61904 | 0.747667 | 0.761519 | 0.759175 | 0.761487 | 0.673914 | 0.767082
(10.30) | /61904 | 0.907778 | 0.761597 | 0.801242 | 0.762888 | 0.323210 | 0.918983
(10,50) | ;761904 | 0-943138 | 0.761141 | 0.808757 | 0.762680 | 0.514587 | 0.951098
(10,200) | , 761904 | 0.970843 | 0.761126 | 0.814357 | 0.762842 | 0.119738 | 0.975460
(30,20) | (61904 | 0475257 | 0.762012 | 0.651222 | 0.758698 | 0.941906 | 0.463461
(30,30) | (761904 | 0-756802 | 0.761543 | 0.760725 | 0.761532 | 0.625135 | 0.766494
(30,50) | ;761904 | 0-844976 | 0.762375 | 0.786058 | 0.763121 | 0.598051 | 0.850925
(30,100) | ;761904 | 0-917282 | 0.761593 | 0.803719 | 0.762948 | 0.347763 | 0.922068
(50,20) | ;761904 | 0-332848 | 0.762635 | 0.567287 | 0.755723 | 0.978823 | 0.310347
(50,30) | ;761904 | 0-640858 | 0.761708 | 0.722452 | 0.760590 | 0.801723 | 0.649154
(50,50) | 761904 | 0757446 | 0.761455 | 0.760623 | 0.761438 | 0.823898 | 0.766767
(50,200) | , 761904 | 0-867499 | 0.761639 | 0.791272 | 0.762595 | 0.584677 | 0.873118
(100,20) | ;761904 | 0-169103 | 0.762474 | 0.415978 | 0.746432 | 0.944001 | 0.146969
(100,30) | ;761904 | 0451273 | 0.762136 | 0.640760 | 0.757835 | 0.928136 | 0.451163
(100,50) | ;761904 | 0.595848 | 0.761885 | 0.705446 | 0.760045 | 0.901543 | 0.602799
(100,100) 0.760103 | 0.761719 | 0.761406 | 0.761715 | 0.779137 | 0.766413

0.761904




Table (4-32): Shown MSE values for ﬁ(s,k)when s=2 & k=4, a;=4, a,=2, 6=3,

and R s x)=0.761904

(M) | Risiomee | Rsosm | Rsiosne | Rslomn | Reshors | Resiorss | Best
(10,10) 0.008499 | 0.000405 | 0.001618 | 0.000418 | 0.016350 | 0.000427 ﬁ(S,k)sm
(10:30) | 0022280 | 0.000211 | 0.002147 | 0.000218 | 0.195409 | 0.024708 | g,
(10,50) | 0033196 | 0.000183 | 0.002698 | 0.000187 | 0.075270 | 0.085805 | g,
(10,100) | 0.043743 | 0.000156 | 0.003208 | 0.000160 | 0.413675 | 0.045609 ﬁ(s.k)sm
(30.10) | 0092224 | 0.000265 | 0.015321 | 0.000318 | 0.032651 | 0.089734 | g
(30:30) | 0.002599 | 0.000123 | 0.000503 | 0.000127 | 0.027046 | 0.000122 | R, ..o
(30,50) 0.007894 | 0.000098 | 0.000874 | 0.000102 | 0.031084 | 0.007963 ﬁ(s,k)sm
(30,100) | 0.024405 | 0.000068 | 0.001943 | 0.000071 | 0.174943 | 0.025661 ﬁ(s.k)sm
(50,10) 0.192445 | 0.000258 | 0.042502 | 0.000371 | 0.047248 | 0.204394 ﬁ(s.k)sm
(50,30) | 0.018179 | 0.000113 | 0.002236 | 0.000124 | 0.002697 | 0.012866 | Rssq,,
(50,50) 0.001525 | 0.000074 | 0.000293 | 0.000076 | 0.041739 | 0.000080 ﬁ(s,k)sm
(50,100) | 0.011556 | 0.000046 | 0.001002 | 0.000048 | 0.034354 | 0.012382 ﬁ(S.k)shl
(100,10) | 0.355610 | 0.000262 | 0126153 | 0.000678 | 0.037734 | 0.378345 | R .
(100,30) | 0.100123 | 0.000095 | 0.015790 | 0.000129 | 0.028450 | 0.096729 | Ris0s,,
(100,50) | 0.029942 | 0.000069 | 0.003684 | 0.000080 | 0.019944 | 0.025407 | Rz,
(100,100) | 0.000720 | 0.000035 | 0.000140 | 0.000037 | 0.011507 | 0.000045 | sy,




Table (4-33): Shown estimation value of Ry, and 'R(S,k) when s=3& k=4,

0(122, 0(224, and 6=3

MM Resry | Rsiomee | Resiosns | Rsisne | Resiom | Resions | Risiorss
(10,10) | (000 | 0-219593 | 0.201034 | 0.204687 | 0.201086 | 0.192554 | 0.194045
(10.30) | 5000 | 0528642 | 0.19952 | 0.259132 | 0.201190 | 0.032576 | 0.547621
(10,50) | (000 | 0-669854 | 0.199587 | 0.272857 | 0.201580 | 0.035161 | 0.690376
(10,100) | (,09p | 0-811693 | 0.199286 | 0.283069 | 0.201511 | 0.001478 | 0.827573
(30,10) | o0gg | 0-038518 | 0.200518 | 0.104537 | 0.196465 | 0.373333 | 0.026225
(30,30) | (000 | 0-205556 | 0.200330 | 0.201063 | 0.200336 | 0.247670 | 0.194053
(30,50) | (o000 | 0-344286 | 0.199426 | 0.232476 | 0.200383 | 0.047300 | 0.342197
(30,100) | (5000 | 0553778 | 0.198916 | 0.260474 | 0.200638 | 0.098344 | 0.560822
(50,10) | (o000 | 0-013541 | 0.201464 | 0.062877 | 0.193006 | 0.737473 | 0.007946
(50,30) | (o000 | 0-100570 | 0.200325 | 0.158308 | 0.198951 | 0.621764 | 0.090772
(50,50) | (000 | 0-204738 | 0.200536 | 0.201369 | 0.200546 | 0.170772 | 0.194091
(50,100) | (o0gp | 0-400020 | 0.199719 | 0.241796 | 0.200947 | 0.107772 | 0.397427
(100,10) | (,0gp | 0-002393 | 0.200149 | 0.022484 | 0.180718 | 0.844758 | 0.001349
(100,30) | (5000 | 0028321 | 0.200148 | 0.094151 | 0.194766 | 0.561053 | 0.023989
(100,50) | (o0gp | 0-072126 | 0.199586 | 0.140417 | 0.197278 | 0.374189 | 0.067256
(100,100) 0.202708 | 0.200484 | 0.200908 | 0.200491 | 0.284482 | 0.194093

0.2000




Table (4-34): Shown MSE values for f{(s'k)when s=3& k=4, a;=2, a,=4, 6=3,

and R(S,k) =0.2000

(MM | Ristomus | Rsiosns | Rslosnz | Reskom | Resious | Resiorss | Best
(10:10) | 0.013026 | 0.000680 | 0.002680 | 0.000701 | 0.006464 | 0.000739 | g
(10,30) 0.119369 | 0.000478 | 0.005492 | 0.000497 | 0.028083 | 0.121481 ﬁ(S.k)sm
(1050) | 0228185 | 0.000464 | 0.007387 | 0.000434 | 0031239 | 0.240859 | g
(10.100) | 0.377097 | 0000419 | 0008350 | 0.000438 | 0.039415 | 0393984 | g .
(30,10) 0.026787 | 0.000359 | 0.010338 | 0.000416 | 0.056512 | 0.030215 ﬁ(S.k)sm
(80.30) | 0.003763 | 0.000194 | 0000746 | 0.000200 | 0.003180 | 0.000190 | g,
(80550) | 0.025586 | 0.000179 | 0.001744 | 0.000186 | 0031930 | 0.020420 | g
(30,100) | 0.129328 | 0.000169 | 0.004355 | 0.000175 | 0.016834 | 0.130379 ﬁ(s.k)sm
(50.10) | 0.034831 | 0,000299 | 0.019478 | 0.000416 | 0293339 | 0.036886 | .,
(50,30) | 0.011216 | 0.000149 | 0.002343 | 0.000160 | 0.246962 | 0.011976 | Reemu,
(50,50) 0.002350 | 0.000120 | 0.000464 | 0.000124 | 0.007443 | 0.000129 ﬁ(s.k)sm
(50.100) | 0.043174 | 0000110 | 0.002180 | 0.000115 | 0.009981 | 0039112 | g,
(10010) | 0.039053 | 0000265 | 0031673 | 0.000786 | 0.416099 | 0039461 | g .
(100,30) | 0.029628 | 0.000118 | 0.011591 | 0.000162 | 0.132374 | 0.030983 ﬁ(S.k)sm
(10050) | 0.016821 | 0000090 | 0.003896 | 0.000105 | 0.038184 | 0017637 | g,
(100,100) | 0.001214 | 0.000060 | 0.000238 | 0.000063 | 0.010234 | 0.000077

R(S,k)sm




Table (4-35): Shown estimation value of R, and 'R(S,k) when s=3 & k=4,

O(1=4, O(2=2, and 6=3

(n,m) R(S.k) ﬁ(S.k)MLE ’R(S,k)sm ﬁ(S.k)Shz ﬁ(S.k)Th ﬁ(s;k)LS ﬁ(s,k)RSS
(10,10) 0.609523 | 0.602488 | 0.610189 | 0.608960 | 0.610166 | 0.686199 | 0.615164
(10,30) 0.609523 | 0.836269 | 0.608895 | 0.666578 | 0.610728 | 0.211974 | 0.855956
(10,50) 0.609523 | 0-899128 | 0.609417 | 0.680432 | 0.611630 | 0.078722 | 0.911161
(10,100) 0.609523 | 0-947606 | 0.608884 | 0.688751 | 0.611374 | 0.015579 | 0.954827
(30,10) 0.609523 | 0271872 | 0.609264 | 0.460948 | 0.604454 | 0.8168664 | 0.257978
(30,30) 0.609523 | 0603633 | 0.608888 | 0.607899 | 0.608872 | 0.564084 | 0.616216
(30,50) 0.609523 | 0-732511 | 0.608868 | 0.643298 | 0.609933 | 0.602711 | 0.744351
(30,100) 0.609523 | 0-853553 | 0.609318 | 0.671176 | 0.611264 | 0.194573 | 0.860944
(50,10) 0.609523 | 0-148650 | 0.608419 | 0.358499 | 0.598167 | 0.683180 | 0.132544
(50,30) 0.609523 | 0-452310 | 0.609535 | 0.555551 | 0.607966 | 0.760478 | 0.459225
(50,50) 0.609523 | 0-608029 | 0.609329 | 0.609319 | 0.609335 | 0.688661 | 0.615774
(50,100) 0.609523 | 0-770065 | 0.609186 | 0.652259 | 0.610556 | 0.303646 | 0.779349
(100,10) 0.609523 | 0-050410 | 0.609290 | 0.215274 | 0.586475 | 0.971170 | 0.039453
(100,30) 0.609523 | 0246022 | 0.609381 | 0.447394 | 0.603163 | 0.796836 | 0.245682
(100,50) 0.609523 | 0-398014 | 0.609341 | 0.532118 | 0.606732 | 0.287269 | 0.403266
(100,100) 0.606108 | 0.608988 | 0.608285 | 0.608974 | 0.686903 | 0.616414

0.609523




Table (4-36): Shown MSE values for Rsywhen s=3 & k=4, a;=4, a,=2, 6=3,
and R 5 xy=0.609523
(M) | Risiome | Rsmsn | Rslosnz | Rsiom | Rsios | Rsiorss | Best
(1010) | 0.015156 | 0.000789 | 0.003181 | 0.000815 | 0.035769 | 0.00083L | g .
(10,30) | 0.054141 | 0.000428 | 0.004567 | 0.000441 | 0.164102 | 0.060830 | g
(1050) | 0.084965 | 0.000376 | 0.006202 | 0.000390 | 0.289069 | 0.091023 | g
(10,100) | 0.114598 | 0.000336 | 0.007434 | 0.000350 | 0.352798 | 0.119244 | g .
(30,10) | 0.124218 | 0.000603 | 0.027290 | 0.000724 | 0.047863 | 0.124156 | g
(30,30) | 0.004878 | 0.000263 | 0.001002 | 0.000271 | 0.076640 | 0.000237 R(s,k)RSS
(30,50) | 0.017703 | 0.000197 | 0.001796 | 0.000204 | 0.015200 | 0.018273 ﬁ(s,k)sm
(30,100) | 0.060249 | 0.000135 | 0.004217 | 0.000141 | 0.174607 | 0.063237 [ g .
(50,10) | 0.215797 | 0.000520 | 0.066992 | 0.000765 | 0.101759 | 0.227919 | g .
(50,30) | 0.029717 | 0.000223 | 0.004109 | 0.000244 | 0.029624 | 0.022813 | g
(50,50) | 0.002960 | 0.000143 | 0.000581 | 0.000148 | 0.009312 | 0.000154 | g .
(50,100) | 0.0268399 | 0.000102 | 0.002144 | 0.000106 | 0.094988 | 0.028878 | g .
(100,10) | 0313392 | 0.000529 | 0.159944 | 0.001391 | 0.102762 | 0.324946 | g .
(100,30) | 0.135203 | 0.000193 | 0.027988 | 0.000267 | 0.037017 | 0.132511 ﬁ(s,k)sm
(100,50) | 0.047745 | 0.000130 | 0.006808 | 0.000151 | 0.124563 | 0.042668 ﬁ(s,k)sm
(100,100) | 0.001583 | 0.000077 | 0.000312 | 0.000080 | 0.030976 | 0.000095 | g,
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CHAPTER FIVE

THE CONCLUSIONS AND THE RESULTS

5-1 Introduction:-

This chapter brings the main summary and most important conclusions
and recommendations according to simulation results which have been discussed

in chapter four.

5-2 Conclusions with Respect to R.

From the numerical results in the previous chapter, one can find the
proposed shrinkage estimation method using constant shrinkage weight function
(Rsn2) which depends on unbiased estimator and prior estimate (Moment
Method ) as a linear combination, performance good behavior and it is the best

estimator than the others in the sense of MSE.

i. When n=m, we show:

Order 1 2 3

Estimation method | Sh2 Th Shil

ii. When n<m, we note:

Order 1 2 3

Estimation method | Sh2 Th Shl




1ii. When n>m, one may show:

Order 1 2 3

Estimation method | Sh2 Th Shl

For any (n,m) some of the proposed estimator (mle, sh,, and sh,) are decreasing

and the other methods are vibration.

5-3 Conclusions with Respect to R,.:

For estimation reliability for K™ components parallel system of the stress-
strength model which are subjected to a common stress, when the stress and
strength follow the Exponentiated Weibull Distribution (EWD).

From the tables (4-13), ..., (4-24) which contain (k=3) component for strength
and one stress component in chapter four, one can find the proposal shrinkage
estimation method using shrinkage weight factor as function of n; and m (R,4),
performance good behavior and it is the best estimator than the others in the

sense of MSE except model (1) when n=m=10,30 and 50 as follows:

I. Model (1): when a; € N ; 0,=0,=03=0,4=2
i. When n=m=10,30 and 50

Order 1 2 3

Estimation method RSS Shl Th
1. When n=m=100

Order 1 2 3

Estimation method Shl Th RSS




1ii. When n=30,50 100 for any m

Order

1

2

Estimation method

Shl

Th

Sh2

Model (2): when a,#0,70s70,4 for any o; € N .i=1,2,3/4

For any n; when m=10,30, and 50, and when n; =m we note:

Order

1

2

3

Estimation method

Shl

Th

Sh2

When (ny,nz,ns,m) =(50,100,30,100) and (100,30 50,100)

Order

1

2

3

Estimation method

Shl

Th

RSS

When (ny,n,,n3,m) =(10,10,10,100) and (30,50,100,100), we show:

Order

1

2

3

Estimation method

Shl

Th

Sh2




I11.  In model(3): when ay, oy, 03> 04

For any n; and m ;i=1,2,3, we conclude:

Order

1

2

Estimation method

Shl

Th

Sh2

IV. Model(4): While in case a; € N, we note

Order

1

2

3

Estimation method

Shl

Th

Sh2

V. Model(5): when a4, ay, a3 € N and a4 € N, one may show:

Order

1

2

3

Estimation method

Sh1

Th

Sh2

V1. Model (6): when a4, a,, 03 € Nand a, & N, we note:

I. When m=10,30 and 50 for any n; , and (n,n,,n3,m)=(10,0,10,100),
so (100,30,50,100), we note:

Order 1 2 3

Estimation method Shl Th Sh2




ii. Either in case (n4,n,,n3m)=(50,100,30,100) and (30,50,100,100), we

show:

Order 1 2 3

Estimation method Sh1 Th RSS

S-4 Conclusions with Respect to R 92

In this section, the Mean Square Error (MSE) for reliability estimation of
Rk model for the Exponentiated Weibull distribution is held using the
shrinkage weight factor as a function of sizes n and m ( Rg,,) for three case

When o4 < o and when oy > o,.

5-4-4 Conclusions with Respect to Ry When s=2 and k=3:
I When n=m=10,50,100, we show:

Order 1 2 3
Estimation method Shl Th RSS
i, When n=m=30, one may show:

Order 1 2 3

Estimation method RSS Shl Th
iii.  When n # m, we note:

Order 1 2 3

Estimation method Shl Th Sh2




5-4-5 Conclusions with Respect to Ry When s=2 and k=4:

I When n=m=10,50,100 , we note:

Order 1 2 3

Estimation method Shl Th RSS
il. When n=m=30, we show:

Order 1 2 3

Estimation method RSS Sh1 Th

ilii. ~ When (n,m)=(100 ,10) one may show:

Order 1 2 3

Estimation method Shl Th LS
iIV.  When n # m, one may note:

Order 1 2 3

Estimation method Shi Th Sh2




5-4-6 Conclusions with Respect to Ry When s=3 and k=4:

. When n=m=10,50,100 , one may note:

Order 1 2 3

Estimation method Shl Th RSS
il. When n=m=30, one may show:

Order 1 2 3

Estimation method RSS Sh1 Th
iii.  When n # m, we show:

Order 1 2 3

Estimation method Shl Th Sh2

iv. ~ When (n,m)=(100,10 ) when a; > a,, we note:

Order

1

2

3

Estimation method

Shl

Th

LS




5-5 Recommendations:-

Based on the conclusions reached, the main recommendations can be

summarized as follows.

1. Recommends using the shrinkage method to estimate the reliability
system in the case of stress and strength since it's at most performance
good behavior and be the best when compared with the other methods.

2. Recommends one can find the proposed shrinkage estimation method
using constant shrinkage weight function (R,,) when the system
contains one component.

3. Recommends when the system contains k™ components, one can find the
proposed shrinkage estimation method using shrinkage weight factor as
function of n; and m (R,,), performance good behavior and it is the best
estimator than the others in the sense of MSE.

4. When system contains multi-components Ry, it is recommended using
the shrinkage weight factor as a function of sizes n and m ( R;,,) for three
cases when (s,k)=(2,3), (2,4) and (3,4).

5. Recommends when n=m=30 using the Ranked Set Sampling method to
estimate the reliability system Ry contains multi-components.

6. Recommends when n=m=10,30 and 50, using the Ranked Set Sampling

method to estimate the reliability system Ry contains Ky, components.



5-6 Future Work:

1-

2-

As a future work, one can use the Bayesian methods as an estimation
method in the stress-strength model for three cases.
One can estimate the reliability system which contains K" series

components in cases model.

It is possible to find the formula and estimate the reliability system for
redundancy system.
It is possible to find the formula and estimate the reliability of two-part

multicomponent stress-strength system model.
It is possible to discuss the case when the two shape parameters of
Exponentiated Weibull Distribution (EWD).
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APPENDIX

Median procedure:
We explain the steps of the median procedure as below: see;[67].
Step 1:-

The population median of the random variable X which follows EWD can be
obtained as below:

F(X;a,e)% .

From the equation (2-2), we get:

1
1— —Xga:_
(1-e™") =2

1
e_Xg =1- —
V2
1
10— —m(1-L)
V2
) 1
Xmedian = |—In (1 - %)
Step 2:-

In this stage, equating the population median ( X;,,cqiqan) With the sample
median (X;eqian) » We get:

Xmedian = Xmedian

0 1
—In (1 - a_\/z) = Xmedian




1
_(xmedian)e =lIn (1 - _)

V2
e_xmediane =1- %
1— e—xmedian9 — %
(1- e_xmediane)a — 5
aln (1 — e_xmediane) — ln%
ln%

%o = ln(1 — e_xmediang)

Now, the estimation of a; using Moment method will be as below:

~ )_(l .
= 1=1.2
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lmom

And, the estimation of a; using Ranked Set Sampling method will be as below:
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q=1,2,... k+1.
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