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        

                                       

                                       

                                   

                                  

                        

 

صذق الله انعهٍ انعظُى

 

 (5-1الملك )

 

 

 

 

 

 

 

 

 



 

 
 

 إهذاء

وَىس انعانًٍُ سُذَا يحًذ  ح... انً َثٍ انشحً ح... وَصح الاي ح... وادي الاياَ حانً يٍ تهغ انشسان

 .صهً الله عهُه وانه وسهى

ثغىس انًسهًٍُ انجُش وانحشذ انشعثٍ سًُا انشهذاء يُهى فٍ  انً سىس انىطٍ انحصٍُ وحًاج

 .يُادٍَ انعض وانكشايح

 وتعانً تهى هانً يٍ  أوصً الله سثحاَ

 ًًََُُصٍَّْنَا انْإِوساَنَ بٌَِاندٌَِْوِ إِحْسَاوًا حَمهََتْوُ أُمُّوُ كُرْىًا ًًََضَعَتْوُ كُرْىًا ًَحَمْهُوُ ًَفِصَانو

 انَّتًِ ثَهَاثٌُنَ شَيْرًا حَتَّىٰ إِذَا بَهَغَ أَشُدَّهُ ًَبَهَغَ أرَْبَعِينَ سَنَةً قاَلَ رَبِّ أًَزْعِْنًِ أَنْ أَشْكُرَ وِعْمَتَكَ

ًَانِدَيَّ ًَأَنْ أعَْمَمَ صَانِحًا تَرْضَاهُ ًَأَصْهِحْ نًِ فًِ ذرٌَُِّّتًِ إِوًِّ تُبْتُ إِنٍَْكَ ًَإوًِِّ  ًعهىأَوْعَمْتَ عهًَََّ 

 (51)  مهَِ انْمُسْهِميِنَ

 (15الاحقاف )

 .)سحًه الله(فٍ حُاتٍ وشجعٍُ عهً تحمُك حهًٍ اتٍ  وأسشذٍَانً يٍ عهًٍُ 

  .حو سش َجاحٍ وسعادتٍ ايٍ انغانُ حوانتضحُ انً يعًُ انحُاٌ

 .انذكتىس عهٍ يحسٍ عُسً )سحًه الله( انً يعهًٍ الاول ويههًٍ ولذوتٍ الاستار

 .الاعضاء وأخىاتٍ انً يٍ اعتًذ عهُهى فٍ حُاتٍ واكتسة يُهى لىتٍ اخىتٍ

  .انً سُذٌ وعىٍَ ويصذس ثمتٍ فٍ يذنهًاخ انصعاب صوجتٍ انحثُثح

 .انزٌ َهة عٍُُ انثصش وانُسًح انتٍ تُعش يا اضًش يٍ كُاٍَ اتُتاٌ كىثش وسَحاٌانً انُىس 

تالاخص اخٍ وسفُك دستٍ  َجاحٍ وتمذيٍتٍ يًٍ كاٌ نهى الاثش انثهُغ فٍ انً جًُع اصذلائٍ واحث

 الاستار يحًذ عثذ انحسٍُ غافم.

 اهذٌ نكى عًهٍ هزا تتىاضع...
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Abstract 

In this research, we introduce and study the concept of fibrewise bitop-

ological spaces. We generalize some fundamental results from fibrewise to-

pology into fibrewise bitopological space. We also introduce the concepts of 

fibrewise closed bitopological spaces,(resp., open, locally sliceable and local-

ly sectionable). We state and prove several propositions concerning with these 

concepts. On the other hand, we extend separation axioms of ordinary bito-

pology into fibrewise setting. The separation axioms we extend are called fi-

brewise pairwise    spaces, fibrewise pairwise    spaces, fibrewise pairwise 

   spaces, fibrewise pairwise Hausdorff spaces, fibrewise pairwise function-

ally Hausdorff spaces, fibrewise pairwise regular spaces, fibrewise pairwise 

completely regular spaces, fibrewise pairwise normal spaces, and fibrewise 

pairwise functionally normal spaces. In addition, we offer some results con-

cerning these extended axioms. Finally, we introduce some concepts in fi-

brewise bitopological spaces which are fibrewise   -bitopological spaces, fi-

brewise   -closed bitopological spaces, fibrewise    compact bitopological 

spaces, fibrewise   -perfect bitopological spaces, fibrewise weakly   -closed 

bitopological space, fibrewise almost   -perfect bitopological space, fibrewise 

   -bitopological spaces. We study several theorems and characterizations 

concerning these concepts.                         .                                                                        
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Abbreviation  

    

(   )                                                   topological space 

(       )         bitopological space   

     intersection of  set 

   union of set 

   belong of set              

   not belong of set 

    projection function        

       ( )       

           (  )       

           (  )        

   empty set 

   fibrewise function 

        diagonal of function 

     identity function         

     projection function of product 

           diagonal embedding 

(                )  product of two bitopology 

   real numbers 

    open cover 

   graph function 

   continuous function       ,   - 

  <     is finer than   

      product of function 
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Introduction 

 Mathematics plays a vital and an important role in the development of 

civilization which mankind has witnessed since the dawn of the history up to 

nowadays. Mathematics has undoubtedly the big favor in accelerating the 

wheel of progress for producing ideas and laws helped to organize and coor-

dinate the various natural sciences such as, Geometry, Physics, Chemistry, 

Biology, Astronomy, Economics and Computers, etc. 

 

 The middle of 19
th
 century witnessed an important changes in mathe-

matics structure, especially in Geometry. For the first time, the term of (To-

pology) has been used in 1847 in Germany by the German scientist (Johann 

Benedict Listing ). Topology is a Greek word, consisting of two syllables : 

“topo” means a place, “logos” means study. At the beginnings of 20
th
 century 

as for 1925 up to 1975, this branch has clearly developed and formed an     

integrated competence. So, the topology is a science that deals with Geometry 

in a different way not as it used in Euclidean Geometry. This science distin-

guished by flexibility concerning the mathematical shapes. It could find the 

suitable solutions and remove the ambiguity of many problems that scientists 

couldn’t find the right solutions through the Euclidean Geometry. 

 

Bitopological spaces are first introduced by Kelly [18] in (1963) fol-

lowed by many researchers who developed and generalized bitopological 

space on different science. 



                                                                                                                                                                                                                                

IX 
 

The concept of fibrewise set over a given set was introduced by James 

in [9], [10], [11], [12], [13], [14] in 1989. 

In order to begin the work in the category of fibrewise (briefly F.W.) sets over 

a given set, called the base set, which is denoted by    A F.W. set over   con-

sist of a set   with a function        that is called  the projection. The fi-

bre over   for every point   of   is the subset     
  ( ) of    Perhaps, 

fibre will be empty since we do not require   is surjectve, also, for every sub-

set    of   we considered      
  (  ) as a F.W. set over    with the pro-

jection determined by    The alternative notation      is some time conven-

ient. We considered the Cartesian product    , for every set    like a F.W. 

set   by the first projection. 

 

 The functions are not only a fundamental but the most important con-

cepts in Mathematics for having a wide applications. Thus, the mathematical 

scientists were interesting in inserting this vital concept within topology for 

finding new visions and opening a wide horizons. For this reason, the general 

topology idea for the continuous functions or the general fibrewise topology 

which deals with the topological spaces as a mapping from this space onto a 

one point space. 

 To put the foundation stone for fibrewise topological spaces, many at-

tempts appeared during the last two decades, most of the results, obtained so 

far in this field can be found in the work of Dyckhoff [6] in (1972) and 

Niefield [28] in (1984). Some hope of this is provided by the link between fi-

brewise topology and topos theory, referred to by Lever [21] and [22] in 

(1983, 1984) and Johnstone [15] in (1981, 1984). Moreover, in Pasynkov [29] 

in (1984) and James [9], [10], [11], [12], [13] and [14] in (1986, 1989), we 

can find definitions of some fibrewise topological spaces. Also in Buhagiar 

[5] in (1997), we can find definitions of some topological mappings which are 

precisely the definitions of fibrewise topological spaces, where the codomain 



                                                                                                                                                                                                                                

X 
 

is the base set.   In (2003), Al-Zoubi and Hdeib [42] defined countably 

paracompact mappings, which are the fibrewise topological analogue of 

countably paracompact spaces finally  Y.Y.Yousif and M. A. Hussain [35] 

and [36] in (2017) defined the concept of fibrewise soft topological spaces 

.Several characterizations of countably paracompact mappings are proved. As 

well as, we built on some of the result in , - , -, [8], [17],[19], [20], [23], 

[31], [32], [33], [37], [38], [39], [40], [41].  

 

The purpose of this thesis is to generalize fibrewise sets on the bitopo-

logical spaces, and to generalize some other mathematical concepts. The the-

sis will be entitled: 

“A Study of Some Generalizations of Fibrewise Bitopological Spaces” 

This thesis includes four chapters: 

Chapter one: In this chapter we recall some of the fundamental definitions in 

the general topological spaces, bitopological spaces, and some basic concepts 

in the fibrewise spaces. 

Chapter two: We introduce new definitions by mixing between the fibrewise 

sets and bitopological spaces and called it “fibrewise bitopological spaces”. 

We deal with many definitions and theorems which are generalized from gen-

eral topology. 

Chapter three: We study a basic concept and very important in topology 

which is called separation axioms in which we put new definitions of spaces, 

           , regular, normal in the light of the fibrewise bitopological space. 

Chapter four: The aim of this chapter is to study compact fibrewise bitopo-

logical spaces, closed fibrewise bitopological spaces, rigid fibrewise bitopo-

logical spaces and the relationship among them and we give some basic defi-

nitions on the concept of filter and the point which is related with director   

filter and convergence of the filter.                                                               .                               
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Chapter 1 

Preliminary Concepts 

   

 This chapter consists of  two sections. Section one contains fundamen-

tal concepts of topological spaces, Bitopological spaces, compact spaces, the 

concept of filters, and filter base  and some examples about some of these 

concepts. Section two gives an explains fibrewise sets theories and some of 

their properties.  

 

1.1. Fundamental Notions of Topological (bitopological) Spaces 

Some basic concepts in topology which are useful for our study are 

given in this section. 

 

Definition 1.1.1. [7] Let   be a nonempty set and   be a collection of subsets 

of  . The collection   is said to be a topology on X if   satisfies the following 

three conditions: 

(a)      and X    , 

(b)   is closed under finite intersection, 

(c)   is closed under arbitrary union. 

If   is a topology on X, then the pair (X,  ) is called a topological space or 

simply X is a space. The subsets of X belonging to   are called open sets in the 

space and the complement of the subsets of X which belongs to   are called 

closed sets in the space. 

 

Definition 1.1.2. [7] Let (X,  ) be a topological space and A   X. The closure 

(resp., interior) of A is denoted by Cl(A) (resp., Int(A)) and is defined as:  

cl(A) = ⋂ { F   X; F is closed set and A   F}. 

int(A) = ⋃ { O   X; O is open set and O   A}. 
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Evidently, cl(A) (resp., int(A)) is the smallest closed (resp., largest open) sub-

set of X which contains (resp., contained in ) A. Note that A is closed (resp., 

open) if and only if A = cl(A) (resp.,    int(A)). 

 

Definition 1.1.3. [7] Let (X,  ) be a topological space and A   X. The bound-

ary of A is denoted by Bd(A) and is defined by: 

bd(A) = cl(A) ⎼ int(A). 

 

Definition 1.1.4. [4] Let (X, ) be a topological space and A   X. The sub-

space topology on A is denoted by    and is defined by:  

      *           +  

The subspace topology is also called the relative topology or the induced to-

pology or the trace topology. 

 

Definition 1.1.5. [7] A function       is said to be con-

tinous if the inverse image of each open set in Y is open in X.

  

Definition 1.1.6. [7] A function       is said to be open 

if the image of each open set in X is open in Y. 

 

Definition 1.1.7. [7] A function       is said to be closed 

if the image of each closed set in X is closed in Y. 

 

 The bitopological space was first created by Kelly [18] in 1963 and af-

ter that a large number of researches have been completed to generalize the 

topological ideas into bitopological setting.  

 

Next Some basic concepts in bitopological spaces which are useful for 

our study are given. 
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Definition 1.1.8. ,  - A triple (       ) where   is a non-empty set and    

and    are two topologies on   is called bitopological space. 

 

Example 1.1.9. Let M  *     +     *    *   + * ++,    {    *   +} 

.Then (M,      ) is bitopological space. 

 

 In this work (M, 1, 2) and (N, 1, 2) (briefly,   and  ) always mean 

bitopological spaces on which no separation axioms are supposed unless 

clearly stated. By i-open (resp., i-closed), we shall mean the open (resp., 

closed) set with respect to i in  , where        A set    is open (resp., 

closed) in   if it is both 1-open (resp., 1-closed) and 2-open (resp., 2-

closed). 

 

 In what follows we consider     *   +    .  

 

Definition 1.1.10. ,  - A function    (       )  (       ) is said to be 

  -continuous (resp.,   -open,   -closed), if the function   (    )  (    ) 

is continuous (resp., open, closed).   is called continuous (resp., open, closed) 

if it is   -continuous (resp.,   -open,   -closed) for every        

 

Example 1.1.11. Let M = {1, 2, 3} and   *     + be two sets. Let    and 

   (resp.    and   ) be two topologies on   (res.  ) such that    {M,  , {1, 

2}} and    *M,  , {3}, {2, 3}},    {N,  , {a, b}},    = {N,  , {c}, {a, 

c}}. Define       such that  ( )     ( )     ( )   . Then   is 

continuous (open and closed). 
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Definition 1.1.12. [27]  A bitopological space (       ) is said to be paiwise 

   space if for every pair of points x and y such that     there exists a   -

open set containing x but not containing y or a   -open set containing y but not 

containing x, where               

 

Definition 1.1.13. [16] A point   in (       ) is called an ij-contact point of 

a subset     iff for every   -open neighborhood (nbd)   of x, 

(     ( ))     . The set of all ij-contact points of A is called the ij-

closure of A and is denoted by      ( )      is called ij-closed iff  

       ( ), where           

   

Definition 1.1.14. [4] A filter   on a set   is a nonempty collection of 

nonempty subsets of   with the properties: 

(a) If   ,      , then         . 

(b) If      and         M, then      . 

 

Definition 1.1.15. [4] A filter base   on a set   is a nonempty collection of 

nonempty subsets of   such that if   ,       then       ∩   for some    

   . 

 

Definition 1.1.16. [4] If   and   are filter bases on  , we say that   is finer 

than   (written as   <  ) if for each      , there is       such that       

and that   meets   if        for every      and     .  

 

Definition 1.1.17. [4] A filter base   on   is said to be ij-converges to a sub-

set   of    (written as    
              
→        A) iff for every   -open cover   of  , 

there is a finite subfamily    of   and a member   of   such that      
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*     ( )     +. Also if    , we say     
              
→          iff    

              
→        

* + or equivalently,   -closure of every   -open nbd of   contains some mem-

bers of  . 

 

Definition 1.1.18. [3] A function   : (       )    (       ) is called ij-

continuous iff for any    , there exist   -open nbd   of   ( ), there exists a 

  -open nbd   of   such that   (  -  ( ))     -  ( )  where           

 

Definition 1.1.19. [3] A point   in a bitopological space (       ) is called 

an ij-adherent point of a filter base   on   iff it is an ij-contact point of every 

number of  . The set of all ij-adherent points of   is called the ij-adherence 

of   and is denoted by ij-ad  , where           

 

Definition 1.1.20. [24] A subset A in bitopological space (    ,   ) is called 

ij-H-set in   iff for each   -open cover   of    there is a finite subcollection 

  of   such that      *      ( )        +            is called a 

pairwise-H-set iff it is a 12- and 21-H-set. If   is an ij-H-set (pairwise-H-set) 

and    , then the space is called an ij-QHC (resp., pairwise QHC) space, 

where           

 

Lemma 1.1.21. [25] A subset   of a bitopological space (    ,   ) is an ij-H-

set iff for each filter base   on A, (       )        , where           

Proof: (⇒) Clear. 

(⇐) Let   be a   -open cover of   such that the union of   -closure of any 

finite sub collection of   is not cover  . Then   =* \     -cl (Β) :   is fi-

nite sub collection of  }is a filter base on   and (ij-ad  )       . This is a 

contradiction. Thus,   is ij-H-set.   
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Definition 1.1.22 [25] A topological space (M, ) is called  Urysohn space iff 

for each     can be seperated by closed nbd. 

 

Definition 1.1.23. [25] A bitopological space (       ) is said to be pairwise 

Urysohn space if for         with        there are   -open nbd   of x and 

  -open nbd   of   such that      ( )       ( )   , where           

 

Lemma 1.1.24. [25] In a pairwise Urysohn bitopological space  (       ) an 

ij-H-set is ij-closed, where           

 

Lemma 1.1.25. [16] In a bitopological space (       )  If     , then 

     ( )       ( ) , where           

 

Lemma 1.1.26. [30] The bitopological space (       ) is pairwise Hausdorff 

iff * +       * +  for each    .  

 

1.2. Fundamental Notions of Fibrewise Topology 

 In order to begin the category in the classification of fibrewise (briefly, 

F.W.) sets over a given set, called the base set, which say    A F.W. set over 

  consists of a set   with a function        that is called  the projection. 

The fibre over   for every point   in   is the subset     
  ( ) of    Per-

haps, fibre will be empty since we do not require   is surjectve, also, for eve-

ry subset    of    we consider      
  (  ) as a F.W. set over    with the 

projection determined by    The alternative notation of     is sometime re-

ferred to as     . We consider the Cartesian product    , for every set    

as a F.W. set over   by the first projection. 
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Definition 1.2.1. , - If   and   are F.W. sets over  , with projections    

and   , respectively. A function       is said to be F.W. function if 

         , or  (  )     for every point   of  , where         and 

        

 

Example 1.2.2. Let M = *     + , N = *     + B = *     +, let        

where :   ( )      ( )      ( )   .  Let        where:   ( )  

    ( )      ( )   . Let       where:  ( )     ( )     ( )  

 . Then   is a fibrewise function. 

 

 Note that a F.W. function       over B  is determines, by a re-

striction, a F.W. function             over    for every subset    of B. 

 

Definition 1.2.3. , - Let (   ) be a topological space. The F.W. topology on 

a F.W. set   over   means any topology on   for which the projection   is 

continuous. 

 

Definition 1.2.4. , - The F.W. topological space (   ) over (   ) is called 

F.W. closed (resp., F.W. open) if the projection   is closed (resp., open). 

 

Example 1.2.5. Let    *     +    *    * + *   ++. Let M be fibrewise 

set over   where   *   + and let        such that  ( )     ( )     

Let    *    * ++ be any topology on M. Then   is continuous and (   ) 

is F.W. topology on (   ).  

 

Definition 1.2.6. , - The F.W. function        where   and   are F.W. 

topological spaces over   is called 
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(a) continuous if for every point     ;    , the inverse image of every 

open set of  ( ) is an open set of    

(b) open if for every point      ;    , the image of every open set of   

is an open set of  ( )  

 

Example 1.2.7. Let   *     +,   *    * + *   ++, and let   {2, 3, 

5},   *    *   + * ++. Let    *      +  and   *    * + *   ++. As-

sume that        be function where  ( )     ( )     ( )   . Let 

       such that   ( )      ( )      ( )   . Let        such 

that   ( )      ( )      ( )     So   is continuous and open. 

 

Example 1.2.8. Let      *     +    *    * + *   ++. Let   *     + 

  *     {b}, {a, c}}. Let       where  ( )     ( )     ( )     

Let     *     * + *   ++,    *    * + *   ++. Then   is closed (resp., 

open). 

 

Definition 1.2.9. [7] Assume that we are given a topological space  , a fami-

ly *  +    of continuous functions, and a family *    +     of topological 

spaces where the function    :   →    that transfers       to the point {   

( )}           is continuous, it is called the diagonal of the functions *  +    

and is denoted by        or     Δ    Δ... Δ    if     *         +  

 

Definition 1.2.10. [34] For every topological space    and any subspace   

of     the function          
  define by   ( )     is called embedding 

of  the subspace   in the space   . Observe that    is continuous, since  

  
  ( )       , where   is open set in   . The embedding    is closed 

(resp., open) iff the subspace   is closed (resp., open). 
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Definition 1.2.11. [34] if X is topological space and x   a 

nieghberhood of x is a set U which contain an open set V con-

tainig x. If A is open set and contains x we called A is open 

neighborhood for a point x. 

 

Definition 1.2.12.[4] A topological space (M,  ) is called compact iff each 

open cover of M has a finite subcover for M. 

 

Definition 1.2.13. [26] Let (   ) and (   ) be topological spaces. 

A function         is a local homeomorphism if for every 

point x in M  there exists an open set U containing x, such that the image  is 

open in N and the restriction  is a homeomorphism.  

 

Definition 1.2.14. [18] A bitopological space (       ) is 

said to be pairwise Hausdorff , if for each distinct points 

       there exist disjoint sets   -open set   of   and   -

open set V of  , for                      
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Chapter 2 

Fibrewise Bitopological Spaces 

 The aim of this chapter is to introduce a new bitopological structure 

which is called Fibrewise Bitopological space. We define the concept of 

bitopological space based on a fibrewise set. Some examples and theories re-

lated to this new structure are introduced. In section one, we defined the con-

cept of fibrewise bitopological spaces and the notion of induced fibrewise 

bitopological spaces. In section two we studied the notions of fibrewise open 

and fibrewise closed bitopological spaces. The purpose of section three is to 

show the notions of Fibrewise locally sliceable and fibrewise locally          

sectionable bitopological spaces. 

 

2.1.    Fibrewise Bitopological Spaces 

In this section we establish F.W. bitopological spaces. Several topolog-

ical properties on this space are obtained and studied. 

 

Definition 2.1.1. Let (       ) be a bitopological space. The F.W. bito-

pology on a F.W. set   over   means any bitopology on   for which the pro-

jection   is continuous. 

  

Example 2.1.2. Let B = {a, b, c},    {B,   * ++    *    *   ++. Let M 

be a fibrewise set over   where   *     +  Let    {    * +}    

*   +. Let p :      where  ( )     ( )     ( )  Then (M,      ) is 

a fibrewise bitopology on (B,      ). 

 

For another example, we consider  (       ) as a F.W. bitopological spac-

es over itself with the identity as a projection. Also, if we consider the bitopo-

logical product    , for every bitopological space  , can be regarded as a 
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F.W. bitopological space over B, by the first projection. The latter situation 

can be applied for every subspace of    . 

 

Remarks 2.1.3. 

(a) In F.W. bitopology, we work over bitopological base space  (       ). 

If   is a point–space, the theory changes to that of ordinary bitopology. 

(b) A F.W. bitopological spaces over   is just a bitopological space (  

     ) with a continuous projection     (       )    (       ). 

(c) The coarsest such bitopology is obtained by    in which the    open set 

of  (       ) is exactly the inverse image of the    open set of  

(       ); called, the F.W. indiscrete bitopology, where i =1, 2. 

(d) The F.W. bitopological space over (       ) is defined to be a F.W. set 

over   with F.W. bitopology. 

(e) We consider the bitopological product    , for every bitopological 

space  , as a F.W. bitopological spaces over B by the first projection. 

 

Definition 2.1.4. The F.W. function         where (         ) and 

(         ) are F.W. bitopological spaces over (       ) are said to be: 

(a)   continuous if for every point      ;    , the inverse image of 

every    open set of  ( ) is    open set contain       is called con-

tinuous if it is   continuous for every        

(b)     open if for every point      ;    , the image of every     open 

set of   is    open set of  ( ).   is called open if it is    open for 

every        

(c)    closed if for every point      ;    , the image of every 

   closed set of    is     closed set of  ( )     is called closed if it is 

  closed for every        
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Example 2.1.5. Let   *     +,    {    * + *   +}, and    

*    * ++. Let N  *     +     {    * + *   +}  and    *    * ++. 

Let B = {a, b, c},    {    * + *   + * + *   + * + *   +},    *  

  * + * + *   ++. Define         such that   ( )      ( )  

    ( )   . Define        such that   ( )   ,   ( )      ( )  

 . Let        such that  ( )     ( )     ( )   . Then   is con-

tinuous, open, closed. 

 

If    :     is a F.W. function where   is a F.W. set and (         ) 

is a F.W. bitopoligical space over (       ). We can give   the induced 

bitopology, in the ordinary sense and this is necessarily a F.W. bitopology. 

We may refer to it, therefore, like the induced F.W. bitopology and note the 

next characterizations. 

 

Proposition 2.1.6.  Let    :     be a F.W. function, where (         ) is 

a F.W. bitopoligical space over (       )  and   has an induced F.W. bito-

pology. Then for every F.W. bitopoligical space (        ) a F.W. function 

  (        )   (         ) is continuous iff the composition           

is continuous. 

Proof. (⇒ ) Suppose that   is continuous. Let       ;     and let   be   -

open set of  (     )( )       in  . Since   is continuous, then    ( ) 

is     open set containing  ( )       in  . Since   is continuous, then 

   (   ( )) is a    open set containing      in   and     (   ( ))  

(     )  ( ) is a    open set containing      in    where      . 

(⇐) Suppose that       is continuous. Let       ;     and   be 

a    open set of  ( )       in  . Since   is open then,  ( ) is a 

   open set containing  ( )   ( ( ))       in    Since     is  
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continuous, then (     )  ( ( ))      ( ) is a    open set containing 

     in    where      . 

 

Proposition 2.1.7. Let   :     be a F.W. function where, (         ) a 

F.W. bitopoligical space over (       ) and   has an induced F.W. bitopol-

ogy. Then for every F.W. bitopoligical space (        )  the surjectve F.W. 

function   (        )   (         ) is open iff the composition 

    (        )  (         ) is open. 

Proof. (⇒ ) Suppose that   is open. Let       ;     and let   be a   -

open set of   in  . Since   is open, then  ( ) is τi open set containing 

 ( )       in   where      . Since   is open, then  ( ( )) is σi-

open set containing  ( )       in  . And  ( ( ))      ( ). 

where        

(⇐) Suppose that       is open. Let       ;    . Let   be a     open 

set of   in  . Since       is open, then      ( ) is   -open set containing 

     ( )      . Since   is continuous, then    (      ( )) is   -open 

set of   ( )       in    But    (     ( ))   ( ),  where        

 

 Let us consider general cases of Propositions (2.1.6) and (2.1.7) as fol-

lows:  

Corollary 2.1.8.  

In the case of families *  + of F.W. functions, where         with 

(          ) F.W. bitopological space over   for every    Specially, given a 

family *(          )+ of F.W. bitopological space over  , the F.W. bitopo-

logical product      is defined to be the F.W. product with the F.W. bito-

pology generated by the family of projections             Then for eve-

ry F.W. bitopological space(       ) over    a F.W. function          

is continuous (resp., open). For example when      for every index   we 
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see that the diagonal         is continuous (resp., open) iff the compo-

sition          is continuous (resp., open). 

 

2.2.    Fibrewise Closed and Fibrewise Open Bitopological Spaces 

In this section we introduce the F.W. closed and F.W. open bitopologi-

cal spaces over  . Several topological properties on these concepts are stud-

ied. 

 

Definition 2.2.1. The F.W. bitopoligical space (         )  over (       ) is 

called F.W. closed if the projection   is closed. 

 

Example 2.2.2. Let  M   *     +,    *    * + *   ++    *   , * + 

*   ++,    *     +     {     * + *   +},    *    * + *   ++. 

Let       such that  ( )   ,  ( )     ( )     Then   is closed and 

(         ) is F.W. closed space. 

 

For another example is to consider trivial F.W. bitopological space with com-

pact fibre is F.W. closed. 

 

Proposition 2.2.3. Let         be a closed F.W. function where 

(          ) and (         ) are F.W. bitopological spaces over (       ). 

Then   is a F.W. closed if   is a F.W. closed.    

Proof. Assume that       is a closed F.W. function and   is F.W. closed 

i.e. the projection        is closed. To prove that   is F.W. closed i.e.  

        is closed. Now, let    b; b   , and   be    closed set of   

where      . Since   is closed, then  ( ) is     closed set of  ( ) 

    b in N. Since    is closed, hence   ( ( )) is    – closed set in  . 
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But,       ( ) =   ( ) is    –closed set of    Thus,    is closed and   is a 

F.W. closed where   = 1, 2. 

 

Proposition 2.2.4. If (         )  is a F.W. bitopological space over 

(       )  Assume that    is a F.W. closed for every member    of a finite 

covering of  . Then   is a F.W. closed.  

Proof. Assume that   is a F.W. bitopological space over  , then the projec-

tion            exist. To prove that   is closed. Since      is F.W. closed, 

then the projection               is closed for every member    of a finite 

covering of    Let F be   -closed subset of   . Then  ( )       (   

 ) which is a finite union of closed sets and so   is closed. Thus   is F.W. 

closed where         

 

Proposition 2.2.5. Let (         )  be a F.W. bitopoligical space 

over (       ). Then (        ) is a F.W. closed iff for every fibre 

          of   and every     open set   of    in  , there is a    open 

set   of   where     ,       . 

Proof. (⇒) Assume that   is closed. i.e.,        is closed. Now, let     

and   be    open set of    where      . Thus we have     is 

   closed set and  (   ) is    closed set. Let      (   ) is 

   open set of b. Hence,     
  (   (   )) is a subset of  . 

(⇐) Suppose that the other direction is hold, to show  that   is closed. Let F 

be    closed set in   where  =1, 2. Let      ( ) and every    open set 

  of    in  . By assumption there is    open set   of b such that     . 

It’s easy to show that      ( ). Hence,    ( ) is    open set in B. 

Hence,  ( ) is a    closed in B,   is closed, and   is F.W. closed bitopo-

logical, where  =1, 2. 
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Definition 2.2.6. The F.W. bitopoligical space (         )  over (       ) is 

called F.W. open if the projection   is open. 

 

Example 2.2.7. Let   *     +     *    * + *   + +     = {M,  , {y}, 

{x, y}}. Let B *     +     {    * + *   +}    *    * + *   ++. 

Let         such that   ( )        ( )        ( )     . Then   is 

open and (         )  is F.W. open space. 

 

For another example, trivial F.W. bitopological spaces are always F.W. open. 

 

Proposition 2.2.8. Let   :       be an open F.W. function where (M, τ1, 

  ) and (   σ1,   )  are F.W. bitopological spaces over (       ). If   is 

F.W. open, then   is F.W. open. 

Proof. Since   is F.W. open, we have  N :   →   is open. To prove that     

is open.  i.e.,           is open. Let     b ; b   , and  let   be    – 

open set of   where        since   is open then  ( ) is    – open set of 

 ( )       in  . Also, since   is F.W. open  then    ( (U)) is    – 

open set in B. Since        ( ) =   ( ), then    is open and   is F.W. 

open, where        

 

 Proposition 2.2.9. Let   :     be a F.W. function where (       )and 

(    ,  ) are F.W. bitopological spaces over (       ). Assume that the 

product:       (                )  (                 ) 

is open and   is F.W. open . Then   itself is open. 

Proof. Consider the following figure: 
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Figure 2.2.1. Diagram of Proposition 2.2.9. 

 

The projection on the left is surjective while the projection on the right is 

open because   is F.W. open bitopological space. Thus,    (     )  

      is open and thus,   is open. 

 

 Our next three results apply equally to F.W. closed and F.W. open 

bitopological spaces, respectively. 

 

Proposition 2.2.10. Let       be a surjection F.W. continuous where 

(       ) and (    ,  ) are F.W. bitopological spaces over (       ). 

Then   is F.W. closed (resp., open) if   is F.W. closed (resp., open). 

Proof. Suppose that   is a F.W. closed (resp., open). Then        is 

closed (resp., open). To prove that N is a F.W. closed (resp., open) bitopolog-

ical space over    i.e., the projection    : (       )   (         ) is closed 

(resp., open). Suppose that     ;      Let   be     closed (resp., open) 

set of   where      . Since   is continuous, then    ( ) is    closed 

(resp.,   -open) set of    ( )        in   where       . Since    is 

closed (resp., open) then   ( 
  ( )) is closed (resp., open) set in  . But, 

  ( 
  ( ))    ( ). Thus    is closed (resp., open), and   is F.W. closed 

(resp., open). 

 

Proposition 2.2.11. If (         )  is a F.W. bitopological space 

over (       ). Assume that   is F.W. closed (resp., open) over  . Then 

    is a F.W. closed (resp., open ) over    for every subspace    of B. 

𝑀  𝐵 𝑁 𝑀  𝐵 𝑀 

𝑀 𝑁 
𝜑 

𝜋  

𝑖𝑑𝑀  𝜑 

𝜋  
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Proof. Assume that   is F.W. closed (resp., open) so that the projection 

       is closed (resp., open). To prove that     is closed (resp., open). 

i.e., the projection    :       is closed (resp., open). Let       , G 

be     closed (resp.,   -open) set of  , where      . G      is 

     closed (resp.,      open ) set of    .    (     )   (     )  

 ( )   (   )   ( )   
  which is      closed (resp.,     -open ) set in 

  .     is closed (resp., open ). Thus,     is F.W. closed (resp., open), where 

       

 

Proposition 2.2.12. Let (         )  be a F.W. bitopological space over 

(       ). Assume that (             ) is a F.W. closed (resp., open) 

bitopoligical spaces over (            ) for every member of a     -open 

covering of  . Then   is a F.W. closed (resp., open) bitopoligical space over 

 , where       . 

Proof. Assume that   is F.W. bitopological space over   then, the projection 

       exist .To prove that   is closed (resp., open). Since      is closed 

(resp., open) over    for every member    open covered of   where    

   , then the projection              is closed (resp., open). Now, let   be 

  -closed (resp.,   -open) set of    ;    ,  ( )      (     ) which is 

a finite union of    –closed (resp., open) sets of  . Thus,   is closed (resp., 

open) and   is closed (resp., open) F.W. bitopological space over  , where 

       

 

 Actually, the proceeding proposition is true in locally finite closed cov-

ering see Theorem (1.1.11) and Corollary (1.1.12) in , -. 

There are several subclasses of the class of F.W. open bitopological 

spaces which induced many important examples and have interesting proper-

ties. 
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2.3.   Fibrewise Locally Sliceable and Fibrewise Locally Sectionable 

Bitopological Spaces 

  In this section, we generalize F.W. locally sliceable and F.W. locally 

sectionable bitopological spaces over (       )  some topological properties 

related to these concepts are studied. 

 

Definition 2.3.1.   The F.W. bitopological space (       ) over (       ) 

is called locally sliceable if for every point      ;      there exist 

a    open set   of   and a section        such that   ( )     for 

    or  . 

 

Example 2.3.2. Let M = {1, 2},    {    * +}    {    * +}. Let B = 

{a, b},    {    * +}    *    * ++. Let        where   ( )   

     ( )     . We have    * +,    * + . Let      * +  * + where 

  ( )   ,     * +  * + where   ( )   . Then   is a F.W. locally slicea-

ble bitopological space. 

 

 The condition leads to   is open for if   is a    open set of   in    

then    (    )   ( ) is a    open set of   in    and hence, in    

where        The class of locally sliceable bitopological space is finitely 

multiplicative. 

 

Proposition 2.3.3. Let * (          ) +     
  be a finite family of  locally 

sliceable bitopological space over (       ). The F.W. bitopological product 

       is locally sliceable. 

Proof. Let   (  ) be a point of    ;    , so that      ( ) for every 

index    Since    is a locally sliceable bitopological space, there is a 

   open set    of   and a section              where   ( )      
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Then the intersection           is a    open set of   and a section 

       is given by (      ) ( ) =  ( ) for every index   and every 

point    , where      . 

 

Proposition 2.3.4. Let       be a continuous F.W. surjection, where 

(       ) and (    ,  ) are F.W. bitopological spaces over (       ) . If 

  is locally sliceable, then   is so  

Proof. Let      ;      Then    ( )  for some       If   is  local-

ly sliceable then, there is a    open set   of   and a section     

   where  ( )     Then          is a section such that  ( )  

   where        as required. 

 

Definition 2.3.5. The F.W. bitopological space (         )  over (       )  

is called F.W. discrete if the projection   is a local homeomorphism. 

 

Example 2.3.6. Let M   *   +      {    * +}     {    * +}. Let 

B  *   +     {    * +}    *    * ++. Let p : M   where: p(1)=a, 

p(2) = b. We have    * +,    * + . Let     * +  * + such that 

  ( )   ,     * +  * + such that   ( )   . Then,   is local                 

homeomorphism, and thus   is F.W. discrete. 

 

Remark 2.3.7. It is not difficult to show examples of different F.W. discrete 

bitopologies on the same F.W. set which are equivalent, as F.W. bitopologies. 

For this reason, we must be careful not to say the F.W. discrete bitopology. 
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This means, we recall, that for every point   of   and every point   of 

   there is a     open set   of   in   and a    open set   of   in   

where   maps   homeomorphically onto    In that case we say that   is 

evenly covered by  , where        It is clear that F.W. discrete bitopologi-

cal spaces are locally sliceable therefor is F.W. open. 

 

 The class of F.W. discrete bitopological spaces are finitely multiplica-

tive. 

 

Proposition 2.3.8. Let *(          )+    
 be a finite family of F.W. discrete 

bitopological spaces over (       ). Then the F.W. bitopological product 

(            ) is F.W. discrete. 

Proof. Given a point     ;      then there is for every index   a    

 open set    of   ( ) in   , where the projection          
   maps    

homeomorphically onto the    open   (  )     of  . Then, the     open 

     of   is mapped homeomorphically onto the intersection       

which is a    open of  , where        

 

 An attractive characterization of F.W. discrete bitopological spaces are 

given by the following proposition. 

 

Proposition 2.3.9. If (       ) is F.W. bitopological space over (       ). 

Then,   is F.W. discrete iff: 

( )   is F.W. open 

( ) The diagonal embedding          is open 

Proof. (⇐) Suppose that ( ) and ( ) are satisfied. Let      ;      then 

 ( )  (   ) admits a       open set in      which is entirely con-

tained in   ( )  Without real lacking in general, we may suppose the 
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      open set is of the form       where   is a     open set of   in 

 . Then      is a homeomorphism. Therefore,   is F.W. discrete where 

     . 

(⇒) Assume that   is F.W. discrete. We have already seen that   is a F.W. 

open. To prove that   is open, it is sufficient to show that  ( ) is    

   open in     . So, let      ;    , and let   be a     open set  of 

  in    where    ( ) is a    open set of   in   and   maps   homeo-

morphically onto  . Then,      is contained in  ( ) since if not, then 

there exist distinct ξ         where     and ξ      , which is ab-

surd. 

 

 Open subset of F.W. discrete bitopological spaces are also F.W. dis-

crete. Actually, we have the following results. 

 

Proposition 2.3.10. Assume that       is a continuous F.W. injection, 

where (       ) and (    ,  ) are F.W. open bitopological spaces over 

(       ). If   is F.W. discrete then   is so. 

Proof.  Consider the diagram shown below. 

  

 

 

 

 

Figure 2.3.1. Diagram of Proposition 2.3.10. 

 

Since   is continuous so is    . Now  ( ) is       open in       by 

Proposition (2.3.8.). Since   is a F.W. discrete, then  ( )= .(   ( ))/  

(   )  ( ( )) is a       open in       Thus, the conclusion fol-

lows from Proposition (2.3.9.) where        

 

𝜑  𝜑 

𝑁   

  𝑀  𝐵 𝑀 

𝑁  𝐵 𝑁 

𝑀 

𝜑 
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 Proposition 2.3.11. Assume that       be an open F.W. surjection, 

where (       ) and (    ,  ) are F.W. open bitopological spaces over 

(       ) . If   is a F.W. discrete, then   is so. 

Proof.  From figure 2.3.1, with the assumption on  , if   is a F.W. discrete 

then  ( ) is an       open in       by Proposition (2.3.9.). Hence 

 ( )   .( ( ))/ = (   )( ( )) is an       open in       Thus 

the conclusion follows again from Proposition (2.3.9.), where        

 

Proposition 2.3.12. If         is a continuous F.W. functions, where 

(       ) is a F.W. bitopological and (    ,  ) is a F.W. discrete bitopolog-

ical space over (       ). Then the coincidence set  (   ) of   and   is 

open in    

Proof.  The coincidence set is precisely    (   )  ( ( ))  where: 

                                                        

                                                                       

Figure 2.3.2. Diagram of Proposition 2.3.12. 

 

Hence the required result follows at once from Proposition (2.3.9.). In particu-

lar, take          , and       where   is a section. We conclude that 

  is an open embedding when   is a F.W. discrete. 

Proposition 2.3.13. If       is a continuous F.W. functions, where 

(       ) is a F.W. open and (    ,  ) is a F.W. discrete bitopological 

space over (       ) . Then, the F.W. graph          of   is an 

open embedding. 

    𝜑  𝜓 
𝑁  𝐵 𝑁   𝑀  𝐵 𝑀 𝑀 𝑁 
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Proof.  The F.W. graph is defined in the same way as the ordinary graph, but 

with values in the F.W. bitopological product. Therefore,  the diagram shown 

below is commutative. 

                    

                                                                                                     

                                                                                                

                                                                    

                               

Figure 2.3.3. Diagram of Proposition 2.3.13. 

 

Since  ( ) is an       open in       by Proposition (2.3.9.),  ( )  

(     )
  ( ( )) is an       open in       where        as as-

serted. 

 

Remark 2.3.14. If (       ) is a F.W. discrete bitopological space over 

(       ) then for every point      ;      there is a    open set   of 

  and a unique section        exist satisfying  ( )     We may refer 

to   as the section through    

 

 Definition 2.3.15. The F.W. bitopological space (       ) over  (       ) 

is called locally sectionable if every point      admits an    open set   

and a section       , where     or  .  

 

Example 2.3.16. Let M  = {1, 2},    {    * +}    {    *  +}. Let B 

= {a, b},    {    * +}    *    * ++. Let p : M   where p(1) = a, 

p(2) = b. We have    * +,    * + . Let     * +  * + where   ( )  

 ,     * +  * + where   ( )   . Thus (       ) is locally sectionable. 

 

𝜑  𝑖𝑑𝑁  

 

𝑁  𝐵 𝑁

Y 

𝑀  𝐵 𝑁 

⊿ 

𝑀 

𝑁 

𝛤 

𝜑 
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Remark 2.3.17. The F.W. non-empty locally sliceable bitopological spaces 

are locally sectionable, but the converse is false. In fact, locally sectionable 

bitopological spaces are not necessarily F.W. open. For example, take 

  (    -    with (       ) :      , the natural projection onto 

       (       ) :      . 

The class of locally sectionable bitopological spaces is finitely multiplicative 

as we show next. 

 

Proposition 2.3.18. If }(          )+ is a finite family of locally sectionable 

bitopological spaces over (       ) . Then the F.W. bitopological product 

       is locally sectionable. 

Proof. Given a point   of    there exist an    open set    of   and a section 

            for every index    Since there are finite number of indices, 

the intersection   of the    open sets    is also a    open set of  , and a 

section     (    )  is given by       ( )    ( ), for      where 

          

    

           Our last two results apply equally well to every of the above three 

propositions. 

     

Proposition 2.3.19. If (       ) is a F.W. bitopological space over 

(       ) . Suppose that (         )  is locally sliceable, F.W. discrete or 

locally sectionable over (       )   Then so is     over    for every 

   open set    of    where        

 

Proposition 2.3.20. Let (       ) be a F.W. bitopological space over 

(       ). Assume that     is a locally sliceable F.W. discrete or locally 
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sectionable over    for every member    of an    open covering of    So is 

  over  , such that,        
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Chapter 3 

Fibrewise Pairwise Separation Axioms 

 In this chapter, we define fibrewise bitopological space in the more  

important concept in topology which is the separation axioms. In Section one, 

we define and study the concepts of fibrewise pairwise    spaces, fibrewise 

pairwise    spaces, fibrewise pairwise    spaces, fibrewise pairwise 

Hausdorff spaces, fibrewise pairwise functionally Hausdorff spaces. Some 

basic properties of these spaces are investigated. In Section two, we introduce 

the concepts of fibrewise pairwise regular spaces, fibrewise pairwise com-

pletely regular spaces, fibrewise pairwise normal spaces and fibrewise pair-

wise functionally normal spaces. Also, we give several results concerning 

them. Some of results in this chapter stated for the case of fibrewise topologi-

cal space (see [1], [23]). 

 

3.1.   Fibrewise Pairwise   , Pairwise   , Pairwise    and Pairwise 

Hausdorff Spaces. 

The concepts of open sets have an important role in F.W. separation ax-

ioms. By using these concepts, we can construct many F.W. separation axi-

oms. Now, we introduce the versions of F.W. pairwise   , F.W. pairwise   , 

F.W. pairwise   , and F.W. pairwise Hausdorff spaces as follows. 

 

Definition 3.1.1. Let (       ) be a F.W. bitopological space over 

(       ). Then M is called a F.W. pairwise    if whenever        ; 

      and    , either there exists a   -open set   of   which does not con-

tains   in   or   -open set   of   which does not contains   in  , where 
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Example 3.1.2. Let    *     +,   = {    * + * + *   +},    = {    * +  

*   +, *   + +  Let     *   +     =  {    * +},     {    * +}. Let 

       where  ( )        ( )       ( )       Then M is a F.W. pair-

wise    space. 

 

Remark 3.1.3. 

(a) (       )  is a F.W. pairwise    space iff each fiber    is a pairwise 

   space. 

Proof: Let              such that    , so      . Since M is    

,there exist    -open set U contain   and     or    -open set   contain y and 

   . Hence          and          and (    )  (    )   

(   )            . So    is pairwise    space. 

 

)b)  Subspaces of F.W. pairwise    spaces are F.W. pairwise    spaces. 

Proof: Let   be a subset of  F.W. pairwise    spaces, Let              

such that    ,  then               and since M is   , then ether there 

exist    -open set U contain  ,     or    -open set   contain y and    . 

Since               and             or         

   , there for N is F.W. pairwise    spaces. 

 

(c) The F.W. bitopological products of F.W. pairwise    spaces with the   

family of F.W. pairwise projections are F.W. pairwise    spaces. 

Proof: Let *(          )+ be a finite family of F.W. topological spaces, let 

            such that      then   ( )     and   ( )     for some 

index r. Since    is F.W. pairwise    for all r, then ether there exist     -open 

set    contain   ,        or     -open set    contain    and      . Since 

   is continuous, then the inverse images of    and    are open in M and 

        or          Hence M is F.W. pairwise    space. 
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In a similar way, we can introduced the definition of F.W. pairwise    space. 

Let (       ) be a F.W. bitopological space over (       ). Then, M is 

called a F.W.  pairwise    if whenever  ,      ;      and    , there ex-

ist a    -open sets  , and a    -open set   in M such that    U,    U and    

      ,           . But it turns out that there is no real use for this in 

what we are going to do. In its place, we formulate some use of a new axiom. 

The axiom is that “every   - open set contains the   -closure of each of its 

points", and use the word pairwise    space. This is correct for pairwise    

spaces and for pairwise regular spaces. Thinking of it like a weak structure of 

pairwise regularity. For example, indiscrete spaces are pairwise    spaces. 

The F.W. version of the pairwise    axiom is defined as the following. 

 

Definition 3.1.4. A F.W. bitopological space (       ) over (       ) is 

called F.W. pairwise    space if for every  x     ; b   B, and every   -open 

set V of x in M, there exists a    nbd W of b in B such that V is contains 

the   - closure of {x} in    (i.e.,    ∩   - Cl{x}   V ) where         , 

     

Example 3.1.5. Let     *     +,    {    * + * + *   +}     =  *    

* + *    + *   + +   Let     *   +    {    * +}     {    * +}. 

Let        where  ( )       ( )       ( )       Then, M is F.W. 

pairwise   . 

 

For another example, (       )   (       ) is a F.W. pairwise    space 

for all pairwise    spaces T. 

 

Remark 3.1.6. 

(a) The nbds of x are given by a F.W. basis it is enough if the condition in   

Definition (3.1.4.) is satisfied for every F.W. basic nbds. 
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(b) If (       ) is a F.W. pairwise    space over (       ), then for each 

subspace (     
    

 ) of (       )  (  
    

    
 ) is a F.W. pairwise    

space over   . 

 

Proposition 3.1.7. Let         be F.W. embedding function, where 

(       ) and (     
    

 ) are F.W. bitopological spaces over (       ). If 

   is F.W. pairwise    then so is M. 

Proof. Let V  be a   -open set of x in M where     ; b   . Then V 

=   (  ), where    is a   
 -open set of    =  (x) in   . Because    is a 

F.W. pairwise    then we have a nbd W of b in B, where   
    

 -Cl{  }   

  . Hence,         -Cl{x}     (  
     

 -Cl{  +)      (  ) = V, and 

hence M is a F.W. pairwise    where        , ,      

 

 The class of F.W. pairwise    spaces is finitely multiplicative as we 

show in the following. 

Proposition 3.1.8. If *(          )+ is a finite family of F.W. pairwise 

   spaces over B. Then the F.W.  bitopological product        is a F.W.  

pairwise   . 

Proof. Let     ;      Consider a   -open set        of x in M, where 

   is a    -open set of   ( )     in    for each index r. Since    is a F.W. 

pairwise     then we have a nbd    of b in B where (     )      -Cl{  } 

    . Then, we regard   as a nbd of b where   is an intersection of      and 

      -Cl{x}  V and hence         is F.W. pairwise    where 

    1,2, ,    . 

 

Similar conclusion holds for infinite F.W.  products provided all that of 

the factors is F.W.  nonempty. 
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Proposition 3.1.9. Let       is closed, continuous F.W. surjection    

function, where (       ) and (       ) are F.W. bitopological spaces over 

B. If   is F.W. pairwise    then so is  . 

Proof. Assume that   is an   -open set of   in  , where     ; b B, 

choose      ( ). Then        ( ) is a   -open set of x in  . Since M is 

F.W. pairwise     then we have a nbd W of b in B   where        

  * +     . Therefore       (     * +)    ( ) = V. Because is 

closed,  (     * +)        ( * +)  Hence,           ( * +)     

and    is F.W. pairwise    where            . 

 

 Now we introduce the concept of F.W. pairwise Hausdorff spaces. 

 

Definition 3.1.10. A F.W. bitopological space (       ) over (       ) is 

called F.W. pairwise Hausdorff if whenever       ;       and   

   there exist a disjoint pair of   -open set   of   and   -open set   of   in    

where            . 

 

Example 3.1.11. Let     *     +    {    * + * + *   +}      

{    * + *   + *   +}. Let     *   +    = {    * +}    = {    * +}. 

Let        where  ( )       ( )       ( )       Then M is a F.W. 

pairwise   . 

 

Another example, (       )   (       ) is F.W. pairwise Hausdorff space 

for any pairwise Hausdorff  spaces T. 

 

Remark 3.1.12. If (       ) is F.W. pairwise Hausdorff space over 

(       ) then   
  is F.W. pairwise Hausdorff over    for every subspace 

   of B. Especially, the fibers of (       ) are pairwise Hausdorff spaces. 
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On the other hand, a F.W. bitopological space with pairwise Hausdorff fibres 

is not necessarily pairwise Hausdorff. 

 

Example 3.1.13. Let,    {    * + *   +}    {    * + *   +}, where 

  *     +  Let   *   +     {    * +}    *   +. Let        

where   ( )         ( )          ( )  Then, we have    *   +  

     {     * +}      {     * +}  Then, there exist     -open set 

    * + where      and there exist      open set     * + where   

  where      . But   is not pairwise Hausdorff since 2 and 3    and 

    , and there is no disjoint pair of open sets of 2 and 3. 

 

Proposition 3.1.14. The F.W. bitopological space (       ) over (       ) 

is F.W. pairwise Hausdorff iff the diagonal embedding             is 

       -closed. 

Proof. (⇒) Let         ; b   B and     . Since  ( ) is       -closed 

in     , then (   ) a point of the complement admits a F.W. product 

      -open set        which does not meet  ( ). Then      are disjoint 

pair of  , y where   is   -open set of    and   is   -open set of   such that 

           . 

(⇐) Let (   )         ( ), so (   )   ( ), and       since M is 

F.W. pairwise    space then there exist disjoint pair   -open set U of   and   -

open set V of  , so      is       -open set in     . Hence     

 ( ) is        is open and  ( ) is        closed. 

 

 Subspaces of F.W.  pairwise Hausdorff spaces are F.W. pairwise 

Hausdorff spaces. Actually, we have the following proposition. 
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Proposition 3.1.15. Assume that           is embedding F.W. function, 

where (       ) and (        
 
 ) are F.W. bitopological spaces over 

(       ). If  
  is F.W. pairwise Hausdorff then so is M. 

Proof. Let         ;       and        Then  ( )  ( )     
    are   

distinct. Since    is a F.W. pairwise Hausdorff, then we have a   
 -open sets 

    of  ( ) and a   
 -open set    of  ( ) in    which are disjoint. Because 

  is continuous, the inverse images    (  ) =   and    (  )    such that 

  is a   -open set of   and   is a   -open set of   in   such that   and   are 

disjoint. Hence,   is a F.W. pairwise Hausdorff where            . 

 

Proposition 3.1.16. Let          be a continuous F.W. function, where 

(       ) and (       ) are F.W. bitopological spaces over (       ). If 

  is F.W. pairwise Hausdorff, then the F.W. graph             of   

is a       - closed embedding. 

Proof. The F.W. graph is defined in a similar way to the ordinary graph, but 

with values in the F.W. product. Hence, the figure shown below is commuta-

tive. 

 

 

 

 

 

 

Figure 3.1.1: Diagram of Proposition 3.1.16. 

 

Since  ( ) is a       -closed in     , by Proposition (3.1.14.), then 

 ( )  (     )
  ( ( )) is a       -closed in     , as asserted, 

where                

𝑁  𝐵 𝑁 𝑁 

𝜑  𝐵 𝑖𝑑𝑁 

  

Γ 

𝜑 

𝑀  𝐵 𝑁 𝑀 
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The category of F.W. pairwise Hausdorff spaces is multiplicative, in the fol-

lowing sense. 

 

Proposition 3.1.17. Assume that *(          )+ is a family of F.W. pairwise 

Hausdorff spaces over (       ). The F.W. bitopological product   =     

is a F.W. pairwise Hausdorff. 

Proof. Let         ;       and      . Then   ( )         ( )     

for some index r. Because    is F.W. pairwise Hausdorff, then we have a    -

open set    of     and a    -open set    of    in    where    and    are dis-

joint. Because    is continuous, the inverse images   and   are disjoint   -

open and   -open sets, respectively, of     in  , where                

 

 The pairwise functionally version of the F.W. pairwise Hausdorff axi-

om is stronger than the non-pairwise functional version but their properties 

are similar. From now on, we denote by I the closed unit interval [0, 1] in the 

real line  . 

 

Definition 3.1.18. A F.W. bitopological space (       ) over (       ) is 

F.W. pairwise functionally Hausdorff if for every         ; b     and 

       there exists a nbd   of b in B and disjoint pair   -open sets   of   

and   -open set   of   in   and a continuous function        such that 

       
  ( ) and         

  ( ) where            . 

 

Example 3.1.19. Let   *     +    {    * + * + *   +}, let    * , 

  * + *   + *   ++. Let   *   +    {    * +}    {    * +}. Let 

      where   ( )         ( )  ( )       Hence,    is F.W. pairwise 

Hausdorff and    *   + and     , so   * +. Let        where 

 ( )   ,   ( )   ,     *     * + * ++,      {     * + * +}  
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Thus    is continuous and         
  ( ) and         

  ( ). There 

for, M is F.W. pairwise functionally Hausdorff. 

 

For another example, (       )   (       ) is F.W. pairwise functionally 

Hausdorff space for each pairwise functionally Hausdorff spaces T. 

 

Remark 3.1.20. If (       ) is F.W. pairwise functionally Hausdorff space 

over (       ) then   
  is F.W. pairwise functionally Hausdorff over    for 

every subspace    of B. In particular, the fibers of   are pairwise functional-

ly Hausdorff spaces. 

 

 Subspaces of F.W. pairwise functionally Hausdorff spaces are F.W. 

pairwise functionally Hausdorff spaces. Actually, we have the following re-

sult. 

Proposition 3.1.21. Assume that            is a embedding F.W. func-

tion, where (       ) and (     
    

 ) are F.W. bitopological spaces over 

(       ). If  
  is F.W. pairwise functionally Hausdorff then so is  . 

Proof. Let        and    ;    . Then  ( )      ( )       
 , 

     . Since    is F.W. pairwise functionally Hausdorff, then we have a 

nbd   of   in   and disjoint pair of   
 -open set    of    and   

 -open set    

of    and a continuous function           such that   
     

(  )  ( ) and   
     (  )  ( ). Now, since   is continuous, then 

   (  )    and    (  )    are disjoint pair of   -open set of   and   -

open set of    respectively and the continuous function   where   

           such that       
  ( ) and       

  ( ), where 

            .   
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Furthermore the category of F.W. pairwise functionally Hausdorff spaces is 

multiplicative, as in the following proposition. 

 

Proposition 3.1.22. Assume that *(          )+ is a family of F.W. pairwise 

functionally Hausdorff spaces over (       ). The F.W. bitopological prod-

uct         is F.W. pairwise functionally Hausdorff. 

Proof. Let              and      Then,   ( )       ( )     

(  )  for some index   where        Since    is F.W. pairwise functional-

ly Hausdorff, then we have a nbd    of b in B and disjoint pair of    -open set 

   of   , and    -open set    of    and a continuous function           

such that (  )      
  ( ) and (  )      

  ( ). Now, the intersec-

tion of    is a nbd   of b in B, and since    is continuous, then   
  (  )  

  and   
  (  )    are disjoint pair of    -open set of   and   -open set of    

respectively, and the continuous function   where             where 

      
  ( ) and       

  ( ) where               

 

3.2.    Fibrewise Pairwise Regular and Pairwise Normal Spaces 

In this section we consider the F.W. Concept advanced pairwise 

separation axioms. Namely, F.W. pairwise regularity and F.W. pair-

wise completely regularity. 

 

Definition 3.2.1. The F.W. bitopological space (       ) over (       ) is 

called F.W. pairwise regular if for every     ;      , and for every   -

open set   of x in    there exists a nbd   of b in    and a   - open set   of   

in    such that   is containing the   -closure of   in     (           

  ( )   )  where               
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Example 3.2.2. Let    *     +     {    * +}    {    *   +}. Let 

  *   +,    {    * +}    {    * +}. Let         such that 

  ( )          ( )   ( )     . Then M is F.W. pairwise regular. 

 

We can consider another example, trivial F.W. spaces with pairwise regular 

fibre are F.W. pairwise regular. 

 

Remark 3.2.3. 

(a) The nbds of   are given by a F.W. basis it is enough if the condition in 

Definition (3.2.1) is satisfied for every F.W. basic nbds. 

(b) If (       ) is F.W. pairwise regular space over (       ) then 

(  
    

    
 ) is F.W. pairwise regular space over (     

    
 ) for every sub-

space    of B. 

 

 Subspaces of F.W. pairwise regular spaces are F.W. pairwise regular 

spaces. Actually we have the following proposition. 

 

Proposition 3.2.4. Assume that             is  embedding F.W. function, 

where (       ) and (        
 
 ) are F.W. bitopological spaces over 

(       ). If  
  is F.W. pairwise regular then so is    

Proof. Let   be a   -open set of   in   where      ;     . Then   = 

   (  )  where    is a   
 -open set of    =  ( ) in   

 . Because    is F.W. 

pairwise regular, then we have a nbd W of b in B and a   
 -open set    of    

in   
  where   

      
    (  )     . Then   =    (  ) is a   -open set of 

  in    such that           ( )    . Hence, M is F.W. pairwise regu-

lar, where        ,      as required. 
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The class of F.W. pairwise regular spaces is F.W. multiplicative as in the fol-

lowing proposition. 

 

Proposition 3.2.5. Assume that *(          )+  is a finite family of F.W. 

pairwise regular spaces over    The F.W. bitopological product          

is F.W. pairwise regular. 

Proof. Consider a   -open set           of   in    where     ;     B and  

   is a    -open set of   ( )     in    for each index r. Since    is F.W. 

pairwise regular we have a nbd    of   in  , and a    -open set    of    in 

      such that the    -closure of    in        is contained in   . (i. e. 

(      )        (  )    ). Then we regard  as a nbd of b in B, where 

  is the intersection of   ,  and        is a   -open set of   in    where 

the   -closure of   in    is contained in  . (i. e.         ( )   ). 

Hence,        is F.W. pairwise regular, where        ,    . 

 

 Similar conclusion holds for infinite F.W. products provided that every 

of the factors is F.W. non-empty. 

 

Proposition 3.2.6. Assume that         is a closed, open and continuous 

F.W. surjection function, where (       ) and (       ) are F.W. bitopo-

logical spaces over    Then   is F.W. pairwise regular iff    is F.W. pairwise 

regular. 

Proof.(⇒) Let V be a   -open set of y in   where     ; b  B, choose 

     ( ). Then      ( ) is a   -open set of   in  . Because M is F.W. 

pairwise regular , we have a nbd W of b in B, and a   - open set    of   such 

that         ( 
 )   . Then     .     ( 

 )/   . Because   is 

closed,  .     ( 
 )/       ( ( 

 ))  and because   is open, then 
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 (  ) is a   -open set of    Hence,   is F.W. pairwise regular, where 

       ,     , as asserted. 

(⇐) By a similar way of the first direction. 

 

 The pairwise functionally version of the F.W. pairwise regularity axiom 

is stronger than the non-pairwise functionally version. However, their proper-

ties are similar. In the ordinary theory, the word completely regular is  used 

instead of functionally regular. We widen this usage to the F.W. theory. 

 

Definition 3.2.7. A F.W. bitopological space (       ) over (       ) is 

called F.W. pairwise completely regular if for every     ;    , and for 

every   -open set V of x there exists a nbd W of   in   and a   -open set U of 

x in    and a continuous function   (          )    such that    

     ( )  and    (    )   
  ( ), where            . 

 

Example 3.2.8. Let     *       +     {    *   +}    {    *   +}. 

Let   *   +     {    * +}    *    * ++. Let p     such 

that  ( )     ( )   ( )     ( )     *   +, let x      

*   +   * +     *   +,      *    +       , let       . Let 

       such that  ( )     ( ).   is continuous and      

   ( )    (    )   
  ( ) Similar if    .    *   +, let 

x     *   +   * +     *   +,      *    +       , let     

  . Let        such that  ( )     ( ).   is continuous and    

     ( )    (    )   
  ( ). Similarly if     

 

For another example, (       )   (       ) is F.W. pairwise completely  

regular space for every pairwise completely regular spaces T. 
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Remark 3.2.9. 

(a) The nbds of   are given by a F.W. basis it is enough if the condition in  

Definition (3.2.7.) is satisfied for every F.W. basic nbds. 

(b) If (       ) is F.W. pairwise completely regular space over  (       ) 

then (  
     

    
 ) is F.W. pairwise completely regular space over (  , 

  
    

 ) for every subspace    of    

 

 Subspaces of F.W. pairwise completely regular spaces are F.W. pair-

wise completely regular spaces. In fact, we have the following result. 

 

Proposition 3.2.10. Assume that        is embedding F.W. function, 

where (       ) and (     
    

 ) are F.W. bitopological spaces over 

(       ). If  
  is F.W. pairwise completely regular then so is   . 

Proof. Let   be a   -open set of   in   where         , then  ( )  

     
  and      (  ) is a   

 -open set of   . Because    is F.W.    

pairwise completely regular, then we have a nbd   of   in   and   
 -open set 

   of    and a continuous function     
    such that   

        ( ) 

and   
  (  

    )      ( ). Now, because   is continuous, then 

   (  )    is   -open set of   in    and the continuous function       

such that        and       
  ( ) and    (    )  

    ( ) where            .  

 

 The class of F.W.  pairwise completely regular spaces is finitely multi-

plicative, as we show next. 

 

Proposition 3.2.11. Assume that *(          )+ is a finite family of F.W. 

pairwise completely regular spaces over (       ). The F.W. bitopological 

product        is F.W. pairwise completely regular. 
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Proof. Let     ;    . Consider a F.W.   -open set      of   in 

   where    is a    -open set of   ( )     in    for all index r. Because    

is F.W. pairwise completely regular, we have a nbd    of   in    and a    -

open set   of    in    and a continuous function     (  )    where 

(  )      
  ( ) and (  )  ((  )    )    

  ( ). Then we regard 

  as a nbd of b in B where   is the intersection of    and       is a 

continuous function where 

 

 ( )                *    + for   (  )    . 

 

 Since (  )    
  ( )     

  ,(  )   -     
  (    ( ))(     )

  ( ) 

and (  )   ∩   
  ((  )    )      

  ,(  )    ((  )    )-  

   
      .  

  ( )/ = (     )
  ( ) where            . 

 

 A similar conclusion holds for infinite F.W. products if all of the fac-

tors is F.W. non-empty. 

 

Lemma 3.2.12. Assume that        is a closed, open F.W. surjection 

function, where   and   are F.W. bitopological spaces over    Let     

  be a continuous real-valued function which is F.W. bounded above, in the 

sense that   is bounded above on each fibre of  . Then,       is contin-

uous, where: 

 

 ( )     
     ( )

 ( ) 

 

Proposition 3.2.13. Assume that       is a closed, open and continuous 

F.W. surjection function, where (       ) and (       ) are F.W. bitopo-



Chapter 3                                                                                             Fibrewise pairwise Separation Axioms 

42 
 

logical spaces over (       ). If   is F.W.  pairwise completely regular then 

so is  . 

Proof. Let    be a   -open set of y in   where     ;    . Choose 

     ( ) such that     
  (  ) is a   -open set of  . Because M is F.W. 

pairwise completely regular, we have a nbd   of   in    and a   -open set    

of   in    and a continuous function        such that        
  ( ) 

and    (     )  
  ( ). Using Lemma (3.2.12.), we get a continuous 

function        such that        
  ( ) and    (     )   

   ( ), where            . 

 

 Next, we define the version of F.W. pairwise normal space. 

 

Definition 3.2.14. A F.W. bitopological space (       ) over (       ) is 

called F.W. pairwise normal if for every       and every disjoint pair of   -

closed set    and   -closed set   of   , there exists a nbd   of   in   and a 

disjoint pair of   -open set    and   -open set   of           in   , 

where            . 

 

Example 3.2.15. Let   *   +,     { ,  ,* +},    {    * +}. 

H=* +   * +. Let    *   +     {    * +}    *    * ++. Let 

      where  ( )     ( )   . We have     * +,    * +,  

where the nbd of   is * +  and the nbd of   is * +      * +      

  ,              * +. Let V  * +   * + . So,   is F.W. pair-

wise normal. 

 

Remark 3.2.16. If (       ) is a F.W. pairwise normal space over 

(       )  then for each subspace    of B and (  
    

    
 ) is F.W. pairwise 

normal space over (     
    

 ).  
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Closed subspaces of F.W. pairwise normal spaces are F.W. pairwise normal. 

Actually, we have. 

 

Proposition 3.2.17. Assume that         is a closed, embedding F.W. 

function where (       )  and (     
    

 ) are F.W. bitopological spaces 

over  . If (     
    

 ) is F.W. pairwise normal then so is (       ). 

Proof. Let   and   be disjoint pair of   -closed and   -closed sets of   and 

let      . Then  ( ) and  ( ) are disjoint pair of   
  -closed set and   

  -

closed set of   . Since    is F.W. pairwise normal then, we have a nbd   of 

  in   and a   
  -open set    and   

  -open set    of   
    ( )   

    ( ), 

in   
  . Since   is continuous, then    (  )    and    (  )    are dis-

joint pair of   -open and   -open sets of           in   , where 

                

 

Proposition 3.2.18. Let       be a closed continuous F.W. surjection 

function, where (       ) and (       ) are F.W. bitopological spaces over 

(       ). Then (       ) is F.W. pairwise normal iff (       ) is F.W. 

pairwise normal . 

Proof. (⇒) Let   and   be disjoint pair of   -closed and   -closed sets of   

and let      . Then,    ( ) and    ( ) are disjoint pair of   -closed and   -

closed sets of  . Because   is F.W. pairwise normal, then we have a nbd   

of   in   and a disjoint pair of   -open set and   -open set     of    

   ( ) and     
  ( ). Since   is closed then, the sets    

 (    ) and      (    ) are open in   , and structure a disjoint 

pair of   - open,   -open sets of            in   , as required, where 

            . 

(⇐) By similar way of first direction. 
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Lastly, we define the version of F.W. pairwise functionally normal space. 

 

Definition 3.2.19. A F.W. bitopological space (       ) over (       ) is 

called F.W. pairwise functionally normal if for every        and every dis-

joint pair of   -closed set  , and   -closed set   of     there exists a nbd   of 

  in   and a disjoint pair of   -open set    and   -open set   and a continuous 

function        such that         
  ( ) and        

   ( ) in   , where             . 

 

Example 3.2.20. Let M  *       +     {    *   +}    {    *   +}. 

Let    *   +     {    * +}    *    * ++. Let        such that 

  ( )          ( )    ( )          ( )  Let     *   +     *   +  Let 

       nbd of a is W  * +     *   +,      *    +       let 

    *   +   *   +  Let        such that  ( )     ( ),   is con-

tinuous and           
  ( )        *   +   

  ( ). Let 

       nbd of   is     * +  ,    *   +      *    +       . Let 

       such that  ( )     ( ),   is continuous and        

*   +     ( )          
  ( ). So M is F.W. pairwise functional-

ly normal. 

 

For another example, (       )    (       ) is F.W. pairwise functionally 

normal space when T is pairwise functionally normal space. 

 

Remark 3.2.21. If (       ) is F.W. pairwise functionally normal space 

over (       ) then for every subspace    of   we have (  
     

    
 ) is F.W. 

pairwise functionally normal space over (     
    

 ). 
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Closed subspaces of F.W. pairwise functionally normal spaces are F.W. pair-

wise functionally normal. Actually we have. 

 

Proposition 3.2.22. Assume that        is a closed, embedding F.W. 

function where (       ) and (     
    

 )  are F.W. bitopological spaces 

over  . If    is F.W. pairwise functionally normal then so is  . 

Proof. Let   and    be disjoint pair of   -closed and   -closed sets  of   and 

let        Then  ( )  ( ) are disjoint pair of   
  -closed set and   

  - closed 

set of    . Since    is F.W. pairwise functionally normal, we have a nbd W 

of   in   and a disjoint pair of   
 -open set   and   

 -open set   and a continu-

ous function     
    such that   

   ( )       ( ) and   
  

 ( )       ( ) in   
 . Since   is continuous, then    ( )    ( ) are 

  -open set,   -open set and the function,         is a continuous,    

     such that       
  ( )     ( ) and       

  ( )  

   ( ) in    as required where             . 

 

Proposition 3.2.23. Assume that       is a closed, open and continuous 

F.W. surjection function, where (       )  and (       ) are F.W. bitopo-

logical spaces over (       ). If (       ) is F.W. pairwise functionally 

normal then so is (       ). 

Proof. Let     be disjoint pair of   -closed and   -closed sets of   and let 

     . Then    ( )    ( ) are disjoint pair of   -closed and   -closed 

sets of  . Because   is F.W. pairwise functionally normal, then we have a 

nbd   of b in B and a disjoint pair of   -open set and   -open set     and a 

continuous function        such that     
  ( )       ( ) and 

    
  ( )       ( ) in   . Hence, a function        is given 

by  ( )          ( ) ( )     . Because   is open and closed, in addi-
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tion to continuous, it leads to that   is continuous. Hence,       ( )  

   ( ) and       ( )   
  ( ) in    where             .
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Chapter 4 

Fibrewise IJ-Perfect Bitopological Spaces  

 In many times, it has been mixed between topological spaces and some 

of the basic concepts to get a new topological structure. In this chapter, we 

shall give a new definition for fibrewise bitopological space in the light of 

compactness to get a space which has big importance characteristics in topol-

ogy. Filter concept is considered as one of the rich concepts in topology for 

having a notable role in the modern directions for topology. 

 

4.1.    Fibrewise IJ-Perfect Bitopological  Spaces 

Definition 4.1.1. Let (       ) be a bitopological space. A F.W. ij-

bitopology on a F.W. set   over   means any bitopology on   for which the 

projection   is ij-continuous, where             

 

Definition 4.1.2. A function    (       )    (       ) is called ij-closed 

if the image of each ij-closed set in   is ij-closed set in  , where           

 

Theorem 4.1.3. A function    (       )   (       ) is ij-closed iff 

     ( ( ))     (     ( )) for each      , where           

Proof: (⇒) Suppose that   is ij-closed. Let    , since   is ij-closed 

then  (     ( )) is ij-closed set in  , since      ( ) is closed set in  . so, 

     ( ( ))    (     ( ))  

(⇐) Suppose that   is ij-closed set in  , so        ( )  but we have    

  ( ( ))   (     ( ))  thus    cl( ( ))   ( )  Thus,  ( ) is ij-closed 

in  . Therefore   is ij-closed. 
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Definition 4.1.4. A filter base   on bitopological space (     ,   ) is said to 

be ij-directed toward a set      written as    
           
→        , iff every filter 

base   finer than   has an    adherent point in  , i.e. (       )       

We write  
         
→      to mean   

        
→    { }, where      , where           

 

Now, we introduce a characterization of    adherent point   of a filter 

base  . 

 

Theorem 4.1.5. A point   in bitopological space ( ,   ,   ) is an ij-adherent 

point of a filter base   on   iff there exists a filter base    finer than   such 

that   
             
→          , where           

Proof: (⇒) Let   be an    adherent point of a filter base   on  , so it is an 

   contact point of every number of    This yields, for every   -open nbd   

of    we have      ( )      for every number   in  . Consequently, 

     ( ) contains a some member of any filter base    finer than  , such 

that    
            
→          

(⇐) Suppose that   is not an    adherent point of a filter base   on    then 

there exists       such that   is not an    contact of    Hence, there exists 

an   -open nbd   of   such that      ( )     . Denote by    the family 

of sets      (    -  ( )) for      , then the sets    are nonempty. 

Also    is a filter base and indeed it is finer than  . This is, given   
 =    

(    -  ( )) and   
 =    (    -  ( )), there is an          ∩    and 

this gives   
  =     ∩ (    -  ( ))      ∩   ∩(    -  ( ))      ∩(M 

  -  ( ))       (    -  ( ))  By construction    is not ij-convergent to 

   This is a contradiction, and thus,   is an ij-adherent point of a filter base   

on    
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Theorem 4.1.6. Let   be a filter base on bitopological space ( ,   ,   ). Let  

       then  
            
→          iff   

          
→      , where           

Proof: (⇐) If   does not ij-converge to  , then there exists a   -open nbd   of 

  such that       -  ( )  for all     . Then   {( -  -  ( )          

 } is a filter base on   finer than  , and clearly       -adherence of   . 

Thus,   cannot be ij-directed towards   which is contradiction. Hence,   is 

ij-converge to  . 

(⇒) Clear. 

 

Definition 4.1.7. A function    (       )   (       ) is said to be ij-

perfect iff for each filter base   on   ( )  such that   ij-directed towards 

some subset   of  ( ), the filter base    ( ) is ij-directed towards    (A) 

in M.   is called pairwise ij-perfect iff   is 12 and 21-perfect, where      

     

 

Definition 4.1.8. The F.W. bitopological space (       ) over bitopological 

space (    ,   ) is called F.W. ij-perfect iff the projection   is ij-perfect, 

where            

 

 In the following theorem we show that only points of   could be suffi-

cient for the subset   in Definition (4.1.7.) and hence ij-direction can be re-

placed in view of Theorem (4.1.5.) by ij-convergence.                                                         

 

Theorem 4.1.9. Let (       ) be a F.W. bitopological space  over bitopolog-

ical space (B,   ,   ). Then the following are equivalent: 

(a)  (       ) is F.W. ij-perfect bitopological space. 

(b)  For each filter base   on  ( ), which is ij-convergent to a point   in  , 

  
        
→       . 
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(c)  For any filter base   on  , ij-ad   ( )     (ij-ad  ). 

Proof: (a)⇒(b) Follows from Theorem (4.1.6.). 

(b)⇒(c) Let     ij-ad   ( ). Then by Theorem (4.1.5.), there is a filter base   

on  ( ) finer than   ( ) such that  
          
→       . Let    ={     F :       and 

    }. Then   is a filter base on   finer than   . Since   
        
→      , by 

Theorem (4.1.6.) and   is ij-perfect,   
        
→       .    being finer than    , 

we have       (ij-ad   )    . It is then clear that       (ij-ad   )    . 

Thus       (        )  

(c)⇒(a) Let    be a filter base on  ( ) such that it is ij-directed towards 

some subset   of  ( )  Let    be a filter base on   finer than    . Then 

 (  ) is a filter base on  ( ) finer than    and hence     (       (  ))  . 

Thus, by (c),       (   ad  )    such that       (        )   . This 

shows that     is ij-directed towards    . Hence,   is ij-perfect. 

 

Definition 4.1.10. The function    (       )    (     ,   ) is called ij-

compact function if it is    continuous,    closed and for each filter base   

in   then    ( ) is filter base in    where            

 

Definition 4.1.11. The F.W.    bitopological space (       ) over  

(       ) is called F.W.    compact iff the projection p is    compact, 

where          

 

 For example the bitopological product       is F.W. ij-compact over 

   for all    compact space  , where           
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Definition 4.1.12. The F.W. ij-bitopological space (       ) over  

(       ) is called F.W. ij-closed if and only if the projection   is ij-closed, 

where           

 

Theorem 4.1.13. If the F.W. bitopological space (       ) over  (       ) 

is ij-perfect, then it is ij-closed, where           

Proof: Assume that   is a F.W. ij-perfect bitopological space over  , then 

the projection           is ij-perfect, to prove that it is ij-closed, by 

[(4.1.9.) (a)⇒(c)] for any filter base   on M ij-ad p ( )   p (ij-ad ( )), by 

Theorem (4.1.3.)   is ij-closed if        ( )     (     ( ) for all      

therefore   is ij-closed where   * +. 

 

4.2.    Fibrewise IJ-perfect Bitopological Spaces and IJ-Rigidity 

In this section, we introduce the notion of ij-perfect bitopological, ij-

rigidity spaces and investigate some of their basic properties. 

 

Definition 4.2.1. A subset   of bitopological space (       ) is said to be ij-

rigid in   iff for each filter base   on   with (   ad  )         , there is 

a   -open set   and       such that       and   -  ( )           or 

equivalently, iff for each filter base    on   and whenever     (   

ad  )     , then for some     ,     (      ( ))     , where      

     

  

Theorem 4.2.2. If (    ,   ) is a F.W. ij-closed bitopological space over  

(    ,   ) such that each    where     is ij-rigid in M, then (       ) is 

a F.W. ij-perfect, where           

Proof: Assume that   is a F.W. ij-closed bitopological space over  , then the 

projection            exist. To prove that it is ij-perfect, let    be a filter 
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base on   ( ) such that  
          
→        in  , for some        If   is a filter 

base on   finer than the filter base   , then  (  ) is a filter base on  , finer 

than  . Since  
        
→      by Theorem (4.1.5.),     ij-ad   ( )  i.e,      

 *       ( )       + and hence       { (      ( ) :     } by Theo-

rem (4.1.3.). Since   is ij-closed, then       ij-ad (  )   , for all     .  

Hence, for all      with       ,   -  ( )      , for all      . Since, 

   is ij-rigid, it then follows that      (ij-ad  )   . Thus     
        
→        

Hence by Theorem [(4.1.9.) (b)⇒(a)],   is ij-perfect. 

 

Theorem 4.2.3. If the F.W. ij-bitopological space (       ) over (    ,   ) 

is ij-perfect, then it is ij-closed and for each        is ij-rigid in  , where 

          

Proof: Assume that   is a F.W. ij-bitopological space over  , then the pro-

jection            exist and it is ij-continuous. Since   is an ij-perfect so 

it is ij-closed. To prove the other part, let        and suppose   is a filter 

base on   such that (ij-ad  )     =  . Then       (ij-ad  ). Since   is ij-

perfect, by Theorem [(4.1.9) (a)⇒(c)],        ad  ( ). Thus there exists an 

    such that     ij-ad  ( ). There exists an   -open nbd   of b such 

that      ( )     ( )     . Since   is ij-continuous, for each         we 

shall get a   -open nbd    of   such that  (     (  )         ( )   

    ( )  Then  (     (  )     ( )      so that   -cl-(  )        

Then     ij-cl( ), for all      , so that      (ij-cl(F)) =  , Hence    is 

ij-rigid in    

 

Corollary 4.2.4. A F.W. ij-bitopological space (       ) over (    ,   ) is 

ij-perfect iff it is ij-closed and each   , where     is ij-rigid in  , where 
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Next we show that the above theorem remains valid if F.W. ij-closedness 

bitopological space replaced by a strictly weaken condition which we shall 

called F.W. weak ij-closedness bitopological space. Thus we define as fol-

lows. 

 

Definition 4.2.5. A function    (       )   (       ) is said to be weak-

ly ij-closed if for every      ( ) and every   -open set   containing 

   ( ) in M, there exists a   - open nbd   of   such that     (  -cl(V))     -

  ( ) , where           

 

Definition 4.2.6. The F.W. ij-bitopological space (       ) over (       ) 

is called F.W. weakly ij-closed iff the projection   is weakly ij-closed, where 

          

 

Theorem 4.2.7. The F.W. ij-closed bitopological space (    ,   ) over 

(       ) is weakly ij-closed, where           

Proof: Assume that   is a F.W. ij-closed bitopological space over  , then the 

projection            exist and to prove its weakly ij-closed. Let    

  ( ) and let   be a   -open set containing    in  . Now, by Lemma 

(1.1.25.)      .       ( )/       .       ( )/ and hence by 

theorem (4.1.3.) and since   is ij-closed, we have ij-cl  (        ( ))   

  ,     (        ( )-. Now since     ,     (        ( )-  

           (    -  ( )) and thus there exists an   -open nbd   of   in 

  such that   -  ( )     (       ( ))      which implies that 

  (     ( ))   (       ( ))      i.e.,  (     ( ))      -cl ( ), and thus   

is weakly ij-closed. 
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A F.W. weakly ij-closed is not necessarily to be F.W. ij-closed and the fol-

lowing example show this. 

 

Example 4.2.8. Let   ,   ,    and    be any topologies and p : (    ,   ) 

 (       )  be a constant function, then p is weakly ij-closed for         

and (     ). Now, let      . If    or    is the discrete topology on  , 

then   : (    ,   )  (       )  given by  ( )       for all        is nei-

ther 12-closed nor 21-closed, irrespectively of the topologies   ,    and    (or 

  ). 

 

Theorem 4.2.9. Let (    ,   ) be F.W. ij-bitopological space over (    , 

  ). Then (       ) is F.W. ij-perfect if  : 

(a) (       ) is F.W. weakly ij-closed bitopological space, and 

(b)    is ij-rigid, for each     . 

Proof: Assume that   is a F.W. ij-bitopological space over   satisfying the 

conditions (a) and (b), then the projection           exist. To prove that 

  is ij-perfect we have to show in view of Theorem (4.2.2.) that   is ij-closed. 

Let            ( )  for some non-null subset   of  , but       (   

  ( ))  Then    * + is a filter base on   and (ij-ad  )      =  . By ij-

rigidity of   , there is a   -open set   containing    such that      ( )   

      . By weak ij-closedness of    there exists an    –open nbd   of b such 

that  (     ( ))     -cl(U), which implies that  (     ( ))     =  , i.e., 

(     ( ))     ( )      which is impossible since            ( )  

Hence      (     ( ))  So f is ij-closed. 

 

Theorem 4.2.10. If (    ,   ) is  F.W. ij- perfect bitopological space over 

(       ) and        is an ij-H-set in  , then     is an ij-H-set in  , where 
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Proof: Assume that   is a F.W. ij-perfect bitopological space over  , then 

the projection            exist. Let   be a filter base on     , then  ( ) 

is a filter base on   . Since    is an ij-H-set in               ( )     

by Lemma (1.1.21.). By Theorem [(4.1.9) (a)⇒(c)],        (      ( ))   

  , so that       ij-ad ( )   . Hence by Lemma (1.1.21.),     is an ij-H-

set in    

 

 The converse of the above theorem is not true, is shown in the next ex-

ample. 

 

Example 4.2.11. Let          and    be the cofinite and discrete to-

pologies on   and   ,    respectively denote the indiscrete and usual topolo-

gies on    Suppose    (        )  (       ) is the identity function. 

Each subset of either of (        ) and  (       ) is a 12-set. Now, any 

non-void finite set     is 12-closed in    but  ( ) (i.e., A) is not 12-

closed in   (in fact, the only 12-closed subsets of   are   and  ). 

 

Definition 4.2.12. A function    (       )   (       ) is said to be al-

most ij-perfect if for each ij-H-set   in N,    ( ) is an ij-H-set in  , where 

          

 

Definition 4.2.13. The F.W. ij-bitopological space (       ) over  

(       ) is called F.W. almost ij-perfect iff the projection   is almost ij-

perfect, where           

 

 By analogy to Theorem (4.2.2.), a sufficient condition for a function to 

be almost ij-perfect, is proved as follows. 
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Theorem 4.2.14. Let (    ,   ) be F.W. ij- bitopological space  over   

(       ) such that: 

(a)    is ij-rigid, for each        and 

(b) (    ,   ) is F.W. weakly ij-closed bitopological space. 

Then (    ,   ) is F.W. almost ij-perfect bitopological space. 

Proof: Assume that   is a F.W. ij-bitopological space over    then the pro-

jection            exist and it is ij-continuous. Let    be an ij-H-set in B 

and let   be a filter base on    . Now  ( ) is a filter base on    and so by 

Lemma (1.1.21.), (       ( ))           Let     ,       ( )-   

   . Suppose that   has no ij-ad point in     so that (ij-ad ( ))     =  . 

Since    is ij-rigid, there exists an       and a   -open set   containing    

such that          ( )     . By weak ij-closedness of  , there is a   -

open nbd   of   such that  (     ( ))        ( ) which implies that 

 (     ( ))          i.e.,   -  ( )     ( )      which is a contradiction. 

Thus by Lemma (1.1.21.),     is an ij-H-set in   and hence   is almost ij-

perfect. 

 

4.3.    Application of Fibrewise IJ-Perfect Bitopological Spaces 

 We now give some applications of fibrewise ij-perfect bitopological 

spaces. The following characterization theorem for an ij-continuous function 

is recalled to this end. 

Theorem 4.3.1. A bitopological space (       ) is F.W. ij-bitopological 

space over (       ) iff  (     ( ))         ( ( ))  for each    , 

where           

Proof: (⇒): Assume that   is a F.W. ij-bitopological space over  , then the 

projection            exist and it is ij-continuous. Suppose that        

  ( ) and   is   -open nbd of  ( )  Since   is ij-continuous, there exists an 

  -open nbd   of   such that  (     ( ))        ( )  Since   -   ( )  
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     then   -  ( )     ( )   . So,  ( )         ( ( ))  This shows 

that  (     ( ))       ( ( ))  

(⇐) Clear. 

 

Theorem 4.3.2. Let (       ) be a F.W. ij-perfect bitopological space over 

(       )  Then    preserves ij-rigidity, where           

Proof: Assume that   is a F.W. ij-bitopological space over  , then the pro-

jection            exist and it is ij-continuous. Let   be an ij-rigid set 

in   and let   be a filter base on   such that     (ij- ad( )) =  . Since   is 

ij-perfect and      (     ( )) =   by Theorem [(4.1.9.) (a)⇒(c)] we get 

    (       ( ))     . Now A being an ij-rigid set in  , there exists an 

     such that          ( )     Since   is ij-continuous, by Theorem 

(4.3.1.) it follows that      (     ( ))       Thus     (     ( ))   

    This proves that    is ij-rigid. 

 

 In order to investigate the conditions under which a F.W. almost ij-

perfect bitopological space may be F.W. ij-perfect bitopological space, we in-

troduce the following definition. 

 

Definition 4.3.3. A function   (       )   (       ) is said to be    -

continuous iff for any   -open nbd   of  ( ), there exists a   -open nbd   of 

  such that  (  -  ( ))    -  ( ) , where           

 

Definition 4.3.4. The F.W. ij-bitopological space (       ) over (       ) 

is called F.W.    -bitopological space iff the projection   is    -continuous, 

where           

 The relevance of the above definition to the characterization of F.W. ij-

perfect bitopological space is quite apparent from the following result. 
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Theorem 4.3.5. If (       ) is F.W.    -bitopological space on a pairwise 

Urysohn space (       )   then it is F.W. ij-perfect bitopological space iff for 

every filter base   on  , if  ( )
      
→      wher    , then          , 

where           

Proof: (⇒) Let (       ) be a F.W.     -bitopological space on a pairwise 

Urysohn space (       )  then there is a    -continuous projection function 

  (       )  (       ) and   ( )
         
→       where    , for a filter base 

  on  . Then   ( )
            
→        . Since   is finer than   ( ),       

        so that            

(⇐) Suppose that for every filter base   on  ,  ( )
           
→        where     

implies          . Let   be a filter base on   such that  
           
→       , and 

suppose that    is a filter base on   such that    is finer than   . Then  (  ) 

is finer than  . So  (  )
           
→       . Hence           . Let     such 

that    . Then since   is pairwise Urysohn, there exist a   -open nbd   of 

  and   -open nbd   of   such that .      ( )/  (     ( ))   . Since 

 (  )
           
→       , there exist a      such that  ( )       ( ). Now, 

since   is    -continuous, corresponding to each      there is a   -open nbd 

  of   such that  .     ( )/       ( ). Thus      ( )     . 

It follows that        
   , for each     * +. Consequently 

          
   , and   is ij- perfect and hence (       ) is F.W.    -

bitopology. 

 

Definition 4.3.6. A bitopological space (       ) is said to be locally ij-

QHC iff for every    , there is a   -open nbd of  , which is an ij-H-set, 

where           
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Corollary 4.3.7. Let (       ) be a F.W.    -bitopological space over ij-

QHC on a pairwise Urysohn bitopological space (    ,   ), then (       ) 

is F.W. ij-perfect bitopological space, where           

 

Theorem 4.3.8. Let (       ) be a F.W.    -bitopological space over locally 

ij-QHC on a Urysohn space (    ,  ), then (       ) is F.W.    -

bitopological space iff it is F.W. almost ij-perfect, where           

Proof: (⇒) If (       ) is F.W.    -bitopological space, then by corollary 

(4.3.7.), it is F.W. almost ij-perfect. 

(⇐) Let (       ) is F.W. almost ij-perfect, then there exist almost ij-perfect 

projection function   (       )  (       )  and let   be any filter base on 

  and let  ( )
           
→        where    . There are an ij-H-set    in   and   -

open nbd   of     such that       . Let   *     ( )   ( )  

        and   is a   -open nbd of  }. By Lemma (1.1.24.),    is ij-closed 

and hence no member of   is void. In fact, if not, let for some   -open nbd   

of   and some    ,        ( )   ( )   
   . Then       since 

         and      ( )       ( )       ( 
 )     by  

Lemma (1.1.25.). Now        ( )   ( )   
       ( )   ( ), 

which is not possible, since  ( )
           
→       . Thus   is filter base on  , and is 

clearly finer than  ( ), so that  
           
→       . Also   *         and 

   + is clearly a filter on    . Since   is almost ij-perfect,     is an ij-H-

set and hence              . Thus          . Thus   is ij-perfect 

and by Theorem (4.3.5.) (       ) is F.W.    -bitopological space. 

 

The following characterization theorem for a F.W. ij-bitopological 

space is recalled to this end. 
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Theorem 4.3.9. A F.W. set   over (       ) is F.W. ij-bitopological space 

iff  (  -  ( ))    -   ( ) for each    , where           

Proof: Since   is a F.W. set over    then there is projection   where 

     . Now we have to prove that   is ij-continuous. But it directly by 

Theorem (4.3.1.). 

 

Theorem 4.3.10. If (       ) is a F.W. ij-perfect bijective bitopological 

space with   is a pairwise Hausdorff space on (    ,   ), Then   is also 

pairwise Hausdorff. 

Proof: Let          such that      . Since   is onto, then           

and since   is one to one, then        . Since   is ij-perfect, so by Theo-

rem (4.1.13) it is ij-closed. By Lemma (1.1.26.) we have {    +     

  *   + and {    +       *   +. Since   is pairwise Hausdorff.  Now 

 (     *    +)       *  + and  (     *    +)       *  + since   is 

ij-closed. This mean *  +       *  + and *  +       *  +. Hence   is 

pairwise Hausdorff.   

 

 Our next theorem give a characterization of an important class of F.W. 

bitopological space viz. the ij-QHC spaces in terms of F.W. ij-perfect bitopo-

logical space.  

 

Theorem 4.3.11. For a bitopological space (       ), the following state-

ment are equivalent: 

a)   is ij-QHC 

b) The F.W. (       ) is ij-perfect bitopological space with constant pro-

jection over    where    is a singleton with two equal bitopologies viz. 

the unique bitopology on   . 
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c) The F.W. (         ) is ij-perfect bitopological space over (    , 

  ), where          .         and    . 

Proof: (a) ⇒ (b) Let    (       )  (     ,   ) is a constant projection 

over    where    is a singleton with two equal bitopologies viz the unique 

bitopology on   .   is clearly ij-closed. Also,    , i.e.   is obviously ij-

rigid since    is ij-QHC. Then by Theorem (4.2.2.)   is ij-perfect. 

(b) ⇒ (a) Follows from Theorem (4.3.2.). 

(a) ⇒ (c) Suppose that (         ) is F.W. bitopological space over 

(    ,   ) where         ,         and    , then there is a projec-

tion      (         )  (       ). We show that     is ij- closed 

and for each        is ij-rigid in    . Then the result will follow from 

Theorem (4.2.2). Let       and     (     ( )). For each   

  (   )       ( ), so that there exist a   -open nbd    of   and a   -

open nbd    of   such that ,     (     )-     . Since   is ij-

QHC, * +    is a ij –H-set in    . Thus there exist finitely many ele-

ments               with * +    ⋃      (       ) 
 
    Now, 

  ⋂      
 
    which is a   -open nbd of a such that (     ( )  

  ( )   . Hence          ( ) and thus        ( )   (     ( )). 

So   is ij-closed, by Theorem (4.1.3.). Next, let    . To show that 

(   )    
  (b) to be ij-rigid in    . Let   be a filter base on     

such that   
  (b)          . For each     (   )         . 

Thus there exist   -open nbd    of   in  , a    open nbd    of   in   and 

an      such that      (     )      . As show above, there ex-

ist finitely many elements               of   such that * +    

⋃      (       ) 
 
    Putting   ⋂    

 
    and choosing     with 

  ⋂    
 
   , we get * +           such that      (   )  
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   . Thus (     ( ))  ,  
  (b) ]  . Hence   

  (b) is ij-rigid in 

   .  

(c)⇒(a) Taking     , we have that       
        is ij-perfect . 

Therefore by Theorem. (4.2.10.)      is an ij-H-set and Hence   is ij-

QHC. 
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Conclusions 

  

The main purpose of the present work is the starting point for the appli-

cations of abstract topological structures in fibrewise theory by using bitopo-

logical systems. We believe that fibrewise bitopological structure will be an 

important base for modification of knowledge extraction and processing. 

 We used separation axioms concept in fibrewise bitopological space to 

introduce a new notion namely fibrewise pairwise separation axioms. The 

suggested methods of fibrewise pairwise separation axioms open way for con-

structing new types of fibrewise topologies. 

 Finally, the generalization of fibrewise bitopology in the ij-perfect 

space are introduced, we believe such generalization will be useful in compact 

bitopology, as well as soft bitopology. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

64 
 

Future Works 

 

The following are some open problems for the future works: 

            In the future we can use the concepts fibrewise bitopological spaces in 

define fibrewise soft bitopological spaces, also we can define fibrewise soft 

bitopological-   where i=1,2,3,4. On the other hand we can discuss the rela-

tion between fibrewise soft bitopological spaces and fibrewise soft j-

bitopological spaces, where   *         +. Furthermore, we will study fi-

brewise bitopological digital (resp., di, tri, nano, filte, girll, fuzzy) topological 

spaces.   
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صانًستخه

انفضاءات انحٌبٌنٌجية انثنائية في نظزية انًجًٌعات انهيفية بعض قدينا في ىذه انزسانة دراسة حٌل 

هقة بيا ًانًفاىيى الاساسية يثم انفضاءات انحٌبٌنٌجية انثنائية انهيف انقابهة نهحقطيع ًبعض اننحائج انًحع

 .انثنائية انهيف انقابهة نهحجزئة ات انحٌبٌنٌجيةً انفضاء

 T0 , T1 , R0 ضاءات انحٌبٌنٌجية انثنائية انهيفية يثمكًا ًجطزقنا نبديييات انفصم في انف

ًانفضاءات انحٌبٌنٌجية ىاًسدًرف دانيا ًانفضاءات انحٌبٌنٌجية انثنائية انهيف  ًانياًسدًرف

ً انفضاءات انًنحظًة بانكايم  انفضاءات انحٌبٌنٌجية انثنائية انهيف انًنحظًة ًانثنائية انهيف 

 انطبيعية دانيا.ً انفضاءات انحٌبٌنٌجية انثنائية انهيف انطبيعية انحٌبٌنٌجية انثنائية انهيف 

انفضاءات يفيٌو  ًانعلاقة بينو ًبينانفضاءات انحٌبٌنٌجية انثنائية انهيف ثى جناًننا يفيٌو انحزاص في  

انفضاءات انًغهقة ً انفضاءات انحٌبٌنٌجية انثنائية انهيف انصهبة انحٌبٌنٌجية انثنائية انهيف 

 ضعيفة الانغلاق.انحٌبٌنٌجية انثنائية انهيف 

انى  ية ًانًزشح انًٌجو ًاقحزاب انًزشحالاساس ًجًث دراسة يفيٌو انًزشحات ًانًزشحات كًا 

 انحٌبٌنٌجية انثنائية انهيف.انفضاءات نقطة يعينة في 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 جًهىسَح انعشاق

 وصاسج انتعهُى انعانٍ وانثحث انعهًٍ

 جايعح تغذاد

 كهُح انتشتُح نهعهىو انصشفح / اتٍ انهُثى

 لسى انشَاضُاخ

 نفضاءاخ انتىتىنىجُحدساسح تعض تعًًُاخ ا

انثُائُحانهُفُح   

 

 سسانح

 

 ، جايعح تغذاد / اتٍ انهُثى انصشفحيمذيح إنً كهُح انتشتُح نهعهىو 

 فٍ انشَاضُاخياجستُش عهىو كجضء يٍ يتطهثاخ َُم دسجح 

 يٍ لثم

 لواء علي حسين
 تإششاف

 م.د.يوسف يعكوب يوسفأ.

 

و ١٠٣۸                           ه                                   ٣٤١۹  


