Republic of Iraq
Ministry of Higher Education and Scientific Research

University of Baghdad

College of Education for Pure Sciences / Ibn Al-Haitham

Department of Mathematics

Some Types of Fibrewise Soft Topological Spaces

A Thesis

Submitted to the College of Education for Pure Sciences / Ibn Al-Haitham,
University of Baghdad as a Partial Fulfillment of the Requirements for the Degree

of Master of Science in Mathematics

By
MOHAMMED ABDUL HUSSEIN GHAFIL

B.Sc., University of Baghdad, 2015

Supervised By

Lecturer Dr. YOUSIF YAQOUB YOUSIF

2018 AC 1439 AH



sl gpad3i £l gy
lag 1232 gy $5a Y5 mlplaall jgf it
2252 W2 A KIS @@ ol L
¥ gua T 66p 11E 5 os g O
ol 34 30 4aais i s dgad ladp SI2g G2
BV AN Zypongy oig & apgll Al i pd
£rop Rl cigh 2,y iy G

sebuell Bl o

ﬁ\‘"é} el



slaa)

Sana Udpes cpallal) gig Aan 1) o ... &aY) gl .. A0LaY) (gl .. Adlasl) &y gy )

alug 4l g dle )

ot g Adlaa &) puagl Ga

Udos LSlab] apddlsy flasy! by,
laby, a>y Ls S L xogy Ls S 4ol
oy sl o 13 S 1 hgh (a5
Salo gl Sl &) JLE i )l

Oly sy Jey e daxil G301 dhaks

A5 bl b3S Lol Jas

(15) (uwdisdl oo Sl 501 &85 )
(15) <ilaay!
HA () (ol el o radg (Al (B (ad)g el e )
MR ol Aty Alad pu g dauaill g lial) aa )

f-bﬂL,JLH\g.‘ilﬁ.ua\}U‘“,SIEM\J“,J;JJ‘;SﬁﬁJAMUQSQA@P@# wie) Ga A



———| —
2 Acknowledgment S

Praise is to Allah and peace and blessings be upon his prophets and

messengers of prophet Mohammed and his family and his extend.
I would like to thank who supervised on my thesis

Lecturer Dr. YOUSIF YAQOUB YOUSIF

Doctor of pure mathematics - department of mathematics - college of

education for pure science / Ibn Al-Haitham — University of Baghdad.

I would like to thank the

All staff of the department of mathematics-college of education for pure

science / Ibn Al-Haitham — University of Baghdad.

Mohammed Abdul Hussein



—
2 Author's Publications <

[1]Y. Y. Yousif and M. A. Hussain, "Fibrewise Soft Near Topolgical
Spaces". International Journal of Science and Research (IJSR) Volume 6
Issue 2, pp.1010-1019, February (2017).

[2]Y. Y. Yousif and M. A. Hussain," Fibrewise Soft Near Separation
Axioms", The 23" Scientific Conference of Collage of Education . AL.
Mustansiriyah Universtity, pp. 400-414, 26-27April (2017).

[3]Y. Y. Yousif and M. A. Hussain," Fibrewise Soft Ideal Topological Spaces

" acceptable for publication. lbn Al-Haitham 1%. International Scientific
Conference — 2017.



Abstract

In this thesis, we introduced some types of fibrewise topological
spaces by using a near soft set, various related results also some fibrewise

near separation axiom concepts and a fibrewise soft ideal topological spaces.

We introduced preliminary concepts of topological spaces, fibrewise

topology, soft set theory and soft ideal theory.

We explain and discuss new notion of fibrewise topological spaces,
namely fibrewise soft near topological spaces, Also, we show the notions of
fibrewise soft near closed topological spaces, fibrewise soft near open
topological spaces, fibrewise soft near compact spaces and fibrewise locally

soft near compact spaces.

On the other hand, we studied fibrewise soft near forms of the more
essential separation axioms of ordinary soft topology namely fibrewise soft
near T, spaces, fibrewise soft near T, spaces, fibrewise soft near R, spaces,
fibrewise soft near Hausdorff spaces, fibrewise soft near functionally
Hausdorff spaces, fibrewise soft near regular spaces, fibrewise soft near
completely regular spaces, fibrewise soft near normal spaces and fibrewise
soft near functionally normal spaces. Too we add numerous outcomes about
it.

Finally, we introduced a notion fibrewise soft ideal topological spaces
and give the results related it to, Further we obtain some properties in the light
of the study notions fibrewise soft ideal open topological spaces, fibrewise
soft ideal closed topological spaces and fibrewise soft near ideal topological
spaces.
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soft set
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soft topological space
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soft element

soft topological space with a soft ideal 1
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projection function of product
real numbers

soft covering

fibrewise soft graph

fibrewise soft subspaces

soft diagonal

continuous function A : Hyy ¢y — [0,1]



Contents

Contents

AcKnowledgment ... ... I
AULhor's PUDLICAtIONS ... ....vii e, I
ADSIIACT ... e, i
ADDIeVIation ... ..o v
O 0] 01 (= £ \Y
List Of FigUIe. . ..voeii e VI
INErOTUCEION ..o e, VIl

Chapter 1. Preliminary Concepts

1.1. Fundamental Notions of Topological Space ................ccoevvivininn. 1
1.2. Fundamental Notions of Fibrewise Topology ............cccoviviiiinn... 3
1.3. Fundamental Notions of Soft Set Theory.............ccoveviviiiiiiiiinin, 4

Chapter 2. Fibrewise Soft Near Topological spaces

2.1. Fibrewise Soft Near Topological Spaces .............cccevviviiiniinninn.n. 12
2.2. Fibrewise Soft Near Closed and Soft Near Open Topological Spaces ...19
2.3. Fibrewise Soft Near Compact and Locally Soft Near Compact Spaces ..25

Chapter 3. Fibrewise Soft Near Separation Axioms

3.1. Fibrewise Soft Near T,, Soft Near T; and Soft Near Hausdorff spaces . 34
3.2. Fibrewise Soft Near Regular and Soft Near Normal Spaces .............. 43
3.3. Fibrewise Soft Near Compact (Resp., Locally Soft Near Compact) Spaces
and Some Fibrewise Soft Near Separation AXiOmS ..............ccevenvennnne. 54



Contents

Chapter 4. Fibrewise Soft Ideal Topological spaces

4.1. Fibrewise Soft Ideal Topological Spaces ..............cccooviviiiinnn. .63
4.2. Fibrewise Soft Ideal Closed and Soft Ideal Open Topological Spaces...69
4.3. Fibrewise Soft Near Ideal Topological spaces ..................coo.ee. .. 72

CONCIUSIONS ...t 78
FULUFE WONKS ... 79
RETEIENCES .. e 80

VI



List of Figures

List of Figures

Figure 2.1.1: Diagram of Remark 2.1.3 ............................. 13
Figure2.2.1: Diagram of Proposition 2.2.11 ........................ 23
Figure 2.3.1: Diagram of Proposition 2.3.12 ......................... 32
Figure 3.1.1: Diagram of Proposition 3.1.15......................... 41
Figure 3.3.1: Diagram of Proposition 3.3.6 ........................ 58
Figure 3.3.2: Diagram of Proposition 3.3.8 ........................ 59
Figure 4.1.1: Diagramof Remark 4.3.2 ............coeiiiiiin.n, 73

VI



Introduction

Topology is one of the most important branch in the modern
mathematics. It is interested in plastic geometrical shapes or those shapes
which are increasable or decreases with keeping some their characteristics
that can be distinguished by the continuous functions between those shapes
and those so called topology spaces. Topology interlaces in all the branches of
mathematics. The first people who introduced the term topology are Germans
in 1847 by Johan Benedict Listings. Then, the English specialists said that
topologist is every one is specialized in topology. As for the modern topology
is strongly depending on concepts groups theory that established by Georg
Ferdinand Ludwig Philipp Cantor in the end of 19" century. Topology has
many branches of them points set topology, algebra topology and geometric

topology.

The study of general topology is concerned with the category "TOP" of
topological spaces as objects and continuous mappings as morphisms. With
this in mind, a branch of general topology which has become known as
general topology of continuous mappings or fibrewise general topology
(briefly fibrewise topology), was initiated. Fibrewise topology is concerned
most of all in extending the main notions and results concerning topological
spaces to continuous mappings. 1. M. James 1989 has been promoting the
fibrewise viewpoint systematically in topology [30-31-32-33-34-35]. As a
matter of fact in many directions interests in research on fibrewise theory are
growing now. Fibrewise topological spaces theory, presented in the recent 20
years, is a new branch of mathematics developed on the basis of general
topology, algebra topology and fibrewise spaces theory. It is associated with
differential geometry, Lie groups and dynamical systems theory.

VIl



Despite of many theories such as theory of intuitionistic fuzzy sets [11],
[12], theory of vague sets [26], theory of interval mathematics [12], [27] and
theory of rough sets. There are many problems in accuracy of data in various
of medicine, geometry and social sciences. However, these theories have their
own difficulties. As a result of these problems, the Russian scientist
Molodtsov (1999) introduced a new concept of soft set theory as a
mathematical tool to process uncertainty and this theory has a rich abilities for
application in many directions and just a few showed by molodtsov in his
leading work. In 2011, Naz and Sharab [51] defined the structure of the
topology of the soft sets and studied some important properties. In addition,
Maji et al. [43] proposed several operations on soft sets, and some basic

properties of these operations have been revealed so far.

In 1933, Kuratowski studied the ideal in the topological space. This
topic has a wide scope for application in other branches of mathematics.
Scientists have continued to study this subject in recent years [37], [28], [29]
and [36].

Recently each of Hamlett, Jankovic' and Rose in (1990, 1991)
developed the theme of ideals in general topology. Future, Abd El-Monsef [2]
defined I-continuity for functions. The notion of soft ideal was first given by
R. Sahin and A. Kucuk [51]. We built on some of the results in [3], [42], [54],
[55], [56], [57], [58] and [59].

In the advanced world, there exists an appoint of view says that
Topology and its application has a big attention by the researches centers and
because of near-open sets play an important role in general topology and its
now a subject of research for many topologist around the world. We chose
some of these sets of which as far as we know did not enter in fibrewise

topological spaces up to now. Therefore, we called our thesis:



""Some Types of Fibrewise Soft Topological Spaces"
This thesis consists of four chapters:

Chapter One: We introduced some basic concepts to be used through this
thesis. These concepts are considered like a fundamental concepts in

topological space, fibrewise topology, soft set theory and soft ideal theory.

Chapter Two: We have introduced the concept of soft set in the fibrewise
topology, and we have developed new concepts in fibrewise topology called
fibrewise soft near topological spaces, fibrewise soft near closed, fibrewise
soft near open topological spaces, fibrewise soft near compact spaces and

fibrewise locally soft near compact spaces.

Chapter Three: We have identified new concepts of fibrewise soft separation
axioms called fibrewise soft near T, spaces, fibrewise soft near T; spaces,
fibrewise soft near R, spaces, fibrewise soft near Hausdorff spaces, fibrewise
soft near functionally Hausdorff spaces, fibrewise soft near regular spaces,
fibrewise soft near completely regular spaces, fibrewise soft near normal
spaces and fibrewise soft near functionally normal spaces. Also, we
demonstrated the relationship between fibrewise soft near compact (resp.,
locally soft near compact) spaces and some fibrewise soft near separation

axioms.

Chapter Four : In this chapter we introduced the concept of soft ideal in the
fibrewise topology and we have developed new concepts in fibrewise
topology called fibrewise soft ideal topological spaces, fibrewise soft closed
and fibrewise soft open ideal topological spaces. Additionally, we studied

fibrewise soft near ideal topological spaces.
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Chapter 1 Preliminary Concepts

Chapter 1

Preliminary Concepts

General topology has been considered the entrance to understand
topological sciences such as algebraic topology, geometric topology, digital
topology and differential topology. Many works have appeared recently for
example in algebra [16], [15] topology [38], [39] structure analysis [17], [18],
[40] and chemistry [52].

The concept of topological structures ([24], [53], [38]) and their
generalizations are very useful not only in theoretical studies but also in
practical applications. This chapter is divided into three sections. Section one
contains of fundamental concepts of topological space and basic definitions
about near open sets. In section two, we show the concept of fibrewise
topology. Finally, in section three we give an account of soft sets theories and

soft ideal theory.

1.1. Fundamental Notions of Topological Spaces
Some of basic concepts in topology which are useful for our study are

given in this section.

Definition 1.1.1. [24] Let H be a nonempty set and t be a collection of a
subset of H. The collection 7 is said to be a topology on H if t satisfies the
following three conditions:

@ ¢ etandH € T,

(b) 7 is closed under a finite intersection,

(c) T is closed under arbitrary union.

If T is a topology on H, then the pair (H, ) is called a topological space or
simply H is a space. The subsets of H belonging to t are called open sets in

1



Chapter 1 Preliminary Concepts

the space and the complement of the subsets of H which belongs to = are

called closed sets in the space.

Definition 1.1.2. [24] Let (H,t) be a topological space and A < H. The
closure (resp., interior) of A is denoted by CI(A) (resp., int(A)) is defined by:
Cl(A) =N{F <€ H;Fisclosedsetand A € F}
int(A) =U{0 < H;0isopensetand O € A}.

Evidently, CI(A) (resp., int(A)) is the smallest closed (resp., largest open)
subset of H which contains (resp., contained in ) A. Note that A is closed

(resp., open) ifand only if A = CI(A) (resp., int(4)).

Definition 1.1.3. [24]

(@) A function ¢ : H — K is said to be continous if the inverse image of each
opensetin K isopenin H.

(b) A function ¢ : H — K is said to be open if the image of each open set in
H isopenin K.

(c) A function ¢ : H — K is said to be closed if the image of each closed set

in Hisclosed in K.

Definition 1.1.4. A subset A of a topological space (H, ) is called
(@) a-open [48] if A < int(Cl(int(A)))

(b)semi-open [41] (briefly S-open) if A < Cl(int(A)),

(c) pre-open [44] (briefly P-open) if A < int(CL((A)),

(d) b-open [23]if A < Cl(int(A)) U int(CI(A))and

(e) popen [1] (or semi-pre-open [6]) iIf A < Cl(int(CL(A))).

Definition 1.1.5. [53] For every topological space H* and any subspace H of
H*, the function iy : H — H* define by iy (h) = h is called embedding of
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the subspace H in the space H*. Observe that iy, is continuous, since iz (U =
H n U, where U is open set in H*. The embedding iy is closed (resp., open)

Iff the subspace H is closed (resp., open).

Definition 1.1.16. [53] An open cover U = {U, | a € A} of H is shrinkable
provided an open cover V = {V,: a € A} exists with the property that Cl1(V,)

c U, for each o € A. Of course V is called a shrinking of ‘U.

1.2. Fundamental Notions of Fibrewise Topology

To begin with our work in the type of fibrewise sets over a given set,
named the base set. If the base set is denoted by B then a fibrewise set over B
consists of a set H together with a function P : H — B, named the projection
function. For all point b of B the fibre over b is the subset H, = P~1(b) of H;
fibres may be empty because we do not require P to be surjective, in addition
for all subset B* of B we consider Hg- = P~1(B*) as a fibrewise set over B*

with the projection function determined by P.

Definition 1.2.1. [30] Let H and K are fibrewise sets over B, with projections
Py :H = B and Py : K — B, respectively, a function ¢ : H — K is said to be
fibrewise if P, o d = Py, in other words if (H,) < K, for each point b of B.

Note that a fibrewise function ¢ : H - K over B determines by
restriction, a fibrewise function ¢gz- : Hg- = Kg- over B* for all subset B* of
B .

Definition 1.2.2. [30] Suppose that B is a topological space. The fibrewise
topology on a fibrewise set H over B mean any topology on H for which the

projection function P is continuous.
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1.3. Fundamental Notions of the Soft Set Theory

The soft set theory has a rich potential for applications in several
directions, a few of which had been shown by Molodtsov in his pioneer work
[45]. In this section, we will present some basic definitions, examples and

properties about a soft set theory.

Definition 1.3.1. [45] LetH be an initial universe and E be a set of
parameters. Let IP(H) denote the power set of H and A be a non-empty subset
of E. A pair (F,A) is called a soft set over H, where F is a function given by
F : A - IP(H). In other words, a soft set over H is a parameterized family of
subset of the universe H. For e€A, F(g) may be considered as the set of
€_approximate elements of the soft set (F, A).

Note that the set of all soft sets over H will be denoted by S(H).

Example 1.3.2. [45] Suppose that there are six houses in the universe H
={hy, h,, h3, hy, hs, h} under consideration, and E = {e;,e,,e3,€4,€5} IS @
set of decision parameters. The e;(i = 1,2,3,4,5) stand for the parameters
“‘expensive’’, ‘‘beautiful’”’, ‘‘wooden’’, ‘‘cheap’ and ‘‘in green
surroundings’’, respectively. Consider the function F, given by ‘‘houses (.)’’;
() is to be filled in by one of the parameters e; € E. For instance, F,(e;)
means‘ ‘houses (expensive)’’, and its functional value is the set {u € U : u is
an expensive house}. Suppose that A ={ej,e3,e,} € E and Fy(e;) =
{hy,h,}, Fy(e3) = H and F4(e,) = {h4, h3, hs}. Then we can view the soft

set (F,A) as consisting of the following collection of approximations:
(F,A) = {(e1, {hy, h4}), (€3, H), (€4, {hy, h3, hs})}.

Definition 1.3.3. [43] A soft set (F, E) over H is said to be a null soft if F(e)
= @ for all e € E and this denoted by @. Also, (F, E) is said to be an absolute
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soft set if F(e) = H, for all e € E and this denoted by H.

Definition 1.3.4. [51] The difference of two soft sets (F, E) and (G, E) over
the common universe H, denoted by (F,E) — (G,E) is the soft set (L,E)
where foralle € E,L(e) = F (e) — G(e).

Definition 1.3.5. [43]
(@) The union of two soft sets of (F, A) and (G, B) over the common universe
H is the soft set (L,C), whereC = A U Bandforalle € C,

F(e) ifee A—B
L(e) = G(e) ifeeB—-A
F(e)uG(e) ifeeANnB

We write (F,A) U (G,B) = (L, C).

(b) The intersection (L,C) of two soft sets (F,A), (G,B) over a common
universe H, denoted by (F,A) N (G,B), is defined as C = A n B, and
H(e) = F(e) n G(e)foralle € C.

Definition 1.3.6. [9] The complement of a soft set (F, E), denoted by (F, E)°,
is defined by (F,E) = (F¢,E). F¢: E —» IP(H) is a function given by F¢(e)
= H— F(e), Ve€ E. F¢ is called the soft complement function of F.
Clearly, (F€)¢ is the same as F and ((F,E))¢ = (F,E).

Definition 1.3.7. [51] Let T be the collection of soft sets over H, then 7 is said
to be a soft topology on H if
(@) &,H €t
(b) the union of any number of soft sets in 7 belongs to ¥
(c) the intersection of any two soft sets in 7 belongs to 7.
The triplet (H,%,E) is called a soft topological space over H. The

members of 7 are called soft open sets in H. Also, a soft set (F, A) is called a

5
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soft closed if the complement (F,A) ¢ belongs to %, and the family of all

closed soft sets is denoted by F.

Example 1.3.8. [51] Let H = {hy, h,, h3}, E ={ej,e;}and £ = {&, H, (F, E),
(F,,E), (F5,E), (F,, E)} where (F,E), (F,,E),(F5,E) and (F,, E) are soft
sets over H, defined as follows
Fi(e1) = {h;}, Fi(e;) = {h,},
Fy(e,) = {hy, hs}, Fy(ez) = {hy, Ry},
F3(e1) = {hy, hy}, F3(ez) = {h,},
Fy(e;) = H and Fy(ez) = {hy, hy}.
Then T defines a soft topology on H and hence (H,%,E) is a soft

topological space over H.

Definition 1.3.9. [47]

(a) A soft set (F,E) over H is said to be a soft element if Je € E such that
F(e) is a singleton, say, {h} and f(e') = @, Ve'(# e) € E. Such a soft
element is denoted by F*. For simplicity of notation we denote such soft
element as h. Let SE(H, E) be the set of all soft elements of the universal
set H.

(b) A soft set (F,E) is said to be a soft neighbourhood (briefly soft nbd) of
the soft set (L,E) if there exists a soft set (G,E) €% such that
(L,E) € (G,A) € (F,E). If (L,E) = h, then (F,E) is said to be a soft
nbd of the soft element k. The soft neighbourhood system of soft element
h, denoted by N(h), is the family of all its soft neighbourhood. The soft
open neighbourhood system of soft element h, denoted by V(h), is the
family of all its soft open neighbourhood.



Chapter 1 Preliminary Concepts

Definition 1.3.10. [51]
(@) Let (H,1,E) be a soft topological space and (F,E) be a soft set over H.

Then, the soft closure of (F,E), denoted (F,E) or CL(F,E), is defined as

the soft intersection of all soft closed super sets of (F, E).

Note that (F, E) is the smallest soft closed set that containing (F, E).

(b) Assume that H is an initial universe set, E is the set of parameters and
¥ = {®,H}. Then ¥ is called the soft indiscrete topology on H and
(H,t,E) is said to be a soft indiscrete space over H and denoted by %, -

If T is the collection of all soft sets which can be defined over H, then £ is
called the soft discrete topology on H and (H,%,E) is said to be a soft

discrete space over H, and denoted by 7;; .

Definition 1.3.11. [60] Let (H, T, E) be a soft topological space and (F, E) be
a soft set over H. Then, the soft interior of (F,E), denoted (F,E)° or
int(F, E), is defined as the soft union of all soft open sets contained in (F, E).

Clearly (F, E)° is the largest soft open set contained in (F, E).

Definition 1.3.12. [19]

(@) Let (H,T,E) be a soft topological space over H and K be a non-empty
subset of H. Then, the collection ¥, = {K 0 (F,E): (F,E) € 1} is called
a soft subspace topology on K. Hence, (K,%g,E) is called a soft
topological subspace of (H, T, E).

(b) A soft basis of a soft topological space (H,%, E) is a subcollection B of £
such that every element of T can be expressed as the union of elements of

B. Also, if the soft element of B is soft nbds then is called soft base nbds.

Definition 1.3.13. A soft set (F,E) in a soft topological space (H,%,E) is

called
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(a) Soft a-open setif (F,E) € int (Cl(int(F, E))) [4].

(b) Soft pre-open (briefly soft P-open) set if (F,E) € int(CL(F,E)) [10].
(c) Soft sime-open (briefly soft S-open) set if (F,E) € (Cl(int(F,E)) [21].
(d) Soft b-openif (F,E) € int(CL((F,E))) U Cl(int((F,E))) [6].

(e) Soft B-open setif (F,E) € Cl(int(Cl(F,E))) [10].

The complement of a soft a-open (resp., soft S-open, soft P-open, soft b-
open and soft 3-open) set is called soft a-closed (resp., soft S-closed, soft P-
closed, soft b-closed and soft B-closed) set. The family for all soft a-open
(resp., soft S-open, soft P-open, soft b-open and soft 3-open) sets of (H,7,E)
are greater than of 7 and closed under making arbitrary union. We shall call

these families soft near topology (briefly S. j-topology), where j € {«, S, P, b,
B}

Definition 1.3.14. [46] Let H and K be two non-empty sets and E be the
parameter set. Let {f, : H — K, e € E} be a collection of functions. Then a
function f : SE(H, E) — SE(K, E) defined by f(ez) = e, 5, is called a soft
function, where SE(H, E) and SE(K, E) are sets of all soft elements of the

soft sets H and K respectively.

Definition 1.3.15. [4, 6, 22] A soft function ¢ : (H,%,E) — (K,d,L) is said
to be soft near continuous (briefly S. j-continuous) if the inverse image of

every soft open set of K is a S. j-open setin H where j € {a, S, P, b, 5}.

Definition 1.3.16. [4, 22, 6, 5] A function ¢ : (H,%,E) — (K, 4, L) is said to
be
(a) Soft near-open (briefly, S. j-open) if the image of every soft open set in

H is S.j-open setin K, where j € {a,S,P,b,}.

8
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(b) Soft near-closed (briefly, S. j-closed) if the image of every soft closed set
in His S. J-closed set in K, where j € {a, S, P, b, }.

Definition 1.3.17. [22, 6] Let ¢ : (H,T,E) - (K,d,L) be a function. ¢ is
called soft near irresolute (briefly, S. j-irresolute) if the inverse image of S. j-

opensetin K is S. j-open in H, where j € {a,S,P,b,}.

Proposition 1.3.18. [4] If & : (H,T,E) = (K,4,L) is a soft pre-continuous

and soft semi-continuous, then ¢ is soft a-continuous.

Definition 1.3.19. [49] If (H, E) is a soft set, then the soft set Ay gy = {(he,
h.): h.e(H, E)} is called as the diagonal of (H,E) X (H,E). Here Ay gy =
(Ay, Ag) is defined by ((h, h), (e, €)) = (h, h)(ee) =(he, he).

Example 1.3.20. [49] Let H = {hq, h,, h3} be any set and E = {e,, e, } be a
set of parameters. In this case, the soft set (F, E) is formed by the following

soft points {hlel, hlez, hzel’ hzez, hgel, hgez}. Thus, the soft diagonal A gy
Of thIS SOft Set |S A(H,E): {(hlel’ hlel), (hlez’ hlez)’ (hzel, hzel), (hzez, hzez),

(R, s, ) (s, . hs, )}

Definition 1.3.21. [14] Let (F, E) and (G, B) be two soft sets over H, then the
Cartesian product of (F,E) and (G,B) is defined as, (F,E) X (G,B) =
(L,E X B), where L: EXB —» P(HXxH) and L(e,b) = F(e) X G(b),
where (e,b) EE X B

i.e., L(e,b) = {(h;, h;); where h; € F(e) and h; € G(b)}.

The Cartesian product of three or more nonempty soft sets can be defined
by generalizing the definition of the Cartesian product of two soft sets. The
Cartesian product (F;,E) X (F,,E) X -+ x (F,, E) of the nonempty soft sets

9
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(F,E), (F,,E),...,(F, E) is the soft set of all ordered n-tuple (hq, hy,..., hy,)
, Where h; € F;(e).

Definition 1.3.22. [13] Let {(H,, T, E;) };es be a family of soft topological
spaces. Then, the initial soft topology on H = [],es H, generated by the
family {(f,, u,)},es is called product soft topology on H. (Here, (f;-, u,) is the
soft projection function from H to H,., r € S).

The product soft topology is denoted by [1,.cs(H;, T, Ey).

Definition 1.3.23. [60]
(a) A family N of soft sets is a cover of a soft set (F, E) if
(F,E) SU{(F,,E): (F,E) EN,i € I}.
It is a soft open cover if each member of N is a soft open set. A
subcover of N is a subfamily of N which is also a cover.
(b) A soft topological space (H,%,E) is compact if each soft open cover

of H has a finite subcover.

The notion of soft ideal was first given by R. Sahin and A. Kucuk [50].
We review the basic definitions about soft ideal theory
Definition 1.3.24. [25] A soft ideal I is a nonempty collection of soft sets
over H if
(@) (F,E)€I,(G,E) C (F,E) implies (G,E) €1
(b) (F,E) €1, (G,E) €I implies (F,E) U (G,E) € I.

A soft topological space (H,,E) with a soft ideal I called a soft ideal

topological space and denoted by (H, 1, E, I).

Definition 1.3.25. [25] Let (F,E) be a soft set in an soft ideal topological
space (H,7,E,I) and (-)* be a soft operator from S(H) to S(H). Then the soft
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local function of (F,E) defined by (F,E)*(I,t) = {h:(U,E)D (F,E) &1
for every (U, E) € V(h) denoted by (F, E)* simply. Also, the soft set operator
Cl* is called a soft ~ — closure and is defined as Cl*(F,E) = (F,E) U (F,E)*
for a soft subset (F, E).

Definition 1.3.26. [7]

(a) A soft subset (F, E) of an soft ideal topological space (H, %, E,I) is a soft
I-open (briefly S.1-open) if (F,E) € int(F,E)".

(b) A soft subset (F, E) of an soft ideal topological space (H, %, E,I) is a soft
I-closed (briefly S.I-closed) if it is complement is a soft I-open.

(c) A soft function ¢ : (H,%,E,I) » (K,6,L) is said to be an soft ideal
continuous (briefly S.1-continuous) if the inverse image of every soft open
set of K is a soft I-open setin H.

(d) An soft ideal topological space (H,,E,I) is said to be a soft near I-
compact ( briefly S.j.I-compact ) if for every soft near ideal open cover (
briefly S.j.I-open cover ) {(W;, E;):i € A} of H, there exists a finite subset
A, of A such that H — {(W,,E;):i € A, }€ I, where j € {a, S, P, b, £}.[8]

Theorem 1.3.27. [7] For any soft I-open set (F, E) of a space (H,%,E, 1), we
have (F,E)* = (int(F,E)")".

Lemma 1.3.28. [7] For any soft function ¢ : (H,%,E,I) = (K,&,L), d() is

an soft ideal on K.

Definition 1.3.29. A subset S of an ideal topological space (H,t, 1) is said to
be

(@) a-l1-openset if S c int (Cl*(int(S)))[29].

(b) pre-l-open set (briefly P-l-open)if S c int(Cl*(S)) [2].

10



Chapter 1 Preliminary Concepts

(c) sime-l-open set (briefly S-l-open) if S < Cl*(int(S)) [29].
(d) b-1-open set if S < Cl*(int(S)) U int(Cl* (S)) [20].

11
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Chapter 2

Fibrewise Soft Near Topological Spaces

The soft set is one of the newly emerging concepts and plays an
important role in solving complex problems in engineering, environment and
economics. The basic idea of this chapter is to generate fibrewise topology
on the soft sets. Properties of this fibrewise soft topological spaces are studied
and several example are given. In section one we introduced a new class of
fibrewise topological spaces over B called fibrewise near topological spaces
over B and counter examples are given to illustrate these concepts. In section
two we studied the notions of fibrewise near closed and near open topological
spaces over B. The purpose of section three is to introduce the new notions of
fibrewise soft near compact and fibrewise soft locally near compact

topological spaces over B.

2.1. Fibrewise Soft Near Topological Spaces.
In this section, we give a definition of fibrewise soft near topology and its

related properties.

Definition 2.1.1. Assume that (B,,G) is a soft topological space the
fibrewise soft near topology (briefly, F.W.S. j-topological space) on a
fibrewise set H over B mean any soft j-topology on H for which the
projection function P is soft near continuous (briefly, S. j-continuous) where
j€{a,S, P,b, B}

Example 2.1.2. Let H ={hy,h,,h3}, B={ab,c}, E={e,e;}, G=
{g91,9,} and (H,% E) be a F.W.S. topological space over (B, {2, ). Define
f+H—=Band u:E - G, f(hy) ={c}, f(h) = f(hy) ={a}, u(e,) =

12
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{91} uley) = {g,}, T = {®,H, (F}, E), (F,, E)}, where (F,, E),(F,, E) are soft
sets over (H, 1, E), defined as follows:

(F1, E) ={(e1, {h1, h2}), (e2, {hs})},

(Fy, E) ={(e1, H), (2, {h3})} and

2 ={®,B,(M,6),(N,6)}, (M,6) = {(g1.{a}), (g2, {c}} and (N, &) = {(g
{a,c}), (g2, {b,cH}. It is clear that Hygy = {(e, {hy, h}), (2, {hs})} and
Hn gy = {(e1, H), (ez,{h3})} are soft j-open in (H,,E), then the projection
Pr, : (H,7,E) = (B,,G) be as. j-continuous, thus (H, 7, E) is fibrewise soft
near topological space.

Remark 2.1.3. In F.W.S. topological space we work over at soft topological
base space B, say. When B is a point-space the theory reduces to that of
ordinary soft topology. A F.W.S. topological (resp., S. j-topological) spaces
over B is just a soft topological (resp., S. j-topological) space H together with

a soft continuous (resp., S. j-continuous) projection function Pf,:(H,T,E)

— (B,f),G). So the implication between F.W.S. topological spaces and the
families of F.W.S. j-topological spaces are given in the following diagram
where j € {a,S,P, b, B}.

F.W.S. topological space
U
F.W.S. a-topological space = F.W.S. S-topological space
U U
F.W.S. P-topological space = F.W.S. b-topological space
U
F.W.S. B-topological space.

Figure 2.1.1: Implication between fibrewise soft topology and fibrewise soft j-topology, where
je{a, S, P, b, B}

The following examples show that these implications are not reversible.

Example 2.1.4. Let H =B ={a,b,c,d}, E ={ey,e5,e3}, G ={g1,92 93}
and (H,%,E) be a F.W.S. topological space over (B,(2,G). Definef: H —

13
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B and u:E - G as f(a)={b}, f(b) ={d}, f(c) ={a}, f(d)={c},
u(er) = {92} ulex) = {g1}, u(ez) = {gs}. Then T = {&,H, (F,, E), (F,, E),
F;,E), ..., (Fis, E)} where (F,E),(F,,E),(F5,E),...,(Fs, E) are soft sets
over (H, T, E), defined as follows:

(F1,E) = {(e1,{a,b}), (ez,{c}), (es,{a, c})},

(F2, E) = {(e1,{b}), (ez,{a, b}), (e3,{a, b})

(F3,E) = {(e1,{b}), (es,{a})},

(Fy, E) = {(e1,{a,b}), (ez, H), (e3,H)} ,

(Fs,E) = {(e1,{c}), (ezx{a, c}), (es, {P})},

(Fo, E) = {(ez{ch},

(F7,E) = {(e1,H), (ez,{a,c}), (e3, H)} ,

(Fg,E) = {(ez2,{a}), (es,{b})},

(Fo,E) = {(e1,{b,c}), (e, H), (e3,{a,b})},

(F10,E) = {(e1,{b,c}), (ez,{a,c}), (e3,{a, b})},

(Fi1, E) = {(eg,{a, c}), (e, {bH)},

(Fi2, E) = {(e1,{b}), (e, H), (e3,{a,b})},

(Fi3,E) = {(e1,{b}), (e2,{a}), (e3,{a, c})},

(Fi4, E) = {(e1,{a, b}), (e;,{a,c}), (e5, H)},

(Fis5, E)={(e1,{b}), (e, {c}), (e3,{a})},

2 ={®,B,(F,6)} and (F,G) = {(g1{a c d}), (g2 {ab,d}), (g3 {b d})}
and let the projection function Pg, : (H,%,E) — (B, 1, G) be a soft function.
Then (F,G) is a soft open in (B, 2, G) and H ¢y = {(e1,{a, b, c}), (s, {b,c,
d}), (es, {a, b})} is a S. a-open but not soft open in (H, 7, E). Therefore, Py, is
a S.a-continuous but not S. continuous. Thus, (H,%,E) is F.W.S. a-

topological space but not F.W.S. topological space.

Example 2.1.5. Let H =B ={a,b,c,d}, E ={ej,e3,e3}, G ={91,92, 93}
and (H,%,E) be aF.W.S. topological space over (B, {2,G). Define f : H - B

14
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and u: E = G as f(a) ={b}, f(b) ={d), f(c) ={a}, f(d) ={c}, f (b) =
{d}, u(ey) = {g,}, u(e;) = {g1}, u(es) = {g3}. Let us consider the F.W.S.
topological space (H,%,E) over (B,f2,G) given in Example (2.1.4); that is,
t={®,H,(F,E),(F,E),(F5,E), ..., (Fi5,E)}, 2 = {®,B,(M,G)} and (M, G
) = {(g3,{d})} and let the projection function Pg, : (H,%,E) - (B,2,G) bea
soft function. Then (M, G) is a soft open in (B, 2, G) and Hy ¢y = {(es, {b})}
is a S. P-open but not S. a-open in (H,%,E). Therefore, Pr, is a S. P-
continuous but not S. a-continuous. Thus, (H,%,E) is F.W.S.P-topological

space but not F.W.S.a-topological space.

Example 2.1.6. Let H =B ={a,b,c,d}, E ={ej,e;,e3}, G ={91,92 93}
and (H,%,E) be a F.W.S. topological space over (B,,G). Define f : H > B
and w:E - G as f(a) ={d}, f(b) ={d},f(c) ={a}, f(d) = {c}, u(e;) =
{g.}, u(e;) ={g1},u(e3) = {g3}. Let us consider the F.W.S. topological
space (H,%,E) over (B,2,G) given in Example (2.1.4); that is, ¥=
{®,H,(F,E),(F,,E),(F3,E), ..., (Fi5,E)}, 2={®$,B,(J,6)} and (J,G)
= {(91,{d}), (g2,{d}), (g3, {b,d})} and let the projection function Py, :
(H,%,E) - (B, ,G) be asoft function. Then (J, ¢) is a soft open in (B, 2, G)
and Hy; ¢y = {(e1, {b}), (e2,{c}), (e3s,{a,c})} is a S. a-open but not soft open
in (H,,E). Therefore, Pr, is a S. S-continuous but not S. a-continuous. Thus

(H,,E) is FW.S. S-topological space but not F.W.S. a- topological space.

Example 2.1.7. Let H =B ={a,b,c,d}, E ={ej,e5,e3}, G ={91,92, 93}
and (H, % E) be a F.W.S. topological space over (B,,G). Define f : H - B
and u: E - G as f(a) =1{b}, f(b) = {d}, f(c) = {a}, f(d) = {c}, u(es
) ={g,},u(e;) = {g:}, u(es) = {gs}. Let us consider the F.W.S. topological
space (H,% E) over (B,,G) given in Example (2.1.4); that is, ¥ = {®,H,
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(Fy, E), (Fy, E), (F3,E), ..., (Fi5, E)}, 2= {®,B,(0,6)} and (0,6) = {(g1,{
a,b,c}), (g2 {d}), (gs,{c,d})} and let the projection function P, :
(H,%,E) > (B,,G) be a soft function. Then (0,G) is a soft open in
(B,2,G) and Hip gy = {(ez,{c,a,d}), (e;,{b}), (e3,{d, b})} is a S. b-open but
not S. S-open in (H,%,E). Therefore, Py, is a S. b-continuous but not S. S-
continuous. Thus, (H,%,E) is F.W.S. b-topological space but not F.W.S. S-

topological space.

Example 2.1.8. Let H =B ={a,b,c,d}, E ={ej,e;,e3}, G ={91,92 93}
and (H,%,E) be a F.W.S .topological space over (B,,G). Define f : H > B
and u:E—->G as f(a)={b},f(b) ={d},f(c) ={a}, f(d) ={c}, ule,)
{g.}, u(e;) ={g,1}, u(es) ={gs}. Let us consider the F.W.S. topological
space (H,t,E) over (B,,G) given in Example (2.1.4); that is, ¥ = {®, H, (
F.E), (Fy,E), (F3,E), ..., (Fis, E)}, 2 = {®,B,(N,G)}and (N,G) = {(g4,{a,
{b}), (g2, {c,d}),(g3,{a,b,d})} and let the projection function P, :
(H,%,E) - (B,2,G) be a soft function. Then (N,G) is a soft open in
(B,02,G) and Huy ¢y = {(e,{a, c}), (e1,{d, b}), (e3,{c,a,b})}. is a S. b-open
but not S. P-open in (H,t, E). Therefore, Pr, is a S. b-continuous but not S.
P-continuous. Thus, (H,,E) is F.W.S. b-topological space but not F.W.S. P-

topological space.

Example 2.1.9. Let H =B ={a,b,c,d}, E ={es,e;,e3}, G ={91,92 93}
and (H,%,E) be a F.W.S topological space over (B,,G). Define f : H > B
and u: E - G as f(a) = {b}, f(b) ={d}, f(c) = {a}, u(er) = {g2}, u(e;
) ={g1}, u(es) = {g3}. Let us consider the F.W.S. topological space (H,%,E
) over (B, {2, G) given in Example (2.1.4); that is, ¥ = {®, H, (F,,E), (F,, E), (
F5,E), .., (F15, E)}, 2 = {®,B,(L,G)} and (L, G) = {(g1,{a, b}), (g2, {c,d}),
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(g3,{a, b,d})} and let the projection function P, : (H,%,E) — (B,2,G) bea
soft function. Then (L,G) is a soft open in (B,Q2,G) and Hyg =
{(e1,{a,b}), (ey,{c,d}),(e3,{a,c,d})} is a S. B-open but not S. b-open in
(H,T,E). Therefore, Pr, is a S. f-continuous but not S. b-continuous. Thus,

(H,%,E) is FW.S. p-topological space but not F.W.S. b-topological space.

Proposition 2.1.10. A fibrewise soft set is F.W.S. a-topological space iff it is
F.W.S. S-topological space and F.W.S. P-topological space.
Proof . () Let (H,%,E) be a FW.S. S-topological space and F.W.S. P-

topological space over (B,ﬁ, G) then the projection function Pr,, : (H,%,E) -
(B,2,G) exists. To show that Py, is S. a-continuous. Since (H,% E) is
F.W.S. S-topological space and F.W.S. P-topological space over (B,ﬁ,G),
then Py, is S. S-continuous and S. P-continuous then Pg, is S. a-continuous
by proposition (1.3.18). Thus, (H,%,E) is F.W.S. a-topological space over
(B,2,6).

(=) Itobvious.

The fibrewise function and soft function is called fibrewise soft
function.

Let ¢ : (H) — (K, G, L) be a fibrewise soft function, (H) is a fibrewise
set and (K,&,L) is a fibrewise topological space over (B,,G). We can
give (H, %, E) the induced (resp., j-induced) soft topology, in the ordinary
sense, and this is necessarily a F.W.S. topology (resp., j-topology). We may
refer to it, as the induced (resp., j-induced) F.W.S. topology, where j €

{a,S,P, b, 5}, and note the following characterizations.
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Proposition 2.1.11. Assume that ¢ : (H,%,E) — (K, d,L) is a fibrewise soft
function, (K, &, L) a F.W.S. topological space over (B, 2, G) and (H, %, E) has
the induced F.W.S. topology. Then for each F.W.S. topological space
(Z,7, M), a fibrewise soft function y: (Z,7,M) = (H,,E) is S. J-continuous
Iff the composition oy : (Z,¥,M) — (K,G,L) is S. j-continuous, where
j€{a S P,b,L}

Proof. (=) Suppose that 1 is S. j-continuous. Let Z € Z;, where b € (B, G)
and (N, L) soft open set of (¢ o) (2)=k € K; in (K,5,L). Since ¢ is S.
continuous, then ¢~*(N, L) is a soft open set containing y(2) = h € H; in
(H,%,E). Since ¥ is S. j-continuous, then Y ~1(¢~1(N,L)) is a S. j-open set
containing Z € Z; in (Z,7,M) and "2 (¢"1(N,L) = (o) }(N,L) isaS.
j-open set containing Z € Z; in (Z,7, M), where j € {a,S,P, b, B}.

(<) Suppose that ¢ o i is S. j-continuous. Let Z € Z;, where b € (B, G) and
(F,E) soft open set of ¥(2) = h € H; in (H, % E). Since ¢ is open, &(F, E) is
a soft open set containing d(h) = d(y(2)) =k € K;in (K, &, L). Since ¢ o
is S. j-continuous, then (¢ o)~ ($(F,E)) = Y~ 1(F,E)is a S. j-open set
containing Z € Z; in (Z,7, M), where j € {a,S,P, b, B} .

Proposition 2.1.12. Let ¢ : (H,%,E) — (K, 6, L) be a fibrewise soft function,
(K,&,L) is a F.W.S. topological space over (B,,G) and (H,%, E) has the j-
induced fibrewise soft topology. If for each F.W.S. topological space
(Z,7, M), a fibrewise soft function y: (Z,7,M) = (H, T, E) is soft j-irresolute
iff the composition ¢y : (Z,7,M) = (K,G,L) is S. j-continuous, where
j€{a,S,P,b,f}

Proof . The proof is like to previous Proposition.

Proposition 2.1.13. Let ¢ : (H,%,E) — (K, 6, L) be a fibrewise soft function,
(K,5,L) is a F.W.S. topological space over (B,f,G) and (H,% E) has the
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induced fibrewise soft topology. If for each fibrewise soft topological space
(Z,7,M), a fibrewise soft function y : (Z,¥,M) — (H,%,E) is a soft open,
surjective iff the composition d oy : (Z,7, M) — (K, 6, L) is a soft open.
Proof . The proof is like to the proof of Proposition (2.1.11).

2.2. Fibrewise Soft Near Closed and Soft Near Open Topological Spaces.
In this part, we explain the ideas of fibrewise soft near closed and soft
near open topological spaces. Several topological properties on the obtained

concepts are studied.

Definition 2.2.1. A F.W.S. topological space (H, %, E) over (B, 2, G) is called
fibrewise soft j-closed (briefly, F.W.S. j-closed ) if the projection function
Pr,is S. j-closed, where j € {a, S, P, b, B}.

Example 2.2.2. Let H = {hy,h,}, B ={a,b}, E = {ey,e,}, G = {g:1,9,} and
(H,%,E) be a F.W.S. topological space over (B, ,G). Define f : H —» B and
u:E — G, such that f(hy) ={b}, f(h,) ={a}, u(e;) ={g1}, uley) =
{g,}. T ={®,H,(F,E)}, F={H &, (Ft E)} where (F,,E) is soft sets over
(H,1,E), defined as follows:

(F1, E) ={(e1, {h1}), (ez, {h2 ]},

(Ff,E) = {(e1, th2}), (2, {h1 D},

2 ={®,8M,6)} 7={2B5 M"&}and (M,G6) = {(g:,{a}), (g2, {b}.
It is clear that Pr, (Ff,E) = {(g1,{a}), (g2, {b})} is closed set in (B,2,6),
then the projection Py, : (H,T,E) — (B, ,G)be aSs. closed, thus (H, %, E) is
F.W.S. closed.

Proposition 2.2.3. Let d : (H,7,E) — (K, &, L) be a soft closed fibrewise soft

function, where (H, %, E) and (K, &, L) are F.W.S. topological spaces over (B,
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2,6). If (K,&,L) is FW.S. j-closed, then (H, %, E) is F.W.S. j-closed, where
j€{a S, P,b, L[}

Proof. Suppose that ¢ : (H,%,E) — (K,d,L) is a soft closed fibrewise soft
function and (K, 4, L) is F.W.S. j-closed i.e., the projection function Py (4q) :
(K,6,L) — (B,,G) is S. j-closed. To show that (H, %, E) is F.W.S. j-closed
i.e., the projection function Py s,y @ (H,%,E) - (B,Q,G) is S. j-closed. Now
let (F,C) be a soft closed subset of Hz, where b € (B, G), since ¢ is a soft
closed, then ¢(F, C) is a soft closed subset of K. Since Py 4q) is S. j-closed,
then Pyay(®(F,C)) is S. jclosed at(B,2,G), but Pga(d(F,C)) =
(Pk(qay© ®)(F, C) = Py(pyy(F,C) is S. j-closed in (B, {2, G). Thus, Py sy is
S. j-closed and (H, 7, E) is F.W.S. j-closed where j € {a, S, P, b, 5}.

Proposition 2.2.4. Let (H, %, E) be a F.W.S topological space over (B, 2, G).
Assume that (H;, E;) is F.W.S. j-closed for all member (H;, E;) of a finite soft
covering of (H,%,E). Then (H,,E) is FW.S. j- closed.

Proof. Let (H,%, E) be a F.W.S. topological space over ( B,,G), then the
projection function Pr,: (H,%,E) - (B, {2, G) exists. To show that Pf,, is S. j-
closed. Now, since (H;, E;) is F.W.S. j-closed, then the projection function
Piruy ¢ (H;, Ty, E)) = (B,Q,G) is S. j-closed for all member (H;,E;) of a
finite soft covering of (H, %, E). Assume that (F,C) is a S. j-closed subset of
(H,%,E), then Pq,(F,C) =0 ((H;, E;) A (F,C)) which is a finite union of
soft closed sets and hence Pr, is S. j-closed. Thus, (H,T,E) is FW.S. |-
closed, where j € {a, S, P, b, B}.

Proposition 2.2.5. Let (H, 7, E) be a F.W.S. topological space over (B,f), G).
Then (H,%,E) is FW.S. j-closed iff for all fibre soft (Hj, Ej) of (H,%,E)
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and all soft open set (F, E) of (H, E) in (H, T, E), there exists a S. j-open set
(F,G) of b such that (H ¢y, Egry) € (F,E), where j € {a,S, P, b, B}.
Proof : (=) Suppose that (H,%,E) is FW.S. j-closed i.e., the projection
function Py, : (H,%,E) - (B,Q2,G) is S. j-closed. Now, let b € (B,G) and
(F,E) a soft open set of (H;, E) in (H,%,E), then (H,E) — (F,E) is a soft
closed in (H,%,E), this implies P, ((H,E) — (F,E)) is S. j-closed in
(B,2,G), let (F,G) = (B,G) — Pr,((H,E) — (F,E)), then (F,G) aS. j-open
set of b in (B,{2,6) and (Hrg), Erp)) = Hirpy = (H,E) = Hp . (1.5)-(F.6)
c (F,G),wherej € {a,S,P,b,F}

(&) Suppose that the assumption hold and Py, : (H,%,E) — (B, {2, G). Now,
let (F,C) be a soft closed subset of (H,%,E) and b € (B,G) — Ps, (F,C) and
each soft open set (F,E) of fibre soft (H;, E;) in (H,%,E). By assumption
there exists a S. j-open (F,G ) of b such that (Hir 6y Ergy)) € (F,E). It is
easy to show that (F, G) € (B, G) — Py, (F, (), hence (B,G) — Py, (F,L) is S.
j-open in (B, 2, G) and this implies Py, (F, L) is S. j-closed in (B, 2, G) and
P, is S. j-closed. Thus, (H,%,E) is F.W.S. j-closed, where j € {a,S, P, b, 5}.

Definition 2.2.6. A F.W.S. topological space (H, %, E) over (B, ), G) is called
a fibrewise soft near open (briefly, F.W.S. j-open) if the projection function

Py, is S. j-open, where j € {a,S,P,b,}.

Example 2.2.7. Let H = {h,,h,}, B = {a, b}, E = {e;,e,}, G = {g,,9,} and
(H,% E) be a F.W.S. topological space over (B, {2,G). Define f : H —» B and
u:E — G, such that f(hy) = {b}, f(hy)={a}, ule;) ={g1} uley) =
{g,}, T = {®,H, (F,E)}, where (F,,E) is soft sets over (H,%,E), defined as
follows:

(F1, E) ={(e1, {h1}), (ez, {h2 D},
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) = {(g4,{ad), (g,,{b})} is soft open (B, 2, G), then the projection function
Pry i (H,T,E) » (B,,G) be aS. open, thus (H, %, E) is F.W.S. open.

Proposition 2.2.8. Let ¢ : (H,7,E) = (K,6,L) be a soft open fibrewise
function, where (H,%,E) and (K,d,L) are F.W.S. topological spaces over
(B,0,6).If (K,5,L) is F.W.S. j-open, then (H, %, E) is F.W.S. j-open, where
j€{a, S P, b,p}.

Proof. Suppose that ¢ : (H,%7,E) - (K,6,L) is an open fibrewise soft
function and (K, d,L) is F.W.S. j-open i.e., the projection function Py 44 :
(K,6,L) » (B,,G) is S. j-open. To show that (H, %, E) is F.W.S. j-open i.e.,
the projection function Py @ (H,%,E) - (B,£,G) is S. j-open. Now let
(F,E) be a soft open subset of Hz, where b € (B, G), since ¢ is a soft open,
then ¢(F,E) is a soft open subset of K, since Pg,q) is S. j-open, then
Pxqay(®(F,E)) is S. j-open in (B,0,G), but Pgga)(®(F, E)) = (Px(qay ©
®)(F,E) is S. j-open in (B, 2, G). Thus, Py(ruy 1s S. j-open and (H,7,E) is
F.W.S. j-open, where j € {a, S, P, b, 5}.

Proposition 2.2.9. Assume that (H,, ,, E;-) is a finite family of F.W.S. j-open
spaces over (B,f,G). Then the F.W.S. topological product (H,% E) =
[1z(H,,T,, E,) isand F.W.S. j-open, where j € {a, S, P, b, 5}

Proof. Let (H,, %, E,) be a finite family of F.W.S. j-open. Suppose that
(H,%,E) = [Iz(H,, %, E,) is a F.W.S. topological space over (B, 2, G), then
P, : (H,%,E) - (B,{,G) is exists. To show that Py, is S. j-open. Now, since
(H,,%,, E,) be a finite family of F.W.S. j-open spaces over (B, 2, G), then the
projection function Py sy : (Hy, %, E,) = (B,£,G) is S. j-open for each r.
Let (F,C) be a soft open subset of (H,%,E), then Pr, (F,C) = Ps,(I15(H,,
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E.) 0 (F,E))) = [1p Pry ((Hy, E;) 0 (F,C)) which is a finite product of S. j-
open sets and hence Pr, is S. j-open. Thus, the F.W.S. topological product
(H,t,E) =1lg(H,, T,,E,) isaF.W.S. j-open, where j € {a, S, P, b, B}.

Remark 2.2.10. If (H,%,E) is F.W.S. open (resp., F.W.S. j-open) then the
second projection m,: (H,%,E) X5 (K,6,L) — (K, &,L) is a soft open (resp.,
S. j-open) for all F.W.S. topological space (K, d,L). Because for every non-
empty soft open (resp., soft open, S. j-open and S. j-open) set
(F,E) x5 (F,L) € (H,%,E) xg (K,5,L), we have m,((F,E) xp (F,L)) =
(F,L) is a soft open (resp., S. j-open, soft open and S. j-open), where j €

{a,S,P,b, 3} . We will use this in the proof of the following results.

Proposition 2.2.11. Let ¢ : (H,%,E) — (K, &, L) be a fibrewise soft function,
where (H,%,E) and (K,&,L) are F.W.S. topological spaces over (B,£,G).
Let idy x b : (H,%T,E) Xg (H,T,E) » (H,%T,E) Xg (K,6,L). If idy X ¢ is a
soft open, (H,%,E) is FW.S. open and (K, 4,L) is FW.S. j-open. Then ¢ it
self is S. j- open, where j € {a,S,P, b, 5}.

Proof. Consider the following commutative figure.

idy X o -
HXBH ,HXBK
nzl U
¢
H > K

Figure2.2.1: Diagram of Proposition 2.2.11.

The projection function on the left is surjective and S. j-open, since (K, d,L)
is F.W.S. j-open, while the projection function on the right is S. j-open, since
(H,%,E) is F.W.S. j-open. Therefore, m, o (idy X ) = ¢ om, is S. j-open,
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and so ¢ is S. j-open, by Proposition (2.2.8) as asserted, wherej €
{a,S,P,b,B}.

Proposition 2.2.12. Assume that ¢ : (H,%,E) — (K, d,L) is a S. j-continuous
fibrewise surjection, where (H,%,E) and (K,d,L) are F.W.S. topological
spaces over (B, 2,G). If (H,%, E) is F.W. j-closed (resp., F.W.S. j-open), then
(K,d,L) is so, where j € {a, S, P, b, B}.

Proof. Suppose that ¢ : (H,%,E) —» (K,d,L) is S. j-continuous fibrewise
surjection and (H,%,E) is FW.S. j-closed (resp., F.W.S. j-open) i.e., the
projection function Pyfy) : (H,T,E) - (B,,G) is S. j-closed (resp., S. j-
open). To show that (K, &, L) is F.W.S. j-closed (resp., F.W.S. j-open) i.e., the
projection function Py 4q) : (K,6,L) = (B, 2,G) is S. j-closed (resp., S. j-
open). Let (G,E) be a soft closed (resp., soft open) subset of K, where
b € (B,G). Since ¢ is a soft continuous fibrewise, then d~*(G, E) is a soft
closed (resp., soft open) subset of Hj. Since Py sy, is S. j-closed (resp., S. j-
open), then (Py(ru)(d(G,E))) is S. j-closed (resp., S. j-open) in (B,f),G).
But Pyruy)(d(G,E)) = (Puruy0d) (G, E) = Pkqa)(G,E) is S. j-closed
(resp., S. j-open) in (B, 2, G). Thus Pg(qq) is S. j-closed (resp., S. j-open) and
(K,é,L) is FW.S. j-closed (resp., F.W.S. j-open), where j € {a, S, P, B, b}.

Proposition 2.2.13. Let (H,%,E) be a F.W.S. topological space over
(B, 2, G). Suppose that (H, %, E) is F.W.S. j-closed (resp., F.W.S j-open) over
(B,2,G). Then (Hy+, T5+, Eg+) is F.W.S. j-closed (resp., F.W.S. j-open) over
(B*, ", G*) for each subspace (B*,2%,G*) of (B,{2,G), where j € {a,S, P, b,
B}.

Proof. Suppose that (H,%,E) is a F.W.S. j-closed (resp., F.W.S. j-open) i.e.,
the projection function P, : (H,%,E) » (B,£,G) is S. j-closed (resp., S. j-
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open). To show that (Hg«, Tg+, Eg+) IS F.W.S. j-closed (resp., F.W.S. j-open)
over (B*,2%,G*) ie., the projection function Pg:(ry : (Hp+, Tp+, Egr) -
(B*,02%,G*) is S. j-closed (resp., S. j-open). Now, let (N, E) be a soft closed
(resp., soft open) subset of (H, %, E), then (G,E) N (Hg+, Eg+) is a soft closed
(resp., soft open) in subspace (Hg+, Tp+, Eg+) and Pp«(£,,y((G, E) N (Hg+, Eg+)
= Pr,((G,E) N (Hp+, Eg+) = Pp,((G,E) 0\ (Hp+, Eg) = Py (G, E) 0 (B*,G¥)
which is S. j-closed (resp., S. j-open) set in (B*,02*,G*). Thus Pp+(fuy 18 S. -
closed (resp., S. j-open) and (Hg-, Tg+, Eg+) IS F.W.S. j-closed (resp., F.W.S. j-
open) over (B*,2*,G*), where j € {a,S,P,b, B} .

2.3. Fibrewise Soft Near Compact and Locally Soft Near Compact
Spaces.

In this section, we study fibrewise soft near compact and fibrewise
locally soft near compact spaces as a generalizations of well-known concepts

soft near compact and locally soft near compact topological spaces.

Definition 2.3.1. The function ¢ : (H,%,E) = (K,d,L) is called a soft near
proper (briefly S. j-proper) function. If it is S. j-continuous, soft closed and

for each (k) € K, =1 (k) is soft compact set, where j € {a,S, P, b, 8} .

For example, let (R, %, E) where T is the soft topology with soft basis
whose members are of the formula (a, b) and (a,b) — N, N = {1\n;n € Z*}
and E = N. Define ¢ : (R, 7,E) - (R,%,E) by d (F,E)=(F,E), then ¢ is S.
j-proper function, where j € {a, S, P, b, 5} .

If a function ¢ : (H,7,E) = (K,4,L) is a fibrewise and S. j-proper
function, then ¢ is said to be fibrewise S. j-proper function, where j €
{a,S,P,b,B}.
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Definition 2.3.2. The F.W.S. topological space (H,%E) over (B,,G) is
called a fibrewise soft j-compact (briefly, F.W.S. j-compact) if the projection

function Py, is S. j-proper, where j € {a, S, P, b, B}.

Proposition 2.3.3. The F.W.S. topological space (H,t,E)over (B,2,G) is
F.W.S. j-compact iff (H, T, E) is a fibrewise soft closed and every fibre soft of
(H,t,E) is a soft compact, where j € {a,S,P,b, B}.

Proof. (=) Let (H,%,E) be a F.W.S. j-compact space, then the projection
function P, : (H,T,E) — (B,Q,G) is S. j-proper function i.e., Pf,, is a soft
closed and for all b € (B,G), Hj is a soft compact. Hence (H,%E) is a
fibrewise soft closed and every fibre soft of (H, 7, E) is a soft compact, where
j€{a,S,P,b,p}

(&) Let (H,1,E) be F.W.S. closed and every fibre soft of (H, %, E) is a soft
compact, then the projection function Py, : (H,%,E) — (B,2,G) is a soft
closed and it is clear that P, is S. j-continuous, and for all b € (B,G), Hsisa

soft compact. Hence (H, %, E) is F.W.S. j-compact, where j € {a, S, P, b, 5}.

Proposition 2.3.4. Let (H, %, E) be a F.W.S. topological space over (B, ,G).
Then (H,%,E) is FW.S. j-compact iff for all fibre soft H; of (H,%,E) and
each soft covering I of Hj by soft open sets of H there exists a soft nbd
(N, G) of b such that a finite soft subfamily of I; soft covers Hy ¢y, Where
j€{a,S,P,b,p}

Proof . (=) Let (H,%,E) be a F.W.S. j-compact space, then the projection
function P, : (H,T,E) — (B,0,G) is S. j-proper function, so that H; is soft
compact for all b € (B, G). Assume that Ij; is a soft covering of Hj in soft

open sets of H forall b € (B,G) and let Hgy s = U Hj forall b € (N,G) .
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Since Hj is soft compact for each b € (N, G) € (B, G) and the union of soft

compact sets is a soft compact, we have Hy ¢ is a soft compact. Thus, there
exists a soft nbd (N, G) of b such that a finite soft subfamily of Iy soft covers
Hy ¢y, Where j € {a,S,P, b, B}.

(<) Let (H,%,E) be F.W.S. topological space over (B,{2,G), then the
projection function Py, : (H,%,E) - (B, £, G) exist. To show that Py, is S. j-
proper. Now, it is clear that Py, is S. j-continuous and for all b € (B,G), Hg is
a soft compact by take H; = Hy ¢y. By Proposition (2.2.4), we have Py, is
soft closed. Thus, Pf,, is S. j-proper and (H, %, E) is F.W.S. j-compact, where
j€{a,S,P,b,p}

Proposition 2.3.5. Let ¢: (H,%,E) - (K,4,L) be a j-proper, j-closed
fibrewise soft function, where (H,%,E) and (K, &,L) are F.W.S. topological
spaces over (B,2,G). If (K,4,L) is F.W.S. j-compact, then (H,%,E) is so,
where j € {a,S,P, b, B}.

Proof. Suppose that ¢ : (H,7,E) = (K, &,L) is a j-proper, j-closed fibrewise
soft function and (K,d,L) is F.W.S. j-compact space i.e., the projection
function Py (4q) : (K,G,L) — (B,,G) is a j-proper. To show that (H, %, E) is
F.W.S. j-compact space i.e., the projection function Pysyy:(H,T,E) —
(B,0,G) is S. j-proper. Now, clear that Py(fyy 1 S. j-continuous, assume that
(F,L) is a soft closed subset of H;, where b € (B,G). Since ¢ is a soft

closed, then ¢ (F,L) is a soft closed subset of Kj. Since P44y is a soft
closed, then Pga(d(F,L)) is a soft closed in (B,02,G). But
Prqay(®(F, L)) = (Prqay0o &) (F,L) = Py(puy(F,L) is soft a closed in
(B, 2, G) so that Py sy Is a soft closed. Let b € (B,G), since Py(qa) 18 S. j-
proper, then K is soft compact. Now let {(F,E);:i € I} be a family of S. j-
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open sets of (H,%,E) such that K; & U;; (F,E); . If k € K, then there exist
a finite subset N (k) of I such that ™' (k) & Ujey(z) (F, E);. Since ¢ is S. j-
closed function, so by Proposition (2.2.5) there exists a S. j-open set (M, L)
of (K, &, L) such that k € (M, L) and ~*((M,L)3) € Usen(s) (F, E);. Since
K; is a soft compact, there exist a finite subset C of Kj such that
K5 € Ugee (M, L)z Hence  &7(Kp) EUree (M, K)g CUrecUien(r)

(F,E);. Thus if N =Uge: N(k), then N is a finite subset of 1 and ¢~ (Kj) €

Uien (F,E)D). Thus &' (K5) = 7 (Pegyay (B)) = (Pecaarod) " (B) =
Pg(lfu)(l;) = Hj; and H; € Uiey (F,E); so that Hj is a soft compact. Thus,
Pysuy is S. j-proper and (H,%,E) is a F.W.S. j-compact, where j €
{a,S,P,b,B}.

The class of F.W.S. j-compact spaces is multiplicative, where j €
{a,S,P,b,B}, inthe following sense :
Proposition 2.3.6. Let (H,,,,E,) be a family of F.W.S. j-compact spaces
over (B, 2, G). Then the F.W.S. topological product (H,% E) = [Iz(H,, %,
E,) is F.W.S. j-compact, where j € {a, S, P, b, B}.
Proof., Without loss of generality, for finite products a simple argument can
be used. Thus, assume that (H,%,E) and (K,d,L) are F.W.S. topological
spaces over (B,,G). If (H,% E) is F.W.S. j-compact, then the projection
function P,y X idg: (H,%,E) X5 (K,6,L) = (K, 6,L) is S. j-proper. If (K, G,
L) is and F.W.S. j-compact, then so is (H,%,E) X (K, d,L), by Proposition
(2.3.5), where j € {a, S, P, b, B}.

A similar result holds for finite coproducts.
Proposition 2.3.7. Assume that (H,7,E) is F.W.S. topological space over
(B, 2, G). Suppose that (H;, E;) is F.W.S. j-compact for all member (H;, E;) of
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a finite soft covering of (H,%,E). Then (H,%,E) is F.W.S. j]-compact, where
j€{a, S P,b,L}

Proof. Let (H,%,E) be a F.W.S. topological space over (B,{2,G). Now, the
projection function Py, : (H,T,E) — (B, 1, G) exist. To show that P, is S. -
proper. Now, it is clear that Py, is S. j-continuous. Since (H;, E;) is F.W.S. j-
compact, then the projection function P;(z,,y: (H;, E;) — (B, G) is a soft closed
and for all b € (B, G), (Hiz;'Eiz;) Is soft compact for all member (H;, E;) of a
finite soft covering of (H, 7, E). Assume that (F, L) is a soft closed subset of
(H,%,E), then Py, (F,L) =0 Pz, ((H;, E;) 0 (F, L) which is a finite union
of soft closed sets and hence P, is a soft closed. Assume that b € (B,G),
then H;=U (H;); which is a finite union of soft compact sets and hence Hj is
a soft compact. Thus, Pr, is S. j-proper and (H,7,E) is F.W.S. j-compact,
where j € {a,S,P, b, B}.

Definition 2.3.8. A F.W.S. topological space (H, %, E) over (B, , G) is called
fibrewise soft j-irresolute (briefly, F.W.S. j-irresolute) if the projection

function Py, is S. j-irresolute, where j € {a, S, P, b, B}.

Proposition 2.3.9. Assume that ¢ : (H,%,E) —» (K,d,L) is a S. j-continuous,
S. j-irresolute fibrewise surjection, where (H,%,E) and (K, &,L) are F.W.S.
topological spaces over (B, ,G). If (H,%,E) is F.W.S. j-compact, then (K, &,
L) isso,wherej € {a,S,P,b,B}.

Proof. Suppose that ¢ : (H,%,E) = (K,4,L) is a S. j-continuous, S. j-
irresolute fibrewise surjection and (H,%,E) is a F.W.S. j-compact i.e., the
projection function Py s,y (H,T,E) — (B,Q,G) is aS. j-proper. To show that
(K,6,L) is FW.S. j-compact i.e., the projection function Py 44): (K, ,L) —

(B,0,G) is S. j-proper. Now, it is clear that Pk (qay 18 S. j-continuous. Assume
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that (F,L) is a closed subset of Kz, where b € (B,G). Since ¢ is S. j-
continuous F.W.S. topological space over (B,fé, G), then ¢~1(F,L) is a soft
closed subset of Hy. Since Py f,, is soft closed, then PH(fu)(cp‘l(F, L)) IS a
soft closed in (B,0,G). But Pygy(d*(F,L)) = (Pycruy° d7*)(F, L)
= Pyqay(F, L) is a soft closed in (B, £, G), hence Py 4q) is a soft closed. For
any b € (B,G), we have K; = ¢(H ;) is a soft compact because Hj is a soft
compact and the image of a soft compact subset under S. j-irresolute function
is a soft compact. Thus, Pgq) is S. j-proper and (K,d,L) is FW.S. j-
compact, where j € {a, S, P, b, B}.

Proposition 2.3.10. Let (H,,E) be F.W.S. j-compact space over (B, 2, G).
Then (Hg:, 5+, Eg+) is F.W.S. j-compact space over (B*,2*,G*) for all soft
subspace (B*,2*,G*) of (B, ,G), where j € {a, S, P, b, B}.

Proof. Suppose that (H, %, E) is F.W.S. j-compact i.e., the projection function
Py, : (H,%,E) - (B,Q2,G) is S. j-proper. To show that (Hg-, ¥+, Ep-) is
F.W.S. j-compact space over (B*,fz*,G*) i.e., the projection function
Ppe(ruy * (Hp+, Tp+, Eg:) = (B*,02*,G*) is S. j-proper. Now, it is clear that
Pp«(ryy is S. j-continuous. Assume that (F,L) is a soft closed subset of
(H,%,E), then (F,L) N (Hg~, Eg+) is a soft closed in a soft subspace (Hg+, Tg*
,Eg+) and Py ((F,L) A (Hp+, Eg+)) = Pp, (F,L) A1 (B*,G*) which is soft
closed set in (B*,Q2%,G*), hence Pg+(ryy is a soft closed. Let b € (B*,G"),
then (Hg-);=Hj; N Hg- which is a soft compact set in (Hg+, Eg+). Thus,
Pg(ryy is S. j-proper and (Hg+,Tp+, Eg-) is F.W.S. j-compact over
(B*,0%,G*), where j € {a,S,P, b, 5}.
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Proposition 2.3.11. Let (H,%,E) be a F.W.S. topological space over
(B,Q2,G). Suppose that (Hp, Ep,) is F.W.S. j-compact over (B;,G; ) for all
member (B;, G;) of a soft open covering of (B, ,G). Then (H,%,E) is F.W.S.
j-compact over (B, £, G), where j € {a, S, P, b, 3.

Proof. Suppose that (H, 1, E) is F.W.S. topological space over (B,ﬁ, G), then
the projection function Pg,: (H,%,E) — (B, 2, G) exist. To show that Pg, is S.
J-proper. Now, it is clear that Py, is S. j-continuous. Since (Hg,, Ep,) is F.W.S.
J-compact over (B;,G;), then the projection function P;, : (Hg, Ep,) —
(B;, G;) is S. j-proper for all member (B;,G;) of a S. j-open covering of
(B,0,G). Assume that (F, L) is a soft closed subset of (H, %, E), then we have
Py (F,L) =0 Py (1) ((HBL., Eg,) 0 (F, L)) which is a union of soft closed
sets and hence Pr, is a soft closed. Let b € (B,G) then H; =T (Hg,)p for
every b = {b;} € (B;, G;). Since (HBL-B' EBiB) is soft compact in (Hp,, Ep,) and
the union of soft compact sets is a soft compact, we have (Hj, E;) is a soft
compact. Thus, Py, is a soft j-proper and (H, 7, E) is a F.W.S. j-compact over

(B,0,G), where j € {a,S,P,b,B}.

In fact the last result is also holds for locally finite soft closed
coverings, instead of soft open coverings.
Proposition 2.3.12. Assume that ¢ : (H,%,E) = (K, 4, L) is a fibrewise soft
function, where (H,%,E) and (K,&,L) are F.W.S. topological spaces over
(B,2,6). If (H,%,E) is FW.S. j-compact and idy; X ¢ : (H,%,E) X5 (H, %, E
)— (H,%,E) X5 (K,d,L) is S. j-proper and S. j-closed, then ¢ is S. j-proper,
where j € {a,S,P,b,}.

Proof. Consider the commutative figure shown below
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idy X &

HXg H >H X K
T.‘.'Zl/ \Lﬂ.’z
¢
H > K

Figure 2.3.1: Diagram of Proposition 2.3.12.

If (H,7,E) is F.W.S. j-compact, then m, is S. j-proper. Condition idy X ¢ is
also S. j-proper and j-closed then m, o (idy X ¢) = ¢ o, is S. j-proper, and

so ¢ itself is S. j-proper, where j € {a, S, P, b, B}.

The second new concept in this section is given by the following:
Definition 2.3.13. A F.W.S. topological space (H,% E) over (B,Q2,G) is
called fibrewise locally soft near compact (briefly, F.W. L. S. j-compact) if
for all soft point h of Hj, where b € (B, G), there exists a soft nbd (N, G) of
b and an soft open set (F,E) € Hy gy of h such that the closure of (F, E) in
Hiygy (e, Hpyg) NCI(F,E)) is FW.S. j-compact over (N,G), where
j€{a,S,P,b,p}

Remark 2.3.14. F.W.S j-compact spaces are necessarily F.W.L.S. j-compact
by taken W = B and Hy, = H. On the other hand the in opposition is not true
for example, assume that (H, 74,5, E) where H and E is infinite set and 7 is
discrete soft topology, then (H,%,,, E) F.W.L.S. j-compact over (R,{2,G),
because for all h € Hj, where b € (R, ), there exists a soft nbd (N, G) of b
and an soft open (F, E) € Hy gy Of h such that CI(F,E) = (F,E) in Hn gy is
F.W.S. j-compact over (N, G). But (H,%,E) is not F.W.S. j-compact space
over (R,£,G), wherej € {a,S,P,b, 5}
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Proposition 2.3.15. Assume that ¢ : (H,%,E) = (H*,T%,E*) is a closed
fibrewise soft embedding, where (H,%,E) and (H*,T*,E*) are F.W.S.
topological spaces over (B,£,G). If (H*,#*,E*) is F.W.L.S. j-compact, then
sois (H,,E), wherej € {a,S,P,b,[}.

Proof. Let h € H;, where b € (B,G),. Since (H*,#*,E*) is FW.L.S. j-
compact there exists a soft nbd (N, G) of b and a soft open (F,E) c H(y g, of
¢(h) such that the closure H(y ¢y of (F,E) in (H{y ¢ Tin.c) E(v.6)) 1S F.W.S.
j-compact over (N, G). Then ~*(F,E) € Hy g is a soft open set of h such
that the closure Hy gy N CL(G7 (F,E)) = & (H{y ) NCI(F,E)) of
¢~1(F,E) in Hp gy is FW.S. j-compact over (F,E). Thus, (H,%,E) is
F.W.L.S. j-compact, where j € {a, S, P, b, B}.

The class of F.W.L.S. j-compact spaces is finitely multiplicative,
where j € {a, S, P, b, 5}, in the following sense.
Proposition 2.3.16. Let (H,,%,, E,) be finite family of F.W.L.S. j-compact
spaces over (B,f,G). Then the F.W.S. topological product (H,%,E) =
[1z(H,,T,, E,) is FW.L.S. j-compact, where j € {a, S, P, b, B}.
Proof. The proof is similar to that of Proposition (2.3.6).
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Chapter 3

Fibrewise Soft Near Separation Axioms

The separation axioms are axioms only in the sense that, where defining
the notion of topological space, one could add these conditions as extra
axioms to get a more restricted notion of what a topological space is. The
modern approach is to fix once and for all the axiomatization of topological
space and then speak of kinds of topological spaces. However, the term
"separation axiom" has stuck. In section one, we define and explore several
properties of fibrewise soft near T, spaces, fibrewise soft near T,spaces,
fibrewise soft near R,spaces, fibrewise soft near Hausdorff spaces and
fibrewise soft near functionally Hausdorff spaces. In section two, we
introduce the concepts of fibrewise soft near regular spaces, fibrewise soft
near completely regular spaces, fibrewise soft near normal spaces and
fibrewise soft near functionally normal spaces. Also we give several results
concerning it. In section three, we shall discuss relationships between
fibrewise soft near compact (resp., fibrewise soft locally near compact) spaces

and some fibrewise soft near separation axioms.

3.1. Fibrewise Soft Near T, Soft Near T, and Soft Near Hausdorff spaces

The concepts of soft near open sets have an important role in fibrewise
soft separation axioms. By using these concepts we can construct many sever-
al fibrewise soft separation axioms. Now we introduce the versions of

fibrewise soft near T, and near T; spaces as follows.

Definition 3.1.1. Assume that (H,%,E) is F.W.S. topological space over
(B,2,G). Then (H,%,E) is called fibrewise soft near T, (briefly, F.W.S. j-T,)
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if whenever hy, h, € H;, where b € (B, G) and h; # h,, either there exists a
S. j-open set of h; which does not contain h, in (H, %, E) or vice versa, where
j€{a S P,b,L}

Remark 3.1.2.
(@ (H,7,E) is FW.S. j-T, space iff each fiber soft H; is j-T,, space, where
je{a, S P,b, L}
(b) The soft subspaces of F.W.S. j-T,spaces are F.W.S. |-T,, spaces, where
j€{a, S, P,b, B}
(c) The F.W.S. topological products of F.W.S. j-T, spaces with the family of

F.W.S. j-irresolute projections are F.W.S. J-T,, spaces, wherej € {«, S, P,

b,B}.

Of course one can formulate a fibrewise soft version of the near T;
(briefly, F.W.S. J-T;) space in a similar fashion. Let (H,%,E) be a F.W.S.
topological space over (B,,G). Then (H,% E) is called F.W.S. j-T; if
whenever h;,h, € Hj, where b € (B,G) and h; # h,, there exists a S. j-
open sets (F,E), (N,E)in (H,%E) such that h, € (F,E), h, & (F,E) and
h, € (F,G), h, & (F,G), where j € {a,S, P, b, 8}. But it turns out that there
exists no real use for this in what we are going to do. Instead we make some
use of another axiom "The axiom is that every soft near open set contains the
closure of each of its points", and use the term soft near R, space. This is true
for soft near T, spaces of course and for soft near regular spaces. Thinking of
it as a weak form of soft near regularity. For example, soft indiscrete spaces
are soft near R, spaces. The fibrewise soft version of the near R, axiom is as

follows.
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Definition 3.1.3. The F.W.S. topological space (H,%E) over (B,,G) is
called fibrewise soft near R, (briefly, FW.S. j- Ry) if for all soft point
h € H;, where b € (B,G), and each S. j-open set (F,E) of h in (H,%,E),
there exists a soft nbd (N, G) of b in (B, G) such that the closure of {h} in
Hw,y is contained in (F,E) (ie., Hyg N Cl{h} € (F,E)), where j €
{a,S,P,b,B}.

For example, B X T'is F.W.S. j-R, space for all j-R, spaces T, where
(B,02,6),(T,%,E) is a F.W.S. topological space over (B,Q,G) and j €
{a,S,P,b,B}.

Remark 3.1.4.

(@) The nbds. of h are given by a fibrewise basis it is sufficient if the
condition in Definition (3.1.3) is satisfied for all fibrewise soft basic nbds.

(b) If (H,%,E) is FW.S. j-R, space over (B,{2,G), then (Hg+, g+, Eg+) is
F.W.S. j-R, space over (B*,Q2*,G*) for each subspace (B*,2*,G*) of
(B,,G), where j € {a,S,P,b,B}.

The soft subspaces of F.W.S. j-R, spaces are F.W.S. j-R,, spaces, where
j €{a,S,P,b,L}. In fact we have.
Proposition 3.1.5. Assume that ¢ : (H,%,E) - (H,T%,E*) is a FW.S. j-
irresolute embedding, where (H,%,E) and (H*,7*,E™*) are F.W.S. topological
spaces over (B,,G). If (H*,#*,E*) is FW.S. j-R,, then (H,%,E) is so,
where j € {a,S,P, b, 5}.
Proof. Assume that h € Hj, where b € (B,G), and (F,E) isaS. j-open set
of h in (H,%,E). Then (F,E) = o~ *(F*,E*), where (F*,E*) isa S. j-open
setof h* = &(h) in (H*,¥*, E*). Since (H*,#*,E*) is F.W.S. j-R, there exists
a soft nbd (N,G) of b such that Hiyg A Cl{h*} € (F*,E*). Then
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H(N,G) N Cl{fl} (- ¢_1(H€N,G) N Cl{ﬁ*}) = (1)_1(F*’E*) = (F’ E) and SO
(H,%,E)isFW.S. j-R,, where j € {a,S,P, b, B}.

The class of FW.S. j-R, spaces is finitely multiplicative, where
j €{a,S,P,b,[}, in the following sense.
Proposition 3.1.6. Assume that {H,, T,, E,-} is a finite family of FW.S. J-R,
spaces over (B,f,G). Then the F.W.S. topological product (H,% E) =
[1z(H,, T, ,E) isFW.S. j-R,, where j € {a,S,P,b,S}.
Proof. Assume that h € H;, where b € (B,G). Consider a S. j-open set
(F,E) =[13(E-,E,) of hin (H,%E), where (E,E,) is a S. j-open set of
[1,(h) = h, in (H,,%,,E,) for each index r. Since (H,,%,,E,) is FW.S. j-R,
there exists a soft nbd (N,,G,) of h in (B,G) such that ((H,E,)—
(N,., Gr)) A Cl{h} € (E., E,). Then the intersection (N, G) of the (N,, G,) is a
soft nbd of b such that ((H,E) — (N, G)) 0 CI{h} & (F,E)and so (H,%,E) =
[1z(H,,%,,E)is FW.S. J-R,, where j € {a,S,P, b, 5}.

The same conclusion holds for infinite fibrewise soft products provided
each of the factors are fibrewise soft nonempty.
Proposition 3.1.7. Let ¢: (H,%,E) = (K,6,L) be a soft closed, soft j-
irresolute fibrewise surjection function, where (H,%,E) and (K,&,L) are
F.W.S. topological spaces over (B,Q,G). If (H,%,E) is FW.S. j-R,, then
(K,&,L) is so, where j € {a,S,P, b, B}.
Proof. Assume that k € K ;, where b € (B, G), and (0, L) is a S. j-open set of
k in (K,6,L). Pick h € (k). Then (F,E) = $~1(0,L) is a S. j-open set
of h. Since (H,%,E) is F.W.S. j-R, there exists a soft nbd (N, G) of b such
that  Hpye N CI{R} € (F,E). Then Ky ¢y N d(Cl{R}) € &(F,L) = (0,L).
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Since ¢ is soft closed, then (Ci{h}) = CI(d{h}). Therefore Ky ¢y N CL(H{
h}) € (0,L) andso (K, G, L) is F.W.S. j-R,, where j € {a, S, P, b, B}.

Now we introduce the version of fibrewise soft near Hausdorff spaces as
follows.
Definition 3.1.8. The F.W.S. topological space (H,% E) over (B,Q,G) is
called fibrewise soft near Hausdorff (briefly F.W.S. j-Hausdorff) if whenever
h,, h, € H;, where b € (B,G) and h, # h,, there exists disjoint S. j-open
sets (Fy, E), (F,, E) of hy, h, respectively in (H, %, E), where j € {a,S,P, b,
}.

Example 3.1.9. Let H = {hy,h,,h3}, B={a,b}, E = {ey,e;}, G = {91, 9>
Yand let (H,% E) be aF.W.S. topological space over (B, 2, G). Define f :
H- B and u:E — G, such that f(hy) ={a}, f(h,) = f(h3) = {b},
u(e) = {g1}, ulez) = {g2}. Then = (&, H, (F, E), (Fy, E), (F3, E)} where
(F,E), (F,,E), (F;,E) are soft sets over (H, T, E), defined as follows:

(F, E) ={(ex, {h1 D},

(F2, E) ={(e2,{h2}},

(F3, E) ={(e1, {h1}), (e2, {h2})},

N ={®,B,(M,G)}, (M,G)=1{(gy,{a})} and then the projection function
Pr, : (H,7,E) = (B,£,G) be a S. j-continuous, then there exists disjoin soft

open {(e1, {h, N}, {(e2, {h,})} such that b, € {(ey, {h,})} and h;, € {(e,, {h,})
}. Also, (H,7,E) is F.W.S. j-Hausdorff space, where j € {a,S,P, b, 5}

Remark 3.1.10. If (H,%,E) is F.W.S. j-Hausdorff space over (B, 2, G) then
(Hg+, Tg+, Eg+) is F.W.S. j-Hausdorff over (B*,2*,G*) for each soft subspace
(B*,%,G*) of (B,Q,G). In particular the fibres soft of (H,% E) are j-
Hausdorff spaces.

38



Chapter 3 Fibrewise Soft Near Separation Axiom

However a F.W.S. topological space with soft j-Hausdorff fibres is not
necessarily soft j-Hausdorff:
Example 3.1.11. Assume that H = {h,, h,, h3}, B ={a,b}, E ={e,, e,}, G =
{g91,9,} and let (H,%,E) be a F.W.S. topological space over (B,(,G).
Definef: H—- Band u: E — G, such that f(h,) = {a}, f(hy) = f(h3) =
{b}, ule;) = {91}, ulez) ={gz}. Then 7 = (P, H, (F,E), (F,, E), (F3,E), (
F,, E)} where (F,E),(F,,E),(F5,E), (F,, E) are soft sets over (H,%, E),
defined as follows:
(F, E) ={(e1, {h1}), (e2, {hq, ha})},
(F2, E) ={(e1, {h.}), (ez, {h1, h3])},
(F3, E) ={(e1, {h:}), (e2, {h1 )},
(Fy, E) = {(e1, {h1}), (e2, H)},
0={®,B,(M,6)} and (M,G) = {(g1,{a}), (g2, B)}, then the projection
function Py, : (H,T,E) - (B,0,G)is a S. j-continuous. Since we have : Hj
= {hy, hs}, T5 = {®, Hp, {(e2, (h21)}, {(e2, {hs D}, {(e2, {ha, h3} )}, then there
exists disjoint soft open sets {(e,, {h, D}, {(e,,{hs})} and where h, € {(e,,
{h2D}, hs € {(e2, {hs])} and h3 € {(ey, {h3])}, hy € {(ez, {h2})}. Since we
have : Hj; = {h,, hs} is F.W.S. Hausdorff. But (H,%E)is not F.W.S
Hausdorff since h, and h; € (H,%E), h, # hy and there exists no disjoint

soft open sets of h, and hs.

Proposition 3.1.12. The F.W.S. topological space (H,%,E) over (B,,G) is
F.W.S. j-Hausdorff iff the soft diagonal embedding A: (H,%,E) -
(H,7,E) X5 (H,%,E) is S. j-closed, where j € {a,S,P, b, B}.

Proof. (=) Assume that h,, h, € H;, where b € (B, G) and h, # h,. Since
A(H,%,E) is S. j-closed in (H,%,E) X (H,%,E), then (hy, h,), being a point
of the soft complement, admits a fibrewise product S. j-open set
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(F, E) Xg (F,, E) which does not meet A(H, t,E), and then (Fy, E), (F,, E)
are disjoint S. j-open sets of hy, h,, where j € {a, S, P, b, 5}.

(&) The reverse direction is similar.

The soft subspaces of F.W.S. j-Hausdorff spaces are F.W.S. j-Hausdorff
spaces, where j € {a, S, P, b, 8}. In fact we have.
Proposition 3.1.13. Assume that ¢ : (H,%,E) —» (H',T",E*) is a S. }-
irresolute embedding fibrewise function, where (H,%,E) and (H*,T*,E™) are
F.W.S. topological spaces over (B,Q2,G). If (H*,¥*,E*) is FW.S. j-
Hausdorff, then is so (H, T, E), where j € {a,S,P,b,5}.
Proof. Assume that hy,h, € H;, where b € (B,G) and h; # h,. Then
d(hy), d( hy) € H are distinct, since (H*,* E*) is F.W.S. j-Hausdorff,
there exists a S. j-open sets (F;,E*), (F;,E*) of d(hy), d(hy) in (H*, ", E")
which are disjoint. Their inverse images ¢~ (F},E*), o~ (F;,E*) are S. j-
open sets of hy, h, in (H, %, E) which are disjoint and so (H, %, E) is F.W.S. j-
Hausdorff, where j € {a, S, P, b, B}.

Remark 3.1.14. The graph of a soft function f: (H,E) - (K,L), is the
subset of the Cartesian product H X K defined by
G(f)={(hk); k=Ff(R)}.

The fibrewise soft graph of a fibrewise soft function f of a fibrewise soft
space (H, %, E) over (B, 12, G) to a fibrewise soft space (K, &, L) over (B, 0, G)
, We mean the soft subset of the fiberwise soft Cartesian product H Xz K
defined by

6(F) = (A F) € H x5 K; k = F(F)}.

Proposition 3.1.15. Assume that ¢ : (H,%,E) — (K,d,L) is a S. j-irresolut
fibrewise function, where (H,%,E) and (K,d,L) are F.W.S. topological
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spaces over (B,0,G). If (K,5,L)is F.W.S. j-Hausdorff, then the fibrewise
soft graph G :(H,%,E) - (H,%,E) X5 (K,6,L) of ¢ is a S. j-closed
embedding, where j € {a, S, P, b, 5}.

Proof. The fibrewise soft graph is defined in the same way as the ordinary
soft graph, but with values in the fibrewise soft product, so that the figure

shown below is commutative.

H > Hxz K
fbl l¢XidK
K A > K x5 K

Fig. (3.1.1): Diagram of Proposition (3.1.15).

Since A(K,G,L)is S. j-closed in (K, &,L) Xg (K, d,L), by Proposition (3.1.
12), so G(H,%,E) = (¢ x idg) 1 (4A(K,6,L)) is S. j-closed in (H,%,E) Xp
(K,é,L),where j € {a,S, P, b, 5}, as asserted.

The class of F.W.S. j-Hausdorff spaces is multiplicative, where j € {«, S,
P, b, B}, in the following sense.
Proposition 3.1.16. Assume that {H,, %, E,} is a family of FW.S. j-
Hausdorff spaces over (B, Q, G). Then the fibrewise soft topological product
(H,%,E) =1lg(H,, T, E,) with the family of F.W.S. j-irresolute projection
n,: (H,%,E)=1lz(H,, T, E) = (H, T, E,) is FW.S. J-Hausdorff, where
j€{a,S,P,b,L}
Proof. Assume that hy,h, € H;, where b€ (B,G) and h; # h,.Then
n,(hy) # m,(h,) for some index r. Since (H,,%,,E,) is F.W.S. j-Hausdorff,
then there exists a S. j-open sets (Fy ,E,), (F, ,E.) of m.(hy) 7 (hy)

in (H,, T,, E,) which are soft disjoint. Since m, is S. j-irresolute, then the

41



Chapter 3 Fibrewise Soft Near Separation Axiom

inverse images - (Fy,, E,), n-*(F,,, E,) are disjoint S. j-open sets of A4, h,
in (H,%,E), where j € {a,S,P, b, 5}.

The soft near functionally version of the fibrewise soft near Hausdorff
axiom is stronger than the non soft near functional version but its properties
are farily similar. Here and elsewhere we use the closed unit interval [0, 1] in
the real line.

Definition 3.1.17. The F.W.S. topological space (H, % E) over (B,,G) is
called fibrewise soft near functionally (briefly, F.W.S. j-functionally)
Hausdorff if whenever h,,h, € H;, where b € (B,G)and h; # h,, there
exists a soft nbd (N, G) of b and disjoint S. j-open sets (F, E), (V, E) of hy, h,
in (H,7,E) and a continuous function A: Hyg — [0,1] such that

Hy & (F,E) € 171(0), Hz 11 (V,E) € A~1(1) and j € {a, S, P, b, B}.

Example 3.1.18. Assume that H = {h,, h,, h3}, B = {a,b}, E ={e}, G ={g}
and let (H,%,E) be a F.W.S. topological space over (B,f,G). Define f :
H—-B and u: E - G, such that f(hy) ={a}, f(hy) = f(h3) = {b},
u(e) ={g}. £ ={®,H,(F,E),(F,,E),(F5,E),(F, E), (Fs, E)} where (F,E)
,(F,,E), (F5,E), (F,, E) are soft sets over (H, %, E), defined as follows:

(F, E) ={(e, {h2 1},

(F2, E) ={(e, {h, h3}},

(F3,E) ={(e, {h1, R D)}, (Fy, E) = {(e, 1)}, (F5, E) = {(e, {hs})},

02 ={®,B,(M,6)}and (M, G) = {(g,{b}}. It clear that H ¢y = {(e, {hy, hs
1}, then the projection function Py, : (H,%,E)— (B,2,G)is a S. j-
continuous. Let A : Hypy gy — [0,1] where A(h,) =0, A(h;) =1, THe =
{®, Hy ¢y, {(e, {h, 1}, {(e, {h3})}}, then A is continuous function, and there
exist disjoin soft open {(e, {h,})} and {(e,{h3})} such that H; N {(e,{h,})}
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c 171(0), H; 0 {(e,{hsHD} E A7, Also, (H,%,E) is F.W.S. j-functionally
Hausdorff space, where j € {«, S, P, b, }.

Remark 3.1.19. If (H,%,E) is F.W.S. j-functionally Hausdorff space over
(B,2,G), then (H*,%*E*) = (Hg- 5+ Ep-) is F.W.S. j-functionally
Hausdorff over (B*,2*,G*) for each soft subspace (B*,2*,G*) of (B,1,G).
In particular the fibres soft of (H,%,E) are soft j-functionally Hausdorff

spaces, where j € {a,S,P,b,[}.

The soft subspaces of F.W.S. j-functionally Hausdorff spaces are F.W.S.
J-functionally Hausdorff spaces, where j € {a, S, P, b, }. In fact we have.
Proposition 3.1.20. Let ¢: (H,%,E) » (H*,T",E*) be a S. j-irresolute
embedding fibrewise function, where (H,%,E) and (H*,7*,E*) are F.W.S.
topological spaces over (B,Q,G). If (H*,£*,E*) is F.W.S. j-functionally
Hausdorff, then is so (H, %, E), where j € {a, S, P, b, 5}.

Moreover the class of F.W.S. j-functionally Hausdorff spaces is
multiplicative, where j € {a, S, P, b, 8}, as stated in.
Proposition 3.1.21. Let {H,,7,,E,.} be a family of F.W.S. j-functionally
Hausdorff spaces over (B, 2, G). Then the F.W.S. topological product (H, %, E
) =[1z(H,, T, E) with the family of F.W.S. j-irresolute projection m, :
(H,%,E) =1lg(H,, %, E;) = (H, T, E,) is FW.S. j-functionally Hausdorff ,
where j € {a,S,P, b, 5}.

The proofs of Propositions (3.1.20) and (3.1.21) are similar to those for the
corresponding results in the non-functional case and will therefore be omitted.
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3.2. Fibrewise Soft Near Regular and Soft Near Normal Spaces
We now proceed to consider the fibrewise soft version of the higher
soft near separation axioms, starting with fibrewise soft near regularity and

fibrewise soft near completely regularity.

Definition 3.2.1. The F.W.S. topological space (H,% E) over (B,,G) is
called fibrewise soft near regular (briefly, F.W.S. j-regular), if for each soft
point h € H;, where b € (B,G), and for each S. j-open set (F,E) of h in
(H, %, E), there exists a soft nbd (N, G) of b in (B, (2,G) and a soft open set
(V,E) of h in (Hv,6), Tv6) E(v6y) such that the closure soft of (F,E) in
Hiy gy is contained in (V,E) (i.e., Hwyg N CI(F,E) € (V,E)), where
j€{a,S,P,b, [}

Example 3.2.2. Let H = {hy,h,,h3}, B={a,b}, E= {e}, G = {g} and
(H,%,E) be a F.W.S. topological space over (B,,G). Definef: H— B
and u: E — G, such that f(hg) = {a}, f(hy) = f(hy) = {b}, ule) = {g}.
= {®,H,(F,E),(F,, E)} where (F,E), (F,, E) are soft sets over (H,%,E),
defined as follows : (F;, E) = {(e, {h3})}, (F5, E) = {(e,{hy, h,})}, 2 = {P,
B,(M,G),(N,6)} and (M,G) = {(g,{aD}, (N,G) = {(g,{b})}. It clear that
Huey = {(e,{hs}}, Hn ey = {(e, {h1, hp})} is soft open in (H,%,E), then
the projection function Py, : (H,%,E) — (B,Q2,G)is a S. j-continuous and
, (V,E) ={(e,{hy, h,})} and (F,E) = {(e,{hs})} such that Hiy ) N CI(F,E)
c (V,E). Also, (H,%,E) is FW.S. j-regular, where j € {a,S,P, b, 3}

Remark 3.2.3.

(8) The nbds. of h are given by a fibrewise soft basis it is sufficient if the

condition in Definition (3.2.1) is satisfied for all fibrewise soft basic nbds.
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(b) If (H,%,E) is F.W.S. j-regular space over (B,f,G), then (Hg-, £+, Eg*)
is F.W.S. j-regular space over (B*,2*,G*) for all subspace (B*, 2%, G*) of
(B,02,G), where j € {a,S,P,b, B}.

The soft subspaces of F.W.S. j-regular spaces are F.W.S. j-regular
spaces, where j € {a, S, P, b, §}. In fact we have.
Proposition 3.2.4. Assume that ¢ : (H,%,E) —» (H*,T*,E*) is a FW.S. |-
irresolute embedding function, where (H,%,E) and (H*,T*,E*) are FW.S.
topological spaces over (B,f,G). If (H*,¥*,E*) is F.W.S. j-regular, then
(H,%,E) isso, where j € {a,S,P, b, B}.
Proof. Assume that h € H;, where b € (B, G), and (F,E) is a S. j-open set of
hin (H,% E). Then (F,E) = d~Y(F*,E*), where (F*,E*) is a S. j-open set of
h* = ¢(h) in (H*,¥*,E"). Since (H*,#*,E*) is F.W.S. j-regular there exists a
soft nbd (N, G) of h in (B,£2,G) and a soft open set (V*,E*) of h* in Hy ¢,
such that Hy g N CL(V* E*) € (F*E*). Then (V,E) = ¢ }(V*E*) is a
soft open set of A in Hy ¢y such that Hy ) N CI(V,E) € (F,E), and so
(H,%,E) is FW.S. j-reqular, where j € {a,S,P, b, 5}

The class of F.W.S. j-regular spaces is fibrewise soft multiplicative,
where j € {a, S, P, b, B}, in the following sense.
Proposition 3.2.5. Assume that {H,, T,, E,.} are a finite family of FW.S. |-
regular spaces over (B, 2, G). Then the F.W.S. topological product (H,%,E)
= [1z(H,, T, E;) 1s FW.S. j-regular, where j € {a, S, P, b, $}.
Proof. Assume that i € Hj, where b € (B, G). Consider a S. j-open set (F, E)
= [1z(F., E,) of hin (H,%,E), where (F,E) is a S. j-open set of (k) = h,
in (H,,t,, E,) for each index r. Since (H,,%,, E,) IS F.W.S. j-regular then
there exists a soft nbd (N, G,) of b in (B, {2,G) and a soft open set (V,, E,)
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of h, in (H,E,)— (N,,G,) such that the closure soft ((H,,E,)—
(N, G) 0 CL(, E,) of (., E;) in ((Hy, E,) — (N, G,)) isin (F, E;). Then
the intersection (N,G) of the (N,,G,) is a soft nbd of b and (V,E) =
[1z(V.,E,) is a soft open set of h in Hy gy such that the closure soft
Hy gy N CLV,G)of (V,E) in (Hw g, Tv,6) Eng)) 1S contained in (F, E),
and so (H,%,E) = [1g(H,, T, E,) is FW.S. j-regular, where j € {a,S,P, b, B
}.

The same conclusion holds for infinite fibrewise soft products provided
each of the factors are fibrewise soft non-empty.
Proposition 3.2.6. Assume that ¢ : (H,%,E) — (K, d,L) is a soft open, soft
closed and S. j-irresolute fibrewise surjection function, where (H,,E) and
(K, &,L) are F.W.S. topological spaces over (B, 2, G). The (H,%,E) is F.W.S,
j-regular iff (K, &,L) so is, where j € {a, S, P, b, B}.
Proof.(=) Assume that k € K, where b € (B,G), and (U,L) is a S. j-open
set of k in (K,5,L). Pick h € $~1(k). Then (F,E) = ¢ '(U,L) is a S. j-
open set of h. Since (H, %, E) is F.W.S. j-regular there exists a soft nbd (N, G)
of b and a soft open set (F*, E*) of h such that Hyy ¢y N CL(F*,E*) € (F,E).
Then Ky gy N (CL(F*,E*)) € o(F,E) = (U,L). Since ¢ is a soft closed,
then o(CL(F*,E*)) = Cl((F*,E*))and since ¢ is a soft open, then
d(F*,E*) is a soft open set of k. Thus (K,&,L) is F.W.S. j-regular, where
j€{a,S, P, b,[}, as asserted.
(<) Assume that h € H;, where b € (B, G), and (F,E) is a S. j-open set of h
in (H,%,E). Pick k € ¢(h). Then $(F,E) = (U,L) is a S. j-open set of k.
Since (K,6,L) is F.W.S. j-regular there exists a soft nbd (N, G) of b and a
soft open set (U*,L*) of k such that Kwng O CLU*, L") € (U,L). Then
Hy g N o~1(CLU* LY)) € d71(U,L) = (F,E). Since ¢ is soft closed, then
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o~ 1(ClU, 1Y) = CL(d~1(U*, L)) and since ¢ is S. j-irresolute, then
d~1(U*, L") is a soft open set of h. Thus (H, %, E) is F.W.S. j-regular, where
j€{a,S,P,b,L}

The soft near functionally type of the fibrewise soft near regularity
axiom is stronger than the non soft near functionally type. On the other hand
its properties are justly like. In the ordinary theory the word completely
regular is every time used as an alternative of functionally regular also we are

expanding this procedure to the fibrewise soft theory.

Definition 3.2.7. The F.W.S. topological space (H,% E) over (B,{2,G) is
named fibrewise soft near completely (briefly, F.W.S. j-completely) regular
condition for all soft point h € H, where b € (B, G), and for all S. j-open set
(F,E) of h there exists a soft nbd (N, G) of b, a soft open set (V,E) of i in
Hy ¢, and a continuous function A : Hgy gy — [0,1] such that H; 0 (V,E) €

A71(0) and Hiy gy N (Hiwv ey Eng)) — (F,E)) €2A71(1), where j € {a,S, P
b, B}.

Example 3.2.8. Let H = {hl, hz, h3, h4_}, B = {a, b}, E = {81, 82}, G =
{91,9,} and (H,%,E) be a F.W.S. topological space over (B,1,G).
Definef: H— Bandu:E — G,suchthat f(hy) = f(hs) ={a}, f(hy) =

= f(hy) = (b}, ule)) ={g1}, uler) ={gz}. 7=1{® H (F,E)} where
(Fy, E) is soft set over (H, T, E), defined as follows : (F;, E) = {(e;, {hq, h3}),

(e, {hy, hu})}, 2= {®,B,(M, G)} and (M, G) = {(g1,{a}), (g2, {b})}. It is
clear that Hy gy = {(eq1, {h1, h3}), (2, {hy, ha})}, then the projection function

Pr, : (H,%E) - (B,2,G)is a S. j-continuous, Hz = {hy, h3}, h = hy, (F,E)
= {(e1{h1, h3})}, (N,G) = {(g1,{a}}. H(N,G) = {711» fl3}, fH(N,G) = {H(N,G)J

@} and (U,E) = Hpg. Let 1:Hpyg —[0] such that A(hy)=0=
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A(hs). A is continuous and Hj; N (U,E) € 171(0), H(N,G)H(H(N,G)—
(F,E)) & A71(1). Similar if & = hy. Hy = {hy, hs} and k= hy, (F,E) =

{(e2, {h2, hu})}, (N, G) = {(g2,{b})}, Hing = {Ez'ﬁz;}, fH(N,G) = {56, H(N,G)}
and (U,E) = Hyygyand A : Hyy gy - [0,1] such that A(h,) = 0 = A(hy). A
is continuous, Hz N (U,E) € 271(0) and Hyy 6y N (Hy gy — (F,E)) €271 (1
). Similar if h = h,. Also, (H,% E) is F.W.S.j-completely regular, where
j€{a,S,P,b,L}

Remark 3.2.9.

(a) The soft nbds. of h are given by a fibrewise soft basis it is sufficient if the
condition in Definition (3.2.7) is satisfied for all fibrewise soft basic nbds.

(b) If (H,%,E) is FW.S. j-completely regular space over (B,f,G), then
(Hge, T+, Eg+) is F.W.S. j-completely regular space over (B*,2%,G*) for
all subspace (B*,2*,G*) of (B,,G), where j € {a,S,P,b, B}

The soft subspaces of F.W.S. j-completely regular spaces are F.W.S. |-
completely regular spaces, where j € {a, S, P, b, 8}. In fact we have.
Proposition 3.2.10. Let ¢ : (H,%,E) = (H*,T",E*) be a FW.S. j-irresolute
embedding, where (H,%,E) and (H*,7",E*) are F.W.S. topological spaces
over (B,Q2,G). If (H*,#*,E*) is F.W.S. j-completely regular, then so is
(H,%,E), wherej € {a,S,P,b, B}.

Proof. The proof is like to the proof of Proposition (3.1.5).

The class of F.W.S. j-completely regular spaces is finitely multiplicative,
where j € {«, S, P, b, 8}, in the following sense.
Proposition 3.2.11. Assume that {H,, T, E,} is a finite family of FW.S. |-

completely regular spaces over (B, 2, G). Then the fibrewise soft topological
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product (H,%,E) = [lg(H,, T,,E,) is FW.S. j-completely regular, where
j€{a,S,P,b,L}
Proof. Assume that i € Hj, where b € (B, G). Consider a F.W.S. j-open set
[1z(E.,E,) of hin (H, % E), where (E., E,) is a S. j-open set of . (h) = h, in
(H,, T, E,) for each index r. Since (H,, T,, E,) is F.W.S. j-completely regular
there exists a soft nbd (N,,G,) of b and a soft open set (V,E) of h, in
(H,, %, E;) and a continuous function A, : Hy gy — [0,1] such that (H,);
N (V,E)€A;%0) and Hyy ) N (Hy, g — (B, E)) € A7 (1). Then
the intersection (N, G) of the (N,,G,) is a soft nbd of b and A : Hpg —
[0,1] is a continuous function where

A@)=infr=1,2, ... ,n{A.(§)} for§=(5) € Hgy.
Since Hy N ;Y (V,E) € mt [(H) D (V,E))] € =t (A71(0)) =
(A em)™t and Hey gy 77t (Hw, 6, Evy6,)) — (B Er) € 7 [Hew, 6 0 (
Hw,.6) Ew,6)) — (FEp)] C .t (A7 (1))= (w0 4,)71(1), where j € {a
S,P, b, B}, this proves the result.

Lemma 3.2.12. Assume that ¢ : (H,%7,E) = (K,%,L) is a soft open and a
soft closed fibrewise surjection function, where (H,%,E) and (K,&,L) are
F.W.S. topological spaces over (B,{,G). Assume that y : (H, % E) -
(R,9,0) is a S. j-continuous real-valued function which is a fibrewise soft
bound above, in the sense that y is bounded above on each fiber soft of H.
Then ¢ : (K,6,L) - (R,9,0) is S. j-continuous, where

o) = SUpPcegy=1(u) Y (9.

The similar conclusion holds for infinite fibrewise soft products provided

that all of the factors are fibrewise soft non-empty.
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Proposition 3.2.13. Assume that ¢ : (H,%7,E) — (K,d,L) is a soft open and
a soft closed and S. j-irresolute fibrewise surjection function, where (H,t,E)
and (K,&,L) are F.W.S. topological spaces over (B,,G). If (H,%,E) is
F.W.S. j-completely regular, then (K, &, L) is so, where j € {a,S,P, b, }.
Proof. Assume that k € K, where b € (B, G), assume that (U, L) isa S. j-
open set of k. Pick A € Hy, so that (Fz, E) = ¢~ (U, L) is a S. j-open set
of h. Since (H,,E) is F.W.S. j-completely regular there exists a soft nbd
(N,G) of b and a soft open set (V;, Ez) of h in Huyy and a continuous
function A : Hyy gy — [0,1] such that H; 0 (Vg Ex) € A71(0) and Hyy 6y N (
H e — (Fg Eg)) € 271(1). Using Lemma (3.2.12) we obtain a continuous
function w : Ky gy — [0,1] such that Kz A (Mg, Lz) € w™"(0) and Ky 6y N
(Kw.ey Liviey) — (U L) € 0™ (1), where j € {a,S,P, b, B}.

Now we introduce the version of fibrewise soft near normal space as

follows.

Definition 3.2.14. The F.W.S. topological space (H,% E) over (B,,G) is
named a fibrewise soft near normal (briefly, F.W.S. j-normal) if for all soft
point b of (B, G) and each pair (C,E),(S,E) of disjoint soft closed sets of H,
there exists a soft nbd (N, G) of b and a pair of disjoint S. j-open sets (F, E),
(V,E) of Hy gy 0 (C,E),Hiy g N (S,E) inHyy ), Where j € {a, S, P, b, 5}.

Example 3.2.15. Let H = {hy,h,}, B ={a,b}, E = {ey,e;}, G ={91,9-.}
and (H,%,E) be a F.W.S. topological space over (B,, G). Define f: H -
B and u:E — G, such that f(hy) ={a}, f(h,) ={b}, u(e;) = {91},
u(ey) ={g,}. t={ ®,H,(F,E)} where (F,E) is soft sets over (H,%,E),
defined as follows : (F,E) = {(es, {h}), (e2,{h D}, 2 ={®,B,(M,G)},
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(M, G) = {(g1,{a}), (g2, {b})}. Itis clear that Hy ) = {(e1, {h1}), (€2, {h2})}
is soft j-open then the projection function Py, : (H,%,E) — (B,2,G)beas. j-
continuous, (C,E) = {(e, {h}}, (S, E) = {(ez, {h D}, Hz ={hy}, Hp =
{hy}, He D (C,E) ={h}, H; N (S,E) = ®, Hz N (C,E) =®, H; N (S,E) =
{h;}, (F,E) = {(e1{h: D}, (U,E) = {(ez,{h, }}. Therefore, (H,%,E) F.W.S.
J-normal, where j € {a,S,P,b,}.

Remark 3.2.16. If (H,%,E) is a F.W.S. j-normal space over (B, (2, G) then
(Hg, T+, Eg+) is @ F.W.S. j-normal space over (B*,2*,G*) for each soft
subspace (B*,2*,G*) of (B,2,G), where j € {a, S, P, b, B}.

The soft closed subspaces of F.W.S. j-normal spaces are F.W.S. j-normal,
where j € {a, S, P, b, B}. In fact we have.
Proposition 3.2.17. Assume that ¢ : (H,7,E) — (H*,T*,E™) is a soft closed
F.W.S. j-irresolute embedding, where (H,%,E) and (H*,T*,E*) are F.W.S.
topological spaces over (B,,G). If (H*,¥*,E*) is FW.S. j-normal, then
(H,%,E) isso, where j € {a,S,P,b,[}.
Proof. Assume that b is a soft point of (B, G) and (C, E), (S, E) are disjoint
soft closed sets of H. Then ¢(C,E), (S, E) are disjoint soft closed sets of
H*. Since (H*,#*,E*) is F.W.S. j-normal there exists a soft nbd (N, G) of b
and a pair of disjoint S. j-open sets (V,E),(U,E) of Hy g No(CE),
Hiy ¢y N &(S,E). Then ' (V, E) and ™' (U, E) are disjoint S. j-open sets of
Hpney N (C,E),Hy g N (S, E) inHy ¢y, where j € {a, S, P, b, B}.

Definition 3.2.18. A soft function Py, : (H,E) - (B,G) where f: H - B

and u : E — G is called a soft near biclosed (briefly, S. j-biclosed) function if
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the image of every S. j-closed set in His S. j-closed set in K, where j €
{a,S,P, b, B}.

Proposition 3.2.19. Assume that ¢ : (H,%,E) — (K, &,L) is a soft j-biclosed
continuous fibrewise surjection function, where (H,%,E) and (K,d,L) are
F.W.S. topological spaces over (B,1,G). If (H,%,E) is F.W.S. j-normal, then
(K,a,L) isso, where j € {a,S,P, b, 3}.

Proof. Assume that (B, G) has a soft point of b and (C, L), (S,L) are disjoint
soft closed sets of (K,5,L). Then d~1(C, L), d~1(S, L) are disjoint soft closed
sets of (H,%,E). Since (H,%,E) is FW.S. j-normal there exists a soft nbd
(N,G) of b and a pair of disjoint S. j-open sets (F,E),(U,E) of
Hye N d71(C, L) and Hyy ¢y N $71(S, L). Since ¢ is soft j-biclosed the sets

(Kiv,y Lng) — & ((H(N,G);E(N,G)) - (F;E)) and (Kwey Lavey) —
d((Hw,6), Ev,g)) — (U, E)) are S. j-open in (K 6y, 6v,6), Lv,y), and form
a disjoint pair of a S. j-open sets of Ky N (C,E), Kyg N(SE) in

(K(N,G)' 6-(N,G)' L(N,G))’ Whel’e] E {a, S, P, b, ﬁ}

Finally, we introduce the version of a fibrewise soft near functionally

normal space as follows.

Definition 3.2.20. The F.W.S. topological space (H,%,E) over (B,2,G) is
called a fibrewise soft near functionally (briefly, F.W.S. j-functionally)
normal if for all soft point b of (B,G) and all pair (C,E), (S,E) of disjoint
soft closed sets of (H,t,E) there exists a soft nbd (N, G) of b and a pair of
disjoint S. j-open sets (F,E), (U,E) and a continuous function A : Hgy gy —
[0,1] such that Hy 6y 1 (C,E) A (F,E) & 271(0) and Hy ¢ 1 (S, E) A (U,
E)Z A7*(1) in Hyy gy, where j € {a,S, P, b, £}.
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Example 3.2.21. Let H = {hy, hy hs,hy}, B ={a,b}, E = {e,, e,}, G =
{g1,9,}and (H,% E) be a F.W.S. topological space over (B, {2, G). Define f
:H—- Band u:E — G,suchthat f(hy) = f(hy) ={a}, f(hs) =f(h,)
= {b}, u(ey) = {91}, u(e,) = {g,}. T = {®,H, (F,,E)} where (F,,E) is soft
sets over (H, %, E), defined as follows : (F;, E) = {(eq,{hqs, hy}), (e5, {hs, hy})
L0 ={®,B,(M,G)}, (M, G) ={(g1,{a}), (g2, {bD}. Itis clear that Hyy ¢y =
{ (e1,{hy, hy}), (e, {hs, hy})} is soft j-open in(H,T,E) then the projection
function P, : (H,%,E) - (B,Q,6)is a S. j-continuous, (C,E) = {(ey, {hy,
h D}, (S E) = {(ez,{hs, R}, b = @, soft nbd of @ is (N,G) = (g4, {a}),
Hg = {hy, hs3}, h = hy, (F,E) = {(ey, {hy, hsD}, (N, 6) = {(g1, {a]))}, Hiw 6)
= {hy ho} Ty, = 1@ Hivgy ), (UE) = {(e1, {hs, ha})} and (V,E) = {(
(e1, {hy, hy D)} Let A: Hyygy —[0,1] such that A(hy) =1=2A(h,). 1 is
continuous, Hy ¢y N (C,E) A (U,E) = ® € 271(0) and Hiy 6y O (S, E) A (V,
E) = {hy,h,} € A71(1). Let b = b, soft nbd of b is (N,G) = (g,,{b}),
Hive) = {hs ha}s Ty = {Hwey @) Let 1:Hpygy —[0,1] such that
A(hs) =1 = A(h,). A is continuous, Hgy gy N (C,E) A (U,E) = {hs, hy} €
A71(0) and Hy gy N (S, E) AV (V,E) = & € 271(1). Also, (H,%,E) is F.W.S.

j-functionally normal, where j € {a,S,P, b, $}.

Remark 3.2.22. If (H,T,E) is F.W.S. j-functionally normal space over
(B, 0, G), then (Hg+, T5+, Ep+) is F.W.S. j-functionally normal space over (B*,
2%, G*) for all subspace (B*,2*,G*) of (B, ,G), where j € {a,S,P,b,5}.

The soft closed subspaces of F.W.S. j-functionally normal spaces are
F.W.S. j-functionally normal, where j € {a, S, P, b, 8}. In fact we have.
Proposition 3.2.23. Assume that ¢ : (H,%,E) — (H*, 7", E™) is a soft closed
F.W.S. j-irresolute embedding, where (H,%,E) and (H*,T*,E*) are F.W.S.
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topological spaces over (B,f,G). If (H*,#*,E*) is F.W.S. j-functionally
normal, then (H,,E) is so, where j € {a,S,P, b, B}.

Proof. Assume that b is a soft point of (B, G) and (C,E), (S,E) is disjoint
soft closed sets of (H, T, E). Then ¢(C, E), d(S, E) are disjoint soft closed sets
of (H*,T*,E*). Since (H*,T*,E*) is F.W.S. j-functionally normal there exists
a soft nbd (N, G) of b and a pair of disjoint S. j-open sets (F,E), (U,E) and a
continuous function A : H(y ¢y —[0,1] such that Hiy s N (C,E) N (F,
E)E271(0) and Hiye N &S, E)A(UE) EA71(1) in (Hiyey Eive
E(nygy)- Then w = 4 o ¢ is a continuous function 4 : Hgy ¢y —[0,1] such that
Hyo N (CE)NG(F,E)w(0) and Hyy e N(S,E)N O (U,E) T w™ "
(1) in (Hw ), Tv,6) Ev,g)), Where j € {a,S, P, b, B}, as required.

Definition 3.2.24. A function Pf,:(H,E) - (B,G) where f:H — B and
u: E — G is called a soft near-biopen (briefly, S. j-biopen) if the image of

every S. j-open setin H is S. j-open set in K, where j € {«, S, P, b, 5}.

Proposition 3.2.25. Assume that ¢ : (H,%,E) — (K, d,L) is a soft j-biopen,
soft closed and continuous fibrewise surjection function, where (H, %, E) and
(K,&,L) are F.W.S. topological spaces over (B, ,G). If (H,%,E) is FW.S j-
functionally normal, then (K, &, L) is so, where j € {a, S, P, b, $}.

Proof. Assume that b is a point of (B,G) and (C,E), (S,E) is disjoint soft
closed sets of (K,4,L). Then ¢~1(C,E), o 1(S,E) are disjoint soft closed
sets of (H,%,E). Since (H,7,E) is FW.S. j-functionally normal there exists a
soft nbd (N, G) of b and a pair of disjoint S. j-open sets (F,E), (U, E) and a
continuous function A: Hypygy = [0,1] such that Hpy gy N~ (C,E) N
(F,E)T A7%(0)and Hiy gy N &7(S,E)N(U,E) €271(1) in Hyy 6y. Now

a function w : Ky 6y — [0,1] is given by
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(l)(k) = Suphe¢—1(k)l(h); k € K(N,G)'
Since ¢ is S. j-biopen and soft closed, as well as it is a continuous, it follows
that w is continuous. Since Kygy N (C,E)N ¢(F,E) € w™'(0)and
Kngy D (S,E)N &(U,E) € w™ (1) in Hyy gy, Where j € {a,S, P, b, £}. This

proves the proposition.

3.3 Fibrewise Soft Near Compact (Resp., Locally Soft Near Compact)
Spaces and Some Fibrewise Soft Near Separation Axioms

Now we give a series of results in which give relationships between
fibrewise soft near compactness (or fibrewise locally soft near compactness in

a number of cases) and some fibrewise soft near separation axioms.

Proposition 3.3.1. Assume that (H, %, E) is F.W.L.S. j-compact and F.W.S. -
regular over (B, {2, G). Then for all soft point h of Hj, where b € (B, G), and
all S. j-open set (F,E) of h in (H,% E), there exists a soft open set (U, E) of
hin (Hw ¢y, Tve) Evy) such that the closure Hyy gy N CU(F,E) of (F,E)
in (Hiv.6y, Tive)y Egvgy) 1s F.W.S. j-compact over (N,G) and contained in
(V,E),wherej € {a,S,P,b, }.

Proof. Since (H,%,E) is F .\W.L.S. j-compact there exists a soft nbd (N*,G")
of b in (B,02,6) and a soft open set (F*,E*) of h in (Hy- g%, Evv6%),
E(n+g+) such that the closure Hiy ;) 0 CI(F*,E*) of (F*,E™) in (Hp* g%,
vt Eov6)) 18 FW.S. j-compact over (N*, G*). Since is F.W.S. j-regular
there exists a soft nbd (N,G) & (N*,G*) of b and a soft open set (F, E) of h
in (Hwv .6y, Tiv6), Ev)) such that the closure Hey gy N CI(F,E) of (F,E) in
(Hwve) Tive)y Ewg)) remains contained in Hyy gy N (F*,E") N (U,E). At
this time Hyg) N CI(F*,E*) is FW.S. j-compact over (N,G), since
Hiy ¢y O CL(F",E™) is F.W.S. j-compact over (N*,G™), and Hy gy N CL(N, G)
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is soft closed in Hyy gy N CI(N*,G*). Hence (Hy ) N CI(F,E)) is FW.S.
J-compact over (N, G) and contained in (U, E), where j € {a,S,P,b,[ }, as

required.

Proposition 3.3.2. Assume that ¢ : (H,7,E) —(K,&,L) is a soft open, S. j-
irresolute fibrewise surjection function, where (H,%,E) and (K,&,L) are
F.W.S. topological spaces over (B,f2,G). If (H,%,E) is FW. L. S. j-compact
and F.W.S. j-regular, then so is (K, &, L), where j € {a, S, P, b, B}.

Proof. Assume that k exist a soft point of K, where b € (B, G), and (U, E) is
a S. j-open set of k in (K,& L). Choice any soft point A of ¢~*(h). Then
$~Y(U,E) is a S. j-open set of h in (H,%,E). Since (H,%,E) is FW. L. S. j-
compact there exists a soft nbd (N,G) of b in (B, 2, G) and a soft open set
(F,E)of A in Hy gy such that the closure Hy gy N CI(F,E) of (F,E) in
Hy gy is F.W.S. j-compact over (N, G) and is contained in ¢~ 1(U,E). Then
d(F, E) is a soft open set of k in K6y, since ¢ is a soft open, and the closure
Kigy 0 CL(O(F,E)) of &(F,E) in Ky ¢y is FW.S. j-compact over (N,G)
and contained in (N, G) , where j € {a, S, P, b, $}, as required.

Proposition 3.3.3. Let (H,%,E) be FW.S. locally j-compact and F.W.S. j-
regular over (B, 1, G). Let C is a soft compact subset of Hj, where b € (B, G
), and (U,E) is aS. j-open set of C in (H,%,E). Then there exists a soft nbd
(N,G) of b in (B,Q2,G) and a soft open set (F,E) of C in
(Hwey Tavey Ev,ey) such that the soft closure Hyy gy N CL(F, E) of (F,E)
in Hey gy is FW.S. j-compact over (N, G) and contained in (U, E), where
j€{a,S, P,b,L}

Proof. Since (H, %, E) is F.W.L.S. j-compact there exists for all soft point & of
C a soft nbd (N7, G7) of b in (B,{2,G) and a soft open set (Fz, E) of h in
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Hon 6 such that the closure Hov, 6y N CU(FR, ER) of (Fz, Ex) in Hov, 6 IS
F.W.S. j-compact over (N Gp) and contained in (U,E). The family
{(Fz, E7); h € C} founds a soft covering of the soft compact C using soft

~

open sets of H. Extract a finite soft subcovering indexed by Ay, ..., h,, say.
Take (N,G) to be the intersection (N5 ,Gz) N ... A (Nj ,Gg ), and take
(F, E) to be the restriction to Hy ¢ of the union (F; ,E; ) U ..U (F ,Ef ).
Then (N, G) is a soft nbd of b in (B, 2, G) and (F, E) is a soft open set of C in
H(y ¢, such that the soft closure Hyy g N CI(F,E) of (F,E) in Hygy is
F.W.S. j-compact over (N,G) and contained in (U,E), where j€
{a,S,P,b, B}, as required.

Proposition 3.3.4. Assume that ¢ : (H,%,E) — (K,d,L) isaS. j-proper, S. j-
irresolute fibrewise surjection function, where (H,%,E)and (K,d,L) are
F.W.S. topological spaces over (B,,G). If (H,%,E) is F.W.S. locally j-
compact and F.W.S. j-regular, then (K, &, L) is so, where j € {a,S,P,b,[}.
Proof. Assume that k € K5, where b € (B, G), and (U, E) is a S. j-open set of
k in (K,6,L). Then $~*(U,E) is a S. j-open set of ¢~*(k) in (H,%E).
suppose that (H,%,E) is a F.W.L.S. j-compact. Since ¢~*(k) soft compact,
using Proposition (3.3.3) there exists a soft nbd (N, G) of b in (B, {2,G) and a
soft open set (F,E) of ¢~ '(k) in Hpgy such that the closure
Hy g N CU(F,E) of (F,E) in Hy gy is FW.S. j-compact over (N,G) and
contained in (U, E). Since ¢ is soft closed there exists a soft open set
(F*,E*) of k in K¢y such that $~*(F*,E*) € (F,E). Then the closure
K gy 0 CL(F*, E™) of (F*,E™) in Ky, is contained in (K ¢y N CI(F,E))
and so is F.W.S. j-compact over (N,G). Since Ky NCL(F*,E*) is
contained in (U, E) this proves that (K, d,L) is a F.W.S. locally j-compact,
where j € {a, S, P, b, 5}, as asserted.
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Proposition 3.3.5. Assume that ¢:(H,%,E) —» (K,6,L) is a S. j-
countinuous fibrewise function, where (H,%,E) and (K,d&,L) are F.W.S.
topological spaces over (B, 2, G). If (K, &, L) is F.W.S. j-Hausdorff, then the
fibrewise soft graph G : (H,%,E) — (H,7,E) X5 (K,d,L) of ¢ is a soft
closed embedding, where j € {a,S,P, b, 5}.

Proposition 3.3.6. Assume that ¢ : (H,%,E) — (K, d,L) is a S. j-continuous
fibrewise function, where (H, %, E) is F.W.S. J-compact space and (K, G, L) is
F.W.S. Hausdorff space over (B,2,G). Then ¢ is S. j-proper, where j € {a,
S,P,b,B}.

Proof. Consider the figure shown below, where r is the standard F.W.S.

topological equivalence and G is the fibrewise soft graph of ¢ .

G
H > H xz K
<l>l lpxid,(
T
K > B xp K

Fig. (3.3.1): Diagram of Proposition (3.3.6).

Now G soft closed embedding, by Lemma (3.3.5), since (K, &,L) is FW.S.
Hausdorff. So G is S. j-proper. And P, is S. j-proper and so Pg,, X idg is S. j-
proper. Therefore (P X idg)o G = r o ¢ is S. j-proper and so ¢ is S. j-

proper, since r is a F.W.S. topological equivalence, where j € {a, S, P, b, }.

Corollary 3.3.7. Assume that ¢ : (H,7,E) —» (K,d,L) is a S. j-continuous
fibrewise injection, where (H, T, E) is F.W.S. j-compact space and (K, 4,L) is
F.W.S. Hausdorff space over (B,2,G). Then ¢ is soft closed embedding,
when j € {a,S,P,b,}.
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The corollary is often used in the case when ¢ is surjective to show that
¢ is a F.W.S.topological equivalence.
Proposition 3.3.8. Assume that ¢ : (H,%,E) — (K,d,L)is a S. j-proper
fibrewise surjection function, where (H,%,E) and (K,4,L) are F.W.S.
topological spaces over (B,,G). If (H,%,E) is a F.W.S. Hausdorff, then
(K,d,L) is so, where j € {a,S,P, b, B}.
Proof. Since ¢ is a j-proper surjection function so is ¢ X ¢, in the following
figure below. The diagonal A(H,%,E) is soft closed, since (H,%,E) is a
F.W.S. Hausdorff, hence ((¢ x ¢) o A)(H,%,E) = (A o $)(H,£,E) is a
soft closed. But (Ao &)(H,%,E) = A(K,§&,L), since ¢ is surjective function,
and so (K, &, L) is a F.W.S. Hausdorff, where j € {a, S, P, b, 3}.

A
H > H xz H
cpl l¢X¢
K. A > H x; K

Figure 3.3.2: Diagram of Proposition 3.3.8.

Proposition 3.3.9. Assume that (H,%,E) is a F.W.S. j-compact and F.W.S.
Hausdorff space over (B,f,G). Then (H,% E) is a F.W.S. j-regular, where
je{asS,P,b, B

Proof. Assume that i € Hg, where b € (B, G), and (F,E) is a S. j-open set of
h in (H,%E). Since (H,%,E) is a F.W.S. Hausdorff there exists for all soft
point h* € Hj such that h* & (F, E) a soft open set (U, E7-) of h and a soft
open set (Uz., Ez.) of h* which do not intersect. Now the family of soft open
sets (Uz., Ez.), for h* € ((H,E) — (F,E))5, forms a soft covering of
((H,E) = (F,E))3. Since ((H,E)—(F,E))is S. j-closed in (H,%,E) and
therefore F.W.S. j-compact there exists, by Proposition (2.3.4), a soft nbd
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(N,G) of b in (B, G) such that Huy ¢y — (Hivy N (F, E)) is soft covered by a
finite subfamily, indexed by hj}, ..., h;, say. Then the intersection (U,E) =
(U%l,Egl) N ..A (U ,E; ) is asoft open set of & which does not meet the
open set (UE") = (U's,E*'3)U0..0W"F E';) of (Hw e, Ewe) —
((Hw,) Ew,g)) N (F,E)). Therefore the soft closure Hy gy N CL(U,E) of
Hy gy N (U,E) in (Hw,), Ewg)) is contained in (F,E), where j € {a,S, P,
b, B}, equally asserted.

We extend this last result to.

Proposition 3.3.10. Assume that (H,%,E) is a F.W.S. locally j-compact and
F.W.S. Hausdorff space over (B,f,G). Then (H,%,E) is a F.W.S. j-regular,
where j € {a,S,P,b,}.

Proof. Assume that h € Hj, where b € (B, G), and (U, E) is a S. j-open set of
hin (H,%, E). Assume that (N, G) is a soft nbd of b in (B,G) and (F,E) is a
soft open set of b in Hy ) such that the soft closure Hy ) N CI(F,E) of
(F)E) in (Hw ) Tve) Evg)) is a FW.S. j-compact over (B,,G). Then
Hy e N CI(F,E) is a FW.S. j-regular over (N,G), by Proposition (3.3.9),
since Huy gy N CL(F,E) is a F.W.S. Hausdorff over (N, G). So there exists a
soft nbd (N*,G*) A (N, G) of b in (B,G) and a soft open set (F*,E*) of h in
Hiy« g+ such that the soft closure Hy+g+ 0 CI(F*,E*) of (F*,E")
in Hyy+ g+ is contained in (F,E) N (U,E) € (U,E), where j € {a,S,P, b, 5},

as required.

Proposition 3.3.11. Assume that (H,%7,E) is a F.W.S. j-regular space
over (B,2,G) and (Y, 4, D) is a F.W.S. j-compact subset of (H, %, E). Assume
that b is a soft point of (B, G) and (U, E) is a S. j-open set of Y; in (H, %, E).
Then there exists a soft nbd (N, G) of b in (B, G) and a soft open set (F, E) of
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Y(v,6y In Hoy gy such that the soft closure Hiy gy N CI(F, E) of (F,E) in Hyy gy
is contained in (U, E), where j € {a, S, P, b, 5}.

Proof. We may suppose that Yy ¢) is non-empty since otherwise we can take
(F,E) = Hy,), Where (N,G) = (B,G) — Pr, ((H,E) — (U, E)). Since (U, E)
is a S. j-open set of each soft point & of Y; there exists, by F.W.S. j-regularity,
a soft nbd (N3, G) of b and a soft open set (Fz Ez) N H(NE'GE) of h such that
the soft closure Hy_ ¢y N CL(Fg, Ef) of (Fg, Ef) in Hey, 6.y is contained in
(U, E). The family of soft open sets {Hy_¢.) A (F5, Ep); h € Y3} soft covers
Y; and so there exists a soft nbd (N*,G*) of b and a finite subfamily indexed
by hy, ..., hy,, say, which soft covers Y. Then the conditions are satisfied with
(N,G) = (N*,G*) 0\ (N5, Gz ) I .0 (Ng , G5, ), (F,E) = (Ff ,Ez,) U ..U

(Fr, Eg,) -

Corollary 3.3.12. Assume that (H,,E) is a F.W.S. j-compact and F.W.S. |-
regular space over (B, 2, G). Then (H, %, E) is F.W.S. j-normal, where j € {a,
) S; P; b; ﬁ}-

Proposition 3.3.13. Assume that (H,7,E) is a F.W.S. j-regular space over
(B,2,6) and (Y,5,D) is a F.W.S. j-compact subset of (H, %, E). Assume that
{(U,E);i=1, .., n}is asoft covering of Y, where b € (B,G) by S. j-
open sets of (H,%,E). Then there exists a soft nbd (N,G) of b and a soft
covering {(F;, E;); i = 1, ..., n} of Y ) by soft open sets of Hy ¢y such that
the soft closure Hy ¢y N CL(F;, E;) of (F;, E;) in Hy ¢y is contained in (U;, E;)
for all i, where j € {a,S,P,b,}.

Proof. Write (U,E) = (U,,E,) U ...U (U, E,), so that (H,E) — (U,E) is S.
j-closed in (H,%E). Hence (Y,6,D) N ((H,E) — (U,E)) is S. j-closed in
(Y,8,D) and so F.W.S. j-compact. Applying the preceding consequence to

61



Chapter 3 Fibrewise Soft Near Separation Axiom

the S. j-open set (U, E;) of Y; 0 ((H, E;) — (U, E;)) we get a soft nbd
(N,G) of b and a soft open set (F,E) of Ywe N (Hwey Ewe)) —
(Uw.6y Engy)) such that Hyy ¢y 0 CL(F,E) € (U, Ey). Now (Y,6,D) A (U,
E) and (Y,8,D) N ((H,E) — (U,E)) soft coverY, hence (U,E) and (F,E)
soft cover Yy ). Thus (F,E) = (F,E;) is the first step in the shrinking
process. We continue by repeating the argument for {(Fy, E;), (U,, E,), ...,
(U, En)}, so as to shrink (U,, E,), and so on, where j € {a, S, P, b, B}. Hence

the result is obtained.

Proposition 3.3.14. Assume that ¢ : (H,7,E) — (K,d,L) is a S. j-proper, S.
J-irresolute fibrewise surjection function, where (H,%,E) and (K,4,L) are
F.W.S. topological spaces over (B,1,G). If (H,%,E) is F.W.S. j-regular, then
(K,&,L) is so, where j € {a,S,P, b, B}.

Proof. Assume that (H, %, E) is F.W.S. j-regular. Assume that k is a soft point
of K5, where b € (B,G), and (U,E) is a S. j-open set of k in (K,&,L). Then
d~Y(U,E) is a S. j-open set of the soft compact ¢~1(k) in (H,% E) . Using
Proposition (3.3.13), therefore, there exists a soft nbd (N, G) of b in (B, 2, G)
and a soft open set (F,E) of ¢~1(k) in Hy gy such that the soft closure
Hiy g N CL(F,E) of (F,E) in Hy g is contained in ¢~1(U,E). Now since
$ .6y Is a soft closed there exists a soft open set (U*, E*) of k in K, such
that ~*(U*, E*) € (F,E), and then the soft closure Hy ¢y N CL(U*, E*) of
(U*,E™) in Hy gy is contained in (U, E) since CI(U",E*) = Cl(dp(p~ (U,
E™)) = d(CU(G™ (U E))) € G(CI(F,E)) E $(¢™"(U,E)) € (U, E). Thus
(K,d,L) isa F.W.S. j-reqular, where j € {a, S, P, b, B}, as asserted.
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Chapter 4

Fibrewise Soft Ideal Topological spaces

In this chapter, we shall study the fibrewise soft ideal topological spaces
over B, we discuss relation between fibrewise soft ideal topological spaces
over B and fibrewise soft topological spaces over B. In section one, We offer
a new concept of fibrewise soft ideal topological spaces over B and
distinguish it from fibrewise soft topological spaces over B. Some basic
properties of this spaces are investigated. In section two, we introduced the
concepts of the fiberwise soft ideal closed and a soft ideal open topological
over B. Many of the propositions concerning with these concepts are
provided. In section three, we define and study new notions of fibrewise soft
ideal topological spaces over B namely fibrewise soft near ideal topological

spaces over B and counter examples are given to illustrate these notions .

4.1. Fibrewise Soft Ideal Topological Spaces
In this section, we introduced a definition of fibrewise soft ideal topology

and its related properties.

Definition 4.1.1. Assume that (B, {2, G) is a soft topology . The fibrewise soft
ideal topological space (briefly, F.W.S.I-topological space) on a fibrewise set
H over B mean any soft ideal topology on H for which the projection function

is S.I-continuous.

The F.W.S.I-topological space and F.W.S. topological space are
independent and the following examples show that.
Example 4.1.2. Let (H, %, E,I) be a F.W.S. I-topological space over (B, 2, G)
given as follows : H = {hy, hy, hs, hy}, E = {e}, T = {®,H,{(e, {h3})}. {(e,{
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hi, ha})3 {(e, {hy, ho, B3 DY, 1= (@, {(e, {1 D)}, B ={a,b,c,d}, G={g},
N ={®,B,M,6)}and (M,G) = {(g,{b, c,d})}. Furthermore, define f: H —
B, such that f(hy) ={a}, f(hy) ={b}, f(h3)={c} f(hy) ={d} and
u:E - G,u(e) ={g}. Itisclear that Hyy ) = {(e, {hy, hy, h3})} is S.1-open
in (H,%,E,I) but not soft open in (H,%,E), then the soft function
Py (H,T,E, 1) > (B,Q,G) is a S. I-continuous but is not a soft continuous.
Thus, (H,%,E,I) is a F.W.S. I-topological space but not a F.W.S. topological

space.

Example 4.1.3. Let (H,%,E,I) be a F.W.S. I-topological space over (B, 2, G)
given as follows : H = {hy, h,, hs, hy}, E = {e}, T = {®,H,{(e,{h, D}, {(e, {
hi, haD} {(e, the, ha, DY, 1 ={®,{(e, {hs 1)}, {e, (ha])}, {(e, {hs, ha]D D,
B ={ab,c,d},G={g},2={d,B,(MG)} and (M,G) = {(g,{a ¢, d}}
Furthermore, define f:H — B, such that f(hy) ={a}, f(h,) = {b},
f(hy) ={c}, f(hy) ={d} and u:E - G, u(e) ={g}. It is clear that
Hy gy = {(e,{hq, h3, hy})} is soft open in (H,%,E) but not S.l-open in
(H,%,E,I), then the projection function Pf,: (H,%,E, I) - (B, {2, G) is a soft
continuous but is not a S.lI-continuous. Thus, (H,%,E,I) is a F.W.S.

topological space but not a F.W.S.I-topological space.

Proposition 4.1.4. The following statmants are equivalent.

(@) (H,%,E,I)isaF.W.S.I-topological space over (B, 12, G),

(b) For each soft element in (H,% E) and each soft open in (B,12,G)
containing the image of a soft element, there exist an S.lI-open of
(H,%,E,I) containing soft element such that the image of an S.l-open
containing in soft open,

(c) For each soft element in (H,% E) and each soft open in (B,1,G)

containing the image of a soft element, (Hy ))" is nbd of soft element.
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Proof . (a) = (b) Suppose that (H, %, E,I) is a F.W.S.I-topological space over
(B,,G), then the projection function Pey:(H,T,E, 1) - (B,2,G) is S.I-
continuous. To proof for each soft element in (H, %, E) and each soft open in
(B, 2, G) containing the image of a soft element, there exist an S.I-open of
(H,%,E,I) containing soft element such that the image of an S.I-open
containing in a soft open, since (M, G) € 2 containing Pfu(ii), then by (a)
Hygy is an S.l-open in H. By taking (F,E) = Hy,g, Which containing
Pr, (), thus Pr, (F,E) € (M, G).

(b) =(c) Since the soft open in (B,f,G) containing the image of a soft
element, then by (b) there exists (F,E) is an S.I -open of (H,%,E,I)
containing Py, (h), such that P,(F,E) € (M,G). So hE (F,E) € int(
F,E)* € int(Hpe)* € (Hue))" Hence (Hupyy)* isanbd of 7.

(c)=>(a) Since the soft open in (B,,G) containing the image of a soft
element, then by (c) (Hy )" is a soft nbd of h, then there exist a soft set
(F,E) € ¥ such that h € (F,E) € (Hgyc))", then Hyy ¢ is an S.1-open, then

Py, is S.1-continuous, thus (H, 7, E, I) is a F.W.S.1. topological spaces.

Proposition 4.1.5. The (H,%,E,I) is a F.W.S.I-topological space over
(B,2,G) if and only if the graph soft function g: (H,%,E) - (H,%,E) X
(B,Q,G), defined by g(h) = (h, f(h)), for each h € (H,E), is an S.I-
continuous.

Proof. (=) Suppose that (H,%,E,I) is a F.W.S.I-topological space over
(B,2,G), then the projection function Py, : (H,%,E,I) = (B,{,G) is an S.I-
continuous. To show that g is S.I-continuous, let h € (H,E) and (W,E X G)
be any soft open of H x B containing g(h) = (h, f(h)). Thus we have a

basic soft open set (F,E) X (M, G) such that g(h) = (fz,f(fz)) € (F,E) x

(M,G) € ( W,E x (). Since (H,%,E,I) is a F.W.S.I-topological space, then
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P, is an S.1-continuous, we have an S.1-open set (L, E') of (H, T, E) containing
(h) such that Py, (L, E) € (M, G). Because (L, E) 1\ (F, E) is a soft ideal open
of (H,%,E,1) and (L,E) @A (F,E) € (F,E) then g((F,E) A (L,E)) € (F,E)
X (M,G) € (W,E X G). This explain that g is S.I-continuous.

(&) Suppose that g is S.I-continuous. To show that (H,%,E,I) is F.W.S.I-
topological spaces i.e., the projection function Pg, : (H,%,E, I) - (B, !7,6)
is S.I-continuous, let h € (H,E) and (M, G) be any soft open set of (B, 1, G)
containing Py, (R). Then H x (M, G) is a soft open in (H,%,E) X (B, £,G).
Because g is S.I-continuous, we have (F,E) is an S.l-open in (H,%,E,I)
containing h such that g(F,E) € H x (M, G). Hence, we get P, (F,E) T (M
,G). This explains that Py, is S.I-continuous. Thus (H,%,E,I) is a F.W.S.1-

topological space.

Proposition 4.1.6. If (H,%,E,I) is a F.W.S. I-topological space over
(B,2,G). Then (Hg:, g+, Eg+,15+) is a F.W.S. I-topological space over
(B*, 02", G*) for each open subspace (B*,2*,G*) of (B,{,G).
Proof. suppose that (H,t,E,I) is a F.W.S.I-topological space over (B,fz, G)
then there exist the projection function P, : (H,%,E,I) - (B,2,G) is S.I-
continuous. To show that (Hg+, Tg+, Eg+, I5+) is F.W.S. I-topological over
(B*,02*,G*) i.e., the projection function Pg+(fuy : (Hg*, Tp*, Eg», Ig+) = (B,
0%,G*) is S.1-continuous. Assume (M, G) is a soft open subset of (B,2,G).
Then (M,G) A (B*,G*) is soft open in subspace (B*,2%,G*) and so
Houg € int(Ha,g)", then Hy gy B (Hp+, Eg+) € int(Hpyg) N (Hge, Ep+)
This  (Hp+, Eg-)m,c) = Hamg) N (Hp+, Ep<) € (Hp+, Ep)m,6) € int((Hp-,
,Eg) 0 (Hyy )" = int((Hp+, Eg-)m,6))"- This we have that (Hp+, Ep+) m,¢)
is S.1-open of (Hg+, Tg+, Ep+, Ig+) . This shows that Pg-(f, is S.I-continuous,
then (Hg+, T5+, Eg+, I5+) IS a F.W.S.I-topological space.
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Proposition 4.1.7. Assume that (H,%,E,I) is a F.W.S. I-topological space
over (B, 1, G) and for all member (H;, E;) of a infinite soft open covering of
(H,7,E). Then (H;_., E; ., 1;..) is a F.W.S.I-topological spaces over (B*, 07,
G*) for each open subspace (B*,2*,G*) of (B,0,G).

Proof. The proof is like to previous proposition.

Definition 4.1.8. A F.W.S.I-topological space (H,%,E,I) over (B,Q2,G) is
called fibrewise soft I-irresolute (briefly, F.W.S. I-irresolute ) if the projection

function Py, is a soft I-irresolute.

Proposition 4.1.9. Let (H, %, E,I) be a F.W.S.I-topological space over (B, 2,
G) and (Haycy-) € (Huyg))® for each soft subset (M, G) of (B,£2,G). Then
(H,%,E,I) is a F.W.S.I-irresolute.

Proof. Suppose that (H, %, E,I) is a F.W.S.I-topological space over (B, 1, G),
then there exist the projection function Py, : (H,%,E,I) - (B,,G) is an S.I-
continuous. To show that (H,%,E,I) is a F.W.S.I-irresolute, i.e., there exist
the projection function P, : (H,%,E,I) > (B,2,G,])is an S. I-irresolute.
Let (M, G) be any S. I-open set of (B,{2,G,]). By Theorem (1.3.27), we have
(M, G)" = (int(M, G)*)". Therefore, we have Hy ¢y= Hint(m,)y*» SUCh that
(Hw,6))" © Hinean,oy)"s Hmey € Hinemyo)r 80 Haygy is S 1-open in
(H,1,E,I), then Ps, is an S. l-irresolute, thus (H,%,E,I) is a FW.S.I-

irresolute.

Remark 4.1.10. Let ¢ : (H,%,E,I) = (K,5,L) be a fibrewise soft ideal
function and y: (K,5,L,M) - (Z,9,C) is a fibrewise soft ideal function,
where (H,%,E, 1), (K,&,L,M),(Z,9,C,N) are F.W.S.I-topological space over
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(B, 2, G) then the composition Yoo : (H,%,E, 1) — (Z,9,C) is not fibrewise

soft ideal function, in general, like shown by the next example.

Example 4.1.11 Let H = Z = {hy, hy, hs}, K = {hy, hy, hs, hy}, B = {a, b, ¢},
E =L =C = {e}, G = {g}, with soft topologies, T = {®, H,{(e,{h,})}}, 6 =
®,K,{(e,{hy, haD}}, 0 = {®,Z,{(e, {31}, {(e, {2, hs}}}, 2 = {®,B}, | =
®,{(e,{hsN}}, M = {®,{(e,{n,D}}. Let (H,%,E, ), (K, L,M) and (Z,9,C,
N) be F.W.S.I-topological spaces over (B, 2, G). Define the identity function
f from H, Z to B, let u be a identify function from E, C to G and define
q:K—-B,d:L—- G, such that q(h,) = {a}, q(h,) = {q}, (hy) = {b}, q(
h3) ={c}, d(e) ={g}. Then the soft functions Py : (H,T,E,I) -
(B,2,G), Pgqay: (K,6,L,M) - (B,2,G) and P,y : (Z,9,C,N) - (B, 12,
G) are an S.I-continuous. And define identity functions ¢ : (H,%,E,I) =
(K,6,L), ¥ : (K,6,L,M) > (Z,9, C) define as : Y(hy;) = hyj, W(hy;) =
W(hyap) = hyp, W(hs;) = hs; where b € (B,G). It clear that both ¢ and v
are S.I-continuous function. However, the composition function ¢oy is not

S.l-continuous function because {(e, {h3})} is an S. open in (Z,9,C), but
(poy) (e, {h3})} = {(e,{h3})} is not an S.I-open in (H,%,E, ).

Proposition 4.1.12. Let ¢:(H,T,E,I) - (K,6,L) be a fibrewise soft
function, where (K,&,L, M) a F.W.S.I-topological space over (B,{,G) and
(H,%,E,I) has the induced F.W.S. I-topology, the following are hold :

(@ If ¢ is a soft continuous and for each F.W.S. I-topological space
(Z,7,C,N), a fibrewise soft function ¢ : (Z,¥,M,C) - (H,%,E) is S.I-
continuous then the composition ¢ o y:(Z,¥,C,N) = (K,G,L) is S.I-
continuous.

(b) If ¢ is an S.I-continuous and for each F.W.S. I-topological space
(Z,v,C,N), a fibrewise soft functiony : (Z,¥,M,C) - (H,%,E,I)isS. I-

68



Chapter 4 Fibrewise Soft Ideal Topological Spaces

irresolute then the composition ¢oyp : (Z,7,C,N) - (K,G,L) is S.lI-
continuous.
Proof. (a) Suppose that v is an S.I-continuous. Let Z € Z;, where b € (B, G)
and (N, L) soft open set of (¢ o y)(2) = k € K; in (K, &,L). since ¢ is soft
continuous, then ¢~(N, L) is a soft open set containing y(2) = h € H; in
(H,%,E). Since ¥ is S.I-continuous, theny~1(¢~1(N,L)) is a S.l-open set
containing Z € Z; in (Z,7,C) and Y1 (o~ (N, L)=(p o )" *(N, L) is a S.I-
open set containing Z € Zz in (Z,¥,C, N).
(b) The proof is similar to the proof of (a).

4.2. Fibrewise Soft Ideal Closed and Soft Ideal Open Topological Spaces
during this part, we explain the ideas of a fibrewise soft ideal closed and
soft ideal open topological spaces. Several topological properties on the

obtained concepts are studied.

Definition 4.2.1. A function ¢ : (H,%,E,I) = (K, d,L) is said to be

(a) A soft ideal open (briefly, S. I-open) function if the image of every S.I-
open set in H is a soft open set in K.

(b) A soft ideal closed (briefly, S. I-closed) function if the image of every S.1-

closed set in H is a soft closed set in K.

Definition 4.2.2. A F.W.S.I-topological space (H,%, E,I)over (B,Q,G) is
called fibrewise soft ideal closed (briefly, F.W.S. I-closed) if the projection

function Py, is a soft I-closed.

Definition 4.2.3. A F.W.S.I-topological space (H,%,E,I) over (B,Q,G) is
called fibrewise soft ideal open (briefly, F.W.S. I-open) if the projection

function Py, is a soft 1-open .
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The F.W.S.I-open and F.W.S. open are this two concepts are
independent.
Example 4.2.4. Let (H,%,E, 1) be a F.W.S.I-topological space over (B, 2, G)
given as follows : H = {hy, hy, hs, h,}, E = {e}, T = {®,H,{(e, {hy, h, D}, {(e
{hy, b, iR, 1 = {@,{(e, {hsD}, {(e, (ha])} {(e, {hs, haD}}, B = {a,b,c,
d}, G ={g}, 2 =1{(®,B,{(g9.{a,b}}{(g{a b,d})}} and f: H - B, such
that f(hy) = {a}, f(hy) ={b}, f(h3) ={c}, f(hy) ={d} and u:E -G,
u(e) = {g}. Then projection function Pey, i (H,T,E,1) » (B,2,G) isan S. |
— open but is not a soft open. Thus, (H,%,E,I) is a FW.S. l-open but not a
F.W.S. open.

Example 4.2.5. Let (H,%,E,I) be a F.W.S.I-topological space over (B, 2, G)
given as follows : H = {hy, h,, h3}, E ={e}, T={® H, {(e,{h D} {(e{
hi, oD 1= 1{®,{(e, {h:D}}, B={a,b,c}, G ={g}, 2 = {®,B,{(g,{a})},
f +H - B, such that f(hy) ={a}, f(hy,) ={b}, f(hy) ={c}and u: E -
G, u(e) = {g}. It is clear that Pr,({(e, {4 )}) is soft open in (B, 02,G) but
not S.l-open, then projection function Py, : (H,%,E,I) = (B,{,G) is a soft
open but is not an S. I-open. Thus, (H,%,E,I) is a F.W.S. open but not a
F.W.S.I-open.

Proposition 4.2.6. The (H,%,E,I) is a F.W.S.1-open over (B, 2, G) then for
each soft element in (H,7,E) and each soft nbd (F, E)* of the soft element,
there exists a soft open of (B, 2, G) containing the image of a soft element
such that a soft open containing in image of a soft nbd.

Proof. Suppose that (H,%,E,I) is a F.W.S.l-open, then the projection
function Pr, (H,%,E,I) - (B, f),G) is an S.l-open function. To proof for
each soft element and each soft nbd (F, E) of the soft element, there exists a
soft open of (B, 0, G) containing the image of a soft element such that a soft
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open containing in image of a soft nbd, since for each soft element h € (H,E
) and each soft nbd (F,E)* of h, then there exists an S.l-open (U,E) in
(H,%,E) such that h € (U,E) & (F,E)*. Since Pf,, is an S.1-open, (M, G) =
P, (U, E) is a soft open of (B, 2, G) and P, (h) € (M,G) € Py, (F,E)*.

Proposition 4.2.7. Let (H,%,E,I) be a FW.S. I-topological space over
(B,2,G). If (H,%E,I) is a F.W.S. l-open (resp., F.W.S.I-closed) if and for
all fibre soft (Hz, E;) of (H,%,E) and all S.1-open (resp., S.l-open) subset
(F,E) of (H; E) in (H,%,E), there exists a soft open (soft closed) subset
(F,G) of b such that (Hez ), Er6)) € (F, E).

Proof. (=)Suppose that (H,7,E,I) is a F.W.S.I-open (resp., F.W.S.I-closed)
i.e., the projection function P, : (H,%,E,I) > (B,£,G) is an S.l-open (resp.,
soft I-closed). Then, let b € (B, G) and (F,E) S.l-open (resp., soft I-closed)
subset of (Hj, Ep) in (H,%,E), then (H,E) _(F,E) is a soft I-closed (resp.,
S.1-open) in (H,%,E), this implies P, ((H, E) — (F,E)) is a soft open (resp.,
soft closed) in (B,f,E), let (F,G) = (B,G) — Pr,,((H,E) — (F,E)), then
(F,G) a soft open (resp., soft closed) subset of b in (B,2,G) and
(Hepy Ery) = Hergy = (H,E) = Hep o my-mmy) € (FLED.

(<)Suppose that the assumption hold and there exist the projection function
Pr,: (H,%,E,I) - (B,2,G) is a soft I-closed. Now, let (F,C) be an S. I-
closed subset of (H,%,E,I) and b € (B,G) — P, (F, C) and each S.I-open set
(F,E) of fibre soft (Hz, Ez) in (H,%,E,I). By assumption we have a soft
open (F,G) of b such that (He gy, Erg)) € (F,E). It is easy to show that
(F,G) € (B,G) — Ps,(F,C), hence (B, G) — Py, (F, C) is a soft open in (B, 2,
) and this implies Pg, (F, C) is a soft closed in (B, 0, G) and Py, isasoft |-
closed. Thus, (H,%,E,I)is a FW.S. I-closed. For an S.I-open function, we
can prove similarly.
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Proposition 4.2.8. Let ¢ : (H,T,E,I) - (K,6,L) be a fibrewise S.I-open
function, where (K, &, L, M) a F.W.S.I-topological space over (B, {2, G) ) and
(H,%,E,I) has the induced F.W.S. I-topology and for each F.W.S. I-
topological space (Z,¥,C,N), a fibrewise soft function y:(Z,7,C,N) -
(H,%,E) is S.l-open then the composition ¢ o y: (Z,7,C,N) = (K,d,L) is
S.1-open.

Proof. Suppose that 1 is an S.l-open. Let Z € Z;, where b € (B,G) and
(N, L) S.1-open set in (Z,¥,C,N). Since ¥ is S.l-open, then ¥ (N, L) is a soft
open set containing Y(%) = h € H; in (H,%,E). Since ¢ is S.I-open, then
Y($(N, L)) is a soft open set containing (poyp)(£) = k € K in (K, 4, L) and
Y(d(N,L) = (dpoy)(N, L) is a soft open set containing k € K in (K, 5, L).

4.3. Fibrewise Soft Near Ideal Topological spaces

In this section, we study fibrewis soft near ideal topological spaces,
counter examples are given to illustrate these concepts and we introduced a
notion fibrewise soft near I-compact, and, we studied the properties related to
fibrewise soft ideal topological spaces and we introduced a definition of

fibrewise soft near ideal connected and its related properties.

Definition 4.3.1. Assume that (B, 22, G) is a soft topology. The fibrewise soft
near ideal topological space (briefly, F.W.S.j-I-topological space) on a
fibrewise set H over B mean any soft near ideal topology on H for which the

projection function is S.j-1-continuous.

Remark 4.3.2. In F.W.S.I-topological space we work over a soft topological
base space B, say. When B is a point-space the theory reduces to that of
ordinary soft topology. A F.W.S.I-topological (resp., S. j-1-topological) space

over B is just a soft ideal topological (resp., S. j-I-topological) space H

72



Chapter 4 Fibrewise Soft Ideal Topological Spaces

together with a soft ideal continuous (resp., S. j-l-continuous) projection
Py, :(H,%,E, 1) » (B,£,G). So the implication between F.W.S.I- topological
spaces and the families of F.W.S. j-I-topological spaces are given in the

following diagram, where j € {a,S,P, b, 5}.

F.W.S.I-topological space

U

F.W.S.a-I-topological space = F.W.S. S-I-topological space
U U

F.W.S. P-I-topological space = F.W.S. b-I-topological space

U
F.W.S. B-I-topological space.

Figure 4.1.1: Implication between fibrewise soft I-topology and fibrewise soft j-I-topology, where
je{a,S,P,b, L}

The following examples show that these implications are not reversible.
Example 4.3.3. Let (H, %, E,I) be a F.W.S. I-topological space over (B, 2, G)
given as follows : H = {hy, hy, hs, hy}, E = {e}, T = {®,H,{(e,{h D}, {(e,{
haD3Y {(e, {hy, ha}3 {(e, thy, hy, Ra DY} 1= {@,{(e, {hi ]} {(e, {hs D)} (e {
hi,hs]}, B={a b,c,d}, G = {g}, 2 ={®,B,{(g9,{a,b})}}and f : H - B,
such that f(h,) = {a}, f(h,) = {b}, f(h3) ={c}, f(hy) ={d}andu: E -
G, u(e) = {g}. Itis clear that Hyg (qpyy = {(e,{hq, h2})} is S.a-I- open but
not S.I-open in (H,%,E,I), then the projection function Pg, : (H,%,E, I) -
(B,2,G) is an S. a-l-continuous but is not an S. I-continuous. Thus,
(H,%,E,I) is a F.W.S.a-I-topological space but not a F.W.S.I-topological

space.

Example 4.3.4. Let (H,%,E,I) be a F.W.S. I-topological space over (B, 2, G)
given as follows : H = {hy, hy, hs, h,}, E = {e}, T = {®,H,{(e,{h, )}, {(e{
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ha, hsD}, {(e, {hy, o, hs DY 1= (D, {(e, (D} {(e, {haD)} {(e, {hy, ha])},
B ={a,b,cd}, G={g} 2={®B,{(9,{a,b,d})}} and f: H —> B, such
that f(hy) ={a}, f(hy) ={b}, f(h3) ={c}, f(hy) ={d} and u:E -G,
u(e) = {g}. Itis clear that Hy (4 p,a)y = {(e,{h1, hp, hy})} is S.P-I-open but
not S.a-l-open in (H,%,E,I), then the projection function P, : (H,%,E,I) -
(B,0,G) is an S. P-I-continuous but is not an S. a-l-continuous. Thus,
(H,%,E,I) is a F.W.S.P-I-topological space but not a F.W.S.a-1-topological

space.

Example 4.3.5. Let (H, %, E,I) be a F.W.S. I-topological space over (B, 2, G)
given as follows : H = {hy, hy, hs, hy}, E = {e}, T = {®,H,{(e,{h, )}, {(e,{
hi, haD} {(e {hy, ha, Ra DY}, 1= (@, {(e, {ha D} {(e, {RaD)}, {(e, { e, Ra D3},
B ={a,b,c,d}, G={g}, 2 ={®,B,{(g9,{a,b,d}) }} and f: H - B, such
that f(hy) = {a}, f(ha) = {b}, f(hs) ={c}, f(hy) ={d} and u: E > G,
u(e) = {g}. Itis clear that Hy(g (a,p,ap); = {(e, {hy, h2, hy})} is S.S-1-open but
not S.a-1-open in (H,1,E, I), then the projection function Pr,, : (H,T,E, I) -
(B,2,G) is an S. S-I-continuous but is not an S. a-l-continuous. Thus,
(H,%,E,I) is a F.W.S. S-I-topological space but not a F.W.S.a-1-topological

space.

Example 4.3.6. Let (H,%,E,I) be a F.W.S.I-topological space over (B, 2, G)
given as follows : H = {hy, h,, hs, h,}, E = {e}, T = {®, H,{(e,{h D}, {(e{
ha} {(e, {hy, RaDY}, 1= {®,{(e,{hsD)}}, B={ab,c,d}, G={g}, 2=
{®,B,{(g,{a,aN},{(g.{a}}, {(g,{dD}} and f : H - B, such that f(hy) =
{d}, f(hy) ={b}, f(h3) ={d}, f(hy) ={b} and u:E -G, u(e) ={g}.
Then the projection function Pr, : (H,T,E, I) > (B,2,G) is an S. b-I-
continuous but is not an S. P-I-continuous. Thus, (H,%,E,I) is a F.W.S. b-1-

topological space but not a F.W.S.P-I-topological space.
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Example 4.3.7. Let (H, %, E,I) be a F.W.S. I-topological space over (B, 2, G)
given as follows : H = {hy, hy, h3}, E ={e}, ¥ ={®,H, {(e,{h, D1}
I={®,{(e{hsD}}, B={abc}, G={g}, 2= {P,5,{(g{abh}} and
f + H— B, suchthat f(hy) = {a}, f(hy,) ={c}, f(hy) ={b}andu: E - G,
u(e) = {g}. It is clear that Hy o 513 = {(e,{hq, h3})} is S. b-1-open but not
S.S-1-open in (H,,E,I), then the projection function Py, : (H,%,E, I) >
(B,0,G) is an S. b-l-continuous but is not an S.S-I-continuous. Thus,
(H,%,E,I) is a F.W.S. b-I-topological space but not a F.W.S. S-1-topological

space.

Proposition 4.38. Let ¢ : (H,%,E,I) —» (K,d,L) be a fibrewise soft ideal
function, where (K,&,L,M) a F.W.S. j-l-topological space over (B,,G) )
and (H, %, E,I) has the induced F.W.S. j-I-topology. If ¢ is a soft continuous
and for each F.W.S. j-1-topological space (Z,7,C,N), a fibrewise projection
function y: (Z,7,M,C) —» (H,%,E) is S. j-1-continuous then the composition
boy:(Z,7,C,N) = (K,G,L) is S. j-I-continuous, where j € {a, S, P, b, 5}.
Proof. The proof is similar to that of Proposition (4.1.12) (a).

Proposition 4.3.9. If (H,%,E,I) is a F.W.S. j-I-topological space over (B, 2,
). Then (Hg+, %5+, Eg+, Iz+) is F.W.S. j-I-topological space over (B*,2*,G*)
for each open subspace (B*,2*,G*) of (B,,G), where j € {a, S, P, b, B}.
Proof. The proof is similar to that of Proposition (4.1.6).

Proposition 4.3.10. The (H,%,E,I) is a F.W.S. j-I-topological space over
(B,2,G) if and only if the graph soft function g : (H,%,E) » (H,%,E) X
(B,0,6), defined by g(h) = (h, f(h)), for each h € (H,E), is an S. j-I-
continuous, where j € {a, S, P, b, B}.

Proof. The proof is similar to that of Proposition (4.1.5).
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Definition 4.3.11. The F.W.S.I-topological space (H, %, E,I) over (B,,G) is
named fibrewise soft near I-compact (briefly, F.W.S. j-1-compact) if the soft
ideal topological space (H,, E, ) is a soft j-I-compact, where j € {a, S, P, b,

B}

Proposition 4.3.12. Let &:(H,%,E,I) - (K,d,L,]) be an S. j-l-irresolute
fibrewise surjective, (H,%,E,I) and (K, &, L,]) are F.W.S.I-topological spaces
over (B,2,G). If (H,%,E,I)is FW.S. j-I-compact, then (K,&,L,J) is so,
where j € {a,S,P, b, B}.

Proof. Let (H,%,E,I) be a F.W.S. j-lI-compact. To show that (K,d,L,J) is
F.W.S.j-I-compact, since let {(W;, E;):i € A} an S. l-open cover of K, where
b € (B,G). Then o~ Y{(W,,E;):i € A} is an S. l-open cover of Hz, where b €
(B,G). By the hypothesis, there exists a finite subset A, of A such that
H-GC{o*(W,E):i€A)EI Therefore, ¢ {H-0{d*(W,E):i€
A,} € J which explains that is (K, &, L,]) an S. j-1-compact. Thus (K,4,L,]) a
F.W.S. j-I-compact, where j € {a, S, P, b, B}.

Definition 4.3.13. The F.W.S. topological space (H,t,E,I) over (B,f),G) IS
called fibrewise soft near ideal connected (briefly F.W.S. j-1-connected) if Hj
where b € (B, G) is not the union of two disjoint non-empty S. j-1-open sets
of (H,%,E,I), where j € {a,S,P, b, B}.

Proposition 4.3.14. Assume that ¢ : (H,%,E,I) = (K,6,L,]) is a S. j-I-
irresolute fibrewise surjection function, where (H,%,E,I) and (K,G,L,]) are
F.W.S.I-topological spaces over (B,2,G). If (H,%E,I) is FW.S. j-I-
connected, thenso is (K, 4,L,]), where j € {a,S, P, b, }.

Proof. Let (K, &, L,J) be a F.W.S.I-topological space over (B, 2, G), then Py,

iIs an S. I-continuous. Suppose that (K,4,L,J) is not a F.W.S.j-lI-connected,
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then there exist non-empty disjoint S. j-l1-open subset (F,L), (G,L) of
(K,&,L,J) such that (F,L) G (G, L) = Kz, where b € (B, G). Since ¢ is an S.
j-1-irresolute, then ¢~1(F, L), $~1(G, L) are non-empty disjoint in (H,%,E,I).
Moreover, o~ 1(F,L) U ¢ 1(G,L) = Hg. This shows that (H,%, E,I) is not a
F.W.S. j-I-connected. This is a contradiction and hence (K,4,L,J) isa F.W.S.
j-1-connected, where j € {«, S, P, b, 5}
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2 Conclusions S

The purpose of the present work is to put a starting point for the some

types of fibrewise topological spaces and develop a theory of fibrewise
topology and construct new concepts of fibrewise topology.

Also, we introduce the concepts of fibrewise soft topological spaces,
several topological property on the obtained concepts are studies. The
suggested methods of soft near open the way for constructing new types
fibrewise soft topological spaces and we hope to connect this result in the
contest of study the relationship and comparison between fibrewise soft near
compact and locally soft near compact spaces which will be our goal in future
work.

Finally, we used soft near open concept to give a new approach for
defining of separation axioms in fibrewise soft topological spaces namely
fibrewise near separation axioms. In our future work, we hope to connect and
comparison the fibrewise soft near topological spaces and fibrewise soft near

separation axioms.
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z Future Works S

The following are some open problems for the future works:

In the future we can use the concepts bitopological spaces in define
fibrewise soft bitopological spaces, also we can define fibrewise soft bi-T;
where i=1,2,3,4. On the other hand we can discuss the relation between
fibrewise soft bitopological spaces and fibrewise soft j-bitopological spaces,
where j € {a, S, P, b,}. Furthermore, we will study fibrewise soft digital

(resp., di, tri, nano, filte, girll, fuzzy) topological spaces.
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