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Abstract

The main aim of this thesis is to use two semi-analytical iterative
methods to find the analytical solutions for some important problems in

physics and engineering.

The first objective is to use an iterative method which is proposed by
Temimi and Ansari namely (TAM) for finding the analytical solutions for
Riccati, pantograph, and beam deformation equations. Also, the TAM has
been applied for 1D, 2D and 3D nonlinear Burgers’ equations and systems
of equations to get the analytic solutions for each of them. The convergence
of the TAM has been investigated and successfully proved for those

problems.

The second objective is to use an iterative technique based on Banach
contraction method (BCM) which is easy to apply in dealing with nonlinear
terms. The BCM is used to solve the same physical and engineering
problems mentioned above. In addition, we have been presented several
comparisons among the TAM, BCM, variational iteration method (VIM) and
Adomian decomposition method (ADM) with some conclusions and future
works. The presented methods are efficient and have high accuracy. The
TAM and BCM do not require any restrictive assumptions in the nonlinear
case. In addition, both methods do not rely on using any additional
restrictive assumptions as in the ADM or VIM or any other iterative

methods.

The software used for the calculations in this presented thesis is
MATHEMATICA® 10.0.
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Introduction

INTRODUCTION

The ordinary and partial differential equations play an important role in
many problems that appears in different fields of engineering and applied
sciences. The past few decades have seen a significant progress to implement
analytical, approximate methods for solving linear and nonlinear differential
equations. For examples: Adomian decomposition method (ADM) [68],
variational iteration method (VIM) [4], homotopy perturbation method
(HPM) [63], differential transform method (DTM) [78] and many others.
Although these methods provided or given some useful solutions, however,
some drawbacks have emerged such as the calculation of the Adomian
polynomials for the nonlinear problems in ADM, calculate the Lagrange
multiplier in the VIM and the calculation became more complicated after
several iterations, homotopy construction and solving the corresponding

equations in HPM.

In this thesis, some of the ordinary and partial differential equations that
appear in the problems of chemistry, physics, engineering and other applied

sciences will be solved by using iterative methods.

One of these equations is the Riccati equation, which is an initial value
problem of nonlinear ordinary differential equation, which plays a significant
role in many fields of applied science such as random processes, optimal
control, diffusion problems, network synthesis and financial mathematics
[26].

The other one is the pantograph equation which is originated from the
work of Ockendon and Tayler on the collection of current by the pantograph

head of an electric locomotive [38]. The pantograph equations are appeared in
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modeling of various problems in engineering and sciences such as biology,

economy, control and electrodynamics [16].

Moreover, the beam deformation equation will be solved, which is a
nonlinear boundary value problem (BVP) which is frequently used as
mathematical models in viscoelastic, inelastic flows and deformation of
beams [1].

Furthermore, the other equation that will be solved is the Burgers’
equation which is a partial differential equation and firstly introduced by
Harry Bateman in 1915 [27] and it was subsequently processed to become as
Burgers’ equation [45]. Burgers’ equation has a lot of importance in
engineering and physical fields, especially in problems that have the form of
nonlinear equations and equation systems. The applications of Burgers’
equations by mathematical scientists and researchers has become more
commonplace and interesting, it has been known that this equation describes
different types of phenomena such as modeling of dynamics, heat conduction,
acoustic waves, turbulence and many others [5, 10, 36, 45, 56 , 61, 77]. In
recent decades, some scientists and researchers used some methods and
techniques to solve these types of problems [22, 39, 42, 44, 71] which will be
discussed in this thesis and solved in reliable iterative methods.

Recently, Temimi and Ansari have introduced a semi—analytical iterative
method namely (TAM) for solving nonlinear problems [28]. The main feature
of the TAM is very effective and reliable, does not require any restrictive
assumptions to deal with nonlinear terms, time saver, and has a higher
convergence and accuracy. The TAM was inspired from the homotopy
analysis method (HAM) [70] and it is one of the famous iterative methods
that used for solving nonlinear problems [65]. Moreover, the TAM s

successfully used to solve many differential equations, such as Duffing
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equations [51], korteweg—de vries equations [18], chemistry problems [52]

and nonlinear thin film flow problems [53].

In addition, Sehgal and Bharucha-Reid proved the probabilistic version
of the classical Banach contraction method (BCM) in 1972 [3]. The BCM
characterized as one of the developments of Picard’s method where the ease
of application clearly observed which makes it distinct from the other known
iterative methods. The BCM used to solve various nonlinear functional delay
equations including partial differential equations (PDE), ordinary differential

equations (ODE), system of ODEs and PDEs and algebraic equations [75].

The main advantages of the BCM, it does not require any external
assumptions to deal with the nonlinear terms like the TAM. It avoided the

large computational work or calculated the Lagrange's multipliers in the VIM.

This thesis has been arranged as follows: in chapter one, the introductory
concepts about the non-linear differential equations (ordinary and partial) and
some analytic and approximate methods will be introduced to solve some
scientific applications, such as ADM and VIM. Chapter two presents the basic
idea of the TAM as well as an overview of the convergence of TAM, which is
based on the Banach fixed-point theory. Furthermore, the TAM is
successfully implemented to solve the Riccati equations, pantograph, and
beam deformation equations. In addition, the TAM will be implemented to
solve the Burgers and system equations in 1D, 2D and 3D to illustrate the
efficiency and accuracy of the proposed method. In chapter three, the basic
concepts of the BCM will be presented, and the application of the BCM for
the same problems solved by TAM will be introduced. Finally, in Chapter

four the conclusions and future works will be given.
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Chapter One Primary Concepts

Chapter 1

Primary Concepts

1.1 Introduction

The importance of the non-linear differential equations highlights when
dealing with the problems that are occurring in different fields such as
physical and chemical sciences and engineering. Many of these problems are
of a nonlinear form. It is known that there is a difficulty in to solving these
nonlinear problems and require to use efficient methods to get the analytic,

approximate or numerical solutions.

Moreover, the problems that will be solved in this thesis are
mathematical models contain non-linear ODEs such as Riccati equation,
pantograph equation, beam deformation equation and nonlinear PDEs such as

Burgers’ equation, that appeared in many engineering and applied sciences.

This chapter contains four sections. In section two, some definitions and
theorems that will be used in the next chapters will be given. In section three,
some types of ODEs are presented, such as Riccati, pantograph and beam
deformation equations. In addition, some analytic and approximate methods
will be introduced to solve some scientific applications, such as ADM and the
VIM. Finally, in section four, the Burgers’ equations and system of equations
in 1D, 2D, and 3D will be introduced. Also, the 1D, 2D Burgers’ equations
will be given in literature by ADM and VIM.
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1.2 Preliminaries

1.2.1 Initial Value Problems [6]:

Differential equations are often divided into two classes, ordinary and
partial, according to the number of independent variables. A more meaningful
division, however, is between initial value problems, which usually model
time-dependent phenomena, and boundary value problems, which generally
model steady-state systems.

A differential equation (DE) that has given conditions allows us to find
the specific function that satisfies a given DE rather than a family of
functions. These types of problems are called initial value problems (IVVP). In
physics or other sciences, frequently amounts to solving an initial value
problem. For example, an initial value problem is a differential equation

v'(x) = f(x,v(x)), with f:0 c RXR™ - R",
where 6 is an open set of R X R™, together with a point in the domain of f,
(x9,vo) € O called the initial condition. A solution to an initial value problem
is a function v that is a solution to the differential equation and satisfies
v(xy) = vy.

1.2.2 Boundary Value Problems [6]:

When imposed an ordinary or a partial differential equation the
conditions are given at more than one point and the differential equation is of
order two or greater, it is called a boundary value problem (BVP). For
example, if the independent variable is time over the domain [0,1], a
boundary value problem would specify values forv(x) at both x =
0 and x = 1, whereas an initial value problem would specify a value of
v(x) and v'(x) at time x = 0. In addition, there are four types of boundary
value problems or boundary conditions: Dirichlet, Neunmann, Mixed, Robin

boundary conditions.


https://en.wikipedia.org/wiki/Initial_condition
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The boundary value problems have a greater importance in various
scientific fields. Many of researchers and scientists experiencing in their
scientific researchers have a problem in finding the desired solution for those
boundary value problems. These problems come with boundary conditions,
which are satisfying the solution. In some cases, these problems are
formulated from BVP to Volterra integral equation. The integral equation

make the reaching to the solution simple and easy.
Definition 1.1: [6]

An integral equation is called Volterra integral equation (VIE) if limits
of integration are functions of x rather than constants. The first kind Volterra

integral equations, is:

flx) = AJ k(x,t)v(t)dt, (1.1)

where the unknown function v(x) appears only inside integral sign, and the

Volterra integral equations of the second kind is

X

v(x) =f(x)+ Af k(x, t)v(t)dt, (1.2)

a

where the unknown function v(x) appears inside and outside the integral sign.

Definition 1.2: [57]

Let (X,d) be ametric space. Then a mapping F: X — X, is said to be

Lipschitz if there exists a real number k > 0, such that
d(F(x),F(y)) < kd(x,y) forall x,y in X.

In addition F is called a contraction mapping on X if k < 1.


https://en.wikipedia.org/wiki/Metric_space
https://en.wikipedia.org/wiki/Contraction_mapping
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Theorem 1.1 (Banach Fixed Point Theorem): [69]

Let (X,d) be a non-empty complete metric space with a contraction

mapping F:X — X. Then F admits a unique fixed-point x* € X
F(x*) = x*
Theorem 1.2: [57]

Let F be a mapping of a complete metric space (X, d) into itself such
that F* is a contraction mapping of X for some positive integer k. Then F has

a unique fixed point in X.

Proof: See [57].

1.3 Ordinary Differential Equations (ODESs)

An ordinary differential equation is a relation containing one real

independent variable x € R = (—o0, ), the real dependent variable v, and
some of its derivatives (v',v",v"", .., v"),v’ =%. ODEs arise in many

contexts of mathematics and science. Various differentials, derivatives, and
functions become related to each other via equations, and thus an ODE is a
result that describes dynamically changing phenomena, evolution, or
variation. Also, in specific mathematical fields, include geometry and
analytical mechanics, and scientific fields include much of physics, chemistry

and biology [4].

In this section, we have examined three specific problems in physical
and engineering sciences that are governed by non-linear ODEs and they are
solved by using ADM and VIM.


https://en.wikipedia.org/wiki/Complete_metric_space
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1.3.1 Riccati differential equation

The Riccati differential equation is named after the Italian noble man
Count Jacopo Francesco Riccati (1676-1754) [26]. This equation has many
applications such as network synthesis, financial mathematics [12], control
the boundary arising in fluid structure interaction [31]. Consider the following

nonlinear Riccati differential equation [20].
v'(x) = p(x) + q(x)v(x) + r(x)v?(x), v(xy) =a, xo <x < X, (1.3)

where p(x), q(x)and r(x) are continuous functions, x,, X, and a are

arbitrary constants, and v(x) is unknown function.

A substantial amount of research work has been done to develop the
solution for Riccati differential equation. The most used methods are ADM
[68], HAM [34]. Taylor matrix method [59] and Haar wavelet method [79],
HPM [82] combination of Laplace Adomian decomposition and Pade
approximation methods [64], and many other methods available in the

literature.

1.3.2 Analytical methods available in literatures to solve the
Riccati differential equation

In this subsection, the ADM and VIM will be used to solve the nonlinear

Riccati differential equation.
1.3.3 The Adomian decomposition method

In the early 1980s, George Adomian had introduced the ADM [22, 23,
24]. This method plays an important role in applied mathematics. The
importance of the ADM is due to its strength and effectiveness, and it can
easily deal with many types of ODEs, PDEs (linear and nonlinear), integral

equations and the other types of equations [7]. It consists of decomposing the

=]
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unknown function v(x) of any equation into a sum of an infinite number of

components defined by the decomposition series.

(0]

V(@) = ) @)

n=0

or equivalently
v(x) = vo(x) + v1(x) + v (x) + -

Where the linear components v,(x), n =0, are evaluated in recursive
manner. The decompositions method concerns itself with finding the

components vy, vy, vy, ... etc.

The zero component is identified by all terms that are not included under
the integral sign. Consequently, those components v;(x), i > 1of the
unknown function v(x) are completely determined by setting the recurrence.

Consider the following nonlinear differential equation
Lv+ Nv = f(x), (1.4)

where L and N are linear and nonlinear operators, respectively, and f(x) is

the source inhomogeneous term. The ADM introduces for Eg. (1.4) in the

form
vo(x) = f(x),
n+1 = n dt, >0 1.5
U1 (0) jo(;va))t n> (15)

For the nonlinear solution v(x), and the infinite series of polynomials
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v(x) = z A, (Vg, V1, oy Up),
n=0

where the components v, (x) of the solution v(x) will be determined,
recurrently and A,, are the Adomian polynomials which are obtained from the

definitional formula [24]

Ay nl din f(ZA V)] 2=0/ n=12,..

The formulas of the first several Adomian polynomials from A4, to Az, will be

listed below as given in [24]
Ay = f(vp),

Ay = v, f (),

1
Ay, = vyf " (vg) + 57712]6”(170),
! 124 1 3 124
Az = v3f'(vy) + v1v,f " (V) + §v1 " (vo),

Ay =vaf (Vo) + ( vz + v1v3)f " (Vo) + : 771 sz”’(vo)

1 4 12244
+ZU1 """ (),

As = vsf'(vg) + (Vav3 + V10 f " (Vo) + ( 171772 %1712173)f"’(170)

1 "rr 1 Sgrrrn
5171 Su,f"" (vo) + V1 f" (o),

and so on.
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Note 1.1:

It is worth mentioning that we can use the transformation formula of

converting multiple integrals to single [6]

jox j: j:v(xn)dxn wdxy = 1)'J (x — )" u(t)dt. (16)

1.3.4 Error analysis

We used the appropriate function of the maximal error remainder [35,

54] to assess the accuracy of the approximate solution.

ER,(x) =L(v) —N() — f. (1.7)
The maximal error remainder is

MER,, = or?;?s)ilER”(x)l' (1.8)
The ADM will be implemented to solve the Riccati differential equation
Example 1.1 [74]:
Let us consider the Riccati equation of the form.

v' = —v%+1,  withinitial condition  v(0) = 0. (1.9)

Eqg. (1.9) can be converted to the following Volterra integral equation
X

v(x) =x —f v2(t)dt, (1.10)
0

The Adomain method proposes that the solution v(x) can be expressed by the

decomposition series:
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V(@) = ) (0,
n=0

and the nonlinear term v2, be equated to:
v? = Z A,
n=0

Therefore, Eq. (1.10) will be:

oo

Y vaC) = x - jo x(i Ay (),
n=0

n=0

The following recursive relation:

v():x,

x (00]
Vpy1 = —j ZA” (t) |dt, n = 0.
0 n=0

Now, we find Adomian polynomial A4,,.

Ay = f(vy) = %,

Ay = vy f'(vy) = 2v4vy,

1
Ay = vof () + 5”12f”(v0) = 2vyv; + 1,7,

(1.11)

(1.12)

1
Az = v3f'(vy) + vV f " (V) + 57713]””(170) = 2vyV3 + 201 V,,

Consequently, by applying the Mathematica’s code, see appendix A, we get

]
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Vg = X,

x x3
v = _f Ao(t)dt == _?,
0

5

ij (t)dt 2x
v, = — = —_—,
2 o 1 15

17x7
315’

X
173 B _j Az(t)dt - -
0

9

x 62x
U4 = _j Ag(t)dt =
0

2835’
~ ij (e - 138
ICE R TPk
~ fo (e - 2B
Ve =7 | A5\ = 6081075

Then, we have

() = x3 N 2x>  17x7 N 62x° 1382x11 N 21844x13
VA = X T T 5 T 315 ' 2835 155925 ' 6081075

The obtained series solution in Eq. (1.9) can be used to calculate the
maximal error remainder for show the highest accuracy level that we can

achieve. It can be clearly seen in table 1.1 and figure 1.1 that by increasing the
iterations the errors will be reduced.
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Table 1.1: The maximal error remainder: MER,, by the ADM, where n =
1,...,6.

MER,, by ADM
6.65556 x 1075
3.76891 x 1077
1.96289 x 1077
9.72067 x 1012
465513 x 1014
2.15106 x 1016

| O B W DN | S

MER,

Figure 1.1: Logarithmic plots of MER,versus n is 1 through 6 by ADM.

1.3.5 Variational Iteration Method

The method used to solve the Riccati differential equation is called the
VIM [20]. The VIM established by Ji-Huan He in 1999 is now used to deal
with a wide variety of linear and nonlinear, homogeneous and inhomogeneous
equations [40, 41]. The obtained series can be employed for numerical
purposes if exact solution is not obtainable. To illustrate the basic concepts of

the VIM, we consider the following nonlinear equation [39, 43]:

Lv(x) + Nv(x) = f(x), x>0, (1.13)
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where, L is a linear operator, N a nonlinear operator and f(x) is the source of
the inhomogeneous term. The VIM introduces functional for Eq. (1.13) in the

form:

Vpp1(x0) = v (x) + fx/l(s)(Lvn(s) + N7, (s) — f(s))ds, (1.14)
0

where A is a general Lagrangian multiplier which can be identified optimally
via the variational theory, and 7, as a restricted variation. The Lagrange
multiplier A may be constant or a function and it is given by the general
formula [8, 9]:

A(s) = (=) (s — )" 1, (1.15)

(n—1)!

However, for fast convergence, the function v,(x) should be selected by

using the initial condition for ODE as follows:
vo(x) = v(0), for first order.

vo(x) = v(0) + xv'(0), for second order.

vo(x) = v(0) + xv'(0) + - x?v"(0), for third order.

and so on.

The successive approximations v,,;, n = 0 of the solution v,,(x) will
be readily upon using selective function v,(x). Consequently, the solution is

given by

v(x) = 1lll_7>7(;lo v, (x).
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In what follows, the VIM will be implemented to solve the Riccati

differential equation.

Example 1.2 [74]:
Rewrite the example 1.1 and solve it by VIM.

v’ = —v? + 1, with initial condition v(0) = 0. (1.16)
By using Eq. (1.14), we get

X

Unia () = v () + j [A(s) (vl + v2(s) — )] ds, (1.17)
0

By using the formula in Eq. (1.15) leads to A = —1. Substituting this value of
the Lagrange multiplier A = —1into the functional Eq. (1.17) gives the

iteration formula:

Un41(X) = v (x) = fx(vr’l +v;(s) — D ds. (1.18)
0

The initial approximation will be:
vo(x) = v(0) =0,

By using equation (1.18), the following successive approximations will be

obtained:

v0=0,

X
v, = vo—f (vy + vE(s) — 1) ds = x,
0

X x3
v, = vl—f (v{+v12(s)—1)ds=x—?,
0



Chapter One Primary Concepts

x x3 2x5 X7
= — ! 2 —1 d = —_— —_—
V3 = U, j; (vy + v5(s) )ds =x 3 + 53

By continuing in this way till n = 6, we have

() = x3 N 2x>  17x7 N 62x° 1382x11 N 20404x13
VelX) = X =T 5 7 315 ' 2835 155925 ' 6081075

766609x1° N 4440998x17 3206482x'°
638512875 10854718875 24105934125

+ -, (1.19)

Table 1.2 and Figure 1.2 illustrate the convergence of the solution
through the use of the maximal error remainder which can be clearly seen, the

error will be reduced by increasing the number of iterations.

Table 1.2: The maximal error remainder: MER,, by the VIM, where n =

1,..,6.
MER,, by VIM
0.01

6.65556 x 107>
2.65463 x 1077
7.56708 x 10710
1.67808 x 10712
3.04791 x 10715

| O B W N | S

MER,
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1.3.6 Pantograph differential equation

The pantograph is a type of delay differential equations. In 1971 Taylor
and Okondon developed first the mathematical model of the pantograph [46].
Pantograph equation used in many applications, such as industrial
applications [49], studies based on biology, economy, control and
electrodynamics [58]. In addition, the nonlinear dynamic systems and
population models. Consider the following generalized pantograph equation
[11].

J
v™(x) = z pi()v® (ajx + B;) + f(x), (1.20)

with initial conditions

m-1

z cxv®0)=y;, i=0,1,..,m—1,

k=0

where p;(x) and f(x) are analytical functions, J =1, ci, p;, @; and p; are

real or complex constants.

Pantograph equation was solved by many authors either analytically or
numerically. For instance, Yusuf oglu [81] proposed an efficient algorithm for
solving generalized pantograph equations with the linear functional argument,
the authors of investigated an exponential approximation to obtain an
approximate solution of generalized pantograph-delay differential equations
[73]. High-order pantograph equations with initial conditions have been also
studied by Taylor method [62], ADM [14], DTM [78] and HPM [16].
Recently, Doha et al proposed and developed a new Jacobi rational-Gauss
collocation method for solving the generalized pantograph equations on a

semi-infinite domain [15].
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1.3.7 VIM for solving the pantograph differential equation

Example 1.3 [11]:
Let us deal with the following pantograph differential equation,

v”=%v+v(g)—x2+2,

with the initial conditions v(0) =0, v'(0) = 0. (1.21)
By using Eq. (1.14), we get:

S

) [)L(s) (v,’l’ — %vn — v, (—) —s? + 2)] ds. (1.22)

Vp1(x) = vp(x) + j >

0

Using the formula in Eq. (1.15) leads to A = (s — x). Substituting this value of
the Lagrange multiplier A = (s — x) into the functional Eq. (1.22) gives the

iteration formula:

V1 () = v,(x) + jox [(s —X) (v,’l’ — %vn — v, (%) —s% + 2)] ds,

The initial approximation will be:
vo(x) =v(0) + xv'(0) =0, (1.23)

By using Eq. (1.23), the following successive approximations will be obtained

UO - 0,
xr 3 S x*
= - g — = =) —s?2+2||lds =x?—-—,
V= v +j0 _(s X) (vo 270~ Yo (2) s°+ ) s=x"— 17
xr ‘ 13x°
. no_ e W — 2
Uy, = 1 +j0 _(s x) (v1 2T (2) s* + 2)_ ds = x S0
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X 3 s
vy = v2+f [(s—x)(vé’—zvz—vz(z)—sz+2)]ds,
0

, 91x8
=X ——,
2949120
x 3 S
Vy = Vg +j0 [(s —X) (vé’ —ZV3 Vs (E) —s% + 2)] ds,
,  17563x™
= x4 — ,
67947724800

and so on. Then:
v(x) = x? — small term,

This series converges to the exact solution [11],

v(x) = lim v, (x) = x2.
1.3.8 Beam deformation equation

In the last two decades with the rapid development of applied science,
there has appeared mathematical model of the beam deformation equation

which is used in structural engineering and fluid mechanics.

Recently, many analytical methods are used to solve nonlinear beam
deformation equation, such as HPM [55], VIM [1], and ADM [25].

According to the classical beam theory in [1], the function v = v(x)
represents the configuration of the deformed beam. The length of the beam is
L =1, where x = 0 at the left side and x = 1 at the right side and f = f(x) is

a load which causes the deformation [1], as it is shown in figure 1.3.
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Let us consider the nonlinear beam deformation problem as a general
fourth order boundary value problem of the form [1],

v (x) = flx,v,v',v"v"), (1.24)
with the boundary conditions:
v(a) = ay, v'(a) = ay,
v(b) =B,  v'(b) = pa,

where f is a continuous function on [ab] and the parameters a;,
a,, f;and B, are finite real arbitrary constants. Eq. (1.24) used as

mathematical models in engineering.

f(x)

1
{SRORIOSIR R S I O S A

Bearing ¢

0

ANNNNNNN

Figure 1.3: Beam on the elastic bearing.

In this subsection, the following problem of the beam deformation will be
solved by using the VIM,

1.3.9 VIM for solving the nonlinear beam deformation problem

Example 1.4 [1]:
Let us consider the following form of the beam deformation equation,
v® = p? + f(x),

subject to the boundary conditions
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v(0) =0, v'(0) =0, v(l) =1, v'(1) = 1. (1.25)
Where
f(x) = —x19 + 4x% — 4x8 — 4x7 + 8x® — 4x* + 120x — 48,

By using Eq. (1.14), we have:

1 =) + [ [26) (5~ v = 1) as. (126
0

)3 _
G ;f) . Substituting this value

By using the formula in Eq. (1.15) leads to A =

x)3

. . _(s- . . .
of the Lagrange multiplier A = —,— Into the functional Eq. (1.26) gives the

iteration formula:

(s —x)°

Va0 = 1 ) + x [— (0 = v - f(s))] ds. (127)

. | 3

Let us assumed that an initial approximation has the form:
vo(x) = ax3 + bx?* + cx + d, (1.28)
where a, b, ¢, and d are unknown constants to be further determined.

By using the iteration formula (1.27), the following first-order approximation
is obtained:
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x A3
v, = vy + j [% (v(§4) — Vi — f(s))] ds,
0 !

2

d cd
_ 2 3 . 4 5
d+cx+ bx* + ax +< 2+—24>x +(1+—60)x

N c2+bd 6+<bc+ad> ;
360 ' 180/° " \a20 " 220/)*

N 1 N b2 N ac\ N abx”® N 1 N a’? 10
420 T 1680 " 840/)F T1512 " \630 " 5040/”
xll x12 x13 x14

~1980 2970 " 2290 _ 24024’ (1.29)

Imposing the boundary conditions (1.25), into v,, results in the following
values:

a = —0.00687154, b = 2.00593, =0, d=0. (1.30)
The following first-order approximate solution is then achieved:

v; = 2.005929514398968x% — 0.006871538792438514x3 — 2x*
+ x> 4+ 0.00001413881948623746x8
—0.000009116284704424509x°

10 xll x12 x13
0.001587310955961384x10 — _
" X = 1980 2970 T 4290
x14
24024 (1.31)

Similarly, the following second-order approximation may be written:

v, = v+ jx [(s;—'x)g' (v1(4) — v — f(s))] ds, (1.32)

Imposing the boundary conditions, (1.25), into v,, yields

a =-8.27907 x 1077, b = 2.000000763, c¢=0, d=0. (1.33)
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The following second-order approximate solution is obtained:

v, = 2.0000007627556786x2 — 8.279069998454606 x 10~7x3 — 2x*
+ x5 + 1.816085295168468 x 10™9x8 — ---. (1.34)

In order to check the accuracy of the approximate solution, we calculate
the absolute error, |r,| = |v(x) — v, (x)| where v(x) = x5 — 2x* + 2x2 is
the exact solution and v, (x) is the approximate solution. In table 1.3 the

absolute error of VIM with n =1, 2 is presented.

Table 1.3: Results of the absolute errors for VIM.

X |r4| for VIM |r,| for VIM

0 0 0

0.1 5.24236 x 107° 6.79965 x 1077
0.2 1.82208 x 10~* 2.3887 x 1078
0.3 3.48134 x 107* 4.62946 x 1078
0.4 5.09092 x 10™* 6.90558 x 1078
0.5 6.24721 x 10~* 8.72068 x 1078
0.6 6.57823 x 107 9.58101x 108
0.7 5.81138 x 10~* 9.01332 x 1078
0.8 3.92709 x 10™* 6.67054 x 1078
0.9 1.45715 x 10~* 2.80674 x 1078
1.0 3.3447 x 1078 0

It can be seen clearly from table 1.3, that by increasing the iterations, the

errors will decreasing.
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1.4 Partial Differential Equations (PDES)

PDE is an equation that contains the dependent variable, and its partial
derivatives. In the ordinary differential equations, the dependent variable v =
v(x) depends only on one independent variable x. Unlike the ODEs, the
dependent variable in the PDEs, such asv = v(x,t) orv = v(x,y,t), must
depend on more than one independent variable. If v = v(x,t), then the
function v depends on the independent variable x, and on the time variable
t [7]. In addition, it is well known that most of the phenomena that arise in
mathematical, chemical, physics and engineering fields can be described by
partial differential equations. For example, the heat flow and the wave
propagation phenomena, physical phenomena of fluid dynamics and many

other models described by partial differential equations.

In this section, we have examined the Burgers’ equations governed by
nonlinear PDEs and will be introduced by using the ADM and the VIM.

1.4.1 Burgers’ equation

The Burgers equation was first presented by Bateman [27] and treated
later by Johannes Martinus Burgers (1895-1981) then it is widely named as
Burgers’ equation [45]. The introduction of the applications of Burgers’
equations by mathematical scientists and researchers has become more
important and interesting, especially in problems that have the form of
nonlinear equations and systems of equations. It has been known that this
equation describes different types of phenomena such as modeling of
dynamics, heat conduction, acoustic waves and many others [5, 10, 36, 45,
61]. In addition, the 2D and 3D Burgers’ equations have played an important
role in many physical applications such as modeling of gas dynamics and

shallow water waves [37, 48].
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We consider the 1D, 2D and (1+3)-D Burgers’ equations as follows [13,
76, 80],

W (2 0<x<1,  t>0. (135
E Ua— W’ SX s 1 . ( )

<x,y<1, t>0. (1.36)

< < . .
6x2+6y2+622>' 0<x,yz<1, t>0. (1.37)

In addition, the system of coupled Burger’s equation,

v ) dv d(vu) 1 (azv)

ot “Yox T ox " Re\ox?

ou ou o(vu) 1 [(0%u
— , 0<x<1,  t>0, (138

dat O0x + dx  Re\dx?
and the system of 2D Burgers’ equation,

ov ov v 1 62v+62v
ot ox dy Re\dx2 o0y2z)

ou du ou 1 62u+62u 0 < <1 >0, (139
ot ox uay_Re ox2  0y?)’ =%Y=5 ’ '

and the system of 3D Burgers’ equation,

6v+ av+ 6v+ v 1 62v+62v+62v
ot Yax " Vay " Waz T Re\axz T ay? " 9z2)

ou ou ou ou 1(6217 d0%v 62v>

ot Yox Yoy Yoz Re\oxz 5y 922
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6W+ 6W+ 6W+ ow 1 62v+62v+62v
ot ' “ox ”ay Y9z " Re\ox? dy?  0z2)

0<x,y,z<1, t>0, (1.40)

where k = é Is an arbitrary constant (Re: Reynolds number) for simulating

the physical phenomena of wave motion, and thus determines the behavior of
the solution. If the viscosity is k = 0, then the equation is called the equation
inviscid Burgers’. It is the lowest approximation of the one-dimensional

system.

Recently, a number of researchers have solved the Burgers’ equations.
For example, Marinca and Herisaun proposed the optimal homotopy
asymptotic method (OHAM) [66], Daftardar-Jafari method (DJM) in [32]. In
addition, considerable attention has been given to ADM for solving Burgers’
equation [5]. Also, Laplace decomposition method (LDM) [60]. Moreover,
HPM was proposed by He [47], and many others [10, 61, 76].

1.4.2 Exact and numerical solutions for nonlinear Burgers’
equation by ADM

In this subsection, the ADM is used to get an exact solution for the 1D

Burgers’ equation and numerical solution for the 2D Burgers’ equation. As
given in [7, 30].

Example 1.5 [33]:
Let us consider the following 1D Burgers’ equation.
vy + vV, = V,,, Withinitial condition  v(x,0) = 2x. (1.41)

Applying the integration on both sides of Eqg. (1.41) from 0 to ¢t and

using the initial condition at v(x, 0) = 2x, we have
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t
v(x, t) = 2x +j (—vv,+v,,)dt. (1.42)
0

By using the decomposition series for the linear term v(x,t) and the

series of Adomian polynomials for the nonlinear term vv, give

i v,(x,t) = 2x — Jt (i An> dt + ft (i anx) dt. (1.43)
0 0

n=0 n=0 n=0

Identifying the zeroth component v, (x, t) by the term that arise from the
initial condition and following the decomposition method, we obtain the

recursive relation

vo(x, t) = 2x,
t [ & t [ &
Vnep(x, t) = —f (Z An) dt +f (Z Vnxx | dt, n = 0. (1.44)
0 \n=o0 0 \n=0
The Adomian polynomials for the nonlinear term vv, have been derived in
the form
Ay = VoxVy,

A = Vo V1 + ViV,
Ay = VoxVy + Vi Vg + VayVy,
Az = Vo Uz + VU + Upy Vg + U3z Vg,

Ay = VoxUy + V1, V3 + VUV + U3y Vg,

Consequently, we obtain:
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vo(x, t) = 2x,

t t

Apdt + f (Voxx)dt = —4tx,
0

vi(x,t) = —j

0

t t

A dt +f (V1) dt = 8t?x,
0

v ==

0

t t

A, dt +j (Vy,)dt = —16t3x,
0

v3(x, t) = _j

0

t

v (x,t) = —j

t
Aszdt +f (V3. )dt = 32t%x,
0 0

Summing these iterates gives the series solution

e}

v(x,t) = z v, (x, t),

n=0

= 2x — 4xt + 8xt? — 16xt3 + 32xt* — 64xt° + 128xt® — 256xt’
+ 512xt8 — -,

This series converges to the exact solution [33]:

2x
142t

v(x,t) =

)

= 2x — 4xt + 8xt? — 16xt3 + 32xt* — 64xt> 4+ 128xt°
— 256xt7 + 512xt8 — 1024xt° 4+ 2048xt1° — ...,



Chapter One Primary Concepts

Example 1.6 [80]:

Consider the following 2D Burgers’ equation,
Ve + V0, + VU, = k(vyx + vyy), k>0, (x,y)€[0,1] x[0,1], (1.45)
with initial condition v(x,y,0) = sin(2rx)cos(2my).

Applying the integration on both sides of Eqg. (1.45) from 0 to t and

using the initial condition at v(x, y, 0) = sin(2nx)cos(2my), we have
v(x,y,t) = sin(2nx)cos(2my)

t
+ j (—vvx —vvy, + k(vyy + vyy)) dt. (1.46)
0

By using the decomposition series for the linear term v(x,y,t) and the

series of Adomian polynomials for the nonlinear term vv,, vv, give

(00]

Z Un (%, y, 1)
= sin(2nx)cos(2my) — ft (i An> dt — jt (i Bn> dt
0 0

n=0 n=0
t o0
+ f (Z k(U + vnyy)> dt, (1.47)
0 \n=0

identifying the zeroth component v,(x, y,t) by the term that arises from the

initial condition and following the ADM, we obtain the recursive relation

vo(x,y,t) = sin(2mx)cos(2my),
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t (0e]
Un+1(X,y, t) = _j ( An) dt
0 n=0
By
=0

(oe] t o0
)dt + f (2 K (Ve + vnyy)> dtn > 0. (1.48)
0 n=0

t
[
The Adomian polynomials for the nonlinear term vv,, vv, have been derived

n

in the form
Ay = VoxVy,
Ay = VoxV1 + ViV,
Ay = VoxVy + V1xV1 + Uapy,

Az = VoxUz + ViV + Upy Vg + Uzy Vg,

By = vy Vo,

By = vy, v1 + V1,0,

By, = voyVy + V101 + Uy,

B; = VoyVsz + V1yVp + VU + U3y,
consequently, we obtain:

vo(x,y,t) = sin(2nx)cos(2my),

t t t
vl(x, v, t) == _f Aodt - f Bodt + f k(voxx + voyy)dt,
0 0

0
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= t(—8m%kcos(2my)sin(2mx) — 2mcos(2mx)cos(2my)?sin(2mx)
+ Znsin(an)Sin(Zny)),

t t t
v(x,y,t) = —f A dt —f B,dt +f k(V1xx + V1yy)dt,
0 0

0

= —2m2t%cos(2my)sin(2nx) + 32n*t%k?cos(2my)sin(2nx) + -+,

t t t
v3(x, vy, t) = _-]. Azdt - J Bzdt + j k(UZxx + vzyy)dt,
0 0

0

— 443 1 _2_56 643],3 i
l16m*t°kcos(2my)sin(2mx) 3 t°k°cos(2my)sin(2mx) + -+,

t t t
v4_(x, y, t) == _j A3dt - j B3dt + J k(v3xx + v3yy)dt,
0 0

0

2
= §n4t4cos(2ny)sin(2nx) — 64not*k%cos(2my)sin(2mx) + -,

then

v(x,y,t) = cos(2ny)sin(2nx) — 2m?t?cos(2my)sin(2mx)
2
+ §n4t4cos(2ny)sin(2nx) + 16m*t3kcos(2my)sin(2mx)
+ 32n*t?k?cos(2my)sin(2mx) — -+

The obtained series solution in Eq. (1.45) can be used to calculate the
maximal error remainder to show the highest accuracy level that we can

achieve. This can be clearly seen in table 1.4 and figure 1.4.
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Table 1.4: The maximal error remainder: MER,, by the ADM.

N MER,, by ADM
1 1.61705 x 1072
2 2.98775 x 1075
3 4.9464 x 1078
4 7.1962 x 10711
1072
1073}
'S
S
1078}
10 15 20 25 30 35 40

n

Figure 1.4: Logarithmic plots of MER,versus n is 1 through 4 by ADM.

1.4.3 The VIM to solve the 2D Burgers’ equation

In this subsection, the VIM is used to get a numerical solution for the 2D

Burgers’ equation. As given in [50].
Example 1.7 [80]:
Rewrite the example 1.6 and solve it by VIM,
Ve + vV + UV, = k(vxx + vyy), (1.49)
with initial condition v(x,y,0) = sin(2nx)cos(2my).

By using Eq. (1.14), we get:
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vn+1(xl y; t)
= vn(x: Y, t)

b [ a3, 9: + v, 50 00,7,9),
0

+ vn(x, Y, S)Un(x, Y, S)y - k(vn(x' Y, S)xx
+v,(x,y, S)yy))] ds. (1.50)

Using EQ. (1.15) leads to A = —1. Substituting this value of the Lagrange

multiplier into the functional Eq. (1.50) gives the following iteration formula:

vn+1(xr y; t)
= Un(x» Y t)

t
_j (vn(x,y,s)s+vn(x,y,s)vn(x,y,s)x
0

+ Un(xr Y S)vn(x: Y S)y - k(vn(xr Y S)xx
+ v, (x,y, s)yy)) ds. (1.51)

By applying Mathematica’s code (see appendix B), we get the following

initial approximation
vo(x,y,t) = v(x,y,0) = sin(2mx)cos(2my),
By using Eq. (1.51) the obtained successive approximations will be

vy = sin(2nx)cos(2my),
t

V= Vg — f (Uos + Voo, t VoVo,, ~ k(vo,, + voyy)) ds,
0

= cos(2my)sin(2nx) — t(8m?kcos(2my)sin(2mx)
+ 2mcos(2mx)cos(2my)?sin(2mx) — 2msin(2mx)sin(2my)),
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t
V, = Vg — j (vls T V1V, T U1V, — k(vi,, + V1yy)) ds,
0

= cos(2my)sin(2mx) — 2m%t?cos(2my)sin(2mx)
+ 32n*t?k?cos(2my)sin(2mx)
+ 40m3t2kcos(2nx)cos(2my)?sin(2mx) — -+,

continuing in this way till n = 6, we have
vg = cos(2my)sin(2mx) — 2m?t?cos(2my)sin(2mx)

2
+ §n4t4cos(2ny)sin(2nx) + -, (1.52)

Table 1.5 and Figure 1.5 illustrate the convergence of the solution
through the use of the maximal error remainder. Clearly seen, the errors will

be decreased as the number of iterations will be increased.

Table 1.5: The maximal error remainder: MER,, by the VIM.

n MER, by VIM
1 1.61705 x 1072
2 2.52036 x 107>
3 3.56783 x 1078
4 453593 x 1071
1072
1075+
¢
1078+
0 15 20 25 30 35 40

Figure 1.5: Logarithmic plots of MER,versus n is 1 through 4 by V1M.
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Chapter 2

Semi-Analytical Iterative Method for Solving Some

Ordinary and Partial Differential Equations

2.1 Introduction

Temimi and Ansari have proposed recently a semi-analytical iterative
method namely (TAM) to solve various linear and nonlinear ODEs and PDEs
[28]. For examples, solving nonlinear ordinary differential equations [29], the
Korteweg-de Vries Equations [18], Duffing equations [51], the nonlinear thin

film flow problems [53], and some chemistry problems [52].

The main advantages of the TAM, it does not required any restrictive
assumptions for nonlinear terms since the ADM required the so-called
Adomian polynomial, avoided the large computational work or using any
other parameters or restricted assumptions that appear in other iterative
methods such as VIM and HPM. In addition, the TAM for solving non-linear

ODEs and PDEs have successfully implemented.

This chapter is organized as follows: in section two, the basic idea of the
TAM is presented. In section three, an overview of the convergence of the
TAM based on the Banach fixed-point theorem will be given. In section four,
some types of non-linear ODEs equations will be solved by TAM, namely the
Riccati equation, pantograph equation and beam deformation equation.
Moreover, the Burgers’ equations will be solved and the convergence will be

proved.

33
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2.2 The basic idea of the TAM

We start by pointing out that the nonlinear differential equation can be

written in operator form as:
L(v(x)) +N(v(x)) + f(x) =0, x €D,

with boundary conditions ~ B(v,2) =0, x € p. (2.1)

? dx

Where x denotes the independent variable, v(x) is an unknown function,
f(x)is a known function, u is the boundary of the domain D, L is a linear
operator, N is a nonlinear operator and B is a boundary operator. The main
requirement here is that L is the linear part of the differential equation, but it
Is possible to take some linear parts and add them to N as needed. The method
works in the following steps, starts by assuming that v, (x) is an initial guess

of the solution to the problem [28].

L(ve(x)) + f(x) =0, B(vp, %0 ) = 0. (2.2)

To generate the next iteration of the solution, we solve the following

problem:

Ly (x)) + N(vo(x)) + f(x) =0, B(vy,22) = 0. (2.3)

Thus, we have a simple iterative procedure which is effectively the

solution of a linear set of problems i.e.

L(n41(x)) + N(v,(x)) + f(x) = 0, B(vnsy, ®22) = 0. (24)

It is noted that each of the v, (x), are solutions to Eq. (2.1). Thus,

evaluating more approximate terms provides better accuracy.
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2.3 The convergence of the TAM

The Banach fixed-point theorem also known as the contraction mapping
principle is an important tool in the theory of metric spaces. It guarantees the
existence and uniqueness of fixed points of certain self-maps of metric spaces.
Also, provides a constructive method to find those fixed points. The theorem
iIs named after Stefan Banach (1892-1945), and was first stated by him in
1922 [69]. In this section, some basic concepts and the main theorem of the

convergence will be presented.

Theorem 2.1: [33]

Suppose that (X, || ||x) and (Y, || |ly) be Banach spacesand T: X — Y, is

a contraction nonlinear mapping, that is
Vvov'eX; [ITw)—TWw)lly <kllv—-v'ly, 0<k<I1.

According to theorem 1.1, having the fixed point v, that is T (v) = v, the
sequence generated by the TAM will be regarded as

v, =T(W,_1), v =1L1lmuy,

n-—- o

and suppose that v, € B,.(v) where B.(v) = {v* € X, |[v* —v|| <r} then
we have the following statements:

L lvy —vll < k™lve — vll,
2.v, € B.(v),

3. lim v, =v,

n - oo
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2.4 Application of the TAM with convergence for the ODE
and PDE

In this section, some types of non-linear ODEs equations will be solved
by TAM, namely the Riccati equation, pantograph equation and beam
deformation equation. Moreover, the Burgers’ equations will be solved and

the convergence will be proved.

2.4.1 Exact and numerical solutions for nonlinear Riccati
equation by TAM

The TAM will be implemented to solve the Riccati differential equation
which is a nonlinear ODE of first order. So, to verify the accuracy of the
TAM in solving this kind of problems, the following examples will be

discussed.
Example 2.1 [19]:
Let us consider the following Riccati differential equation,
v' = e* — e3¥ + 2e?*v — e*v?, with initial condition v(0) = 1. (2.5)
By applying the TAM by first distributing the equation as,
Lw)=v', NW)=-2e**v+e*v? and f[(x)=—e*+e3*,
Thus, the initial problem will be
L(ve(x)) = e* — %%, v0(0) = 1. (2.6)

By integrating both sides of Eg. (2.6) from 0 to x, we obtain

fxv(’)(t) dt = fx(et — e3t) dt, 1,(0) = 1.
0 0
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Therefore, we have

3x

1
Vo (x) =§+ex -5

The second iteration can be given as
L(vy(x)) + N(ve(x)) + f(x) = 0, v,(0) = 1. (2.7)

By using simple manipulation, one can solve Eq. (2.7) as follows:

X X
j vi(t) dt = j (ef — 3 + 2e2twy(t) — e'vy?(t)) dt, v,(0) = 1.
0 0

Then, we obtain

1 8ex e4x e7x
=t —t—
nt) =7+ 5+t 15753

We turn the functionv,(x) by using Maclaurin series expansion to
exponential function, we get
x? x3 23x* 209x°

—1 T .
vi() =1+x+———-—r -7

Applying the same process, we get the second iteration v, (x),
L(v2 (x)) + N(vl(x)) +f(x) =0, v,(0) = 1.
Then, we have
11 1958x er eBx eSx e6x eSx Se9x

9720 T 196 126 243 630 ' 286 3528 6304
12x 15x

vy(x) =

n e e
6804 59535
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We can write the function v, (x) in the following series form,

=1+ +x2+x3+x4+ x> N x®  79x7 3919x8
Ve X = X S T T T 54T 120 T 720 5040 40320
116479x°

362880 °

By continuing in this way, we will get a series of the form:

2 X3 x4- xS

X
= Ji =1 TR T TR T
v(x) rlll_{(r)lovn(x) +x+2+6+24+120+ ,

This series converges to the following exact solution [19].

() =e*=1+ AN A S AR A
VA e T T e T 120 T 7207

Suppose that T: [0,1] — R, then v, = T(v,_;) and 0 < x < 1.

According to the theorem 2.1 for nonlinear mapping T, a sufficient
condition for convergence of the TAM s strictly contraction T, the exact
solution is v = v(x) = e”*, therefore, we have

e3x

1
|IUO—UI| = §+ex—?—e

X
)

1 8ex e4x €7x
- _ X
2t 9 t1g 63 ¢

vy = vl =

= kllvo —vll,
But,Vxe[0,1], 0 <k <1,when x = i,

vy —vll
——— < k =0.19551 < 1,
llvo — vl
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Then, we have
lvy — vl < k [lvg — vl

19563( er e3x eSx eGX eSX 569X ele

9720 196 126 243 630 486 3528 6804 6804
15x

v, = vll = || =

e
59535

— e’

— vl < kkllvo — vl = k?|lvo — vll,

Since, Vx€[0,1], 0 <k <1,when x = %

vz —vll 5

llvz —vll
< < k =0.0580412 < 1,
lv — vl

[lvo —vll =

Thus, we get

v, —vll < k?|lve — vll,
Similarly, we have

lvs —vll < k3|lvg — vll,

By continuing in this way, we get:
vy — vl < k™|lve —vll,
Therefore,

lim|lv, —v|| < limk™|lvy,—v| =0, and lim k™ = 0, we drive

n— oo n— oo n — oo

lim ||v, — v|| =0, then lim v, = v = e*, which is the exact solution [19].

n - oo n — oo
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Example 2.2:
Let us recall example 1.1

v’ = —v? + 1, withinitial condition v(0) = 0. (2.8)
By applying the TAM by first distributing the equation as

Lw)=v, Nw)=v? and f(x)=-1
Thus, the initial problem will be

L(ve(x)) =1, v,(0) = 0, (2.9)

By integrating both sides of Eq. (2.9) from 0 to x, we have

jxv()(t) dt = fx(l) dt, v,(0) =0,
0 0

So, we get
vo(x) = x.
The second iteration can be given as
L(vy(x)) + N(vo(x)) + f(x) = 0, v,(0) =0, (2.10)

By using simple manipulation, one can solve Eq. (2.10) as follows

fxv{(t) dt = jx(—voz(t) + 1) dt, v,(0) = 0.
0 0

Then, we obtain

X3

v(x) =x -3
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Applying the same process to get the second iteration v, (x),

L(v;(x)) + N(v;(x)) + f(x) =0,  1,(0) =0,
We have

() = x3+2x5 x7
Ve X =X T T e T 63

Continuing in this way till n = 6, but for brevity, they are not listed.

The obtained series solution in Eqg. (2.8) can be used to calculate the
maximal error remainder to show the highest accuracy level that we can

achieve. This can be clearly seen in table 2.1 and figure 2.1

Table 2.1: The maximal error remainder: MER,, by the TAM.

MER, by TAM
6.65556 X 107>
2.65463 x 1077
7.56708 x 10710
1.67806 x 10712
2.97852 x 10715
1.24033 x 10716

OOl b~ W NS

MER,,

Figure 2.1: Logarithmic plots of MER,versus n is 1 through 6 by TAM.
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2.4.2 TAM for solving linear pantograph equation

In this subsection, the TAM will be applied for second order linear
pantograph equation which is used in many applications, such as industrial
applications, studies based on biology, economy and others. The following

example presents a solution for pantograph equation by using the TAM.
Example 2.3 [11]:

Resolve example 1.3 by using TAM.

v =Zv+v(g)—x2+2,
with initial conditions v(0) =0, ©v'(0) =0. (2.11)
To solve Eq. (2.11) by TAM, distribute the equation as follows

L) =v", Nw)=—>v-v() and f(x)=x%-2.
Thus, the initial problem which needs to be solved is

L(ve(x)) = —x% + 2, 1,(0) =0, v,'(0)=0. (2.12)

Integrate both sides of Eq. (2.12) twice from 0 to x and substitute the initial

conditions, we get

X X X X
f f v (t)dtdt = f f (—t? + 2)dtdt, vy,(0) =0, v,'(0)=0.
0 YO0 0 0

Then, we obtain

4
X

— 2 _
vo(x) =x T
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The second iteration can be carried as

L(vy(x)) + N(vo(x)) + f(x) =0, v,(0)=0, v,’(0)=0. (2.13)

By integrating both sides of Eq. (2.13) twice from 0 to x, we obtain

X X X X 3 t
f f vy (t) dtdt = J f —t2+ 2+ -vy(t) + vy (—) dtdt,
0 YO0 0 YO0 4 2

with initial conditions v,(0) =0, v, (0) = 0.
Thus, we get

13x°
5760

v (x) = x? —

The next iteration is
L(vz(x)) + N(vl(x)) +f(x)=0, v,(0)=0, v,'(0) = 0.
Thus, we have

91x8

— 2 _
v2(x) = X%~ Soe 0

The next iteration is
L(vs(®)) + N(v,(x)) + f(x) =0, v3(0)=0, wv5'(0)=0.
Then, we get

17563x°
67947724800

v3(x) = x* —

By continuing in this way, we will get:
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v(x) = x? — small term,
This series converges to the exact solution [11]:

v(x) = lim v,(x) = x2,
n — oo
Suppose that T: [0,1] - R, thenv, = T(v,_,) and 0 < x < 1.
Following the same procedure as for the Riccati equation, the exact solution
for pantograph equation is v = v(x) = x?2, therefore, we have

x4
lvo —vll = [|x* = — — (x?)||

4

X 2
x? 17 (x*)

13x°
lv, —vll = ||x* — 5760 (x?)

= kllvo — vll,

But,Vxe[0,1], 0 <k <1,when x = %,

llvy —vll
<k =0.00169271< 1,
lvo —vll

Then, we have

vy = vll < k [lve — v,

_ _ 2_ 91X8 _ 2|| _ _ _
oy = vll = ||x? = oo = )| < kllvy = vll < kkllvy — vll =
K2llve = vll,

Since, Vx€[0,1], 0 <k <1,when x = %,

UV, — 7V
M =l e o M2 =20 600120267 < 1,
lve — V|| ||Uo—17||
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Thus, we get

v, —vll < k?|lve — vl
Similarly, we have

lvs —vll < k3lvg — vll,

By continuing in this way, we get:
vy — vl < k™|lve —vll,
Therefore,

lim||lv, —v|| < limk™||lvy—v| =0,and lim k™ = 0, then

n- oo n- oo n - oo

lim ||v,, — v|| =0, then lim v, = v = x2, which is the exact solution [11].

n— oo n—> oo

2.4.3 Solving the nonlinear beam equation by using the TAM

In this subsection, the TAM will be implemented to solve fourth order
nonlinear beam deformation problem which is a boundary value problems that
are considered one of more important equations because they are widely used
in different scientific specializations. These boundary value problems appear

in applied mathematics, engineering, several branches of physics and others.
Example 2.4:
Let us recall example 1.4

v® = p2 — x10 4 4x% — 4x8 — 4x7 + 8x° — 4x* + 120x — 48,

with boundary conditions v(0) =v'(0) =0, v(1)=v'(1) =1. (2.14)
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By applying the TAM for Eq. (2.14), we get
L(v) = v®, N() = —v?,
f(x) = x1% —4x° + 4x8 + 4x7 — 8x°® + 4x* — 120x + 48.
Thus, the initial problem which needs to be solved is
L(vo(x)) + f(x) =0, v4(0) =v,'(0) =0, v5(1) =v,'(1) =1. (2.15)

By integrating both sides of (2.15) from 0 to x four times, one can obtain

X X X X X X X X
j f j f vo(‘*)(t)dtdtdtdt:J j J j —f(t)dtdtdt dt,
0o Y0 Y0 YO 0 YO0 0 YO0

Then, we have

x? x3
Vo(x) = v0(0) + xv4(0) + 7176'(0) + ?v(’)”(O)

_ fo " jo i fo ) jo “F(o) dedtde dt, (2.16)

Imposing the boundary conditions (2.15), into Eq. (2.16), and by applying
Mathematica’s code, see appendix C, the results are as follows.

718561x% 4019x3 x8  x10 x11 x1?

— x4 5 _ — —
360360 540540 <X T* T220 7630 1980 2970
13 14

v(x) =

4 X X
4290 24024°

The second iteration can be carried through and we have

L(vl(x)) + N(vo(x)) +f(x) =0,

v,(0)=v,/(0)=0, v;(1) =v,/(1) = 1. (2.17)
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By integrating both sides of (2.17) from 0 to x four times, one can obtain

X X X X
f f j f v, B () dtdtdtdt
0o Y0 Y0 YO

_ foxjoxfoxj:(vg(t) — F(©)dtdtdedt,

Then, we have

2 3

X " X

+ Lx fox Lx jox(vg(t) — f(®))dtdtdtdt, (218)

v1(x) = v1(0) + xv1(0) + v;"(0)

Similarly, by imposing the boundary conditions (2.17), into Eq. (2.18), the
results are as follows:
4720792684282308505367359x7 18553248327867926839x3

v, (x) = + —2x* +
2360410309588661890560000 = 1180205154794330945280000

5 3107407679x® 2887896659x° 7018307521x'° 22553x !

218163673728000 294520959532800 1472604797664000 4281076800

4019x12 718561x14 4019x15 1799641x16

3210807600 1818030614400 3718698984000 4958265312000

10117717x7 68671x18 127713533x1° 11676571x2°

85587287385600 655004750400 1941434080185600 7550021422944000

2086087x2%1 11827x22 19x23 x24 x25

186529941037440 3321402084000 49945896000 61856071200 111891780000

1153x32° 289x27 2857x2%8 191x30

672022030680000 112699346760000 5522267991240000 1525197826152000

31 32

X

X
+ .
38914512436800 498105759191040

The next iteration is

L(vz (x)) + N(vl(x)) + f(x) =0,

with boundary conditions v,(0) = v,'(0) = 0,v,(1) = v, (1) = 1. (2.19)
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By solving Eq. (2.19), we get

v,(x) = 1.9999999795270846x2 + 2.745035293882598 x 107 8x3 —
2x* +x° —2.817792217763172 x 107 8x8 +
2.079400216725163 x 1078x° + 9.392717549543088 X

107%x1% + O[x]*2. (2.20)

In order to check the accuracy of the approximate solution, we calculate
the absolute error, where v(x) = x> — 2x* + 2x? is the exact solution and

v, (x) is the approximate solution. In table 2.2 the absolute error of TAM with

n=1, 2is presented.

Table 2.2: Results of the absolute errors for TAM.

X |r4| for TAM |r,| for TAM
0 0 0

0.1 1.02627 x 10~ 1.77279 x 10710
0.2 3.47659 x 1077 5.99375 x 10710
0.3 6.41401 x 1077 1.1028 x 10~°
0.4 8.93924 x 1077 1.53129 x 10~°
0.5 1.02777 x 107° 1.752 x 107°
0.6 9.93141 x 1077 1.68284 x 10~°
0.7 7.86445 x 1077 1.32351 x 107°
0.8 4.64662 x 1077 7.76486 x 10710
0.9 1.471 x 1077 2.44241 x 10710
1.0 2.22045 x 10716 1.11022 x 10716

It can be seen clearly from table 2.2, that by increasing the iterations, the

errors will decreasing.
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In order to discuss the convergence for TAM, suppose that T: [0,1] — R, then

v, =T(w,_,) and 0 < x < 1.
The convergence issue can be done as follows:

Since, the exact solution is v = v(x) = x> — 2x* + 2x?, therefore, we have

lvo — vl = llvy — (xs —2x* + sz)”;
lv, = vll = llvy — (x° = 2x* 4+ 2x?)|| < kllvg — (x> — 2x* + 2x2)|
= kllvo — v,

But,Vxe[0,1], 0 <k < 1,when x = %,

vy —vli
——— <k =0.99894 < 1,
llvo = vli

Then, we have
lvy — vl <k |lvy —vll,

v, = vll = llvy — (x® = 2x* + 2x?) || < kllvy, — vl < kkllvo — vll =

k?|lvo — vl

Since, Vx e [0,1], 0 <k < 1,when x = %,

lv, — vl v, — vl

<k’=

< <k=099472 <1,
llvo = vli

llvo — vl —

Thus, we get
v, — vl < k2|lve — v,

Similarly, we have
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lv; —vll < k3|lvg — v,

By continuing in this way, we get
lv, — vl < k™[[ve — vl
Therefore,

lim||lv, —v|| < limk™||lvy —v|| =0,and lim k™ = 0, then

n - oo n - oo n - oo

lim ||v, — v|| =0, then lim v, = v = x> — 2x* + 2x2, which is the exact

n-—- o n— oo

solution [1].

2.4.4 Solving the nonlinear Burgers’ equation by using TAM

This subsection produces an implementation for the TAM to solve the
first order nonlinear Burgers’ equation and finding the exact solutions for

different types of Burgers’ equations in 1D, 2D and (1+3)-D.

Example 2.5:

Resolve example 1.5 by using TAM [33].

vy + Vv, = V,,, With initial condition v(x,0) = 2x. (2.21)
By applying TAM for Eq. (2.21), we get

L(v) =v, Nw)=vv, —v, and f(x,t)=0.
Thus, the initial problem which needs to be solved is

L(vo(x, 1)) = 0, vo(x,0) = 2x. (2.22)

By using a simple manipulation, one can solve Eg. (2.22) as follows:
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t
f vor(x,t)dt = 0, vo(x,0) = 2x.
0

Then, we get
vo(x, t) = 2x.
The second iteration can be carried through and is given as
L(vi(x, 1)) + N(vo(x, 1)) + f(x, ) = 0, v,(x,0) = 2x. (2.23)

By integrating both sides of Eq. (2.23) from 0 to t, we get

j vy(x, t) dt = j (—vo(x, Vg (x, 1) + Vorx (x, 1)) dt, v1(x,0) = 2x.
0 0

Thus,

vy(x) = 2x — 4xt.
The next iteration is

L(vy(x,0)) + N(vy(x, 1)) + f(x,£) =0, v,(x,0) = 2x.
Then, we have

16xt3

v,(x) = 2x — 4xt + 8xt? — 3

The next iteration is
L(v3(x, t)) + N(vz(x, t)) + f(x,t) =0, v3(x,0) = 2x.

Then, we get
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64xt* 64xt> N 128xt®
3 3 9

v3(x,t) = 2x — 4xt + 8xt? — 16xt3 +

256xt”’
63

By continuing in this way, we will get series of the form:

v(x,t) = limv,(x,t) = 2x — 4xt + 8xt? — 16xt3 + 32xt* —

n - oo

This series converges to the exact solution [33]:

2x
v(x,t) = ——— = 2x — 4xt + 8xt? — 16xt> + 32xt* — 64xt° +
142t

To check the convergence of the proposed method, let us suppose that T: R X

[O,%) — R?,thenv, =T(v,,_;) and t < g 0<k<l1

According to the theorem 2.1 for nonlinear mapping T, a sufficient

condition for convergence of the TAM s strictly contraction T, the exact

. . 2
solution is v = v(x,t) = th therefore, we have

o=l = o= 57

v, — vl = HZx—4xt— || k”Zx— || = kllvy — v,

1+ 2t 1+ 2t

But, V¢ e [o,g), 0<k<1whent= i x =1,

v
llv, = Il_k 05 <1,
llvo — vl

Then, we get
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lvy = vl < k llve —vll,

Also,
3
lv, — v|| = ||2x — 4xt + 8xt? — 12 _ 2 || < kllv; —v|| <
3 1+2t
kkllvg — vl = k*|lvy — v,
Since,V te [O,S),O <k<1whent= =, x=1,

vz — vl
—— <k =0.353553 < 1,

Vy, —V
e —vll _ ., _
fvo = I

llvo —vll —

Then, we have

v, —vll < k?|lve — vll,
Similarly, we have

lvs —vll < k3|lvg — v,

By continuing in this way, we get
lvy, —vll < k™|ve — vl
Therefore,

lim||lv, —v|| < limk™||lvy,—v| =0,and lim k™ = 0, then

n - oo n - oo n— oo

. . 2
lim ||v, — v|| =0,then lim v, =v = ==,
n- oo n- oo 1+2¢t

which is the exact solution [33].
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Example 2.6:

Let us recall example 1.6

Ve 4 vy + vy, = k(U + 1yy), (2.24)
with initial condition v(x,y,0) = sin(2rx)cos(2my).
Applying the TAM by first distributing the equation as

L(v) =v, N@)=vv,+vv, — k(vxx + vyy) and f(x,y,t) =0.
Thus, the initial problem which needs to be solved is

L(vo (x,y, t)) =0, vo(x,y,0) = sin(2nx)cos(2my). (2.25)

By using simple manipulation, one can solve Eq. (2.25) as follows:

t
f Vor (6, y,t)dt =0, vy(x,y,0) =sin(2rx)cos(2my),
0

hence, we get
vo(x,y,t) = sin(2nx)cos(2my).
The second iteration can be carried through and given as
L(vi(x,y,0) + N(vo(x, v, 1)) + f(x,¥,t) = 0,
with initial condition v;(x,y,0) = sin(2rx)cos(2my). (2.26)

By integrating both sides of Eq. (2.26) from 0 to t, we get
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t
j vy (%, 3, 0) di
0

t
= f (_VO('X' Y, t)va(xl Y, t) — Dy (x' Y, t)UOy(x» Y, t)
0
+ k(UOxx(x; Y, t) + vOyy(xJ Y t))) dt»
with initial condition v, (x,y,0) = sin(2mx)cos(2my). (2.27)

Thus,

v,(x,y,t) = cos(2my)sin(2mx) — %ntsin(élnx) + %ntsin(élny) —
Amltksin(2mx — 2my) — 4m’thksin(2nx + 2my) —

%ntsin(élﬂx + 4my).
The next iteration is
L(v2 (x,y, t)) + N(vl(x, Y, t)) + f(x,y,t) =0,
with initial condition v, (x,y,0) = sin(2mx)cos(2my). (2.28)
Then, we have

vy,(x,y,t) = cos(2my)sin(2mx)
1
+ 5 (—nsin(4nx) + wsin(4my) — 8m2ksin(2mx — 2my)

— 8m2ksin(2nx + 2my) — nsin(4mx + 47Ty))t + .-

By continuing in this process till n = 4, we can get
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(ACHAI)
= cos(2ny)sin(2nx) + %(—nsin(lmx) + msin(4my)
— 8n%ksin(2nx — 2my) — 8m2ksin(2nx + 2my) — nsin(4mx
+ ATyt + . (2.29)

Table 2.3 and Figure 2.2 illustrate the convergence of the solution
through the use of the maximal error remainder. Clearly seen, the errors will

be decreased as the number of iterations will be increased.

MER,, = ggggcllERn(x,y)l, n=1,..,m,whenk = 0.1, t =0.0001.
O;ygl

Table 2.3: The maximal error remainder: MER,, by the TAM, where n =

1, .. 4.
n MER, by TAM
1 5.99981 X 1073
2 2.89069 x 107
3 1.12531 x 108
4 4.54397 x 1011

10~2F

1074+

106}

MER,

10-8+}

10—10 L

10 15 20 25 30 35 40

Figure 2.2: Logarithmic plots of MER,versus n is 1 through 4 by TAM.
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Example 2.7 [76]:
Let us consider the following 2D Burgers’ equation.
Ve = Uy + Uyy + V), Withinitial condition v(x,y,0) =x+y. (2.30)
By using the TAM, we get the following:
Lw)=v, N@W)=-vv,—vyy—7, and f(xyt)=0.
Thus, the initial problem which needs to be solved is
L(vo(x, Y, t)) =0, vo(x,y,0) =x+y. (2.31)

By using a simple manipulation, one can solve Eg. (2.31) as follows:

t
f vor(x,y,t)dt = 0, vo(x,y,0) =x+y.
0

Then, we get

volx,y,t) =x +y.

The second iteration can be carried through and is given as

L(vl(x, v, t)) + N(vo(x, v, t)) + f(x,y,t) =0,
with initial condition v,(x,y,0) = x + y. (2.32)

By integrating both sides of Eq. (2.32) from 0 to t, we get

t
j vlt(x; yl t) dt
0

t
= f (vo(x» Y t)VOx(xJ Y t) + vax(xr Y t) + vOyy(xr Y t)) dt;
0
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with initial condition v,(x,y,0) = x + y.
Thus,
vy, ) =x+y+ (x+ yt.
The next iteration is
L(vz(x, Yy, t)) + N(vl(x, Y, t)) +f(x,y,t) =0, vy(x,y,0) =x+y.

Then, we have

v(x,y,t) = (x+y) + (x + Yt + (x + y)t? +%(x + y)t3.

By continuing in this way, we will get series of the form:

v(x,y,t) = lim v,(x,y,t) = (x+y)+ (x+ Yt + (x + y)t? +

n - oo

(x+ 3+ c+y)tt+ -
This series converges to the exact solution [76]:

xX+y

1—-t’
=(x+y)+x+yt+x+yt2+ (x+y)t3 + (x + y)tt
+(x+ )t + -

v(x,y,t) =

In order to prove the convergence of TAM for 2D problem, let us assume that

T:R?x[0,1) — R3,thenv, = T(v,_,), 0 <t < 1.

By following similar steps as for example 2.5, since the exact solution is

v = v(x,y,t) = =2 therefore, we have
1-t

x+y||

Vo—Vl[=|x+Yy—
Ivo —vil =[x +y -1
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x+y”

xX+y
vi—vlil=llx +v+ (x+ -l < X+ v —
1oy | H y+( y)t l—t”_k” Y 1—-t

= kllvo — v,
But,Vte[0,1), whent = %, x=1y=1,

llvy —vll
[lvo — Il =

<k=05<1,
Then, we get

lvy = vl < k llve —vll,

Also,

x+y||

1
v, — vl = ||(x+y)+(x+y)t+(x+y)t2+§(x+y)t3— T

< kllvy —vll < kkllvo — vll = k*|lvg —vll,

Since,Vte[0,1), whent = ;,

|
=
Il
-
=<
Il
=

Vy — VU v
lv, — vl| llvz —vll <k =0456435<1,

<k®’®> <
llve —vll

lvo —vil —
Thus,
v, = vll < k2|lve — v,
Similarly, we have
lvs — vl < KP[lvg — vll,
By continuing in this way, we get:
lvn, —vll < k™[|ve — vl
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Therefore,

lim||lv, —v|| < limk™||lvy—v| =0,and lim k™ = 0, then

n—> oo n—> oo n—> oo

lim ||vy, — vl| = 0, then lim v, = v = ==, which is the exact solution [76].

n - oo n - oo

Example 2.8 [76]:

Let us consider, the following (1+3)-D Burgers’ equation with the following

initial condition.

Vp = VVx + Uyy + Vyy + Vyy,
with initial condition v(x,y,z,0) =x+y + z. (2.33)
Now, applying the proposed method by first distributing the equation as

L(v) = v, N(W) = =0y — Vyy —Vyy —V,; and f(x,y,7t) =0,
Thus, the initial problem which needs to be solved is

L(vo(x, v, Z, t)) =0, vo(x,v,2z,0) =x+y+ 2z (2.34)

By using a simple manipulation, one can solve Eg. (2.34) as follows:

t
f vor(x,y,2,t)dt = 0, vo(x%,y,2,0)=x+y+ 2z
0

Then, we get
vo(x,y,z,t) =x+y+z.
The second iteration can be carried through and is given as

L(vl(x, Y, Z, t)) + N(vo(x, Y, Z, t)) + f(x,y,2,t) =0,
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with initial condition v;(x,y,2z,0) =x+y + z. (2.35)

By integrating both sides of Eq. (2.35) from 0 to t, we get

t
j vi:(x,y,z,t)dt
0

— j: (vo(x, Y, Z, )V, (X, V,Z,t) + Vorx (X, v, 2, t)
+ Voyy (X, 7,2, 1) + Vo, (X, Y, Z, t)) dt,
with initial condition v,(x,y,2z,0) =x+y + z.
Thus,
vi(x,y,z,t) =x+y+z+(x+y+2)t
The next iteration is
L(vo(x,y,2,0) + N(vi(x,¥,2,t)) + f(x,y,2,t) =0,
with initial condition v,(x,y,z,0) =x+y + z.
Then, we have

v,(x,y,2,t)
=(x+y+2)+(x+y+2)t+ (x+y+2)t?

1
+§@+y+@ﬁ.
The next iteration is

L(v3 (x,y,2z, t)) + N(vz(x, Y, Z, t)) + f(x,y,z,t) =0,

with initial condition v5(x,y,z,0) = x +y + z.
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Then, we get

v3(x,y,2,t)
=(x+y+2)+(x+y+2)D)t+(x+y+2)t>+ (x+y+2)t3

2 1 ]
+§(x+y+z)t4+§(x+y+z)t :

By continuing in this way, we will get series of the form:

v(x,y,z,t) = lim v,(x,y,z2,1t),

n— oo
=(x+y+2)+(x+y+2)D)t+(x+y+2)t>+ (x+y+2)t3
+x+y+2)t*+(x+y+2)t°+ -,

This series converges to the exact solution [76]:

x+y+z

v(x,y,2,t) = T

=(x+y+2)+(x+y+2Dt+(x+y+2)t>?+ (x+y+ 2)t3
+O+y+Dt*+(x+y+ 2+ (x+y +2)t8 + -

For convergence issue, suppose that T: R3 x [0,1) — R*, then v, = T(v,,_,)

and 0 <t <1, similar procedure can be followed, the exact solution is

v = v(x,y,2t) = =2, therefore, we have
xXt+y+z
o = vll = | +y+2 - =2,
1-—t
xt+y+z
oy = vll = v +y + 2+ by + 29t = 2=
XxX+y+z
Sk”x+y+z—? = kl||lvy — v,

But,Vte[O,l),whentzg, x=1y=1 z=1,
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vy — vl
——— < k= 0333333< 1,
llvo — vl

Then, we get
lvy —vll < k llve — vl

Moreover,

Iy —vll = |@+y+2D) + Gty +2)t+ (x+y+ )2 +2(x+y+

x+y+z
1-t

< kllvy — vl < kkllve — vll = k*[lve — v,

Since,Vte[0,1),whent = %, x=1y=1 z=1,

Uy, — VU v, — VU
vz =vll _ 2 [z —vll

< <k =0.293972<1,
llvo = vli

llvo —vll —
Thus,

v, = vll < k2llve — v,

Similarly, we have

lvs — vl < k2llve — vll,

By continuing in this way, we get

lvy, —vll < k™[|ve —vl,

Therefore,

lim||lv, —v|| < limk™||lvy —v|| =0,and lim k™ = 0, then

n - oo n - oo n - oo
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x+y+z

lim ||v, — v|| =0,then lim v, =v =

)
n— oo n— oo -t

which is the exact solution[76].

2.4.5 Solving the nonlinear system of Burgers’ equations by the
TAM

Systems of partial differential equations have attracted much attention in
studying evolution equations describing wave propagation, in investigating
the shallow water waves [37, 48], examining the chemical reaction—diffusion
model [48]. Moreover, systems of Burgers’ equations have a lot of
importance in engineering and physical fields, engineering, chemistry, finance
and in different fields in science [5, 10, 36, 45, 61]. To solve many
researchers have been interested it by various techniques such as the lattice
Boltzmann method (LBM) [21], LADM [17], ADM [72] and the HAM [2]. In
this section, the TAM will be implemented to solve the Burgers’ equation and

systems of Burgers’ equations in 1D, 2D and 3D.

Example 2.9:
Let us consider, the following system of coupled Burgers’ equation [50],

Uy — Uy — 2Ul, + (uv), = 0,
X € [-mm], t>0,
Vp — Uy — 200, + (uv), = 0,

Subject to the initial conditions:
u(x,0) =sin(x), v(x,0)=sin(x). (2.36)
To solve the system of Eq. (2.36) by using the TAM, we have
Li(w) =u;, Ny(w) = —uy, —2uu, + (uv), and g(x,t) =0,

L,(v) =v;, Ny(v) =—v,y —2v0, + (uv), and f(x,t) =0.
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Thus, the initial problem which needs to be solved is
Ly (uo(x,t)) =0, uy(x,0) = sin(x),
Ly(vo(x, 1)) =0, vo(x,0) = sin(x).

By using simple manipulation, one can solve Eq. (2.37) as follows:

t
j Up(x,t)dt =0, uy(x,0) = sin(x),
0

t
f vor(x, t)dt = 0, vo(x,0) = sin(x).
0

Therefore, we have
uy(x,t) = sin(x),
vo(x,t) = sin(x).
The second iteration can be carried through and is given as
Ly (ul (x, t)) + N, (uo(x, t)) + f(x,t) =0, u(x,0)=sin(x),

L, (vl(x, t)) + N, (vo (x, t)) +g(x,t) =0, v,(x,0) = sin(x).

By integrating both sides of Eq. (2.38) from 0 to t, we get

t
f U (x, t) dt
0

= ft [uoxx(x, t) + 2ug(x, t)ug,(x, t)

— (uo(x, t)vy(x, t))x ] dt, u;(x,0)=sin(x),
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t
j vie(x, t)dt
0
t
= [ [voee0) + 200Ge D905,
0
— (uo(x, vy (x, t))x ] dt, v.(x,0) = sin(x).
Thus, we get
uy (x, t) = sin(x) — tsin(x),
vi(x, t) = sin(x) — tsin(x).
The next iteration is
Ll(u2 (x, t)) + N, (u1 (x, t)) +g(x,t) =0, u,(x,0) = sin(x),
L, (vz(x, t)) + Nz(vl(x, t)) + f(x,t) =0, v,(x,0) = sin(x). (2.39)

Once again, by taking the integration to both sides of problem (2.39), we have
t
j U, (x, t) dt
0
t
— [ e + 20,05, 1,0
0
— (ul(x, t)v, (x, t))x ] dt, u,(x,0) = sin(x),
t
j vy (x,t) dt
0

t
— [ [0 + 20, v
0
— (ul(x, v, (x, t))x ] dt, v,(x,0) = sin(x).
Therefore, we get
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1
U, (x, t) = sin(x) — tsin(x) + Etzsin(x),

v,(x, t) = sin(x) — tsin(x) + %tzsin(x).

By continuing in this way, we will get series of the form:

u(x, t) = lim u,(x,t),

n— oo

1 1
= sin(x) — tsin(x) + Etzsin(x) — gt3sin(x) + -

v(x, t) = lim v,(x,t),

n- o
= sin(x) — tsin(x) + %tzsin(x) - %t3sin(x) + .o
This series converges to the exact solution [50],
u(x, t) = e tsin(x),
v(x, t) = e tsin(x).
The convergence, suppose that u,, = T(u,_;) andv,, = T(v,,_1),0 <t < 1.

u= lim u,, v = lim v,.

n —> oo n—> oo

Similar procedure can be followed, the exact solution isu = u(x,t) =

e tsin(x),and v = v(x,t) = e"tsin(x), we have

luo — ull = lIsin(x) — e~tsin()|,
lve — vl = lIsin(x) — e tsin(x)|l.
Also,
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llu, — ul| = ||sin(x) — tsin(x) — e~ tsin(x)|| < ky||sin(x) — e~ tsin(x)||
= kqllug — ull,

v, — v|| = |Isin(x) — tsin(x) — e~ tsin(x)|| < k,||sin(x) — et sin(x)]||
= kz|lve — vl

But,Vte[0,1),whent = %, X = %,

lluy —ull
——— <k, =0.130203 < 1,
lluo — ull
vy —vli
—— <k, = 0.130203 < 1.
llvo = vli

Then, we get
lug — ull < kqllug — ull,

lv1 = vll < kallve = vll.

Also,

lu, —ull = ”sin(x) —tsin(x) + %tzsin(x) — e tsin(x) || < kqlluy —
ull < kikqllug —ull = k12||u0 —ull,

v, —v| = ”Sin(x) — tsin(x) + %tzsin(x) — e‘tsin(x)” < kyllv, —

2
v|| < kykyllve — vl = k% ||lve — vl

Since,Vte[0,1),whent = i, x = g,

U, —u U, —u
lluz ”<k12:~ lluz — ull

< <k, =0.105226< 1,
luo — ull

llug —ull —
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v, — vl v, — vl

<k,”=

< <k, = 0.105226 < 1.
lve —vli

lvo — vl —
Then, we have

luz —ull < k12||u0 —ull,

lv, = vll < k2*[lvg — .
Similarly, we have

lus —ull < ki’llug — ull,

lvs = vl < k2*llvo — .

By continuing in this way, we get:
lun — ull < ky"llug —ull,

v = vll < k" [lvg — vll.
Therefore,

lim ||lu, —u|l < limk{" |lug —ul| = 0,and lim k;" = 0, then

n— oo n — oo n—> oo

lim ||u, — ul|| =0, then lim u, = u = e tsin(x),which is the

n— oo n—> oo

solution.
Similarly, we get

lim||v, —v|| < limk," ||[vy—v|| =0,and lim k," = 0, then

n—> oo n—> oo n — oo
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lim ||v, — v|| =0, then lim v, = v = e"tsin(x), which is the exact

n—> oo n — oo

solution [50].

Example 2.10 [30]:

Let us consider, the following system 2D Burgers’ equation.

U + Ul + VU — Uyy — Uyy = 0,

Vi + UV + VV), — Ugy — Vyy, = 0,
Subject to the initial conditions:

ulx,y,0)=x+y, v(xy0) =x-—y. (2.40)
To solve the system of Eq. (2.40) by using the TAM

Ly(u) = uy, Ni(w) = uuy + vuy — Uy — Uy, and g(x,y,t) =0,

L,(v) = v, N(v) =uvy +vv, — v — vy, and f(x,y,t) = 0.
Thus, the initial problem which needs to be solved is

Ly (uo(x, vy, t)) =0, uy(x,y,0) =x+y,

Ly(vo(x,y,8)) =0, vo(x,y,0) = x — y. (2.41)

By using a simple manipulation, one can solve Eq. (2.41) as follows:

t
| ety eyde=o, Uo(6,%,0) = ¥+,
0
t
f vor(x,y,t)dt = 0, vo(x,y,0) =x —y.
0
Then, we get
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up(x,y,t) = (x + ),

vo(x, y,t) = (x — ¥).
The second iteration can be carried through and is given as
Li(u1 (6, 3, 8)) + Ny (uo(x, 3, 0)) + f(x, ¥, 8) = 0,u;(x,,0) = x +y,
Ly(v1(x,y,0) + Ny (v (x,3,8)) + g(x,y,t) = 0,v,(x,y,0) = x — y.(2.42)

By integrating both sides of Eq. (2.42) from 0 to t, we get

t
j U (x,y,t)dt
0

t
= j [_uO (X, Y, t)qu (X, Y t) — Vo (x; Y t)uOy (x' Y, t)
0

+ qux(x:y: t) + uOyy(x;:V; t)] dt;ul(x;y, O) =X +y,

t
j vi:(x,y,t)dt
0
t
= j [_uO (X, Y, t)UOx(x; Y, t) — Vo (x; Y, t)UOy(xr Y t)
0
+ vax(x; Y, t) + vOyy(x; v, t)] dt, vl(X, v, 0) =Xx—Yy.
Thus, we have
u, (x,y,t) = (x +y) — 2tx,
vl(x,y,t) = (x _y) - Zty
The next iteration is

Ll(uz(x,y, t)) + Nl(ul(x'yi t)) + g(x'yr t) = O;
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u,(x,y,0) =x+y,
LZ(UZ(nyI t)) + NZ(UI(X,}/, t)) + f(x:y; t) = O;
v(x,y,0) =x —y. (2.43)

Once again, by taking the integration on both sides of problem (2.43), we

have

t
f U, (x,y,t)dt
0

t
= f [_ul(xJ Y, t)ulx(x; Y t) — U (X, Y, t)uly(x' Y, t)
0

+ ulXX(x’ y' t) + ulyy(x) y; t)] dt; uz(x, y, O) =x + y,

t
j vy (X, y,t) dt
0

t
= j [_ul(xi Y, t)le(X, Y t) — U (x, Y, t)vly(x' Y t)
0
+ Ve (0,7, 0) + V15, (6, y, D] dt,  v,(x,7,0) =x —y.

Therefore, we get

4t3x

u,(x,y,t) = (x +y) — 2tx + 2(x + y)t? — 3
, 4ty

v (x,y,t) = (x —y) — 2ty + (2x — 2y)t ——3

By continuing in this way, we will get a series of the form:
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u(x,y,t) = limu,(x,y,t),

n— oo
=(x+y)—2xt+2(x +y)t? —4xt3 + 4(x + y)t* — 8xt>
+ 8(x + y)t® — 16xt” + 16(x + y)t& — -+,

v(x,y,t) = limv,(x,y,t),

n — oo
= (x —y) — 2yt + (2x — 2y)t? — 4yt> + (4x — 4y)t* — 8yt®
+ (8x — 8y)t® — 16yt” + (16x — 16y)t® — ---.

This series converges to the exact solution [30]:

x—2xt+y

R e

=(x+7y)—2xt+2(x +y)t? — 4xt3 + (4x + 4y)t* — 8xt>
+ (8x + 8y)t® — 16xt” + (16x + 16y)t3 — 32xt° + -+,

x—2yt—y

e

=(x—y)— 2yt + 2x — 2y)t? — 4yt3 + (4x — 4y)t* — 8yt>
+ (8x — 8y)t® — 16yt” + (16x — 16y)t3 — 32yt% + -

For convergence issue, suppose that u,, = T(u,—1), v, = T(v,,_1), 0 <t < 1,

u = lim u,, v=limv,.
n —> oo n — oo

x—=2xt+y

Since, the exact solution is u = u(x,y, t) = ———=,

andv =v(x,y,t) =

x=2yt—y

YRl therefore, we have

! 1=+ xX—2xt+y

uo—ull = ||x +y - ),
xX—2yt—y

lvo —vll = |lx =y = (=7
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Also,
b= = e =205 - (=)
u, —ull=|x+y X T
X —2xt+y
<l | +y - G| = Rallus —ull

lv, —v|| = ”x —y— 2ty — (x—zyt—y)” <k, ||x —y— (x—zyt—y)” _

1-2t2 1-2t2

kallvo = vll.

But,Vte[0,1), whent = i, x=1 y=1,

u
oy ”_k —075<1,
llug — ull

and whent = %, x=0,y=1,

llvy — vl
lvo — vl —

<k, =0.666667 < 1.
Then, we get
lug —ull < ky llug —ull,

lv1 = vll < kz [lvo = .

Also,

3 -
ey —ull = ||x +y = 26x + 20 + y)e? = 2= - (22| <

2
killuy — ull < kikqllug —ull = ki llug — ull,

v, —v| = ”x —y =2ty + (2x = 2y)t? — Wy _ (x_zyt_y)” <

3 1-2t2

2
kallvy — vl < kakallve — vl = kp"[|vg — vl
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Since,Vte[0,1),whent = i, x=1 y=1,

lluy — ull lu, —u

<k12=>

T < I k, = 0.228218 < 1,
lluo —ull

lluo —ull —

and whent = %, x=0,y=1,

v, — vl v, — vl

<k22=>

< <k, = 0.625485 < 1.
lvo —vl|

llvo —vll —
Thus,

luz = ull < ky*llug — ull,

v, = vll < ky*lve — vl
Similarly, we have

lug —ull < k13||u0 —ul|,

lvs = vll < k3°[lvg — vl

By continuing in this way, we have
lun — ull < ky"llug —ull,

v = vll < k3" lvg — vll.
Therefore,

lim ||lu, —u|l £ lim k;"||lug —ul| = 0,and lim k," = 0, then

n—> oo n — oo n — oo

x=2xt+y

lim ||u,, — u|| =0, then lim u, =u =,

which is the exact solution,
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Similarly, we have

lim ||v, —v|| < lim k,"||lvy —v|| = 0,and lim k," = 0, then

n - oo n - oo n - oo

lim ||v, — v|| = 0, then lim v, = v = x;iﬁi;y which is the exact solution
n-— oo n-—- oo

[30].

Example 2.11:

Let us consider, the following system of 3D Burgers’ equation,

Up — Ully — VUy — Wl — Uy — Uyy — Uy = g(X, 9,2, 1),
Ve +uvy + vv, + wu, + Uy + vy + v, = (X, Y, 2, ),
W + Uwy + oWy, + WW, + Wy + Wy, + W, = h(X, Y, 2, t),
gxy,z,t)=e(x+y+z)—e(1+e'(x+y+2),
flx,y,z,t) = —et(x+y+2)—ef(1+ef(x+y+2)),
h(x,y,z,t) =et(x+y+2z)+et(1+e'(x+y+2)), (2.44)
Subject to the initial conditions:
ulx,y,z,0)=x+y+z
v(x,v,2,0)=—(x+y+2),
w(x,y,z,0)=1+x+y+z
To solve the system of Eq. (2.44) by using the TAM, we have

Li(w) =u, Ny = —uuy — vy — Wiy — Uyy — Uyy — Uyy,

—gx,y,z,t) =—et(x+y+2z)+e(1+e'(x+y+2),
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L,(v) = v, Ny(v) = uvy +vv, + wu, + Uy + Uy + Uy,
—flx,y,z,t) =et(x+y+2z)+et(1+et(x+y+2),
Ly(w) = wy, N3(wW) = uw, +vwy, + ww, + Wy, + Wy, + Wy,
—h(x,y,z,t) = —et(x+y+2z)—et(1+e'(x+y+2)).
Thus, the initial problem which needs to be solved is
Li(uo(x,y,z,t)) =et(x +y+2z) —et (1 + et (x +y + 2)),
uy(x,y,z,0)=x+y+z
Ly(vo(x,y,2,0)) = —et(x+y+2) —e'(1+e'(x +y + 2)),
vo(%,y,2,0)=—-(x+y+2),
Ls(wo(x,y,2,t)) =e'(x+y+2z) +et(1+e'(x +y +2)),
wo(x,v,2,0)=1+x+y+z (2.45)

By using simple manipulation, one can solve Eq. (2.45) as follows:
t t
f Uge (X, y,2,t) dt = j [et(x +y+2z)-— et(l +et(x+y+ Z))] dt,
0 0
uy(x,y,2,0) =x+y+z
t t
f vor(x,v,2,t) dt = j [—et(x+y+2)—ef(1+ef(x+y+2))]dt,
0 0
vo(x,v,2,0) = —(x+y+2),

t t
fWOt(x,y,Z,t)dtzf [et(x+y+2)+et(1+ef(x+y+2))]dt,
0 0
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wo(x,v,z,0)=1+x+y+z

Then, we get
Uo(x,y,2,t)
=1 —et+f+etx—1e2tx+X+ety—l62ty+i+etz
2 2 2 2 2
—%GZtZ,
vo(x,¥,2,t)
X 1 1 z
=1 —et+§—etx—§e”x+%—ety—EeZty+§—etz
—%eth,
wo(x,y,2,t)
x 1 1 z
= et—§+etx+§e2tx—§+ety+EeZty—E+etz
1
+ —e?tz.

We turn the function uy(x,y,z,t), vo(x,y,zt) and wy(x,y, z,t) by using
Taylor series expansion to exponential function, we get

uy(x,y,2,t)
1 1
= (x+y+z)—t+§(—1—x—y—z)t2+€(—1—3x—3y

1 1
— 34 (—1— — - 44 (11— —
3z)t +24( 1-7x—-T7y—72)t +120( 1—15x— 15y

— 152)t> + 0[t]¢,
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vo(x,y,2,t)

1
=(—x—y—z)+(—1—2x—2y—22)t+§(—1—3x—3y
1 1
—32)t2+g(—1—5x—5y—52)t3+ﬁ(—1—9x—9y

1
—92)t* + m(—l —17x — 17y — 172)t°> + 0[t]°,

wo(x,y,z,t)
=(1+x+y+2z)+ (A +2x+2y+22)t

1 1
+§(1 + 3x + 3y + 32)t? +5(1+ 5x + 5y + 52)t3

1 1
—_ 4 4 - 5
+24(1+9x+9y+9z)t +120(1+17x+17y+17z)t

+ 0[t]°.
The second iteration can be carried through and is given as

Ll(ul(x, Y, Z, t)) + Nl(u0 (x,y,z, t)) +9(x,y,2t) =0,
u(x,y,2,0) =x+y+z

Lz(vl(x, Y, Z, t)) + Nz(vo(x, Y, Z, t)) + f(x,y,2,t) =0,
v,(6,y,2,0)=—-(x+y+2),

Ls(wi(x,¥,2,t)) + N3s(wo(x,¥,2,t)) + h(x,y,2,t) =0,
wi(x,y,20)=1+x+y+ 2z (2.46)

By integrating both sides of Eqg. (2.46) from O to t, we turn the
function u, (x,y,z,t), v,(x,y,zt) and w,(x,y,z,t) by using Taylor series

expansion to exponential function, we get
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u,(x,y,z,t)

1 1
=(x+y+z)+(x+y+z)t+§(—2—x—y—z)t2+g(—3

1 1
L Ey Eay 34— (9 _ _ _ 44—
5x — 5y —52)t +24( 2—13x — 13y — 132)t +120(9

— 23x — 23y — 232)t° + 0[t]°,

vi(x,y,2,t)

1
=(—x—y—z)+(—1—2x—2y—22)t+§(—1—3x—3y
1 1
—3z)t2+g(—1—5x—5y—52)t3+ﬁ(—1—9x—9y

1
—92)t* + m(—l —17x — 17y — 172)t5 + 0[t]°,

w;(x,y,2,t)

1
=(1+x+y+z)+(1+2x+2y+22)t+5(1+3x+3y
1 1
+32)t2+g(1+5x+5y+52)t3+ﬁ(1+9x+9y+9z)t4

1
+ m(l +17x + 17y + 172)t> + 0[¢]°.

The next iteration is
Ll(uz (x,vy,z, t)) + N, (u1 (x,y,z, t)) +g9(x,y,2,t) =0,
u,(x,y,2z,0) =x+y+z
L, (v2 (x,vy,z, t)) + N, (vl(x, Y, Z, t)) + f(x,y,2z,t) =0,
v,(x,9,2,0) = —-(x +y + 2),

L (W2 (x,y,z, t)) + N3(W1(x, Y, Z, t)) + h(x,y,z,t) =0,
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wy(x,vy,2z,0)=1+x+y+z
Similarly, we have

u,(x,y,z,t)

1 1
=(x+y+z)+(x+y+z)t+§(x+y+z)t2+g(—4—3x

1 1
— — 34— (_ _ — — 44 - (_
3y = 32)t° + 5, (=15 = 23x — 23y — 232)t* + - (~16

— 75x — 75y — 752)t> + O[t]°,

vy(x,y,2,t)
1 1
= (—x—y—z)+(—x—y—z)t+z(—x—y—z)t2 +2 (=2
1
—3x — 3y — 32)t3 +ﬁ(_7 —11x — 11y — 112)t*

1
+ 15 (-14—31x - 31y - 312)t5 + 0[t]®,

w,(x,y,2,t)

1 1
:(1+x+y+z)+(x+y+z)t+§(x+y+z)t2+g(2

1 1
+3x +3y +32)t3 + ﬁ(7 + 11x + 11y + 112)t* + ﬁ(m

+ 31x + 31y + 312)t5 + 0[t]°.
By continuing in this way, we will get series of the form:

u(x,y,z,t) = lim u,(x,y,z21t),

n— oo

=G +y+ D+ @ +y+ D+ @ +y + )2+

“(+y+ Dt + -,

81



Chapter Two Semi-Analytical Iterative Method for Solving
Some Ordinary and Partial Differential Equations

v(x,y,z,t) = lim v,(x,y,21t),

n — oo
1
=(—x—y—z)+(—x—y—z)t+§(—x—y—z)t2
1
+g(—x—y—z)t3+---,
w(x,y,z,t) = limw,(x,y,z1t),
n— oo
1
=(1+x+y+z)+(x+y+z)t+§(x+y+z)t2
1
+g(x+y+z)t3+---.
This series converges to the exact solution:
u(x,y,z,t) =et(x+vy+z),
1
=(x+y+z)+(x+y+z)t+§(x+y+z)t2
+1( +y+ )t3+1( +y+2)t* +
6x y+z 24x y+z ,
v(x,y,zt) = —et(x+y+2),
1
=(—x—y—z)+(—x—y—z)t+§(—x—y—z)t2
+1( )t3+1( )ttt +
6 X—y—2z o4 X—y—2z ,
w(x,y,z,t) =1+ et (x +y + 2),
1
=(1+x+y+z)+(x+y+z)t+§(x+y+z)t2

1 1
+g(x+y+z)t3+ﬁ(x+y+z)t4+---.
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Finally, the convergence can be done in the following steps, suppose that

u, =T(u,_1), v, =T(,_y)and w, =T(w,,_;), 0 <t < 1.

u= lim u,, v=Ilimv,, w=Ilmw,.

n-— oo n-— oo n-—oo
Since, the exact solution is
u=u(xyzt)=e(x+y+2),

v=v(x,y,2t) =—e'(x+y+2),
w=w(xy,zt)=1+e'(x+y+2).
Therefore, we have

lup — ull = llug —e*(x +y + 2)|l,

lvo = vll = llvg + e (x +y + 2)l,

lwo —wll = llwo — (1 +ef(x +y + 2)II.
Also,

luy —ull = lluy —e*(x +y + DI < kyllug —e*(x +y + 2)|

= killug — ull,

lv, —vll = llvy + et (x +y + 2)|| < kyllvg + et (x +y + 2)|

=k, |lvy — v,

lw, —w|| = ||W1 — (1 +el(x+y+ z))”

< k3||wo — (1 + et(x+y+z))|| = ks|lwy, —w]|.
But,vte[0,1], whent=1, x=1, y=1, z=1,

lluy —ull
—— < k; = 0.82038 < 1,
lluo —ull
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llvy — vl

m <k, =0.673461 < 1,
0—

lwy —wll _
0 —

Then, we get
luy —ull < kqllug — ull,
lvy = vl < kzllve — v,

Iwy —wll < ksllwo —wi|.

Also,
lu, —ull = lluy; —ef(x +y + 2)Il < kylluy — ull < kykqllug — ull
2
= ki |lug — ull,
lv, —vll = llv, + et (x + y + 2)|| < kyllvy — vl < kyksyllvg — vl
=k, |lve — vl|,
lwy, —wll = ||w, — (1 + e (x +y + 2))|| < ksllwy — wll < ksksllwg —wl|

2
= k3" [lwo —wll.

Since,Vte[0,1], whent=1, x=1, y=1, z=1,

U, —u u
Ity Zull ez o M2zl o go7042 < 1,
llug — ull lug — ull

UV, —V Uy —
v, —vll < k2= M <k, =0.672965 < 1,
lvo — vl lvo = vll
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= 0.672965 < 1.

Then, we get
2
luz — ull < kqi"llug — ull,
2
lv, = vl < k" |lvg — v,
2
lw, —wll < k3"[lwo —wll.
Similarly, we have
3
luz —ull < ky”llug —ull,
3
lvs — vl < k27 lvg — v,
3
lws —wll < k37 [lwo — wll.
By continuing in this way, we get:
lun — ull < ky"llug —ull,
v = vll < k3" lvg — vll,
Iwn — wll < k3™ [lwo — wl.
Therefore,

lim ||u, —u|l < lim k" |lug —u|| = 0,and lim k;" = 0, then

n - oo n - oo n - oo

lim ||u,, — ul|| =0, then lim u, = u =e‘(x +y + z), which is the exact

n - oo n - oo

solution,
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Similarly, we have

lim ||lv, —v|| < limk," ||lvy —v|| = 0,and lim k,™ = 0, then

n—> oo n—> 0o n—> oo

lim ||v,, — v|| =0, then lim v, = v = —e®(x + y + z), which is the exact

n—> oo n — oo

solution,
Also,

lim |lw, —w| < lim k3" ||[wy —w|| = 0,and lim k3" = 0, then

n - oo n - oo n - oo
lim ||w, —w|| =0,then lim w, =w =1+ e(x+ y + z), which is the
n - oo n - oo

exact solution.
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Chapter 3

Banach Contraction Method for Solving Some
Ordinary and Partial Differential Equations

3.1 Introduction

Various analytic and semi-analytic iterative methods have been used to
solve many variant problems in different fields of the applied sciences have
significantly improved the iterative techniques. One of these methods is
Banach contraction method (BCM) based on using Banach contraction to
provide the required solution for different nonlinear kinds of functional
equations [75]. The BCM characterized as one of the developments of
Picard’s method where the ease of application clearly observed which makes

it distinct from the other known iterative methods.

In this chapter, the BCM will be used to solve some important problems
in physics and engineering which already solved by TAM in chapter two. The
first part of this chapter will be presented the analytic solutions for Riccati,
pantograph, and beam deformation equations. Moreover, the BCM will be
used to solve 1D, 2D and 3D of Burgers’ equations and systems of equations.
The BCM does not required any additional restrictions to deal with nonlinear

terms.

The work in this chapter is organized as follows: In section two, the
basic idea of the BCM will be presented. Section three discusses the
application of the BCM for the Riccati, pantograph, and beam deformation
equations. In section four, the BCM will be applied to solve Burgers’
equations and system of equations in 1D, 2D and 3D.
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3.2 Contractions: Definition and Example
Definition 3.1: [3]
Let (X, d) be a metric space. Then a mapping f: X — X,

(@) A point x € X is called a fixed point of fif x = f(x).

(b) f is called contraction if there exists a fixed constant k < 1 such that
d(f(x),f(y)) < kd(x,y), forall =x,y in X.
A contraction mapping is also known as Banach contraction.
Example 3.1 [3]:
(a) Consider the usual metric space (R, d). Define
fGx)=>+b, forall xeR.
Then, f is contraction on R if a > 1 and the solution of the equation,

. ab
x—f(x)=0is X =—

(b) Consider the Euclidean metric space (R?, d). Define
fG,y) = C+b,Z+b), forall (x,y) € R%.

Then, f is contraction on R? if a,c > 1. Now, solving the equation,

f(x,y) = (x,y) for afixed point, we get is x = ;—_bl andy = C—bl

C—'

Using induction, one can easily get the following concerning iterates of a

contraction mapping.
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If f is a contraction mapping on a metric space (X, d) with contraction
constant k, then f™ (where the superscript represents the nth iterate of f) is

also a contraction on X with constant k™.
3.3 Banach Contraction Principle

In 1922 Banach published his fixed point theorem also known as
Banach’s Contraction Principle uses the concept of Lipschitz mapping. Also,
it has long been used in analysis to solve various kinds of differential and

integral equations [67].
Theorem 3.1 (Banach Contraction Principle): [75]

Let (X,d) be a complete metric space and f:X — X be a contraction

mapping. Then f has a unique fixed point x, and for each x € X, we have
lim f™(x) = x,,
n—oo

Moreover for each x € X, we have

n

1-k

d(f™(x), %) < d(f (x), x).

3.3.1 Solution of differential equations using Banach contraction
principle

Let f(x,v) be a continuous real-valued function on [a, b] X [c,d]. The
Cauchy initial value problem is to find a continuous differentiable function

v on [a, b] satisfying the differential equation [67],

v'(x) = f(x,v(x)), v(xy) = vy . (3.1)

Consider the Banach space C|a, b] of continuous real-valued functions with

supremum norm defined by
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Ilvll = sup{ |[v(x)| : x € [a, b]}.

Integrate both sides of Eq. (3.1), we obtain an integral equation
X
v(x) = vy + J f(t,v())dt. (3.2)
X0

The problem (3.1) is equivalent the problem solving the integral equation
(3.2). We define an integral operator F:C[a,b] — C|[a, b] by

Fv(x) = vy + jxf(t,v(t)) dt.

Thus, a solution of Cauchy initial value problem (3.1) corresponds with a
fixed point of F. One may easily check that if F is contraction, then the

problem (3.1) has a unique solution.

Now our purpose is to impose certain conditions on f under which the

integral operator F is Lipschitz with k < 1.
Theorem 3.2: [67]

Let f(x, v) be a continuous function of Dom(f) = [a, b] X [c, d] such

that f is Lipschitz with respect to v, that is there exists k > 0 such that
|f(x,v) — f(x,u)| < k|v—u|, forall v,u € [c,d] and for x € [a, b].

Suppose (xy,vy) € int(Dom(f)). Then for sufficiently small h > o, there
exists a unique solution of the problem (3.1).
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3.4 The basic idea of the BCM
Let us consider the general functional equation [75],

v=Nw)+f

where N (v) is a nonlinear operator and f is a known function.

Define successive approximations as

By continuing, we have

v, = vy + N(,_q1), n=123,...

(3.3)

(3.4)

If N* is contraction for operator some positive integer k, then N(v) has

a unique fixed-point and hence the sequence defined by Eqg. (3.4) is

convergent in view of theorem 1.2, and the solution of Eqg. (3.3) is given by

v= lim v,

n— oo
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3.5 The BCM to solve Riccati, pantograph and beam
deformation equations

In this section, three types of non-linear equations namely Riccati
equation, pantograph equation, and beam deformation equation will be solved
by the BCM.

3.5.1 Exact and numerical solutions for nonlinear Riccati
equation by BCM

The BCM will be implemented to solve the Riccati differential equation
which is a nonlinear ODE of first order, the following examples will be

solved.

Example 3.2:
Let us recall example 2.1:
v' = e* —e3¥ + 2e**v — e*v?, with initial condition v(0) = 1.  (3.6)
Eqg. (3.6) can be converted to the following Voltera integral equation
v(x) = f(x) + N(v), (3.7)
where

3x

1 e
f) =5 +e* ——

X
3 and N(v) =J (2e?tv — etv?) dt.
0

By implementing the BCM for Eq. (3.7), we have

v, (x) = vy(x) + jx(ZeZtvn_l(t) —etvi_(t)dt,n=12,...

Then, we get
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vo(0) = (1) =2+ e* =55

vy (x) = vo(x) + jx(ZeZtvo(t) —etv2 (1)) dt,
0

1 8€x e4x e7x
"2t 9 T18 63

The function v, (x) can be written by using Taylor series expansion,

) =14x4 x%  x3 23x* 209x5 1639x® 12161x’
Vi) = AT X T o T T o1 T 120 720 5040
87863x8 625969x° 442547910

— — _ 11
40320 362880 3628800 Ol

v(x) = vo(x) + fx(ZQZtv1(t) —efvi(t))dt,
0

11 195ex er e3x eSx e6x eSx 589x
= + + — - + + -
9720 196 126 243 630 486 3528 6804

ele ele

T 5804 ~ 59535

Similarly, by using Taylor series expansion, we have

=1+ _|_xz_|_x3_l_x4_I_x5_I_x6 79x7 3919x8
Ve X = X S T T 54T 120 T 720 5040 40320

116479x° 2735039x1° 11
— + O[x]*,
362880 3628800

Continuing in this way, we get a series of the form:

2 x3 x4 X5

: _ L ELE X
v(x)=nll_)n;zovn(x)—1+x+2+6+24+120+ , (3.8)

This series converges to the following exact solution [19]:

v(x) = e”*.
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Example 3.3 [74]:
Rewrite the example 1.1 and solve it by BCM.

v' = —v? 4+ 1, with initial condition v(0) = 0.

(3.9)

Eqg. (3.9) can be converted to the following Voltera integral equation

v(x) = f(x)+N(v),
where
f(x)=x and N(v) = —fx(vz) dt.
0

By applying the BCM for Eq. (3.10), we have

v,(x) = vy(x) — fx(v,%_l(t)) dt, n=1,2,....
0

Thus, we have

vo(x) = f(x) = x,

3

nG) = w00 - [ (vh(@) de =2~ T,
0

x3  2x° X7

v,00 =00 - | (E@)dr=x-T+To-5

V3 (%) = vy(x) — f (vz(1))de,

x3  2x5 17x7 38x° 134x11  4x13

(3.10)

x15

3 T 15 " 315 T2835 51975 ' 12285 59535

By continuing in this manner till n = 6, we have
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x3 2x° 17x7 62x° 1382x11 21844x13

v6(x) = * — =+ =~ 375+ 2835 ~ 155925 T 6081075
909409x15  543442x17  77145154x1°

T 638512875 | 986792625 371231385525 |

(3.11)

The obtained series solution in Eqg. (3.9) can be used to calculate the
maximal error remainder for show the highest accuracy level that we can
achieve. This can be clearly seen in table 3.1 and figure 3.1

Table 3.1: The maximal error remainder: MER,, by the BCM,

wheren =1, ...,6.

MER,, by BCM
6.65556 X 1075
2.65463 x 1077
7.56708 x 1010
1.67808 x 10~ 12
3.04791 x 10715
3.46945 x 1018

| O | W DN | S

Figure 3.1: Logarithmic plots of MER,versus n is 1 through 6 by BCM.
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3.5.2 BCM for solving linear pantograph equation

In this subsection, the BCM will be applied for second order linear
pantograph equation of order two. The following example presents a solution

for pantograph equation by using the BCM.

Example 3.4:

Resolve example 1.3 by using BCM [11].
144 3
v =Zv+v(§)—x2+2, (3.12)

with initial conditions v(0) =0, v'(0) = 0.

Integrate both sides of Eq. (3.12) twice from 0 to x and using the initial

condition at x = 0, we get

v(x) = x% — % + jox Jox(%v(t) + v (%)) dtdt, (3.13)

By using the formula in Eq. (1.6), we get

4

o, X x 3 t
v(x) = x —§+f0 (x — 1) <Zv(t)+v<§>>dt, (3.14)

By applying the BCM for Eq. (3.14), we get

v(x) = f(x) + N(v),
where

4

flx) =x?— % and N(v) = Jox(x —t) <%v(t) + v (%)) dt,
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x 3 t
v,(x) = vo(x) + j (x—=1t) <Zvn_1(t) + v, (E)) dt,n=12,...
0

Thus, by applying the Mathematica’s code, see appendix D, we have

x4

v(x) = f(x) =x* -

12’

x 3 t 13x°©
v, (x) = vy(x) +j (x —t) <Zv0(t) + v, (§)> dt = x? — 5760
0

@ =000+ [ =0 (3o 4o (§))at = s
V2R = ol ) T g T G) [T T 2949120

x 3 t
1,00 = w00 + | =0 (5000 + v, (§)>dt,
0

17563x1°
67947724800’

:xz

By continuing in this way, we get
v(x) = x? — small term, (3.15)
This series converges to the exact solution [11]:

v(x) = lim v,(x) = x2

n - oo

3.5.3 Solving the nonlinear beam equation by using BCM

In this subsection, the BCM will be implemented to solve fourth order

nonlinear beam deformation problem.

Example 3.5:
Resolve example 1.4 by using BCM [1].

v® =2 — x10 4+ 4x° — 4x8 — 4x7 4 8x°® — 4x* + 120x — 48,
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with the boundary conditions v(0) = v'(0) =0, v(1) = v'(1) = 1. (3.16)

By integrating both sides of Eq. (3.16) four times from 0 to x, we obtain

v(x) = vo(x)
X X X X
+j f J f (v? — t10 + 4¢% — 4¢3 — 4t7 + 8t® — 4t*
o Y0 Y0 YO
+ 120t —48) dtdtdt dt. (3.17)

Let us assume the following initial component,
vo(x) = ax® + bx? + cx + d,
By using Eq. (1.6), we obtain the following

v(x) = vo(x)

X x — t 3

+j ( c ) (v? —t'0 + 4t° — 4t° — 4t7 + 8t° — 4t*
0

+ 120t — 48) dt, (3.18)

By implementing the BCM:

Un () = vo(x)

6
+ 120t — 48) dt, n=123,.. (3.19)

X x — t 3
- j ( ) (W2_ (t) — t10 + 4% — 4t8 — 4t7 + 8t°® — 4¢*
0

Then, we get

vo(x) = f(x) = ax3 + bx? + cx +d,
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v1 (%) = (%)

+j ( c ) (g (t) — 0 + 4t° — 4t® — 47 + 8t° — 4t*
0

+ 120t — 48) d¢,

2.4 2..6
=d+ cx + bx?+ ax® —2x* + i +x5+icdx5+cx
24 60 360
+1bd6+1b7+1 dx’ xg+bzx8
180 7" T 2207 T220%* T 220 T 1680
1 abx9 xlO aleo xll x12 x13
+—acx® + +—+ — — +
8240 “““ T 1512 T 630 ' 5040 1980 2970 '« 4290
x14-
24024’ (3.20)

Imposing the boundary conditions (3.16), into v, (x), we get

a = —0.00687154, b = 2.00593, «¢=0, d=0. (3.21)

The following first-order approximate solution is achieved:

v;(x) = 2.005929514398968x2 — 6.871538792438514 x 10~ 3x3
—2x* 4+ x>+ 1.413881948623746 x 10~ >x8

—9.116284704424509 x 10~°x° + 1.587310955961384

xll x12 x13 x14-

X 1073x10 — — — : 3.22
* 1980 2970 * 4290 24024 ( )

v,(x) = v (x)

xx_t3
+f ( c ) (Wi(t) — t10 + 4t° — 48 — 4¢7 + 8t° — 4¢*
0

+ 120t — 48) d¢t,
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=d+cx+bx?+ax3—2x*+ d°xt + x° +icdx5 + cx®
24 60 360
1 | ;1 . x® b*x®
+ﬁbdx +mbcx +madx _m+1680
1 g ax® d*x® abx® cx®
T 840% 220 T 20160 " 1512 756 T (3.23)

Once again, by imposing the boundary conditions (3.16) in the second
component v, (x), the obtained coefficients will be:

a=-8.27907x 1077, b=2, c=0, d=0.

In order to check the accuracy of the approximate solution, we calculate
the absolute error, where v(x) = x> — 2x* + 2x? is the exact solution and
vy, (x) is the approximate solution. In table 3.2 the absolute error of BCM with
n = 1,2. It can be seen clearly from table 3.2 by increasing the iteration, the

error will be decreasing.

Table 3.2: Results of the absolute errors for BCM.

X |r4| for BCM |r,| for BCM
0 0 0

0.1 5.24236 x 107° 6.79965 x 10~°
0.2 1.82208 x 10~* 2.3887 x 1078
0.3 3.48134 x 107* 4.62946 x 1078
0.4 5.09092 x 10~* 6.90558 x 1078
0.5 6.24721x 10~* 8.72068 x 1078
0.6 6.57823 x 10~* 9.58101 x 1078
0.7 5.81138 x 10™* 9.01332 x 1078
0.8 3.92709 x 10~* 6.67054 x 1078
0.9 1.45715 x 10~* 2.80674 x 1078
1.0 3.3447 x 1078 0
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3.5.4 Solving the nonlinear Burgers’ equation by using the BCM

In this subsection, we implement the BCM to solve the first order
nonlinear Burgers’ equation and finding the exact solutions for different types
of Burgers’ equations in 1D, 2D and (1+3)-D.

Example 3.6:

Rewrite the example 1.5 and solve it by BCM [33].

v; + v, = v,,, With initial condition v(x,0) = 2x. (3.24)

Integrating both sides of Eq. (3.24) from 0 to t and using the initial condition
att =0, we get

t
v(x,t) =2x + j (—vvy + vyy) dt, (3.25)
0

Applying the BCM for Eq. (3.25), we get

vix,t) = f(x,t) + N(v),

where

f(x,t) =2x and N(v) = f (—vv, + v,,) dt.

t

v,(x, t) = vo(x, t) + J (—vn_l(x, t)(vn_l(x, t))x + (vn_l(x, t))xx) dt,

0
n=12,... (3.26)
Then, we have

vo = f(x,t) = 2x,
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t
v =1+ f (—VoVox + Voxy) dt = 2x — 4tx,
0

t ,  lé6t’x
vy =v0+f (—V V1 + Vypy) dt = 2x — 4tx + 8t“x — 7
0
By continuing in this way, the result is
v(x,t) = lim v,(x,t),
n— oo
= 2x — 4xt + 8xt? — 16xt3 + 32xt* — 64xt> + -+, (3.27)

This series converges to the following exact solution [33]:

v(x,t) = = 2x — 4xt + 8xt? — 16xt3 + 32xt* — 64xt> + ---.

1+ 2t

Example 3.7:
Recall example 1.6:

Ve 4 00y + vy, = k(U + 1), (3.28)
with initial condition v(x,y, 0) = sin(2rx)cos(2my).

By taking the integration on both sides of equation (3.28) from 0 to t, we

obtain

v(x,y,t) = sin(2nx)cos(2my)

t
# | (omemvny + k(o + ) e (3:29)
0

Now, by applying the BCM for Eqg. (3.29), we have

v(x,y,t) = f(x,y,t) + N(v),

where
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f(x,y,t) = sin(2nx)cos(2my) and

t

Nw) = Jo (—vvx—vvy + k(ve + vyy)) dt.

vn(x, Y, t)
= UO(X, Y t)
t
+ j (—vn_l(x, Y t)vn—l(x' Y t)x - vn_l(x, Y t)vn—l(xi Y t)y
0
+ k(Un_1(x, Y, )xx + Vo1 (x,y,8)y,))dt, n =1,2,.... (3.30)

So, we get

vy = sin(2mx)cos(2my),

t
v = vy + j (—UOUOx — VoVoy + k(Voxx + voyy)) dt,
0

= cos(2my)sin(2nx) + t(—8m%kcos(2my)sin(2mx)
— 2mcos(2mx)cos(2my)?sin(2mx) + 2msin(2mx)sin(2my)),

t
UV, =V + f (_vlle —VVy t k(lex t+ vlyy)) at,
0

= cos(2my)sin(2nx) — 2n?t%cos(2my)sin(2mx)
— 8mltkcos(2my)sin(2mx) + -+,

continue till n = 4, we get

t
Uy = 7V + j (—U3v3x - v3v3y + k(vgxx + v3yy)) dt,
0

103



Chapter Three Banach Contraction Method for Solving Some
Ordinary and Partial Differential Equations

= cos(2my)sin(2nx) — 2m?t?cos(2my)sin(2mx)
2
+ §n4t4cos(2ny)sin(2nx) — e
The obtained series solution in Eqg. (3.28) can be used to calculate the
maximal error remainder to check the accuracy of the obtained approximate

solution. It can be clearly seen in table 3.3 and figure 3.2 that by increasing

the iterations the errors will be reduced.

Table 3.3: The maximal error remainder: MER,, by the BCM.

MER,, by BCM
1.61705 x 1072
2.52036 x 1075
3.56783 x 10~8
45361 x 10~ 11

| W N | D

MER,

10 15 20 25 30 35 4.0
n

Figure 3.2: Logarithmic plots of MER, versus n is 1 through 4 by BCM.

Example 3.8:

Recall example 2.7:
Ve = Uy + Vyy t 1)y, Withinitial condition  v(x,y,0) =x+y. (3.31)

By taking the integration for both sides of Eq. (3.31) from O to ¢, we obtain
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t
v, y,t) =x+y+ J (V0x + Uy + 1y,y) dt, (3.32)
0

Implementing the BCM for Eq. (3.32), we get

v(x,y,t) = f(x,y,t) + N(v),

where

t
fl,y,t) =x+y and N(v) = j (Vv + Uy + vyy) dt.
0

Thus, we have

Un(x,y,t)
=7y (X, Y, t)

t
+ j (vn—l(x' Y, t)vn—l(xl Y, t)x + vn—l(xr Y, t)xx
0

+ v, (x,y,0)yy)dt, n=12,.. (3.33)
Thus, we get
vO = f(X,y,t) =X +y;
t
v, = Vg + .[ (VoVox + Voxx + Voyy)dt =x +y + (x + Y)t,
0

t
vy, = UO + f (Ulle + lex + vlyy) dt,
0

1
=x+y+(x+y)t+(x+y)t2+§(x+y)t3,

By continuing in this way, we have a series of the form:
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v(x,y,t) = nlim v, (x,y,t),

=x+yY)+x+Pt+x+yt2+(x+y)e3+--, (3.34)

This series is convergent to the following exact solution [76]:

x +
v(x,y,t) :1—_Jt/= x+y)+(x+y)t+ x+yt2+ (x+ )t + -

Example 3.9:
Recall example 2.8:
Vi = VVx + Uyx T Vyy + Vyyy
with initial condition v(x,y,z,0) =x+y+ z. (3.35)
Applying the integration on both sides of Eq. (3.35) from 0 to t and using the

initial condition at t = 0, we get

t
v, y,z,t) =x+y+z+ f (VVy + VUyx + Uy + ;) dt. (3.36)
0

t
f(x,y,z,t)=x+y+2z and N(v)zj (Vv + Vyey + Vyy + 1) di.
0

Now, applying the BCM for Eqg. (3.36), we have

v(x,y,z,t) = f(x,y,2,t) + N(v),
where

t
f(x,y,z,t) =x+y+z and N(v)=f (Vv + Vyey + Vyy + 1) di.
0

Thus, we get
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v,(x,y,2,t)
=vy(x,y,2,t)

t
+ j (vn—l(x' Y, Z, t) (vn_l(x, Y, Z, t))x + (vn_l(x, Y, Z, t))xx
0

+ (vn_l(x, Y, Z, t))yy + (vn_l(x, Y, Z, t))ZZ) dt,n=1,2,3,....
Thus, we have

vo=f(x,y,z,t) =x+y+2z

t
Vg =V + j (v0v0x + Voxx + Voyy + vOzz) dt,
0

=x+y+z+(x+y+2)t,

t
Vy = Vyg + j (Ulle + Vixx + vlyy + vlzz) dt,
0

1
=x+y+z+(x+y+z)t+(x+y+z)t2+§(x+y+z)t3,

and so on, therefore we get the following series:

v(x,y,zt) = lim v,(x,y,2,1t),

n — oo
=x+y+z+x+y+2)t+(x+y+2)t?+(x+y+2)t3
+...,

This series converges to the exact solution [76]:

xX+y+z

v(x,y,zt) = T

=x+y+z+x+y+t+x+y+2)t*+(c+y+2)t3+ -
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3.5.5 Solving the nonlinear system of Burgers’ equations by
using BCM

In this subsection, the BCM will be implemented to solve the first order
nonlinear Burgers’ equation for the exact solutions for different types of

systems of Burgers’ equations in 1D, 2D and 3D.

Example 3.10:
Rewrite the example 2.9 and solve it by BCM [50].
Up — Uyy — 2UU, + (UD),, = 0,

Vi — Uyy — 200, + (uv), = 0,
Subject to the initial conditions:
u(x,0) =sin(x), v(x,0) = sin(x). (3.37)

By solving Eq. (3.37), we get

u(x, t) = sin(x) + j (Uyy + 2uu, — (uv),) dt,

v(x, t) = sin(x) + Jt(vxx + 2vv, — (uv),) dt, (3.38)
0

To solve the system of Eq. (3.38) by using of the BCM, we have

u(x, t) = g(x' t) + Nl (U,), U(X, t) = f(xr t) + N2 (17),
where

t

gx,t) =sin(x) and N;(u)= f (Uyy + 2uu, — (uv),) dt,

f(x,t) =sin(x) and N,(v) = ft(vxx + 2vv, — (uv),) dt.
0

108



Chapter Three Banach Contraction Method for Solving Some
Ordinary and Partial Differential Equations

Thus

U, (x, t) = U (x; t)
+ _f ((un—l(xJ t))xx + Zun_l(x’ t)(un—l(x’ t))x
0

— (Up_y (x, V1 (x, t))x) dt, n=12,...

vp(x, t) = vo(x, t)
+ j ((vn_l(x, t))xx + 20,1 (x, ) (V1 (x, t))x
0
— (Up_1 (x, V1 (x, t))x) dt, n=12,... (3.39)
Then,
uy = g(x,t) = sin(x),

vy = f(x,t) = sin(x),
t
Uy = Uy + j (Ugnx + 2UgUoy — (UgVg),) dt = sin(x) — tsin(x),
0
t
v =1+ j (Woxx + 2V9V0x — (UoVp),) dt = sin(x) — tsin(x),
0
t
Uy = U T j (Uxx + 2U Uy — (Ugv1),) dt,
0
1
= sin(x) — tsin(x) + Etzsin(x),

t
Uy =7y + _[ (V1xx + 20101, — (Ug V1)) dt,
0

1
= sin(x) — tsin(x) + Etzsin(x),

Continuing in this way, we get:
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u(x, t) = limu,(x,t),

n - oo

1 1 1
= sin(x) — tsin(x) + o) t?sin(x) — A t3sin(x) + o t*sin(x)

)

v(x, t) = limv,(x,t),

n— oo

. . 1., . 1., . 1, .
= sin(x) — tsin(x) + 5 t?sin(x) — A t3sin(x) + 21 t*sin(x)

This series converges to the exact solution [50]:
u(x, t) = e tsin(x),
v(x, t) = e tsin(x).

Example 3.11:

Rewrite the example 2.10 and solve it by BCM [30].

Up + Uy + VUy — Uy — Uyy, = 0,
Vi + UV + VU, — Ugy — Vyy, = 0,
Subject to the initial conditions:
u(x,y,0)=x+y, v(xy0) =x-—y. (3.40)

Integrating both sides of Eq. (3.40) from 0 to t and using the initial conditions
att =0, we get

t
u(x,y,t) =x+y+ f (—UUy — VUy + Uy + Uy,y) dE,
0

t
v(x,y,t) =x—y+ f (—uvx — VVy + Uyy + vyy) dt, (3.41)
0
To solve the system of Eq. (3.41) by using of the BCM
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U(X,y, t) = g(X,y, t) + Nl(‘LL), U(X,y, t) = f(x»y' t) +N2(U)

where

t
glx,y,t)=x+y and N;(u) = f (—UUy — VUy + Uyy + Uy,y) di,
0

t
fx,y,t)=x—y and N,(v) = J (—uvy — VVy + vy + 1)) dt.
0

Thus

un(x,y,t)
= uO(xryf t)

+ j (—un_l(X, Y, t) (un—l(x' Y, t))x
- vn—l(x» Y t)(un—l(xi Y, t))y + (un—l(x’ Y t))xx

+ (un_l(x, v, t))yy) dt, n=12,..,

Un(x,y,t)
= UO (X, Y, t)

t
+f (—un—1(x: Y t)(vn—l(x' Y t))x

0
—v,_1(x,y, t)(vn—l(x' Y t))y + (vn—l(x' Y t))xx
+(Eay0), Jdt, n=12... G4

Therefore, we have
uO = g(x,y,t) =X +y;

Vo =f(x,y,t) =xXx—=Y,

t
U = Uy + f (—UpUox — VolUoy + Ugxx T uoyy) dt =x +y — 2xt,
0
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t
vy =V + j (—UoVox — VoVoy + Voxx T+ Voyy) dt = x —y — 2Yt,
0

t
Uy, = Ug + j (_ululx - vluly + U xx + ulyy) dt,
0

4xt3
3 )

=x+y—2xt+2(x+y)t?—

t
Vv, = Vg + j (—ulle — U1V1y + V1xx T vlyy) dt,
0

,  4yt?
=x—y—2yt+ (2x—2y)t ——3

Continuing in this way, we get the following forms:

u(x,y,t) = limu,(x,y,t),

n— oo
=x+y—2xt+2(x+y)t? —4xt3 + 4(x + y)t* — 8xt>
+ oo,

v(x,y,t) = limv,(x,y,t),

n- oo
=x—y—2yt+ (2x — 2y)t? — 4yt3 + (4x — 4y)t* — 8yt>
+ ves

These forms converges to the exact solutions [30]:

x—2xt+y

oy )= 5m
=x+y—2xt+2(x+ y)t? —4xt3 + 4(x + y)t* — 8xt> + -,

x—2yt—y

R =T e

=x—y—2yt+ (2x — 2y)t? — 4yt3 + (4x — 4y)t* — 8yt> + ---.
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Example 3.12:

Recall example 2.11:
Up — Uy — VUy — Wl — Uy — Uyy — Uy, = g(X,Y,2, 1),
Vi + UVy + VVy, + WU, + Uyy + V), +V,, = f(x,y,2,t),
W + uw, + vwy, + Ww, + Wy + Wy, + W, = h(X, Y, 2, t),
where
gx,y,z,t) = et(x+y+2z)—e(1+e'(x+y+2)),
fl,y,z,t) = —et(x+y+2z)—et(l+et(x +y+2)),
h(x,y,z,t) =et(x+y+z)+et(1+et(x+y+2)), (3.43)
Subject to the initial conditions:
ulx,y,z,0)=x+y+z
v(x,v,2,0)=—(x+y+2),

wlx,y,z,0)0=1+x+y+z

Integrating both sides of in Eqg. (3.43) from 0 to t and using the initial
conditions at t = 0, we get

u(x,y,zt)
X 1 y 1 VA
=l-e+-+ex—ce*x+=+ely—ze?'y+-+elz
2 2 2 TEY TR0 YTy
t
— Eeth + jo (uuy + vuy, + wu, + Uy + Uy, +uy,) dt,
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v(x,y,z,t)
X 1 y 1 VA

=1—et+§—etx—Eeth+§—ety—EeZty+§—etz

1 5
— Ee zZ+ (—uvx — VVy — WU, — Uy — Uy, — vzz) dt,
0

w(x,y,z,t)
X 1 1 VA 1
= et—§+etx+§eth—%+ety+§eZty—§+etz+§eZt
t
+ j (—UWy — VW), — WW, — Wyy — Wy, — W,,) dt, (3.44)
0

To solve the system of Eq. (3.44) by using of the BCM, we have

X 1 1 z 1
uO:1—et+E+etx—Eeth+§+ety—EeZty+§+etz—ze”z,

X 1 1 z 1
v0=1—et+§—etx—Eeth+%—ety—EeZty+E—etz—§eth,

1 1 1
wo=el—Z+etx+-ex—Zt+ely+-e?ty—Ztetz+-e?
2 2 2 2 2 2
By writing the functions u,, v, w; by using Taylor series expansions, we get

1 1
u1=(x+y+z)+(x+y+z)t+—(—2—x— —z)t2+—(—3—5x

— 5y —52)t3 + —( 2—13x — 13y — 132)t* + —
— 23x — 23y — 232)t5 + 0[t]°,

120 (9

1
v, = (—x—y—z)+(—x—y—z)t+§(—x—y—z)t2
1 1
+§(—1—x—y—z)t3 +ﬁ(_12 —13x — 13y — 132)t*

1
+ E(_l?’ —19x — 19y — 192)t° + 0[t]°,
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1
W1=(1+x+y+z)+(x+y+z)t+§(x+y+z)t2
1 1
+§(1+x+y+z)t3+ﬁ(12+13x+13y+132)t4

1
+ E(B + 19x + 19y + 192)t> + 0[t]°. (3.45)

In a similar way, we have

1 1
uz=(x+y+z)+(x+y+z)t+§(x+y+z)t2+g(—4—3x—3y
1 1
_ 34 (—15— _ _ 44— (16—
3z)t +24( 15 —23x — 23y — 232)t +120( 16 — 75x
— 75y — 752)t> + 0[t]°,
1 1
vz=(—x—y—z)+(—x—y—z)t+§(—x—y—z)t2+g(—2—3x
3 3)t3+1(7 11x — 11y — 112)t* + . (—14
YTt T, A T}
—31x — 31y — 312)t° + 0[t]°,
1
wz=(1+x+y+z)+(x+y+z)t+§(x+y+z)t2
1 1
+E(2+3x+3y+32)t3+ﬁ(7+11x+11y+1lz)t4

1
+m(14+31x+31y+31z)t5 + 0[t]°. (3.46)

By continuing, we have the following formulas:

ulx,y,z,t) = limu,(x,y,21t),

n— oo

1
=x+y+z+(x+y+z)t+§(x+y+z)t2

1
texty +2)t3 + -,
v(x,y,zt) = limv,(x,y,2t),
n — oo

1
=—x—y—z+(—x—y—z)t+§(—x—y—z)t2

1
+g(—x —y—2)t3+ -,
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w(x,y,z,t) = limw,(x,y,z1t),

n - oo

1
= 1+x+y+z+(x+y+z)t+§(x+y+z)t2
1
+g(x+y+z)t3 + -
Those forms converge to the following exact solutions:
u(x,y,zt) =et(x+y+2),
v(x,y,z,t) = —et(x+y+2z),

w(x,y,z,t) =1+et(x +y+ 2).
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Chapter 4
Conclusions and Future Works

4.1 Introduction

The main objective of this thesis has been achieved by solving some of
non-linear ODE and PDE by different iterative methods. This purpose has
been obtained by implementing two iterative methods, which are so-called the
semi-analytic method of TAM and BCM. In addition, the comparison
between the proposed methods and other methods such as ADM and VIM

will be presented. Also, some conclusions, and future works will be given.

4.2 Conclusions

From the present study one can conclude the following:

1. The two iterative methods are efficient and reliable to find the exact
solutions for Riccati and pantograph equations, different types of Burgers’
equations and equations systems in 1D, 2D and 3D. The efficiency and

accuracy of the TAM has been proved by studying the convergence.

2. The two proposed methods did not require any resulted assumption to deal
with the nonlinear terms unlike ADM was need the so-called Adomain
polynomial in nonlinear case. In addition, the VIM required the Lagrange

multiplier.

3. We take example for nonlinear Riccati equation it was solved in chapter 1,

chapter 2 and chapter 3

v' = —v? 4+ 1, with initial condition v(0) = 0. (4.1)
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When comparing the results of TAM and BCM with those of the ADM
and VIM, the numerical solutions obtained by BCM are more accurate.
The maximal error remainders will be decreased when there is more

obtaining of iterations which are clarified in the figure 4.1 and table 4.1.

Table 4.1: Comparative results of the maximal error remainder: MER,,for

TAM, BCM, VIM and ADM, wheren = 1, ...,6.
n | MER, by TAM | MER, by BCM | MER,by VIM | MER, by ADM
1 6.65556 x 1075 6.65556 X 107> 0.01 6.65556 X 107°
2 2.65463 x 1077 2.65463 x 1077 6.65556 x 1075 3.76891 x 1077
3 | 7.56708 x1071% | 7.56708 x 10710 2.65463 x 1077 1.96289 x 107°
4 | 1.67806 x 10712 | 1.67808 x 10712 | 7.56708 x 10~10 | 9.72067 x 1012
5 | 297852 x 10715 | 3.04791 x 10715 | 1.67808 x 10712 | 4.65513 x 10~
6 | 1.24033 x 10716 | 3.46945x 10718 | 3.04791x 1015 | 2.15106 x 10716
062 g
@ TAV
< BCM
&
3 —— VIM
—&— ADM

Figure 4.1: Comparison of the maximal error remainder for TAM, BCM,
VIM and ADM.

4. We take example for nonlinear beam equation it was solved in chapter 1,

chapter 2 and chapter 3
v® = 2 — x10 4 4x% — 4x8 — 4x7 + 8x° — 4x* + 120x — 48,

with the boundary conditions v(0) = v'(0) = 0, v(1) = v'(1) = 1. (4.2)
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In comparison the results by the TAM and BCM with the some existing
methods such as VIM and HPM [1], it is observed in general that the

approximate solutions obtained by the TAM converge faster without any

restricted assumptions and possesses high-order accuracy. As given in

table 4.2, we compare the absolute error of TAM, with n = 2 together with
the VIM, and the HPM [1].

Table 4.2: Comparative results for the absolute errors of the TAM, BCM,

VIM and HPM.
X |r,| for TAM |r,| for BCM |r,| for VIM | |ry|for HPM[1]
0 0 0 0 0
0.1 | 1.77279 x 107° | 6.79965 x 107° | 6.79965 x 10~° 1.896 x 1077
0.2 | 5.99375x1071° | 23887 x 1078 2.3887 x 1078 6.4171 x 1077
0.3 1.1028 x 107° 4.62946 x 1078 | 4.62946 x 1078 1.18180 x 10
0.4 1.53129 x 10™° | 6.90558 x 10™® | 6.90558 x 1078 1.6405 x 107°
0.5 1.752 x 107° 8.72068 x 1078 | 8.72068 x 1078 1.8703 x 10~
0.6 1.68284 x 10™° | 9.58101x 1078 9.58101 x 1078 1.7815 x 107°
0.7 1.32351%x 107° 9.01332 x 1078 9.01332 x 1078 1.3816 x 107°
0.8 | 7.76486 x 1071° | 6.67054 x 1078 | 6.67054 x 1078 7.958 x 1077
0.9 2.44241x 1071 | 2.80674 x 1078 2.80674 x 1078 2.437 x 1077
1.0 | 1.11022 x 107° 0 0 6.0 x 10710

It can be observed clearly from table 4.2, the absolute error for TAM is lower

than BCM, VIM and HPM.

5. We take example for nonlinear 2D Burgers’ equation it was solved in

chapter 1, chapter 2 and chapter 3

Ve 4 v + vy = k(Vge + 1),

with initial condition v(x, y, 0) = sin(2mx)cos(2my).
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The TAM has also achieved the rapid convergence of our approximate

solution by the sequence of the curves of error remainder functions. Also

it does not require any restricted assumptions like the ADM and VIM,

which are clarified in the mentioned figure 4.2 and table 4.3.

Table 4.3: Comparative results the maximal error remainder: MER,, for
TAM, BCM, VIM and ADM, wheren =1, ... 4.

MER,, by TAM

MER,, by BCM

MER,by VIM

MER,, by ADM

5.99981 x 1073

1.61705 x 1072

1.61705 x 1072

1.61705 x 1072

2.89069 x 107°

2.52036 x 107>

2.52036 x 107°

2.98775 x 107°

1.12531 x 1078

3.56783 x 1078

3.56783 x 1078

49464 x 1078

Bl W N = 3D

454397 x 10711

45361 x 10711

453593 x 10~11

7.1962 x 10711

.10 —11

—@— TAV

BCM

—~—\VIM
—i— ADM

Figure 4.2: Comparison of the maximal error remainder for TAM, BCM,
VIM and ADM.

6. The analytic solutions of these different problems are excellent as

compared to the results of other iterative methods. In nonlinear equations

that emerge much of the time to express phenomenon the proposed

methods are effective and strong enough to give the reliable results.
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4.3 Future works
In this section some of future works will be suggested

1) Solving the Emden—Fowler equation by using TAM
k /
v+ S v+ f(x)glv) =0, v(0)=v, v'(0)=0, (4.4)

where f(x) and g(v) are some given functions of x and v, respectively,
and k is called the shape factor.

2) Using BCM for solving a Thomas-Fermi equation

v =— v(0) =1, v(w) =0, (4.5)
3) Solving the Blasius equation by using TAM

1
v+ Evv” =0, U(O) =0, U’(O) =1, U”(O) =a, a>0. (4'6)

4) Solving the sine-Gordon equation by using TAM
Vet — szxx + aSin(U) = 0, U(x, 0) = f(x)r vt(xr O) = g(x); (47)

where ¢ and a are constants. It is clear that this equation adds the

nonlinear term sin(v) to the standard wave equation.

5) Using BCM for solving the telegraph equation

Uy = AU + bvy +cv, v(x,0) = f(x), v:(x,0) =g(x), (4.8)

where v = v(x, t) is the resistance, and a, b and c are constants related to

the inductance, capacitance and conductance of the cable respectively.
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Appendix A: Code of Mathematica for chapter one (the ADM)

FhIAIAIAIAIAIAIAIAIAIAIAIAIAAIAIAIAIAIAIAIAIAAIAAIAAAAAAAAArkhhhhkhhkhhkhkhhhkhkhkihhikikikiikikikx

Code of example (1.1)

A —
(* v'=-vZ +1, v(0)=0 *)

tt=AbsoluteTime[];

zz=SessionTime[];

v0=X;

v1=-Integrate[v0"2/. x—t,{t,0,x}]

-x3/3

v2= -Integrate[2v0*v1/. x—t,{t,0,x}]

2x°/15

v3= -Integrate[2v0*v2+v1/2 /. x—1,{t,0,x}]

-17x71315

v4= -Integrate[2v0*v3+2v1*v2 /. x—>t,{t,0,x}];

v5= -Integrate[2v0*v4+2v1*v3+v2/72 [. x—t,{t,0,x}];

v6= -Integrate[2v0*v5+2v2*v3+2v1*v4 /. x—t,{t,0,x}];

v=v0+v1+v2+v3+v4+v5+Vv6
X-X3/3+2x5/15-17x"/1315+62x°/2835-1382x11/155925+ 21844x13/6081075

r1=Abs[D[v0+v1,{x,1}]+(vO+v1)"2-1];

Plot[r1,{x,0,1}]
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05

04

03

02

01

02 04 06 08 10

r2=Abs[D[v0+v1+v2 {X,1}]+(vO+v1+v2)"2-1];

Plot[r2,{x,0,1}]

020
015
010

006

02 04 06 08 10

r3=Abs[D[v0+v1+v2+v3,{X,1}]+(vO+v1+v2+v3)"2-1];

Plot[r3,{x,0,1}]
0.07
0.05
0.04
0.02

001

0.2 04 0.6 08 10

r4=Abs[D[v0+v1+v2+v3+v4,{x,1}]+(vO+v1+v2+v3+v4)"2-1];

Plot[r4,{x,0,1}]
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0080 |

0025

0020

0015

0010

0006

02 04 06 08 10

r5=Abs[D[v0+v1+v2+v3+v4+v5,{X,1}]+(vO+Vv1+v2+v3+v4+v5)"2-1];

Plot[r5,{x,0,1}]

0008
0006
0004

0002

02 04 06 08 10

r6=Abs[D[v0+v1+v2+v3+v4+v5+Vv6,{X,1}]+(vO+v1+v2+Vv3+v4+Vv5+VvE) 2-
1];

Plot[r6,{x,0,1}]

0.0030
0.0025
0.0020
0.0015
0.0010

0.0005

0.2 04 0.6 08 10

x ={0, 0.01, 0.02, 0.03, 0.04, 0.05, 0.06, 0.07, 0.08, 0.09, 0.1};
r1;r2;r3;r4;r5;r6;

Y1=Max[rl]
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0.0000665556
Y2=Max|r2]
3.76891x1077
Y3=Max[r3]
1.96289x10°
Y4=Max[r4]
9.72067x1012
Y5=Max[r5]
4.65513x104
Y6=Max][r6]
2.15106x101°
Y={Y1,Y2,Y3,Y4,Y5, Y6},
n={1,2,3,4,5,6};

ListLog-
Plot[{{1,Y1}{2,Y2}{3,Y3},{4,Y 4} {5,Y5} {6,Y6}},Joined—True,PlotRan
ge—>All,Frame—True,
Aes—True,FrameLabel>{Row[{Style["'n",FontSlant— Italic]}],Row[{Style[
"MER,",FontSlant—Italic]}]},PlotMarkers—{Automatic,15}]
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Appendix B: Code of Mathematica for chapter one (the VIM)

FhIAIAIAIAIAIAIAIAIAIAIAIAIAAIAIAIAIAIAIAIAIAAIAAIAAAAAAAAArkhhhhkhhkhhkhkhhhkhkhkihhikikikiikikikx

Code of example (1.7)

khkkhhkhkkhkhhkkhkkhkhkkhhkhkhhkhhkihkhhkkhhkhikhhhkihkihkirhkhikhhhkihkihkihhkhhhihihihkiikiik

(* DIv.{t.131+v*DIv {x,1}]+ v*D[v.{y 1}]= k (D[v.{x 2}]+D[v.{y.2}))
V(X,y,0)=sin(2mx)cos(2my) *)

tt=AbsoluteTime[];

zz=SessionTime([];

v0=sin(2mx)cos(2my);
v1=v0-Integrate[(D[Vv0,{t,1}]+v0*D[v0,{x,1}]+ vO*D[v0,{y,1}]-k
(DIv0.{x,2}]+D[v0.{y,2}]).{t.0,t}];
v2=vl-Integrate[(D[v1,{t,1}]+v1*D[v1l,{X,1}]+ v1*D[v1,{y,1}]-k

(DIv14{x,2}]+D[v1{y.2}]).{t.0.t}];
v3=v2-Integrate[(D[v2,{t,1}]+v2*D[v2,{x,1}]+ v2*D[v2,{y,1}]-k
(DIv2,{x,2}]+D[v2 {y,2}]).{t.0,t}];
v4=v3-Integrate[(D[v3,{t,1}]+v3*D[v3,{X,1}]+ v3*D[v3,{y,1}]-k
(DIv3.{x,2}]+D[v3.{y,2}]).{t.0,t}];
r1=Abs[D[v1,{t,1}]+v1*D[v1,{x,1}]+ v1*D[v1{y,1}]-k
(DIvL{x,2}]+D[v1{y.2})];
r2=Abs[D[v2,{t,1}]+v2*D[v2,{x,1}]+ v2*D[v2 {y,1}]-k
(DIv2{x,2}]+D[v2{y.2})];

r3=Abs[D[v3,{t,1}]+v3*D[v3,{x,1}]+ v3*D[v3,{y,1}]-k
(DIv3.{x,2}]+D[v3{y.2})];
rd=Abs[D[v4 {t,1}]+v4*D[v4,{x,1}]+ v4*D[v4,{y,1}]-k
(DIv4.{x,2}]+Dlv4{y.2})];

k=0.1;
t =0.0001;
x ={0, 0.01, 0.02, 0.03, 0.04, 0.05, 0.06, 0.07, 0.08, 0.09, 0.1};

y ={0, 0.01, 0.02, 0.03, 0.04, 0.05, 0.06, 0.07, 0.08, 0.09, 0.1},
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r1;r2;r3;r4;
Y1=Max[rl]
0.0161705
Y2=Max[r2]
0.0000252036
Y3=Max|r3]
3.56783x10®
Y4=Max|[r4]
4.53593x101!
Y={Y1,Y2,Y3,Y4};
n={1,2,3,4};

ListLog-
Plot[{{1,Y1},{2,Y2}{3,Y3}{4,Y4}} Joined—True,PlotRange—All,Frame
—True,Aes—True,FrameLabel>{Row[{Style["'n",FontSlant—Italic]}],Row|[

{Style["MER,",FontSlant—Italic]}]},PlotMarkers—{Automatic,15}]

1072

10-5}

MER,

10-8}

10~
10 15 20 25 30 35 40
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Appendix C: Code of Mathematica for chapter two (the TAM)

khkkhhkhkhkkhhkkhkhhkhhkhkhhkhhkihhkkhhkkhhkhikhhhkihkihkirhkhikhhhkihkihkihhkhhkhihihihkiikiik

Code of example (2.4)

FhIAIAIAIAIAIAIAIAIAIAIAIAAAIAIAIAIAIAIAIAIAAIAIAIAAAAAAAAAhkhkrhkhkhhkhhkhkhhhkhkhkihhkikikikiikikikx

(* v"'=v2-x104+4x°-4x8-4x7+8x5-4x*+120x-48, v(0)= v'(0)=0, v(1)= v'(1)=1 *)
(* L(V)=Vv"", N(V)=Vv? and f(x)=-(-x+4x°-4x8-4x"+8x5-4x*+120x-48) *)
tt=AbsoluteTime[];

zz=SessionTime[];

v01[x_]=vO[x]/.First@DSolve[{v0""[X]= -x*°+4x°-4x8-4x"+8x5-4x*+120x-48,
v0[0]=0, v0'[0]=0, vO[1]=1, vO'[1]=1}, VO, X];

Expand[v01[x]]

718561x%/360360+4019x%/540540-2x*+x>-x8/420+x%/360-x1/1980-
x12/2970+x3/4290-x4/24024

v11[x_]=vi[x]/.First@DSolve[{v1"[x]= (VO1[X])"2 -x0+4x°-4x8-4x"+8X"-
4x*+120x-48, v1[0]=0, v1'[0]=0, vi[1]=1, v1'[1]=1}, V1, X];

v22[x_]=v2[x]/.First@DSolve[{v2""[X]= (V11[X])"2 -x'0+4x°-4xB-4x"+8X°®-
Ax*+120x-48, v2[0]=0, v2'[0]=0, v2[1]=1, v2'[1]=1}, V2, X];

v33[x_]=Vv3[x]/.First@DSolve[{v3""[x]= (V22[X])"2 -x1+4x°-4x8-4x"+8x°-
4Ax*+120x-48, v3[0]=0, v3'[0]=0, v3[1]=1, v3'1]=1}, v3, X];

v44[x_]=va[x]/.First@DSolve[{v4""[x]= (V33[x])"2 -x0+4x°-4x8-4x"+8X"-
4x*+120x-48, v3[0]=0, v4'[0]=0, v4[1]=1, v4'[1]=1}, v4, X];

v55[x_]=V5[x]/.First@DSolve[{Vv5""[X]= (v44[x])"2 -x10+4x°-4x8-4x"+8X"-
4x*+120x-48, v5[0]=0, v5'[0]=0, v5[1]=1, v5'[1]=1}, V5, X];
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v66[x_]=v6[x]/.First@DSolve[{v6""[x]= (V55[X])"2 -x10+4x°-4x8-4x"+8x"-
4x*+120x-48, v6[0]=0, v6'[0]=0, v6[1]=1, v6'[1]=1}, V6, X];

x={0, 0.1, 0.2,0.3,0.4,0.5,0.6,0.7, 0.8, 0.9, 1};
V=XP-2x4+2X5;
r1=Abs[v-v11[x]]

{0, 1.02627x107, 3.47659%107, 6.41401x107, 8.93924x107, 1.02777x10°%,
9.93141x107, 7.86445x107, 4.64662x107, 1.471x107, 2.22045%x10%6 }

r2=Abs[v-v22[x]];
r3=Abs[v-v33[x]];
r4=Abs[v-v44[x]];
r5=Abs[v-v55[x]];

r6=Abs[v-v66[x]];

Appendix D: Code of Mathematica for chapter three (the BCM)

KAEAEIEAIAIIAAAAIAAIALAAAAALAAAAAALAAAAAAAAAAAAAAAAAAAAAAAAAAAAAhhiikik

Code of example (3.4)

e e ek e e ek e ek ek ek ek ke ek ek ko
(* v'=3/4*v+v(x/2)-x*+2, v(0)=0, v'(0)=0 *)

tt=AbsoluteTime[];

zz=SessionTime[];

v0= x2-x12;

a0=v0 /. x—>x/2;

v1=vO+Integrate[(x-t)*((3/4*v0+a0)/. x—t),{t,0,x}]
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x2-13x%/5760

al=vl/. x—>x/2;

v2= vO+Integrate[(x-t)*((3/4*v1+al)/. x—t),{t,0,x}]
x2-91x8/2949120

a2=v2 [. x—X/2;

v3= vO+Integrate[(x-t)*((3/4*v2+a2)/. x—t),{t,0,x}]
x2-17563x1°/67947724800

a3=v3 /. x—>x/2;

v4= vO+Integrate[(x-t)*((3/4*v3+a3)/. x—>t),{t,0,x}]

x2-13505947x12/9184358065766400
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