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ABSTRACT

The objective of this thesis building the New Mixture distribution by
incorporating three distributions which have one parameter and utilizing the
survival function of Exponential, Standard Weibull and Rayleigh distributions
to define "New Mixture Distribution”. The method of mixing contains three
main parts: The first part includes the process of mixing the Exponential
distribution and Rayleigh distribution depending on the tail in each of them. The
second part mixing the exponential distribution and Weibull distribution
depending on the tail in each of them as well. Here the exponential distribution
plays a big role in the mixing process in both parts. Finally, the third part based
on the results of the first and second parts to the blending process, the New
Mixture distribution was obtained. Moreover, realizing the mathematical and
statistical properties of it as the r* moment about the origin , incomplete
moment, the moment generating function , mean , median , obtaining the
characterization function and other statistical properties. Furthermore,
explaining the shapes of the density function and hazard rate function for the
New Mixture distribution. Using the Akaike information criterion, corrected
Akaike information criterion and the Bayesian information criterion to compare
the new mixture distribution with other related distributions. We illustrate the

usefulness of proposed by applications of complete real data.

Later, to estimate the parameters of New Mixture distribution, used classical
estimation methods they are (Maximum likelihood estimation method, Ordinary

least square method, and the rank set sampling estimation method).

Finally, the Mean Square Error is the measured value to compare the methods

above for different sizes of samples generated. Utilizing two methods of



simulation technique to generate different sample sizes. We illustrate the

usefulness of proposed by application of complete real data.
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INTODUCTION

Statistical distributions play a major role in statistical studies. As it provides us
with adequate and important information on how to deal with statistical data and
extract important information on how and quality of the work of this data. The
process of merging the distributions is not new, but it has undergone many
stages of development, depending on how to combine distributions to produce a
new distribution, as well as how to choose the distributions to be integrated. All
this is done through the information available to the researcher about the
quality, characteristics and the nature of the work of each distribution itself.
Therefore, we have focused our attention on the creation of a new distribution
that is similar in statistical characteristics to the world-famous statistical
distributions by using a new method of mixing based on the tail function. Also,
study the mathematical and statistical properties of this distribution. It was also
possible after studying all the distribution characteristics compared to the
distribution of some famous distributions such as Weibull distribution,
exponential Weibull distribution, and Rayleigh Weibull distribution. It was
compared through the use of some important statistical standards such as
Akaike information criterion, corrected Akaike information criterion and the
Bayesian information criterion. We present the new distribution with three
parameters called "The New Mixture distribution”. It is mixed between
"exponential Weibull and exponential Rayleigh”. The method of the mixture
depends on the tail of the exponential Weibull and  exponential Rayleigh.
exponential distribution has an important role in the mixing process. This thesis
consist of five chapters, chapter one included the introduction, aims of work in
this thesis, literature review and stricture of the new mixture distribution.

Chapter two deals with a study of the mathematical and statistical



characteristics of this distribution. Finally, comparison of the new distribution
with some statistical distributions such as Weibull distribution, exponential
Weibull, exponential Rayleigh, Rayleigh Weibull distribution by using some
significant statistical criterions such as Akaike information criterion, corrected
Akaike information criterion and the Bayesian information criterion. Chapter
three, contains the estimation of distribution parameters was presented in three
Important classical methods as: (Maximum likelihood estimator method,
Ordinary least square method, and the rank set sampling estimator method). It
also included the theoretical derivations of the methods. Chapter four, utilizes a
simulation study to generate different sizes of samples. Compare the parameters
estimator using mean square error for the estimation of the parameters. We
applied these methods referred to above on real complete data. Chapter five, it

consists of the conclusions, recommendations, and reference of the thesis.
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Chapter One Introduction and Methodology

1.1 Introduction

In order to keep abreast of developments in the medical and engineering fields
and other scientific areas related to data analysis and extract information that
will help to take appropriate action based on this information. An important
technique in analyzing data, especially in the field of reliability and survival,
which was used of statistical distributions and these distributions play important
roles in the processing and analysis of data. In view of the developments in
modern medical and technological fields, needing to develop statistical methods
In processing and extracting data. Weibull distribution is one significant
statistical distribution that have a major role in the survival and reliability
function analysis. Waloddi Weibull invented the Weibull distribution in 1937
and delivered his hallmark American paper on this subject in 1951. He claimed
that his distribution applied to a wide range of problems. Lord Rayleigh (1880)
introduced the Rayleigh distribution in connection with a problem in the field of
acoustics. Since then, extensive work has taken place related to this distribution
in different areas of science and technology. The Rayleigh distribution is a
special case of the Weibull distribution when the shape parameter is equal to
two. Also, the exponential distribution is the special case of Weibull distribution
when the shape parameter of Weibull distribution is equal to one. In this
chapter, interesting, the aim of the thesis, literature review and stricture of the

new mixture distribution.



Chapter One Introduction and Methodology

1.2 The aim of this work

This work has witnessed many main goals that we can achieve it as follows:

1. Building a new distribution based on a combination of three major
distributions: Weibull, exponential, and Rayleigh distributions. New mixture
distribution is mixed between the exponential Weibull distribution and
exponential Rayleigh distribution; that means employing this method two times
for generating. Firstly, mixing between exponential and Weibull distributions
to generate exponential Weibull distribution. Secondly, mixing between
exponential and Rayleigh distributions to generate exponential Rayleigh
distribution. The mixing method depends on the tail function.

2. Proof the statistical and mathematical properties of New Mixture distribution
such as rth -moment, incomplete moment, the moment generating function and
characteristic function. Obtaining the quantile function and some statistical
properties.

3. Comparing the New Mixture distribution with some special distributions as
Weibull distribution, exponential Weibull distribution, exponential Rayleigh
distribution and Rayleigh Weibull distribution. We illustrate the usefulness of
proposed by applications of complete real data.

4. Estimator the three parameters of New Mixture distribution by using the
classical estimation methods as (Maximum likelihood estimator method,
Ordinary least square method, and the Rank set sampling estimator method).

5. Use two methods to generate data for the New Mixture distribution, the first
method depended on the inverse of (CDF) while the second method involves
the Newton — Raphson method.

6. Finally, comparing estimator parameters by using the mean square error where

Chs
L

MSE=Y1 )° . Repeating the experiments (L=500, 1000), n=10, 30,50,100.
i=1 p g p




Chapter One Introduction and Methodology

7. Used complete real data for application to illustrate the usefulness of the

proposed method.

1.3 literature review

There are many researchers studied the idea of mixed distributions which are as
follows:

1. (Fisher, 1934), developed the concept of mixed distributions in order to
develop weighted statistical distributions. He pointed out that in the
medical, biological and agricultural sciences show random biased samples,
leading to the failure of standard statistical distributions [8]. He wanted to
overcome the bias that appears in the size and length of the sample, then
process and interpret these samples. (Rao, 1985), the development of a
general mathematical formula by explained the idea of Fisher through to

address such cases and called the statistical distributions weighted [24].
w(z)f(z

) = o (1-1)
Where,f,,(z), probability density function for the weighted distribution.
f(z), Probability functions for standard distribution.
w(z), Weight function for standard distribution and takes two cases:
w(z) = z, weight function of the variable length.
w(z) = z", weight function of the variable size.
E[w(z)], Expectation of the weight function for the standard distribution.

Now, represents some articles which depending on formula (1-1):

(Kilany, 2016), introduced the weighted Lomax distribution [14], in (Ajami
and Jahanshahi, 2017), introduced the weighted Rayleigh distribution[2],
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also, (Saghira, Tazeema and Ahmad, 2017), introduced the weighted

exponentiated inverted Weibull distribution [25].

2. (Azzalini, 1985), developed the idea of adding the shape parameter to the
normal distribution which does not consist the shape parameter. This
distribution was called (Skew normal distribution) [3].

(Gupta and Kundu, 2009), used the same idea to (Azzalini, 1985) researcher to
find a shape parameter for exponential distribution which was containing only
the (scale) parameter. This distribution was called (Weighted exponential
distribution) [9]. In addition to developing a general mathematical formula to

deal with the remediation weighted of statistical distributions as follows:

fw(x) = f(x1)F(0x1) (1-2)

pr(x; < 0x,)
Where,

fv(x) , probability density function for the weighted distribution, f(x,),
probability function for the standard distribution of the random variable (x;),
and F(6x;), accumulation distribution function in terms of the weighted

parameter (0) for standard distribution.

pr(x, < 6x,), probability of the random variable(x,)by the random variable

(x,) and the weighted function (0).

Now, represented some articles which are depending upon formula (1-2) as

follows:

(Oguntunde, Owoloko and Balogun, 2016), represented the "On A New
Weighted Exponential Distribution: Theory and Application"[20]. Also,

(Oguntunde, llori and Okagbue, 2018), introduced the inverted weighted
exponential distribution with applications [19]. Finally,  (Khongthip,
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Patummasut and Bodhisuwan, 2018), introduce the discrete weighted

exponential distribution [13].

3. (Zografos and Balakrishnan, 2009), studied a broad family of univariate
distributions through a particular case of Stacy’s generalized gamma
distribution [30]. A continuous distribution U with density u and further

Stacy’s generalized gamma density which is as follows:

f(x) = ax®®1e"** /1(0) forx>0and a,0 > 0

Based on this density, by replacing x by — log[1 — G(x)] and considering o = 1,
Zografos and Balakrishnan defined their family with cdf:

F(x; 0)=0a{0,—log[l —G(Xx)]},x EXCSR, 08>0,
Where, a(8, 1) = for s%=1 e=Sds/T'(@) denotes the incomplete gamma function
and I'(-) is the gamma function. The pdf family is:

1
flx; 0) = XO) [—log{l — G} g(x).

(Bourguignon, Silva and Cordeiro, 2014), depends on (Zografos and
Balakrishnan, 2009) ideas, presented general formula to generate Weibull — G

distribution depends on odds fg?y) where 3(y,9) is the (CDF) of random

variable such that [5]:

S(y)
1-9(y)

b
b {_a 9(y.9) }
abzP~le72Z" dz=1—¢ [S(Y)

F(y,a,b,9) = j

0

(1-3)
y € Rja,b> 0.

Now, represented some articles which depending on formula (1-3) as follows:
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(Merovci and Elbatal, 2015), represented a new distribution called Weibull
Rayleigh Distribution. It depends on another method to mix between the
distributions [17]. (Bakouch, Bourguignon and Chesneau, 2017), introduced on

some properties of the hazard rate function for compound distributions [4].

4. (Cordeiro, Ortega and Lemonte, 2014), introduced a new method to mix the
distributions by using a tail of these functions, and represented this new
method to mix between exponential of one parameter and Weibull of two
parameters called " The exponential —Weibull lifetime distribution"[6].
(Nasiru, 2016), found a new distribution which depends on the Gauss method.
This distribution called "Serial Weibull Rayleigh distribution. It was depended
on the distribution two parameters of Weibull distribution and Rayleigh
distribution one parameter [18].

Due to the novelty and lack of research used for this method, we have used it
more than once to find a new mixed distribution and the full blending method

will be presented later in this chapter.

1.4 The New Mixture distribution (Methodology)

Depending on (Cordeiro, Ortega and Lemonte, 2014) method [6], the mathematical
structure of this new distribution takes three parts. The first part, mixing between the
exponential and Weibull distributions , second part, mixing between exponential and
Rayleigh distributions, third part, based on the result of part one and part two to

build the New Mixture distribution as follows:

1.4.1 Exponential Weibull distribution

In this part, mixed between exponential and standard Weibull distributions, both

have one parameter as follows:
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The pdf functions are:

fe(y) = Ye™ V¥ Y >0, y>0 (1-4)
fw(z) = az® e %" a>0, z>0 (1-5)

The CDF functions are as follows:

Fe(y) =1—e" (1-6)
Fw(z) =1—e 2" (1-7)

We take the tail (survival) function of exponential distribution and the tail (survival)

function of the Weibull distribution as follows:

Sg(y) =e™" (1-8)
Sw(z) = e 2" (1-9)

Generalized exponential Standard Weibull distribution with tail (survival) function
by multiplying the survival function of exponential distribution and the survival

function of standard Weibull distribution as follows:
Let, Y,Z are independent random variables, and T=min(Y,2).
Then, we get:
Sew(t) =Pr(T >1t)
Sgw(t) = Pr(min(Y,Z) > t)
Since, Y,Z are independent random variables, then we get:
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Sew(®) = (1= Pr(Y <t))-((1-Pr(Z <t))
Sew(D) = (1 = F, () - (1 - E,(0)
Sew(t) = Sg(®)Sw (t)
Since, Sg(y) = e~ YYand Sy (z) = ™%, its directly we get:
Spw(t) = e V- et"

Sew () = eVt (1-10)

The survival function of exponential standard Weibull distribution.

The cumulative function of this distribution is:
Fpw() =1 — e 9 450 (1-11)
we can write the pdf of the exponential standard Weibull distribution from the

derivative of the CDF distribution where Y > 0, is the scale parameter and a > 0

Is the shape parameter of the exponential standard Weibull distribution as
follows:

few () = (Y + at® 1) e" O+ 5 0 (1-12)
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Exponential-Weibull density function

1 T T T T T T T T T

S— =12

data

Figure (1): Shape of density function of exponential standard Weibull with scale
parameter (¥ = 0.2) and different value of shape (a« = 1.2,1.4,1.6,1.8,2,2.2).

It clear that exponential standard Weibull distribution satisfy the properties that

0

) ) a—1y ,—(Yt+t%)
Also, the hazard rate function is: h(t) = fwg = (Y+ate_(y)tfta)
EW

hgw (@) = (¥ + at®*™1) where,t >0 (1-13)

1.4.2 Exponential Rayleigh distribution

In this part, mixed between exponential and Rayleigh distributions, both have

one parameter as follows:
The pdf functions are as follows:
Let V,U be two random variables, from equation (1-4):

10
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fe(v) =Ye ™,  Y>0,v>0

B>
fr(u) = Bue 2", B >0,u>0 (1-14)

The CDF functions are as follows:

FE(v)=1—-e"Y, v>0
B
and Fp(uw) =1 — e 2", us0 (1-15)

We take the tail (survival) function of exponential distribution and the tail

(survival) function of the Rayleigh distribution as follows:

SE(V) = e_YV, v>0
B 2

Sg(w) =e 2", u>0 (1-16)

We generalized exponential Rayleigh distribution with tail (survival) function by
multiplying the survival of exponential distribution and the survival of the

Rayleigh distribution as follows:
let V,U are independent random variables and K= min(V,U)
Sgr(kK) = Pr(K > k)
Sgr(K) = Pr(min(V,U) > k)
Since, V and U are independent random variables, then we get:
Sgr(k) = Pr(V > k) - Pr(U > k)
Ser(k) = (1 = Pr(V < k)) - (1 = Pr(U < k))
SerK) = (1-F())- (1 -Fw)

11
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B
Since, Sg(v) = ™V and Sg(u) = e~2" then, we get:
Sgr(kK) = Sg(k) - Sp(k)

B
Ser(k) = e 7Yk - e 2%

B
Ser(K) = e~ KD where k > 0 (1-17)

Then the survival function of exponential Rayleigh distribution is showing in
equation (1-5).

The CDF of this distribution is:

B
Fer(k) =1 — e~ kKD \here, k> 0 (1-15)

The pdf of the exponential Rayleigh distribution was obtained from the
derivative of the CDF distribution where Y > 0, and 3 > 0 which are two scale

parameters of the exponential Rayleigh distribution as follows:

B
for (K) = (Y + Bk)e”K*+2<) k>0 (1-18)

Itis clear that fer (k) > 0, [” fer (k) dk = 1.

12



Chapter One Introduction and Methodology

Exp-Rayleigh density function
I | T

0.6 T T T

| | |
——B=0.2
——B=03

0 10 20 30 40 50 60 70 80 90 100

Aata

Figure(2): Shape of density function of exponential Rayleigh with scale parameter
(Y = 0.2) and different values of shape (a = 0.2,0.3,0.4,0.5,0.6,0.7).

—(Yk+Ek2)
Also, the hazard rate function is: h(k) = L84 - AtFlde 2
SER(k) e_(Yk+Ek2)
hgr(k) =¥ +Bk) ,k>0 (1-19)

1.4.3 Building of New Mixture distribution

Depending (Cordeiro, Ortega and Lemonte, 2014) method [6], finally, we use the
results of survival functions from parts one and part two (equ,s (1-10) and (1- 17)
to mix between them as the same methods above . Noted, the method of mixing
depends on the tail distribution. Then the final result depends of the tail (survival)
distribution of exponential standard Weibull distribution and the exponential
Rayleigh distribution as the same methods above generates the New Mixture

distribution as follows:
Let K, T are independent random variables and X=min(K, T).

13
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Then, S(x) =Pr(X > x)
S(x) = (Pr(min(K,T) > x)
Since, K, T are independent random variables, then we get:
S(x) = Pr(K > x) - Pr(T > x)

Sx) =(1—-Pr(K <x))-(1—=Pr(T £x))

* Yi+E1? * a
= [1—] (1—e‘( 2 )dk>] [1—] (1 — e~ (0t+t9¢)
0 0

Sx)=(1-F&)-(1-F®)
S(x) = Sgr(K) - Sgw (D)

~(rr+Li?)

Since, Sgr(k) = e and Sgyy (t) = e~ Yt then, its directly we get:

S(x) = e~ (Yx+x9) . e‘(y’”g"z)
S(X) — e—(ZYX+§X2+Xa)’ X > 0 (1'20)

S(x),is the survival function of New Mixture distribution. Where X =

min{K, T}, Y > 0, § > Oare two scale parameters and o > 0is the shape
parameter of a New Mixture distribution.

14
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Survival Function «=0.5 amd 3=0.5

T=0.1

T=0.2
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©
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o i i :
8] 0.5 1 5 2 25 3
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Figure (3): Shape of survival function with constants scale (8 = 0.5), shape
(a = 0.5),and different scale (Y = 0.1,0.2,0.3,0.4,0.5) parameter values.

Survival Function Y=0.5 amd «=0.5

)

5

Sow W &
LA |
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survival function

8] 02 04 06 08 1 3 e 14 16 1.8 2
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Figure (4): Shape of survival function with constants scale (¥ = 0.5), shape

( = 0.5), and different scale (B = 1, 1.5, 2, 2.5,3) parameter values.
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Survival Function Y=0.5 amd 3=0.5

a=0.1
a=0.2|
a=0.3
a=04| 7
a=0.5

survival function

0 0.5 1 1.5 2 25 3
x-axis

Figure (5): Shape of survival function with constants scales (Y = 0.5), (B = 0.5),

and different shape (a = 0.1,0.2,0.3,0.4,0.5) parameter values.

The CDF of New Mixture distribution is:

a), wherex > 0 (1-21)

Cumulative Function «=0.5 amd £=0.5

cumulative function
Q
[4)]

O 0S5 1 5 2 25 3
xX-axis

Figure (6): Shape of cumulative function with constants scale (f = 0.5),shape
(o« = 0.5) and different scale (Y = 0.1,0.2,0.3,0.4,0.5) parameter values.
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Cumulative Function T=0.5 amd «=0.5

[

)

B HHHT
Wi

WNN = -

cumulative function

(8] 02 04 06 08 1 12 14 1.6 1.8 2
xX-axis

Figure (7): Shape of cumulative function with constants scale (¥ = 0.5), shape

(x = 0.5), and different scale (B = 1,1.5, 2, 2.5, 3 ) parameter values.

Cumulative Function Y=0.5 and 3=0.5

1
a=0.1
a=0.2 d
=03
a=0.4 )
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= 4
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=
=
= 4
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=
o B
o 02 04 06 08 1 12 14 16 1.8 2
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Figure (8): Shape of cumulative function with constants scales (Y = 0.5), (8 = 0.5),

and different shape (a« = 0.1,0.2,0.3,0.4,0.5) parameter values.
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The pdf function of New Mixture distribution is obtained by derivative the cdf as

follows:
B a
f(x) =(2Y + Bx + 0(><°“1)e_(2YX+5X2+X ), x>0 (1-22)

It is observed that the proposed New Mixture distribution has several interesting

properties and it can used effectively to analyze them. Moreover, the pdf of New

Mixture distribution satisfy that f(x) > 0 and f0°° f(x)dx = 1.

o _ B a _ | 1%
Since, [, (2Y + Bx + ax* e (2raslo?ex) g [e (2px45a74x )] =1
0
The hazard rate function is:
B a
h(x) = L% = (¥ +pxaxa-tye V)
B S(x) - e—(ZYx+§x2+x0‘)
h(x) =2Y + Bx+ ax*1, x>0 (1-23)

It is clear that, if Y = 0, the New Mixture pdf transform to Weibull — Rayliegh pdf,

if B=0, the New Mixture transform to exponential- Weibull pdf. Furthermore,
ifa#=0, =0, andY = 0, then the New Mixture distribution reduced to standard
Weibull distribution.

1.5 The shapes of New Mixture distribution

We discuss the shapes of the density and the hazard rate functions of New
Mixture distribution, the shapes will be introduced with different values of

18
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parameters, as follows:

0 a<l1

limf(x) =
x>0 2Y a>1

and, limf(x) =0

X—00

Then, Inf(x) =In(2Y + Bx + ax*™ 1) — (ZYX + SXZ + x“)

lnf(x) B+ ala— 1)x%2

ox 2V +Bx+ax*l (2 + Bx+ x5 = 0

Then, B+ ala— 1)x%2 = (2Y + Bx + ax(@ D )2

There is more than one root of this equation. So, if x = x,is the root of the
equation, then, it depending to a local maximum, minimum or a point of

inflection which depending on the J(x,) < 0, J(x;) >0 or J(x;) = 0 where,

alnaf((X) = B +ala— 1)Xa_2) (2Y + Bx + O(X(’(_l)_1 — 2Y +Bx+ O(Xo‘_l)_
\](X):a Zér;zf(x) — _( B + O((O( _ 1)X(x—2)2 (ZY 4+ BX + O(Xa_l)_z n (ZY n BX +

oax® )™ (a(a — 1) (o — 2)x*3) — (B + ala — 1)x*72),

19
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Density Function «=0.5 amd 3=0.5

density function

O 05 1 15 2 25 3 3.5 4
xX-axis

Figure (9): Shape of density function with constants scale (§ = 0.5), shape
(o« = 0.5), and different scale (Y = 0.1,0.2,0.3,0.4,0.5) parameter values.

Density Function Y=0.5 amd «=0.5

density function
© 0
(6]} ()

o
N

8] 02 04 06 08 1 12 14 1.6 1.8 2
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Figure (10): Shape of density function with constants scale (¥ = 0.5), shape
(o = 0.5), and different scale (8 = 0.1,0.2,0.3,0.4,0.5) parameter values.
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Density Function Y=0.5 amd 3=0.5

0.6
a=0.1
[ a=0.2
0.5 \ a=0.3
."\_ a=0.4

density function

xX-axis

Figure (11): Shape of density function with constants scales (Y = 0.5),
(B = 0.5), and different shape (a = 0.1,0.2,0.3,0.4,0.5) parameter values.

Moreover, since the hazard rate function is:
h(x) = 2Y + Bx + ax*?!
h'(x) = B+ ala—1)x*72, x>0
The shape of hazard function depends on the parameter (o), such that :
If a<1, then h(x) will be decreasing function, that is x >0 and h'(x) <O0.

If a>1, then h(x) will be increasing function, that is x >0 and h'(x) > 0.

00 a<l1
limx_>0 h(X) = y
2Y a>1
And,
lim h(x) = o

X— [

21
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Hazard Function alpha=0.2 and £5=0.2

T=0.01
T=0.02
T=0.03
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hazard function

‘05 1 15 2 25 3 35 4
xX-axis

Figure (12): Shape of hazard rate function with constants scale (8 = 0.2), shape
(a = 0.2), and different scale (Y = 0.01,0.02,0.03,0.04) parameter values.
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Figure (13): Shape of hazard rate function with constants scale (Y = 0.2), shape
(x = 0.2), and different scale (8 = 0.01,0.02, 0.03, 0.04) parameter values.
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Hazard Function Y=0.2 and £5=0.2

0.65 a=0.01 > /l

«=0.02

hazard function

O 01 02 03 04 0.5 06 0.7 08 09 1
xX-axis

Figure (14): Shape of hazard rate function with constants scales (f = 0.2),
(Y = 0.2), and different scale (« = 0.01,0.02,0.03,0.04) parameter values.
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Chapter Two STATISTICAL PROPERTIES
OF NEW MIXTURE DISTRIBUTION

2.1 Introduction

Mixed statistical distributions are important distributions in the modeling of
many phenomena because these distributions are more flexible than standard
distributions. Many researchers have been interested in the study of this type of
distributions, whether continuous or intermittent. These distributions are
produced by a combination of two distributions or more combinations that
combine some common characteristics. Some of the data cannot be represented
by standard statistical distributions as required because the nature of these data
or phenomena requires the use of complex distributions that are more flexible

than the standard distributions in their representation.

The exponential, Rayleigh, Weibull distributions are most commonly used
distributions to analyses lifetime data since they have several desirable
properties and nice physical interpretations. This work is present a new mixture
distribution which is defined by mixed one parameter of three distributions
obtained from the tail (survival) of the exponential, Weibull and Rayleigh
distributions. The new distribution is quite flexible and can be used effectively
in modeling survival data and reliability problems. It includes some well-known
lifetime distributions as special sub-models. We provide a comprehensive
account of the mathematical properties of the new distribution. A particular,
closed-form expressions for the probability density, cumulative distribution and
hazard rate functions of this new distribution were given. In this chapter, we
introduce some theorems of proofs some special statistical properties for the rth-
moments and incomplete moments, respectively. Furthermore, obtaining the
mode, median, moment generating function (mgf), expected value, and variance
of the new model. Besides that, expansion the quantile functions. Finally, we
will discuss the Factorial Moments Generating function, Characteristic function,

Kurtosis, and the Skewness.
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2.2 Mode

In this section, discussing the mode of the New Mixture distribution by finding
the first derivative of the density function for a random variable X is equal to

zero as follows:
According to the pdf of the New Mixture distribution (equation (1-22)),

B a
f(x) =(2Y + Bx + O(Xa_l)e_(ZYX+5X2+x )

, x>0
- E 2 a
f’(X) = —(ZY + BX + axa{—l )ze <2YX+2x +x )
— E 2 a
+e (2YX+2X +x )(B + a(a — 1)XO(—2) — 0

f’(X) — [—(ZY + ﬁ’x + ax® 1 )2 + (ﬁ + C((CZ — 1)xa—2)]e—<2Yx+gx2+xa) —0

We can show that
f'(x) = [-h(x)?2+ R ()] -s(x) =0

Where, h(x) is the hazard function was defined in equation (1-23), and s(x) is
the survival function which is defined in equation (1-20). Then since s(x) # 0,

we can divided the ends of equation on s(x) the result as follows:

B+ ala — 1)x*2 = (2Y + Bx + ax(@ D)2 (2-1)

There are many roots for the equation (2-1) as we motion in the shape of the
density function in chapter one. So if we have x = x,, that is a root of equation
(2-1). This root depends on the second derivative of this equation. That mean if
the second derivative of the root is less than zero then the point or the root is a

local maximum. Or if the root is more than zero then, it is minimum point.
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Finally, if the second derivative of the root is equal to zero then the point is

inflection.

2.3 Median

B a
Since, F(x) =1 — e_(ZYX+5XZ+X ), wherex > 0

Then, to find the median of New Mixture distribution as follows:

Let . F(x) =§

—(ZYx+gx2 +x°‘> 1

1—e

—(2rx+Bx24xa 1
o (27243 1

We can take the logarithm to both ends of the equation as follows:

— <2Yx + gxz + x“) =In (%)

1
2Yx+§x2+x“+ln(z)=0

This equation is polynomial of degree a, therefore the special case of it when
a = 1. Then,

QY + Dx + /2—3x2 +1In (%) =0 (2-2)

Besides that, to compensate for the value of alpha equals one and solves the

equation according to the Constitution. As a result, getting the following

-2Y+1)F/(2Y+1)2-281n(1/2)
X = 3

equation:
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since x > 0 then, ignore the negative value of x.

2.4 Moments
Theorem 1:
The rth moment of New Mixture distribution about the origin is:

M, = E(x") = 2YK(,Y,B,a) + BK(r+ 1,Y,B,a) + aK(r+ a—1,Y, B, a).

Where :
o (- ZY)“( B)m r+n+2m+1
n 0 m=
Proof:
r ‘ <2YX+BX2+X )
E(x) = j x 'f(x)dx = J xT(2Y + Bx + ax* e 2 dx
0 0
Let:
- B
K(r,Y, B, ) = J g o (B pRe) o (2-3)

0

Expanding (e ?Y* )and e_fxz) asTaylor serieses we get:

n!  2Mm!
n=0 m= 0

e = 3 3 OB i oy

Then, we will find J, xrrnram e=x%dy

du = (r+n+ 2m + 1)x"tn+2mdy
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du
dx = 2-4
x (r+n+2m+ 1) xrtnt+zm (2-4)
Also since u = x'+n+2m+1 then we can get that:
u(r+n+0;m+1) = x¢ (2-5)

From (2-4) and (2-5) we get,

o

(00
e . du
xr+n+2m e—x dx = xr+n+2m e—ur+n+2m+1
(r+n+2m+1) xrtntzm
0

0

co
@

j e—ur+n+2m+1 du

0

r+n+2m+1 ¢
o ’ur+n+2m+1)

1
T r+n+2m+1

1 (r+n+2m+1)[‘(
r+n+2m+1 o

r.(r+n+0(2m+1)
a

This is a special integral Gamma function.

K(F,Y,B,a)=&zz( )" (—B) F(r n am )

n! 2m m!
n=0 m=0

e
n=0

a a
Where, 15, is a special case (s=1, j=0) of the Wright generalized comparing to

the equation of hypergeometric function which is defined in (Wright, 1935)
[29] as :
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. (0(1; Fl): ey (as' Fs) 'X] _ *° H?n:l F(am + an) Xn
o (T s (Bj' Dj), n=0 ]'[jm:1 I'(By, + Dyyn) n! .

sP

Finally, the moment equation about origin take the form:

M. = E(x") = 2 YK(r, Y, 8, &) + BK(r + 1, Y, B, @)

(2-6)
+ aK(r+oa—1,Y,B,a)

Where,

1w (=217 r+n+l 2 i
K(r' Y' B' O() = ZZn:O nl 11*/}0 [( a '’ a) ) ]

a a

(=2Y)" " [(r +n+2 E>, —,3]

)
n!

1 o0
Kir+1,Y,B8,a) = —Z
an:O

Note that, ignore the denominator of the fracture ]'[jnr1=1 I'(By + Dyyn) nl, since
index (j=0), and since (s=1),

r+n+2m+1

1ot Tt + Fan) X" = [Thuoy T + ) 2= (¢ ) (D™

Then,

(-20)"
!

n 0

x "a)’ 2

(r+n+a E))‘B]

1 (0]
Kor+a—1,Y,B,a) = —z
O(n=0

Then, the mean of the New Mixture distribution is:
E(x) = 2YK(1,Y,B,a) + BK(2,Y,B, o) + aK(a, Y, B, @)
And, the second moment of the New Mixture distribution is:
E(x?) = 2YK(2,Y,B, o) + BK(@3,Y,B, ) + aK(a + 1,Y, B, )

Then, the variance of the New Mixture distribution is:
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Var(x) = E(x*) — [E®X)]?
=2YK(2,Y,B, ) + BK@3,Y,B,a) + aK(a + 1,Y, B, o)
— [2YK(1,Y,B,a) + BK(2,Y,B, o) + aK(a, Y, B, a)]?

Where,

e o (=2Y)" (=)™ _/n+2m+3
K(2,Y, B, ) = &z z n! 2™ m! F(T)
n=0 m=0

22

1w (=2Y)"
1%0

K(2,Y,B,a) =

a n!
n=0

Similarly, we can represent,

K@3,Y,B,a), Kla+ 1,Y,B,a), K(o, Y, B, ), and K(1,Y, B, a) respectively.

2.5 Incomplete moments

Theorem 2:

In life time model one of the big important things is to know the rth incomplete

moments, which is given by T.(z) = E(X"|X < z).

For getting the rth incomplete moments we define:

Z

I(r,z) =I(r,z,B,a) = fxr e " dx (2-7)
0

From equation (1-20) that, To(2) = [ x" f(x)dx

We can represent as:
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Z

- E 2 o
Tr(Z) = jxr (ZY-I- BX+ O(Xa_l)e (2Yx+2x +X )

dx

o

T.(2) = i i (_i?[)n (Z_mﬁir: fx”““m e ™" dx

n=0 m=0 0

T.(z) = Z z (<(_i?[)n> (;fij) [2YI(r + n + 2m, 7)

(2-8)
+m@+n+2+L@O

Where, I(r+n+2m,z) = fOZ xfHn+2m o=x% gy

By using the Meijer function Gg}'“ which is define in (Prudnikov, Brychkov and
Marichev, 1986) [23], as in equation (23.24.2.2)[, p. 348 vols 3],as :
Z L as
f x* Ha—x)Ft G | wxe | dx
0

b

_ c*178T(B) gementl wea' | A(l,1 —a),A(c ay) (2-9)
(2m)wr(e-Dal-(La=p) “estlcitl | ce(j — ) ' A(c,b;),A(LL — a—B)

Where, u = (Z£=1 by —Yp=qax + %j) +1and,a, — b, #1,2,...

ay, by are complex parameters, and c,1 are co — prime numbers,
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a= S/j ,s and j are co — prime numbers belongs to N, w* = m + n —STH.

Here, we can find the value of integration of equation (2-9) , as follows:

exp(—g(x)) = Gg3(g®)[3) (2-10)

from equation (2-3) we get:

Z

I(r,z) = f X" Go'y (x¥/1]7) dx (2-11)
0

Where, a. = S/j , S and j are co- prime numbers belongs to N (Jeffrey and

Zwillinger, 2007) [12],and 8 = 1,m =1,

Then,w*:1+0—% = W*=%.
Also, a—1=r = a=r+1

Since, u = (Z{c=1 by — Yp=q1arx + %j) + 1, then, from equation (2-11) b, = 0.

0-1

And, w = 1,L=s,csjand AGs,—j) ==, 2,22, BT
s s s s
Then, As,—j — =" 202 22 200
S S S s
-j-1 -] 1-] s—j—2

According to equation (2-11),

(2-12)
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Z

S
jxr G(l):(l) (XJT|0_) dx

0

_ jis™i(1) pemenl wa A(L1 - a),A(c, ay)
(2m)U=D/2 gl=str+n)=1 Testlej+l\ ce(j —5) ' A(c, b)), A(L1 —a — B)

So, we can represent I(r, z) as (Prudnikov, Brychkov and Marichev, 1986)
[23].

]-Zs(r+1) ) 7S “rl-r s-r-1_

_ j,S y Y enn :

I(r,z) = s(2m)G-1/2 Gy s+ <]_, |Os—ri1£ ps_r_2> (2-13)
g g

since, A(L 1 — @) = A(s, 1 — (r + 1)) = As, 1) = =, =%, =22

A(c, as) = A(j, ap), No value of a, because the summation of a start from one
tos. also, A(c, b;) = A(j, b;) = A(1,by) = 0, since b, is equal to zero from
comparing the two equations (2-11) with (2-9)

AlLl—a—-pB)=AG,1-(r+1)—-1) =

—r—11-r—-12-r-1 s—-1)—-r—-1
A(s,-r—1) = ot . , . ) e ) . )

-r—1 —-r 1-r Ss—r—2
A(s,—r —1)= — e,

S S
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2.6 Moments generating function

Theorem 3:
The (mgf) of X, M(t) = E(e%), it is given by:

M(t)=2YK(2Y —t,B,a) + BK(1,2Y —t,B,a) + aK(a,2Y — t,[,a).

Where :
10 O (@Y =) (=p)™ /n+2m+1
K(2Y - ”“‘)—aiz nl 2 ¢ a '
n=0 m=0
Proof:
M(t) = E(e%™) = J e™f(x)dx
0
- B
= J e™(2Y + Bx + ax* e <2YX+ Pl )dx
0
- —t)x Ex2 X%
f(2Y+ Bx + ax* e [(ZY D ]dx
Let:
‘ - —t)x Ex2 x%
K(2Y —t,B, «) = J o l@r-oshen] o (2-14)

— )" m 2 1
Km—t,s,oO——ZZ( @ -9 (stzn | F(%)

n=0m=

M(t)=2YK(2Y —t,f,a) + BK(1,2Y —t,B,a) + aK(a,2Y —t, B, a).
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Where,

co oo _ n m 2 1
(O SITFIEES g ppclint e ) F<—n+ . )

2M m! a

n=0 m=0

— )1 m 2 2
K(1,2Y—t,B,a)——ZE( <2Y )" (—B) F(ﬂ)

2M m! o4
n=0 m=
And,
2Y —t))° m  /ao+n+2m+1
K(a,ZY—t,B,a)——ZZ( ( t)) (Zm[?n! F( . )
n=0 m=

2.7 Factorial moments generating function

Theorem 4:
The factorial Moments Generating function of X denoted by:
M, (1)=2Y K(2Y - Int, B,a)+pK(t, 2 Y - Int, B,0)taK(t+a,2 Y - Int,B,a).

Where:

(Y-l -B)™ . (“*2“‘“)

n! 2Mm m! a

KQY —Int,B,a) = = %o Xino

Proof:

(0e] (ee] (ee]

M, (t) = E(t¥) = f t*f(x)dx =f el f(x)dx = f eXIntf(x)dx

0 0 0
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(00]

= f eXMt(2Y + Bx + ax®* e
0

—(2Yx+ﬁx2 +x

>dx

[(ZY In t)x+Bx2+x

= j (2Y + Bx + ax®* Ve ]dx
0

Let:

(00]

K(2Y — Int, B, o) = j s

0

(o) oo ng_ m 2 1
K<zy—znt,s,a)=§zz (ZY lnt)) (—B) F(ﬂ)

@Y-Int)x+3 Bx2 +x

]dx

2m m! a
That yield,
M,(t)=2Y KQY -Int, B,o)+p K(1,2Y -Int, B,a)ta K(a, 2 Y -Int, B,a).

Where,

K<zy-1nt,s,oo=§zz( (ZY lnt))n( B)ﬁ(%}

2m m! a

n=0 m=0

1 - - (_ 2Y—Int )n (_ )m n+2m+2
K(1L2Y ~Int,B,@) = 255 Dinp SO C0 1 (),

n! 2M m!

n m a+n+2m+1
K(e, 2Y — Int, B,0) = 235 T, CEO" D r(—a )

n! 2Mm m!

2.8 Quantile function

The quantile function is denoted by x = Q(v) = F~1(v), as in(Abramowitz and
Stegun, 1965) [1] and (Cordeiro, Ortega and Lemonte, 2014) [6]:
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Fx)=1-— e_<2YX+gX2+Xa>

2Yx+gx2 +x°‘>

v=1-— e_(
—(ZYx+gx2 +x°‘>

1—-v=e

this yield,

(ZYX + gxz + X“) =—In(1-v) (2-15)

letz = <2YX + gxz + X“) ,by Taylar seires represention , we have:

%) 0 /N
| 0" (V) (@
X% = z c;x' where, c; = Z -
i=0 n=0 '

and, (), = a(a—1) ...... (o —n + 1)is the descending factorial.

Let, z =Y, ¢ix', such that:

B
b =c P =¢; +20,0, =, +§'¢3 = C3
Therefore, ¢; = ¢; fori > 3.

If ; # 0, we can invert the last series and acquire ), as in(Abramowitz and
Stegun, 1965) [1], then we get, x = Q(v) = ¥, 5;z%, wheres; = ¢, ' ,s, =

—b,b, 3,55 = (2,2 — dyhs)d, , and so on it is inverse interpolation by

reversion of series .
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Also, in special case if « = 1, then from equation(2-15), we compensate for the
value of alpha equals one and solve the equation according to the constitution.

As a result, getting the following equation:

L QY+ 1) FJ/RY+1)2-28In(1—)
B B

Because (x) is positive, negative values resulting from this generation are

(2-16)

ignored.
2.9 Skewness

The skewness of New Mixture distribution is dependent on moments denoted

by:

Where,

M; = E(x3) = 2YK(@S,Y, B, a) + BK(4,Y, B, o) + aK(a + 2,Y, B, ).

NgE
NgE

1
K3 Y, B a) = p YR T— Q

(=22 (—B)™ . (4 +n + 2m>

=
Il
o
=
I
o

(=2V)" (—B)™ . (5 +n+ 2m>

n! 2M m! (04

NgE
NgE

1
K(4,Y,B,a) = =
a 0

=)
I
o

n

n! 2m m!

o . n¢_pym 3 2
K(a+2,Y,B,G)=§ZZ( 2Y)" (—B) F<O(+ +an+ m)l

n=0
Also,
(M,)? = [E®)]z = [2 YK(2,Y, B, @) + BK(3, Y, B, &) + aK(a + 1, Y, B, o) ]>.

Where,
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1 S —2Y)n m a+2+n+2m
K(a+1,Y,B,oc)=azz !) =B I‘( " >

2m m!

2.10 Kurtosis

The kurtosis of New Mixture distribution denoted by:

M,

“R= oy

-3

Where,
M, = E(x*) = 2 YK(4,Y, B, o) + BK(5, Y, B, &) + aK(a + 3, Y, B, ).
[M,]? = [E(x?)]? = [2 YK(2,Y,B,a) + BK(3,Y,B,a) + aK(a + 1,Y, B, ) ]?.

2.11 Characteristic function

Theorem 5:

The characteristic function of New Mixture distribution is: ¢, (it) = E(eitx) =
) OOO el™f(x)dx

(e0)

f el (2Y + Bx + ax* e (

0

2Yx+Ex2+x ) d

[(ZY 1t)X+EX2 +x

j QY+ Bx+ax* e ]dx

(0]

K(2Y —it, B, ) = f

0

k(v i =2y (_(ZYn!_ )" (=p)" F(%ﬁﬂ“)

2M m!

[(ZY 1t)x+Ex2 +x

]dx

n=0 m=0
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@,>t) =2YKQRY — it,B,a)+BK(1,2Y — it,B,a0)+taK(a,2Y — it,f, o).

Where,
o 1IN @Y - (Pt 2m 2
K(l,ZY—lt,B,O()—&ZO ZO . ] I o )

1o o (—(2Y — i)™ (—B)™ /a+n+2m+1
K(a’ZY_it’B’a)Z&EE( ( n! = (zmﬁin!r< a >
n=0 m=0
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Chapter Three Classical METHODS
ESTIMATORES and Information Criterion

3.1 Introduction

This chapter represents the estimation methods of three parameters of New
Mixture distribution using the Classical methods which are Maximum
Likelihood estimation, Ordinary Least Square estimation, and Rank Sampling
set estimation methods. Moreover, use Akaike information criterion, corrected
Akaike information criterion and Bayesian information criterion to compare the
New Mixture distribution with other distributions. Real data applications are

used for strengthening the results.

3.2 Classical Estimation Methods

Three parameters of New Mixture distribution are estimated by three classical

estimation methods which are as follows:

3.2.1 Maximum Likelihood Estimation

The maximum likelihood estimation method is considering as a popular of
classical methods which is used to estimate the parameters for any distribution.
In one way or another, it copes with different type of samples (uncensored or
censored) (White, 1982) [28]. Fisher is the first who apply this method through
his many researches. This method aims to make the potential function of
random variables as great as possible. Moreover, it is often used to estimate
parameters distribution because it has good characteristics as efficient
capabilities and less contrast property, as well as a very important feature
property which is invariant property. Now, applying this method in case of

estimating parameters of the New Mixture distribution as follows:

Let (xq,x5,...,x,) be samples of size (n) with a known probability density

function f(x,Y, B, «), the likelihood function defined as the common joint
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probability density function distribution of the data and can be written as

follows:

Lo . Ba) = | [ o X, B.) (3-1)
i=1

n
L(x4, X5, oo Xy, Y, B 0) = 1_[ f(x;, Y, B, o)
i=1

n

L(Y, B, a,x;) = 1_[[( 2Y + Bx; + axF e

i=1

The log-likelihood function is:

—(ZYxi+§xi2+xl-a>

n

n
InL(Y, B, a,x;) = z In( 2Y + Bx; + ax;“7 1) — z <2Yxi + gxiz + xf‘)
i=1

i=1

For the log-likelihood function, the partial derivatives with respect unknown

parameters (Y, B, a) as follows:

Assume that,

n

dInl -
I === @) (2 +fr+ax®) =Y k] @)

i=1 i=1

w(B) = omt _ Z( 2Y + Bx; + ax; " D)7 xy) —% /, x; (3-3)

op

l
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n
dinlL
d(a) = % = Z( 2Y + Bx; + ax;* D x;% Ha In(x;) + 1]
i=1 (3-4)

n

= 2 x;* In(x;)

i=1

OInL. _ dInL __ dInL
Y 9B o«

(3—-2),(3—3),(3 —4). Therefore, numerical technique ( Newton —Raphson

When = 0, there is no closed solution of the equations

method) should be applied to solve these equations as follows:

1?i+1 1?1 g¥)
Biv1| = Bi - ]_1 w(B) (3-5)
®itq a d(a)
rdg(Y) ag@®) 9g(¥)
Y op dx
) ow(B) ow(B) 9ow(B)
Where: ] = e 38 P
od(a) 9d(a) ad(w)
| aY op da

It is the Jacobean matrix.

d .giY) — (_4)21( 2Y + BXi + axl_a—l)—z
dg()

o (=2) Z( 2Y + Bx; + ax;* ) ()

d g(Y)
Ja

= (-2) Z( 2Y + Bx; + ax;* ) 2x; 4 Haln(x;) + 1]

=1
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(B)

= (- 1)2( 2Y + Bx; + ax; ¢ )72 x;*aIn(x;) + 1]

6d(a)

Z( 2Y + Bx; + ax;® 1)1 x,% 1 In(x) [aIn(x;)

+2] (—Z( 2Y + Bx;
i=1

ax;* 1) 72 %, 2@ D]aln(x;) + 1]? 2

“(ln(xl))

M:

Since the Jacobean matrix must be a non —singular symmetric matrix,

ag(y) _ ow(B) ow(B) _ dd(a) dg(¥) _ dd(a)

Then’aﬁ_ar’aa_aﬁ’aa_ay'

Windup the Newton- Raphson method, applying the following equation :

ei+1(0) i+1 @,
gv1(B)| = .31+1] [.Bi]

giy1(@) dit1

(3-9)

(3-10)

(3-11)

(3-12)

Where, £(Y), &(B), €(a) are the error term, which are assumed and they are very

small.
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3.2.2 Ordinary Least Square Estimation

The Ordinary Least Square Estimation method is the second estimation
procedure which is one of the most popular techniques in estimating the
parameters when the equation of the model is linear or non- linear variables.
The first decade in the nineteenth century this method was published (Dismuke
and Lindrooth, 2006) [7]. It is used in many phenomena's as economics,
medical, engineering and mathematical problems. This method contains many
properties one of these properties the estimator has linearity property, unbiased
property, minimum variance property. Finally, the estimator has consistent
property and it is an asymptotically normal distribution. The main goal of this
method is to minimize the summation of squared differences between the

observed sample values (Y;) and the expected values E (Y;) by the formula:
n n
Y@= M-EWP (3-13)
=1 =1

n n

D= (= Bo — fuxi - fori® = fuxi®)’
i i=1

i=1

Taking the CDF of three parameters New Mixture distribution:

- <2YXi +%X12 +X; a)

Fxp)=1-e , x>0 (3-14)

B2 .«
1 — F(xl) — e—(ZYXi+§Xi +Xi ) (3_15)

By taking the logarithm of the two parts of the equation (3-38) as follows:

In(1-F(x)) = —2Yx; — gxiz — x;* (3-16)
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Now, comparing the equation (3-16) to the equation of multiple model

getting:
_ _o0g — __ B _
= ln( 1- F(Xi));Bo =0,B, =—-2Y,B, = _E'Ba ==
So, € = (Y; — Bo — Brxi — Boxi® — Baxi™) (3-17)
Then, e =In( 1 —F(xp)) + 2Yx; + gxiz + x; ¢ (3-18)

The sum of the equation(3 — 18), then taking squared it to get:

n n 2

Z € = z [ln( 1-F(x;)) + 2Yx; + gxiz + x;¢ (3-19)

i=1 i=1

By deriving the equation (3 — 19) for the unknown parameters (Y, 8, a), we

obtained three functions as follows:

azlm; L () = (4)Z[m(1—1:(xl.))+2yXi+gxiz xS () (3-20)
° Zgg - =q(p) = z [In( 1 - F(x) + 2Yx; + g P 0?) (3-20)
azz G _
g /@

(3-22)

x;? + %% (x;*In(x;))

= @ (1= Fex) + 27 .
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ﬁ'M:
H

[In(1-— F(Xi)) + 2Yx; + Exiz + x;%] (x;%*In(x;))

@ >

Where, F(x;) is the cumulative function of New Mixture distribution. The
functions (3 — 20), (3 — 21)and (3 — 22), are system of non-linear equations.
It is possible to solve it simultaneously, so, resolving it numerically using the
Newton — Raphson method.

The Jacobean matrix is contain the derivative of the first degree for each
functions of the functions s(Y), q(B), j(a) with respect to the unknown

parameters (Y, B, a).

ds(Y) ds(Y) 9ds(Y)
aY B Ja
dq(B) 9q(B) 9q(p)

Al I T Do
dj(a)  9j(a)  9j(a)
oY T oB R
Where,
9 5(Y) -
— =<8);xi (3-23)
3 s(Y) -
5 =<2);xl- (3-24)
a s(Y &
gi)=<4)zlxi“+lln<xi> (3-25)
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dq(B) 1 C 4
3B _< / 2>Zx" (8:29)

0 g((f) - 2 %2 In(x;) (3-27)
9 -
D _ @) [tn(1- Fex)) xf (nxp)?
- (3-28)

+ 2Yx;* 1 In(x;) + gxi“” In(x;)

+ 2x;°*(In(x;))?]

The Jacobean matrix is symmetric and non- singular matrix, since it is
depending upon the first derivatives.

0s(r) _ 9a(B) 3a(B) _ 3j(@) 3s(V) _ i@

That means: 26 PRl TRT P

By applying the equation(3 — 28), then obtain the estimator of the three
parameters of New Mixture distribution.

Windup the Newton- Raphson method, applying the following equation :

giv1(@)|  [Bia] B
gi1(B) | = [ i+1] - [ﬁi
a;

Ei+1(a) ®i+1

(3-29)

e——
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Where, &(Y), €(B), €(a) are the error term, which are assumed and they are

very small.

3.2.3 Rank Set Sampling Estimation

One of the important topics in statistics is Estimator parameters. It have taken a
large place in statistical studies. One of the most important ways to estimate the
parameters is the rank set sampling method(Patil, Sinha and Taillie, 1994)[21].
The development of the rank set sampling method allowed the elements of the
samples to be more structured, which led to the use of the method more than
others because of the possibility of measuring the actual sample, especially in
cases that are difficult to do as (time-consuming tax, costly, and
destructive).The rank set sampling method was first introduced to estimate
mean pasture by Mcintyre in 1952. Moreover, Halls-dell 1966 proved that rank
set sampling compared to simple random sampling is more efficient for
estimating the mean of the population. Dell 1972 introduced that although there
is a ranking error the rank set sampling in terms of efficiency is better than the
simple random sampling in estimating the parameters for logistic distribution.
In term of estimation the New Mixture distribution parameters using the rank

set sampling method the procedure will be as follows:

The probability density function (p.d.f) of the New Mixture distribution
which ~ obtained by increasing ordering random  sampling
(X1, X5, X3, e v X,) is:

f(x) =  [FGa)] ™1 = Fea)]" () (3-30)

G—1!(n—1)

I B.. « i-1
n 1— e_(ZYX1+EX12+X1 ) (3_31)

(- 1)!.(n—i)!

f(xi) =
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B n B
—<2Yxi+§xiz+xi°‘)] <2YX+ =x2+x )

[1 —1+e [(ZY + Bx + ax* e

n!
LetM = m then,

—(2Yx-+Ex-2+x-°‘) o —<2Yx-+ﬁx-2+x-°‘) o
f(x;) = M [1 —e 720 ] [e B (Y + Bx + ax®™) (3-32)

The likelihood function of order samples (X(1), X(2), «++ «ex o Xmy) Is:

n

L(Y,B, o, x;) = M" 1_[[( 2Y + Bx;

i_

n n—i+1 (3-33)

X%~ 1)1_” 2Yxl+ 2xi2+x;% ]l 11_” 2Yx;+ —xl +X; )]

The log- likelihood function is:
InL = nInM + Z In( 2Y + Bx; + ax;*™ 1)
i=1

+ zn (i— DIn(1-— e‘<mi+gxiz+xi“)) (3-34)
i=1

n
_Z- (=it 120 +gxi2 +x%)
i=

By finding the first derivative of the equation (3 — 34) with respectto a, B, and Y as
follows:
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@— (Z)Z( 2Y + Bx; + ax; ¢ )1

n _ B2 .« _ B2«
+Z G-1(1-e (vsingucton®)yoa (o g ox) (3-35)
1=

_ zn (n—i+ 1)(2x,)
i=1

6InL
Z( 2Y + B + ax; ) 7 (x)

F -1 Z <1 e (ZYXL+BXL +x; )) 1 <e_(2Yxi+gxi2+Xi0€)) (%Xi2> (3-36)
—(n—i+1) Z ( )

alnL
Z( 2Y + Bx; + ax;* D 1x;* L(aln(x;) + 1)

+z (i—1)(1

_ e—<2YXi+%Xi2+Xia>)—1e_<2Yxi+gXi2+Xi(x> (xl-aln(xi))

_ zn (n — i+ 1)(x;"In(x;))

(3-37)

01 L dInL dInL
Assume that — - - — 2 — 0, then,
a8 o

These are non-linear equations. To solve them using the iterative method which
Is Newton- Raphson method and it steps as follows:
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~

Yiqa ?l g(¥)
Bivi| = B[ T wB (3-38)
Ait1 a; d(a)
dInL dInL _ dInL _
We assumed that Pl Z(Y)’W =c(P)and -~ =r(®)

To find Jacobean matrix, this is defined by:

dz(Y) 0z(Y) dz(Y)
oY B da

dc(B)  9dc(B) 9c(B)
oY B da
or(a) OJr(a) OJr(a)
| dY B oa |

Then the first derivative to z(Y"), c(B) and r(a) with respect to a3, and Y as

follows:

aZa(YY_‘) = (—4) ;( 2Y + BXi + O(Xl'a_l)_z

. E .2 Lo - . E 24 5.0
B Zn (i B 1)(1 _ e—(zYxl+2xl +X; >)_2e 2<2Yxl+2xl +X; )(4xi2) (3-39)
i=1

n _ B2 a _ B2«
_ Z (i _ 1)( 1—e <2Yxl+le +X; ))_16 (ZYXL+2XL +X; )(4Xi2)
i=1
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dz(Y)
9B

=(=2) ) (2Y +Bx; + ax;“ 1) 7% (x;)
2

n . - 2Y i+E i2+ &) _o —2(2Y i+E i2+ &
— 2121(1 _ 1)( 1 —e ( X 2X X >) Ze ( X 2X X )(xl3) (3_40)

n _ B2« _ B2, a
_Z (i . 1)(1 e <2Yxl+le +X; >)_1e (ZYXL+2xl +X; )(xi3)
i

az(Y)

— (- 2)2( 2Y + Bx; + a1 2(x,* ) (aln(x;) + 1)

— (2) Z (l _ 1)( 1— e—(ZYXi+§Xi2+Xi“))_ze—Z(ZYXi+%xi2+xia) (xl,a+1)(1n(xi (3_41)
i=1

— @) Z;(i —D(1—e

(2YX,:+%X,:2 +Xia)) -1 e—(ZYXi +gXi2 +Xia)

(xia+1)(1n(xi)

dc(B)
ap

= (- 1)2( 2V + B + ) 2 (x?)

i (l —1)(1-¢e <2YXi+gXi2+Xi“))_ze—z(zYxi+gxi2+xi°‘)(xi4) (3-42)

1 , (2vx+Bxizax @) —(2vxieBrizaxe
v 1(1—1)(1—e (Boseesdon ) g (ponerindoxc) oy
i=
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aC(B) — ( 1)2( 2Y + BXI + ox; o— 1) Z(Xlot)(aln(x ) + 1)
1 L
72,0

B2l a - Byziya
_ 1)(1_6_(2YX1+2X12+X1 ))_Ze 2(2Yxl+le2+xl )(xl-“”)(ln(xl-))

1

) i=1(i - 1)(1

—(ZYXL'-F%XL'Z-I—XL'(X) —(ZYXi-i-gXiZ-i-Xia)

)te (6 **2)(n(x)

6r(0()

Z( 2Y + Bx; + o D)1 (x,% L In(x,)) (aIn(x,) + 2)

- Z( 2Y + Bx; + ax; )7 (x 2@V (aln(x) + 1)2

n

_ Z(l _ 1) <1 _ e—(ZYXi+gxi2+xi°‘)>_ <e—2(2Yxi+gxi2+Xi“)> (xiz(x) (ln(xl-))z

n

_ Z(l _ 1) <1 _ e—(ZYXi‘l'gXiz"'Xia))_ <e—(2Yxi+gxi2+Xi°‘)> (xiZa) (ln(xl-))z

=Y =i+ DEHC))?

Since, Jacobean is non-singular sympatric matrix.

0z(Y) _ 9c(B) 0c(B) _ or(a) 0z(Y) _ dr(a)

Then, g oY ' da 9B ' da oY

Terminated the Newton- Raphson method, applying the following equation:

giv1(@) dit+1q
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Where, &(Y), €(B), €(a) are the error term, which are assumed and they are

very small.

3.3 Information criterion

The general idea from information criteria is to know how the good model
Is at explaining the relationship between variables and when we want to
know about how good the model. Choosing the appropriate model for
certain data is a difficult and complicated process in terms of composition
and mathematical construction. Here comes the role of information criteria
in the extraction of information that determines the suitability of models or
not. The information criterion measures the difference between the
specified model and the actual model. The following are identifying three

different types of information criterions.

3.3.1 Akaike information criterion and corrected Akaike

information criterion

The Akaike information criterion was first introduced by the Japanese
statistical scientist H. Akaike in 1973(Sakamoto, Ishiguro and Kitagawa,
1986) [26]. The Akaki information criterion is inspired from information
theory. It can be used to obtain information that can be used in the
comparative comparison between the proposed model and several other
models for the same data provided for the experiment. The selection
process for the optimization model is done by providing the smallest
variation of the proposed model with the actual models. In other
circumstances, the AIC may have a significant negative bias (Hurvich and
Tsai 1989). For such instances, in (1989) Hurvi ch and Tsai were
represented the corrected Akaike information AIC. (Hurvich and Tsai,
1993) [11]. The advantage of the AIC: on the AIC is that the expected
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difference is estimated with a tendency lower than the AIC. The AIC
feature on AIC. is that the AIC is more universally applicable because the
AIC derivation is entirely generic while the AIC. derivation depends on

the candidate model. The formula of the AIC and AIC. can be written as

follows:
AIC = 2m — 2L (3-46)
2m(m + 1
AIC; = AIC + 2mn +1) (3-47)
n—m-—1

Where, n is the sample size of the data applications, m is the number of
parameters in the statistical distribution, L is the maximized value of the

log-likelihood function under the approved distribution.

3.3.2 Bayesian information criterion

The Bayesian information criterion (BIC) is one of the most widely known
tools widely used in the selection of statistical models. Their popularity derives
from their computational simplicity and effective performance in many
modeling frameworks, including Bayesian applications where previous
distributions may be elusive(Posada and Buckley, 2004) [22]. The criterion was
derived by Schwarz in (1978) to serve as an approximation of the Bayesian
probability shift of the candidate model. The formula of the Bayesian

information criterion as follows:

BIC = mIn(n) — 2L (3-48)

Where, m, n, and L are define similar as define above in section (3.2.1). When

comparing Bayesian information criterion with Akaike information criterion,
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the penalty for additional parameters will be in the BIC than AIC. Moreover,
the Akaike information criterion generally tries to find an unknown model that
has a fact of high dimensions. On the other hand, the Bayesian information
criterion comes only through real models. To perform model comparisons can
be used the AIC, AIC, and BIC. A lower value of AIC, AIC,and BIC indicates
a better fit.

3.4 Maximum Likelihood Estimation for Related distributions

This section presents the maximum likelihood estimation method for some
related distributions as exponential Rayleigh, exponential Weibull, Rayleigh

Weibull, and Weibull distributions, as a required for information criterions.

3.4.1 Maximum Likelihood Estimation of exponential-Weibull

distribution

The probability density function of the exponential — Weibull distribution is:

f(x) = (Y + ax®1)e~(x+x9 x>0 (3-49)

The likelihood function defined as:

n
LY, a,xq,X0, .., Xp) = Hf(xi,Y, a) (3-50)
i=1

n
L(Y, a,x;) = H[(Y n axia—1)e—(yxi+xia)]
i=1

n
L(Y,a,x;) = H[(Y + ax{“l)e—Z?:l(YX#xf‘)]
i=1
The log- likelihood function is:
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InLY,ax;) = z (Y + axf1) - Z(Yxl + xf) (3-51)
aln L
g(¥) =—— Z(Y + ax{~ 1) zxi =0 (3-52)
i=
()_GML
w(a) = ——
n
11 e
= Z(Y +axf ) xF (aln(x) + 1) (3-53)
i=1
n
— xfn(x;)=0

i=1
To solve this non-linear equation using a numerical method which is Newton-

Raphson method and the steps as follows:

l71'+1] _ ?l] _ -1 [g(lf)] i
[a- el 7w (3-54)
agy) ag)
Where, ] = a%) afv”(‘a)  is he Jacobean matrix
ay Jda
Where,
dg(Y _
M_( 1)Z(Y+ax -1)7 (3-55)
dg(Y _
‘%(a ) =(-1) Z(Y +axfh) le-“'l(aln(xi) +1) (3-56)
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4 W(“) Z(y +ax?® D) 1@t In(x)[2 + aln(x,)]
= i (3-57)
— Z(Y + axf‘_l)_zxiz(a_l)(aln(xl-) +1)% — Z xf (ln(xl-))2
i=1 i=1
The Jacobean matrix is non-singular symmetric matrix. Therefore, g &)
d w(a)
oy

3.4.2 Maximum Likelihood Estimation of exponential-Rayleigh

distribution

The probability density function of the exponential — Rayleigh distribution is:

B2
fer(K) = (Y + Bx)e” 2D k>0 (3-58)

The likelihood function defined as:
LOY, B, 00, %, e ) = ﬂf(xi,v, ) (3-59)

LY, B x;) = [(Y+[3x) (Yxl+ﬂx )]

- B. 2
10 =] [ [0+ pp )
i=1
The log- likelihood function is:

InL(Y,B,x;) = an: In(Y + Bx;) — 2 (Yxi + gﬁ) (3-60)
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n

g =20 = z(Y+BxL) EOREL (3-61)

aln L 1%
w(p) =55 = Z(Y+ﬁx) RGOS (3-62)

i=1
The Newton- Raphson is the numerical method can be used to solve these non-

linear equation and it steps as follows:

]7i+1 ]7 1 [g(Y)
5 - 3-63
e R (363
agr)  9g()7
Where, | = a‘il(fﬁ) a‘ffﬁ) , is he Jacobean matrix
)% B |
Where,
n
dg(Y
M — (_1)2(]/ + ﬁxi)—z (3-64)
ag(¥)
o5 1)2(Y+ﬁx) *(x) (3-65)
dw(B)
= (-1 Z Y +ax® 1) “(x;)?
TR )6 (3-66)
The Jacobean matrix is non-singular symmetric matrix. Therefore, 22 —
o w(B)
oy
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3.4.3 Maximum Likelihood Estimation of Rayleigh-Weibull

distribution

The probability density function of the exponential — Rayleigh distribution is:

f(x) = B+ ax*He” (zx +x) x>0 (3-67)

The likelihood function defined as:

LB, a,xq,X9, .., Xp) = Hf(xi, B, a) (3-68)
i=1

n

Lgax =] | [(ﬁxl + axa-1) o (e )]

i=1

n

LB, a,x) = 1_[ [(,Bxi +axf e - I 1<ﬁx i )]

i=1
The log- likelihood function is:

LB, ax;) = zn: ln(ﬁxi + ax{” zn: ( x? + x; ) (3-69)

i=1

9 =2 = Z(ﬁxl +axi ) <xl)—%zlxi2 =0 @

dln L
Ja

= Z(ﬁxi + ax{)‘_l)_lxia_l(aln(xi) +1) (3-71)

w(a) =

n

— Z x{fin(x;) =0

i=1
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To solve this non-linear equation using a numerical method which is Newton-

Raphson method and it steps as follows:

A

éi+1] _ [.Bi] _j1 [g(ﬂ)] (3-72)

dit+q a; w(a)

ag(B)  9g9(B)

_ ap oa
Where, J =, 0@ aw]

ap da

IS he Jacobean matrix

Where,

L2l SONCETEONCS (673)

agaif) =(-1) Z(,Bxi + axi“_l)_zx{x(aln(xi) +1) (3-74)

J gc(za) = Z(ﬁxi + (,wc{"_l)_lxia_1 In(x;)[2 + aln(x;)]

i=1

n
— Z(ﬁxi + ax{"_l)_zxiz(a_l)(ocln(xi) + 1)?
- (3-75)

n

— Z xia (ln(xl-))z

i=1
The Jacobean matrix is non-singular symmetric matrix. Therefore, 95(B) _

ow(a)
op
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3.4.4 Maximum Likelihood Estimation of Weibull distribution

The probability density function of the standard Weibull distribution is:
f(x) = ax® e " x>0 (3-76)

The likelihood function defined as:

n
L(a, xq,Xq, o, Xp) = 1_[ f(x;, o) (3-77)
i=1

n

L(a,x;) = H[“x{x_le_x{x]

i=1
n

L(a,x;)) = a™ 1_[[ xf‘_le_z?q(xi“)]
i=1

The log- likelihood function is:

n n
InL(a,x;) =nlna+ (a — 1) Z In(x;) — z x;® (3-78)
i=1 i=1
n n
dinL n a
— =+ Zl In(x;) — Zl x In(x;) = 0 (3-79)
i= i=

The numerical method was used to solve this non-linear equation as follows:

R R . [0InL
(@] = & =7 [S] (3-80)
Where, ] = azlzr;L is the Jacobean matrix.
Where,
9%In L LN, ,
= —na —Exi (In(x,) (3-81)

i=1
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3.5 Applications

In this section, we introduce some applications of real complete data to
compare between the New Mixture distribution and many others related
distributions using AIC, AIC. and BIC.

Data_set(1) (Wang, 2000) [27]: The data represent the times of failure of
eighteen electronic devices Wang (2000) are used to show the proposed
distribution can be applied in practices following in days: 5, 11, 21, 31, 46, 75,
98, 122, 145,165, 196, 224, 245, 293, 321, 330, 350, 420.

Data set(2) (Linhart and Zucchini, 1986) [15]: (Linhart and Zucchini in 1986
page 69).The following are failure times of air conditioning system of an
airplane: 23, 261, 87, 7, 120, 14, 62, 47, 225, 71, 246 , 21, 42,
20,5,12,120,11,3,14,71,11,14,11,16,90,1,16,52,95.

Data set(3) (Meeker and Escobar, 2014) [16]: The data studied by Meeker and
Escobar(1998,pge 388) which gives the time of failure and running times for a
sample of devices contain 30 unites are following: 2.75, 0.13, 1.47, 0.23, 1.81,
0.30, 0.65, 0.10, 3.00, 1.73, 1.06, 3.00, 3.00, 2.12, 3.00, 3.00, 3.00, 0.02, 2.61,
2.93,0.88,2.47,0.28, 1.43, 3.00, 0.23, 3.00, 0.80, 2.45, 2.66.
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3.5.1 The results and discussion

First: Comparing the New Mixture distribution and many other related
distributions and the results tabulated in the table (3-1).

Table (3-1): Electronic devices data of (18) samples in days

WEIBULL o = 34.8344 0.1656 393.8458 395.8458 395.848388 | 396.736171

EXPONENTIAL =
RAYLIEGH B=

0.00021709 | 0.00010708
275.4626 279.4626 280.2626 281.243343
0.00002134 | 0.000001034

RAYLIEGH  =0.00003745 0.00011551

263.846 | 267.8459 268.6459 | 269.626743
WEIBULL @=0.0020 0.00188999
EXPONENTIAL | @ = 0.0001 0.00051999
282.6668 | 286.6669 287.4669 | 288.447543
WEIBULL 4=0.1682 0.1817999
=0.00051 0.00031
NEW N
B =0.00001760 | 0.00006314
MIXTURE 258.966 | 264.9660 266.680285 | 267.637115
@ =0.1007 0.0001
DISTRIBUTION

Where (LL) is the log - likelihood function. Notice, that the New Mixture
distribution have the smallest —2LL, AIC, AIC¢, and BIC criterions comparing
with exponential Rayleigh, exponential Weibull, Rayleigh Weibull, and Weibull
distributions. Indicate the New Mixture distribution is a strong competitor to the

rest of existing distributions compared to it.
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Second: Represents in the table (3-2) the result of a New Mixture distribution
compared with other related distributions with different complete data set (2) as

following:

Table (3-2): Data of air conditioning system of an airplane of (30) samples.

WEIBULL a = 14.8194 0.1806 592.7204 594.7204 594.9346 596.121597
EXPONENTIAL = 0.0002086 0.00010871
423.5834 427.5834 428.0278 430.385794
RAYLIEGH B = 0.0000210 0.0000098871
RAYLIEGH B = 0.0001658 0.0000546999
420.3918 424.3918 424.83624 427.194194
WEIBULL @ =0.0003163 0.0002053
EXPONENTIAL = 0.0001825 0.0001713871
561.4449 565.4449 565.88934 568.247294
WEIBULL @ =0.00087059 | 0.00911941
= 0.0010 0.0009
NEW ~
B =0.0001 0.000000009
MIXTURE 406.2826 412.2826 413.20567 416.486192
@=0.0016 0.0015999
DISTRIBUTION

Where (LL) is the log - likelihood function. As showing in a table(3-1) the New
Mixture distribution is a good fit compared with the list distributions according
to -2LL,AIC, AIC, and BIC criterions. Moreover, that New Mixture distribution

is the smallest results in information criterions.
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Third: Comparison of the New Mixture distribution with some distributions by

using different complete data set (3) as follows:

Table (3-3): Running times for a sample of devices contains (30) unites.

WEIBULL @=0.5371 | 0.236101 182.2498 184.2497 | 184.392557 | 185.65049
EXPONENTIAL =0.0766 | 0.035599
~ 152.414 156.4140 | 156.858444 | 159.216394
RAYLIEGH B=0.0091 | 0.005
RAYLIEGH B =0.0894 | 0.0404
169.2926 173.2925 | 173.736944 | 176.09499
WEIBULL @=0.0234 0.012399
EXPONENTIAL =0.5084 | 0.00740001
148.2364 152.2363 | 152.680744 | 155.03879
WEIBULL @=0.0261 0.01698001
=0.0764 | 0.06709
NEW ~
B=0.1855 | 0.0775
MIXTURE 126.8242 132.8242 | 133.747276 | 137.27792
@=0.1018 0.189
DISTRIBUTION

Where (LL) is the log - likelihood function. Noting that, as doing in the table (3-1)
and (3-2) analogous as in table (3-3) that the New Mixture distribution is a good fit
comparison with the same distributions as above in tables (3-1, 3-2, 3-3) because,
it has smallest criterions comparing with Weibull, Rayleigh Weibull, Exponential
Weibull, Exponential Rayleigh. Also, using the maximum likelihood estimation
method to estimate the parameters of the disruptions and utilizing for calculating -
2LL, AIC, AIC., and BIC criterions as in tables (3-1, 3-2, 3-3).
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4.1 Introduction

This chapter presents the solution of three parameters estimation (Y, 8, a) using
the classical methods which are used in chapter three for the New Mixture
distribution. That means, finding a numerical results to the classical methods of

estimation.

It is commonly accepted that the analytic solution derived from the classical
methods as maximum likelihood estimation, ordinary least square estimation,
and rank sampling set estimation is direct according to the format of these
methods. While the numerical solution which can be founded as a result of

substation between the numerical values and the parameters of the model.

4.2 Simulation design

Simulation is defined as a numerical technique for generating different sizes of
samples. It is used to create experiments in a computer by a mathematical model
to describe the behavior of this model. This chapter introduced two simulation
methods to generate different sizes of samples. The first method which depends
on the cumulative of New Mixture distribution whiles the second method using
the Newton- Raphson formula. The Mean Square Error used to compare
between the parameter estimator results that found by maximum likelihood,
ordinarily Least Square, and rank set sampling estimation methods. MATLAB

(R2018a) program which is used to applied simulation and estimation methods.

4.3 Algorithms of simulation experiments

This section contains two algorithms to generate data experiments and the

following will gives the details of these algorithms:
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4.3.1 The proposed algorithm of first simulation method

This subsection is include the algorithm of the first method of simulation which
Is depends of the cumulative function of the New Mixture distribution. There

are important steps which are used to build this experiment which is as follows:

» Step(1)

Stabilizing the value of a equal to one with two values for § and Y as for a New
Mixture distribution follows of this table:

Table (4-1): Shows the virtual values for parameters

Experiment

Parameters

The different between E; E; is that the initial vales of Newton- Raphson which
IS motion at step4.simlary the different between E3E,

» Step(2)

Determinate different sizes of samples (large, median, small)

n= 10, 30, 50, 100.

» Step(3)

Generate random number by using U=Rand as uniform distribution with [0,1].

» Step(4)

Assuming that the initial values for Newton-Raphson method as follows:

e E;. Y.=0.0001,5 = 0.002,a = 0.0003
e E,, Y.=0.0005,5 = 0.003333,a = 0.0006

72



Chapter Four EMPIRICAL PART

e E; Y. =0.00003,p = 0.001,a = 0.00023
e E; Y.=0.000019,5. = 0.005,a- = 0.00035

» Step(5)

The random variables numbers transform as a uniform distribution to the New
Mixture distribution by using the inverse transformation method which based on

finding the inverse of cumulative distribution function as follows:
U=F(x),x = F71(u)

To apply this procedure to the New Mixture distribution getting:
F(x)=1— o~ Qrx+5x24x%)

u=1-— e—(ZYx+§x2+x“)
1—y = e—(ZYx+§x2+x“)
In(1—u) =- (ZYx + gxz + x“)
Fixing a=1 then getting:

In(1 —u) = — (¥ + Dx +La2)

§x2 +Q2Y+Dx+mn(1—u)=0

As a result getting the following equation:

- —QY+ 1) FJ/RY+1)2-281In(1—w)

4-1
3 (4-1)

Because (x ) is positive, the negative values resulting from this generation are
ignored.

» Step(6)

Replicate each experiment or sample size 500, 1000 times.
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» Step(7)

Estimate the three parameters of New Mixture distribution by using all method

of this study.

> Step(8)

Suppose that the error term in all classical methods(maximum likelihood
estimation, least square ordinary estimation, rank sampling set estimation) is €«
=0.01, and eg, €y =0.001.

> Step(9)

Compare between estimation methods by employing the mean square error
which is defined as a distance between the estimate value of parameter and the

actual value of it. It is given by the equation:

L
MSE (Y) = %Z(? —Y)? (4-2)
1 L
MSE (B) =1 ) (B—B)? (4-3)
MSE (@) = - Z(a—a)z (4-4)

Where, Lis the number of repeating of each experiment and equal to L=500,
1000.
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The proposed algorithm of First Simulation Experiment

\ 4

Fixed a=1,and choose different
values of Y8

l

Select different sizes of samples
n=10.30.50.100

!

U=RND, to generate pseudorandom

\ 4

Input Y, Bo,0intial values of Newton-Raphson
method

\ 2
Transform the random numbers to New Mixture

distribution

!

Generate 500,1000 experiments

\ 4

Apply all methods to estimate T, B,&

\ 2
Compute MSE for @, B,@

}
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4.3.1.1 Numerical results to (¥, B, &) for all estimation methods

This subsection includes the estimate values of three parameters Y,{, and @
using the three estimation methods motioned in chapter 3. Moreover, the tables(
4-2, 4-3, 4-4, 4-5) present the numerical results of Y, the tables (4-6, 4-7, 4-8
,4-9) present the numerical results of B and the tables (4-10, 4-11, 4-12, 4-13)
present the numerical results of @ with repeating L =500. Moreover, the tables (
4-14, 4-15, 4-16, 4-17) present the numerical results of Y, the tables (4-18, 4-
19, 4-20 ,4-21) present the numerical results of B and the tables (4-22, 4-23, 4-
24, 4-25)present the numerical results of @ with repeating L=1000. Besides that,
determined the Mean Square error measure of the estimator ¥, B and & for all
methods of estimation that are studied in this thesis and showing that for the
first experiment the tables(4-26,4-27,4-28) present the MSE of Y,p,a for
repeating L =500, 1000.Farthoremore, the tables(4-29,4-30,4-31) present the
MSE of Y,B, a for the second experiment. The tables (4-32,4-33,4-34) present
the MSE of a.for the third experiment, the tables(4-35, 4-36, 4-37)present the
MSE of Y',B,a for the forth experiment.

4.3.1.1.1 Numerical values of estimator Y(L=500)

e For n=10, 30 ,50 ,100 present the values of estimator (¥)in two
estimation methods (MLE, OLS) are increasing for increasing true
values of parameter(Y) except in RSS it is it is oscillation. That means
the estimate value of parameter (Y) is bigger or smaller than the true
value with repeating L=500.

e For n=10, 30, 50, 100 the minimum values of estimator (¥)for all
estimation methods which are very close to the true values especially
in ordinary least square method which is converged to the true value

of the parameter(Y) which are given in the following tables:
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Table (4-2): Represents average values of Y where n=10

experiment | parameter MLE OLS RSS
0.0001 0.0001 0.0001
= 0.000158 0.0000999999999997759 2.63504E-05
0.0005 0.0005 0.0005
=2 5.8E-05 0.000499999999999941 3.76736E-07
0.00003 0.00003 0.00003
=3 0.000181245 0.000029999999999472 3.36E-06
0.000019 0.000019 0.000019
= 0.000483181 0.0000190000000000003 5.97E-06
Table (4-3): Represents average values of Y where n=30
experiment | parameter MLE OLS RSS
0.0001 0.0001 0.0001
= 0.000460528 0.0000999999999999635 0.000125084
0.0005 0.0005 0.0005
= 0.000377293 0.00049999999999999 0.000768331
0.00003 0.00003 0.00003
=3 0.000600119 0.0000300000000000028 4.02E-05
0.000019 0.000019 0.000019
= 0.001286632 0.0000190000000000007 1.04862E-05
Table (4-4): Represents average values of Y where n=50
experiment | parameter MLE OLS RSS
0.0001 0.0001 0.0001
=L 0.000882907 0.0000999999999999753 1.60E-04
0.0005 0.0005 0.0005
=2 5.8E-05 0.000499999999999941 3.76736E-07
0.00003 0.00003 0.00003
=3 0.000859277 0.0000299999999999648 1.68E-05
0.000019 0.000019 0.000019
= 0.00235443 0.000018999999999994 3.12307E-05
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Table (4-5): Represents average values of ¥ where n=100

experiment | parameter MLE OLS RSS
0.0001 0.0001 0.0001
= 0.001152784 0.000100000000000003 0.000173205
0.0005 0.0005 0.0005
=2 0.000267552 0.000499999999999994 2.52E-05
0.00003 0.00003 0.00003
=3 0.002081312 0.000030000000000003 1.84E-06
0.000019 0.000019 0.000019
= 0.004698876 0.0000189999999999896 8.97E-05

From tables (4-2, 4-3, 4-4, 4-5) noting that estimate the scale parameter Y of
New Mixture distribution according to the result which is very closed in the

ordinary least square method.

4.3.1.1.2 Numerical values of estimator (L = 500)

e For n=10, 30 ,50 ,100 present the values of estimator (3)in two
estimation methods (MLE, OLS) are increasing for increasing true
values of parameter(8) except in RSS it s it is oscillation. That means
the estimate value of parameter (Y) is bigger or smaller than the true

value with repeating L=500.

e For n=10, 30, 50, 100 the minimum values of estimator (3)for all
estimation methods which are very close to the true values especially
in ordinary least square method which is converged to the true value

of the parameter(f) which are given in the following tables:
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Table (4-6): Represents average values of 8 where n=10

experiment parameter MLE OLS RSS
B 0.002 0.002 0.002
=l B 0.022356667 0.00199999999999996 0.00020366
B 0.003333 0.003333 0.003333
=2 B 0.043072569 0.00333299999999998 0.000101234
B 0.001 0.001 0.001
&3 E 0.010660904 0.000999999999999987 6.86101E-05
B 0.005 0.005 0.005
= B 0.053570092 0.00499999999999984 2.27288E-05
Table (4-7): Represents average values of # where n=30
experiment | parameter MLE OLS RSS
B 0.002 0.002 0.002
= B 0.062707271 0.00199999999999995 0.001405363
B 0.003333 0.003333 0.0003333
=2 B 0.122860722 0.00333299999999989 0.00171472
B 0.001 0.001 0.001
=3 E 0.029586318 0.000999999999999886 0.000294023
B 0.005 0.005 0.005
= f? 0.150495795 0.00499999999999993 0.00246406
Table (4-8): Represents average values of  where n=50
experiment parameter MLE OLS RSS
B 0.002 0.002 0.002
=L B 0.10483256 0.00199999999999999 0.001744593
B 0.003333 0.003333 0.0003333
=2 f? 0.200253497 0.00333299999999986 0.002124367
B 0.001 0.001 0.001
=3 f? 0.049629096 0.000999999999999992 0.001083525
B 0.005 0.005 0.005
= B 0.248900605 0.00499999999999996 0.00338893
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Table (4-9): Represents average values of 8 where n=100

experiment parameter MLE OLS RSS
B 0.002 0.002 0.002
= B 0.210244689 0.00199999999999997 0.002434
p 0.003333 0.003333 0.0003333
=2 B 0.397056437 0.00333299999999999 0.0022384
B 0.001 0.001 0.001
=3 B 0.097973365 0.000999999999999903 0.001095143
B 0.005 0.005 0.005
= B 0.493257205 0.00499999999999997 0.001551137

From tables (4-6, 4-7, 4-8, 4-9) noting that estimate the scale parameter 3 of

New Mixture distribution according to the result which is very closed in the

ordinary least square method.

4.3.1.1.3 Numerical values of estimator a(L=500)

e For n=10, 30, 50, 100 present the values of estimator (&)in two

estimation methods (MLE, OLS) are increasing for increasing true

values of parameter(a) except in RSS it is it is oscillation. That means

the estimate value of parameter (a) is bigger or smaller than the true

value with repeating L=500.

For n=10, 30, 50, 100 the minimum values of estimator (&)for all

estimation methods which are very close to the true values especially

in ordinary least square method which is converged to the true value

of the parameter(a) which are given in the following tables:
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Table (4-10): Represents average values of @ where n=10

experiment parameter MLE OLS RSS
0.0003 0.0003 0.0003
=l a 0.003679243 0.000299999999999659 0.000295134
a 0.0006 0.0006 0.0006
=2 a 0.007963821 0.00059999999999997 0.000556402
0.00023 0.00023 0.00023
=3 a 0.002724949 0.000229999999999685 0.000215051
0.00035 0.00035 0.00035
= a 0.00399701 0.000349999999999989 0.000319873
Table (4-11): Represents average values of @ where n=30
experiment | parameter MLE OLS RSS
0.0003 0.0003 0.0003
= a 0.010826236 0.000299999999999763 7.76483E-05
0.0006 0.0006 0.0006
= a 0.024325356 0.000599999999999979 0.000589899
a 0.00023 0.00023 0.00023
=3 a 0.008042246 0.000230000000000005 3.77274E-06
a 0.00035 0.00035 0.00035
=4 a 0.011470908 0.000350000000000004 0.000103614
Table (4-12): Represents average values of @ where n=50
experiment parameter MLE OLS RSS
a 0.0003 0.0003 0.0003
=L a 0.017852048 0.000299999999999825 0.000300002
a 0.0006 0.0006 0.0006
=2 a 0.039566233 0.000599999999999937 0.000606985
0.00023 0.00023 0.00023
=3 a 0.013285258 0.000229999999999952 0.000231763
0.00035 0.00035 0.00035
= a 0.018804473 0.000349999999999976 0.000339659
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Table (4-13): Represents average values of & where n=100

experiment parameter MLE OLS RSS
a 0.0003 0.0003 0.0003
= a 0.035310401 0.000299999999999997 0.000301298
a 0.0006 0.0006 0.0006
=2 a 0.080963196 0.000599999999999974 0.000601449
0.00023 0.00023 0.00023
=3 a 0.026273891 0.00023000000000004 0.000233726
a 0.00035 0.00035 0.00035
= a 0.037440488 0.000349999999999944 0.000346402

From tables (4-10, 4-11, 4-12, 4-13) noting that estimate the shape parameter o
of New Mixture distribution according to the result which is very closed in the

ordinary least square method.

.4.3.1.1.4 Numerical values of estimator Y(L=1000)

e The results in tables(4-14, 4-15, 4-16, 4-17) present the values of
estimator (¥)in two estimation methods(MLE,OLS) are increasing for
increasing true values of parameter(Y) except in RSS it is oscillation.
That means the estimate value of parameter (Y') is bigger or smaller
than the true value for n=10, 30, 50, 100 repeating L=1000.

e The minimum values of estimator (¥")for all estimation methods which
are very close to the true values especially in ordinary least square
method which is converged to the true value of the parameter(Y) for

n=10, 30, 50, 100 which are given in the following tables:
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Table (4-14): Represents average values of & where n=10

experiment parameter MLE OLS RSS
0.0001 0.0001 0.0001
=L 0.000110337 0.00010000000000000003 6.72736E-05
0.0005 0.0005 0.0005
=2 0.000429963 0.000499999999999753 0.000119417
0.00003 0.00003 0.00003
&3 0.000201831 0.000029999999999968 5.43E-06
0.000019 0.000019 0.000019
= 0.000452433 0.000018999999999976 7.99E-06
Table (4-15): Represents average values of & where n=30
experiment | parameter MLE OLS RSS
0.0001 0.0001 0.0001
= 0.00054409 0.0000999999999999292 0.000219716
0.0005 0.0005 0.0005
=2 4.70E-05 0.000499999999999965 0.000148971
0.00003 0.00003 0.00003
=3 0.000556248 0.0000299999999999561 4.11E-05
0.000019 0.000019 0.000019
= 0.001357835 0.0000189999999999984 5.56558E-05
Table (4-16): Represents average values of 2 where n=50
experiment | parameter MLE OLS RSS
0.0001 0.0001 0.0001
=L 0.000923625 0.0000999999999999638 1.63E-04
0.0005 0.0005 0.0005
=2 1.14E-05 0.000499999999999994 0.000449013
0.00003 0.00003 0.00003
=3 0.00096016 0.0000299999999999919 3.48E-05
0.000019 0.000019 0.000019
= 0.002132136 0.0000189999999999807 0.000116719
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Table (4-17): Represents average values of 2 where n=100

experiment | parameter MLE OLS RSS
0.0001 0.0001 0.0001
= 0.001641408 0.0000999999999999914 0.000129609
0.0005 0.0005 0.0005
=2 0.000329351 0.000499999999999995 0.000189746
0.00003 0.00003 0.00003
=3 0.002087276 0.000029999999999982 2.99E-05
0.000019 0.000019 0.000019
= 0.004695927 0.0000189999999999864 9.87E-05

From tables (4-14, 4-15, 4-16, 4-17) with repeating L=1000 according to the

result which we motion above, noting that the estimate the scale parameter Y of

New Mixture distribution which is very closed in the ordinary least square

method.

4.3.1.1.5 Numerical values of estimator B(L=1000)

The results in tables(4-18, 4-19, 4-20, 4-21)present the values of

estimator (B)in two estimation methods(MLE, OLS) are increasing for

increasing true values of parameter(f3) except in RSS it is oscillation.

That means the estimate value of parameter () is bigger or smaller
than the true value for n=10, 30, 50, 100 repeating L=1000.

The minimum values of estimator (B)for all estimation methods which

are very close to the true values especially in ordinary least square

method which is converged to the true value of the parameter(p) for

n=10, 30, 50, 100 which are given in the following tables:
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Table (4-18): Represents average values of 8 where n=10

experiment parameter MLE OLS RSS
p 0.002 0.002 0.002
= B 0.022634746 0.0019999999999998 7.54264E-05
p 0.003333 0.003333 0.0003333
=2 B 0.041166613 0.00333299999999998 3.10194E-05
B 0.001 0.001 0.001
=3 B 0.010464704 0.000999999999999706 1.99085E-06
B 0.005 0.005 0.005
= B 0.053733839 0.00499999999999978 0.000266914
Table (4-19): Represents average values of # where n=30
experiment | parameter MLE OLS RSS
p 0.002 0.002 0.002
= B 0.064029948 0.00199999999999997 9.0437E-05
B 0.003333 0.003333 0.0003333
=2 B 0.118007106 0.00333299999999999 0.002831399
B 0.001 0.001 0.001
=3 B 0.03011417 0.000999999999999947 0.000195644
B 0.005 0.005 0.005
= f? 0.150503331 0.00499999999999996 0.00278809
Table (4-20): Represents average values of # where n=50
experiment parameter MLE OLS RSS
B 0.002 0.002 0.002
= B 0.105692771 0.002000000000002 0.001332158
B 0.003333 0.003333 0.003333
=2 B 0.19248939 0.00333299999999995 0.001362862
B 0.001 0.001 0.001
=3 B 0.048349036 0.000999999999999843 0.000554854
B 0.005 0.005 0.005
= B 0.249032692 0.00499999999999997 0.003314065
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Table (4-21): Represents average values of 8 where n=100

experiment | parameter MLE OLS RSS
B 0.002 0.002 0.002
= B 0.001641408 0.00199999999999999 0.001896108
B 0.003333 0.003333 0.003333
=2 B 0.388610019 0.00333299999999999 0.002144883
B 0.001 0.001 0.001
=3 B 0.097754666 0.000999999999999991 0.000955043
B 0.005 0.005 0.005
= B 0.492778618 0.00499999999999995 0.001911629

From tables (4-18, 4-19, 4-20, 4-21) with repeating L=1000, according to the

result that we motion above, noting that the best classical method that used to

estimate the scale parameter § of New Mixture distribution which is the

ordinary least square method.

4.3.1.1.6 Numerical values of estimator @ (L=1000)

The results in tables(4-22, 4-23, 4-24, 4-25)present the values of

estimator (@) in two estimation methods(MLE, OLS) are increasing

for increasing true values of parameter(o) except in RSS it is

oscillation. That means the estimate value of parameter (o) is bigger

or smaller than the true value for n=10, 30, 50, 100 repeating L=1000.

The minimum values of estimator (a)for all estimation methods

which are very close to the true values especially in ordinary least

square method which is converged to the true value of the

parameter(a) for n=10, 30, 50, 100 which are given in the following

tables:
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Table (4-22): Represents average values of & where n=10

experiment parameter MLE OLS RSS
0.0003 0.0003 0.0003
=l a 0.003664633 0.000299999999999918 0.000247082
0.0006 0.0006 0.0006
=2 a 0.008430446 0.000599999999999865 8.83972E-05
0.00023 0.00023 0.00023
&3 a 0.002780255 0.000229999999999919 0.000174649
a 0.00035 0.00035 0.00035
= a 0.004032716 0.000349999999999961 4.80264E-05
Table (4-23): Represents average values of @ where n=30
experiment | parameter MLE OLS RSS
a 0.0003 0.0003 0.0003
=l a 0.010791337 0.000299999999999817 0.000115705
a 0.0006 0.0006 0.0006
=2 a 0.024533793 0.000599999999999974 0.000603627
0.00023 0.00023 0.00023
=3 a 0.007887591 0.000229999999999973 0.000229004
0.00035 0.00035 0.00035
= a 0.011314863 0.000349999999999976 0.000230941
Table (4-24): Represents average values of @ where n=50
experiment parameter MLE OLS RSS
0.0003 0.0003 0.0003
=t a 0.017448438 0.000299999999999905 0.000288506
0.0006 0.0006 0.0006
=2 a 0.040697573 0.000599999999999907 0.000574815
a 0.00023 0.00023 0.00023
=3 a 0.013180136 0.000229999999999966 0.000229993
a 0.00035 0.00035 0.00035
= a 0.018882194 0.000349999999999999 0.000331446
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Table (4-25): Represents average values of & where n=100

experiment parameter MLE OLS RSS

0.0003 0.0003 0.0003

= a 0.03538451 0.000299999999999769 0.000300014
0.0006 0.0006 0.0006

=2 a 0.081112354 0.000599999999999956 0.000600842
0.00023 0.00023 0.00023

=3 a 0.026392533 0.000229999999999826 0.000230447
a 0.00035 0.00035 0.00035

= a 0.037452916 0.00034999999999992 0.000349213

From tables (4-22, 4-23, 4-24, 4-25) with repeating L=1000, according to the
result that we motion above, noting that the best classical method that used to
estimate the shape parameter oo of New Mixture distribution which is the

ordinary least square method.

Now the following tables introduce the mean square error of the three
parameters of New Mixture distribution of all classical methods of this study
include different sizes of samples n=10, 30, 50, 100 with repeating L=500,
1000.

Table (4-26): Represents the MSE of @ for the E; experiment

L n MLE OLS RSS BEST
10 0.000000027866 1.4926E-34 0.00000096557 OLS
30 0.00000024403 1.1442E-34 0.00000064516 OLS
>0 50 0.00000072405 2.4156E-35 0.00000075774 OLS
100 0.0000028512 2.240E-35 0.00000035098 OLS
10 0.000000029059 5.0137E-35 0.000001044 OLS
30 0.00000023517 1.5237E-35 0.0000016759 OLS
1000 50 0.00000070817 8.7501E-36 0.00000087165 OLS
100 0.0000026167 1.2301E-35 0.00000075154 OLS
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Table (4-27): Represents the MSE of (3 for the E; experiment

L n MLE OLS RSS BEST

10 0.00043536 3.4426E-34 0.0000020175 OLS

30 0.0039 4.4767E-34 0.0000015805 OLS

>0 50 0.0109 6.7647E-35 0.00000099255 OLS
100 0.0436 7.2146E-35 0.000001909 OLS

10 0.00043405 8.5989E-35 0.0000017581 OLS

30 0.00390 5.0045E-35 0.00000028676 OLS

1000 50 0.0109 1.7291E-35 0.00000075795 OLS
100 0.0435 2.6098E-35 0.00000074618 OLS

Table (4-28): Represents the MSE of a for the E; experiment

L n MLE OLS RSS BEST
10 0.000012432 7.563E-34 0.00000000057195 OoLS
30 0.00011133 2.2386E-33 0.0000000011446 OLS
>0 50 0.00031027 9.0362E-34 0.00000000022375 OLS
100 0.0012 5.657E-34 0.00000000024307 OoLS
10 0.000012454 2.4816E-34 0.00000000064134 OoLS
30 0.00011145 6.0281E-34 0.00000000044959 OoLS
1000 50 0.00031221 1.2903E-34 0.00000000058221 OLS
100 0.00123 3.1527E-34 0.00000000011676 OLS

Table (4-29): Represents the MSE of @ for the E, experiment

L n MLE OLS RSS BEST
10 0.0000000031257 2.3097E-35 0.000003621 OLS
30 0.0000000033285 9.7552E-35 0.0000036458 OLS
>0 50 0.000000012459 2.8607E-35 0.0000031874 OLS
100 0.00000001926 2.732E-35 0.0000033321 OLS
10 0.0000000022466 6.9431E-35 0.0000063446 OLS
30 0.0000000069127 2.6313E-35 0.0000014406 OLS
1000 50 0.00000004528 6.0573E-35 0.0000046884 OLS
100 0.0000000084142 2.3237E-35 0.0000020565 OLS
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Table (4-30): Represents the MSE of 3 for the E, experiment

L n MLE OLS RSS BEST
10 0.00161 2.4032E-35 0.0000076628 OLS
30 0.0144 2.5728E-34 0.0000030141 OLS
>0 50 0.0397 7.1127E-35 0.0000026675 OLS
100 0.1587 5.3807E-35 0.0000017343 OLS
10 0.00167 3.2366E-34 0.0000036113 OLS
30 0.0143 7.9492E-35 0.0000086552 OLS
1000 50 0.0398 1.4812E-34 0.0000011745 OLS
100 0.1587 6.8359E-35 0.0000038636 OLS

Table (4-31): Represents the MSE of a for the E, experiment

L n MLE OLS RSS BEST
10 0.000064593 2.3452E-34 0.000000010564 OoLS
30 0.00058686 5.2573E-34 0.0000000088097 OLS
>0 50 0.00166 2.6478E-34 0.000000018149 OLS
100 0.0065 2.4085E-34 0.0000000016646 OoLS
10 0.000066984 3.1709E-34 0.000000018462 OLS
30 0.00058836 5.4602E-34 0.000000011192 OoLS
1000 50 0.001644 4.7076E-34 0.000000017234 OoLS
100 0.0065 4.7548E-34 0.00000000089309 OLS

Table (4-32): Represents the MSE of Y for the E; experiment

L n MLE OLS RSS BEST
10 0.000000041591 6.6653E-34 0.00000026655 OLS
30 0.00000037785 4.0618E-35 0.00000035396 OLS
>0 50 0.0000010981 1.5564E-35 0.00000012564 OLS
100 0.0000042857 2.8892E-35 0.00000017207 OLS
10 0.000000045557 4.1228E-35 0.0000004001 OLS
30 0.00000038628 1.0844E-35 0.00000032766 OLS
1000 50 0.000001074 2.8705E-35 0.1106 OLS
100 0.0000042873 2.5786E-35 0.00000017752 OLS
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Table (4-33): Represents the MSE of 3 for the E; experiment

L n MLE OLS RSS BEST
10 0.000095733 5.1842E-33 0.00000055382 OLS

30 0.00086019 1.0108E-34 0.00000018573 OLS

>0 50 0.0024 4.0218E-35 0.00000056003 OLS
100 0.0095 1.2089E-34 0.0000003255 OLS

10 0.000094557 3.3828E-34 0.00000036038 OLS

30 0.00085812 5.0379E-35 0.00000020064 OLS

1000 50 0.0024 1.0978E-34 0.0231 OLS
100 0.0095 5.8559E-35 0.00000032936 OLS

Table (4-34): Represents the MSE of a for the E; of the third experiment

L n MLE OLS RSS BEST
10 0.0000068853 8.3771E-34 0.00000000017941 OoLS
30 0.000062027 9.9644E-34 0.00000000031559 OLS
>0 50 0.0001737 4.8967E-34 0.00000000020676 OLS
100 0.00069157 4.6667E-34 0.00000000028427 OoLS
10 0.0000069863 2.9986E-34 0.00000000052148 OLS
30 0.00006208 5.0638E-34 0.000000000062119 OoLS
1000 50 0.00017276 8.6535E-34 0.00000000018086 OoLS
100 0.00069128 4.5132E-34 0.00000000013999 OLS

Table (4-35): Represents the MSE of Y for the E, experiment

L n MLE OLS RSS BEST
10 0.00000022511 6.0895E-35 0.000006518 OLS
30 0.0000020382 7.1003E-35 0.0000026489 OLS
>0 50 0.0000056924 1.9033E-35 0.0000010893 OLS
100 0.000022791 1.8548E-35 0.0000010506 OLS
10 0.00000022301 4.9014E-35 0.0000035825 OLS
30 0.0000020669 4.7652E-35 0.5143 OLS
1000 50 0.0000056479 2.6645E-35 0.0000015244 OLS
100 0.000022633 2.562E-35 0.0000016763 OLS

91



Chapter Four EMPIRICAL PART

Table (4-36): Represents the MSE of (3 for the E, experiment

L n MLE OLS RSS BEST
10 0.0024 8.2467E-34 0.0000044907 OLS

30 0.0215 2.0396E-34 0.0000059536 OLS

>0 50 0.0598 4.3961E-35 0.000010252 OLS
100 0.2392 6.7973E-35 0.000007895 OLS

10 0.0024 8.3318E-35 0.0000083002 OLS

30 0.0216 1.1874E-34 2.3163 OLS

1000 50 0.0598 5.5777E-35 0.0000079894 OLS
100 0.2392 6.322E-35 0.0000049711 OLS

Table (4-37): Represents the MSE of o for the E4 experiment

L n MLE OLS RSS BEST
10 0.000013862 9.7576E-34 0.0000000046022 OoLS

30 0.00012406 6.7493E-34 0.0000000082266 OLS

>0 50 0.00034436 4.7142E-34 0.0000000013072 OLS
100 0.0014 7.1198E-34 0.0000000044947 OoLS

10 0.000013823 2.8655E-34 0.0000000033028 OoLS

30 0.00012381 5.6882E-34 0.000022266 OoLS

1000 50 0.00034486 3.1739E-34 0.00000000077438 OLS
100 0.0014 3.8149E-34 0.00000000020041 OLS

From tables (4-26, 4-27, 4-28, 4-29,4-30, 4-31,4-32,4-33, 4-34, 4-35, 4-36, 4-
37) according to the result that we motion above, noting that the best classical
method that used to estimate the parameters (Y,8, o) of New Mixture

distribution which is the ordinary least square method.
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4.3.2 The Modified algorithm of second simulation method

This subsection is include the algorithm of the second method of simulation
which is depends of the Newton- Raphson formula. In 2015[16], Faton Merovci
and Ibrahim Elbatal using this formula to generate data of Rayleigh Weibull
distribution for size of sample n=30 without repeating. Modifying that
algorithm to generate different sizes of samples. There are important steps
which are used to build this algorithm which is as follows:

» Step(1)
Select different two values for o, B and Y as for a New Mixture distribution
follows of this table:

Table (4-38): Shows the virtual values for Parameters

Experiment

Parameters

The different between E; E2 is that the initial vales of Newton- Raphson which

Is motion at the step4.simlary the different between E3, E4.

» Step(2)

Determinate different sizes of samples (large, median, small)

n= 10, 30, 50, 100.

» Step(3)

Generate random number by using U=Rand as uniform distribution with [0,1].
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» Step(4)

Generate x° as a random number of uniform distribution and generate x*by

using the Newton- Raphson formula which is:

. _ .0 _ F®-U®
X =X —f(x)

Where, f(x) is the density function of New Mixture distribution.
F(x) is the cumulative function of New Mixture distribution.

U(x) is rand as the uniform distribution with [0,1].

> Step(5)

Assuming that the initial values for Newton-Raphson method as follows:

e E;. Y.=0.0002,3.=0.000137,a- = 0.00013

e E,. Y.=0.0003,8-=0.000156,a. = 0.00023
e B3 Y.=0.00025,5 = 0.000447,a- = 0.00032
e E,. Y.=0.00058-=0.000147,a. = 0.00023

» Step(6)

Replicate each experiment or sample size 500, 1000 times.

» Step(7)

Estimate the three parameters of New Mixture distribution by using all methods
of this study.

> Step(8)

Suppose that the error term in all classical methods (maximum likelihood
estimation, least square ordinary estimation is €, =0.01, and €, €y =0.0001) and

rank sampling set estimation is e« =0.0001, and €g, €, =0.000001.
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» Step(9)

Compare between estimation methods by employing the mean square error
which is defined as a distance between the estimate value of parameter and the

actual value of it. It is given by the equation:

L

MSE (Y) :%Z(Y—Y)Z (4-5)
1 L

MSE (B) =1 ) (B~ B’ (4-6)
1 L

MSE (&) =EZ(&—0()2 (4-7)

Where Lis the number of repeating in each experiment and equal to L=500,
1000.
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The modified algorithm of Second Simulation Experiment

\ 4

Choose different values of
Y, B,a

1.

Select different sizes of samples
n=10,30.50.100

!

U=RND, to generate pseudorandom

v
U=RND, to generate X,
‘l"
Input Y, Bo,0intial values of Newton-Raphson
method

\ 4
Apply the formula of Newton —Raphson

a F(x) - U(x)
fx)

x*=x°

\ 4
Generate 500,1000 experiments

\ 4
Apply all methods to estimate T, B,&

\ 4
Compute MSE for @, B,&

End
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4.3.2.1 Numerical results to (¥, B8, @) for all estimation methods

This subsection includes the estimate values of three parameters Y,f, and @
using the three estimation methods motioned in chapter 3. Moreover, the tables(
4-39, 4-40, 4-41, 4-42) present the numerical results of Y, the tables (4-43, 4-
44, 4-45 4-46) present the numerical results of  and the tables (4-47, 4-48, 4-
49, 4-50) present the numerical results of @ with repeating L =500. Moreover,
the tables ( 4-51, 4-52, 4-53, 4-54) present the numerical results of Y, the tables
(4-55, 4-56, 4-57 ,4-58) present the numerical results of § and the tables (4-59,
4-60, 4-61, 4-62) present the numerical results of @ with repeating L=1000.
Besides that, determined the Mean Square error measure of the estimator ¥, B
and a for all methods of estimation that are studied in this thesis and showing
that for the first experiment the tables(4-63,4-64,4-65) present the MSE of
Y,B,a for repeating L =500, 1000.Farthoremore, the tables(4-66,4-67,4-68)
present the MSE of Y,f3, a for the second experiment. The tables (4-69,4-70,4-
71) present the MSE of a.for the third experiment, the tables(4-72, 4-73, 4-
74)present the MSE of Y,3,a for the forth experiment.

4.3.2.1.1 Numerical values of estimator Y(L=500)

e For n=10, 30, 50, 100 present the values of estimator (¥)for all
estimation methods are increasing for increasing true values of
parameter (Y) repeating L=500.

e For n=10, 30, 50, 100 the minimum values of estimator (¥)for all
estimation methods which are very close to the true values especially
in ordinary least square method which is converged to the true value

of the parameter(Y) which are given in the following tables:

97



Chapter Four

EMPIRICAL PART

Table (4-39): Represents average values of & where n=10

experiment parameter MLE OLS RSS
0.0002 0.0002 0.0002
el 0.000564117 0.000199999999999991 0.00037727
0.0003 0.0003 0.0003
=2 0.000671652 0.000299999999999949 0.000585486
0.00025 0.00025 0.00025
£ 0.001224201 0.000249999999999997 0.000418805
0.0005 0.0005 0.0005
= 0.000942011 0.000499999999999939 0.000933892
Table (4-40): Represents average values of & where n=30
experiment | parameter MLE OLS RSS
0.0002 0.0002 0.0002
=L 0.001062428 0.000199999999999997 0.000369607
0.0003 0.0003 0.0003
£2 0.001250046 0.000300000000000001 0.000521055
0.00025 0.00025 0.00025
&3 0.002193213 0.00025000000000002 0.000416282
0.0005 0.0005 0.0005
=4 0.001861138 0.000499999999999975 0.000918127
Table (4-41): Represents average values of @ where n=50
experiment parameter MLE OLS RSS
0.0002 0.0002 0.0002
el 0.001665917 0.000199999999999981 0.000180251
0.0003 0.0003 0.0003
£2 0.000225374 0.000299999999999992 0.000498443
0.00025 0.00025 0.00025
=3 0.005769982 0.000249999999999944 0.0002883
0.0005 0.0005 0.0005
=4 0.004706899 0.000499999999999936 0.000184433
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Table (4-42): Represents average values of 2 where n=100

experiment | parameter MLE OLS RSS
0.0002 0.0002 0.0002
= 0.002001206 0.00019999999999998 0.000314079
0.0003 0.0003 0.0003
=2 0.004236219 0.00030000000000006 0.000420754
0.00025 0.00025 0.00025
=3 1.09E-02 0.000249999999999995 1.52E-05
0.0005 0.0005 0.0005
= 0.015486943 0.000500000000004 2.25745E-05

From tables (4-39, 4-40, 4-41, 4-42) according to the result which we motion

above, noting that the estimate the scale parameter Y of New Mixture

distribution which is very closed in the ordinary least square method.

4.3.2.1.2 Numerical values of estimatorp(L=500)

e For n=10, 30, 50, 100 present the values of estimator (8)for all

estimation methods are increasing for increasing true values of

parameter (3).

For n=10, 30, 50, 100 the minimum values of estimator (f3)for all

estimation methods which are very close to the true values especially

in ordinary least square method which is converged to the true value

of the parameter(f) which are given in the following tables:
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Table (4-43): Represents average values of 8 where n=10

experiment parameter MLE OLS RSS
B 0.000137 0.000137 0.000137
=L [7 1.27E-03 0.000136999999999662 0.000215863
B 0.000156 0.000156 0.000156
=2 [7 0.000683016 0.000155999999999895 0.000323294
B 0.000447 0.000447 0.000447
£ E 0.001894013 0.000446999999999775 0.000979441
B 0.000147 0.000147 0.000147
=4 E 0.001281661 0.000146999999999997 0.00038403
Table (4-44): Represents average values of ﬁ where n=30
experiment | parameter MLE OLS RSS
B 0.000137 0.000137 0.000137
=L [7 0.004585143 0.000136999999999873 0.000255977
B 0.000156 0.000156 0.000156
£2 ﬁ 0.002262211 0.000155999999999685 0.000420235
B 0.000447 0.000447 0.000447
&3 E 0.006795929 0.000446999999999913 0.000976149
B 0.000147 0.000147 0.000147
=4 [? 0.005017763 0.000146999999999984 0.000335994
Table (4-45): Represents average values of # where n=50
experiment parameter MLE OLS RSS
B 0.000137 0.000137 0.000137
=L [? 0.00483477 0.000136999999999996 0.000289522
B 0.000156 0.000156 0.000156
=2 [? 0.006395646 0.000155999999999999 7.18428E-05
B 0.000447 0.000447 0.000447
=3 [? 0.010642324 0.00044699999999995 0.001037969
B 0.000147 0.000147 0.000147
=4 [? 0.004984129 0.000146999999999993 0.001405705
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Table (4-46): Represents average values of 8 where n=100

experiment | parameter MLE OLS RSS
B 0.000137 0.000137 0.000137
= B 0.016335924 0.000136999999999702 0.000395757
B 0.000156 0.000156 0.000156
=2 B 0.00801536 0.000155999999999418 0.00041557
B 0.000447 0.000447 0.000447
=3 B 0.000567945 0.000446999999999917 0.001191444
B 0.000147 0.000147 0.000147
= B 0.010453787 0.000146999999999989 0.000381901

From tables (4-43, 4-44, 4-45, 4-46) according to the result which we motion

above, noting that the estimate the scale parameter 3 of New Mixture

distribution which is very closed in the ordinary least square method.

4.3.2.1.3 Numerical values of estimator a (L=500)

e For n=10, 30, 50, 100 present the values of estimator (&)for all

estimation methods are increasing for increasing true values of

parameter ().

For n=10, 30, 50, 100 the minimum values of estimator (&)for all

estimation methods which are very close to the true values especially

in ordinary least square method which is converged to the true value

of the parameter(a) which are given in the following tables:
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Table (4-47): Represents average values of & where n=10

experiment parameter MLE OLS RSS

0.00013 0.00013 0.00013
= a 0.000325 0.000129999999999965 2.49E-04
0.00023 0.00023 0.00023

=2 a 0.000518 0.000229999999999922 0.000467991
0.00032 0.00032 0.00032

=3 a 0.006950834 0.000319999999999959 0.000324004
a 0.00023 0.00023 0.00023

= a 0.005651516 0.000229999999999974 0.000480429

Table (4-48): Represents average values of @ where n=30

experiment | parameter MLE OLS RSS
a 0.00013 0.00013 0.00013
= a 0.010221528 0.00012999999999995 0.000276443
a 0.00023 0.00023 0.00023
=2 a 0.01326005 0.00023000000000005 0.00049109
a 0.00032 0.00032 0.00032
=3 a 0.019775703 0.000319999999999958 0.000613644
0.00023 0.00023 0.00023
= a 0.022455149 0.0002300000000004 0.00050191

Table (4-49): Represents average values of @ where n=50

experiment parameter MLE OLS RSS

0.00013 0.00013 0.00013

= a 0.00185 0.000129999999999982 0.000275527
0.00023 0.00023 0.00023

=2 a 0.023748436 0.000229999999999984 0.000306553
0.00032 0.00032 0.00032

=3 a 0.038983722 0.000319999999999962 4.49736E-05
a 0.00023 0.00023 0.00023

= a 0.039994548 0.000229999999999945 0.000906176
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Table (4-50): Represents average values of & where n=100

experiment parameter MLE OLS RSS
a 0.00013 0.00013 0.00013
= a 0.027335652 0.000129999999999963 0.000294395
a 0.00023 0.00023 0.00023
=2 a 0.05142268 0.000230000000077777 5.37E-04
0.00032 0.00032 0.00032
=3 a 0.078454261 0.000320000000007777 6.62E-04
a 0.00023 0.00023 0.00023
= a 0.098358833 0.000229999999999987 0.000606512

From tables (4-47, 4-48, 4-49, 4-50) with repeating L=1000, according to the

result which we motion above, noting that the estimate the shape parameter o of

New Mixture distribution which is very closed in the ordinary least square

method.

4.3.2.1.4 Numerical values of estimator Y(L=1000)

The results in tables(4-14, 4-15, 4-16, 4-17)present the values of

estimator (¥)for all estimation methods are increasing for increasing
true values of parameter(Y) for n=10, 30 ,50 ,100 repeating L=1000.

the minimum values of estimator (¥)for all estimation methods which

are very close to the true values especially in ordinary least square

method which is converged to the true value of the parameter(Y) for

n=10, 30, 50, 100 which are given in the following tables:
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Table (4-51): Represents average values of Y"where n=10

experiment parameter MLE OLS RSS
0.0002 0.0002 0.0002
= 0.00038158 0.000199999999999913 0.000356273
0.0003 0.0003 0.0003
= 0.000571655 0.000299999999999912 0.000559347
0.00025 0.00025 0.00025
= 0.000939965 0.000249999999999985 0.000413799
0.0005 0.0005 0.0005
= 0.001067404 0.000499999999999995 0.000893372
Table (4-52): Represents average values of 2 where n=30
experiment | parameter MLE OLS RSS
0.0002 0.0002 0.0002
= 0.000848711 0.000199999999999991 0.000358776
0.0003 0.0003 0.0003
= 0.002869857 0.00029999999999998 0.000549242
0.00025 0.00025 0.00025
= 0.002141921 0.000249999999999916 0.000418468
0.0005 0.0005 0.0005
= 0.003539951 0.00049999999999999 0.000657736
Table (4-53): Represents average values of 2 where n=50
experiment parameter MLE OLS RSS
0.0002 0.0002 0.0002
= 0.000756835 0.000199999999999928 0.000365115
0.0003 0.0003 0.0003
= 0.004262595 0.000299999999999995 0.00037115
0.00025 0.00025 0.00025
= 0.005589419 0.000249999999999994 3.99E-05
0.0005 0.0005 0.0005
= 0.000809752 0.000499999999999992 0.000871802
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Table (4-54): Represents average values of 2 where n=100

experiment | parameter MLE OLS RSS
0.0002 0.0002 0.0002
= 0.004362411 0.00020000000000001 0.000290022
0.0003 0.0003 0.0003
=2 0.00630609 0.000300000000000007 0.000305359
0.00025 0.00025 0.00025
=3 0.01367093 0.000249999999999982 3.44E-05
0.0005 0.0005 0.0005
= 0.014985962 0.00050000000000003 0.000688938

From tables (4-51, 4-52, 4-53, 4-54) with repeating L=1000, according to the
result which we motion above, noting that the estimate the scale parameter Y of
New Mixture distribution which is very closed in the ordinary least square

method.

4.3.2.1.5 Numerical values of estimator (L = 1000)

e For n=10, 30, 50, 100 present the values of estimator (3)for all
estimation methods are increasing for increasing true values of

parameter (3).

e For n=10, 30, 50, 100 the minimum values of estimator (3)for all
estimation methods which are very close to the true values especially
in ordinary least square method which is converged to the true value

of the parameter(f) which are given in the following tables:
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Table (4-55): Represents average values of 8 where n=10

experiment parameter MLE OLS RSS
p 0.000137 0.000137 0.000137
= B 0.001586077 0.000136999999999993 0.000343454
p 0.000156 0.000156 0.000156
=2 B 0.001321738 0.000155999999999698 0.000275842
B 0.000447 0.000447 0.000447
=3 B 0.001206676 0.000446999999999979 0.00075569
B 0.000147 0.000147 0.000147
= B 0.001887596 0.000146999999999254 0.000436496
Table (4-56): Represents average values of # where n=30
experiment | parameter MLE OLS RSS
p 0.000137 0.000137 0.000137
= B 0.002874711 0.000136999999999671 0.000332377
B 0.000156 0.000156 0.000156
=2 B 0.000240374 0.000155999999999968 0.000354787
B 0.000447 0.000447 0.000447
=3 B 0.006747182 0.000446999999999998 0.000471455
B 0.000147 0.000147 0.000147
= [? 0.002925721 0.000146999999999971 0.000443028
Table (4-57): Represents average values of # where n=50
experiment parameter MLE OLS RSS
B 0.000137 0.000137 0.000137
= B 0.008345166 0.000136999999999986 0.000324249
B 0.000156 0.000156 0.000156
=2 B 0.001160273 0.000155999999999871 0.000170744
B 0.000447 0.000447 0.000447
=3 B 0.000142032 0.000446999999999779 0.001307354
B 0.000147 0.000147 0.000147
= B 0.004888114 0.000146999999999984 0.000342793
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Table (4-58): Represents average values of 8 where n=100

experiment | parameter MLE OLS RSS
B 0.000137 0.000137 0.000137
= B 0.01193716 0.000136999999999947 0.000303149
B 0.000156 0.000156 0.000156
=2 B 0.002263163 0.000155999999999879 0.000228196
B 0.000447 0.000447 0.000447
=3 B 0.006848347 0.000446999999999998 0.001276205
B 0.000147 0.000147 0.000147
= B 0.012049378 0.000146999999999975 0.000427006

From tables (4-55, 4-56, 4-57, 4-58) with repeating L=1000, according to the

result which we motion above, noting that the estimate the scale parameter 3 of

New Mixture distribution which is very closed in the ordinary least square

method.

4.3.2.1.6 Numerical values of estimator @ (L=1000)

The results in tables(4-22, 4-23, 4-24, 4-25)present the values of

estimator (a)for all estimation methods are increasing for increasing

true values of parameter(a) for n=10, 30 ,50 ,100 repeating L=1000.

the minimum values of estimator (a)for all estimation methods which

are very close to the true values especially in ordinary least square

method which is converged to the true value of the parameter(a) for

n=10, 30, 50, 100 which are given in the following tables:
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Table (4-59): Represents average values of & where n=10

experiment parameter MLE OLS RSS
0.00013 0.00013 0.00013
=l a 0.003032984 0.000129999999999951 0.000281648
0.00023 0.00023 0.00023
=2 a 0.005340238 0.00023000000568712 0.000468886
0.00032 0.00032 0.00032
&3 a 0.00667624 0.000319999999999919 1.3729E-05
a 0.00023 0.00023 0.00023
= a 0.005797184 0.000230000000000006 0.000509607
Table (4-60): Represents average values of @ where n=30
experiment | parameter MLE OLS RSS
a 0.00013 0.00013 0.00013
= a 0.008229825 0.000129999999999987 0.00027673
a 0.00023 0.00023 0.00023
=2 a 0.01988364 0.000229999999999961 0.00048997
a 0.00032 0.00032 0.00032
=3 a 0.019104957 0.000319999999999779 7.76052E-06
0.00023 0.00023 0.00023
=4 a 0.02526177 0.000229999999999878 0.000653818
Table (4-61): Represents average values of @ where n=50
experiment parameter MLE OLS RSS
0.00013 0.00013 0.00013
=t a 0.012794253 0.000129999999999916 0.000272226
0.00023 0.00023 0.00023
=2 a 0.031882553 0.000229999999999931 0.000288377
0.00032 0.00032 0.00032
=3 a 0.040784979 0.000319999999999939 0.000900716
a 0.00023 0.00023 0.00023
= a 0.038844907 0.000229999999999976 0.000509321
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Table (4-62): Represents average values of & where n=100

experiment parameter MLE OLS RSS

0.00013 0.00013 0.00013

= a 0.038467604 0.000129999999999982 0.000292506
0.00023 0.00023 0.00023

=2 a 0.059319026 0.00022999999999999 0.000272653
0.00032 0.00032 0.00032

=3 a 0.08342274 0.000319999999999906 0.000388816
a 0.00023 0.00023 0.00023

= a 0.097087378 0.00023000000000002 0.000632103

From tables (4-59, 4-60, 4-61, 4-62) with repeating L=1000, according to the

result which we motion above, noting that the estimate the shape parameter o of

New Mixture distribution which is very closed in the ordinary least square

method.

Now the following tables introduce the mean square error of the three

parameters of New Mixture distribution of all classical methods of this study

include different sizes of samples n=10, 30, 50, 100 with repeating L=500,

1000.
Table (4-63): Represents the MSE of [ for the E1 experiment

L n MLE OLS RSS BEST
10 0.00000036694 3.1661E-35 0.00490 OLS

30 0.0000022527 1.864E-35 0.0026 OLS

>0 50 0.0000058363 7.2008E-36 0.0002518 OLS
100 0.000022792 3.6964E-35 0.00590 OLS

10 0.00000024117 2.4222E-35 0.0132 OLS

30 0.0000021444 2.2967E-35 0.0193 OLS

1000 50 0.0000057182 1.4031E-35 0.0208 OLS
100 0.000023375 1.1023E-35 0.0017 OLS
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Table (4-64): Represents the MSE of 8 for the E1 experiment

L n MLE OLS RSS BEST
10 0.0000016459 2.4673E-34 0.00072359 OLS

30 0.000023055 3.8979E-35 0.0022 OLS

>0 50 0.000068348 1.8527E-35 0.0014 OLS
100 0.00028596 3.1759E-34 0.0018 OLS

10 0.0000026663 2.4243E-34 0.00390 OLS

30 0.000023606 2.1432E-34 0.0066 OLS

1000 50 0.000072725 1.6479E-34 0.008 OLS
100 0.00027563 2.6748E-35 0.002 OLS

Table (4-65): Represents the MSE of a for the E1 experiment

L n MLE OLS RSS BEST
10 0.000018551 2.9652E-34 0.000052633 OLS

30 0.00014717 1.4389E-34 0.00031098 OLS

>0 50 0.00040088 8.8051E-35 0.000041055 OLS
100 0.0016 1.5123E-34 0.000027275 OLS

10 0.000015795 3.2238E-34 0.00028761 OLS

1000 30 0.00014292 9.8248E-35 0.00013256 OLS
50 0.00039478 2.9083E-34 0.000034274 OLS

100 0.0016 4.2076E-34 0.00010771 OLS

Table (4-66): Represents the MSE of @ for the E; experiment

L n MLE OLS RSS BEST
10 0.0000015819 3.9245E-35 0.00580 OLS

30 0.0000093269 6.3841E-35 0.0036 OLS

>0 50 0.000024128 1.8639E-36 0.0126 OLS
100 0.1041 1.0187E-34 0.0133 OLS

10 0.0000010968 2.5808E-35 0.0836 OLS

30 0.000020984 8.8624E-36 0.0875 OLS

1000 50 0.000051189 6.8427E-36 0.075 OLS
100 0.00011124 4.7433E-36 0.0777 OLS
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Table (4-67): Represents the MSE of {3 for the E; experiment

L n MLE OLS RSS BEST
10 0.00000083494 1.9259E-34 0.0061 OLS

30 0.000011098 6.2725E-34 0.0098 OLS

>0 50 0.000054059 6.7375E-36 0.0032 OLS
100 0.0666 1.1911E-33 0.0025 OLS

10 0.0000019116 1.7021E-34 0.00032403 OLS

30 0.0000022678 1.4221E-35 0.00025287 OLS

1000 50 0.000013551 7.8262E-35 0.0023 OLS
100 0.00020023 7.0526E-35 0.00063636 OLS

Table (4-68): Represents the MSE of a for the E; experiment

L n MLE OLS RSS BEST
10 0.000059651 4.6033E-34 0.00004524 OLS

30 0.00047438 3.1974E-34 0.000067033 OLS

>0 50 0.0012 9.1289E-35 0.000022839 OLS
100 5.6925 5.3839E-34 0.000050329 OLS

10 0.000051243 1.5414E-33 0.00003171 OLS

1000 30 0.00060054 4.6232E-35 0.00016859 OLS
50 0.0016 1.0408E-34 0.0008517 OLS

100 0.0051 1.2156E-34 0.00043572 OLS

Table (4-69): Represents the MSE of @ for the E3 experiment

L n MLE OLS RSS BEST
10 0.000002242 1.533E-35 0.04 OLS

30 0.000020088 2.2026E-35 0.0125 OLS

>0 50 0.000051148 9.3857E-36 0.0236 OLS
100 0.0002167 4.8546E-36 0.0342 OLS

10 0.0000022769 1.0287E-35 0.1631 OLS

30 0.000019084 1.3669E-35 0.0618 OLS

1000 50 0.000050979 5.5551E-36 0.1494 OLS
100 0.00020789 4.0511E-36 0.0487 OLS
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Table (4-70): Represents the MSE of 8 for the E3 experiment

L n MLE OLS RSS BEST
10 0.0000056575 2.4537E-34 0.0062 OLS

30 0.000051542 3.3027E-35 0.0204 OLS

>0 50 0.00015268 7.3695E-35 0.0071 OLS
100 0.00061956 1.5893E-35 0.00490 OLS

10 0.0000036045 1.3745E-35 0.0266 OLS

30 0.000052092 1.1966E-34 0.0407 OLS

1000 50 0.000147 5.8327E-35 0.011 OLS
100 0.00070951 1.8575E-35 0.0712 OLS

Table (4-71): Represents the MSE of a for the E3 experiment

L n MLE OLS RSS BEST
10 0.000073631 1.5578E-34 0.000040197 OLS

30 0.0006677 1.7322E-34 0.000059738 OLS

>0 50 0.0018 1.0577E-34 0.00010888 OLS
100 0.00725 1.499E-34 0.00016092 OLS

10 0.00007863 1.4793E-34 0.0000065982 OLS

30 0.00066032 1.5038E-34 0.000017942 OLS

1000 50 0.0018 1.6515E-34 0.00082004 OLS
100 0.0071 9.1043E-35 0.0034 OLS

Table (4-72): Represents the MSE of @ for the E4 experiment

L n MLE OLS RSS BEST
10 0.0000029811 1.8408E-35 0.0083 OLS

30 0.000021048 3.6077E-36 0.0187 OLS

°00 50 0.000064161 1.1774E-35 0.0226 OLS
100 0.00025022 4.9422E-36 0.000026496 OLS

10 0.0000019142 6.9029E-35 0.0143 OLS

30 0.000019367 4.8306E-36 0.1398 OLS

1000 50 0.000058241 1.1857E-36 0.0417 OLS
100 0.00024171 4.0029E-36 0.0133 OLS
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Table (4-73): Represents the MSE of 3 for the Esexperiment

L n MLE OLS RSS BEST
10 0.0000020359 2.3105E-34 0.0247 OoLS

30 0.000028554 5.3439E-36 0.0118 OoLS

>0 50 0.00005109 1.641E-34 0.0052 OoLS
100 0.00028896 4.277E-36 0.0327 OoLS

10 0.0000042342 6.1845E-34 0.1702 OoLS

30 0.000029651 2.4641E-35 0.0025 OLS

1000 50 0.000077224 2.2387E-36 0.0811 OLS
100 0.00028176 3.772E-36 0.0652 OoLS

Table (4-74): Represents the MSE of a for the E4 experiment

L n MLE OLS RSS BEST
10 0.00010437 3.3484E-35 0.00017865 OLS

30 0.00088283 1.4195E-34 0.00029966 OLS

>0 50 0.0026 4.6172E-35 0.00081742 OLS
100 0.01 7.118E-35 0.0011 OLS

10 0.000092168 2.204E-34 0.0012 OLS

30 0.0008544 1.2284E-34 0.0016 OLS

1000 50 0.002534 8.8528E-35 0.0001643 OLS
100 0.013 6.5771E-35 0.0031 OLS

From tables (4-63, 4-64, 4-65, 4-66,4-67, 4-68,4-69,4-70, 4-71, 4-72, 4-73, 4-
74) according to the result that we motion above, noting that the best classical
method that used to estimate the parameters (Y,3, o) of New Mixture

distribution which is the ordinary least square method.
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4.4 Combination between the two methods of simulation

In this subsection, introduce simple combination between the first and second

method of simulation. Besides, represents the Similarities and differences

between them as the following table:

Table (4-75): Represents the combination between the first and second method
of simulation

n First method

The method depends on the inverse of
1 | the cumulative function of the New

Mixture distribution.

Using uniform distribution one time
2 | for U=F(x)

The size of the sample is
3 | N=10,30,50,100 with repeating the
experiments 500, 1000 times.
Fixed a=1 for all experiments to
4 | generate positive values of x
One of the positives of this method is
5 | the singularity of error for all classical
methods.
The best method with minimum square
6 | error is ordinary least square
estimation method
For all estimation methods with n=10,
7 |30, 50, 100 the value of (@, B, &) are
increasing true values of parameters
(Y,B,0)for MLE and OLS but it is
oscillation in RSS. That means the
estimate values of parameters are
bigger or smaller than the true value.
The second order of the best estimation
8 | method according to the minimum
square error is rank sampling set
method
The minimum values of
estimators(@, 8, &) for all estimation
9 methods which are very close to the
true values especially in ordinary least
square method which is converged to
the true value of the parameter for
n=10, 30, 50, 100.

Second method

The method depends on the Newton-Raphson
formula.

Using uniform distribution two times for the
formula one time of the fraction's numerator
and the second to generate Xo.

The size of the sample is

N=10,30,50,100 with repeating the
experiments 500, 1000 times.

Choose different value of the a, in order to
use it to generate positive values of x

The singularity of error for two classical
MLE,OLS methods but the deference for the
rank sampling set method.

The best method with minimum square error
is ordinary least square estimation method

For all estimation methods with n=10, 30,

50, 100 the value of (&, 3, &) are increasing
for increasing true values of parameters

(Y8, ).

The second order of the best estimation
method according to the minimum square
error is rank sampling set method

The minimum values of estimators(@, 3, &)
for all estimation methods which are very
close to the true values especially in ordinary
least square method which is converged to
the true value of the parameter for n=10, 30,
50, 100.
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4.5 Practical application (1)

The Kut textile factory of the General Company for Textile Industries consists

of two parts:

Yarn section and textile section. The textile department has been selected to
collect the samples required for the following application because the section
includes various industrial products such as (jerseys, underwear Stockings,
textiles of all kinds). This data is collect by researcher Haider R., Talib[9]. The
data on the machines of the spinning department were collected if the failure

times were taken until the sample was 1001In the table:

Table (4-76): Represents data of the actual sample stopping times for one

month:

10 9 12.5
9.5 17 1.5

9.5 185 8.5 13 7.5 4
115 18 21 135 | 155 16
15 145 7.5 4 2 4
6.5 26.5 7 8 3 ) 7 145 | 18.5
10 14 12 14 9.5 14 9.5 155 | 175 6.5
12 4.5 18 21.5 13 3 12 8 4.5 20
11 8 12 18 8.5 3) 12 3.5 3 6.5
18.5 9 15 14 20 12 22.5 1 27 8.5
8 3) 9.5 8 21.5 7 20.5 4 10 15
12 12 2 1 19 165 | 175 13 16 14

~N NN O W

To show this data distribute as the data of New Mixture distribution, follow this
hypothesis test:

Ho: Suppose 6, distribute as a data for New Mixture distribution.
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H,: Suppose 6, not distribute as a data for New Mixture distribution.

Using the test standard is likelihood ratio test as formula:

o8
LR=-2In[5, 2]

Suppose that 6,=(Y= 0.0078, B = 0.0073, a = 0.0006)

Then, -2 Inf(6,) = 843.4663 , using maximum likelihood estimation method
to estimate the 6, and find & = (@ = 0.0109, 8 = 0.0088,a = 0.0003)

Getting, 2 In€(0)=-838.4730, denote the value of LR is A.

A= =2(In(8o) — nt(8)) = (20nt8) — 2int(8,))
= —838.4730 + 843.4663 = 4.9933

Then 2 = 4.9933 is the likelihood ratio test take c is the critical region 0<c<1.
if the value of A>c then do not reject Hy.

If the value of A<c then reject H,.

As the result, since 4 = 4.9933 > c then do not reject H, .

Then this data has distributed as a new Mixture distribution.
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45.1 The Information creation of real data

Comparing the New Mixture distribution with many related distributions as
Weibull, exponential Rayleigh, exponential Weibull, and Rayleigh Weibull
distributions. Using some information creations noting that, the New Mixture
distribution is good fitting comparing with the distributions motion above

according to the result of the following table:

Table (4-77): Represents the Information Criterion for data of actual sample
stopping times for one month

WEIBULL @ =3.1603 0.3397 897.5384 | 899.5384 899.579216 | 902.1435702
EXPONENTIAL | & = 0.0156 0.01557350
o= ' " | 849.5994 | 8535994 855.313685 | 858.9079404
RAYLEIGH | B =0.000152 0086480
RAYLIEGH | B =0.0056 0.0023
T oyt T 864.8482 | 868.8482 868.971912 | 874.0585404
EXPONENTIAL | g = 0,01 0.0005
WEIBULL f= 0.0000397 e 1143.1 1147.1 1147.22372 | 1152.310341
NEW oo irat | 000301744
MIXTURE b= 0000065304 | 0-0012494 | 838.0050 | 844.0050 844.255 | 851.820510
DISTRIBUTION | =% 0.00053461

4.5.2 The result of application

This subsection introduced the mean square of all estimation
methods(Maximum Likelihood estimation, Ordinary Least Square estimation,
and Rank Sampling set) which is used to estimate the three parameters (Y,[3,a)

of New Mixture distribution as follows:
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Table(4-78): Represents the parameters estimator of New Mixture distribution

100

0.000670521 0.000949999999999996 0.0011328
0.000191996 0.000009500000000102 0.000157766
0.000171061 0.000370000000000003 0.000272019

The initial value of Newton-Raphson method which is used of this application is
Y'=0.00095, B =0.0000097, a. = 0.00037. The mean square error is the measure

to compare between all of the classical methods which are used of this study.

The result of mean square error which is motion of this table:

Table(4-79):the MSE of all estimation method

7.81084E-08 1.60925E-35 3.34158E-08
100 3.32318E-08 1.04005E-36 2.19236E-08
3.95769E-08 8.88968E-36 9.60034E-09

Noting that the ordinary least square method is the best method comparing with

the all classical methods which are used of this study because the mean square

error of it is less than the mean square error of the Maximum Likelihood

estimation and Rank Sampling set estimation method. The second order of the

best is the Rank Sampling estimation and finally is the Maximum Likelihood

estimation method.
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4.6 Practical application (2)

These data were collected from the Ministry of Health, especially from the
Yarmouk Teaching Hospital for patients who died of Prostate and bladder
cancer. It starts from 24/7/2010 to 28/7/2016. The sample included ten
deceased:

Table (4-80): Represents the number of days the patient has lived from the
moment she enters the hospital until his death.

N

patient [ 16 36 54 59 159 197 210 364 533
death

To show this data distribute as the data of New Mixture distribution, follow this

hypothesis test:
Ho: Suppose 6, distribute as a data for New Mixture distribution.
H.: Suppose 6, not distribute as a data for New Mixture distribution.

Using the test standard is likelihood ratio test as formula:

LR=—2In[" ((“%)]

Suppose that 6,=(Y= 0.00192, B = 0.0000001, & = 0.0017)

Then, -2in £(6,) = 146.8552 , using ranking sampling set method to estimate
the 8, and find = (@ = 0.000334, 8 = 0.0000134,a = 0.0099)

Getting , 2 Inf(8)= — 145.0383, denote the value of LR is A.

2= =2(In(8o) — nt(8)) = (20nt8) — 2int(8,)) =
—145.0383 +146.8552= 1.8169
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Then 4 = 1.8169the likelihood ratio test take c is the critical region 0<c<1.
if the value of A>c then do not reject Hy.
If the value of A<c then reject Ho.

As the result, since 4 = 1.8169 > ¢ then, do not reject H,.

That means this data has distributed as a New Mixture distribution.

4.6.1 The information criterion of real data

Using some information criterion as the Akaike information criterion, corrected
Akaike information criterion and the Bayesian information criterion to compare
the New Mixture distribution with other distributions. According to the result of
the following table, observing that the New Mixture distribution is good fitting
than other related distributions. The following table includes the New Mixture

distribution comparing with other distribution as follows:

Table (4-81): Represents the Information Criterion of the number of days the
patient has lived from the moment she or he enters the hospital until his death.

WEIBULL @ = 35.893756 0.15933 174.3939 | 176.3939 176.8939 | 176.6964850
EXPONENTIAL = 0.00020355 | 0.000201650
c= U ' 150.9496 | 154.9496 156.663886 | 155.5547701
RAYLIEGH B = 0.00000355 | 0.00009645
RAYLIEGH B =0.00002475 | 0.00000825
LT & = 0.0046 o 152.6202 | 156.6202 158.334485 | 157.2253701
EXPONENTIAL =0.0009499 | 0.000009910
WEIBULL 4 0.00006531 | 0.000034689 | 1621965 | 166.1965 167.910786 | 166.8016701
NEW =0.0011 0.000820
MIXTURE b= 00&?107%00581 o.%ogggzlug 143.3172 | 149.3172 153.3172 | 150.224955
DISTRIBUTION | &= :
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4.6.2 The result of application

This subsection introduced the mean square of all estimation
methods(Maximum Likelihood estimation, Ordinary Least Square estimation,
and Rank Sampling set) which is used to estimate the three parameters (Y,f3,a)

of New Mixture distribution as follows:

Table (4-82): Represents the parameters estimator of New Mixture distribution

0.001261151 0.00192000000000003 0.000334289
10 8.49E-06 9.99999999999859E-08 1.33E-05
0.001483083 0.00169999999999999 0.009869731

The initial value of Newton-Raphson method which is used of this application is
Y=0.00192, =0.0000001, 0=0.0017. The mean square error is the measure to
compare between all of the classical methods which is used of this study. The

result of mean square error which is motion of this table:

Table (4-83):the MSE of all estimation method

4.34082E-07 8.95445E-34 2.51448E-06
10 7.04607E-11 1.98673E-40 1.73204E-10
4.70532E-08 9.94938E-35 6.67445E-05

Noting that the ordinary least square method is the best method comparing with

the all classical methods which is used of this study because the mean square
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error of it is less than the mean square error of the maximum likelihood
estimation and rank sampling set estimation method. The second order of the
best is maximum likelihood estimation for estimate the parameters Y, 3, a and

finally is the rank sampling estimation method.
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Chapter Five CONCLUSION AND RECOMMENDATIONS

5-1 Introduction

This chapter consists many survey conclusions and recommendations for this
thesis. It is discussed with the theoretical part about a New Mixture
distribution according to the contributions and the results of the simulation
study that can be used to evaluate the behavior of the estimators for unknown

shape parameter(a) and scale parameters(Y,3) of New Mixture distribution.

5-2 Conclusion

There are many significant conclusions of this study which are as the
following:

1. In the first method of simulation study for MLE, OLS estimation
methods, noting that the estimator of scales and shape parameters
(8, B, @)are increasing for increasing true value of parameter Y;p,a.

2. In the first method of simulation study observing that, for RSS
estimation method that the estimator of scales and shape parameters
(@, B, &) are oscillation. That means the estimate values of parameters
are bigger or smaller than the true value of parameter Y, (3,a.

3. In the second method of simulation study noting that, for all
estimation methods the scales and shape parameters (@, 3, &) are
increasing for increasing the true value of parameter Y,f3,a.

4. In OLS estimation method, note that the estimators of scales and
shape parameters (@,5,&) are very closed to the true value of
parameter Y for all sample size which is used of this study.

5. Noting that, for all estimation methods, the mean squares error for

(@,B3,&) are oscillation for increasing true values of parameter
(Y.8.a).
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6. For all estimation methods, noting that the mean squares error of
parameter (@, 3,&) are increasing for increasing the samples sizes
especially in the first method of simulation study.

7. The first order of the best estimation method in the two methods of
simulation study is the least square estimation method.

8. The second order of the best estimation method in the two methods of
the simulation study is the rank set sampling method and finally is the
maximum likelihood estimation method.

9. For real data applications, the best estimation method is the ordinary
least square method depends on the mean square error as a measure of
comparison between the classical estimation methods.

10. The second order of the best estimation method for real data
applications is the maximum likelihood estimation method and finally
Is the ranking set sampling estimation method.

11. For real data applications, the scale parameter (&) are increasing for
increasing the true value of parameter ().

12. For real data applications, the scale parameter (f) are oscillation for
increasing the true value of parameter (j3).

13. For real data applications, the shape parameter (@) are oscillation for
increasing the true value of parameter ().

14. The last conclusion is that the mean squares error of real data

applications are increasing for increasing the samples sizes.
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5-3 Recommendations

There are many important notes which are used for fracture study as

follows:

1. Using the concurring data for the application of the New Mixture
distribution.

2. Find other estimation methods as Bayesian estimation methods to
estimate the three parameters of New Mixture distribution.

3. Comparing between the Bayesian estimation method and the classical
estimation methods.

4. Using other classical methods to estimate the three parameters of New
Mixture distribution.

5. A study of the generalization of this method used for mixing different

distributions.
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APPENDIX

SOME PROGGRAMING OF
THE NEW MIXTURE
DISTRIBUTION



MLE for New Mixture Distribution

n=size of sample;
a(1,1)=...... a(2,1)=........ a3,1)=........;
g=0;w=0;s=0;r=0;t=0;y=0;u=0;v=0;
gq=0;ww=0;ss=0;rr=0;ty=0;yt=0;qw=0;wq=0;sr=0;rs=0;tt=0;yy=0;uu=0;vv
:01
fori=1:n

sd(i)=(2*a(1,1)+(a(2,1)*x())+(@(3,1)*(x())(a(3,1)-1))*(-2)));

q=q+1;

qg=qq+sd(i);

f1=(-4)*qq;
sf(i)=((2*a(1,1)+(a(2,1)*x())+(@(3,1)*(x()*(a(3,1)-1)))"(-2))*(x(1));

w=w+1;
ww=ww-+sf(i);

f2=(-2)*ww;

sg1()=((2*a(1,1)+(a(2,1)*x())+(a(3,1)*(x()(@a(3,1)-1))))(-
2))*(x(N™@(3,1)-1));

sg2(i)=a(3,1)*log(x(i)+1;

S=s+1,

ss=ss+(sgl(i)*sg2(i));

f3=(-2)*ss;

Sh(i)1=((2*a(1,1)+(a(2,1)*X(i))+(a(3,1)*(X(i)“(a(3,1)-1))))"(-2))*(X(i))"2;
r=r+1;
rr=rr+sh(i);

f4=(-1)*rr;

sk1(i)=((2*a(1,1)+(a(2,1)*x(i))+(@(3,1)*(x()"*(a(3,1)-1))"(-
2))*(x()"a(3,1));

sk2(i)=(a(3,1)*log(x(i)))+1;

t=t+1;

tt=tt+(sk1(i)*sk2(i));

f5=(-1)*t;



svi(i)=((2*a(1,1)+(a(2,1)*x()+(a(3,1)*(x()*(a(3,1)-))N"(-
1))*(x()"*(a(3,1)-1)*log(x(i)));

sv2(i)=(a(3,1)*log(x(i))+2;

t=t+1;

tt=tt+(sv1(i)*sv2(i));

sv3(i)=((2*a(1,1)+(a(2,1)*x())+(a(3,1)*(x()"*(a(3,1)-1)))N)"(-
2 x()N2*a(3,1)-2));

sv4(i)=(a(3,1)*log(x(i))+1)"2;

u=u+l;

uu=uu+(sv3(i)*sv4(i));

sx(i)=(x(i)*a(3,1))*((log(x(i)))"2);
v=v+1;
ww=wv+sX(i);

fé=tt-uu-vv;

end

J=[f1f2 {3 ; f2 f4 15 ; f3 {5 f6];
J1=inv(J);

for j=1:n
sd1()=(2*a(1,1)+a(2,1)*x()*+(a(3,1)*(x()N@a(3,1)-1))"(-1);

qw=qw+sd1(j);
wa=wa+(x());

F=2*(qw)-2*(wq);
sd2(j)=((2*a(1,1)+a(2,1)*x()+a(3,1)*(x()"(a(3,1)-1))"(-1))*(x());
sr=sr+sd2(j);

rs=rs+(x(j).*2);

G=sr-(rs/2);
sd3()=((2*a(1,1)+(a(2,1)*x())+(@(3,1)*x()"(@a(3,1)-1)N)"(-

Dy (x0)*@a(3,1)-1));

sd4(j)=(a(3,1)*log(x(})))+1;
sd5(j)=sd3(j)*sd4());



ty=ty+sd5());
sd6(j)=(x()"a(3,1))*(log(x()));
yt=yt+sd6(j);

end
K=ty-yt;
a=[a(1,1);a(2,1);a(3,1)]-J1*([F,G;K])

while abs(a-a(1,1))>0.001
a=a(l1,1);
while abs((a-a(2,1)))>0.001
a=a(2,1);
while abs(a-a(3,1))>0.001
a=a(3,1);
end
end
end

Calculated the AIC, AIC. BIC

n=size of sample;

p=a(l,1);m=a(2,1);h=a(3,1);

g=0;s=0;

gq=0;ss=0;

fori=1:n
sd1(i)=log((2*p)+(m*x(i))+(h*((x(1))"*(h-1))));

q=g+1;
qg=qq-+sdi(i);

end

for j=1:n
sd2(j)=(2*p*x(§))+((M/2)*(x(j)."2))+(x())-"h);
Ss=s+1;
ss=ss+sd2(j);

end

b=6-2*(qQ-ss);
bb=3*In(n)- 2*(qqg-ss);
bs=2*k*(k+1)/(n-k-1);
bk=b+bs;



MLE for Rayleigh Weibull Distribution

n=size of sample;

g=0;w=0;s=0;t=0;y=0;

gq=0;ww=0;ss=0;tt=0;yy=0;

for i=1:n
q=g+1;

a(i)=(m*x(i))+(h*(x(i)*(h-1)));

qa=qa+((1/(a()"2)*(x(1)"2));

end

f1=(-1)*qq

for j=1:n

w=w+1;

b(=(Mx@)+P*@h-1):
c()=(2/(b())"2)*(x()*n)*(h*log(x())+1);
ww=ww-+c(j);

end

f2=(-1)*ww

for k=1:n
s=s+1;
I(k)=(m*x(k))+(h*(x(k)"(h-1)));
p(k)=(1/(I(k)))*(x(k)(h-1))*(2+(h*(log(x(k)))));
ss=ss+p(Kk);

end

for z=1:n
t=t+1,
I(z)=(m*x(z))+(h*(x(z)"(h-1)));
pp(2)=(1/(lI(2))"2)*(x(2)(2*(h-1)))*((h*log(x(2))+1)"2);
tt=tt+pp(2);

end

for r=1:n
y=y+1;
e(n=((x(r))*h)*((log(x(N)"2);
yy=yy+e(r);

end

f3=ss-tt-yy

J=[f1 {2 ; f2 3]

J1=inv(J);



Calculated the AIC, AIC,, BIC
n=size of sample;
m=.......;h=......... ;
g=0;w=0;s=0;t=0;y=0;v=0;
gq=0;ww=0;ss=0;tt=0;yy=0;vv=0;
fori=1:n
q=q+1;
a(i)=(m*x(i))+(h*(x()*(h-1)));
qq=qa+((1/(a(i)))*(x(1)));

end

for u=1:n
y=y+1;
yy=yy+(x(u)*2);

end

f=09g-(0.5*yy);

for j=1:n
w=w+1;
b(=(Mx@)+P N1
c(i)=(1/(b(j)))*(x()(h-1))*(h*log(x(}))+1);
wWw=ww+c(j);

end

for k=1:n
S=s+1,
I(k)=(x(k)"h)*log(x(Kk));
ss=ss+l(k);
end
g=WW-SS;
a=[m;h]-(J1*[f;g])
while abs(a-m)>0.001
a=m;
while abs((a-h))>0.001
a=h
end
for p=1:n
v=v+1;
vv=vv+log(((a(1)*x(p))+(a(2)*(x(p))"(a(2)-
1)))*(1/exp(((a(1)/2)*x(p)*2)+(x(p)"a(2)))));

ff=4-(2*wv);



bb=2*In(n)- 2*(vv);
bs=2*k*(k+1)/(n-K-1);
bk=ff+bs;
MLE for Exponential Rayleigh distribution

n=size of sample;

g=0;w=0;s=0;

gq=0;ww=0;ss=0;

for i=1:n
a(i)=p+(m*x(i));
q=q+1,
qq=qq+(1/(a(i)*2));

end

f1=(-1)*qq

for j=1:n
b(j)=p+(m*x());
c()=x()/(b(i)"2);
w=w+1;
WW=Ww+C(j);

end

f2=(-1)*ww

for k=1:n
I(k)=p+(m*x(Kk));
r(k)=(x(k)*2)/(I(k)"2);
S=s+1;
ss=ss+r(K);

end

f3=(-1)*ss

J=[f1 2 ; 2 3]
J1=inv(J);

Calculated the AIC, AIC. ,BIC
n=size of sample;

g=0;w=0;s=0;t=0;v=0;
gq=0;ww=0;ss=0;tt=0;vv=0;
for i=1:n

a(i)=p+(m*x(1));

q=q+1,

qq=qq-+(1/(a(1)));



end

for u=1:n
S=s+1,
ss=ss+x(u);

end

f=qg-ss

for j=1:n
b(j)=p+(M*x());
c()=x()/b();
w=w+1,
ww=ww+c(j);

end

for z=1:n
t=t+1,
tt=tt+((x(2))"2);

end

g=ww-(tt/2)

a=[p;m]-(J1*[f;g])

while abs(a-m)>0.001
a=m;
while abs((a-p))>0.001

a=p
end
end

for k=1:n
bb(k)=a(1)+(a(2)*x(k));
aa(k)=exp(a(1)*x(k)+(0.5*a(2)*x(k)"2));
v=v+1,;
vv=vv+log(bb(k)/aa(k));

end

ff=4-(2*wv);

bf=2*In(n)- 2*(wv);

bs=2*k*(k+1)/(n-k-1);

bk=ff+bs;

MLE for Exponential Weibull Distribution

n=size of sample;

g=0;w=0;s=0;t=0;y=0;



gq=0;ww=0;ss=0;tt=0;yy=0;
fori=1:n

a(i)=m+(h*((x(1))*(h-1)));
q=g+1;
qg=qqg+(1/(a(i))"2);

end

f1=(-1)*qq;

for j=1:n

b(i)=m+(h*((x()"(h-1));
c()=((x())"(h-1))*(h*log(x(j))+1);
w=w+1;
ww=ww+(c(j)/(b(}))"2);

end

f2=(-1)*ww

for k=1:n

L(k)=m+(h*((x(k))*(h-1)));
p(K)=((x(k))(h-1))*(log(x(k)))*(2+h*log(x(k)));
S=s+1;
ss=ss+(p(k)/L(K));

end

for z=1:n

I(z)=m+(h*(x(z))\(h-1));
PR(2)=(((2) (2" (-D)(viog(x(2)+12)
=1+ ,
tt=tt+(pp(2)/(1i(2))"2);

end

forr=1:n
y=y+1;
e(n=((x(r)))*((log(x(r)))"2);
yy=yy+e(r);

end

f3=ss-tt-yy

J=[f1 {2 ; f2 3]

J1=inv(J);

Calculated the AIC, AIC. BIC

n=size of sample;



r=0;9=0;w=0;s=0;v=0;u=0;
rr=0;9g9=0;ww=0;ss=0;vv=0;uu=0;
fori=1:n
q=q+1;
qq=qq+(L/(m+(h*(x(1)(h-1)))));
end
for k=1:n
r=r+1;
rr=rr+x(K);
end
f=qq-rr;
for j=1:n
sd1(j)=1/(m+(h*(x(j)*(h-1))));
sd2(j)=(x()(h-1))*(h*(log(x(1)))+1);
S=s+1,
ss=ss+(sd2(j)/sd1()));
end
for z=1:n
w=w+1,
ww=ww+((x(z)"h)*(log(x(2))));
end
g=SS-Ww;
a= [m;h]-(I1*[f;g])
while abs(a-m)>0.001
a=m;
while abs((a-h))>0.001
a=h;
end
end

for t=1:n
sal(t)=log(a(1)+(a(2)*(x(t)"(a(2)-1))));
v=v+1;
vw=vv+sal(t);

end

for e=1:n
sa2(e)=(a(1)*x(e))+(x(e)"a(2));
u=u+l,
uu=uu+sa2(e);

end

ff=4-(2*(vv-uu));

bf=2*In(n) -(2*(vv-uu));

bs=2*k*(k+1)/(n-k-1);



bk=ff+bs:

MLE for Weibull Distribution and Calculated the AIC, AIC. BIC

n=size of sample;

r=0;s=0;9=0;u=0;rr=0;ss=0;9q=0;t=0;tt=0;uu=0;

fori=1:n
r=r+1,
v(i)=(log(x())"2;
rr=rr+((x(1)*h)*v(i));

end

a=(-1)*(n/(h"2))-rr;

for j=1:n
S=s+1;
ss=ss+log(x()));

end

b=ss;

for k=1:n
q=q+1;
z(k)=log(x(k));
qq=qa+(((x(k))"*h)*z(k));

end

€=qq;

f=(n/h)+b-c;

d=h-(f/a)

while abs((d-h))>0.001

d=h;
end

for L=1:n
y(L)=log(x(L));
t=t+1;
tt=tt+y(L);

end

for e=1:n
u=u+1l,
uu=uu+x(e);

end

w=(n*log(h))+((h-1)*tt)-uu,;



m=2-(2*w);

ff=In(n) -(2*w);
bs=2*k*(k+1)/(n-k-1);
bk=ff+m;

Generalized Data By the First Method of Simulation

a=[....... . 1];

u=rand(n,L);

for j=1:L

fori=1:n

CDF(i,j)=log(1-u(i.j));

r(i,j)=sqrt(((2*a(1,1)+1)"2)-(2*a(2,1)*CDF(i,))));
x(i,j)=(1/a(2,1))*((-2*a(1,1)-1)+r(i,j));
k(i,)=(1/a(2,1))*((-2*a(1,1)-1)-r(i.}));

end
end

y=rand(n,L);
for j=1:L
for i=1:n
x(1,))=y(1.))-((1-exp((-2*al*y(1.j))-((b/2)*y(1.))"2)-(y(1.))"c))-rand(i-(i-
1))/(((Z*al+b*y(1,)))+(c*(y(1.))"(c-1))))*(exp((-2*al*y(1,)))-
((b/2)*y(1.))"2)-(y(1.))*C))));

end
end

MLE for New Mixture Distribution for Simulation Samples

n=size of sample;

ml=L;
pP=....Mm=......; = ;
g=0;w=0;s=0;r=0;t=0;y=0;u=0;v=0;

99=0;ww=0;ss=0;rr=0;ty=0;yt=0;qw=0;wq=0;sr=0;rs=0;tt=0;yy=0;uu=0;vv
:O’

for k=1:m1

for i=1:n



sd(i)=(2*p+(m*x(i,k))+(h*(x(i,k)*(h-1))(-2)));
g=q+1;
qgq=qq-+sd(i);

f1=(-4)*qa;

st(i)=((2*p+(m*x(i,k))+(h*(x(i,k)"(h-1))))"(-2))*(x(i,k));
w=w+1;
ww=ww-+sf(i);

f2=(-2)*ww;

sg1()=((2*p+(mx(i,k))+(h*(x(i,k)*(h-1))))*(-2))*(x(i,k)"(h-1));
sg2(i)=h*log(x(i,k))+1;

S=s+1;

ss=ss+(sgl(i)*sg2(i));

f3=(-2)*ss;

Sh(i)1=((2*p+(m*X(i,k))+(h*(><(i,k)"(h-l))))"(-Z))*(X(i,k))“2;
r=r+1;
rr=rr+sh(i);

f4=(-21)*rr;

sk1(i)=((2*p+(m*x(i,k))+(h*(x(i,k)*(h-1)))"(-2))*(x(i,k)h);
sk2(i)=(h*log(x(i,k)))+1;

t=t+1;

tt=tt+(sk1(i)*sk2(i));

f5=(-1)*tt;

sv1(i)=((2*p+(m*x(i,k))+(h*(x(i,k)*(h-1))))"(-1))*(x(i,k)"*(h-1)*log (x(i,k)));
sv2(i)=(h*log(x(i,k)))+2;

t=t+1,

tt=tt+(sv1(i)*sv2(i));

sv3(1)=((2*p+(m*x(i,k))+(h*(x(i,k)*(h-1))))"(-2))*(x(i,k)(2*h-2));
sv4(i)=(h*log(x(i,k))+1)"2;

u=u+1;

uu=uu+(sv3(i)*sv4(i));

sx(1)=(x(1,k)"h)*((log(x(i,k)))*2);



v=v+1;
ww=wv+sX(i);

f6=tt-uu-vv;

J=[f1 12 {3 ; f2 f4 15 ; f3 15 16];

J1=inv(J);

for j=1:n
sd1())=(2"p+m*x(j,k)+(h*(x(},k)"*(h-1))))*(-1);

gw=qw+sd1());

wa=wa+(x(,K));
F=2*(qw)-2*(wq);
sd2(j)=((2*p+m*x(},k)+h*(x(1,k)"(h-1)))(-1))*(x(.K));

sr=sr+sd2(j);

rs=rs+(x(j,k)"2);
G=sr-(rs/2);

sd3(j)=((2*p+(m*x(j,k))+(h*(x(,k)"(h-1)))"(-1))*(x(.k)(h-1));
sd4(j)=(h*log(x(j,k)))+1;
sd5(j)=sd3(j)*sd4());

ty=ty+sd5(j);
sd6(j)=(x(@j,k)"n)*(log(x(,k)));
yt=yt+sd6(j);

K=ty-yt;
end
end
al=J1*[F;G;K];
a(:,k)=[p;m;h]-a1;
while abs((a(1,k))-p)>0.01
p=a(1,k);
while abs((a(2,k))-m)>0.001
m=a(2,k);



while abs((a(3,k))-h)>0.001
h=a(3,k);
end
end
end
end

OLS for New Mixture Distribution for Simulation Samples

n=size of sample

m=L;
para_esti=zeros(3,m);A=zeros(3,1);CDF=zeros(n,m);
lemda=...... ;beta=....... ;alpha=........ ;

aa=0;bb=0;cc=0;dd=0;ee=0;ff=0;gg= Ohh 0;ii=0;

for k1=1:m
fori=1:n
CDF(i,k1)=1-
(L/exp((2*lemda*x(i,k1))+(0.5*beta*(x(i,k1)"2))+(x(i,k1) alpha)));
end
end
for k=1:m
foril=1:n
a4(i1)=x(i1,k)"2;
dd=dd+a4(i1);
f1=8*dd;
end

fori2=1:n
a5(i2)=x(i2,k)"3;
ee=ee+ab(i2);

f2=2*ee;

end

for i3=1:n
a6(i13)=(x(i3,k)*(alpha+1))*log(x(i3,k));
ff=ff+a6(i3);

f3=4*ff;

end

for i4=1:n
ar(i4)=x(i4,k)"4;
gg=gg+ar(id);



f4=0.5*ggQ;
end

for i5=1:n
a8(i5)=(x(i5,k)(alpha+2))*log(x(i5,k));
hh=hh+a8(i5);

f5=hh;

end

for i6=1:n

a9()=((x(16,k) alpha)*log(x(i6,k)))*((log(x(i6,k))*log(1-
CDF(i6,k)))+(2*lemda*x(i6,k)(alpha+1))*((log(x(i6,k))+(0.5*beta*x(i6,k)"™(
alpha+2))+(2*(x(i6,k)(2*alpha))*log(x(i6,k)"2)))));

ii=ii+a9(i6);

f6=2%ii;

end

for j1=1:n

al(j1)=x(j1,k)*((log(1-
CDF(j1,k)))+(2*lemda*x(j1,k))+((beta/2)*x(j1,k)2)+(x(j1,k)(alpha)));
aa=aat+al(jl);

F lemda=4*aa;

end

for j2=1:n

a2(j2)=(x(j2,k)"2)*((log(1-
CDF(j2,k)))+(2*lemda*x(j2,k))+((beta/2)*x(j2,k)*2)+(x(j2,k) (alpha)));
bb=bb+a2(j2);

G_beta=bb;

end

for j3=1:n

a3(j3)=((x(j3,k)*(alpha))*log(x(j3,k)))*((log(1-
CDF(j3,k))+(2*lemda*x(j3,k))+((beta/2)*x(j3,k)2)+(x(j3,k)(alpha)));
cc=cc+a3(j3);

K_alpha=2*cc;

end

J1=[f1 2 £3; f2 f4 f5; 3 {5 f6];
J=inv(J1);

Al=[F lemda;G_beta;K_ alpha];
A(:,k)=J*Al;

para_esti(:,k)=[lemda;beta;alpha]- A(:,k);



while abs((para_esti(1,k))-lemda)>0.001
lemda=para_esti(1,k);

while abs((para_esti(2,k))-beta)>0.001
beta=para_esti(2,k)

while abs((para_esti(3,k))-alpha)>0.001
alpha=para_esti(3,k)

end

end

end

end

RSS for New Mixture Distribution for Simulation Samples

n=size of sample;
ul=L; x=sort(x);
lemda=...... beta=....... ;alpha =......... X
for k=1:ul
for i=1:n
F(i,K)=exp((-2*lemda*x(i,k))-((beta/2)*x(i,k)*2)-(x(i,k)(alpha)));
f(i,k)= ((2*lemda)+(beta*x(i,k))+(alpha*x(i,k)*(alpha-1)));

end
end
for k1=1:ul
foril=1:n
al(il,k1)=-4*f(i1,k1)"(-2);
a2(i1,k1)=4*(i1-1)*(x(i1,k1)"2)*(F(i1,k1)"2)*((1-F(i1,k1))(-2));
a3(il,k1)=4*(i1-1)*(x(i1,k1)"2)*(F(i1,k1)*((1-F(@i1,k1)™(-1));

end
end
fl=sum(al)-sum(a2)-sum(a3);
for k2=1:ul
fori2=1:n
b1(i2,k2)=-2*x(i2,k2)*(f(i2,k2)(-2));
b2(i2,k2)=(i2-1)*(x(i2,k2)"3)*(F(i2,k2)"2)*((1-F(i2,k2))(-2));
b3(i2,k2)=(i2-1)*(x(i2,k2)"3)*(F(i2,k2))*((1-F(i12,k2))*(-1));

end

end
f2=sum(b1)-sum(b2)-sum(b3);
for k3=1:ul
for 1I3=1:n



c1(i3,k3)=(-2)*(x(i3,k3)Malpha-1))*(f(i3,k3)"\(-
2))*(alpha*log(x(i3,k3))+1);
c2(i3,k3)=2*(i3-1)*(x(i3,k3)(alpha+1))*(F(i3,k3)"2)*((1-F(i3,k3))(-
2))*(log(x(i3,k3)));
c3(i3,k3)=2*(i3-1)*(x(i3,k3)N(alpha+1))*(F(i3,k3))*((1-F(i3,k3))"(-
1))*(log(x(i3,k3)));
end
end
f3=sum(cl)-sum(c2)-sum(c3);
for k4=1:ul
forid=1:n
d1(i4,k4)=(-1)*(x(i4,k4)"2)*f(i4,k4)"(-2);
d2(i4,k4)=(1/4)*(i4-1)*(x(i4,k4)"4)*(F(i4,k4)"2)*((1-F(i4,k4))(-2));
d3(i4,k4)=(1/4)*(i4-1)*(x(i4,k4)"4)*(F(i4,k4))*((1-F(i4,k4)"(-1));

end
end
f4=sum(d1)-sum(d2)-sum(d3);
for kb=1:ul
for i5=1:n
e1(i5,k5)=(-1)*(x(i5,k5)"alpha)*(alpha*log(x(i5,k5))+1)*(f(i5,k5)(-2));
e2(i5,k5)=(1/2)*(i5-1)*(x(i5,k5)(alpha+2))*(F(i5,k5)"2)*((1-
F(i5,k5)(-2))*log(x(i5,k5));
e3(i5,k5)=(1/2)*(i5-1)*(x(i5,k5)(alpha+2))*(F(i5,k5))*((1-F(i5,k5))"\(-
1))*log(x(i5,k5));

end
end
f5=sum(el)-sum(e2)-sum(e3);
for k6=1:ul
fori6=1:n
g1(i6,k6)=(x(i6,k6)(alpha-1))*(f(i6,k6)"(-
1))*log(x(i6,k6))*(alpha*log(x(i6,k6))+2);
92(i6,k6)=(x(i6)"(2*alpha-2))*(f(i6,k6)"(-
2))*(alpha*log(x(i6,k6))+1)"2;
g3(i6,k6)=(i6-1)*(x(i6,k6)"(2*alpha))*(F(i6,k6)"2)*((1-F(i6,k6))"(-
2))*((log(x(i6)))"2);
94(i6,k6)=(i6-1)*(x(i6,k6)"(2*alpha))*(F(i6,k6))*((1-F(i6,k6))"(-
1))*((log(x(i6,k6)))*2);
g5(i6,k6)=(n-i6+1)*(x(i6,k6)"(alpha))*((log(x(i6,k6)))"2);
end
end
f6=sum(gl)-sum(g2)-sum(g3)-sum(g4)-sum(g5);



for k7=1:ul

for j=1:n
h1(j,k7)=2*()"(-1);
h2(j,k7)=(-1)*(2*x(1,k7))*(F(1,k7))*((1-F(,k7))"(-1));
h3(j,k7)=(n-j+1)*(2*x(j,k7));

end

end

f lemda=sum(hl)+sum(h2)-sum(h3);

for k8=1:ul

for j1=1:n
k1(j1,k8)=(x(j1,k8))*(f(1,k8)"(-1));
k2(j1,k8)=0.5*(j1-1)*(x(j1,k8)"2)*(F(j1,k8))*((1-F(j1,k8))(-1));
k3(j1,k8)=0.5*(n-j1+1)*(x(j1,k8)"2);

end

end

g_beta=sum(kl)+sum(k2)-sum(k3);

for k9=1:ul

for j2=1:n
m1(j2,k9)=(x(j2,k9)(alpha-1))*(f(j2,k9)"(-1))*(alpha*log(x(j2,k9))+1);
m2(j2,k9)=(j2-1)*(x(j2,k9)(alpha))*(log(x(j2,k9)))*(F(j2,k9))*((1-

F(G2,k9))\(-1));
m3(j2,k9)=(n-j2+1)*(x(j2,k9)(alpha)*log(x(j2,k9)));

end

end

k_alpha=sum(m1l)+sum(m2)-sum(m3);
for v=1:ul
J1=[f1(v) f2(v) f3(Vv); f2(v) f4(v) 5(v); f3(v) f5(v) f6(V)];
J=inv(J1);
A=J*[f_lemda(v); g_beta(v); k_alpha(v)];
a(:,v)=[lemda; beta; alpha]-A;
while abs((a(1,v))-lemda)>0.001
lemda=a(1,v);
while abs((a(2,v))-beta)>0.001
beta=a(2,v);
while abs((a(3,v))-alpha)>0.001
alpha=a(3,v);
end
end
end
end



Mean Square Error for all Estimation Methods

ml=L;
pl=zeros(1,m1l);p2=zeros(1l,ml);p3=zeros(1,ml);

for j=1.m1
p1()=((a(1.))-p)"2);
p2()=((a(2,)-m)"2);
P3())=((a(3.))-)"2);
end
msl=sum(pl);
ms2=sum(p2);
ms3=sum(p3);
msel=msl/ml
mse2=ms2/m1
mse3=ms3/m1
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