CHAPTER 1 = Conic Sections

IR PARABOLAS

Geometric Definition of a Parabola " Equations and Graphs of
Parabolas Applications

Geometric Definition of a Parabola

The equation
y = ax? + bx+c
is a U-shaped curve called a parabola that opens either upword or downward , depending on
whether the number a is positive or negative.
In this section we study parabolas from a geometric, rather than an algebraic, point
of view. We begin with the geometric definition of a parabola and show how this leads
to the algebraic formula that we are already familiar with.

GEOMETRIC DEFINITION OF A PARABOLA

A parabola is the set of all points in the plane that are equidistant from a
fixed point F (called the focus) and a fixed line / (¢alled the directrix).

This definition is illustrated in Figure 1. The vertex V of the parabola lies halfway between
the focus and the directrix, and the axis of symmetry,is the line that runs through the focus

perpendicular to the directrix.

Parabola Axis YA
P(x,y)
F(0,p), y
Iz
o1, %
y=-r
Vertex | Directrix
FIGURE 1 FIGURE 2

Deriving the Equation of a Parabola 1If P(x, y) is any point on the parabola, then the

distance from P to the focus F' (using the Distance Formula) is

Va2 + (y — p)?
The distance from P to the directrix is
ly —(—=p) | = |y + p|
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CHAPTER 1 = Conic Sections 2

By the definition of a parabola these two distances must be equal.

Vx> +(y—p)=|y+pl

X2+ (y—p)P2=|y+pl>=(y+p)> Square both sides
x? + y? —2py + p? =y + 2py + p? Expand
x% — 2py = 2py Simplify
x? = 4py

If p > 0, then the parabola opens upward; but if p < 0, it opens downward. When x is
replaced by —x, the equation remains unchanged, so the graph is symmetric about the
y-axis.

Equations and Graphs of Parabolas

The following box summarizes what we have just proved about the equation and fea-
tures of a parabola with a vertical axis.

PARABOLA WITH VERTICAL AXIS
The graph of the equation
x2 = 4py

is a parabola with the following properties.

VERTEX V(0, 0)
FOCUS F(O,p)
DIRECTRIX y==p

The parabola opens upward if p > 0 oer.downward if p << O.

YA YA
F(0, p)
Yy =-"r
@
0 X 0 X
y=-r
F(0, p)
x2 = 4py withp > 0 x2 = 4py withp <0

EXAMPLE 1 = Finding the Equation of a Parabola

Find an equation for the parabola with vertex V(0, 0) and focus F(0, 2), and sketch
its graph.

SOLUTION  Since the focus is F(0, 2), we conclude that p = 2 (so the directrix is
y = —2). Thus the equation of the parabola is

x> = 4(2)y x?=4py withp =2

x? = 8y
FIGURE 3 Since p = 2 > 0, the parabola opens upward. See Figure 3.
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CHAPTER 1

EXAMPLE 2

Conic Sections

from Its Equation

Finding the Focus and Directrix of a Parabola

Find the focus and directrix of the parabola y = —x?, and sketch the graph.

SOLUTION To find the focus and directrix, we put the given equation in the standard
form x> = —y. Comparing this to the general equation x? = 4py, we see that

4p = —1, so p = —%. Thus the focus is F(O, — i), and the directrix is y = 1. The
graph of the parabola, together with the focus and the directrix, is shown in Figure
4(a). We can also draw the graph using a graphing calculator as shown in Figure 4(b).

yA

FIGURE 4

Reflecting the graph in Figure 2 about the diagonal linesy = x has the effect of inter-changing the roles of x and y.
This results in a parabola with horizontal axis. By the same-method as before, we can prove the following properties.

PARABOLA WITH HORIZONTAL AXIS
The graph of the equat’en
v = 4px
is a parabola with the following properties.
VERTEX V(0, 0)
FOCUS F(p,0)
DIRECTRIX x = —p

The parabola opens to the right if p > O or to the left if p << O.

x=—p| YA YA
F(p, 0) F(p. 0)
0 - X o O X
x=-p
y? = 4px withp > 0 y? = 4px with p < O
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CHAPTER 1 = Conic Sections

EXAMPLE 3 A Parabola with Horizontal Axis

A parabola has the equation 6x + y? = 0.
(a) Find the focus and directrix of the parabola, and sketch the graph.
(b) Use a graphing calculator to draw the graph.

SOLUTION

(a) To find the focus and directrix, we put the given equation in the standard form
y? = —6x. Comparing this to the general equation y? = 4px, we see that
4p = —6,s0 p = — % Thus the focus is F(—%, O), and the directrix is x = %

Since p << O, the parabola opens to the left. The graph of the parabola, together
with the focus and the directrix, is shown in Figure 5(a).

(b) To draw the graph using a graphing calculator, we need to solve for y.
6x +y> =0
y2 = —6x Subtract 6x
y = *xV—6x Take square roots
To obtain the graph of the parabola, we graph both functions
y = \V—6x and y = —V+6x

as shown in Figure 5(b).

FIGURE 5
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CHAPTER 1 = Conic Sections

FIGURE 7

EXAMPLE 4

Find the focus, directrix, and focal diameter of the parabola y = %xz, and sketch its
graph.

The Focal Diameter of a Parabola

SOLUTION  We first put the equation in the form x* = 4py.
y =%’

x* =2y Multiply by 2, switch sides

From this equation we see that 4p = 2, so the focal diameter is 2. Solving for p gives
p= %, so the focus is (O, %), and the directrix is y = —%. Since the focal diameter is
2, the latus rectum extends 1 unit to the left and 1 unit to the right of the focus. The
graph is sketched in Figure 7.

In the next example we graph a family of parabolas to show how changing the dis-
tance between the focus and the vertex affects the “width” of a parabola.

EXAMPLE 5

A Family of Parabolas

(a) Find equations for the parabolas with vertex at the origin and foci
FI(O’ é)’ FZ(Os %)’ F3(O’ 1)3 and F4(O’ 4)'

(b) Draw the graphs of the parabolas in part (a)=What do you conclude?

SOLUTION

(a) Since the foci are on the positive/y=axis, the parabolas open upward and have
equations of the form x> = 4py\This leads to the following equations.

Form of the equation
Focus P v Equation x> = 4py for graphing calculator
Fi(0, 5) AN x* =3y y = 2x?
FZ(O, %) p = % x2 =2y y = 0.5x?
F5(0, 1) p=1 x2 =4y y = 0.25x2
F,(0,4) p =4 x2 = 16y y = 0.0625x>

(b) The graphs are drawn in Figure 8. We see that the closer the focus is to the ver-
tex, the narrower the parabola.

-5 i 5
-0.5
y = 2x?
FIGURE 8 A family of parabolas

Dr. Eman Mohanmad

5 5 5
»
5 -5 5 -5 5
-0.5 -0.5 -0.5
y=0.5x2 y = 0.25x? y = 0.0625x>
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CHAPTER 1 Conic Sections

IEEFN ELLIPSES

Dr.

Geometric Definition of an Ellipse " Equations and Graphs of Ellipses
Eccentricity of an Ellipse

Geometric Definition of an Ellipse

An ellipse 15 an oval curve that looks like an elongated circle. More precisely, we have the following definition.

GEOMETRIC DEFINITION OF AN ELLIPSE
P

"‘ An ellipse is the set of all points in the plane the sum of whose distances from

two fixed points F, and F, is a constant. (See Figure 1.) These two fixed points
are the foci (plural of focus) of the ellipse.

FIGURE 1

The geometric definition suggests a simple method-for drawing an ellipse. Place a
sheet of paper on a drawing board, and insert thumbtacks at the two points that are to
be the foci of the ellipse. Attach the ends ©f\a string to the tacks, as shown in Figure
2(a). With the point of a pencil, hold the string taut. Then carefully move the pencil
around the foci, keeping the string taut at-all times. The pencil will trace out an ellipse,
because the sum of the distances from the point of the pencil to the foci will always
equal the length of the string, which is constant.

If the string is only slightly longerthan the distance between the foci, then the ellipse that is traced out will be elongated in
shape, as in Figure 2(a), but if the foé\are close together relative to the length of the string, the ellipse will be almost circular, as

shown in Figure 2(b).
[ ]
(@) (b)

place the foci on the x-axis at Fi(—c, 0) and F,(c, 0) so that the origin is halfway be-

FIGURE 2

Eman Mohanmmad Dr. Suaad Gedaan Dr. Mohanad Naf aa 2019/ 2020
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CHAPTER 1 = Conic Sections 7
Deriving the Equation of an Ellipse To obtain the simplest equation for an ellipse, we

tween them (see Figure 3).
For later convenience we let the sum of the distances from a point on the ellipse to
the foci be 2a. Then if P(x, y) is any point on the ellipse, we have

d(P, F,) + d(P, F,) = 2a
So from the Distance Formula we have
Vix+e)2+y2+V(x—c)+y*=2a
or \/(x—c)2+y2=2a—\/(x-|—c)2+y2

Squaring each side and expanding, we get

x2—20x+02+y2=4a2—4a\/(x+c)2+y2+(x2+20x+cz+y2)

which simplifies to

4a\V/ (x + ¢)* + y* = 4a® + 4ex

Dividing each side by 4 and squaring again, we get
a’[(x + ¢)* + y?] = (a>F\ex)?
a’x*> + 2a’cx + a*c? + a*y*'= a* + 2a’cx + c*x?

(az _ C2)x2 + a2y2 » ) a2(a2 _ CZ)
Since the sum of the distances from~P to the foci must be larger than the distance be-
tween the foci, we have that 2a.2.2c, or a > ¢. Thus a> — ¢? > 0, and we can divide
each side of the preceding e(lation by a*(a* — c?) to get

2

+ =1

2

x2 y
a2 a — C2

For convenience let b = a*> — ¢ (with b > 0). Since b* < a?, it follows that b < a.
The preceding equation then becomes

x2 y2
? + ? =1 a>b
VA
P(x,y)
QO et )
FIGURE 3
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CHAPTER 1 Conic Sections 8

This is the equation of the ellipse. To graph it, we need to know the x- and y-intercepts.
Setting y = 0, we get

so x?> = a?, or x = *a. Thus the ellipse crosses the x-axis at (a, 0) and (—a, 0), as in

Figure 4. These points are called the vertices of the ellipse, and the segment that joins
them is called the major axis. Its length is 2a.

YA
(0, b)

If @ = b in the equation of an ellipse,
then

2y

7 + *2 =1

aa FIGURE 4
so x> + y*> = a. This shows that in X2y )
this case the “ellipse” is a circle with 2 + b2 = lwitha>b (0, =b)
radius a.

Similarly, if we set x = 0, we get y = =b, so the ellips€ crosses the y-axis at (0, b)
and (0, —b). The segment that joins these points is-called the minor axis, and it has
length 2b. Note that 2a > 2b, so the major axis is longer than the minor axis. The origin
is the center of the ellipse.

If the foci of the ellipse are placed.on the’y-axis at (0, *c¢) rather than on the x-axis,
then the roles of x and y are reversed in the preceding discussion, and we get a vertical
ellipse.

Equations and Graphs of Ellipses

The following box summarizes what we have just proved about ellipses centered at the
origin.

ELLIPSE WITH CEN'I¥R AT THE ORIGIN

The graph.of each of the following equations is an ellipse with center at the ori-
gin and having the given properties.
2 2 2 2

EQUATION * RN 1 X + R 1
a? b2 b2 a?
a>b=0 a=>b=0

VERTICES (*a, 0) (0, xa)

MAJOR AXIS
MINOR AXIS

Horizontal, length 2a
Vertical, length 256

Vertical, length 2a
Horizontal, length 2/

FOCI (*c,0), ¢ = a*> — b? (0, =¢), ¢? = a*> — b?
GRAPH VA YA
a FZ(O’ C)
b
Fi(—c. 0) ‘m
_a!_/a : - ’ v
—b
4 F (0, —c)
Dr. Eman Mbohanmad Dr. Suaad Gedaan Dr. Mohanad Naf aa 2019/ 2020
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CHAPTER 1 Conic Sections

EXAMPLE 1

An ellipse has the equation

Sketching an Ellipse

2 2

XY

9 4

(a) Find the foci, the vertices, and the lengths of the major and minor axes, and

sketch the graph.

(b) Draw the graph using a graphing calculator.

SOLUTION

(a) Since the denominator of x? is larger, the ellipse has a horizontal major axis. This
gives a? = 9 and b> = 4,so0c> =a’*> — b> =9 —4 =5 Thusa = 3, b = 2,

and ¢ = V5.
FOCI (=V5,0)
VERTICES (%=3,0)
LENGTH OF MAJOR AXIS 6
LENGTH OF MINOR AXIS 4

The graph is shown in Figure 5(a).

(b) To draw the graph using a graphing calculator, we'need to solve for y.

2 2
x> ¥
o 4
>
4
\°

y

2

Subtract .
o

ol
|
o %,

Multiply by 4

2
4<1—x—>
)
2
+2 . /1 — =
)

Take square roots

To obtain the graph of the ellipse, we graph both functions

vy =2V1 — x2/9 and y = —2\V1 — x2/9
as shown in Figure 5(b).

Note that the equation of an ellipse ; | L, y=2=aR
does not define y as a function of x F(5.0) I
That’s why we need to graph two el /\ '
functions to graph an ellipse. ! 4 \_/

FIGURE 5 F=5.0) 31

x—z—l-ﬁ—l y=-2~1-x%/9

9 4 (a) (b)
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CHAPTER 1 = Conic Sections ] 0

EXAMPLE 2 Finding the Foci of an Ellipse
Find the foci of the ellipse 16x* + 9y? = 144, and sketch its graph.

SOLUTION First we put the equation in standard form. Dividing by 144, we get
CHAPTER 1 = Conic Sections > >
x Y

= =1
9 ' 16

Since 16 > 9, this is an ellipse with its foci on the y-axis and with a = 4 and b = 3.
We have

c2=aq>—b>=16 —9 =7
c=\7

Thus the foci are (0, = \ﬁ) The graph is shown in Figure 6(a).
We can also draw the graph using a graphing calculator as shown in Figure 6(b).

y=41-x%/9
5
-9 9
-5
y=—41-x2/9
FIGURE 6
16x2 + 9y> = 144 (@ (b)

EXAMPLE 3 © Finding the Equation of an Ellipse

The vertices of an ellipse are (+4, 0), and the foci are (2, 0). Find its equation,
and sketch the graph.

SOLUTION  Since the vertices are (*4, 0), we have a = 4, and the major axis is hori-

zontal. The foci are (£2, 0), so ¢ = 2. To write the equation, we need to find b. Since

c¢* = a* — b%, we have

22:42_b2
b*=16—-4=12

Thus the equation of the ellipse is

2
—+==1
FX'ZGUREyZ 16 12
16 * iV ! The graph is shown in Figure 7.

Eccentricity of an Ellipse

We saw earlier in this section (Figure 2) that if 2a is only slightly greater than 2c, the
ellipse is long and thin, whereas if 2a is much greater than 2c, the ellipse is almost cir-
cular. We measure the deviation of an ellipse from being circular by the ratio of a and c.

Dr. Eman Mohanmad Dr. Suaad Gedaan Dr. Mohanad Naf aa 2019/ 2020
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11

DEFINITION OF ECCENTRICITY

2 32 2 y2
For the ellipse — + 52 1 or 52 + =— = 1 (witha = b = 0), the
a a

eccentricity e is the number
c

e — —
a

where ¢ = \Va? — b?. The eccentricity of every ellipse satisfies 0 << ¢ << 1.

Thus if e is close to 1, then ¢ is almost equal to a, and the ellipse is elongated in shape,
but if e is close to O, then the ellipse is close to a circle in shape. The eccentricity is a
measure of how “‘stretched” the ellipse is.

In Figure 8 we show a number of ellipses to demonstrate the effect of varying the

eccentricity e.

Dr.

(OO

e = 0.1 e = 0.5 e = 0.68 e = 0.86

FIGURE 8 Ellipses with various eccentricities

EXAMPLE4 * Finding the Equation of an Ellipse from Its
Eccentricity and Foci

\ Find the equation of the ellipse with foci (0, =8) and eccentricity e = £, and sketch
its graph.

SOLUTION We are given ¢ =  and ¢ = 8. Thus
. ¢
- = Eccentricity e = —
a a

4a =40  Cross-multiply
a=10
To find b, we use the fact that ¢*> = a> — b°.
8 =10"-b’
b* = 10" — 8 =36

FIGURE 9 b=6
2
x + 2 Thus the equation of the ellipse is
36 100 s 5
oy
36 100

Because the foci are on the y-axis, the ellipse is oriented vertically. To sketch the
ellipse, we find the intercepts. The x-intercepts are =6, and the y-intercepts are = 10.
The graph is sketched in Figure 9.
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CHAPTER 1 = Conic Sections

I YPERBOLAS

Geometric Definition of a Hyperbola Equations and Graphs of Hyperbolas

Geometric Definition of a Hyperbola
Although ellipses and hyperbolas have completely different
shapes, their definitions and equations are similar. Instead of using
the sum of distances from two fixed foci, as in the case of an ellipse,
we use the difference to define a hyperbola.

GEOMETRIC DEFINITION OF A HYPERBOLA

A hyperbola is the set of all points in the plane, the difference of whose dis-
tances from two fixed points F; and F’, is a constant. (See Figure 1.) These two

fixed points are the foci of the hyperbola.

Deriving the Equation of a Hyperbola As in the case of the ellipse, we get the simplest
equation for the hyperbola by placing the foci on the.x-axis at (*c, 0), as shown in

Figure 1. By definition, if P(x, y) lies on the hyperbela,.then either d(P, F,) — d(P, F»)
or d(P, F,) — d(P, F,) must equal some pesitive constant, which we call 2a. Thus we

have

d(P, Fl) - d(P, Fz) = i2a

or V(xk c)(-l— V=V —c)+y =%

FIGURE 1 P is on the hyperbola if
| d(P, F,) — d(P, F,) | = 2a.

Proceedingaswedidinthecaseoftheellipse(Section1.2), we simplify
this to

(Cz _ az)xz _ a2y2 — a2(6‘2 _ a2)

Dr. Eman Mohanmad Dr. Suaad Gedaan Dr. Mohanad Naf aa 2019/ 2020
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CHAPTER 1 = Conic Sections

13
From triangle PF|F, in Figure 1 we see that | d(P, F,) — d(P, F,) | < 2c. It follows
that 2a < 2c¢, or a < c¢. Thus ¢? — a®> > 0, so we can set b> = ¢ — a®>. We then sim-
plify the last displayed equation to get

x2 ¥

a’ b>
This is the equation of the hyperbola. If we replace x by —x or y by —y
in this equation, it remains unchanged, so the hyperbola is symmetric

about both the x- and y-axes and
about the origin. The x-intercepts are *a, and the points(a,0) and(—a,O) are

vertices of the hyperbola. There is no y-intercept, because setting
x = 0 in the equation of the hyperbola leads to —y< = b2,

which has no real solution. Furthermore, the equa-tion of the
hyperbola implies thatthe

2 2
X Y
S =5+t1=1
a> b?
so x*/a* = 1; thus x> = &, and hence x = a or x = —a. This means that the hyperbola
consists of two parts, called its branches. The segment joining the two vertices on the

separate branches is the transverse axis of the hyperbola, and the origin is called its center.

If we place the foci of the hyperbola on the y-axis rather than on the x-axis, this has
the effect of reversing the roles of x and y.in the.derivation of the equation of the
hyper-bola. This leads to a hyperbola.with a vertical transverse axis.

Equations and Graphs of Hyperbolas
The main properties of hyperbolas are lis\qi in the following box.

HYPERBOLA WITH CENTER AT THE ORIGIN

The graph of each of the following equations is a hyperbola with center at the origin and having the given properties.

2 2
x2 y y x2

EQUATION — —=5=1 a>0,b>0 - —-—=1 a>0,b>0
Q a? b? a? b?

VERTICES (*a,0) (0, *£a)
TRANSVERSE AXIS Horizontal, length 2a Vertical, length 2a

b a
ASYMPTOTES y=*—x y=*—x

a b
FOCI (£¢,0), ¢*2=a*>+b? (0, xc), c*=a*+b?
GRAPH b

Y=g

N\

N\ X -
\ b ~ a ST Y= px
N ~ -
F,(—c, 0) \ ST
-a, —b // \\ b X
/ s ~
y - ~
/ s ~N
- ~
- ~
- ~
- ~
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The asymptotes mentioned in this box are lines that the hyperbola approaches for
large values of x and y. To find the asymptotes in the first case in the box, we solve the
equation for y to get

y=ié x* — a?
a
b a?
=*T—x\/1——
a X

As x gets large, a?/x? gets closer to zero. In other words, as x — oo, we have a?/x> — 0.
So for large x the value of y can be approximated as y = =(b/a)x. This shows that
these lines are asymptotes of the hyperbola.

Asymptotes are an essential aid for graphing a hyperbola; they help us to determine
its shape. A convenient way to find the asymptotes, for a hyperbola with horizontal
transverse axis, is to first plot the points (a, 0), (—a, 0), (0, b), and (0, —b). Then
sketch horizontal and vertical segments through these points to construct a rectangle, as
shown in Figure 2(a). We call this rectangle the central box of the hyperbola. The
slopes of the diagonals of the central box are *b/a, so by extending them, we obtain
the asymptotes y = *(b/a)x, as sketched in Figure 2(b). Finally, we plot the vertices
and use the asymptotes as a guide in sketching the hyperbola shown.in Figure 2(c). (A
similar procedure applies to graphing a hyperbola that has a vertical transverse axis.)

YA \ YA /
\ 2
\ 4
\ 4
b \ b /
\ /
\ /
NN
- \ -
—a 0 a X =a 7\ a X
74 \
/ \
/ \
b / b N
/ \
/ \
\ / \

(a) Central box

(c) Hyperbola

(b) Asymptotes

2 y2

FIGURE 2-Stéps in gfaphing the hyperbola % ——==1
a

b2

HOW TO SKETCH A HYPERBOLA
1.

Sketch the Central Box. This is the rectangle centered at the origin, with sides
parallel to the axes, that crosses one axis at *=a and the other at *=b.

Sketch the Asymptotes. These are the lines obtained by extending the diag-

onals of the central box.
Plot the Vertices. These are the two x-intercepts or the two y-intercepts.

Sketch the Hyperbola. Start at a vertex, and sketch a branch of the hyperbola,
approaching the asymptotes. Sketch the other branch in the same way.

Eman Mohanmmad

EXAMPLE 1
A hyperbola has the equation

A Hyperbola with Horizontal Transverse Axis

9x? — 16y? = 144
(a) Find the vertices, foci, length of the transverse axis, and asymptotes, and sketch
the graph.
(b) Draw the graph using a graphing calculator.

Dr. Suaad Gedaan Dr. Mohanad Naf aa
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SOLUTION

(a) First we divide both sides of the equation by 144 to put it into standard form:
LS G
16 9

Because the x*-term is positive, the hyperbola has a horizontal transverse axis;
its vertices and foci are on the x-axis. Since a?> = 16 and b?> = 9, we geta = 4,
b =3, and ¢c = V16 + 9 = 5. Thus we have

VERTICES (=4, 0)
FOCI (=5, 0)
ASYMPTOTES y = *3x
The length of the transverse axis is 2a = 8. After sketching the central box

and asymptotes, we complete the sketch of the hyperbola as in Figure 3(a).
(b) To draw the graph using a graphing calculator, we need to solve for y.

ox? — 16y* = 144

—16y* = —9x* + 144 Subtract 9x>

2

X
yz 9(16 — 1) Divide by —16 and faCtor 9

2
y=*3/——-1 Take square roots

16
To obtain the graph of the hyperbola, we graph the functions

y = 3V(x¥16) — 1 and y = —3V(x*/16) — 1

as shown in Figure 3(b).

yz_%x A y:%x y=3(x2/16) -1
AN Ve
AN T e 6
AN iR Ve
N 3 Ve
N e
\\ —+ //
(5.0 Nt - (5.0) T
I I B S —10 —— + + +—+— 10
—4 R ) X
e AN
Ve T N
pd N
Ve 73» AN
// 1 \\ _6
Ve N
y=-3(x?/16) - 1
(a) (b)
FIGURE 3

9x? — 16y* = 144

EXAMPLE 2 = A Hyperbola with Vertical Transverse Axis

Find the vertices, foci, length of the transverse axis, and asymptotes of the hyperbola,
and sketch its graph.

X=9"+9=0

Dr. Eman Mohanmad Dr. Suaad Gedaan Dr. Mohanad Naf aa 2019/ 2020
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Paths of Comets

The path of a comet is an ellipse, a parab-
ola, or a hyperbola with the sun at a
focus. This fact can be proved by using
calculus and Newton’s Laws of Motion.* If
the path is a parabola or a hyperbola, the
comet will never return. If the path is an
ellipse, it can be determined precisely
when and where the comet can be seen
again. Halley’s comet has an elliptical
path and returns every 75 years; it was
last seen in 1987. The brightest comet of
the 20th century was comet Hale-Bopp,
seen in 1997. Its orbit is a very eccentric
ellipse; it is expected to return to the
inner solar system around the year 4377.

FIGURE 4
=9 +9=0

Dr. Eman Mohanmad
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SOLUTION We begin by writing the equation in the standard form for a hyperbola:

x2 =9y’ = -9
2 x? .
yo = 9 =1 Divide by —9

Because the y’-term is positive, the hyperbola has a vertical transverse axis; its foci
and vertices are on the y-axis. Since ¢> = 1 and b> = 9, we geta = 1, b = 3, and

c=VI1+ 9= VI10. Thus we have

VERTICES 0, =1)
FOCI (0, =V10)
ASYMPTOTES  y = *1ix

The length of the transverse axis is 2a = 2. We sketch the central box and asymptotes,
then complete the graph, as shown in Figure 4(a). We can also draw the graph using a
graphing calculator, as shown in Figure 4(b).

VA

1 y=+1+x%/9

2 F,(0,/10) 2
SS~— il = >~
— ¢\T//I/¢ TR Y S ————5

— ~— |3 X
¥ £,(0,:-/10) )
N
y=—1+x2%/9
(a) (b)

EXAMPLE 3 = Finding the Equation of a Hyperbola from Its

Vertices and Foci

Find the equation of the hyperbola with vertices (%3, 0) and foci (*4, 0). Sketch the
graph.

SOLUTION Since the vertices are on the x-axis, the hyperbola has a horizontal trans-
verse axis. Its equation is of the form

2 2
We have @ = 3 and ¢ = 4. To find b, we use the relation a> + b* = 2.
Pt = 4
pr=4 -3 =7
b=V7

Thus the equation of the hyperbola is

<=,

X
9

The graph is shown in Figure 5.
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T SHIFTED CONICS

Dr.

Shifting Graphs of Equations Shifted Ellipses Shifted Parabolas
Shifted Hyperbolas " The General Equation of a Shifted Conic

In the preceding sections we studied parabolas with vertices at the origin and ellipses and
hyperbolas with centers at the origin. We restricted ourselves to these cases because these
equations have the simplest form. In this section we consider conics whose vertices and
centers are not necessarily at the origin, and we determine how this affects their equation

Shifting Graphs of Equations

we studied transformations of functions that have the effect of shifting
their graphs. In general, for any equation in x and y, if we replace x by x — & or by
x + h, the graph of the new equation is simply the old graph shifted horizontally; if y is

replaced by y — k or by y + k, the graph is shifted vertically. The following box gives
the details.

SHIFTING GRAPHS OF EQUATIONS

If 4 and k are positive real numbers, then replacing. x by x — A or by x + 4 and
replacing y by y — k or by y + k has the following effect(s) on the graph of any
equation in x and y.

Replacement How the‘graph is shifted
1. x replaced by x — h Right /4 units
2. x replaced by x«t+.h Left A units
3. yreplaced byv—.k Upward k units
4. y replaced b}xr + k Downward k units

.~Shifted Ellipses

Let’s apply horizontal and vertical shifting to the ellipse with equation

+5 =1

2
a’ b

whose graph is shown in Figure 1. If we shift it so that its center is at the point (4, k)
instead of at the origin, then its equation becomes

(x—m? =R
a’ b?

1

YA (x—h)z+(y—/c)2_l

FIGURE 1 Shifted ellipse 0, 0) jfiiiiiiiiiijl .
/ﬂ
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CHAPTER 1 = Conic Sections ]8

EXAMPLE 1 Sketching the Graph of a Shifted Ellipse
Sketch a graph of the ellipse
(x+ D2 (v —2)*

1
4 5]
and determine the coordinates of the foci.
SOLUTION The ellipse
x + 1)2 — 2)?
( ) -+ Cr ) =1 Shifted ellipse
4 9
is shifted so that its center is at (— 1, 2). It is obtained from the ellipse
x2 y2
— + = =1 Ellipse with center at origin
4 5]
v A by shifting it left 1 unit and upward 2 units. The endpoints of'the minor and major axes
1 of the ellipse with center at the origin are (2, 0), (=2, 0), (0;3)s (0, —3). We apply the
(-15) required shifts to these points to obtain the corresponding points on the shifted ellipse.
P\*
D (2,0) > (2 - LO%2)=(1,2)
3 1 (=2,0) > (2= 10+ 2) =(-3,2)
(=3,2) 1,2) (0,30— (0,3 +2)=(—-1,5)
\—lﬂ 7T (0,-3) % (0—1,-3 +2) =(—1,-1)
2
N\ / +—+—+—»  This helps us sketch.the/graph in Figure 2.
}k X To find the foci of the shifted ellipse, we first find the foci of the ellipse with cen-
(-1, -1) ter at the origin: Since a®> = 9 and b*> = 4, we have c> =9 — 4 = 5,50 ¢ = V5. So
T the foci‘are (0, \/5 ). Shifting left 1 unit and upward 2 units, we get
FIGURE 2 \ (0,V3) > (0 - 1,V5 +2)=(=1,2 + V3)

(12 -2
4 9

(0,—=V5) - (0—1,-V5+2)=(-1,2 - V5)
Thus the foci of the shifted ellipse are

(-1,2+V5)  and  (—1,2 - V5)

1

EXAMPLE 2 Finding the Equation of a Shifted Ellipse

The vertices of an ellipse are (—7, 3) and (3, 3), and the foci are (—6, 3) and (2, 3).
Find the equation for the ellipse, and sketch its graph.

SOLUTION The center of the ellipse is the midpoint of the line segment between the
vertices. By the Midpoint Formula the center is

—7 +3 3+3
s = (—2,3) Center
2 2

Since the vertices lie on a horizontal line, the major axis is horizontal. The length of

the major axis is 3 — (—7) = 10, so a = 5. The distance between the foci is
2 — (—6) = 8,s0 ¢ = 4. Since ¢? = a* — b?, we have
42 = 52 — p? c=4,a=>5

b2 =25 — 16 =9 Solve for b2
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CHAPTER 1 = Conic Sections ]9

Thus the equation of the ellipse is
(x +2)° (v —3)° _
25 9 -

1 Equation of shifted ellipse

The graph is shown in Figure 3.

Fi(—6, 3)

S
4 -+
1+
T T T T T T T O |1 T T T =x

(x + 202 B3

FIGURE 3 G h of
raph o >5 )

Shifted Parabolas

Applying shifts to parabolas.leads to the equations and graphs shown in Figure 4.

y y YA y
¢ (h, k) (h, k)
o o .
0 X 0 x 0 0 X
(@ (x — h)>=4p(y — k) (b) (x — h)>=4p(y — k) ©) (y—k?*=4p(x —h) (d) (y = k)?*=4p(x — h)
p>0 p<O0 p>0 p<O0

FIGURE 4 Shifted parabolas

EXAMPLE 3 = Graphing a Shifted Parabola
Determine the vertex, focus, and directrix, and sketch a graph of the parabola.
x? — 4x = 8y — 28

SOLUTION We complete the square in x to put this equation into one of the forms in

Figure 4.
x> —4x+4=8y—28+4  Add4 to complete the square
(x —2)> =28y — 24 Perfect square
(x —2)2=38(y — 3) Shifted parabola
This parabola opens upward with vertex at (2, 3). It is obtained from the parabola
5 - x? =8y Parabola with vertex at origin
by shifting right 2 units and upward 3 units. Since 4p = 8, we have p = 2, so the
FIGURE 5 focus is 2 units above the vertex and the directrix is 2 units below the vertex. Thus
x? —4x =8y — 28 the focus is (2, 5), and the directrix is y = 1. The graph is shown in Figure 5.
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CHAPTER 1

Shifted Hyperbolas

Applying shifts to hyperbolas leads to the equations and graphs shown in Figure 6.

Conic Sections

Y A Y A
\\'\\(h,k)/ \\‘\\ ////
> S (k)
—— S
—= = 6 S X
—= e O
_ h 2 — k2 — h 2 _ k2
@ G =R by =W =R

a b?
FIGURE 6 Shifted hyperbolas

EXAMPLE 4 Graphing a Shifted Hyperbola
A shifted conic has the equation
9x2? — 72x — 16y? — 32y = 16
(a) Complete the square in x and y to show that the equation represents a‘hyperbola.
(b) Find the center, vertices, foci, and asymptotes of the hyperbola, and sketch its
graph.
(¢) Draw the graph using a graphing calculator.

SOLUTION
(a) We complete the squares in both x and y-:

9(x? — 8x

9(x* — 8x + 16) — 16(y* + 2y/+ 1)

(b)

Dr. Eman Mohanmad

9(x — 4)2 — li(y + 1)2
(x — 4)?

) — 16(y* + 2y ) =

y+ 1)

16 9

16
16 +9-16 — 16- 1
144

Group terms and factor
Complete the squares

Divide this by 144

Shifted hyperbola

Comparing this to Figure 6(a), we see that this is the equation of a shifted

hyperbola.

The shifted hyperbola has center (4, —1) and a horizontal transverse axis.

CENTER (4, —1)

Its graph will have the same shape as the unshifted hyperbola

2
x? y

S, e

16 9

Hyperbola with center at origin

Since a®? = 16 and b? = 9, wehavea = 4, b = 3,and ¢ = Va? + b?> =
V16 + 9 = 5. Thus the foci lie 5 units to the left and to the right of the center,
and the vertices lie 4 units to either side of the center.

FOCI

VERTICES

(=1, —1)
(0, —1)

and (8, —1)

and (9, —1)

The asymptotes of the unshifted hyperbola are y = *3x, so the asymptotes of
the shifted hyperbola are found as follows.

ASYMPTOTES

y=3x—4

y+1==3(x—4)

y+1==*2x%3

and y=—3x+
Dr. Suaad Gedaan Dr.
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CHAPTER 1 = Conic Sections 2]

To help us sketch the hyperbola, we draw the central box; it extends 4 units left
and right from the center and 3 units upward and downward from the center. We
then draw the asymptotes and complete the graph of the shifted hyperbola as
shown in Figure 7(a).

y=-1+0.75+/x2—8x

N

y=—-1-0.75+/x2—8x

(b)

FIGURE7 9x> — 72x — 16y*> — 32y = 16

(c) To draw the graph using a graphing calculator, we need to sOlve.for y. The given
equation is a quadratic equation in y, so we use the Quadratic Formula to solve
for y. Writing the equation in the form

16y% + 32y — 9x? + 72x + 16.="0

we get
—32 = \/322 — 4(16)(—9x2 #72x + 16)
y = Quadratic Formula
2(16)
=32 = \V/576x> — 4608x oo
3> Xpan

=32 £ 247V x> X 8x Factor 576 from under
o 32 o the radical

= —1 =3\x2 — 8x Simplify

To obtain the graph of the hyperbola, we graph the functions

y=—1+ 0.75Vx%? — 8x
and y=—1— 0.75\Vx? — 8x

as shown in Figure 7(b).

The General Equation of a Shifted Conic

If we expand and simplify the equations of any of the shifted conics illustrated in
Figures 1, 4, and 6, then we will always obtain an equation of the form

Ax> + Cy> + Dx + Ey + F=0

where A and C are not both 0. Conversely, if we begin with an equation of this form,
then we can complete the square in x and y to see which type of conic section the equa-
tion represents. In some cases the graph of the equation turns out to be just a pair of
lines or a single point, or there might be no graph at all. These cases are called degen-
erate conics. If the equation is not degenerate, then we can tell whether it represents a
parabola, an ellipse, or a hyperbola simply by examining the signs of A and C, as de-
scribed in the following box.
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GENERAL EQUATION OF A SHIFTED CONIC
The graph of the equation

where A and C are not both 0, is a conic or a degenerate conic. In the nonde-
generate cases the graph is

1. a parabola if A or C is O,
2. an ellipse if A and C have the same sign (or a circle if A = C),

3. a hyperbola if A and C have opposite signs.

Ax> + Cy>’ + Dx+ Ey + F=0

EXAMPLE 5 An Equation That Leads to a Degenerate Conic
Sketch the graph of the equation

9x? — y> 4+ 18x + 6y = 0

SOLUTION Because the coefficients of x* and y? are’ of opposite sign, this equation
looks as if it should represent a hyperbola (like the equation of Example 4). To see
whether this is in fact the case, we compléte-the squares.

9(x* + 2x ) — (y* — 6y L="10 Group terms and factor 9
9x*+2x+ 1) — (¥ ~6y+9)=0+9-1 -9  Complete the squares
9(x +M)A—( —3)*=0 Factor
— 3)2
(xnt 1)2—%=0 Divide by 9

stal
tion of a pair of intersecting lines.

(v =3 = 9x + 1)
y—=3==®3x+1) Take square roots
y=3x+1)+3 o y=-3x+1)+3

y=3x+6 y= —3x

FIGURE 8
9x* —y2 4+ 18x + 6y =0 These lines are graphed in Figure 8.

Because the equation in Example 5 looked at first glance like the equation of a
hyperbola but, in fact, turned out to represent simply a pair of lines, we refer to its graph
as a degenerate hyperbola. Degenerate ellipses and parabolas can also arise when we
complete the square(s) in an equation that seems to represent a conic. For example, the
equation

4x? + y> — 8x + 2y + 6 =0

looks as if it should represent an ellipse, because the coefficients of x?> and y? have the
same sign. But completing the squares leads to
(y+1)> 1

— 1)* +
(x ) 2 2

which has no solution at all (since the sum of two squares cannot be negative). This
equation is therefore degenerate.

For'this to fit the form of the equation of a hyperbola, we would need a nonzero con-
O&to the right of the equal sign. In fact, further analysis shows that this is the equa-
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IEETI ROTATION OF AXES

Rotation of Axes

YA
Y P(x, y)
P(X,Y)
_____ X
///|\
-7 [\ X
- |
|
P |
| >
0 X
FIGURE 1
YA
Y
P
I\NY
VAR
vl
07
¢ | x A
0 X X
FIGURE 2

Dr. Eman Mohanmad

General Equation of a Conic The Discriminant

In Section 1.4 we studied conics with equations of the form
Ax*+ CY*+Dx+Ey+F=0

We saw that the graph is always an ellipse, parabola, or hyperbola with horizontal or
vertical axes (except in the degenerate cases). In this section we study the most general
second-degree equation

Ax*+ Bxy + CY? + Dx + Ey + F=0

We will see that the graph of an equation of this form is also a conic. In fact, by rotating
the coordinate axes through an appropriate angle, we can eliminate the term Bxy and
then use our knowledge of conic sections to analyze the graph.

Rotation of Axes

In Figure 1 the x- and y-axes have been rotated throughamniacute angle ¢ about the ori-
gin to produce a new pair of axes, which we call the"X- and Y-axes. A point P that has
coordinates (x, y) in the old system has coordinates((X,¥) in the new system. If we let
r denote the distance of P from the origin-and.let 6 be the angle that the segment OP

makes with the new X-axis, then we can see from Figure 2 (by considering the two right
triangles in the figure) that

X = rcos 0 Y =rsin6
x = rcos(0 + ¢) y = rsin(6 + ¢)
Using the Addition Formula for Cosine, we see that
\ x =rcos(6 + ¢)
= r(cos 6 cos ¢ — sin 0 sin ¢p)
= (rcos0) cos ¢ — (rsinf) sin ¢
=Xcos¢p — Ysing

Similarly, we can apply the Addition Formula for Sine to the expression for y to obtain
y = X sin ¢ + Y cos ¢. By treating these equations for x and y as a system of linear
equations in the variables X and Y , we obtain expressions for X and Y
in terms of x and y, as detailed in the following box.

ROTATION OF AXES FORMULAS

Suppose the x- and y-axes in a coordinate plane are rotated through the acute
angle ¢ to produce the X- and Y-axes, as shown in Figure 1. Then the coordi-
nates (x, y) and (X, Y) of a point in the xy- and the XY-planes are related as
follows.

x =Xcos¢ — Ysin ¢ X =xcos¢ + ysind
y = Xsin¢ + Ycos ¢ Y= —xsin¢ + ycos ¢
Dr. Suaad Gedaan Dr. Mohanad Naf aa 2019/ 2020
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EXAMPLE 1 Rotation of Axes

If the coordinate axes are rotated through 30°, find the XY-coordinates of the point
with xy-coordinates (2, —4).

SOLUTION Using the Rotation of Axes Formulas with x = 2, y = —4, and ¢¢ = 30°,
we get

3 1
X = 2 cos 30° + (—4) sin 30° = 2(\2F> _ 4<2> — V3 — 2

1 3
Y = —25sin 30° + (—4) cos 30° = —2<2> — 4(?) = —1 — 2V3

The XY-coordinates are (—2 + V3, —1 — 2\/3).

EXAMPLE 2 Rotating a Hyperbola

Rotate the coordinate axes through 45° to show that the graph of the/equation xy = 2
is a hyperbola.

SOLUTION We use the Rotation of Axes Formulas with ¢p== 45° to obtain
X 45° Y sin 45° " Y
x = X cos — Y sin = =" —=
V2 o V2
X Y
= X sin 45° + Y cos45° = —— + —
> V2 V2

Substituting these expressions into the original equation gives

(X_Y)<X+Y>_2
@ V2 /)\Vv2  v2/)
Y2

X2

- =2
2 2

b & Y?
- — =1
4 4

We recognize this as a hyperbola with vertices (*=2, 0) in the XY-coordinate system.
Its asymptotes are ¥ = =X, which correspond to the coordinate axes in the xy-system
(see Figure 3).

45°

FIGURE 3
xy = 2
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General Equation of a Conic
The method of Example 2 can be used to transform any equation of the form
Ax?> + Bxy + Cy> + Dx + Ey + F =0

into an equation in X and Y that doesn’t contain an XY-term by choosing an appropriate
angle of rotation. To find the angle that works, we rotate the axes through an angle ¢
and substitute for x and y using the Rotation of Axes Formulas.

A(X cos ¢ — Ysin ¢p)? + B(X cos ¢ — Ysin ¢p)(Xsin¢p + Y cos ¢)
+ C(Xsin¢ + Ycos ¢p)? + D(X cos¢p — Ysin ¢p)
+ E(Xsin¢g + Ycosgp) + F =0
If we expand this and collect like terms, we obtain an equation of the form

A'X? + B'XY + C'Y?+D'X+ E'Y+ F =0

where

A’ = A cos?¢ + Bsin ¢ cos ¢p + C sin’p

B’ = 2(C — A) sin ¢ cos ¢ + B(cos’¢p — sinZg)

C’ = Asin’¢p — Bsin ¢ cos ¢p + C cos? ¢

D’ = Dcos¢d + Esin ¢

E' = —Dsin¢ + Ecos

F' = F

To eliminate the XY-term, we would like to choose ¢ so that B’ = 0, that is,
Double-Angle Formulas 2(C — A) sin ¢ ¢08'¢p + B(cos’¢p — sin’¢p) = 0
Sin 2 = 2 sin b cos ¢ (C A) sin 26 + Bcos 2¢ = 0 porble-Angle Formulas
cos 2¢ = cos’¢ — sin’¢p \ Bcos2¢p = (A — C) sin2¢
cot 26 = 2 ; ¢ Divide by B sin 26

The preceding calculation proves the following theorem.

SIMPLIFYING THE GENERAL CONIC EQUATION
To eliminate the xy-term in the general conic equation

Ax?> + Bxy + Cy> + Dx + Ey + F=0
rotate the axes through the acute angle ¢ that satisfies
A—C

cot2¢p = B
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YA

FIGURE 4
6V3x2 + 6xy + 4V3y? = 21V3

26

EXAMPLE 3 = Eliminating the xy-Term

Use a rotation of axes to eliminate the xy-term in the equation
6V3x> + 6xy + 4V3y? = 21V3

Identify and sketch the curve.

SOLUTION To eliminate the xy-term, we rotate the axes through an angle ¢ that
satisfies

A-C 6V3—-4V3 3
B 6 3
Thus 2¢ = 60°, and hence ¢ = 30°. With this value of ¢ we get

V3 1 o
x=X 7 —-Y 5 Rotation of Axes Formulas

1
y=X(2> + Y(?) cosd):?,sin(f):%

cot2¢ =

Substituting these values for x and y into the given equation leads to
XV3 Y\’ X\V3 Y)(X Y\@) <X Y\/§>2
— ] 46l —=—— - )T+ — | £ 4V T+ — ) =21

6\V3 ( 5 2) 6( 5 5 )\5 5 V3 5 5 V3

Expanding and collecting like terms, we get

7V3X? + 3V3¥: =RIV3

X v _

i 1 Divide by 21V3
This is the equation of an ellipse in the XY-coordinate system. The foci lie on the
Y-axis. Because a° =\7 and b> = 3, the length of the major axis is 2V/7, and the
length of the/minoraxis is 2V/3. The ellipse is sketched in Figure 4.

In the preceding exampleve were able to determine ¢ without difficulty, since we

remembered that cot 60°

—.\/3/3. In general, finding ¢ is not quite so easy. The next

example illustrates how the following Half-Angle Formulas, which are valid for
0 < ¢ < 7r/2s7are useful in determining ¢ (see Section 7.3).

1 + cos?2 1 — cos?2
cosgb:w/qu sinc;5=1/2q5

EXAMPLE 4 Graphing a Rotated Conic

A conic has the equation = 2
64x?* + 96xy + 36y? — 15x + 20y — 25 =0

(a) Use a rotation of axes to eliminate the xy-term. 2

(b) Identify and sketch the graph.

(¢) Draw the graph using a graphing calculator. FIGUZ{ES

SOLUTION

(a) To eliminate the xy-term, we rotate the axes through an angle ¢ that satisfies

A—C 64 —36 7

B 26 T 24

7

cot 2¢p =

In Figure 5 we sketch a triangle with cot 2¢p = 2% - We see

Dr. Eman Mohanmad
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so, using the Half-Angle Formulas, we get

/1 + 25 / _ 4
cos ¢p = 5
i — L35 / _3
sin ¢p = =3
The Rotation of Axes Formulas then give
x=3X —3Y and y=3X +3Y

Substituting into the given equation, we have

64(3X — 1Y) + 96(2X — IV)(IX + 1Y)

+ 36(3X + 3¥)? — 15(3X — 3Y) + 203X + 3Y) — 25 =

Expanding and collecting like terms, we get
100X?% + 25Y — 25 =0
4X% = —Y + 1 Simplify
X% = — (Y — I Nf ADWide by 4

27

(0)

(b) We recognize this as the equation of a parabolaithat opens along the negative

Y-axis and has vertex (0, 1) in XY-coordinates. Since 4p = —1, we have
p = — iz, so the focus is (0, 16) andsthe ‘directrix is ¥ = {¢. Using

¢ = cos '1=37°

we sketch the graph in Figure'6(a).

\

YA

Y y = (—24x -5+ 5+/15x + 10)/18
) 2

(0, 1) %
~ 37° —~
? > -2 " \ \ f 2
Y \ \

-2

\ y = (-24x -5 -5+/15x + 10)/18

(a) (b)

FIGURE 6
64x> + 96xy + 36y> — 15x + 20y — 25 =0
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(¢) To draw the graph using a graphing calculator, we need to solve for y. The given
equation is a quadratic equation in y, so we can use the Quadratic Formula to
solve for y. Writing the equation in the form

36y% + (96x + 20)y + (64x> — 15x — 25) = 0O

we get

_ —(96x + 20) = V/(96x + 20)% — 4(36)(64x> — 15x — 25)  Quadratic

y = 2(36) Formula
—(96x + 20) = \V/6000x + 4000

= Expand

72
—96x — 20 = 20V 15x + 10 . .
= Simplify
72
—24x — 5 = 5V 15x + 10 . e
= Is Simplify

To obtain the graph of the parabola, we graph the functions
y=(—24x — 5 + 5V15x + 10)/18 and y = (—24x =5 —'5V15x + 10)/18

as shown in Figure 6(b).

The Discriminant

In Examples 3 and 4 we were able to identify the type of conic by rotating the axes. The
next theorem gives rules for identifying the type of conic directly from the equation,
without rotating axes.

IDENTIFYING CONI& BY THE DISCRIMINANT
The graph of the equation
Ax?> + Bxy + Cy> + Dx + Ey + F=0
is either a conic or a degenerate conic. In the nondegenerate cases the graph is

1. a parabola if B> — 4AC = 0,
2. an ellipse if B? — 4AC < 0,
3. a hyperbola if B> — 4AC > 0.

The quantity B> — 4AC is called the discriminant of the equation.
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CHAPTER 1 = Conic Sections

EXAMPLE 5  Identifying a Conic by the Discriminant
A conic has the equation

AP+ 5y — 2P +x—y+4=0
(a) Use the discriminant to identify the conic.

y=(5x—1+-/49x2 — 2x + 33)/4

(b) Confirm your answer to part (a) by graphing the conic with a graphing calculator.

5
SOLUTION
(a) Since A = 3,B =5, and C = —2, the discriminant is
3 3 B> —4AC=5"—-4(3)(-2)=49>0
So the conic is a hyperbola.
(b) Using the Quadratic Formula, we solve for y to get
- C5x— 1= V49x? — 2x + 33
y=(5x—1-/49x2 —2x +33)/4 y= 4
FIGURE 7 We graph these functions in Figure 7. The graph confirms that this is a hyperbola.
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VAN POLAR COORDINATES

Polar Coordinates Relationship Between Polar and Rectangular Coordinates
Polar Equations

Polar Coordinates

So far, you have been representing graphs as collections of points (x,y) on the
rectangular coordinate system. The corresponding equations for these graphs have been
in either rectangular or parametric form. In this section, you will study a coordinate
system called the polar coordinate system.

To form the polar coordinate system in the plane, fix a point O, called the pole (or
origin), and construct from O an initial ray called the polar axis, as shown in
Figure 2.1.  Then each point P in the plane can be assigned polar coordinates (r, 6),

Polar 35 follows.
axis

0 = directed angle

Polar coordinates r = directed distance from O to P

Figure 2.1 0 = directed angle, counterclockwise fromgpolar axisto segment OP

Figure 2.2 shows three points on the polan’coordinate system. Notice that in this
system, it is convenient to locate points=with-tespect to a grid of concentric circles
intersected by radial lines through the pole.

N
Ny

A B ()
NS g .
(€:)) (b) ©

Figure 2.2

With rectangular coordinates, each point (x, y) has a unique representation. This is
not true with polar coordinates. For instance, the coordinates

(r,0) and (r,27 + 0)

represent the same point [see parts (b) and (¢) in Figure 2.2]. Also, because 7 is a
directed distance, the coordinates

(r,0 and (—r, 6 + )

represent the same point. In general, the point (», ) can be written as
(r, ) = (r, 0 + 2nm)

or
(r,0) = (—r,0 + 2n + 1)m

where 7 is any integer. Moreover, the pole is represented by (0, 68), where 0 is any angle.
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y (r,0)

(x,y)
r |
Y
0 |
Pole \ ! B
‘. v ? Polar axis
(Origin) X (x-axis)

Relating polar and rectangular

Pol ar Curves
Relationship Between Polar 31

and Rectangular Coordinates

To establish the relationship between polar and rectangular coordinates, let the polar
axis coincide with the positive x-axis and the pole with the origin, as shown in

Figure 2.3.  Because (x, y) lies on a circle of radius r, it follows that
2 =x2+ y2
Moreover, for r > 0, the definitions of the trigonometric functions imply that

tan():X, cosﬂzf, and sinOZX.
X r r

You can show that the same relationships hold for » < 0.

THEOREM 2.1 Coordinate Conversion

The polar coordinates (r, ) of a point are related to the rectangular coordinates
(x, y) of the point as follows.

Polar-to-Rectangular Rectangular-to-Polar
x =rcos 6 tan0=X

X
y = rsin 6 r2 = x%ty?

coordinates
Figure 2.3
y
2Ak
wo-(a)
LT °
ro)=2x =(§ ﬁ)
r,0)=(2,m) (x,y) 2
’ % % —
-2 -1 1 2
(x,y)=(-2,0)
_l —
_2 —

To convert from polar to rectangular
coordinates, let x = r cos 6 and

y = rsin 6.

Figure 2.4

y

Lot
(x,y)=(0,2)
(r,0)= (ﬂ.’ %) ’

Ly =11

IAV

I I I I
T T T T x

-2 -1 1 2

To convert from rectangular to polar
coordinates, let tan § = y/x and

r=Jx>+y.
Figure 2.5

Dr. Eman Mohanmad

EXAMPLE 1 Polar-to-Rectangular Conversion

a. For the point (r, ) = (2m),
x=rcos §.=2Cossm=—2 and y =rsinf = 2sin7 = 0.

So, the reetangular coordinates are (x, y) = (=2, 0).
b. For the point/(r, ) = (ﬁ, 77/6),

T 3 .73
\x—\/gcos6—2 and y—\/§s1n6— 5

So, the rectangular coordinates are (x, y) = (3 /2, 3/ 2).
See Figure 2.4

EXAMPLE 2 Rectangular-to-Polar Conversion

a. For the second-quadrant point (x, y) = (—1, 1),

_Y_ _ _37
tan 0 . I = 6 1

Because 6 was chosen to be in the same quadrant as (x, y), you should use a positive

value of r.
r=Jx*+y?
SRUGIE O
=2

This implies that one set of polar coordinates is (r, 6) = (\/E, 37/ 4).

b. Because the point (x,y) = (0, 2) lies on the positive y-axis, choose § = /2 and

r = 2, and one set of polar coordinates is (r, 6) = (2, 7/2).

See Figure 2.5.
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3 Polar Graphs 32
One way to sketch the graph of a polar equation is to convert to rectangular coordinates
/- \ and then sketch the graph of the rectangular equation.
DO\ Graphing Polar Equations
3n Describe the graph of each polar equation. Confirm each description by converting to a
? rectangular equation.
(a) Circle: r=2
ar=2 b.0=7§7 c. r=sech
>
Solution
% a. The graph of the polar equation » = 2 consists of all points that are two units from
n 4 Iy 0 the pole. So, this graph is a circle centered at the origin with a radius of 2. [See
y Figure 2.6(a).] You can confirm this by using the relationship > = x> + y? to
obtain the rectangular equation
3 x>+ y2 =22 Rectangular equation

b. The graph of the polar equation § = /3 consists of-all points on the line that makes
an angle of /3 with the positiver- axis! [See Figure 2.6(b).] You can confirm this
by using the relationship tan 6 = y/ix to-obtain the rectangular equation

(b) Radial line: 6 = g

1

y = \/§x. Rectangular equation

[SIE]

c. The graph of the polar equation r = sec 61is not evident by simple inspection, so you
can begin by converting to rectangular form using the relationship r cos = x.

AN T

& 23 r=xsec 0 Polar equation
\r cos'f =1
3 x=1 Rectangular equation

|

From the rectangular equation, you can see that the graph is a vertical line. [See
Figure 2.6(c).] |

(¢) Vertical line: r = sec 6
Figure 2.6

Polar Equations

In Examples 1 and 2 we converted points from one coordinate system to the other. Now
we consider the same problem for equations.

EXAMPLE 4 Converting an.Equatlon from Rectangular
to Polar Coordinates

Express the equation x> = 4y in polar coordinates.

SOLUTION We use the formulas x = r cos 8 and y = r sin 6.

x2 = 4y Rectangular equation
(r cos 9)2 = 4(r sin 9) Substitute x = r cos 6, y = r sin 0
r’cos’6 = 4rsin 0 Expand
sin 6 S
r=4 Divide by r cos”
c0s20 ivide by r cos
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s TiEe Converting Equatlons. from Polar
to Rectangular Coordinates
Express the polar equation in rectangular coordinates. If possible, determine the graph
of the equation from its rectangular form.

x=5 (@) r=5sech (b) r=2sing (¢ r=2+2cosf

SOLUTION
(a) Since sec f = 1/cos 8, we multiply both sides by cos 6.

r=235sec  Polarequation

| | | | | | |
T T T T T T T

0 : rcosf =35 Multiply by cos 6

x=5 Substitute x = r cos 0

FIGURE 2.7 The graph of x = 5 is the vertical line in Figure 2.7

(b) We multiply both sides of the equationby r,'because then we can use the
formulas 7* = x* + y* and r sin'@ =y,

r = 2sin 6 Polar equation
# =2rsin®  Multiply by r
T Xyt =2y r=x>+y and rsin 0 =y

2y -2y=0 Subtract 2y

0 T x X+ (y-1)7=1 Complete the square in y

This is the equation of a circle of radius 1 centered at the point (0, 1). It is
FIGURE 8 graphed in Figure 8.

(¢) We first multiply both sides of the equation by r:
r> = 2r + 2rcos 6

Using > = x> + y? and x = r cos 6, we can convert two terms in the equation
into rectangular coordinates, but eliminating the remaining r requires more work.

x2+y2=27”+2x r2=x2+y2andrcos€)=x
x% 4+ y? — 2x = 2r Subtract 2x
(x> + y? — 2x) = 4,2 Square both sides

(x* + y* — 2x)? = 4(x* + y?) r? = x% + y?
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IEFFN GRAPHS OF POLAR EQUATIONS

Graphing Polar Equations Symmetry

34

The graph of a polar equation » = f(0) consists of all points P that have at least one
polar representation (r, 8) whose coordinates satisfy the equation. Many curves that
arise in mathematics and its applications are more easily and naturally represented by
polar equations than by rectangular equations.

Graphing Polar Equations

A rectangular grid is helpful for plotting points in rectangular coordinates (see Figure
1(a)). To plot points in polar coordinates, it is convenient to use a grid consisting of
circles centered at the pole and rays emanating from the pole, as in Figure 1(b). We will
use such grids to help us sketch polar graphs.

<

W

D W N

D

[y

O
I
B

¢

s>
o
i

0 =

wn kW

~

: , }

FIGURE 1 (a) Grid for rectangular coordinates (b) Grid for polar coordinates

DN Sketching the Graph of a Polar Equation
Sketch a graph of the polar equation » = 2 sin 6.

SOLUTION We first use the equation to determine the polar coordinates of several
points on the curve. The results are shown in the following table.

(7] 0o T /6 /4 /3 /2 27 /3 37 /4 57 /6
r = 2 sin 6 0 1 V2 V3 2 V3 V2 1 0

We plot these points in Figure 2 and then join them to sketch the curve. The graph
appears to be a circle. We have used values of 6 only between O and 7, since the same
points (this time expressed with negative r-coordinates) would be obtained if we
allowed 6 to range from 7 to 27r.
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The polar equation » = 2 sin 0 in %
rectangular coordinates is
X+ (y-1)Y=1

From the rectangular form of the
equation we see that the graph is a
circle of radius 1 centered at (0, 1).

FIGURE2 r =2sin 6

In general, the graphs of equations of the form

respectively. r = 2a sin 6 and r = 2a cos 6

are circles with radius | a | centered at the points with polar coordihates ( @,"77/2) and (a, 0),

3 CN[JNM Graphing an Equation Using the Point-Plotting Method

Graph the polar equation r = 4 cos 6 with 6 in radians;

Solution ~Welconstruct a partial table of coordinates for r = 4 cos f using multiples

of %\Then we plot the points and join them with a smooth curvel’

0 r=4cos0 (r,0)
3 0 | 4cos0=4-1=4 (4,0)
m T 35T T 3 T
37 3 | 3 [ 3 4cosz=4-\[=2\/§z3_5 <35,6>
4 (23] 4 2
%ﬁ r3 T T 1 p
6 3 4cos§=4-5=2 2,5
(0/7‘;) /’\ (4, 0) or (4, 7) - - .
-0 = deosT=40=0 <0’2>
[55%]
21y 21 4 Zi — 4<_1> = -2 <_2 27T>
In lir 3T TN )T "3
6577 (_2 %n- T 6 \/*
T ’ T 57 57 3 57
Yy sz ¢ o 4005? = 4<_2> = 2\3~-35 <—3 5’6>
3 3
3777 m | dcosm = 4(-1) = —4 (=4, )
The graph of r = 4 cos § | Values of r repeat. |
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Circles in Polar Coordinates
The graphs of

r = 2a cos 6 and r = 2a sin 0

are circles.

r = 2a cos 0 and r = 2asin 0

7
2

37
2

Sketching the Graph of a Cardioid
Sketch a graph of r =2 + 2 cos 6.

SOLUTION Instead of plotting points as in Example1, we first sketch the graph of

r =72 + 2 cos 0 in rectangular coordinates in Figure 3=We carr'think of this graph as
a table of values that enables us to read at a glafice thefvalues of r that correspond to
increasing values of 6. For instance, we see that as 6 increases from 0 to 77/2, r (the
distance from O) decreases from 4 to 2,.s0 weé sketch the corresponding part of the
polar graph in FigureI(a). As @ increases ffom /2 to 7, Figure 3 shows that r
decreases from 2 to 0, so we sketch the next part of the graph as in Figure [b). As

6 increases from 7 to 377/2, rincreases from 0 to 2, as shown in part (c). Finally, as
6 increases from 37/2.to 27w increases from 2 to 4, as shown in part (d). If we let 6
increase beyond 27 or decrease beyond 0, we would simply retrace our path. Com-
bining the portions.of the graph from parts (a) through (d) of Figure 4, we sketch the
complete graph in part (e).

FIGURE3 r=2 + 2 cos 0

(@ (b) © (d) (@)

The polar equation r = 2 + 2 cos 6 in FIGURE 4 Steps in sketching r = 2 + 2 cos
rectangular coordinates is

(x2 +y = 2,\')2 = 4(,\'2 + yz)

The curve in Figure 4 is called a cardioid because it is heart-shaped. In general, the
graph of any equation of the form

r = a(l = cos 0) or r = a(l = sin 0)

is a cardioid.
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Sketching the Graph of a Four-Leaved Rose

Sketch the curve r = cos 26.

SOLUTION  we first sketch the graph of » = cos 260 in rectangular coordinates, as
shown in Figure 5. As 0 increases from O to 7r/4, Figure 5 shows that » decreases
from 1 to O, so we draw the corresponding portion of the polar curve

in Figure 6. As 0 increases from 7/4 to 77/2, the value of r goes from O to — 1. This
means that the distance from the origin increases from O to 1, but instead of being in
Quadrant I, this portion of the polar curve lies on the opposite side of the origin in
Quadrant III. The remainder of the curve is drawn in a similar fashion, with the
arrows and numbers indicating the order in

which the portions are traced out. The resulting curve has four petals and is called a
four-leaved rose.

rA

1+

[}
3
SN /

FIGURE 5 Graph of r = cos 26 sketched in rectangular coordinatés FIGURE 6 Four-leaved rose r = cos 26
sketched in polar coordinates

In general, the graph of an eguationvof the form
r =\@'eos nb or ¥ = a sin né

is an n-leaved rose if n is,odd*or a 2n-leaved rose if n is even.

Symmetry

Tests for Symmetry in Polar Coordinates

Symmetry with Respect to the Symmetry with Respect to the Symmetry with Respect to the
Polar Axis (x-Axis) Line 0 = (y-Axis) Pole (Origin)
2
2 2 3
(r.0) ()] (r.0) (r.60)
T \6 0 T IR \6 0 T \9 0
\\\J—G \\\,1_9 //
L S S
(r,—6) (=, 0)
37 37 37
2 2 2
Replace 6 with —6. If an equivalent Replace (7, ) with (—r, —6). If an Replace r with —r. If an
equation results, the graph is equivalent equation results, the graph equivalent equation results, the
symmetric with respect to the polar is symmetric with respect to 6 = Z. graph is symmetric with respect
axis. 2 to the pole.
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D CNVILHN M Graphing a Polar Equation Using Symmetry

Check for symmetry and then graph the polar equation:

38

r =1 — cos 6.

Solution We apply each of the tests for symmetry.

Polar Axis:

r =1 — cos(—0)
r =1 — cos @

Replace 6 with —0inr =

1 — cos@:

Replace 0 with —0 inr = 1 — cos 6.

The cosine function is even: cos (—0) = cos 0.

Because the polar equation does not change when 6 is replaced with —6, the graph
is symmetric with respect to the polar axis.

The Line 60 = ’27:

Replace (r, 0) with (—r, —0) inr = 1 — cos 0:

—r =1 — cos(—0) Replace r with —rand 6 with —0inr = 1 — cos 0.
—r =1 — cos @ cos(—0) = cos 6.
r =cos6 — 1 Multiply both sides by —1.

1B
w3
&1

a3

w3

ol
wIy
NN

a3

Dr.

Eman Mohanmad

Because the polar equation r = 1 <.cos'f/changes to r = cos § — 1 when (r, 6) is
replaced with (—r, —@), the equation fails'this symmetry test. The graph may or may

not be symmetric with respect to the line § = o

The Pole: Replace r-with =rinr =1 — cos 6

—r=1—cos@ Replace rwith —rinr =1 — cos 0.
cosf — 1

r Multiply both sides by —1.

Beca&e the polar equation r = 1 — cos # changes to r = cosf — 1 when r is
replaced with —r, the equation fails this symmetry test. The graph may or may not
be symmetric with respect to the pole.

Now we are ready to graph r = 1 — cos 6. Because the period of the cosine
function is 27, we need not consider values of # beyond 27. Recall that we discov-
ered the graph of the equation » = 1 — cos # has symmetry with respect to the
polar axis. Because the graph has this symmetry, we can obtain a complete graph
by plotting fewer points. Let’s start by finding the values of r for values of 6 from

0to .
o |0 ™ | 7™ | 7™ |20 | 57 | 7
6 3 2 3 6
lr olo13]os| 1] 15] 187 2]
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In r ctangular coordinates the zeros of the function y = f(x) correspond to the

c
x-intercepts of the graph. In polar coordinates the zeros of the function » = f(6) are the

angles 6 at which the curve crosses the pole. The zeros help us sketch the graph, as is
illustrated in the next example.

. Using Symmetry to Sketch a Limagon

Sketch a graph of the equation r =1 + 2 cos 6.
SOLUTION  We use the following as aids in sketching the graph.

Symmetry. Since the equation is unchanged when 6-is réplaced by —0), the graph is

¢

symmetric about the polar axis. -

X

Zeros. To find the zeros, we solve T O

0.="1F 2cosf
\
a I
9 cosfh =——
’\ 2
QA g am
\41' - )
\\ 33

Table of values. As in Example 4, we sketch the graph of r = 1 + 2 cos 6 in rect-
angular coordinates to serve as a table of values (Figure 8 ).

Now we sketch the polar graph of r = 1 + 2 cos 6 from 6 = 0 to § = 7 and
then use symmetry to complete the graph in Figure 8

The curve in Figure 9 is called a limacon, after the Middle French word for snail.
FIGURE9 r=1+2cos 6 In general, the graph of an equation of the form

r=axbcost or r=a*bsinf

is a limacon. The shape of the limacon depends on the relative size of a and b
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¢4 N A Sketch the graph of r = 6 (6 = 0) in polar coordinates by plotting points.

Solution. Observe that as 0 increases, so does r; thus, the graph is a curve that spirals out
from the pole as 6 increases. A reasonably accurate sketch of the spiral can be obtained by
plotting the points that correspond to values of 6 that are integer multiples of 77/2, keeping
in mind that the value of r is always equal to the value of 6 (Figure 10). -«

—
or/2

3 T

Trc/2

r=0(©=0)
A Figure 10

POLAR EQUATIONS OF CIRCLES

We have already had considerable experience ingtransforming the
rectangular equation of a given curve into an equivalent polar equation for
the same curve.

Consid er, forexample, the circle (Fig. 101, left) with center (a, O0)
and ra-dius a:
(x — a)? + YA /\a? or x2 + y2 = 2ax. (1)
Since x2 + y?> = r2 and x =\cos 6, this equation becomes
r2 = 2ar cos 6,
which is equivalent to

r = 2a cos 6 )

because the origin » = O lies on the graph of (2).

i

P=(r,0)

9 POF Reducer Demo

(0] 2:1 A

Figure 1[]
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This example illustrates one way to find the polar equation of a curve, namely,
transform its rectangular equation into polar coordinates. Another method that is
better whenever it is feasible is to obtain the polar equation directly from some
characteristic geometric property of the curve. In the case of the circle just dis-
cussed, we use the fact that the angle OPA in the figure on the right is a right
angle. Since OPA is a right triangle with r the adjacent side to the acute angle 6,
we clearly have

r = 2a cos 6,

which of course is the same equation previously obtained, but derived in a very
different way.

We shall use this second and more natural method to find the polar equations
of various curves in the following examples.

DGR Find the polar equation of the circle with radius a and center at the
point C with polar coordinates (b, «), where b is assumed to be positive.

Solution let P = (r, 6)beany point on the circle, as.shown in Fig. 12,
and apply the law of cosines tothe triangle OPC(to obtain

a2 =r2+ b2 — 2br cos (6 ~(a).

P P=(,0)

ucer Demo

Figure 12

Figure 1[]

This is the polar equation of the circle. For circles that pass through the origin
we have b = a, and the equation can be written as

r = 2a cos (6 — a). 3
In particular, when « = O, then (3) reduces to (2), and when ¢ = 77/2, so that the
center lies on the y-axis, then cos (6 — 7/2) = sin 6, and (3) reduces to

r = 2a sin 0. C))

In this case the right triangle OPA in Fig. 13 provides a more direct geomet-
ric way of obtaining (4), since here r is the opposite side to the acute angle 6.
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I POLAR EQUATIONS OF CONICS

A Unified Geometric Description of Conics Polar Equations of Conics

A Unified Geometric Description of Conics

Earlier in this chapter, we defined a parabola in terms of a focus and directrix, but we
defined the ellipse and hyperbola in terms of two foci. In this section we give a more
unified treatment of all three types of conics in terms of a focus and directrix. If we
place one focus at the origin, then a conic section has a simple polar equation.

A ¢ (Directrix) | EQUIVALENT DESCRIPTION OF CONICS

Let F be a fixed point (the focus), € a fixed line (the directrix), and let ¢ be a
fixed positive number (the eccentricity). The set of all points P such that the

r x=d
\ 0 ratio of the distance from P to F to the distance from P.to € is the constant e is
F a conic. That is, the set of all points P such that
7 cos 6 A
d(P, F)~
d d(RLO)N
/ is a conic. The conic is a parabola'if ¢ = 1, an ellipse if ¢ < 1, or a hyperbola if
A e>1.
FIGURE 1

Polar Equations of Conics

we saw that the polar equatien,of the conic in Figure 1 is r=e(d—r cos 0).
Solving for r, we get

o ed
1 + ecosO
If the directrix 1§ chosen to be to the left of the focus (x = —d), then we get the equa-
tionr = ed/(1 — e cos 0).Ifthedirectrix is paralleltothe polaraxis (y = dory = —d),

then we get sin 6 instead of cos € in the equation. These observations are summarized
in the following box and in Figure 2.

POLAR EQUATIONS OF CONICS
A polar equation of the form

ed ed
= or r= —"-—
1 = ecos O 1 = esin 6

represents a conic with one focus at the origin and with eccentricity e. The conic is

1. a parabolaife = 1,
2. anellipseif 0 < e < 1,
3. a hyperbola if e > 1.
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y YA YA
y=d Directrix Axis
x=d x=—d
Directrix Directrix
. ]
X Axis X F X F X
Axis y=—d Directrix
o ed o ed o ed o ed
(a)'_1+ecosﬁ (b)r_l—ecosb’ (C)’_1+esin6 (d)r_l—esinﬁ

FIGURE 2 The form of the polar equation of a conic indicates the location of the directrix.

To graph the polar equation of a conic, we first determine the location of the directrix
from the form of the equation. The four cases that arise are shown in Figure 2. (The
figure shows only the parts of the graphs that are close to the focus at the origin. The
shape of the rest of the graph depends on whether the equation represents a parabola,
an ellipse, or a hyperbola.) The axis of a conic is perpendicular to the directrix
specifically we have the following:

1. For a parabola the axis of symmetry is perpendicular to the directrix.
2. For an ellipse the major axis is perpendicular to the directrix.

3. For a hyperbola the transverse axis is perpendicular to the directrix.

I GUUZSN Finding a Polar Equation for a Conic

Find a polar equation for the parabola that has its focus at the origin and whose direc-
trix is the line y = —6.

SOLUTION Using ¢ = 1 and d = 6 and using part (d) of Figure 2, we see that the
polar equation of the parabola is
6

yr = ———
1 — sin 6@

To graph a polar conic, it is helpful to plot the points for which & = 0, 77/2, 7, and
37r/2. Using these points and a knowledge of the type of conic (which we obtain from
the eccentricity), we can easily get a rough idea of the shape and location of the
graph.

Identifying and Sketching a Conic

A conic is given by the polar equation

10
3 — 2cos @

r =

(a) Show that the conic is an ellipse, and sketch its graph.

(b) Find the center of the ellipse and the lengths of the major and minor axes.

SOLUTION
(a) Dividing the numerator and denominator by 3, we have

10
3

y=_——>
1 — 5cos@
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Since ¢ = 3 << 1, the equation represents an ellipse. For a rough graph we plot
the points for which @ = 0, 7w/2, 7, 377/2 (see Figure 3).

N

0
0 10
e 10 N\
i o | v, (10, 0)
2 3 | I
25 = 4.47

10
3 — 2cos 6

FIGURE 3 r =

(b) Comparing the equation to those in Figure 2, we see that the major axis is
horizontal. Thus the endpoints of the major axis are V,(10,0) and V,(2, 7).
So the center of the ellipse is at C(4, 0), the midpoint of V| V.

The distance between the vertices V| and V, is 12; thus the length of the major
axis is 2a = 12, so a = 6. To determine the length of the minor axis, we need to
find . we have c=ae=6(3) = 4, so

b2 = a? — 2 = 62 — 42= 20

Thus b = V20 = 2\/5 = 4.47, and the léngth of the minor axis is
2b = 4\/5 = 8.94.

SN |dentifying and Sketching a Conic
A conic is given by the polax%quation

12

"7 2+ 4asine
(a) Show that the conic is a hyperbola, and sketch its graph.

(b) Find the center of the hyperbola, and sketch the asymptotes.
SOLUTION
(a) Dividing the numerator and denominator by 2, we have
o 6
1 + 2sin @

Since e = 2 > 1, the equation represents a hyperbola. For a rough graph we plot
the points for which 6 = O, 77'/2, T, 377'/2 (see Figure 4).

(b) Comparing the equation to those in Figure 2, we see that the transverse axis is
vertical. Thus the endpoints of the transverse axis (the vertices of the hyperbola)
are V(2,7/2) and V,(—6,37/2) = V,(6, 7/2). So the center of the hyperbola is
C(4, 77/2), the midpoint of V,V,.

To sketch the asymptotes, we need to find a and /. The distance between Vi
and V2 is 4; thus the length of the transverse axis is 2a = 4, so a = 2. To find
b, we first find ¢. we have ¢ = ae = 2-2 = 4, so

b? =c? — a2 =4> — 22 = 12
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Thus b = V12 = 23 = 3.46. Knowing a and b allows us to sketch the central
box, from which we obtain the asymptotes shown in Figure 4.

NFY vh o | @

FIGURE4 r =

2+ 4sin6

When we rotate conic sections, it is much more convenient to use polar equations
than Cartesian equations. We use the fact that the graph of » = (6~ .«) is the graph
of r = f(0) rotated counterclockwise about the origin through-an angle «

. 10 5 ¢:\\/|JHW' W Rotating an Ellipse

3 — 2cos(f — m/4) : , .
Suppose the ellipse of Example 2 is rotated through an angle 77/4 about the origin.
Find a polar equation for the resulting ellipse, and draw its graph.

SOLUTION We get the equation of the rotated ellipse by replacing 6 with § — /4 in
the equation giveniin Example 2. So the new equation is

11
=5 15 10
r =
\ 3 — 2cos(f — m/4)
—6

We use this equation to graph the rotated ellipse in Figure 5. Notice that the ellipse

10 has been rotated about the focus at the origin.
g g cos 0

r =

FIGURE 5

In Figure 6 we use a computer to sketch a number of conics to demonstrate the effect
of varying the eccentricity e. Notice that when e is close to 0, the ellipse is nearly cir-
cular, and it becomes more elongated as e increases. When e = 1, of course, the conic
is a parabola. As e increases beyond 1, the conic is an ever steeper hyperbola.

©©<><

e=0.5 e =0.86 =4
FIGURE 6
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m TANGENT LINES, ARC LENGTH, AND AREA FOR POLAR CURVES

In this section we will derive the formulas required to find slopes, tangent lines, and arc
lengths of polar curves. We will then show how to find areas of regions that are bounded

by polar curves.

I TANGENT LINES TO POLAR CURVES

Our first objective in this

section 1s to find a method for obtaining slopes of tangent lines to

polar curves of the form r = f(#) in which r is a differentiable function of 6. We showed
in the last section that a curve of this form can be expressed parametrically in terms of the
parameter 6 by substituting f(#) for r in the equations x = r cosf and y = r sin@. This

yields

from which we obtain
dx
5 =
dy
g0 =

x = f(@)cosh, y= f(0)sind

d
— f(©)sinO + f'(0) cosO =t=r sin® + £ coso
do
dr M
f(@)cosO + f(0)sin@ = r cos O + %sine

Thus, if dx/d6 and dy/d6 are contintious and if dx/dO # 0, then y is a differentiable

function of x.

d
A dy/de _ rcos@—l—sin@é
dx dx/do

2)

in6 4+ cos ol
—7 S1n COS U —
do

2GRN Find the slope of the tangent line to the circle r = 4 cosé at the point

/2
Tangent

7N
\_/

4

r=4cosf

Figure 1

Dr. Eman Mohanmmad

where 0 = n/4.

Solution. From (2) with r = 4 cos 6, so that dr/d6 = —4sin 6, we obtain

dy 4cos’0 —4sin’6  cos’6 —sin’ 6

dx ~ —8sinfcosf 2sin6 cos 6

Using the double-angle formulas for sine and cosine,

d 20
Y —C?S = —cot20
dx sin 260
Thus, at the point where & = /4 the slope of the tangent line is
d
m= & = —cot T 0
dx lg—r/4 2

which implies that the circle has a horizontal tangent line at the point where 0 = /4
(Figure 1). <
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DCUNAAFN Find the points on the cardioid » = 1 — cos @ at which there is a horizontal
tangent line, a vertical tangent line, or a singular point.

Solution. A horizontal tangent line will occur where dy/d6 = O and dx/d6 # 0O, a ver-
tical tangent line where dy/d6 # 0 and dx/d6® = 0O, and a singular point where dy/d6 = O
and dx/d6® = 0. We could find these derivatives from the formulas in (1). However, an al-
ternative approach is to go back to basic principles and express the cardioid parametrically
by substituting 7 = 1 — cos @ in the conversion formulas x = r cos @ and y = r sin 6. This
yields x = (1 —cosO)cosO, y= (1 —cos6)sinb O <6 < 27)

Differentiating these equations with respect to 6 and then simplifying yields (verify)

dx dy

= sinf@(2cosH — 1), = (1 —cosB)(1 +2cosBH)

do do
Thus, dx/d6 = 0ifsin® = QOorcos® = %, and dy/dO® = Qifcos® = 1 orcos O = —%.We
leave it for you to solve these equations and show that the solutions of dx/d® = O on the
interval O < 6 < 27t are
d 5
—x=O: 0 = 0, z, 7T, _71" 275
de 3 3

and the solutions of dy/d® = 0 on the interval 0 < § < 27 are

dy 2w 4w

— =0: 60=0, —, —2n

do 3 3
Thus, horizontal tangent lines occur at = 27/3and 6 = 47/3; vertical tangent lines occur
at ® = /3, m, and 57/3; and singular points ¢ccur at & = 0 and 0 = 27 (Figure 2).

Note, however, that r = 0 at both singular, peints, so there is really only one singular point
on the cardioid—the pole. <«

r=1—cos @

A Figure 2
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H TANGENT LINES TO POLAR CURVES AT THE ORIGIN

Formula (2) reveals some useful information about the behavior of a polar curve r = f(0)
that passes through the origin. If we assume that » = O and dr/d6 # O when 6 = 6, then
it follows from Formula (2) that the slope of the tangent line to the curve at 0 = 6q is

0 -+ sin o 2/
d_y Sin 0%

sin 6 tan O
e fr} — tan (o)
dx dr cos O
0O 4+ cos By —
°do
(Figure 3). However, tan 6 is also the slope of the line & = 6y, so we can conclude that

this line is tangent to the curve at the origin. Thus, we have established the following result.

THEOREM [If the polar curve r = f(0) passes through the origin at 6 = 6y,
and if dr/d6 # 0 at & = 0qy, then the line 0 = 0 is tangent to the curve at the origin.

This theorem tells us that equations of the tangent lines at the originto the curve r = f(6)
can be obtained by solving the equation f(6) = 0. Itis importantto Keep in mind, however,
that » = f(6#) may be zero for more than one value of 6, so there may be more than one
tangent line at the origin. This is illustrated in the next example.

/2

0:00

Slope = tan 6,
0o

A Figure 3

D CVIIJB8 The three-petal rose r = sin 30 in Figure 4 has three tangent lines at

/2
6 =2m/3 0 =n/3 - . . .
$ ; the origin, which can be found by solving the equation

sin36 =0

The complete rose is traced once as 6 varies over the interval 0 < 6 < m, so we need only

look for solutions in this interval. We leave

T 2
=0, 6=—, and 0= —
3 3

Since dr/df = 3 cos 30 # 0 for these values of 6, these three lines are tangent to the rose
r=sin 30 at the origin, which is consistent with the figure. <«

A Figure 4
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I ARC LENGTH OF A POLAR CURVE
A formula for the arc length of a polar curve r = f(6) can be derived by expressing the
curve in parametric form and applying for the arc length of aparametric curve. We leave

it as an exercise to show the following.

ARC LENGTH FORMULA FOR POLAR CURVES If no segment of the polar
curve r = f(0) is traced more than once as 0 increases from « to B, and if dr/d6 is
continuous for « < 6 < B, then the arc length L from 6 = o to 6 = B is

B B dr \>
L= [ VIFOPR+[f(0))?do = [ r? + (%) do (3)

Find the arc length of the spiral r = e”.in Figure 5 between 6= 0 and
0 =m.

Solution. 5 R
¢ P a— T
(T, ™) l(1,0) L= / ‘/rQ + (é) dé.= / Vi(e")? + (e?)?do
a 0

A Figure 5
T /g
= / V2e0d0 = ﬁee] = V2" — 1)~ 313 <
0 0
Find the total arc length of the cardioid r = 1 4 cos 6.
Solution. The cardioid is traced out once as 8 varies from 8 = 0 to § = 2. Thus,
B d 2 2
L:/ ‘/rz—l-(é) do = V(1 +¢cos0)? + (—sin)2 do
o 0
27
=2 V14 cos6do
0
2” / Identity (45)
— 21 entity
=2 /(; cos 59 do of Appendix B
/2
r=1+cos6 2 )
= 2/ ]cos §0|d9
0
Since cos %0 changes sign at r, we must split the last integral into the sum of two integrals:
0 the integral from 0 to 7 plus the integral from 7 to 2z. However, the integral from 7 to
27 is equal to the integral from O to 7, since the cardioid is symmetric about the polar axis
(Figure 6). Thus,
2 7 T
L :2/ |cos%9‘d9 :4f cos%@d@ :83in%9:| =8 «
A Figure 6 0 0 0
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Il AREA IN POLAR COORDINATES
We begin our investigation of area in polar coordinates with a simple case.

=f(0
r=10 AREA PROBLEM IN POLAR COORDINATES Suppose that « and § are angles
p that satisfy the condition @< p<atdr
0=p =g and suppose that f(#) is continuous and nonnegative for « <6 < . Find the area
of the region R enclosed by the polar curve r = f(#) and the rays § = « and 6 = f8

(Figure 7).
A Figure 7

In rectangular coordinates we obtained areas under curves by dividing the region into
an increasing number of vertical strips, approximating the strips by rectangles, and taking
a limit. In polar coordinates rectangles are clumsy to work with, and it is better to partition
the region into wedges by using rays

0=06,0=0,...,0="0,,

such that C{<9]<92<“'<0n_1<’3

(Figure 8). As shown in that figure, the-rays divide the region R into n wedges with
areas Ay, Az, ..., A, and centraliangles A6, A6,, ..., Af,. The area of the entire region
can be written as n
AU+ A+ + A, =) A )

k=1

If A6, is small, then'we can approximate the area A; of the kth wedge by the area of
a sector with/central‘angle A6y and radius f(0;), where 6 = 6; is any ray that lies in the
kth wediel (Figure 9). Thus, from (4) and Formula (5) of Appendix B for the area of
a seetor, we obtain

A Figure 9

n n

A=A~ LFOHPAG (5)
k=1 k=1

If we now increase n in such a way that max A6, — 0, then the sectors will become better

and better approximations of the wedges and it is reasonable to expect that (5) will approach

the exact value of the area A (Figure 10); that is,

max Af; —

n B

A= lim OZ%[f(@,j)]erk:/ L F©O1?do
k=1 o

0=p

Note that the discussion above can easily be adapted to the case where f(6) is nonpositive
A Figure 10 for o < 0 < B. We summarize this result below.

AREA IN POLAR COORDINATES Ifo and B8 are angles that satisfy the condition
o <= B =o -+ 27

and if f(€) is continuous and either nonnegative or nonpositive fora < 6 < g, then the
area A of the region R enclosed by the polar curve r = f(0) (¢ < 6 < B) and the lines
O =« and 6 = B is

B B
A:/ %[f(@)]%l@:/ 1r2de (6)
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The hardest part of applying (6) is determining the limits of integration. This can be
done as follows:

Area in Polar Coordinates: Limits of Integration
Step 1. Sketch the region R whose area is to be determined.
Step 2. Draw an arbitrary “radial line” from the pole to the boundary curve r = f(6).

Step 3. Ask, “Over what interval of values must € vary in order for the radial line to
sweep out the region R?”

Step 4. Your answer in Step 3 will determine the lower and upper limits of integration.

Find the area of the region in the first quadrant that is within the cardioid
r=1-cosf.
r=1-cosf /2
Solution. The region and a typical radial line are showi inFigure 11. For the radialline
to sweep out the region, 6 must vary from 0 t0.7/2. “Thus, from (6) with & = 0 and
B = m/2, we obtain

77/21 1 /2 1 7/2
A:/ —r? d@:—/ (1.— cosh)> d@:—/ (1 —2cosf + cos’6) db
0o 2 2 Jo 2 Jo

With the help of the identity €os*8 = %(1 + cos 26), this can be rewritten as
The shaded region is swept

. . T, 7'[/2
out by the radial line as 6 1 2 (3 1 > 1 |:3 . 1. :| 3
- A=- ——2¢cosf + =cos20 |dd = - | =0 — 2sinf + —sin 26 =-n—-1
varies from 0 to 7/2. 2é 2 2 212 4 0 8
A Figure 11

D ONIJEWAN Find the entire area within the cardioid of Example 6.

Solution. For the'radial line to sweep out the entire cardioid, & must vary from O to 2.
Thus, from (6) with « = 0 and 8 = 27,

27 1 1 27

2 2

A:/ —r°df = — (1 —cosH) dob
o 2 2 Jo

If we proceed as in Example 6, this reduces to

1 (2™ /3 1 37
A= — — —2cosf + —cos20 )| dO = —
2 Jo 2 2 2

Alternative Solution. Since the cardioid is symmetric about the x-axis, we can calculate
the portion of the area above the x-axis and double the result. In the portion of the cardioid
above the x-axis, 6 ranges from O to 7, so that

1, i 5 3
A=2 —r-df = (1 —cosh)*"df = — =
o 2 0 2
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B USING SYMMETRY
Although Formula (6) is applicable if » = f(6) is negative, area computations can some-
times be simplified by using symmetry to restrict the limits of integration to intervals where
v = 0. This is illustrated in the next example.

S \IJEK M Find the area of the region enclosed by the rose curve r = cos 26.

Solution. | lthe area in the first quadrant
that is swept out for 0 < 6 < 77/4 is one-eighth of the total area inside the rose. Thus, from

Formula (6)
/4 1 /4
__ 2 _ 2
A_S/ —r d<9_4/ cos” 260 do
o 2 0

/4 /4
:4/ 5(1—|—cos4t9)dt9=2/ (1 +cos40)do
0 0

=2t9—|——sin4¢9:| = - <
2 o 2

Sometimes the most natural way to satisfy the restriction'ov < 8 < o + 27t required by
Formula (6) is to use a negative value for «. For examplé, suppose that we are interested
in finding the area of the shaded region in Figure 12a .The first step would be
todetermine the intersections of the cardioid »= 4 + 4 cos 6 and the circle r = 6, since
information is needed for the limits of integration. To find the points of intersection, we

equate the two expressions for r. This, yields
1
4 +~4cosfd =6 or cosO = 5

which is satisfied by the posikve angles

T S
0 =— and 6 = —
3 3

However, there is“a problem here because the radial lines to the circle and cardioid do not
sweep through the shaded region shown in Figure 12.H as 6 varies over the interval
/3 < 0 < 57/3. There are two ways to circumvent this problem—one is to take advantage
of the symmetry by integrating over the interval 0 < 6 < 7/3 and doubling the result, and
the second is to use a negative lower limit of integration and integrate over the interval
—m/3 < 60 < 7/3 (Figure 12¢). The two methods are illustrated in the next example.

/2 /2 /2 /2

r=4+4cosf

(a)
Figure 12

Dr. Eman Mohanmad Dr. Suaad Gedaan Dr. Mohanad Naf aa 2019/ 2020


user
Highlight

user
Text Box



Chapter Two / Paranetric and Pol ar Curves
53

Find the area of the region that is inside of the cardioid r = 4 + 4 cos 6
and outside of the circle » = 6.

Solution Using a Negative Angle. The area of the region can be obtained by subtracting
the areas in Figures 12d and 12e:

/3 7/3 1 o
= / _(4 + 4 cos 9) do — / 5(6)2 do Area inside cardioid

minus area inside circle.
71/3 —/3

/3 /3
—/ —[(4+4cos0) —36]d9:f (16 cos 6 + 8cos? O — 10) dO
7T/3 /3

[16 sin@ + (40 + 2sin260) — 109]71/3 = 183 — 4x

Solution Using Symmetry. Using symmetry, we can calculate the area above the polar
axis and double it. This yields (verify)

/3
A=2f 5[(44—40050)2—36]619:2(9\/_—277)218\/_—471
0

which agrees with the preceding result. <«
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BEEEYE PLANE CURVES AND PARAMETRIC EQUATIONS

Plane Curves and Parametric Equations Eliminating the Parameter
Finding Parametric Equations for a Curve

Plane Curves and Parametric Equations

We can think of a curve as the path of a point moving in the plane; the x- and
y-coordinates of the point are then functions of time. This idea leads to the following
definition.

PLANE CURVES AND PARAMETRIC EQUATIONS

If f and g are functions defined on an interval /, then the-set of points
(f(2), g(1)) is a plane curve. The equations

x = f(1) w="9(?)

where ¢ € I, are parametric equations for the curve, with parameter r.

EXAMPLE 1 Sketching a Plane Curve

Sketch the curve defined by the parametric equations

\ x =1t — 3t y=1t—1
SOLUTION For every value of r we get a point on the curve. For example, if r = O,
then x =-Ovand y*= —1, so the corresponding point is (0, —1). In Figure 1 we plot
the points (x,'y) determined by the values of # shown in the following table.
t x y
-2 10 -3
—1 4 -2
0 0 —1
1 -2 0
2 -2 1
3 0 2
4 4 3
5 10 4

FIGURE 1

As t increases, a particle whose position is given by the parametric equations
moves along the curve in the direction of the arrows.

Dr. Eman Mohanmad Dr. Suaad Gedaan Dr . Mohanad Naf aa 2019/ 2020



55

If we replace r by —¢ in Example 1, we obtain the parametric equations
x =1+ 3t y=—1—1

The graph of these parametric equations (see Figure 2) is the same as the curve in Fig-
ure 1 but traced out in the opposite direction. On the other hand, if we replace ¢ by 2¢
in Example 1, we obtain the parametric equations

x = 41> — 6t y=2t—1

The graph of these parametric equations (see Figure 3) is again the same but is traced
out “twice as fast.” Thus a parametrization contains more information than just the
shape of the curve; it also indicates how the curve is being traced out.

FIGURE2 x =+ 3t,y= —t— 1 FIGURE3 x = 41> — 61,y =2t — 1

Eliminating the Rarameter

Often a curve given by parametric equations can also be represented by a single rect-
angular equatiengin x and y. The process of finding this equation is called eliminating
the parameteR,Ohe¢ way to do this is to solve for 7 in one equation, then substitute into
the other.

EXAMPLE 2 © Eliminating the Parameter
Eliminate the parameter in the parametric equations of Example 1.

SOLUTION First we solve for ¢ in the simpler equation, then we substitute into the
other equation. From the equation y =t — 1 we get t = y + 1. Substituting into the
equation for x, we get

x=t=3t=0O+1)=3Qy+1)=y"—y—-2

Thus the curve in Example 1 has the rectangular equation x = y*> —y — 2, so it is a
parabola.
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EXAMPLE 3 Modeling Circular Motion

The following parametric equations model the position of a moving object at time ¢
(in seconds):

X = cost y = sint r=20
Describe and graph the path of the object.

SOLUTION To identify the curve, we eliminate the parameter. Since cos®t + sin’t = 1
and since x = cos r and y = sin 7 for every point (x, y) on the curve, we have

x? + y?> = (cost)* + (sint)? = 1

This means that all points on the curve satisfy the equation x> + y? = 1, so the graph is
a circle of radius 1 centered at the origin. As ¢ increases from O to 277, the point given
by the parametric equations starts at (1, 0) and moves counterclockwise once around
the circle, as shown in Figure 4. So the object completes one revolution around the cir-
cle in 27 seconds. Notice that the parameter 7 can be interpreted as the angle shown in
the figure.

YA -

|
| t=0
t= ey .
0 ’\(1,0) X
t =2
_ 3
Q 6=

FIGURE 4

EXAMPLE 4 = Sketching a Parametric Curve
Eliminate the parameter, and sketch the graph of the parametric equations
X =sint y =2 — cos’t
(-1,2) (1,2) SOLUTION  To eliminate the parameter, we first use the trigonometric identity
cos’t = 1 — sin’t to change the second equation:
y=2—cos’t =2 — (1 —sin’f) = 1 + sin’t

Now we can substitute sin ¢ = x from the first equation to get

y=1+ x?

so the point (x, y) moves along the parabola y = 1 + x* However, since

—1 =sint =1, we have —1 = x = 1, so the parametric equations represent only

0 % the part of the parabola between x = —1 and x = 1. Since sin 7 is periodic, the point
(x,y) = (sint,2 — cos’t) moves back and forth infinitely often along the parabola
FIGURE 5 between the points (—1, 2) and (1, 2), as shown in Figure 5.
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Finding Parametric Equations for a Curve

It is often possible to find parametric equations for a curve by using some geometric
properties that define the curve, as in the next two examples.

EXAMPLE 5 Finding Parametric Equations for a Graph
Find parametric equations for the line of slope 3 that passes through the point (2, 6).

SOLUTION Let’s start at the point (2, 6) and move up and to the right along this
line. Because the line has slope 3, for every 1 unit we move to the right, we must
move up 3 units. In other words, if we increase the x-coordinate by 7 units, we must
correspondingly increase the y-coordinate by 37 units. This leads to the parametric
equations

x=2+1t y =6+ 3t

To confirm that these equations give the desired line, we eliminate the parameter. We
solve for 7 in the first equation and substitute into the second to get

y=6+3(x—2)=3x

Thus the slope-intercept form of the equation of this line‘is’y.= 3x, which is a line of
slope 3 that does pass through (2, 6) as required. The graph is shown in Figure 6.

\ | 3z

FIGURE 6
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IERA VECTORS IN TWO DIMENSIONS

Geometric Description of Vectors Vectors in the Coordinate Plane

B Geometric Description of Vectors
u — AB A vector in the plane is a line segment with an assigned direction. We sketch a vector
A as shown in Figure 1 with an arrow to specify the direction. We denote this vector by
FIGURE 1 AB. Point A is the initial point, and B is the terminal point of the vector AB. The
length of the line segment AB is called the magnitude or length of the vector and is

denoted by | AB |. We use boldface letters to denote vectors. Thus we write u = AB.

/ Two vectors are considered equal if they have equal magnitude and the same direction.

/ Thus all the vectors in Figure 2 are equal. This definition of equality makes sense if we

/ think of a vector as representing a displacement. Two such displacements are the same if

they have equal magnitudes and the same direction. So the vectors in Figure 2 can be

thought of as the same displacement applied to objects in different locations in the plane.

C If the displacement u = AB is followed by the displacement v = BC , then the result-

ing displacement is AC as shown in Figure 3 In other words, the single displacement

. . represented by the vector AC has the same effic} as t@ther two displag}mentigogethjr.

BC We call the vector AC the sum ©f the vectors AB and BC, and we write AC = AB + BC.

(The zero vector, denoted-by.0, represents no displacement.) Thus to find the sum of

any two vectors wmand v, we sketch vectors equal to u and v with the initial point of one

A = B at the terminal point of the other (see Figure 4(a)). If we draw u and v starting at the

same, point,ithen u + v is the vector that is the diagonal of the parallelogram formed by
FIGURE 3 wand wshown in Figure 4(b).

/i
7
i

FIGURE 2

utv v

u
FIGURE 4 Addition of vectors (a)

If ¢ is a real number and v is a vector, we define a new vector cv as follows: The
vector ¢v has magnitude | ¢ | | v | and has the same direction as v if ¢ > 0 and the op-
posite direction if ¢ < 0. If ¢ = 0, then cv = 0, the zero vector. This process is called
multiplication of a vector by a scalar. Multiplying a vector by a scalar has the effect
of stretching or shrinking the vector. Figure 5 shows graphs of the vector cv for differ-
ent values of c. We write the vector (—1)v as —v. Thus —v is the vector with the same
length as v but with the opposite direction.
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The difference of two vectors u and v is defined by u — v = u + (—v). Figure 6
shows that the vector u — v is the other diagonal of the parallelogram formed by u and v.

\ \%\V \\ A G ~al

FIGURE 5 Multiplication of a vector by a scalar FIGURE 6 Subtraction of
vectors

Vectors in the Coordinate Plane

So far, we’ve discussed vectors geometrically. By placing a vector in a coordinate plane,
we can describe it analytically (that is, by using components). In Figure 7(a), to go from
the initial point of the vector v to the terminal point, we move a, units to the right and

a, units upward. We represent v as an ordered pair of real numbers.
Note the distinction between the vector
(ay, a,) and the point (ay, a,). v =(a;, a)
where a; is the horizontal component of v and d, is'the vertical component of v.
Remember that a vector represents a magnitude and a direction, not a particular arrow
in the plane. Thus the vector {a,, as). has many different representations, depending on

its initial point (see Figure 7(b)).

YA YA

FIGURE 7 (@

YA Using Figure 8, we can state the relationship between a geometric representation of
a vector and the analytic one as follows.

R COMPONENT FORM OF A VECTOR

If a vector v is represented in the plane with initial point P(x,, y;) and terminal
point O(x,, y,), then

Vi

=Y

0

V={(n=x,y— )

FIGURE 8
EXAMPLE 1 Describing Vectors in Component Form

(a) Find the component form of the vector u with initial point (—2, 5) and terminal
point (3,7).

(b) If the vector v = (3, 7) is sketched with initial point (2, 4), what is its terminal
point?

(¢) Sketch representations of the vector w = (2, 3) with initial points at (0, 0),
(2,2), (=2, —1), and (1,4).
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74 SOLUTION
v (a) The desired vector is
/ u=03-(-2).7-5=(2)
4 v/ (b) Let the terminal point of v be (x, y). Then
"4/ (x-2,y-4 =07
/
/ 0 - Sox—2=3andy—4="7,0rx=>5andy = 11. The terminal point s (5, 11).
(¢) Representations of the vector w are sketched in Figure 9.
FIGURE 9

MAGNITUDE OF A VECTOR

The magnitude or length of a vector v = (a,, a,) is

|lv| = Vai + a3

EXAMPLE 2 = Magnitudes of Vectors

Find the magnitude of each vector: A

@ u=(2,—3) (b) ¥(=(s.0) © w=(4%)

SOLUTION
@@ |u|=V2 +(-3)?%=VI13
M) |[v|=V52+0=V25=5 0

© Iwl=VE+E = VE+E-1 —

=Y

ALGEBRAIC OPERATIONS ON VECTORS

If u = (a,, a,) and v = (b,, b,), then
u-+v={a +b,a + b,)
u-—v={(a — b,a, — b,

cu = (cay, cay) ceR
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EXAMPLE 3 Operations with Vectors
Ifu=(2, —3)andv=<(—1,2),findu+ v,u —v,2u, —3v,and 2u + 3v.
SOLUTION By the definitions of the vector operations we have
u+v=¢(2,—3)+(—1,2) = (1, —1)
u—v=1(2—-3)—(—1,2) = (3, —5)
2u = 2(2, —3) = (4, —6)
—3v = —3(—1,2) = (3, —6)
2u +3v =22, —3) + 3(—1,2) = (4, —6) + (—3,6) = (1, 0)
The following properties for vector operations can be easily proved from the

definitions. The zero vector is the vector 0 = (0, 0). It plays the same role for addition
of vectors as the number O does for addition of real numbers.

PROPERTIES OF VECTORS
Vector addition Multiplication by a scalar
utv=v+u c(lu + v)=cu+cv
ut(v+w)=(u+tv)+w (¢c Rd)u=‘cu + du
ut0=u (cd)u = c¢(du) = d(cu)
y) u+(—u)=0 lu=u
Length of a vector Ou=0
3 lcu| = |c||u| c0=0
J
0 o > A vector ofxngth 1 is called a unit vector. For instance, in Example 2(c) the vector
! 1 X w = G, %) is a unit vector. Two useful unit vectors are i and j, defined by
FIGURE 12 i=(0) j=(0.1)
(See Figure 12.) These vectors are special because any vector can be expressed in terms
74 (@, a) of them. (See Figure 13.)
V .
@J VECTORS IN TERMS OF i AND j
0 ai > > The vector v = (a,, a,) can be expressed in terms of i and j by
v={a,a)=aita]j
FIGURE 13

EXAMPLE 4 = Vectors in Terms of i and j

(a) Write the vector u = (5, —8) in terms of i and j.
(b) fu=3i+2jandv = —i + 6, write 2u + 5v in terms of i and j.

SOLUTION
(@ u=5i+(—8)j=5i—8j
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(b) The properties of addition and scalar multiplication of vectors show that we can
manipulate vectors in the same way as algebraic expressions. Thus

2u + 5v =2(3i+ 2j) + 5(—i + 6j)
(6i + 4§) + (—5i + 30j)
=i+ 34j

y HORIZONTAL AND VERTICAL COMPONENTS OF A VECTOR

Let v be a vector with magnitude | v | and direction 6.

[v| Then v = (a,, ay) = a;i + a, j, where

|
: |v| sin 6
[ | R a,=|v|cos® and @ =|v|sinf
’ |v]cos 6 ' Thus we can express v as
FIGURE 14 v=|v|cosfi+ |v]sinbj

EXAMPLE 5 Components and Direction of a Vector

(a) A vector v has length 8 and direction 77/3. Find the horizontal and vertical
components, and write v in terms of i and j.

(b) Find the direction of the vector u =+—\V3i + J-
SOLUTION
(a) We have v = (a, b), whes the components are given by

a=8cos§=4 and b=85in§=4\/§

Thus v = (4, 4V/3) = 4i + 4V3j.
(b) From Figure 15 we see that the direction 6 has the property that

1 V3

-3 3
Thus the reference angle for 6 is 77/6. Since the terminal point of the vector u is
in Quadrant II, it follows that & = 5/6.

tan 0 =

0
. [

FIGURE 15
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IEXEN THREE-DIMENSIONAL COORDINATE GEOMETRY

The Three-Dimensional Rectangular Coordinate System Distance Formula in Three
Dimensions The Equation of a Sphere

The Three-Dimensional Rectangular Coordinate
System

To represent points in space, we first choose a fixed point O (the origin) and three di-
rected lines through O that are perpendicular to each other, called the coordinate axes
and labeled the x-axis, y-axis, and z-axis. Usually we think of the x- and y-axes as being
horizontal and the z-axis as being vertical, and we draw the orientation of the axes as in

@) Figure 1.
The three coordinate axes determine the three coordinate planes illustrated in Fig-
y ure 2(a). The xy-plane is the plane that contains the x- and y-axes; the yz-plane is the
X plane that contains the y- and z-axes; the xz-plane is the plane that contains the x- and
FIGURE 1 Coordinate axes z-axes. These three coordinate planes divide space into eight parts, called octants.

FIGURE 2 (a) Coordinate planes (b) Coordinate “walls”

Because people often have difficulty visualizing diagrams of three-dimensional fig-
ures, you may find it helpful to do the following (see Figure 2(b)). Look at any bottom
cornewof a room and call the corner the origin. The wall on your left is in the xz-plane,
the wall on your right is in the yz-plane, and the floor is in the xy-plane. The x-axis runs
along the intersection of the floor and the left wall; the y-axis runs along the intersection
of the floor and the right wall. The z-axis runs up from the floor toward the ceiling along
the intersection of the two walls.

Now any point P in space can be located by a unique ordered triple of real numbers
(a, b, ¢), as shown in Figure 3. The first number « is the x-coordinate of P, the second
number b is the y-coordinate of P, and the third number c is the z-coordinate of P. The
set of all ordered triples {(x,y, z) | x, y, z € R} forms the three-dimensional rectan-
FIGURE 3 Point P(a, b, c) gular coordinate system.

EXAMPLE 1 Plotting Points in Three Dimensions
Plot the points (2, 4,7) and (—4, 3, —5).
SOLUTION The points are plotted in Figure 4.

FIGURE 4
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In two-dimensional geometry the graph of an equation involving x and y is a curve
in the plane. In three-dimensional geometry an equation in x, y, and z represents a sur-
face in space.

EXAMPLE 2 Surfaces in Three-Dimensional Space

Describe and sketch the surfaces represented by the following equations:
@ z=3 (b) y =5
SOLUTION

(a) The surface consists of the points P(x, y, z) where the z-coordinate is 3. This is the
horizontal plane that is parallel to the xy-plane and three units above it, as in Figure 5.

(b) The surface consists of the points P(x, y, z) where the y-coordinate is 5. This is
the vertical plane that is parallel to the xz-plane and five units to the right of it, as

in Figure 6.
ZM
z

|
- - |
/ 3 \* IO//'
S
|
|
|

% —

T
X 0 Y
y
FIGURE 5 The plane z = 3 FIGURE 6 The plane y = 5

Distance Formula in Three . Dimensions

The familiar formula for the distance b€tween two points in a plane is easily extended
to the following three-dimensional formula.

DISTAP{E FORMULA IN THREE DIMENSIONS
The distance between the points P(x;, y;, z;) and Q(x,, ¥», z,) is
d(P. Q) = V(% — 1" + (3 = »1)* + (2 — 2,)?

zA Proof To prove this formula, we construct a rectangular box as in Figure 7, where
P(x, y;, z;) and Q(x,, y,, 2,) are diagonally opposite vertices and the faces of the box
are parallel to the coordinate planes. If A and B are the vertices of the box that are in-
dicated in the figure, then

d(P’A):|x2_xl‘ d(A’B):‘YZ_)H\ d(Q’B):‘ZZ_Zl|
Triangles PAB and PBQ are right triangles, so by the Pythagorean Theorem we have
(d(P, Q))* = (d(P, B))> + (d(Q, B))*
(d(P, B))* = (d(P,A))* + (d(A, B))*

P(xh Y Zl)

0(x3, y2, 25)

W

FIGURE 7

Combining these equations, we get
(d(P. 0))* = (d(P, A))* + (d(A, B))* + (d(Q. B))*
= o -xP+ [n-nlP+ -z

Therefore

dP,Q) =V —x)+ (0 —n)+(n—z)
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EXAMPLE 3 Using the Distance Formula
Find the distance between the points P(2, —1,7) and Q(1, —3,5).
SOLUTION We use the Distance Formula:

dP,0) =V -224+ (-3 - (-2 +(5-72*=VI+4+4=3

The Equation of a Sphere

We can use the Distance Formula to find an equation for a sphere in a three-dimensional

ZA .
coordinate space.
P(x, y,2)
’
r//
/ EQUATION OF A SPHERE
d
Clh, k, 1) An equation of a sphere with center C(h, k, [) and radius.r is
(x—h)?*+ (y — k)¢ = r?
0
X \
y

FIGURE 8 Sphere with radius r and
center C(h, k, 1)

EXAMPLE 4 Finding the Equation of a Sphere
Find an equation of a sphg(e with radius 5 and center C(—2, 1, 3).

SOLUTION We use the general equation of a sphere, with r = 5, 7 = —2, k = 1, and
[ = 3:

(x+2)2+(y—1)2+(z—3)?=25

EXAMPLE 5 Finding the Center and Radius of a Sphere

Show that x> + y? + z2 + 4x — 6y + 2z + 6 = O is the equation of a sphere, and
find its center and radius.

SOLUTION We complete the squares in the x-, y-, and z-terms to rewrite the given
equation in the form of an equation of a sphere.

x>+ y?+z22+4x—6y+22+6=0 Given equation
(xX*+4x+4)+0O*—6y+9)+(z22+2z2+1)=—6+4+9 + 1 Complete squares
(x + 2)2 + (y — 3)2 + (z + 1)2 =8 Factor into squares

Comparing this with the standard equation of a sphere, we can see that the center is
(—2, 3, —1) and the radius is V8 = 2V?2.
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The intersection of a sphere with a plane is called the trace of the sphere in the
plane.

EXAMPLE 6 Finding the Trace of a Sphere

Describe the trace of the sphere (x — 2)? + (y — 4)? + (z — 5)> = 36 in
(a) the xy-plane and (b) the plane z = 9.

SOLUTION

(a) In the xy-plane the z-coordinate is O. So the trace of the sphere in the xy-plane
consists of all the points on the sphere whose z-coordinate is 0. We replace z by O
in the equation of the sphere and get

(x —2)>+(y —4)>+(0—5) =36 Replace z by 0
(x —2)> 4+ (y —4)>+25 =36 Calculate
(x =2+ (y —4)> =11 Subtract 25
Thus the trace of the sphere is the circle
(x —2) 4+ (y —4) =11 z =0

which is a circle of radius V11 that is in the xy-plane, eentered at (2, 4, 0) (see
Figure 9(a)).

(b) The trace of the sphere in the plane z = 9-consists of all the points on the sphere
whose z-coordinate is 9. So we replace.z by'9 in the equation of the sphere and
get

(x = 2)> + (y — 4)2+9 — 5)?
(x —2)> 4 (v —4)>+ 16 = 36 Calculate
& — 2 + (y —4)> =20 Subtract 16

36 Replace z by O

Thus the trace of the sphere is the circle
(x —2)>+ (y —4)> =20 z=09

which is a‘circle of radius V20 that is 9 units above the xy-plane, centered at
(2,4,9) (see Figure 9(b)).

zZhA (x =22+ (y—4)?2?>=11,z=0 ZA

X

(a) (b)

FIGURE 9 The trace of a sphere in the planes z = O and z = 9

Dr.

Eman Mohanmad Dr . Suaad Gedaan Dr . Mohanad Naf aa 2019/ 2020



67

YW VECTORS IN THREE DIMENSIONS

Vectors in Space Combining Vectors in Space  The Dot Product for Vectors
in Space Direction Angles of a Vector

Vectors in Space

Recall from Section 3.1 that a vector can be described geometrically by its initial point
and terminal point. When we place a vector v in space with its initial point at the origin,
we can describe it algebraically as an ordered triple:

v = (ay, 4y, a3)

where a;, a,, and a; are the components of v (see Figure 1). Recall also that a vector has
many different representations, depending on its initial point. The following definition
gives the relationship between the algebraic and geometric representations of a vector.

FIGURE1 v = (a,, ay, a3)
COMPONENT FORM OF A VECTOR IN SPACE

If a vector v is represented in spacewith initial point P(x,, y;, z,) and terminal
point Q(x,, ¥y, 7), then

V(- m =y, — 1)

EXAMPLE A~ (Describing Vectors in Component Form

z (a) Fiﬁqthe components of the vector v with initial point P(1, —4, 5) and terminal
point (3, 1, —1).
(b) If the vector w = (=2, 1, 3) has initial point (2, 1, —1), what is its terminal point?

SOLUTION
><‘ (a) The desired vector is
0
"1 ; v=03-11-(-4),-1-5)=(25-6)
- See Figure 2.

FIGURE2 v = (2,5, -6
< ) (b) Let the terminal point of w be (x, y, z). Then

w=x-2y-Lz-(-1))
Since w = (=2,1,3),wehavex —2= -2,y —1=1,andz + 1 = 3. So
x=0,y=2,and z = 2, and the terminal point is (0, 2, 2).

The following formula is a consequence of the Distance Formula, since the vector
v = (a,, a,, a) in standard position has initial point (0, 0, 0) and terminal point (a,, a,, as)

Dr. Eman Mbohanmmad Dr . Suaad Gedaan Dr . Mohanad Naf aa 2019/ 2020



68

MAGNITUDE OF A VECTOR IN THREE DIMENSIONS
The magnitude of the vector v = (a,, a,, as) is

| v| Z\/a%—ka%—!—a%

EXAMPLE 2 Magnitude of Vectors in Three Dimensions
Find the magnitude of the given vector.

(@) u=(3,2,5) (b) v =10,3, —1) (© w = (0,0, —1)
SOLUTION

(@) |u| = V32 +22+52=38

M) |v| =V0>+ 3+ (—1)>= V10

© |w|=V0+0+(—1)2=1

Combining Vectors in Space

‘We now give definitions of the algebraic operations involving vectors in three dimensions.

ALGEBRAIC OPERATIONS ON VECTORS IN THREE DIMENSIONS
If u = (a,, a,, as), v = (b, b,, b3); and ¢ is a scalar, then
u+ v.—= (a1 =+ bl,a2 -+ b2’a3 + b3>

= vw=<{(a, — bj,a, — by,a; — by)

cu = (ca,, ca,, cas)

EXAMPLE 3 = Operations with Three-Dimensional Vectors

Ifu=(1,-2,4)andv=(6—1,1)findu+ v,u—v,and Su — 3v.

SOLUTION  Using the definitions of algebraic operations, we have
ut+tv=(1+6-2-14+1)=(7,-3,5)
u-v=(1-6-2-(-1),4-1)=(-5-1,3)

5u—3v=51,-2,4)-3(6,—1,1) = (5 —10,20) — (18, =3, 3) = (=13, =7, 17)

FIGURE 3

Recall that a unit vector is a vector of length 1. The vector w in Example 2(c) is an
example of a unit vector. Some other unit vectors in three dimensions are

i=(1,0,0) j=(010 k=001

as shown in Figure 3. Any vector in three dimensions can be written in terms of these
FIGURE 4 three vectors (see Figure 4).
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EXPRESSING VECTORS IN TERMS OF i, j, AND k
The vector v = {(a,, a,, as) can be expressed in terms of i, j, and k by

v = {a;, a,a3) = a;i + a,j + azk

All the properties of vectors in section 3.1 hold for vectors in three dimensions
as well. We use these properties in the next example.

EXAMPLE 4 Vectors in Terms of i, j, and k

(a) Write the vector u = (5, —3, 6) in terms of i, j, and k.

(b)) Ifu=i+2j— 3k and v = 4i + 7k, express the vector 2u + 3 v in terms of
i, j, and k.

SOLUTION
@ u=5i+(—3)j+6k=5i—3j+ 6k
(b) We use the properties of vectors to get the following:
2u +3v =22i+2j — 3Kk) + 3(4i + 7k)
=4i+4j — 6k + 12i + 2Tk
= 16i +4j + 15k

The Dot Product for Vectors in Space

DEFINITION OF THE DOT PRODUCT FOR VECTORS IN THREE DIMENSIONS

If uw = {(a,, a,, as) and v = {(b,,\b5, b;) are vectors in three dimensions, then their
dot product is defined tx

u-v = a1b1 -+ a2b2 -+ a3b3

EXAMPLE 5 Calculating Dot Products for Vectors
in Three Dimensions

Find the given dot product.
@ (—1,2,3)-¢6,5, —1)
b)) (2i —3j—k)-(—i—+2j+ 8k)
SOLUTION
@ (—1,2,3)-(6,5, —1)=(—1)(6) + (2)(5) + (3)(—1) =1
D) (i —3j—k)-(—i+2j+8k)=(2,—3,—1)-(—1,2,8)
= 2)(—1) +(=3)(2) + (—1)(8) = —16
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ANGLE BETWEEN TWO VECTORS
Let u and v be vectors in space, and let 6 be the angle between them. Then

cos = — 2V
lal|v]

In particular, u and v are perpendicular (or orthogonal) if and only if
u-v = 0.

v=_5-42) EXAMPLE 6 = Checking Whether Two Vectors Are Perpendicular
u=(22,~1)" Show that the vector u = 2i + 2j — K is perpendicular to 5i — 4j + 2k.

SOLUTION  We find the dot product.

(2i +2j—Kk)-(5i —4j+2k) =(2)(5) + (2)(=4) + (-1)(2) =0
y
Since the dot product is 0, the vectors are perpendicular. See Figure 5.
X
FIGURE 5 The vectors u and v are
perpendicular. Direction Angles of aVector
z ﬁ The direction angles of a nonzero vector v = a,i + a,j + a;k are the angles «, 3,
and v in the interval [0,.77 ] that,the vector v makes with the positive x-, y-, and z-axes
(see Figure 6). The cosines of these angles, cos a, cos 3, and cos 7y, are called the
v v direction cosines of the vector v. By using the formula for the angle between two vec-
4 B tors, we can'firidithe direction cosines of v:
o . .
y A vy . vk o
X coja = = cos B = = cosy = =—
NS VTl T VI T VI

FIGURE 6 Direction angles of the
vector v

DIRECTION,ANGLES OF A VECTOR

If v=a;i+ a,j + a3k is a nonzero vector in space, the direction angles «, 3,
and <y satisfy

a as as
cos @ = cos B = cos y =
| v | | v | v
In particular, if | v| = 1, then the direction cosines of v are simply the compo-

nents of v.

EXAMPLE 7 Finding the Direction Angles of a Vector
Find the direction angles of the vector v =1 + 2j + 3 k.

SOLUTION The length of the vector vis | v| = V12 + 22 + 32 = \/14. From the
above box we get

1 2 3
cosS ¥ — —— COS S COS - =
Via P=ia Y= Via
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Since the direction angles are in the interval [0, 77] and since cos™ ! gives angles in
that same interval, we get «, 3, and y by simply taking cos~ ! of the above equations.

1 2 3
= cos ! ~ 74° = cos ! ~ 58° = cos ! ~ 37°
« Via F Via Y Via

The direction angles of a vector uniquely determine its direction but not its length.
If we also know the length of the vector v, the expressions for the direction cosines of
v allow us to express the vector as

v = (| v |cos a,| vV |cos B,| Vv |cos y)

From this we get
v = | v [{cos «, cos B, cos y)

v
ﬁ = (cos «, cos 3, cos y)
v

Since v/| v | is a unit vector, we get the following.

PROPERTY OF DIRECTION COSINES

The direction angles «, B, and y of a nonzero veetor v in space satisfy the fol-
lowing equation:

cos’a + cos?B + cos’y =1

This property indicates that if we know two of the direction cosines of a vector, we
can find the third up to its sign¢

Afangle @ is acute if 0 = 0 < 77/2
and ¥Obtuse if 7/2 < 0 < 7.

EXAMPLE. 8% Finding the Direction Angles of a Vector

A vector makes'an angle o = 7r/3 with the positive x-axis and an angle 8 = 37 /4
with the positive y-axis. Find the angle -y that the vector makes with the positive
z-axis, given that 7y is an obtuse angle.

SOLUTION By the property of the direction angles we have

cos’a + cos?’fB + cos’y =1
3
cos? % + cos? Tw + cos?y =1
1)\? 1 2
— + | ——— + cos?y =1
(3)7+ (-32) + oo
1
2., _
cos”y 2
1 1
cosy = — or cosy = ——
L) Y 2
T 29T
_ — or _ —
Y73 Y73
Since we require y to be an obtuse angle, we conclude that v = 277/3.
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IR THE CROSS PRODUCT

The Cross Product Properties of the Cross Product Area of a Parallelogram
Volume of a Parallelepiped

In this section we define an operation on vectors that allows us to find a vector which
is perpendicular to two given vectors.

The Cross Product

Given two vectors u = {(a,, a,, as) and v = (b, b,, bs), we often need to find a vector w
perpendicular to both u and v. If we write w = (¢, ¢,, ¢3), then u-w = 0 and
vew = 0O, so

a|cy -+ a,Co -+ asCz = O

blcl -+ b2C2 -+ b3C3 = O

You can check that one of the solutions of this system of equations is the vector
W = <azb3 - a3b2, a3b1 - a1b3, a1b2 - a2b1>. This vector is called the cross prOduCt of
u and v and is denoted by u X v.

THE CROSS PRODUCT

If u = {(a,, a,, as) and v = (b, b,, bs)\are three-dimensional vectors, then the
cross product of u and v is the-vector

uXxXyv :\<azb3 — a3b2, a3b1 — a1b3, a1b2 - a2b1>

‘We can write'the definition of the cross product using determinants as
i J k
a, as as | = ‘
b, b, bs

as as
b, bs

ay as
b, by

k

i+ |

. ay as
b, b3

= (axb; — aszby)i — (a\bs — aszb,)j + (a,b, — axb,)k

EXAMPLE 1 Finding a Cross Product
Ifu=(0, —1,3)and v = (2,0, — 1), find u X v.

SOLUTION We use the formula above to find the cross product of u and v:

i j k
uxXv=1|0 -1 3

2 0 -1

‘—1 3. ‘0 3’, ‘0 —1‘
= i— jt k

0o -1 2 —1 2 0
=(1=0)i—(0-6)j+ (0—-(-2)k
=i+ 6j+ 2k

So the desired vectorisi + 6j + 2k.
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Properties of the Cross Product

One of the most important properties of the cross product is the following theorem.

CROSS PRODUCT THEOREM

The vector u X v is orthogonal (perpendicular) to both u and v.

Proof To show that u X v is orthogonal to u, we compute their dot product and
show that it is O.

as as ay as a as
b, by b, b b, b,

= al(a2b3 - a3b2) - a2(a1b3 - aSbl) + a3(a1b2 - azb1)

(u X v)-u= a, — a, + as

- a1a2b3 - a1a3b2 —_ a1a2b3 -+ a2a3b1 -+ a1a3b2 2 a2a3b1
=0

A similar computation shows that (u X v) -v = 0. Therefore u, X v is orthogonal to
u and to v. |

EXAMPLE 2 © Finding:an‘Orthogonal Vector

Ifu=—j+ 3Kand v=2i— Kk, find a unit vector that is orthogonal to the plane
containing'the vectors u and v.

SOLIKOON By the Cross Product Theorem the vector u X v is orthogonal to the
plane containing the vectors u and v. (See Figure 1.) In Example 1 we found
uXv=1i+6j+ 2k. To obtain an orthogonal unit vector, we multiply u X v by
the scalar 1/|u X v|:

uxXv _ i+6j+2k _i+6j+2kK
lu X v /1246 4 22 V4l

1
So the desired vector is ——(i + 6j + 2Kk).

v=1{2,0,-1) V41
FIGURE 1 The vector u X v is per-
pendicular to u and v.
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EXAMPLE 3 Finding a Vector Perpendicular to a Plane

Find a vector perpendicular to the plane that passes through the points P(1, 4, 6),
o(—2,5,—1),and R(1, —1, 1).

SOLUTION By the Cross Product Theorem the vector PO X PR is perpendicular to

both PO and PR and is therefore perpendicular to the plane through P, O, and R. We
know that

PO=(—2—1)i+((5—"4)j+(—1—6)k=—3i+j— 7k
PR=(1—1)i+(—1—4)j+ (1 —6k=—5j— 5k
We compute the cross product of these vectors:
i J k
PO X PR = | —3 1 —7
(0] —5 —5
=(—5—35)i — (15 —0)j + (15 — 0)k = —40i — 15j + 15k
So the vector (—40, — 15, 15) is perpendicular to the given plane. Notice that any
nonzero scalar multiple of this vector, such as (—8, —3, 3), is also perpendicular to
the plane.

If u and v are represented by directed line segments with'the same initial point (as
in Figure 2), then the Cross Product Theorem says that the'eross product u X v points
in a direction perpendicular to the plane through u<and v. It turns out that the direction
of u X v is given by the right-hand rule: If the fingers of your right hand curl in the
direction of a rotation (through an angle less than 180°) from u to v, then your thumb
points in the direction of u X v (as in Figure 2). You can check that the vector u X v
in Figure 1 satisfies the right-hand rule«

FIGURE 2 Right-hand rule

Now that we know the direction of the vector u X v, the remaining thing we need
is the length |u X v|.

LENGTH OF THE CROSS PRODUCT
If 6 is the angle between u and v (so O = 6 = ), then
lu X v| = |ul|]|v]|sin O
In particular, two nonzero vectors u and v are parallel if and only if

uxv=2~0
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Proof We apply the definitions of the cross product and length of a vector. You can
verify the algebra in the first step by expanding the right-hand sides of the first and
second lines and then comparing the results.

|u XV |2 = (a2b3 - a3b2)2 + (a1b3 - a3b])2 + (a1b2 - azb])z Definitions
= (a} + a3 + a3)(b} + b3 + b3) — (a\b, + ayb, + asb;)*  Verify algebra

= |u|2|v|2 — (u-v)2 Definitions
= |ul|?|v|*— |ul? v]|*cos?6 Property of Dot Product
= |u|?|v|*(1 — cos?6 Factor
|| v]
= |u |2| v |2Sin20 Pythagorean Identity

The result follows by taking square roots and observing that \V'sin’ = sin § because
sinf = 0 when 0 = 0 = 7. |

We have now completely determined the vector u X v geemetrically. The vector
u X v is perpendicular to both u and v, and its orientatiof.is determined by the right-
hand rule. The length of u X v is |u||v|sin 6.

Area of a Parallelogram

We can use the cross product te-find the area of a parallelogram. If u and v are repre-
sented by directed\line segments with the same initial point, then they determine a
|v]sin6 parallelogram‘with base |u/|, altitude |v|sin 0, and area

0 - A= |u|(|v|sing) = |uXy|

FIGURE 3 Parallelogram determined (See}ﬁgure 3.) Thus we have the following way of interpreting the magnitude of a cross
by uandyv. product.

AREA OF A PARALLELOGRAM

The length of the cross product u X v is the area of the parallelogram deter-
mined by u and v.

EXAMPLE 4 = Finding the Area of a Triangle
Find the area of the triangle with vertices P(1,4,6), O(—2,5, —1),and R(1, —1, 1).

SOLUTION In Example 3 we computed that P_Q) X PR = (—40, —15, 15). The area of
the parallelogram with adjacent sides PQ and PR is the length of this cross product:

|PO X PR| = V/(—40)? + (—15)2 + 15* = 5/32
The area A of the triangle POR is half the area of this parallelogram, that is, 3V/82.
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XA EQUATIONS OF LINES AND PLANES

Equations of Lines © Equations of Planes

In this section we find equations for lines and planes in a three-dimensional coordinate
space. We use vectors to help us find such equations.

Equations of Lines
The position vector of a point A line L in three-dimensional space is determined when we know a point Py(xy, Yo, Zo)
(ay, ay, a3) is the vector (a,, a,, as); on L and the direction of L. In three dimensions the direction of a line is described
that is, it is the vector from the origin by a vector v parallel to L. If we let r, be the position vector of P, (that is, the vec-
4 ;
to the point. tor OP,), then for all real numbers 7 the terminal points P of the position vectors

ry, + tv trace out a line parallel to v and passing through P, (see Figure 1). Each
value of the parameter ¢ gives a point P on L. So the line L is given by the position
vector r, where

r=ry,tiv

for ¢+ € R. This is the vector equation of a line.
Let’s write the vector v in component form.v = (asb; c)and let ry = (x,, ¥y, zo) and
r = (x, y, z). Then the vector equation of the line becomes

L —

=
Since two vectors are equal'if and only if their corresponding components are equal, we
FIGURE 1 have the following.resulf.

{x, 5, 2) = Qo Yondo) ¥ Ha, b, c)
= (xo ¥ ta,y, + tb, zy + fc)

PARAMETRIC EQUATIO\S FOR A LINE

A line passing through the point P(x,, Vo, Zo) and parallel to the vector
v = (a, b, ¢c)is described by the parametric equations

x = xo + ar
y = yo + bt
z = zg + ct

where 7 is any real number.

EXAMPLE 1 © Equations of a Line

Find parametric equations for the line that passes through the point (5, —2, 3) and is
parallel to the vector v = (3, —4, 2).

SOLUTION We use the above formula to find the parametric equations:

x=5+73t
y=-2—4t
z=3+72t
FIGURE 2 Line through (5, -2, 3)
with direction v = (3, —4, 2) where 7 is any real number. (See Figure 2.)
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(—1,2,6)

=

v=_3,-5-13)
(2,-3,-7) N

FIGURE 3 Line through (—1, 2, 6)
and (2, =3, =7)
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EXAMPLE 2 = Equations of a Line

Find parametric equations for the line that passes through the points (—1, 2, 6) and
(2, -3, -17).

SOLUTION We first find a vector determined by the two points:
v=_2-(-1),-3-2,-7-6)=(3,—5,—13)

Now we use v and the point (—1, 2, 6) to find the parametric equations:

x=—1+ 3¢
y=2-—>5t
z=06— 13t

where 7 is any real number. A graph of the line is shown in Figure 3.

Equations of Planes

Although a line in space is determined by a point and a direction, the “direction” of a
plane cannot be described by a vector in the plane. In fact, different 'yvectors in a plane
can have different directions. But a vector perpendicular to a.plane does completely
specify the direction of the plane. Thus a plane in spaece is’ determined by a point

FIGURE 4

Py(xg, Yo 20) in the plan€ andiavector n that is orthogonal to the plane. This orthogonal
vector n is called 4 normal vector. To determine whether a point P(x,y, z) is in the
plane, we cheCk whether the vector P,P with initial point P, and terminal point P is
orthogonalito the normal vector. Let r, and r be the position vectors of P, and P, respec-
tively. Then the vector PTP is represented by r — r, (see Figure 4). So the plane is de-
scribed by the tips of the vectors r satisfying

n-(r—ry) =0

This is the vector equation of the plane.
Let’s write the normal vector nin component formn = (a, b, c)andlet ry = (xq, ¥y, Zo)
and r = (x, y, z). Then the vector equation of the plane becomes

{a,b,c)(x = X,y = Yo, 2 — Zo>: 0

Performing the dot product, we arrive at the following equation of the plane in the
variables x, y, and z.

EXAMPLE 3 Finding an Equation for a Plane

A plane has normal vector n = (4, —6, 3) and passes through the point

P(3, —1, —2).

(a) Find an equation of the plane.

(b) Find the intercepts, and sketch a graph of the plane.
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SOLUTION

(a) By the above formula for the equation of a plane we have
4x—=3)—6(y— (1) +3(z—=(=2) =0 Formula
4x — 12 -6y —6+3z2+6=0 Expand

z
(0.0, 4//%\\ 4x — 6y + 3z =12 Simplify
/ : \ Thus an equation of the plane is 4x — 6y + 3z = 12.
\4/ : \\\ (b) To find the x—.int.ercept, we set y = 0 and z= 0 in the equation of the plane and
/ \> \L B /\/vy solve for x. Slrfularly, we find The y- and z-intercepts.
(0, —2%/\/\0: \\\ x-intercept:  Setting y = 0,z = 0, we get x = 3.
—2\ (3.0,0) y-intercept: Setting x = 0,z = 0, we get y = —2_
z-intercept:  Setting x = 0,y = 0, we get z = 4.
! So the graph of the plane intersects the coordinate axes at the points (3, 0, 0),
FIGURE 5 The plane (0, —=2,0), and (0, 0, 4). This enables us to sketch the portion of the plane shown
4x — 6y + 3z = 32 in Figure 5.

EXAMPLE 4 Finding an Equation for a Plane

Find an equation of the plane that passes through the points P(1, 4, 6),
O(—2,5, —1),and R(1, —1,1).

SOLUTION The vector n = FQ X PR is perpendicular to both @ and PR and is
therefore perpendicular tosthe plane through P, Q, and R. In Example 3 of Section 3.5
we found PQ X PR*= (=40, —15, 15). Using the formula for an equation of a plane,

we have
“40(x — 1) = 15(y —4) + 15(z = 6) =0 Formula
(I, =1,1) Q —40x + 40 — 15y + 60 + 152 — 90 = 0 Expand
—40x — 15y + 152 = =10 Simplify
(_2:5:\_\1) 8x+3y—3:=2 Divide by —5
FIGURE 6 A plane through three So an equation of the plane is 8x + 3y — 3z = 2. A graph of this plane is shown in
points Figure 6.

Dr. Eman Mbohanmmad Dr. Suaad Gedaan Dr . Mohanad Naf aa 2019/ 2020



	تفاضل 1 (Recovered).pdf (p.1-5)
	تفاضل2.pdf (p.6-11)
	11.2: Ellipses

	3تفاضل (Recovered).pdf (p.12-16)
	تفاضل 4.pdf (p.17-22)
	11.4: Shifted Conics

	تفاضل 5.pdf (p.23-29)
	11.5: Rotation of Axes

	Untitled
	Untitled
	Untitled



