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Chapter one

Binary Operations

Definition 1.1
Let A be a non empty set. A binary operation on a set A4 is a function from

A X Ainto A. (i.e)
x: A X A — A s abinary operation iff
1. axb € A,Va,b € A (Closure)
2. Ifa,b,c,d € A suchthata =candb =d,thena b = c = d (well-
define).
Example 1.2
1) The operations {+, —,x}arebinary operationson R, Z, Q, C.
But " — " is not binary operation on N.
2) The operations {4, —}arenotbinary operations onO (odd number).
3) The operation -is abinary operation on R\{0}, Q\{0}, C\{0}.
Example 1.3
Letaxb =a+ b+ 2,Va,b € Z". Isxabinary operation on Z*?

Solution:

ezt
1) Closure: leta,b € Z*,thenaxb=a+b+2 € Z*.

2) well-define: a,b,c,d € A suchthata =candb =d,thena*b =a +
b+2=c+d+2=c*d
= « is abinary operationon Z*.
Example 1.4
Leta x b = a®,a, b € Z. Show thatxis abinary operation on Z.

Solution:
1) Closure:ifa=3andb = —1. Thena* b = 37! =§¢ Z= xisnota

binary operation on Z.
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Remark 1.5: Some time we used the symbols *, ,, #, O, ... to denote

abinary operation,

Exercises: which of the following are binary operations?
1) a*b =a+ b,Va,b € R\{0}.
2) a®b= %,Va,b €.

3 atb=a+b—-3,Va,bEN.
4) a,b=a+2b—-5,Va,b ER.

c

a ac a c
8 7=V, 7€ Q\{0}.

Definition 1.6 (Commutative)

A binary operation = on a setA is called a Commutative if and only if

axb=>b=xaVa,b € A.

Definition 1.7 (Associative)

A binary operation = on a set A is called an associative if (a b) xc = a (b *c) Va,

b, c EA.

Example 1.8 Let R be a set of real numbers and * be a binary operation on R

definedasa * b = a + b — ab , then = is commutative and associative.

Solution:

a*xb=a+b—ab=b+a—ba=bxa
Which implies that * is commutative.
Leta, b, c € R, then
(axb)*c=(a+b—ab)*c=(a+b—ab)+c—(a+b—ab)c
=a+b+c—ab—ac—bc+abc...(1)
ax(bxc)=ax*x(b+c—bc)
=a+((b+c—bc)—a(b+c—bc)
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=a+b+c—bc—ab—ac+abc..(2)

= (1)=(2)
—>* IS associative.
Exercises: which of the following binary operations is a comm., asso.?

(1) axb=a—b,Va,b €.

(i) aO®Ob=2ab,Va,b EE.

(iii) a#b=a3+b3va,b€ER.
Definition 1.9 (Mathematical System)
A Mathematical System or (Mathematical Structure) is a non-empty set of

elements with one or more binary operations defined on this set.

Example 1.10
(R,+),(R,.),(R,—), (R\{0},%), (R, +,.), (N, +), (E, +,x) are Math. System.
But (N, -), (R,+), (0, +, —)are not Math. System.

Definition 1.11 (Semi group)
A semi group is a pair (S,*) in which S is an empty set and = is a binary
operation on S with associative law.
(i.e.) (S,%) is semi group<> (1) S # @,
(2) = is a binary operation,

(3) Va,b,c € S, (a xb) xc = a *(b xC).

Example 1.12
1) (Z,+),(Z,x),(N,+),(N,x), (E,+), (E,x) are semi groups.
(2)(0,+),(Z,—-), (E,—), (R\{0},+) are not semi groups.

Definition 1.13 (The identity element)
Let (S,*) be a Mathematical System and e € S. Then e is called an identity

elementifaxe =exa =a,Va € S.
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Definition 1.14 (The inverse element)
Let (S,*) be a Mathematical Systemand a,b € S. Then b is called an inverse

ofaifaxb=bx*xa=e.

Definition 1.15 (The Group)
The pair (G,*) is a group iff (G,*) is a semi group with identity in which each

element of G has an inverse.

Definition 1.16 (The Group)
A group (G,*) is a non-empty set G and a binary operation = , such that the
following axioms are satisfied:
(1) The binary operation * is associative.
(i.e.) (a *b) *c =a (b *c), Va,b,c € G
(2) There isan element e in G suchthata xe = e*a = a,Va € G.
This element e is an identity element for * on G.
(3) foreach a in G, there is an element b in G suchthata xb = b xa = e.

The element b is an inverse of a and denoted by a™1.

Remark 1.17
Every group is a semi group but the converse is not true as in the following
example shows.

(N, +) is a semigroup but not group because Za~! € N,Va € N.

Definition 1.18 (Commutative group)
A group (G,*) is called a Commutative group iffa xb = b * a,Va,b € G.

Example 1.19
i. (Z,+),(E,+)0,+),(N,x),(C,+) are commutative groups .
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ii. (Z%,+) isnotagroup because there is no identity element for +
inZ™.

iii. (Z*,x) is not a group because there is an identity element 1 but no
inverse of 5.

iv. (G =1{1,0,—1,2},+) is not group since + is not a binary operation
on G, 1+2=3¢G.

v. (G ={1,—1},x) is comm. Group.

vi. (R\{0},%), (Q\{0},%),(C\{0},x) are comm. Groups.

Example 1.20
Let G = {a, b, c,d} be a set. Define a binary operation x on G by the following
table.

a | a c | d
b |b|c|d|a
c | cl|d|a

d | d| a c

Is (G,*) a commutative group?
Solution:
(1) Closure is true.
(2) Asso.
(a *b) xc = a *(b *c) ?
ax d=b * c
d=d
b*(axc)=bxc=d=(b*a)*c
cx(axb)=cxb=d=(c*a)*b
dx(axc)=d*c=b=(d*a)*c ...—>
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—>* IS asso.
(3) The identity: To provede € G s.t.a*xe =e*xa =a,Va € G.
axa=a,bxa=b,cxa=c,d*xa=d.
—e = a is an identity element of G.
(4) The inverse:
ara=a=a"l=a

bxd=a=b1=d
1_

cxc=a=c"=c
ara=a=a"l=a
dxb=a=d1=b

(5) Comm.
axb=bx*xa?
b=b

axc=cxa==~¢

axd=d+*a=d

bxc=c+*b=d
bxd=d+b=a
cxd=d+*c=0b

= * IS a comm.

Therefore (G,*) is a comm. Group and called Klein 4-group.
Example 1.21
Let G = {1,—1,i,—i} beasetand "." be abinary operation.

Is (G,.) agroup ?

Solution:
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1- Closure is true.

2- Asso. Law is true

3- 1is an identity element.

4-171=1, -1t =—1,it=—j,-i"t =i
5- Comm .is true

~ (G, .)Isacomm.group.

Example 1.22
LetG=Z,a*xb=a+ b+ 2,showthat (G, * )is acomm. group.

Solution:
1- Closure : let a,b €Z, Then
axb = a+b+4+2 €Z —Closure is true
2- asso. Low : Let a,b,c €Z, then
a*(bxc)=a*(b+c+2)=a+(b+c+2)+2
=atb+c+4....... Q)

(axb)*xc=(a+b+2)*xc=(@a+b+2)+C+2
=atb+ct4..... (2)
=~ (1)=(2) = * isasso.

3- Identity : leteeZ>a+xe=exa=a,then

axe=at+e+2=a—e=-2
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exa=e4+at+2=a=—e=-2
=~ -2 is an identity element of G.
4- Inverse:let a,b €Z3 axb=bxa=¢e

a*b=a+b+2=-2=b=-a-4
bxa=b+a+2=-2 =b =—a—4

catl=—(at+4d)ez

=~ (G, ) isagroup.
5- Comm. Toprove a*xb=Db *a Va,b €Z
a*b=a+b+2=b+a+2=Db=xa

=~ (G, =) is a comm. Group.

Example 1.23:
Let G = {f},f,,f5,f,}, where f; 2 i = 1,2,3,4, are mappings on

R\0}D £ () =x6@=-x f0)=7,f0)=-;

Show that (G, ) is a group.

Solution:

1- Closure is true.

For example: f; 0 f; (x) = f1(f2(X))
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=fi(-x)
=-x=f,
2- Asso. istrue. (H.W)
3- The identity : the identity element of G is f;, since
fiof, =f, fbofy=f,, fof,=f;,f,of,=1,.
4- The inverse:

frlf o, o, £,

Is(G, x) Comm . ??

Example 1.24

Let G=RxR={(a,b):a,be R,a 0 }and * be defined by
(a,b)*(c,d)=(ac,bc+d)

Prove that (G, =) is not comm . group
Solution:
1- Closure:let (a,b),(c,d)eG=a+0, c#¥0=ac+0
(a,b)*(c,d)=(ac,bc+d)eG ac#0
2- Asso.: Let(a,b), (c,d),(e,f)eG, wehave

(a,b)=*[(c,d)*(e,f)]=(a,b)*(ce,de+f)=(ace,bce+de+f)

[(a,b)*(c,d)]*(e,f)=(ac,bc +d)*(e,f)
= (ace,(bc+d)e+f))
= (ace,bce+de+1).....(2)

= (1) =(2) , then asso. is true

3-Identity: Let (a,b), (x,y) € G 3
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(a,b) * (x,y) = (x,¥y) * (a,b) = (a,b)
(a,b) * (x,y) = (ax,bx+y) = (a,b)

saXx=a-ox=1

bx +y =b »b+y=b->y=0
~(x,y) = (1,0)
(x,y)* (a,b)= (xa,ya+b) = (a,b)

~Xxa=a-»>x=1
ya+b=b >ya=b—-b->ya=0->y=0
= (x,y) = (1,0)

~ (1,0) is an identity element of G
4-inverse: Let (a,b), (c,d)€ G ,a+0,c#0
(a,b)* (c,d)= (c,d)* (a,b)= (1,0)

(c,d)* (a,b)= (1,0)

1
(ac,bc+d)=(1,0)—>ac=1_>C:a

1 b
bc+d=0->b—+d=0->d= ——
a a

1 —b
o (c,d) = (— ,—) is an inverse of G
a’ a

(5) Comm : G is not comm. , since Take ( 3,5), (4,6)
(3,5) *(4,6)=(12,26) G is not comm..
(4,6) = (3,5) = (12, 23) }
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Example 1.25

Let (G, *) be an arbitrary group .The set of the function from G in to G with
the composition (F¢, 0) is forms a group , where

Fe={f,:ae G}, f. G- G s.t.
fo(x)=axx ,x€ G , prove that
Proof :
(1) Closure: let f,, foe Fg,a,b € G
(faofy) () =fa (f, (X)) = fa (b *X)
=ax*(bxx)
=(axb)=x, since Gisagroup.
= fa (X) € Fg, since axbe G
(2) asso : Letf, fy,, f.eE Fs,abceG
(faofy)ofe="Tu 0f =~
Since * isasso. on G
= farpry =fa0 fpc=Fa0 (fa0 )
(3) identity : f. is an identity of FG, since
foofe=fue=fey=f.0 f, =1,
(4) inverse : The inverse of f, in Fg is f,*, since
F.ofii= fu =l = fil0 = 1,
Also, if G isa Comm . group, then (Fg, 0) is a comm. group .
(Exercises ): Determine the systems (G, *) described abelian (comm..) group

1) G=Z,a*b=ath+3

2) G=RxR={(ab):a,beR}st
(@, b) * (c,d) = (at+b, b+d + 2bd).

3) (G ={fy, T, 3, T4 5, fs }, 0) , where

F00 =%, (0 = =, F5 00 =1x, fax) ==, £5() = =, fo(0) = = -
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4) G ={(ab):a,beR,a#0,b+#0}st
(a,b) = (c,d) = (ac,bd)
5) (G={an:nez}, K +)
ab

6) G=Q ,axb=2"

Some properties of Groups:

Theorem (1) : If G is a group with a binary operation =, then the left and right
cancellation laws hold in G, that is:

1) axb=axcimplies b=c
2)bxa=cxa implies b=c
Foralla, b,c €G.
Proof :
1) suppose axb = axC
Ja'leG s.t. a'x(axb)=alx(axc)
(a*xa)*b=(a'xa)*c
exb=exc
~b=c

2) HW

Theorem(2): Ina group (G, =), there isonly one elemente in G

suchthatexa=axe=a, VaeG.

Proof:

Suppose that G has two identity elements e and e’ thatmeanVa € G.
axe=exa=aand axe'=e'xa=a
Since each e and e’ belong to G , so

exe'=elxe=e  (vsemce’, ai e)
and
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e'xe=exe (Yos paic @ 5 _uaic @)

It follows that e/ =e.

Theorem(3): Ina group (G, =), the inverse element of each

element in G is unique.

Proof :

Leta€e G and a has two inverse x and X . Suchthat a*X= x*a=¢e
axxX=xxa=¢e

=x=x*xe=x*(ax*Xx)
=(x*a)*x
—exx

x = X' = the inverse is an unique element.
Theorem( 4): If (G, *)isgroup, then
1- el=¢

2- @)'=a VvaegG
3- (a*b)'=b'x a'v a,be G

Proof :-

1- Let e'=x

e is the identity elementof G = X *e=e xx =X ---- (1)
X istheinverseofe=e x x=x*xe =@ ---—---- (2)

from (1) and(2) = x=e= e’ =e.

2- (a)t=(aY)'xe
= (@) (@axa)
=((@")'«xa") a

=exa=a.
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3) (a*xb)'=b'xa’, va,beG

Proof :
Since (a*xb)eG = (axh)'eG

(a*xb)*(@xb)'=(axb)'s(@axb)=e(def.of inverse)
(axb)*(axb) =e
a'x(axb)x*(axb)'=a'xe
(a'xa)*bx*(axb)’=a’

ex bx(@xb)’=a
btxb(axb)'=blxa?

ex(axb)'=btxa®

~(asb)'=btxa?

Theorem(5) : Let (G, =) be agroup . Then
i- (axb)'= atxb' < G iscomm. group.
Proof :

(=) Let (G, *) beagroup and (a * b)*=a"«b™ . To prove G is comm.
Let a,be G .Toproveaxb=Dbx*a,va,beG

axb=((axb)”)" (by (@) =a)

= (b ah? (by Th.4)
— (b-l)-l* (a-l)-l
=b=xa (by (@) '=a)

~ G iscomm. gp.
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(=) Let(G,*)isacomm.gp. Toprove (a*b)y*=a'xb*
(a*xb)'= b*xa® (byTh.4)

= a'xb*  (bycomm.)

ii) if a=a’then G iscomm.gp . (Isthe converse true?)
proof :
Llet a=a® T.P.axb=bx*a, Va,beG
Let a,beG and a*xbeG = (a*b)=(axb)?
=b*xat (by Th.4)
=b=xa

~ G 1s comm. Group.
The converse of this part is not true.

(i-e.) if (G, *)iscomm.# a=a"

For example:
Let(G={1,-1,i,-i},.)becomm.group,
Leta=i = a’=-i

ca#a’

Give another example (H. W.)

Theorem (6): Inagroup (G, * ), the equations axx =band yx*a=Db have
a unique solution.
proof : we take
a*X=b=> a'x(a*xx)=a'xb
(a'xa)*x= a'xb
e x x=a'xh

Xx=a'sbh
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To show the solution is a unique

Let ¥ €G st axx=h
= axx=axx
= X = x ( by com. law )

By same way, we prove y*a=b has Solution y=b* a™.

Definition.(The integral powers of a)
Let (G, =) beagroup . The integral powers of a, a € G is defined by :

1- a*=ax*xa..xa
[ ——
n—times

2-a’=e
3-a"=(@H"nezZ

4- a"t ' =q"+x a ,nez.

For example :

D In(R, +),
3.0,
3F=3+3+3=9,
372=(31)2=(-3)+(-3)

=—6.

(2 In(R, ),
2° =1,
2°=2x2x%x2=8,
2'=(@2%" = (3)°

= —x%x%x—
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B)In(G={1,-1,i,-i},.),

i°=1, iP=ixi=-1, i%= (Y%= (-i)?
=-0 X -

=-1

Theorem:
Let (G, *) beagroupand a€e G, m,n€eZ,then:
1-a™ a"=a"" vn,meZ (H. W)
2- @M =a"" vn,meZzZ
3-a"=(@@"" vnez
4- (@axb)"=a"xDb" v neZ& Giscomm. group.
Proof :
2- TP.@"=a"", vn,meZ

Letp(m): ((a™ =a"™ vneZz)
TP.istruevmeZ*

If m=1=p(1): @) =a"=a""'= p(1) is true

Suppose that p(k) is true withk € Z" andk <m

- (an)k — ank

We have to prove that p (k + 1) is true

P ( k+ 1) : (an)k+1 — an(k+1)??
@" **= (@) «(@")" (by define of a™* =a"xa%)
— ank % a‘n

__A~nk+n

=a by (1) above
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= gn(k+1)
~p(k+1)istrue

By the principle of mathematical induction
=p((m)istruevmeZ’

~@)"=a" , vn,meZ

3-TP. a"=@"" =@"*", vhezZ
If n=1=p@): @Y =a'=(@""
Suppose that if n=k istrue=p (k)= @")"=(")*
We must prove p ( k+1) is true
P (k+1) : @1 = (@t 2
@ =(@)x @) = @) * @) =@"N"
s~ p(k+1)istrue

By the principle of math. ind. = p (n)istrue, vne Z*.

4-(=)1fn=2=(a*b)*=a’b?, T.P. G is comm. Group.

(axb)*x(axb)=axaxbxb (by def . of power int.)
ax(bxa)xb=ax(axb)=xb (by asso .)

(bxa)+*b=(axb)=*b ( by cancellation law )
bxa=axDb ( by cancellation law )
~G is comm . group.
(&) Let G be comm .group . T.P(a*xb)" =@ b"), vneZ
Letp(n):(ax*h)"=a"«b"

Ifn=1=(ax*b)'=a'xb' istrue
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Suppose that p (k) is true withk € Z* and k < n
st. (axb)=a"« b~

We must prove P (k +1) is true
P(k+1):(a*b) = (axb) (axh)

= a% b*x alx b’

= @by« (b+a) since G iscomm.

=a“ (b*b) *a (by asso .)

:ak*a >I<bk+1

- ak+1* bk+1

s~ p(k+1)istrue, vnez'

Definition: (( order of a group))

The number of elements of a group G is called the order of G and is
denoted by |G| oro (G).

G is called a finite group if | G| < oo and infinite group otherwise .

Definition ( the order of an element)

The order of an element a, a € G is the least positive integer n such
that a" = e, where e is the identity element of G . We denoted to order
aby|ajoro(a).

(ie) |a] =nif a"=e, neZ’

Example (1): (Z, +) is an infinite group

Example (2): the trivial group G={0}

|G| =1, Gisthe only group of order 1.

Example (3): find the order of G and the order of each element of (G, .)

.Suchthat G ={ 1, -1, i, -i}.
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Ans.
|G|=4 and
|al:a=1,then|a|=|1|=1(since e=1)
If a=-1,then |-1]:(-1)’=1=]|-1|=2
If a=i,then|i|:i’=-1,i"=1= |i|=4
If a=-i, then|-i|:-i*=-1,-*=i, -i*=1

-] =4

CThe group of integers modulon ”

Definition: Let a,be ,Z,n>0.Thenaiscongruentto b modulo n if

a—b=nk,keZanddenoted bya=bor a=b(modn)

1- 17=5 ( mod6),sinel7-5=12=(6) (2)

2- 8 =4(mod2 ), since 8 —4=4=(2) (2)

3- -12=3(mod 3) , since -12-3=-15=(3) (-5)

4- 5 # 2 (mode2), since 5-2=3#2)Kk),v keZz

Theorem: The congruence module n is an equivalence relation on the set of
integers.
Proof:
Leta,b,c€eZ,n>0
1- a-a= 0= (n)(0)
~a=a(modn) reflexive istrue
2- if a =b(modn), T.P. b=a(mod n)
~a=b(modn) =a-b=nk,keZ so,b-a=-nk=(n)(-k),-k €Z
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~ b =a(mod n) = symmetric is true

3- If a=b(modn)and b =c (mod n)
T.P. a=c (modn)
Sincea =b (mod n) , then a-b = nk
And b=c(modn),thenb-c=nk
By adding these twoeqs . = a—c=n(k+K),k+Kez
~a= ¢ (modn)
= Transitive is true

=~ The congruence modulo n is an equivalence relation .

Definition:
Letae Z, n>o. The congruence class of a modulo n, denoted by [ a ] is the

set of all integers that are congruent to a modulo n .

(ie.)
[a]={z€e Z:z=a(modn) }
={zeZ:z=a+kn,keZ}

Example(1):
If n=2,find[0],[1]

[0]={z€eZ:z=0(mod2)}

={zeZ:z=0+2K,Ke Z}

[1]={z€eZ:z=1(mod2)}
={zeZ:z=1+2k,k €}

={ F1,F3,F5,....}.
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Example(2):
Ifn=3,find[1],[7]
[1]={z€eZ:z=1(mod 3)}
={1,1+3,1+6....}
= {1,-2,4,7,-5,....}.
[7]  (H.W.)

Definition:
The set of all congruence classes modulo n is denoted by Z,, (which is read Z

mod n). Thus

Z,={[0],[11.,[21],...... ,[n-1]} or
7,={0,1,2,...n=1}

Z, has n elements.

Example:

Z,={0}

22 = { 6, T }

Z;- {0,1,2}

Now, we define addition on Z,, ( write +, ) by the following :

Forany[a],[b]€Z,[a] +n[b]=[a+,D]

Similarly, we define multiplication on Z, (‘write "., " by the following :
[a] .n[b]=[a.nD],V][a],[b] € Z,

It is easy to see that (Z,, +,) is an abelian group with identity [ O ] and for

every[a] €Z,, [a]*=[n—-a]. This group is called the Additive Group of

integers modulon.
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Also, (Z,, .,) is abelian semi group with identity [ 1] . It is called the

multiplicative semi group of integers modulo n.

Example (1): (Z,,+4)

z,={0,1,2,3}
(1) Closure is true
(2) Asso. is true

(3) 0 is an identity element

(4) Inverse:

171=4-1=3

7'=4-2=72

3'=4-3=1

(5)Comm: 1+2=3=2+1
1+3=0=3+1

.. (Z4,44) isa Comm.group.

Page
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Example (2): (Zy4,.4)

s |0 |1 |2 |3
0 |0 |0 |0 |0
1 [0 (1 |2 |3
2 |0 |2 |0 |2
3 10 (3 (2 |1

It is clear that we cannot have a group. Since the number 1 is
identity but the numbers 0 and 2 have no inverse. It follows that

(Z,,.4) is not a group, but it is semi group.

The Permutations : ( Jaakily)

Definition: A Permutation or symmetric of a set A is a function

from A in to A that is both one to one and on to.

1—1,onto
fiA——A
1—1,onto .
Symm (A) = {f| f: A ———— A} the set of all permutation on A .
If A is the finite set {1,2,..., n}, then the set of all permutation of A is
denoted by S, or P,, and o(S;) = n! , wheren! =n (n-1) ... 3)(2) (1)

Example (1): Let A= {1,2} . Write all permutation on A.
A A

, —

symm(A)={i f}={(} 2).(} 2)}
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Example (2): Let A ={1, 2, 3} . Write all Perm. on A.

i=(i 3 A=G 35 DA=G 1 )
f4=(1 3 2)’f5:(51’ % ?1))’f6=(% i g)

P; = Symm(A) = {f1, f2, 3, far f5, fo}
o(P)=31=(3)(2) =6

Theorem : If A # ¢, then the set of all permutation on A Forms

agroup with composition of Mapps.

(i.e.) Let # ¢, then (Symm(4), o) is a group.

Proof :

1—1,onto

Symm (A) = {f| f:A—— A isamapp.},
T.P. (Symm(A) ,0) is a group.

1—1,onto

since3ij:A——— A aperm.on A4
~ iy € Symm(A) = Symm(4) # o.
(1) Closure: Let f, g € symm(A), it follows that

1—1,onto 1—1,onto
fiA——— A , g A—— A

1—1,onto

= fog:A —— > A= fog € Symm(A)

(2) Asso. : True since the composition of maps is an asso.
(3) The identity : since iy € symm(A) and igjof = foiy = f
for all f in symm(A) = iy, is an idenetity element
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1,onto 1—1,onto

(4) Theinverse:Vf:A—— A, 3f LA—— A

. f~t eSymm(4) and fof ™! = flof =iy

.. (Symm(A), o) is a group.

Is (Symm(A), o) comm. group ? (H.W.)

Example: Let A = {1,2,3}, then
Ss= {f1, . f3. fa. fs, fo} and (Ss, 0) is a group.

This group is called symmetric group.

CTA L | B A || fs
AlAl R | B A| K| f
ElAR|IB|A| K| |
ElBIA|R || f|f
Al || A FfH| A
G| f|fil il filf
fs | fo | i || £ | B A

(S3, 0) is not Comm. Group.

Also (S3,0) is called the group of symmetries of on equilateral

triangle .

(nguﬁjmm \Jlauzs).g)
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3

i f iyl il
1 2
2
1
Apladl ide sladl pule Al g cilygad
rotations
1 2 3 1 2 3

1 3
mirror images
Ll Jsa bulsas)
1 3 3 2 2 1

Definition : (The dihedral group D, of order 2n)

The n™ dihedral group is the group of symmetries of the regular n-

gon. o(D,) = 2n

D5 : is the third dihedral group.

A , O (D3) = (2) (3) = 6 elements.

Example . The group of symmetries of square D, or Gs, 0 ( D4)=8
G = Dy={ry, 1, I3, 14, v, Dy, Dy}, where r; are a clockwise rotation

V, h, D4, D, are mirror images
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4 3
! g sl
1 2
4 3 3 2 2 1 1 4
1 2 4 1 3 4 ) 3
I Iz Is ra
1
3 4 1 2 2 3 4
3
h D D:
1

(1) Write all elements of Gs as a permutation.
(2) Is(Gs, 0) comm. group? Use table (H.W.)

Definition: A permutation f of a set A is called a cycle of length n
if there exist aq, ao, ...... , an,€ A such that

f(a) =ay,f(ay)=as,.....f(an)=an,f(a)) =a,and f (X) =X,

forx e Abutx ¢{ay, a, ...... ,an}. Wewritef=(ay, a, ..., a,).
Example: If A={1, 2, 3, 4, 5}, then

) = (1354)(2) = (1354)

VoY
W =
N DN
U1l W
NN
N3

Observe that

(1354) = (3541) = (5413) = (4135).
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Example: (2) Let A={1, 2, 3,4, 5, 6} be aset of agroup Sg . Then

(123456

4 1 3 2 6 5) = (142)0(3)0(56) = (142)0(56)

And

(123456

6 4 35 2 1)=(16)°(245)0(3)=(16)0(245)

These permutations above are not cycles.

Theorem: Every permutation f of a finite set A is a product of
disjoint cycles.

Definition: A cycle of length 2 is a transposition.

Example: The permutation

1 2 34\ _ . "
f_(l L 3 2) = (24) is a transposition.

Property: any permutation can be expressed as the product of

transpositions.

(i.e) (aia; ... ay) = (a1a)) (a1a3)  .....(a1a,)

Therefore any cycle is a product of transpositions.

Example: We see that (16 ) (2 5 3) = (16) (25) (2 3).
Definition: A permutation is even or odd according as it can be

written as the product of an even or odd number of transpositions .

2 3

Example (1) Let f = (; ) 2) € P3

Is f even or odd permutation .

ans.f=(; 7 ;) =(132)=(13(12
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f has 2 transpositions = f is an even perm.

Example(2): Determine an even and odd permutations of Py.
(HW)

Definition: “Alternating group “ Jaalaill 3y )

The Alternating group on n letters, denoted by A, is the group

consisting of all even permutations in the symmetric group S,.
O(An):n?! , Anc Sy

Example(1): Let S3={fy, T, f5, T4, 5, fg } , then

As={i, f,, f3} is a sub group of S;

6
0 (/\3):: > =3

Example(2): Find A, from S,
(H. W.)
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Chapter Two

Subgroups and Cyclic Groups &l a3l g 4l sa

Definition (1):
Let(G,*) be agroup and HEG, H is anon-empty subset of G. Then(H,*) is a
subgroup of (G,*) if (H,*) is itself a group.

Definition (2)

Let (G,*) be agroup and H €G, Then (H,*) is subgroup of G if :
(1) va,beH=axbeH

(2)The identity element of G is an element of H.eeG= e€H
(3)VaeH=a"'eH

Remark (1):
Each group (G,*) has at least two subgroup ({e},*) and (G,*), these subgroups
are known trivial subgroup and improper, any subgroup different from these

subgroups known a proper subgroup.

Examples (1):
1. (Z,+) is a proper subgroup of (R,+)

2. H={1,-1}y < {1,-1,i,-i}, then (H,.) is a subgroup of ({1,-1,1 ,—i},.)

3. H={0,2}cZ,
(H,+4) is a proper subgroup of (Z4,+4). But {0, 3} is not subgroup of (Z,,+4).

4. (Q\W0},x)is a subgroup of (R\{0},x).
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Theorem (1): Let (G,*) be a group and H#p, HEG. Then (H,*) is a subgroup
of (G,*) iff axb~'€ H,V a, b eH
Proof:
(=) let (H,*) be a subgroup and a,beH, then
a,b~1e H = a*b~'€ H (since *closure)
(<) Let axb~te HT.P. (H,*) is subgroup
(1) Since H#p=13 beH s.t. b*b~1e H= e€H.
(2) Since beH and eeH=exb"le H=b"le H
(3)Let a€ H and b~te H (by2) =a* (b~ 1)"'e H = axbe H
~By definition (2) (H,*) is a subgroup of (G,*)

Example (2): Let (Z,+) be agroup and H={5a: a€Z}. Show that (H,+) is a
subgroup of (Z,+)

Solution: By The above, letx +y € H, T.P. x+y e H

X€ H=x=ba ,aeZ , ye H=y=5b beZ

x+y~1=5a+ (5b) ~'=5a+5(-b)

=5(a- b)eH
€Z

= (H,+) is a subgroup of (Z,+)

Theorem (2): If (H;,*) is the collection of subgroups of (G,*), then (NH;,*)) is
also subgroup of (G,*)
Proof:
(1)Since 3 e€eH; ,Vi=e € NHi=NH; # ¢
(2) Let x, y €NH; T.P. x*xy~te NH;

Since x ,ye NHi=X,y €H;Vi
=x*y~LeH;, Vi (since H;subgroups)
=x*y~1eNH;

~ (NH;,*) is subgroup of (G,*)
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Theorem (3):Let (H;,*) is the collection of subgroups of (G,*) and let H, and
H;e {H} such that 3H,€ {H}, H,SH, and H;SH, then (UH;*) is also
subgroup.

Proof:

(1)Since 3 eeH; for some i =e eUH=UH; # ¢

(2) Letx,y €UH;, then X,y €Hy or X,y €H;, so X,y €H,

=x*y~LeH,, (since H,subgroup)

=x*y~leuH,;

~ (UH;,*) is subgroup of (G,*)

Theorem (4): Let (Hy,*) and (H,,*) are two subgroupsof (G,*) then
(H; UH,,*), is asubgroup of (G,*) iff H{< H, or H,SH; .
Proof:
(=) Let(H;UH,,*) is a subgroup, T.P. H; €H,or H,SH;
Suppose that H; zH, and H,zH;
~3 ae H;, a¢H,and 3 be H,, b & H;
~a*b €H,;UH,= a*b~1€H, UH,
= a*b~l€H,ora*b~1€H,
= a, be H,or a, beH,C! (u=8)

~H{€H, or H,©€ H;
(<) LetH;SH,or H,SH;T.P. (H;UH,,*) is asubgroup
If H;SH,=H; U H,=H, is asubgroup.
If H,CH,;=H; U H,= Hj is asubgroup

~H;UH, is asubgroup in two cases.

Remark (2): (H; UH,,*) need not be a subgroup of (G,*).
For example:H;={r;, r3} is a subgroup of G, and H,={r;, v} is a subgroup of
Ge.
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But H; UH, ={r¢, r3,v} is not a subgroup of G, since r3 o v=h ¢€H;UH,
Definition (3): Let (G,*) be a group and (H,*) , (K,*) be two subgroups of G,
then the product of H and K is the set:

HxK={h+k : h € H, ke K}

Notes(1):

(1) H*H is write H?

(2) If H={a}, then HxK=a*K . If K ={b}, then HxK=Hx*Db .
(3)HUK cH=*K .

Theorem (5):Let (G,*) be a group and (H,*), (K,*) are two subgroups of
(G,*), then
(1) H*K #¢ A H*K G
(2JHSH=*K and KSH=*K
(3)(H*K,*) is a subgroup of (G,*) iff HxK=K*H
(4) If (G,*) is commutative group,then (H*K,*) is asubgroup of (G,*).
Proof:
()veeH AneeK=e=*e=ee€ H*xK
o~ H*K #¢
And let xe HxK = x=a*b 3 aeH €G and be KC G

—aeEG A bEeG

=axb =xeG
~H*K €G
(2) Let x EH = x=xx*e € HxK
=XeE H*K
~ HEH*k
Similarly K € H+K
Page
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(3) () suppose (H*K,*) is asubgroup of (G,*) T.P. HxK=Kx*H
(ie) HxK < K#HA KxH cH*K
Letx € H*K =x =a*b 2aeHAb e K
Since H*K is subgroupof G=x"1€ H*K
Letx~'=c *d >3 c eHAdeEK
X=(x"1)"1=(cxd)" ! =d *c1ad"! eKAc"leH
~x =d txc7le K«H
~HxKCSK+*H
KxH € H*K (H.W.)

(&) Let HxK=K=*H T.P.( H*K,*) is subgroup of(G,*)
H*xK+# ¢and H*K<G (by 1)
Let X,y EH*K T.P.x*y leH*K
XeH*K =x=a*b 3a€ H Ab € K
yeH*K =y=cxd3ce HAd e K
x*y = (axb)*(cxd) ™!
=(a*b)*(d " +c ")

=ax(b*d 1)*c!
N—— —
ekK eH

~(b*d™1) *cle KxH=H=*K
~(b*d™1) *c e HxK
=3peH, L eK 3 (b*d™ 1) *c! =p*l

~ax(bxd™1) *c! =axp* £ eH*K
TH €K

~xxy~1eH*k
~(H=K,*) is subgroup of (G,*)

(4) If (G,*) is commutative group, then (H+K,*) is subgroup of (G,*)
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Proof:H+K+#dand HxK €G (by 1)
Let X,y EH*K T.P. x*y~leH*K
XeEH*K =x=a*b 3ae HA b € K
yeH*K =y=cxd3ceHAdeK
x*y~1= (axb)*(c*d) ™!
=(axb)*(d~1*c™1)
=(a*b)*(c~1*d™1) (since G is commutative)
=ax(b=*)*d 1 (* is associative)
=(axc™1)*(b*d~1) (* is commutativeand associative)
~x*xy~le HxK
~(H*K,*) is a subgroup of (G,*)

Example (3): In (Zg,+s), Let H={0, 4}and K={0, 2, 4, 6}. Find H +gK
Solution: H+sK={0, 2, 4, 6}.

Notes (2): Let (H,*) and (K,*) are two subgroupof (G,*), then :
(1)H*K#K=*H
(2)(H+K,*) need not be subgroup of (G,*). Give example (H.W.)

Exercises: Is (H,*) a subgroup of (G,*) each of the following:
(1) (Zs, +s), H={0, 6}. Find H*.
(2) (Z4, +4), H={0, 1, 2}. Find H.

Definition (4): The center of a group (G,*) denoted by cent(G) or C(G) is the
set C(G)={ceG: cxx =x*C, VXEG} 3l palic JS an Jolii Sl paliall

Note (3):C(G)#¢, since JeeG s.t.

exx=x*e VXEG =ee C(G)

Page

37



aaa 55U p e S dead deblioa b/ el 4k

Examples (4):
(1) The group (R\{0}, .)

C(R)=R since R with multiplication is commutative
(2) The group (S;,°), C(S3)={f1}

Since C(S3)={feS;: fog =gof YgeS3}={f1}

Theorem (6): Let (G,*) be agroup. Then (cent(G),*) is a subgroupof (G,*).
Proof:
cent(G) #p  (by note (3))
C(G)={aeG: x*a=a*x, VXeG}<SG
Let a,b ecent(G) T.P. axb~'e cent(G)
aecent(G)= axx =x*a, VXEG
becent(G)= b*x =x*b, VXeG
T.P. (axb™1) #x=x*(a*b™1) VYXEG
(axb™1) #x= ax(b~1#x)
= ax(x " 1xb)~!
=a*(b*x~1)"I(since b € cent (G))
= a*(x*b~1)
=(a*x)*b~?
=(x*a)*b~1(since b € cent (G))
= x*(axb 1)
~ (a*b~1)e cent (G)
=~ (cent (G),*) is asubgroupof (G,*)

Theorem(7):Let (G,*) be agroup. Then
cent(G)=G<G is a commutative group.
Proof:

(=) VvaeG =ae cent(G)
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~axX =x*a, VXEG
~axX =x*a, VX, aeG

~G Is commutativegroup

(&) suppose that G is commutative group T.P. cent(G) =G
(i.e) T.P. cent(G) =cGAGCScent(G)

By definitionof cent(G) we havecent(G)<G.

T.P. GScent(G)

Let XxeG, G is commutative group=x*a = a *X, YaeG

~X€E cent(G)=>GCccent(G)

=~ cent G=G

Cyclic Groups (Aaal a3l ) s 3 gall a3

Definition (5): Let (G,*) be agroup and a€G, the cyclic subgroup of G

generated by the a is denoted by <a> and defined as
<a>={a*kez}={....a”1,a’ al,..}

G=<a> is called cyclic group.

uﬂﬁ)m.\chj\d\}\h\jw.cwuﬂ)ﬁu&\ \5‘3)\‘5&‘5\3—}‘)3\33).&)3“5&&3—

Definition (6):A group (G,*) is called cyclic group generated by aiffiaeG

such that
G=<a>={a*: kez}

Examples (5): In (Zo,+¢)find the cyclic subgroup generated by2,3,1
<2>={a*:kez}={....(2)73,(2)7%, 2) L 2)° 2L (2)% (2)3,..}

~Zy is cyclic groupgenerated by 2
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<3>={...3)7. )% BB BB BY, -}

~Zg is cyclic groupgenerated by 1

Examples (6): In (Z,+) fined cyclic groupgenerated by1, 2, — 1
<1>={1F:kez}={...,173,172,171,1%,1%,12,13, .}
={....3,-2,-10123,..}=Z

<2>={2k: k €z}={...,273,272,271, 20 21 22 23 1}
={...,6,-4,-2,0,246,... #Z

< 1>={(-1D* : k €z}
=D EDEEDTLED EDL DA (D))
={....21,0,-1,-2,...}=Z

~(Z,+) is cyclic groupgenerated by 1 and — 1

Examples (7):1s (S3,°) cyclic group ?

<fi>={f1 }#S$3

<fo>={fy keZ}y={... ;5 L e}
={.ofo Sz i for oo 32U fo 353

<f3>={f1, f2.f3}#53

<fo>={f1, fa}#S3

<fs>={f1, fs}#S3

<fe>={f1, f6}#53

= (83,°) is not cyclic group.
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Examples (8): In(Z4,+5) find cyclic group generated by1,2,5(H.W.)

Theorem (8): Every cyclic group is commutative.
Proof: Let (G,*) be acyclic group
~3a€G s.t. G=<a>={a’: keZ}T.P. G is commutative group
Letx,yeG T.P.xxy =y*x, VX,yeG
“XEG =<a>=x=a"3meZ andyeG =<a>=y=a"3neZ
X*y=a™ x a® = a™t" = g""™ =" xa" =y *xx

~G Is commutativegroup
The convers of this theorem is not true, for example:
(G={e,a,b,c}*) s.t.a’> = b? = c?=e

-1

a’=e=axa=e=a l=a

b%=e=b*b=e=b"1=Db

_1:C

c?=e>cxc=e=c
e 1=e=x"1=xVXx€EG
~ (G,*) is commutativegroup
But (G,*) is not cyclic group since:
<e>={e}#G
< a>={a*:k ez}={e,a}+G
< b >={b*:kez}={e,b}+G
< c>={ck: kez}={e,c}+G

~(G,*) is not cyclic

Theorem (9):<a>=<a~!>VaeG
Proof:
<a>={ak:kezZ}={ (a ) ¥+ —kez}
={ (@)™ =m = —keZ}

=<q~ 1>

Page

41



aaa 55U p e S dead deblioa b/ el 4k

Theorem (10): If (G,*) is afinite group of orderngenerated bya, then G=
<a>={a*:kez} ={al,a? .....,a" = e}such that nis least positive integer
Sa" =e,(i.e.)

0(2)=n=0(G) (M &5, =15 a 3l Al 53 Al yualall 4 )

Examples (9): Show that (Z,,,+,)is cyclic group.
Z,=1{0,1,2,..,n—1}
P Sl S die B e ) O Ly
o(Z,)=n TP. Z, =<1>
<I>={(D)*kezZ}={(D)", (D?* (1*, (V)" = 0}
={1,2,3,..,71=0}=2Z,
Z,.=<1>ando(Z,)= o(1)=n.

Definition (7):(Division Algorithm for Z)dewdll 4l 53

If a and b are integers with b>0, then there is a unique pair of integersgandr
such that:

a=bgq+r where0<r<b

The number q is called the quotient and r is called the remainder when a is
divided by b.

Examples (10): Find the quotientq and remainder r when 38 is divided by 7
according to the division algorithm.

Answer: 38=7(5)+3 0<3<7

~q=5 and r=3

Examples (11):a=23 ,b=7
23=7(3)+2 0<2<7
qg=3 ,r=2

Page

42



aaa 55U p e S dead deblioa b/ el 4k

Examples (12): a=15 , b=2
15=2)(7)+1 0<1<2
q=7 ,r=1

Theorem (11): A subgroup of acyclic group is cyclic.
Proof: Let G be acyclic group generated by aand let H be asubgroup of G.
If H={e}, then H =<e>is cyclic
If H#{e} and H#G (H is proper subgroup)
Then
XEH = x=a™ ,meZ
x leH=x"1=za™ ,—mez
Let m be aleast positive integer, such that a™ € H
T.P. H=<a™>={(a™)9: g € Z}
T.P. HE<a™>A<a™>CH
Let ye H=y=a® , seZ
By division algorithmof sand m
S =mg+r =r=s —mg
~a" =a*™ =a®x(a™)I 0<r<m
~a"€ Hbut 0<r<m
r=0=s=mg
a®=(@m)Jd e<am >
~y=a® € <a™>>HE&<a™>
T.P.<a™>cH
Let Xxe< a™ >=x=(a™)9 ,Q€eZ
a™ € H= (a™)9 eH
~XEH=><a™>CcH

~(H,*) is cyclic subgroup.
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Corollary (1): If (G,*) is a finite cyclic group of order n generated by a , then
every subgroup of G is cyclic generated bya™ sm|n
Proof:suppose (G,*) is afinite, o(G)=n
G=<a>={al,a? .....,a"=¢e}
Let (H,*)be asubgroup of (G,*). Then (H,*) is cyclic (by Theorem 11) such
that H=<a™>
T.P.m|n(n=mg, g € 2)
e €EH =a™€H,a™€H, by division algorithmof nandm
=>n=mg+r 0<r<m
r=n-mg=a" =a" * (a™) *
=>a" = (a™) °eH
But 0<r<m
= If r=0 =n=mg

~mn

Examples (13): Find all subgroup of (Z35,+15)

Answer:0(Z5)=15 , H=<(1)™>3m|n
H=<(1)™>3m|15

m=1,3,5,15

If m=1 =2H,=<1>=Z;

If m=3= H,=<(1)3>={3,6,9,12,0}

If m= 5= H;=<(1)>>={5, 10, 0}

If m= 15= H,=<(1)*>={0} = <0>

(H.W.) Find all subgroup of (Zs,+s).

Corollary (2):1f (G,*) is finite cyclic group of prime order, then G has no
proper subgroup.
Proof:Let (G,*) be finite groupsuch that
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0(G)=p (p prime number)

G=<a>={al,d?, .....,a’=e}

Let (H,*)be cyclic subgroup
~H=<a™>3am|p=>m=1 or m=p

If m=1 = H=<a>= G (not proper subgroup)

If m=p =>H=<aP=e>= {e} (not proper subgroup)

=G has no proper subgroup.

Examples (14): Find all subgroup of (Z7,+7)
Answer:0(Z;)=7, let H=<(1)™>3m|7
~m=1 ,m=7

If m=1 =H,=<1>= Z,

If m=7= H,=<(1)">={0}

Definition (8): [g.c.d(X,y)] _sS¥I &l jidall ausll
A positive integercis said to be a greatest common divisor of two non-zero
number x and y
iff(1) c|x Acly
(2)ifajx naly =alc

(g.c.d(x,y) =c)

Examples (15):Find (g.c.d.(12,18))
Answer:g.c.d(12,18)=6 since
(1) 612 A 6|18
(2) 3]12A 3|18 = 36
or 1|]12A1|18 = 1|6
or 2|12 A2|18 =2|16
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Remark (3): If (G,*) is finite cyclic group of orderngenerated by a ,then the

generators of G is a* such that g.c.d (k,n) =1.

Examples (16):Find all generators of (Zs,+¢)
Answer: 0 (Zg) =6 , Zg=<1>
Zs=<<(1D)k>s.t.g.c.d(k,6)=1,k=1,2,3,4,5

k=1 =g.c.d(1,6)=1 =Z;=<1>

k=2 =0.c.d(2,6)# 1=Zs#<(1)?>=<2>
k=3=0.c.d(3,6)£ 1 =Z#<(1)3>=<3>
k=4=0.c.d(4,6)£1 =Z¢#<<(1)*>=<4>
k=5 =g.c.d(5,6)=1 =Z=<(1)°>=<5>
The generators of Zgsare {1,5}

Theorem (12):1f(G,*)is an infinite cyclic group generated bya, then:
(1)a and a™* are only generators of G

(2)Every subgroup of G except {e} is an infinite subgroup.
Proof(1):

Suppose G=<a> T.P.G=<a '>

LetacG 3 G=<a>={...,.a*,a ",a’a'a’,...}

Let be G 3 G=<b>={....,.b%b 1 b°b'b?%...}

a€ G=<b>=a=b',re Z ~..(D)

beG=<a>= b=a’s€z ..(2)

Put (1)in (2) = b=(b")’=b'=b"= b'=pb"

l1=rs = r=s=lorr=s=-1

Ifr=s=1 —=a=b = G=<a>

If r=s= - 1= b=a'= G=<a !>
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Proof (2):Let (H,*)be a subgroupof (G,*) 3 H# {e}T.P.(H,*)is infinite
Suppose that (H,*)is finite 30(H)=k

(H,*)is cyclic subgroup

H=<a">={(@a™)*,@M?...,(a"*=e}

a™=e = o(a)=mk

~0(a)=0(G) c! «ili(G=<a>,G is finite)

~(H,*)is infinite.

Definition (9):H 4 jal 8 a3l 48 jLdal) cile ganall
Let (H,*) be a subgroup of a group (G,*).The set
axH= {a = h : h € H}of G is the left coset of H containing a, while the subset

axH={a * h : h € H} is the right cosetof H containing a.

Examples (17):1f(Zs,+¢),a=1,H={0,2,4}, then
1+¢H={1,3,5} , H+:1={1,3,5}
3+6H={3,5, 1}, H+:3 ={3,5, 1}

Notes(4):

(1) a*H is not subgroup in general. Give an example (H.W.)

(2) a*H = H =*ain general, for example
(83,0),H:{f1,f4} , a:fz
fooH ={fo,fs} , Hof,={f,fc}

f2 o H#H o f2

Theorem (13): Let (H,*) be a subgroup of (G,*)and a€G,then
(1) His itself left coset of H in G.
Proof: e € G, exH={exh:h € H} =H

Page

47



Bne (55 ) ot e S Jemd Aakali 21/ a3l 4y ki
(2) If (G,*) is abelian group,then a*H =H=*a
Proof:axH={a*h :heH}={h *a:heH}=H=a
The converse is not true, for example: (S3,0), H={ff,,f;}a=1,
f4 o Hz{f4,f5,f6} and H0f4 ={f4,f6,f5}

=~ Ty o H=Hof but (Ss,0) is not abelian group.

(3) a€ axH

Proof:a=ax*e € axH

(4) a*tH=H < a€eH

Proof: (=) Suppose a*H =H, then by (3) we geta € H
(<) Suppose aeH  T.P.axH=H

We must prove that a*HcH A HcaxH

T.P.axHcH

Let x € axH= x=a*h €H (since a € H AheH)

~axHcH
T.P.Hca*H
Letb €H = b=exb
=(a*a )*b
=a*(a” 1* b)=be a*H
€eH
~HcaxH
Thus axH=H
(5) a*H =b*H «<a '+beH
Proof: (=)a*xH="Db *H
a 'x(a*H)=a x(bxH)
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(a 'xa)*H=(a xb)*H

H=(a **b)*H
By (4) —=a #beH
(<)

Suppose that a *+b € H
By (4) = (a ‘#b)*H=H
=b*H=a*H

Remark (4): Every coset (left or right)of a subgroupH of a group (G,*) has the

same number of elements as H.

(6) axH =bxH v (axH) "~ (b*H)=¢
Proof: Suppose (axH) N (b+H)=¢
T.P.axH =b*H
Ix 3x€axH AxebxH
X =a* hy A x=b*h,;3 hy,h,e H
a* h;=b*h,=h;=a"xb *h,

= hy*h, '=a b e H

by(5) =>a*H =bxH

or supposea* H #b*H T.P.(a*xH) n (b*H)=¢
suppose(axH) M (b*H)#o

~dxeax H A X ebxH

X =axh;A X = b*h,

a 'sb = h;*h, '=a b eH

—axH =bxH ¢! =i

(@H) A (b*H)=0
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(7) The set of all distinct left coset of H in G form a partition on G.
Proof: T.P. G=Usca* H andaj+H maj*H =¢

~"a;*H ,ap«Hare distinct

~apkH NagrH =¢ T.P. G=U,egax H

a* Hc G Vae G (bydefinition of coset)

=Uega*r Hc G ...(1)

VaeE G= a€a*H = a€E€us,gaxH

~GcUecax H ...(2)

From (1)and (2) =G=Ugeca* H

Example (17): The group (Zs,+¢) is abelian. Find the partition of Zg into coset
of the subgroup H={0,3}

Answer:Z¢={0,1,2, 3,4,5}

0 +sH={0,3} =H

1 +¢H={1,4}

2 +¢H={2,5}

3 +¢H={3,0}

4 +¢H={4,1}

5 +¢H={5,2}

~All the cosets of H are :{0,3}, {1,4}, {2,5} and since (Zs,+¢) is abelian
group, then the left coset is equal the right coset.

Example (18):(H.W.)
In (Ss,0),let H= {f},f,}.Find the partitions of S; into left cosets of H and the

partitions into right cosets of H.
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Definition (10): Let (H,*) be a subgroup of a group (G,*).The number of left
cosets or right cosetsof H in G is called the index of H in G and denotedby
[G:H].

0(G)

Remark (5):1f (G,*) is a finite group. Then [G:H]zﬁ.

Example (19):(83,0),H: {fl,fz, f3}

. gy =°G3) 6 _

“[SaH =5 or =5 =2,
Example (20):(Zg,+s), H={0,3}
7 1=t —

#[ZeH =5 =

Theorem (14):( LagrangeTheorem)
Let H be a subgroup of a finite group (G,*).Then the order of H is
adivisor of the order of G .
Proof:
Let G be afinite group 30(G)=n and H be a subgroup of G30o(H)=m.
T.P.o(H) | o(G) (T.P. m|n, n=mk)
Since G is finite=[G:H] = k
Let a;* H,a,*H, ...,a.:xH are left cosets of H

ar* H va,*Hu ... va*H =G and

a;*H maj*H=d)
o(a;* H) + o(a*H) + ... + o(ax*H) = 0(G)
m + m +--+ m=n
k—times

mk=n = mjn =o0(H)| o( G)
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Corollary (1): If (G,*) is finite group, then the order of any element of G
divides the orderof G.
Proof:
Suppose that (G,*) is finite 20(G) =n.
Leta € G = ais finite order such that o(a) =m T.P.o(a)| o(G).
Since ae G =H =<a> cyclic group.
H={a,a’...,a"=e}
o(H) =o(a) =m =0(H)| o(G) (by Lagrange theorem)
= 0(a)| o(G)

Corollary (2): If (G,*) is afinite group,then a%®=e Vv a€eG.
Proof:

Suppose that o(G)=n, letae G 3 0(a) =m

By Corollary (1) of Lagrange theorem=-0(a) | 0(G)

—=min

= n=mk

a’ @ =a"=(@M*=ek=¢

~a’®=evac€eG.

Corollary (3):Every group of prime order is cyclic.
Proof: Let (G,*) be finite 20(G) =p

By corollary (1)of Lagrange theorem=0(a) [p V a € G.
o(@=1orp

If o(@) =1 = a=e

If o(a) =p =0(a) =0(G) = G=<a>

~(G,*) is cyclic group
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Corollary (4): Every group of order less than 6 is commutative.
Proof:
Let(G,*) be a finite group 30(G)<6
o(G)=lor 2 or3 or4d or5or6
If 0(G)=1 =G={e} = G is commutative
If o(G)=20r3 or5
By corollary (3) of Lagrange theoremG is cyclic=G is commutative
Ifo(G)=4
~o(@=1or2or4
If o(a)=1 = a=e
If o(a)=2 VaEG=a’=e —a=a 'Va€eEG
~G Is commutative group
If o(a)=4 =o0(a)=0(G) = G=<a>

~G is cyclic = G is commutative group.

Exercises:

(1) Find all subgroupsof (Zs,+s).

(2) Let (Zs,+35) be agroup and H=<2>. Is H a subgroup of Zg?

(3) If H={0,6,12,18}, show that (H,+,4) is a cyclic subgroupof (Z,4,+24). Also

list the elements of each coset of H in Z,,
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