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قسم الرياضيات


CALCULUS 2
CHAPTER 1: Logarithm and Exponential Fun.

The Natural Logarithm Function:

We denote it by “In”
y =In(x);x >0

In:(0,00) — R 2
Ine=1

Inl=0

1n2:0.69 1 2 8 3 4 5

In10 =2.3

Properties of In:

Let x > 0 and y > 0, then:

L. In(x.y) =Inz+1Iny

2. ln(i) =Inz—Iny

3. In(z%) =alnx
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Examples: Evaluate the following if you know that (In2 = 0.69):

1.In16 =In2' =4In2 = 4.(0.69) = 2.76
2.In8=1n2%*=3.In2 = 3.(0.69) = 2.07
3.In2=In1-In2=0-(0.69) = 0.69

4. 2 =122 =L.In2=1(0.69) = 0.345

The Derivative of In

Inu = —.—
u dx

d 1 du
€T

Examples: Find ¢/ for the following functions:

1. y = In(2* + 2z)

s ! 2x+2
y = 2421

2. y = In(sin x * 2?)

1

- 2
——.[sinz * 22 + 27 cos 7]

:y/:

3. y = In(tan x + sec x)

2
/I __ sec”x+4secx.tanx
> Y = tan z+sec x

This PDF document was edited with Icecream PDF Editor.
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4.y = (Inx)?
— ¢ =3(lnz)%1

5.y = (Intan)®. cos 2

— ' = (Intan)’.(—sin2?.2z) + cos 22.5(In tan z)* —— . sec? x

6. y = In(cos x)

— ¢y == = _tanz
7.y =1In(Inz)
, 1
— Y e
1
8.y =Inz —3n(l42?) — 2=
1 -1
)1 1 2% _x.H—xg—tan z
¥y =z 2" 142 r2

9. y = xfsin(lnx) + cos(In )]

— o/ = zfcos(lnz).t —sin(lnz).}] + [sin(lnz) + cos(In z)].1

T T

10. y = xsec™! —In(z + Va2 — 1),z > 1

1
1,2 -
1 1 I+5(z*—1) 2.2z
secx.l —
|lz|Va?-1 T r+vVr2—1

— y = .
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The Limit of In

lim Inx = 400
TrT—>00
Im Inz = —o0
r—0Tt

Examples: Proof the following:

L. lim(x — Inxz) =1
r—1

Proof: lim(z —Inz)=1—-Inl=1-0=1]

z—1

2. lim cos(In x) 1
r—1

Proof: lim cos(Inz) = cos(In1) = cos(0) =

rz—1

3. lim Inz@+) £

r—1

Proof: lim Inz*Y) = lim(z + 1) Inx
r—1 rx—1

= lim(z + 1) limlnz = (1+1).In1=2.0=0]

r—1 r—1

4 lim 2t 2

z—0
oy W) DRy gy 11
Proof: lim =552 = im 5% = lim 25 = 55 = 1 = (1
5. lim In(2 — x)?cos® 20
z—1
Proof: lim In(2 — 2)2¢*% = lim[2 cos z. In(2 — z)]
r—1 x—1

This PDF document was edited with Icecream PDF Editor.
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= 2 lim cos z. lim In(2 — x)
r—1 r—1

= 2.cos(1).In(2 — 1) = 2. cos(1).0 = [0

Problems (1.1): Find 3’ of the following functions:

’_\

cy =In(zvVa?+1)
2.y = —5In(3av/z + 2)

3.y =tlnt — cost?

4. y=2lnxr — X

Inx

In 1w
1—w

6. y = —3In Snt

1+w?

o sec x
7. y= In 2+3x

8. y=In(t*+4) —ttan™' 3
9.y = z(Inz)?

10. y = csc®xIna® +tan ' Inw

This PDF document was edited with Icecream PDF Editor.
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The Exponential Function:

We denote it by “e*” or “exp(x)”
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Examples: Simplify the following:

5. exp(lnz —2Iny) = exp(lnz — Iny?) = exp(In ﬁ) = 5—2

6. ettnT — o7 olnz _ v 4o

The Derivative of e”

d du

u — euo_

—e
dx dx

Examples: Find 3/ for the following functions:

1422
2. y = exp(3). exp(sin 30)

— ' = exp(3). cos360.3 + exp(sin 30). 0 = exp(3). cos 36.3

This PDF document was edited with Icecream PDF Editor.
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— g = 1 €22
y |62$|v /(621’)2_1
7‘ y = esinQa:

— ¢ =M% cos27.2

10. y = eBr—¢")

This PDF document was edited with Icecream PDF Editor.
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Problems (1.2): Find 3’ of the following functions:

2.y = exp(m). x + exp(cos )

e?—e—%

e*+4e*

3.y =
4 y=en v /T
5.y = (9% — 6t + 2) exp(3t)

6. y = exp(tant).Int’

T.y=w'.e V¥
8. y= e(%+tanx2)

9. y = exp(tan—1(¢?))

10. y = 1H(6_ sinf) 6—93-1-5)

The General Logarithm Function:

We denote it by “log, "

y =log,z = 2% x> 0,a > 0,a # 1

lna

log,x : (0,00) — R

This PDF document was edited with Icecream PDF Editor.
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Properties of log, x:

1. log,(x.y) = log, = + log, y
2. 1oga(§) = log, x — log, y
3. log, x¥ = ylog, x

4. log,a=1 <= Ine=1

5. log,1 =0 <= In1=0

Examples: Simplify the following:

__ In16 __ In2* __ 4mm2 __
L. 10g2 16 = In2 = In2  In2 =4

_ In49 _ In7® _ 2In7 _
2. log% 49 = TR Ay 2

This PDF document was edited with Icecream PDF Editor.
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4. 10g10 100 — loglo 102 - 210g10 10 — 21 — 2

5. 1og1g o5 = 10819 107 = —3log; 10 = —3.1 = —3

The Derivative of log, x

—log, u = —.—.— | where u > 0, a > 0, a # 0.

Examples: Find 3/ for the following functions:

= logy(2* + 37)

2. y = log; 2°. cos 2

—> o/ = logg x.(—sin2?.2x) + cos &% 5.5 .5

3. y = log;(tan x + sin x)

= Y = L == (sec? z + cos )

tanx+sinz) " In’7

4. y=Inz.log,yx

— 9y = 1nx——1+10g10x—

This PDF document was edited with Icecream PDF Editor.
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5.y =log,sin"tx + %, where a is a constant.

1 1 1 et 1—x.et.1
in~lalna’ /122 e2r

/
iy:s

Problems (1.3): Find 3’ of the following functions:

1. y = xlogs v — cos 2

2.y = e Mlogy(1 —t) + log,(3t?) , where a is a constant.

3. y = log,(cos 3w) sec y/w

4. y = logy; (tan(37t))

5.y = {’/1 + logs(2°)

6. y = log, (cos™ @) +sinf . logyt* , where n is a constant.

7.y = (logg(52))°
8. y = sin(log, 6) + sec §?

1

9. y = log,(we”) + sin~! w, where b is a constant.

10. y = cot(logy, t2).tl3

This PDF document was edited with Icecream PDF Editor.
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The General Exponential Function:

We denote it by “a®”

y:aw:ewlna;a>0

a” : R — (0, 00)

Properties of a”:

1. a' = @, where a > 0

5. (a.b)" = a".b", where a > 0 and b > 0

The Derivative of a”

U ulna

at =e

d
ﬂ) %au _ %(éﬁlna)

This PDF document was edited with Icecream PDF Editor.
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s dgu — qulpg
dx dx
d du
.. _au = au. ].n a/o_
dx dx

Examples: Find ¢ for the following functions:

1. y = 2x2+secx
— gy = 27T 109 (2 + sec x tan )

2 Y = 482'77,_13;

1

==y = gsin~ e 1 4\/@

3.y=zx".7"

— ¢ =" . Inml+7ma" 1

Example: Find the value of z, where 3% = 27!

Solution; 3% = 2++1

3t = [ ortl
— xIn3=(zr+1)In2
= zln3=2xn2+1In2

— zIn3—xln2=1In2

This PDF document was edited with Icecream PDF Editor.
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— z(In3—-mm2)=h2 = z(n)=h2 = |z=—

Problems (1.4): Find 3’ of the following functions:

1. y = 5x2+$—1

9 y = 6sinw—|—lnw+3

3.y = 2%Vt
4. y = 65(L‘ Stanz

x2
5.y =1In 1_f13 + 77

6.y =2" cost?

7.y = weos? VT _ 5—da?

8.y =In(1 + €27) 5°°
9.y=—4lnw + % _ 9sin(yw)

10. y = geosl |y \/5 4+ 38e0(59)

The Relation between a” and log, «

log,y=x <—= y=a"a>0&a#0

This PDF document was edited with Icecream PDF Editor.
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a>1

Logarithmic Differentiation

If in a function where the base and the exponent are variables, we
should change the form before we take the derivative.

Examples: Find g/ for the following;

X

lLy==x

N Iny = In %"

— Iny =2z
di /
- % = x% +Inx.22

— Y =y (z*1 + Inz.2x)
2
y=r"

ey (z*1 + Inz.27)

2.y = (2?4 1)n7

This PDF document was edited with Icecream PDF Editor.
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Ly = In(x? + 1)@

— Iny =Inzn(2? + 1)

d /
d
—%%zlnx

7+ In(2? + 1).1

—>y—y>|<(1na: +1n(x +1). )

- y = (x2—|— 1)1111'* (1I1£C —|—1I1(.27 + 1) )

2+1

)tanx

3.y = (sinz
1 Iny = In(sin z)tene

— Iny = tan x. In(sin x)
d /
A, y = tan z.£°% + In(sin x). sec” «

— y =y (tan r92L 4+ In(sin x). sec” x)

— y = (sin2)™7 % (tan ©.25L 4 In(sin x). sec® )

— y = (sinx)n7 « x (SILL COST 4 n(gin ). sec? x)

SN y' = (sinz)"™7 x (1 + sec* z. In(sin x))

Ly=? (x 4+ 23z +1)?
(x — 4)*(x + 3)

1

(@423 (@+1)2\ 5
— Y= ((:v 4)2(x—|—3))

(T—42(213)
— Iny = % * In ((:I: + 2)3(z + 1)2) —In ((x — 4)(z + 3))

This PDF document was edited with Icecream PDF Editor.
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— Iny = +x (1 (z+2)? —I—ln(;r:+1)2> — (ln(x—4)2+ln(as+3)>
=5+

3In(z+2)+1In(z+1)?

da
oy _1(_3 2 2 1
y 5\ z+ + x+1 r—4 x+3

—2In(x—4)—In(x+3)

)

Problems (1.5):

1. Find y/ for the following:

2. Using L'R proof the following:

3xl+a+4 3
(2) Im s =5

(b) lim S22=L —

COS T
x—T

This PDF document was edited with Icecream PDF Editor.
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r—1
. 2
(f) lim % =0
T——00
T 1
(g) lim - = 6
x—0

(h) lim 2252 =0

rT——0o0 et

This PDF document was edited with Icecream PDF Editor.
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CHAPTER 2: Indefinite Integration )

2.1 General Indefinite Integration:

In calculus, an antiderivative of a function f(x) is a differentiable

function F'(x) whose derivative is equal to the original function f(x).

F'(x) = f(z) = LW = f(a)

— dF( )= f(z)dx

de (x)dx
— /f Jdx + C'|, where C' € R.
Example: i/ =22 — 3—%223}
2
— dy =2z dx :f> [dy=[22z dx = yz%JrC’

Indefinite Integrals Properties:

Let f(x) be a function and x € R, then:

i. [af(x)=a [ f(x)dz, where a is a constant.

ii. [ (f(x) F g())dw = [ f(x)de F [ gla)d

This PDF document was edited with Icecream PDF Editor.
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Notes:

o | (f(a:) *g(az))dw # [ f(x)dx = [ g(z)dx

f(x) J f(z)
f xdx#fg

Rules: In general,

1. /dx=x+c

n—+1

. , un+1
ii. u'du = +C|,

where C' € R.

Examples: Evaluate the following integrals:

1) [ 3dx
=3 [dx

=3z +C

2) [ 5x*dx
=5 fa:2dx

3

€T
—5=+C
3—|—

3) [6z3dx
=6 [27%dx

This PDF document was edited with Icecream PDF Editor.
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u
|
_|_
Q

5) [(2x + 3)dx
= [2xdx + [ 3dx

= 2>+ C1 + 32+ Cy

— |22 + 3z + C|, where C = C} + C.

6) [ V2x+ ldx
=1 [(22 + 1)2.2dx

3

2
1
= g\/ (2$+1)3+O

7) f(@? — Va)da

:fx2dx—fa:%dx
— $_3_$_%_|_C

3
33
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8) [t2(1+ 23 dt
=111+ 20%)5.60%d1
1
(1+263)3 O

_ 1
6 1

= \/1+2t3+0

9) f 23’ T —=dx

o f5:1c5 o 53:5

= %fx_Qda: — %fxzdsc

1z 2 13
5-1 53 +C
=|— — — C
e 150
10 (z241)dz
)f?{/22+2z+2

=1 [(Z*+ 22+ 2)732(z + 1)dz

_ %(z —1—22—1-2) + O
3
3

= Z{)’/(z2+2z—|—2)2—|—0

This PDF document was edited with Icecream PDF Editor.
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Problems (2.1): Evaluate the following integrals:

6. [ 2+ 5ydy
7. [(2+7t)3dt

8. [(3z —1)*dx

10. [ 2222+ 1dz

This PDF document was edited with Icecream PDF Editor.
Upgrade to PRO to remove watermark.

11. [(2* + 5z)d

12, [(32° 4+ 227" + 42 — 9) dx

13. L —d
/ (19-22)3 Y

14. [ Tw?v2w? — 5 dw

15. [ L4 dp
16. [/y2+2y(y+1)dy
17. [ £ e g,

18. [ 2 dt

19. [Vrd3+7 r2dr
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2.2 Integrals of Trigonometric Functions:

We can derive all the Trigonometric integration forms from the deriva-

tive Trigonometric forms as follows:

(1) Lsin(u) = COS(U)L /cos(u)du = sin(u) + C

(2) L cos(u) = —sin(u)i> /sin(u)du = —cos(u) + C

(3) L tan(u) = secz(u)L /sec2(u)du = tan(u) + C

(4) L cot(u) = — cscz(u)i> /(38(32(u)du = —cot(u) + C

(5) L sec(u) = sec(u) tan(u)# /sec(u) tan(u)du = sec(u) + C

(6) L csc(u) = — csc(u) cot(u)i> /csc(u) cot(u)du = — csc(u) + C

Examples: Evaluate the following integrals:

1) [sin(3z)dz

= & [ sin(3z).3dx

1
=|—3 cos(3x) + C

2) [ cos(2t)dt

= 1 [ cos(2t).2 dt

This PDF document was edited with Icecream PDF Editor.
Upgrade to PRO to remove watermark.
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= %Sin(Zt) +C

3) [ xsec*(a?)dx

= 1 [ sec?(2?).2zdx

= %tan(:ﬁ) +C

4) [ cot(5x) csc(bx)dx

= 1 [ cot(5z) esc(5x).5dx

= —% cse(bx) + C

5) % csc?(v/r)dw

6) [ t*tan*(t?)dt

This PDF document was edited with Icecream PDF Editor.
Upgrade to PRO to remove watermark.
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Remark(1): Sometimes we should do some algebra to evaluate the

integral.

Examples: Evaluate the following integrals:

1) [sec’(z)tan(x)dx

= fsec a:)"sec(a:) tan(x )da:l
u du

_ secZ(:I:) Lo

3) J Sl

— %f(lsin(Z:U)l)_?’ Icos(2:v).2dx

U du
_ 1(sin(2z))"
= §S_— —|—C
1
= -+ C
4 sin?(2z)

This PDF document was edited with Icecream PDF Editor.
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4) f 6—‘cos(3zzz)da7

sin?(3x)
B 6 cos(3z)
— f sin?(3x) dz — f sin?(3) dx
B . 1 cos(3x)
=0 f mdm o f sin(3z) sin(3z) .

= 6fcsc2(3x)d:c — [ ese(3x) cot(3x)dx

= 3 [esc?(3x).3dx — & [ csc(3x) cot(3z).3dw

= 2(— cot(3z)) — 5(— csc(3z)) + C

1
=|—2cot(3z) + 3 cse(3x) + C

5) f sec? (2w) dw

tan3 (2w)

6) f sin27z5z) dz

This PDF document was edited with Icecream PDF Editor.
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Remark(2):

A. When the power of sin(x) or cos(x) is odd, we use:

sin?(x) 4 cos®(z) = 1

B. When the power of sin(x) or cos(x) is even, we use:

1 1
sin?(x) = 5(1 — cos 2zx) or |cos?(x) = 5(1 + cos 2x)

Examples: Evaluate the following integrals:

1) [sin®(x)dz
= [ sin(z) sin®*(x)dz

= [sin(z)dz — [ Icosz(a:)"sin(x)dajl
u du

+C

cos®(z)

= |cos(x) — ;

2) [ cos*(y)dy
= [ 1(1+ cos(2y))dy

_ %fdy—i— %.%fcos(Qy).Zdy

1 1
=|5¥ sin(2y) + C

3) f sin2(y)dy

This PDF document was edited with Icecream PDF Editor.
Upgrade to PRO to remove watermark.
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H
S|
)
T
=
—
[\
o
o
2N
DO
s
Q.
&
€
-
—
o
o
95
Pl
DO
s
Q.
&

=2 [dx + 5 [ cos(2x)dz + % [ 1(1 + cosdx)dx

=1 [da+ 4.5 [cos(2x).2dz + % [ dx + 5.5 [ cosdx.Adx

1 1 1 1
=3¢+ 3 sin(2z) + 7 + o sin(4z) + C
Remark(3):

A. If the powers of tan(z) & cot(x) is even, we use:

use |tan®(x) = sec’(z) — 1

B. If the powers of sec(x) & csc(x) is even, we use:

use [sec’(z) = 1 + tan’(z)

Examples: Evaluate the following integrals:

1) [tan®(3z)dz
= [(sec*(3z) — 1)dx

This PDF document was edited with Icecream PDF Editor.
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= £sec’(3z).3dx — [ dx

1
= gtan(B:c) —a+C

2) [ cot?(5z)dx

3) [sect(x)dx
= [sec*(x)sec?(z)dx
= [ (1 + tan2(:1:)> sec?(z)dx

= [sec?(z)dx + [ tan®(z)sec*(z)dx
tan3(z)
3

= tan(z) + +C

= [ csc?(x) esc?(x)da

= [ <1 + COt2<CE)) csc?(z)dw

= [csc(z)dx + [ cot?(z) esc?(z)dx
cot?(x)
3

—|—cot(a) - = 4 ¢

This PDF document was edited with Icecream PDF Editor.
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Problems (2.2): Evaluate the following integrals:

1. [sin(2t)dt 13. [(3cos(z) — 42® + 2)dz
2. [xsin(2z?)dx 14. [ sin®*(z) cos(z)dx

3. [ cos(30 —1)df 15. [ sin(z) cos®(z)dzx

4. [4cos(3y)dy 16. [ cos*(2y)sin(2y)dy

5. [(z — 2sin®z)dx 17. [sin'0df

6. [ msin®(3t)dt 18. | (1 — Sin2(3t)) cos(3t)dt
7. [ cos® xdzx 19. %dm

8. Imdw 20. [ 2sin(z) cos(z)dz

9. [ 2cot?(5y)dy 21. [ /2 +sin(3t) cos(3t)dt
10. [ 3tan*(2z)dzx 22. | Cig;:?;)dz

11. [ %daz 23. [(3sin(2z) + 4 cos(3x))dx
12. [ cos(2z + 4)dx 24. [ sin(t) cos(t (sin(t)Jrcos(t))dt

This PDF document was edited with Icecream PDF Editor.
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2.3 Integrals of Inverse Trigonometric Functions :

We can derive all the integration forms from our derivatives forms as

follows:

(1) 4 sin~!(u) = L

= du = sin"*(u) + C

~

o=

(2) 4 ms<)=—J%ﬁfa/vT;md

uw=—cos *(u)+C

-

14+u

1
(3) L tan~!(u) = 5 f//1+u2du:tan1(u)+0

1 1
(4) Lot (u) = 1, ,/&+uﬂu:—mt(w+0

-

(5) Lsec (u) = — N

1
lulvVu—1 / ‘u’m

du = sec ' (u) + C

_ N L _ 1
(6) L csc™ ()——|u|\/1m //’u|mdu——csc (u)+C

Examples: Evaluate the following integrals:

D) [ 75
_ lf 2dx
20 /1-(22)2
1 1
=15 sin~!(2x) + C'| or 5 cos '(2x) + C

2) f 1+£2

=|tan"'(t) + C|or |—cot }(t) + C

This PDF document was edited with Icecream PDF Editor.
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4)

or

— csc 2z |+C

or

cos(x)dx

v/ 1—sin?(z)
(sin(

sin” (sin

r+C

x))+C

This PDF document was edited with Icecream PDF Editor.
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Problems (2.3): Evaluate the following integrals:

1
L [ b 11. [ =L dw
2. [d(csc™ (1)) 12. [d(sec(t))
3. [ rizade 13. [ dt

3

4. [(cos?sin(z) — —35)dx 14. [(cos’(2z)sin(2z) — L )dx

5. [ igda 15. [ 5=t

6. J e 16. [ g
AF- TN S
8. [ <SI\I;1—($>> dx 18. f—(ccj%f;)fdz
9. [ ultan (o)) gy 19. [ S (o) gy
10. f 1+215x2d3j 20. 3+27t2dt

This PDF document was edited with Icecream PDF Editor.
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2.4 Integrals of Logarithmic Functions :

1
/—du = In|u|4+C
u

Examples: Evaluate the following integrals:

1) [ 2
= Qf%daz

2In|z|+C

2) [(z+2)de
=3fx_2d:c+5f%dcc

3L 4 5 Infa|+C

—3
— + 5In|x|+C
T

3) f (2x§+3)dx
1 4z
! f (222+3)

1
Zln|2x2 +3|+C

dx

4) [ =Pda

= [In(z).1dz

(In(z))’
2

+C

This PDF document was edited with Icecream PDF Editor.
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1

:fﬁd:c

= |In|In(x)|+C

6) f 1fgex dx

_ 1 2e*
=35 ) Tl

1

7) [

= |In|tan(z)|+C

8) f sec z:c t;;n 23: dr

QSec 290 tan 290
2 f sec( 295 d

= |In|sec(2z)|+C

9) [ tan(u)du
=~ [ nd

= | — In|cos(u)|+C

10) [ cot(u)du
= [ ifijdu

= |In|sin(u)|+C

11) [ sec(u)du

This PDF document was edited with Icecream PDF Editor.
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12) [ csc(u)du
_ f CSC(U). Ecsc u;-l-cot u >du

( (u)
csE:(u —|—cot(u)) )
_ —csc(u)—cot(u)
- f CSC(U). (csc(u)+cot(u)) du

csc? (u)f-esc(u) cot(u)
- f cot(u)+csc(u) du

=|—In | cot(u) + csc(u)| + C

Problems (2.4): Evaluate the following integrals:

L [ s 5. [ el
2. | 6. [ )
3. [ L (O
4 [ =54 . [y,

This PDF document was edited with Icecream PDF Editor.
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10. [ H30dx

Y +2y+1
11. y+1

d
12. | 55

13. [ da

14. | —=dr

This PDF document was edited with Icecream PDF Editor.
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15.

16.

17.

18.

19.

20.

f 2

J

J

J

5 + 6d.fU
42

sin(0)
147 cos(6) dp

ds

tan—1(s)4s2 tan—

In(x)
4z 1n(2) dx

w +2w 1
w+4 dw

In(3) cos(x) dr

—5—sin(x)

I(s)
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2.5 Integrals of General Logarithmic Function :

. IR 1
ion) = gy duts [ du = log,(u) + €

where ¢ > 0 and a # 1 (i.e., In(a) # 0)

Examples: Evaluate the following integrals:

1) fm2916n5dx
~ 1) e

221n5
1

= §1og5(:1:2) +C

cos(3t
2) f sm(3§) 1314dt

:3f 3 cos(3t) dt

sin(3t) sin(3t) In4

1
=1=3 log,(sin(3t)) + C

1
3) f (\/1—:/E2)sin_l(x)ln3daj
— |logs(sin ' (2)) + C

This PDF document was edited with Icecream PDF Editor.
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1
4) f \/7 V1—4w? cos—1(2 )1n3)dw

Problems (2.5): Evaluate the following integrals:

.COS@) dx 6. fcos_l(lw)ln2x/1£w2dw

* sin(z)In3

x 1
2. f 62m11n3'e2 dx 7. f cot™ 1 z)In4’ 1422 d.f
3. fm.esm(x) cos(z)dx 8. [ gidt
;2 .
4. f tan_%?;) lnlldx 9. f (008(42)_\/1—z231n_1(z).ln2)dz

3
T SlIl 5w
5. f$4ln5dx 10. f cos(bw) ln7

This PDF document was edited with Icecream PDF Editor.
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2.6 Integrals of Exponential Function :

o Lelw) = el dy—y /e(“)du =eW 4 C

Examples: Evaluate the following integrals:

1) [e*dx

= %f2€2xd33

L,
:_CL‘ C
26—|-

2) [eB9), cos(3x)dx

=1 [3.e03%) cos(3z)dx
1

_ g6sin(3gu) +C

3) [ e%da:

= [L.(=3).e ¥dx

4 3
= |—e 7 O
_36 +

4) [ Gi=da

=|Inle” + e *|+C

5) [ e* sin(e*)dx

= 1 [ 2.€*"sin(e*")du

This PDF document was edited with Icecream PDF Editor.
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=|— cos(ezx) +C

eSin™ -+ (2z)
6) f V1—4x?

9 eSin 1(2:17)

\/1—(2z)2

_ esin_1(2x) +C

7) f 5_627:311} dw

_ 1 —6e3?
— —6J 5-2¢3w dw
—1
= ?ln|5 2€3w|+0

8) fe —7 ]

9) [tan(e*)e* dt

This PDF document was edited with Icecream PDF Editor.
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Problems (2.6): Evaluate the following integrals:

:E2 cot 1 (32
1. [xe”dx 6. %gx(z)da:
2. [ 15do 7. S da
l’2+21‘ x T
3. [(x+1)e" T™dx 8. [ e3cos(e3)dx

4. f(xe$2 +egin(e ) )dr 9. [ty

€27 _e—

etan_l (2t)

5. ("% cos(e’) — e2)dx 10. [ S

This PDF document was edited with Icecream PDF Editor.
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2.7 Integrals of general Exponential Function :

(u)
L) = () ln(a)duL /a(“)du = la( ) +C
n(a

where a > 0 and a # 1 (i.e., In(a) # 0)

Examples: Evaluate the following integrals:

1) [3%dx
SCC
B 1n3+C

2) [ 5% 2dx

= 3 [ 5% %2dx
1 5215—2

:§ln5 +C

3) [ cos(0).4=5mOdp

= — [ —cos(6).4= 1) qg

4~ sin(0)
| In4 e

4) [ 6mleos@l tan(z)dx

_ f 61n|cos(a:)| . (—C(S);T(lS)) dr
6

=|-——+C
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5) [ 5'Zdt

Problems (2.7): Evaluate the following integrals:

1. (22" da 6. [3ViLdt

2. [ 3@l cot(0)do 7. [ 450G cos(2z)d
3. [ 712(2)dz 8. [(r+1)2 +2rdr

4. [t Tdt 9. [4¢7 3y

5. f3w2 2wdw 10. f91n|cosz2| tan(z?)dz
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CHAPTER 3 : Techniques of Integration )

3.1 Power of Trigonometric Functions

A. To find the integral for: /sin"(a:) cos™(x)

case(1) If one of the powers is odd ( or both are odd), then we use

the following form:

sin?(x) 4 cos®(z) =1

case(2) If both of the powers are even, then we use one of the

following forms:

1 1
sin?(z) = 5(1 — cos 2x) | or |cos?(x) = 5(1 + cos 2x)

Examples: Evaluate the following integrals:

1) [sin?(zx) cos®(z)dx [n codd & m : even — case(l)}
= [ sin*(x) cos(x) cos*(z)dx

= [ sin®*(x) cos(z) (1 — SiDQ(CU))dCE

28
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= f sin’ COS d:c — f sin*(z) cos(x)dx
u du u du
sin®(z)  sin®(x)
_ — C
3 5 i

2) [sin®(z) cos?(z)dx [n rodd & m :odd — case(l)]

—fSlIl Zl? COS

) cos?(z)dw

= [ sin®(z) cos(z (l—sm( ))dm

fsm () cos(x)dx— fsm (z) cos(x)dx

U du

u du
- 4 G
sin“(xz)  sin’(x)
= — C
4 6 i

3) [ sin’(z) cos?(z)dx [n even & m : even — case(2)
= [ 1(1 — cos(2z))5(1 + cos(2z))dx
= [ (1 — cos?(2x))dx
_ f%daz R fi0082(2a: dx
= [1dz — [1.1(1 4 cos(4z)dx
= [1dz — f%d.ﬁb’ — [ 5 cos(4z)dx
ot

sin(4x)
2 +C

[ cos(4x).4dx

This PDF document was edited with Icecream PDF Editor.
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B. To find the integral for:

/tan’"’(m) sec™(x)

case(1): If the powers sec(x) is even, we divide the sec(x) as:

sec™(x) = cos™ ?(x) sec?(x) & use

sec’(xz) = 1 + tan?(x)

case(2): If the powers tan(z) is odd, we divide the tan(z) as:

tan”(x) = tan™ ' (x) tan(z)

& use

tan?(x) = sec?(x) — 1

Examples: Evaluate the following integrals:

1) [ sect(x) tan®(x)dx

= [ sec?*(z)sec*(x) tan*(z)dx

= (1t tan2(f17)> sec? () tan? ()

= f tan?( sec da:+ f tan(z) sec

2(z)dx dx

U du
tan?(x tan®(x
[t 5( ). o

2) [ tan®(x)/sec(x)dx

u

= [tan®(z) tan(x)\/sec(z)dx
= [ (sec )tan( ) sec? (z)dx

This PDF document was edited with Icecream PDF Editor.
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_fSGC

) tan( )SGC%(CL’)CZCU — [ tan(x) SGC%(ZL’)dCU

= fsec2 (x) sec(x) tan(x )d:c—fsec z (x) sec(x) tan(z)(x)dx

U du

C. To find the integral for: /cot"(w) csc™(x)

case(1) If the power of csc(x) is even, we divide the csc(x) as:

csc™(x) = csc™ ?(x) csc?(x) |& we use |csc?(x) = 1 + cot?(x)

case(2) If the power of cot(z) is odd, we divide the cot(x) as

cot™(xz) = cot™ (x) cot(x) & we use |cot?(z) = csc?(z) — 1

Examples: Evaluate the following integrals:

1) [ csc*(x) cot?(x)dx

= [esc?(x
=/ (1 o+ cot2(37)) csc? () cot® () da

CSC

(z) cot?(x)dw

) csc? () das+ f cot*(x) csc?(x)dx dx

U du

= f Cot2
U du
cot}(z)  cot’(x)
=|— — C
3 5 i

This PDF document was edited with Icecream PDF Editor.
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3
2 _cot’(x) dr
) f 4/ csc(x)

— [ cot?(z) cot(x) csc T (z)da

= [ (csc

= csc% )cot(z)dx — | cot(x
=/ J

)
1) cot(x

CSCT da:

Jese T ( dx

)
= fcsc? csc (z) cot( )dx— fcsc_’f(x) csc(x) cot(z)(z)dx

+C

U du

Problems (3.1): Evaluate the following integrals:

1. [ cos*(30) df

2. [sin*(2z) dx

3. [ cost(w) dw

4. f Btan

S€C

5. [ cos’(2z) da

This PDF document was edited with Icecream PDF Editor.
Upgrade to PRO to remove watermark.

32

6. [ gy

sin?(t)
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cos? ()

S.Iﬁﬁd(f

1+sin(z))?

9. [sin’(0)cos*(0) db

10. [sin®*(3z)cos(3z) dz
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11. fcosi%(i%a:) sin® () dx 16. [ cscl(z) dx

12. [sin®*(w) cost(w) dw 17. [ esc?(2z) cot(22) dz
13. [ Z?j‘%)) dt 18. [ sec*(3z)tan(3z) dx
14. [ cot?(0) dx 19. fwl(w) dw

15. [ tan?(4t) dt 20. [ tan®(z)sec(z) dx

This PDF document was edited with Icecream PDF Editor.
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3.2 Integration by Parts

o d(uw) = ud(v) + vd(u)

— ud(v) = d(u.v) — vd(u)

R [ud(v) = [duv)—[vd(u) = /ud(v) = UV — /vd(u)

Examples: Evaluate the following integrals:

1) [In(x)dx =7

let u=1In(z) = du=%

dv =dr = ’szdx:x
[ ud(v) =uw — [vd(u)
— [In(z)de = In(z).x — [z.2

= In(z).x — [dx

=|ln(x).z —x+C

2) [xe®dx =7
letu=2r = du=dx
dv=e"dr = v= [e"dr=e"
[ ud(v) =uw — [vd(u)

— [xe’dr = x.e" — [ e"dx

=|xe’ —e' +(C

This PDF document was edited with Icecream PDF Editor.
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3) [x*e*dx =7
let u= 2> = du = 2xdx
dv=e"dr = v= [e"de=e"
[ ud(v) =uw — [vd(u)
— [zPe"dx = x*.e" — [ e 2xdx
=a?e” —2 [e".adx

= z2.e" — 2xe” — ¥ + C)

—|z%.e" — 2xe” + 2% + O

4) [ e®sin(2z)dx =7
let u=¢e" = du=e"dx
dv =sin(2z)der = v =1 [sin(2z).2dz = S cos(2x)
[ ud(v) = uw — [od(u)
— [ e"sin(2z)dx = e".5 cos(2x) — [ St cos(2x).edx
/008(256).69” dx

L I
u.dv

— [ e”sin(2z)dr = e”. 5! cos(2z) +

N[ —

let u=¢" = du=e"dx

dv = cos(2x)dr = v = Lsin(2x)

. [ cos(2z).e” = e”.5sin(2zx) — [ §sin(2z)e"dx

"2

— [ e"sin(2z)dx = e". 5! cos(2x)+5]e” .5 sin(2z)— [ 1 sin(2z)e”dx]
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— /ex sin(2z)dz = e*. 5} cos(2x)+1e”. sin(2x)— 1 / e’ sin(2x)dx

— 2 [e"sin(2z)dx = Ste. cos(2x) + te’. sin(2x)
x —2 1
= [ e”sin(2z)dr = ?e .cos(2x) + 56 .sin(2z) + C

5) zdxr =7
f :L'2—|—1)?
| o’ cdr = [ 2 : sdx
(22+1)2 (22 4+1)2
dv

let u = 2?2 = du = 2xdx

dv = —r—dx

(2241)2

— o= [ dr= [z.(a2+1)Tdx
(2241)2

3
= L odr =2 —15 — [—L122d

(2241)2 (2241)2 (22412
= ( 2—902)% — [(z*+ 1)_71.2:1:d:13
r4+1
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6) [seci(x)dx =7

[ sec®(z)dx = f sec(x) sec?(x)dw

II ]
U dv

let u = sec(x) = du = sec(x) tan(z)dx

dv = sec*(z)dz = v = [ sec?(z)dx = tan(x)

< [ud(v) = uw — [vd(u)
— [sec}(z)dz = sec(x) tan(x) — [ tan(z)sec(w) tan(z)dx
= sec(z) tan(z) — [ tan?(z) sec(z)dx
= sec(z) tan(z) — [[sec’(z) — 1] sec(z)dx
— [ secd(x)dz = sec(z) tan(z) — [ secd(2)dz + [ sec(z)dx
— 2 [sec®(z)dz = sec(z)tan(z) + Infsec(z) + tan(z)|+C

1 1
— [ sec’(z)dx = 5 sec(z) tan(z) + 5 Injsec(x) + tan(x)|+K

This PDF document was edited with Icecream PDF Editor.
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Problems (3.2): Evaluate the following integrals:

1. [evVTdy 13. [ €e* cos(e') dt

2. [Iny/z —1dz 14. [z In(z’ + z) dx
3. [e"cos(2z) dx 15. [P e” da

4. [ xsec*(x) dx 16. [a?sin(l —z) dx
5. [In(z + 1+ 22) dx 17. [z sin*(z) dz

6. [« tan®(x) dx 18. [z In(v/3z + 1) dx

7. [ tan;(x) dx 19. [cos(lnz) dx

8. [z cos?*(z) dx 20. [€* sin(3z) dz

9. [a?sin(x) dx 21. [ asin(z) dz
10. [z sin*(z) dz 22. [ Ocos(30) df

11. [z InvVa+2dx 23. [ x4z +2dx

12. [(x+1)?e" dx 24. [ ztan 'z dx
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3.3 Integration by Partial Fractions:

If the integrand (a function that is to be integrated/the expression
after the integral sign) is in the form of an algebraic fraction and the
integral cannot be evaluated by simple methods, the fraction needs

to be expressed in partial fractions before integration takes place.

Remark(1):

[F the “degree of denominator” > “degree of enumerator”, then we

use the partial fraction as follows:

i) If we have and we are unable to analyze it, then its

1
ax?+br+c’

numerator will be always one degree less.

Examples:

1 _
¢ 24342

1 _
(z=3)(22+32+2)

1
(z—3)(x2+a+1)

1
(z—3)(z3+22+2)

1 _
® )@@ )
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ii) If we have —~_ where n is a positive constant, then we analyze
(r—a) ’

it as follows:

1 _ A Ao As v An
(—a)® = z—a + (r—a)? + (r—a)3 T + (x—a)™

Examples:

Examples:

1 1 A B

2=2-3) ~ @)@~ @=3) T @+l

_ Az+A+Bz—3B _ (A+B)r+(A-3B)
 (z=3)(x+1) (x—3)(z+1)

— A+B=0
FA+3B =71

(by subtracting)

—1

IS
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1 —1
1 A B 1 7
)T

(#2—22-3) ~ (2-3) + (x+1) - (x—3 x+1)

: 1
e f (:L"2—2910—3)daj
1 1
= | 5 + e
= if—(xi?))daﬂr _Tlf—(xil)da:

1 —1
= Zln\x — 3\+T1n\x + 1|+C

i _A,B,C
_x+x2+x—2

> 1= Az(z — 2) + Bz — 2) + Cz?

etz =0 — |B=—

1

Comparing coefficients of 2 gives:

A+C=0 = A:_Il

: f*da::f<il+_zl+i)daz
s J 22(2-2) T w2 ' ox—2
=3 [yde+ 5 [ pdv+ 1 [ Hyda
—1 —1z71

1
=7 1n]az|+7_—1 +7 In|z — 2|4+C
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2

4) | (2a3—|—1:§(a3—|—2)2dw —

x2 _ A B C
Ge)@i2? - @) T @) T e

*(22-4+1)(2+2)?
y 22 = Al + 22+ B2z + 1)(z +2)+ C(2x + 1)
—4
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1
Letasz%l — A:§

Comparing coefficients of 2% gives:

1
A+2B=1 = §—|—2le — B =

O W~

2

o (2x—|—1£§(m+2)
=/ ( 20+1) :v—i—2) T TT) )dx
gf dx+9fx+2dx+ 4fx+2 dx

18f 2x+1 d:r:+4f—d:r:+ 4f x + 2) 2dx
—4 (z+2)7!
R I—

dx

+C

1 4
= 1—81n(2x—|—1)+§1n(95+2)—|—

Remark(2):

IF the “degree of enumerator” > “degree of denominator”, then we

use the long division as follows:

z+4
¢ 48 =1+ m+8
* + =1+ 2+8

244 68
xsza = (z—8)+ %

Jjjgl—(a: — 4 +32) + 22
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Examples:

1) J Z+§dw ="

3) [ wzjréd:c =7

4) [ e gy —7

48

2
R e S o 68
©or+8 (33 8) + x+8

f”;j;da:—f((x—S)—kf—fg)dx
f(a:—8 88)d:1:

= [(z —8)dz + [ - 68d:1:

$2
?—8x+681n‘x+8|+6’
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3
5) [ Sigdx =7

Problems (3.3): Evaluate the following integrals:

1. fmdx 7. f 2+2$+1

2. f x2—§x—3 dx 8. f cos? esjigse—z d

3. [l dy 9. [ s dt

4. fﬁi_ldx 10. f =) 3; 27))(:5 3y dv
5. [ st de 1 [ e 4
6.fmdx 12. [ g da
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X 2
13. f W dx 27. f = sec”(t) dt

2(t)—3tan(t)+1

14.f(x2_2f%da: 28,fﬁdx
15. [ e 42 29. [ ijgg dz
16. x25_$2;3_3 dx 30. [ o—T—du
17. fxg—ig dx 31. [ 22 dy
18. [ A da 32. [ 513 do

19. [ 5~ do 33. [TH8 gy
20. [ -2 dy 34. [ 242 gy

21. [ ot de 35. [ 92y
22. [ 273 4y 36. [ 20 da
23. [z de 37. [ da
24. [ L dux 38. [ prtl L da
25. [t tieid gy 39. [0 gy
26. [T gy 40. [ 3710 4y
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3.4 Integration by Trigonometric Substitution:

In this section, we see how to integrate expressions like

Va2 +u?|, and |V u? — a?

depending on the function we need to integrate, we substitute one of

|
S
[\

a?

the following trigonometric expressions to simplify the integration:

a sin 0

e Lor v/ a? , use |u

e For use lu = atané

gl\D
+1 |
:N :l\')

e For [ v/u? — a?| use|lu = asec@

Examples: Evaluate the following integrals:

1 A
)f\/Q—mz
VI — 22 =vVa? —u?2 = weuse|u=asinb

ra=3andu=2x = |x =3sinf

— |0 = sin_l(g) and |dx = 3 cos 6df

V9= 22 = /9= (3sin6)% = \/9 — 9sin’6
= \/9(1 —sin?6) = 3v/1 —sin?0 = 3v/cos2 0 = |3 cosd)

. de cos6df __ _ _ .1
..fm— 330080 —fd9—9—|—0—sm (§)+C'
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2) [ =

25412

A2+t =Va?+u?2 = weuse|u =atanf

‘ra=bbandu=2x = |x =5tand

— |0 = tan_l(g) and |dz = 5sec 0df

V25 + 22 = /25 + (5tan )2 = v/25 + 25 tan? 0

= /25(1 + tan?0) = 5v/1 + tan? 0 = 5v/sec? § = [5secd

j’ dx _ 5 sec? 0df :fSGCedQ

V25ta? 5sec
V25 + x?
= In[sec  + tan 0|+C = 1n|% + %H—C’

3) [—&— =7
) f z+/ 2—16
V2 —16=vVu?2 —a? = we use|u = asect

ca=4dandu=x = |x =4sech

— |0 = sec_l(z) and |dz = 4 sec § tan §df

Va2 =16 = y/(4scc)? — 16 = V16sec?§ — 16

— \/16(86029 — 1) =4vsec? — 1 = 4vtan? 0 = [4tan 0

1
- dr [ 4secAtanfdd _ 1 1 R L
) f V12—16 dsecOxdtand 4 fd@ - 49"_0 = 4860 (
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Problems (3.4): Evaluate the following integrals:

1. [ A2 11. [ s
2. [ A 12. f@zil;)%
3. fﬁ 13. [ Va2 +4
4. [H 14. [ £
5. [t 15. [
6. [T 16. [
7. [ 17. (jj:)%
8. [ ARl 18. [ /40 — 22
9. [ i 19. [ =
o1 <9Ci2>% 20- %
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3.5 Integration by Completing the Square:

By completing the square, we may rewrite any quadratic polynomial

ax’ + bx + ¢

in the form
(x + k1)* + ko

where k1 and k9 may be positive or negative.

Remark(1): After completing the square, we either integrate directly

or use the trigonometric substitution.

Remark(2): We use the completing the square method, if

1. We are unable to analyze expression ax? + bz + ¢
2. We have the expression az? + bx

3. We have the expression ax?+bx + c or az®+bx under roots (, /-,

Y, ete).

Examples: Evaluate the following integrals:

1) f vV 26:7:—332 =7
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V2r — a2 = /—(22 —2x) = \/— (22 =22+ 1 — 1)
= /—((x — 1) =/1—(z—1)2

. dx _ dx
) f Vor—22 f 1—(T — 1)2

=|—cos(x —1)+C

2) J 4cc2+4az—|—2 =7

A + 4z +2=A(z* + x + 1)

I 1
= 4@ totg - ) =H@+ )+ ) =dle+ )+
=0
_ dx
f 4:c2+4:5+2 f Aa+2)2+1

_2dx
— 2 f 1+( 2:c+

1 1 1
= 5'6&1’1_1(2513 + 5) + C'|or - cot ™' (2x + §> +C

dx .
3) f V 21—4z—x2 -
V21 —dz —a? = /21 — (2> + 4z + 4 — 4) = /25 — (z + 2)?

. dx dx
NN = Al ey Al ey =1

2
x; )+ C

— |sin™}(
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4 (z+1)dx _?
) f vV r2—6x+4

Vil —6r+4=+22—6x+9—9+4
=/(z —3)2-5=vu2—a?

u=1x—3— du=dzr and a =5

we will use u = asec
—s 1 —3=1+/5sech

— 1 =+/5secl + 3 — dr = v/5sec O tan 0df

f (x+1)dx \/_se09+3—l—1)(\/gsec¢9tan9d9)
Va2 —6r-+4 \/ V5 secH—5

5sec? § tan 0+4+/5 sec 0 tan HdH
J ssec’ ) — 1)
I — |

tan2 0

_ f 5sec? 0 tan 0+4+/5 sec 0 tan 6d0
/5 tan 6

= [V/5sec?0d0 + [ 4secOtan df

= \/gtan0+4ln‘sece—|—tan9| +C

Vi(z =325 (x—3)  /(z—3)?2-5
V5 NG —|—4ln‘ 7 + 7 |+C
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Problems (3.5): Evaluate the following integrals:

L. f 122245 2x+5 8. I%
2. [ =5— 9. [l
3. [ s 10. [ S
4. [ 11 [ o
5. [ = 12. [ 4 —
6. fﬁ 13. fﬁ
7. I% 14. [ 555
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CHAPTER 4 : The Definite Integrals and

Its Application

4.1 Definite Integrals:

If a,b € R and F(x) is an anti-derivative for f(x), then:

/ 'f@) = F(@)]' = Fb) - Fla)

a is called lower limit, and b is called upper limit for the integral.

Properties for Definite Integrals:

L Mk f Fhog) =k [l FF R [ g

2. [Vf=[Cf+ [ f, where ¢ € [a,]

3. [ f=—Jt

4. [Tf=0

5. If f is an EVEN function = [ f=2[]f

6. If f is an ODD function — ffaf =0
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Examples: Evaluate the following integrals:

1) fl 327 + 2z)dx

<
(e +25)]
= (@

= (

x°+x )]T

6 + 6%) — (13 + 1%) = 252 — 2 = | 250

2) f02 vz + ldx

342
1 (4z+1)2
2 0

Iz + 1)3}2

H(VE 2 F TP = 0+ 1) = (27— 1) = % =

3) [, sin(z)dx
= — cos(a:)] ;

= —cos(m) —cos(0) = —(—=1)+ 1=

7

4) fo% csc?(z)dw

™

— cot(a:)]j — (cot(Z) — cot(0))

=]—00=|—00

5) [ Sthdx
= ff cos(x) sin 3 (z)dx

_ sin_Q(x)i|
-2

INERIICTS
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sin?(x)
ST
2 lsin?(3)  sin?(%)
_ _ 1
ST

Problems (4.1): Evaluate the following integrals:

1. f_ll(a: +1)%dx 7. f12 dt

2. fol(a:Q — 22+ 3)dx 8. ffl(:ﬁ — 1)dzx

3. f12(2w + 5)dw 9. fO% sec?(x)dx

4. [}3—5)da 10. ffu + tan?(0))do

5. fy VI+ade 11. [} 5e*d>

6. ff Lt 12. [ cos(%)dw
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13. [ sin®(0)do

2

14. [,* cos*(wt)dt

I |
15. fO Wd.f

G sin(22)
16. O6 cos?(22)

17. [’ 2%dx
18. fow cos?(26)d6

19. f04 medrdx
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20. [2 cot 0
2
21. fog csc(f) cot(0)do

22. | xsin(z)dx

S~

23. | Ocos(30) db

S

3
24. [ x4z +2dx
0

1
3

25. [ rtan~ !z dx
0

3
26. [ x4z +2dx
0
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4.2 Multiple Integrals:

The multiple integral is a definite integral of a function of more than
one real variable, for example, f(z,y) or f(x,y,z). Integrals of
a function of two variables over a region in R? are called double
integrals, and integrals of a function of three variables over a region

of R? are called triple integrals. i.c.,

| [ty
///f(az,y,z)da:dydz

<Y

Examples: Evaluate the following integrals:

1) [y J; sin(y) dy dz

= [ — cos(y)} de

= i (— cos(z) + 1)dx
= (—sin(x) + x)]z
= (—sin(m) + 7) — (—sin(0) + 0)

=(-04x)—(040) =[7]

2) fOl f; fxxjyyﬂ dz dy dx
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:fol %((x%—y%—l)—( ))dydaz
zfol f%l <1+2y) dy dx

Problems (4.2): Evaluate the following integrals:

1. [T [ 2dyda

2. f fo — 62%y) dz dy
3. [y J1 [ dz dy da

4 2L 3) dedady

5. f_llfol_x o ds dy dx

422

6. f02 f_llfsz dz dy dx
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4.3 Area Under a Curve

The area under a curve between two points can be found by doing
a definite integral between the two points. To find the area under
the curve y = f(x) between x = a and z = b, integrate y = f(z)

between the limits of a and b.

|

Area= f[f[:-:}.dt

y =fix)

Remark: If the area is above x-axis,then the area is positive, and if

the area under the x-axis, the area is negative, so we should change
the sign to positive value by adding a negative sign or by taking the

absolute value.

y = fix}
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Remark: To avoid the negative value, we will take the absolute

value:

Area = | 7bf(w)dac‘

Example (1): Find the area bounded by y = 2% and z = 1 and

r =37
Solution:
=3
Area=| [ ZUQCZZU‘
z=1
N
3 z=1
_ (33 _ 13
3 3

2
= |9 — 3| =|85 | unit?

Example (2): Find the total area between the curve y = 2 and

r=—2and x =27
Solution:
If we simply integrated a® between = —2 and x = 2, we would
get:
s A7 16 16
Area = fa:d:z:|zz]_ ‘:|Z_Z|:
r=—2 r==2
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So, instead we have to split the graph up and do two separate

integrals:
r=2 412
Al = f xgdx‘: %]0‘ ‘%—O|:4
=0
=0 410
s | T« 1 = o] = 4 -
T=—2 -

Hence, Area = Al + A2 = 4 + 4 = 8] unit?

Example (3): Find the area bounded by the line x +y = 1 and

the coordinate axes?

Solution:

rdy=2 = y=2—2x

y=0—2=2 = (2,0
=2

Area=| [ (2— :z:)dx‘
=0

2 r=2

B (33 B 7>i| CC:0|

=|0-0-@-%

:‘—2+2‘ = [4] unit?
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Another way:

Trty=2 = r=2-—y

r=0—y=2 = (2,0)

y=2
Area = f(2—y)dy|
y=0
_ _y_”:?‘
2:|y:0
2
~|o-0)-@2-%)
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Problems (4.3):

1. Find the total area bounded by the curve y = z3—4x and x—axis.

2. Find the area bounded by y = y4 — 2? and x-axis.

3. Find the area bounded by z = 32 — ¢? and y-axis.

4. Find the area bounded by v/ + ,/y = 1 and the two axes.

5. Prove that the area under one carve of y = sin(x) equals to 2

units?,

6. Find the area bounded by y = 2% — 42 and x-axis.

7. Find the area bounded by z = 8 — 2y — y? and y-axis.

This PDF document was edited with Icecream PDF Editor.
Upgrade to PRO to remove watermark.



https://icecreamapps.com/PDF-Editor/upgrade.html?v=2.10&t=9

4.4 Area Between Two Curves

In this section we are going to look at finding the area between two curves. There are
actually two cases that we are going to be looking at.

In the first case we want to determine the area between y = f (z) and y = g (z) on
the interval [a, b]. We are also going to assume that f (x) > g (). Take a look at the
following sketch to get an idea of what we’re initially going to look at.

¥

[ |f@) - g(x)|da

r=a

Area =

The second case is almost identical to the first case. Here we are going to determine
the area between ¢ = f (y) and = g (y) on the interval [c, d] with f (y) > g (y).

y=b
Area = |

| |[f@) - 9(w)|dy

Yy=a
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Example (1): Find the area between the curve y = 2 — 2% and the

line y = —x7

Solution:

N

Y1 =Yg = 2—332:—1‘
— P —x—-2=0

— (x—=2)(z+1)=0 = z=2andz =1

r=2
Arca=| [ [f(x) - g(x)} dx|
r=—1
£ jf? [(2 —2?) — az] d:c‘
= :fj [2 —z? — a:] dx‘
— [2;5 — %3 — %2] ZQ_ ‘ = % units’
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Example (2): Find the area of the triangular shaped region in the

first quarter bounded by the y-axis and the curves y = sin(x) and

y = cos(x)?
Solution:
Yy = Y2

— cos(x) = sin(x)

—a-3 / N

—
r=7 _
Area=| [ |f(z)— g(x)} daj’
=0
z=7
= cos(z) — sin(z dcv‘
=0

I
VR
05
.
=
/N
13
~
_I_
(@]
(@)
N
—
1=
~
|
/N
N
.
=
—
-
N
+
()
(@)
5]
—
-
~—
N———"
[

Example (3): Find the area bounded between the two carves y =

z? and y = |z| 7
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Solution:

Y1 ="Y2
— |z|=2? — Vo = 2? \ - /
—>£L’2:£U4—>£E2—SE4:0 . 05 0 ol5

— 2?(1 —2%) =0

— 2*(1—2)(1+2)=0

=0 = x=0— (0,0)
(z—1)=0 = z=1—(1,1)

(z+1)=0 = z=—-1—(—1,1)

=0

I [f@) - g@)]do

r=—1
=0

= [ [—x—xﬂdw‘

r=-—1

2 B 1 -1 11
g -] -0

r=—1

Al =

=1

[ |#(@) - g(w)]da

=0

A2

Area:Al—l—AZZ%—l—%:%:
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Example (4): Find the area bounded between carve y = % and

the two lines y = 1 and y = 37

Solution:

y:

s
ol
-
D
.
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Problems (4.4):

1. Find the area bounded by the curve y = +/x and the line y = x.

2. Find the area bounded by the curve y = 2% and the lines v = —1

and r = —3.

3. Find the area bounded by the curves y = x — 2 and y = 2 — x.

4. Find the area bounded by the curve z = 4y — y* — 3 and the line

r = —3.

5. Find the area bounded by the curve y = 2% and the line y = x in

the first quarter.

6. Find the area bounded between carve y = % and the two lines

y=2andy =37

7. Find the area bounded by the curves y = e and y = e~ * and the

lines y = 2 and y = 4.

8. Find the area bounded by the curves y = 2*+2 and the y = z+5.

This PDF document was edited with Icecream PDF Editor.
Upgrade to PRO to remove watermark.



https://icecreamapps.com/PDF-Editor/upgrade.html?v=2.10&t=9



