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CHAPTER 1: Logarithm and Exponential Fun.

The Natural Logarithm Function:

We denote it by “ln”

y = ln(x);x > 0

ln : (0,∞) −→ R

ln e = 1

ln 1 = 0

ln 2 = 0.69

ln 10 = 2.3

Properties of ln:

Let x > 0 and y > 0, then:

1. ln(x.y) = lnx + ln y

2. ln(xy ) = lnx− ln y

3. ln(xa) = a ln x
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Examples: Evaluate the following if you know that (ln 2 = 0.69):

1. ln 16 = ln 24 = 4 ln 2 = 4.(0.69) = 2.76

2. ln 8 = ln 23 = 3. ln 2 = 3.(0.69) = 2.07

3. ln 1
2 = ln 1− ln 2 = 0− (0.69) = 0.69

4. ln
√

2 = ln 2
1
2 = 1

2. ln 2 = 1
2.(0.69) = 0.345

The Derivative of ln

d

dx
lnu =

1

u
.
du

dx

Examples: Find y′ for the following functions:

1. y = ln(x2 + 2x)

=⇒ y′ = 2x+2
x2+2x

2. y = ln(sinx ∗ x2)

=⇒ y′ = 1
sin x∗x2 .[sin x ∗ 2x + x2 cos x]

3. y = ln(tan x + sec x)

=⇒ y′ = sec2 x+sec x. tan x
tan x+sec x
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4. y = (lnx)3

=⇒ y′ = 3(ln x)2.1x

5. y = (ln tan)5. cos x2

=⇒ y′ = (ln tan)5.(− sin x2.2x) + cos x2.5(ln tanx)4 1
tan x. sec2 x

6. y = ln(cosx)

=⇒ y′ = − sin
cos x = − tan x

7. y = ln(ln x)

=⇒ y′ =
1
x

ln x

8. y = lnx− 1
2 ln(1 + x2)− tan−1 x

x

=⇒ y′ = 1
x −

1
2.

2x
1+x2
−

x. 1
1+x2

−tan−1 x
x2

9. y = x[sin(ln x) + cos(lnx)]

=⇒ y′ = x[cos(ln x).1x − sin(ln x).1x] + [sin(lnx) + cos(lnx)].1

10. y = x sec−1− ln(x +
√
x2 − 1); x > 1

=⇒ y′ = x. 1
|x|
√
x2−1 + sec−1 x.1− 1+1

2(x
2−1)−

1
2 .2x

x+
√
x2−1
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The Limit of ln

lim
x→∞

ln x = +∞

lim
x→0+

ln x = −∞

Examples: Proof the following:

1. lim
x→1

(x− ln x)
?
= 1

Proof: lim
x→1

(x− ln x) = 1− ln 1 = 1− 0 = 1

2. lim
x→1

cos(ln x)
?
= 1

Proof: lim
x→1

cos(ln x) = cos(ln 1) = cos(0) = 1

3. lim
x→1

ln x(x+1) ?
= 0

Proof: lim
x→1

ln x(x+1) = lim
x→1

(x + 1) ln x

= lim
x→1

(x + 1) lim
x→1

ln x = (1 + 1). ln 1 = 2.0 = 0

4. lim
x→0

ln(x+1)
x

?
= 1

Proof: lim
x→0

ln(x+1)
x

L
′
R

= lim
x→0

1
x+1
1 = lim

x→1

1
x+1 = 1

0+1 = 1
1 = 1

5. lim
x→1

ln(2− x)2 cosx
?
= 0

Proof: lim
x→1

ln(2− x)2 cosx = lim
x→1

[2 cosx. ln(2− x)]
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= 2 lim
x→1

cos x. lim
x→1

ln(2− x)

= 2. cos(1). ln(2− 1) = 2. cos(1).0 = 0

Problems (1.1): Find y′ of the following functions:

1. y = ln(x
√
x2 + 1)

2. y = −5 ln(3x
√
x + 2)

3. y = t ln t− cos t2

4. y = x3 ln x− x
ln x

5. y = 1
2 ln 1+w

1−w

6. y = −3 ln sinw
1+w3

7. y = ln sec x
2+3x

8. y = ln(t2 + 4)− t tan−1 t
2

9. y = z(ln z)3

10. y = csc3 x ln x3 + tan−1 ln x
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The Exponential Function:

We denote it by “ex” or “exp(x)”

y = ex

ex : R −→ (0,∞)

ex = ln−1(x)

e0 = 1 e2 = 7.29

Properties of ex:

1. e0 = 1

2. ex1.ex2 = ex1+x2

3. ex1
ex2 = ex1−x2

4. (ex)r = erx, ∀r ∈ R

5. e−x = 1
ex

6. eln x = x = ln ex

c©2018 by Dr. Ghadeer Jasim
All Rights Reserved

6

This PDF document was edited with Icecream PDF Editor.
Upgrade to PRO to remove watermark.

https://icecreamapps.com/PDF-Editor/upgrade.html?v=2.10&t=9


Examples: Simplify the following:

1. ln(e−x
2
) = −x2

2. ln(e−
1
x) = 1

x

3. eln
1
x = 1

x

4. e2 lnx = eln x
2

= x2

5. exp(ln x− 2 ln y) = exp(lnx− ln y2) = exp(ln x
y2

) = x
y2

6. ex+ln x = ex.eln x = ex.x = x.ex

The Derivative of ex

d

dx
eu = eu.

du

dx

Examples: Find y′ for the following functions:

1. y = etan
−1 x

=⇒ y′ = etan
−1 x. 1

1+x2

2. y = exp(3). exp(sin 3θ)

=⇒ y′ = exp(3). cos 3θ.3 + exp(sin 3θ). 0 = exp(3). cos 3θ.3
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3. y = ex
3

=⇒ y′ = ex
3
.3x2

4. y = ln ex

1+ex

=⇒ y′ = 1
ex

1+ex
.(1+e

x).ex−ex.ex
(1+ex)2

5. y = 1
2(esin x − e−2x)

=⇒ y′ = 1
2(esin x. cos x− e−2x.(−2))

6. y = sec−1(e2x)

=⇒ y′ = 1

|e2x|
√

(e2x)2−1
.e2x.2

7. y = esin 2x

=⇒ y′ = esin 2x. cos 2x.2

8. y = e(ln x)
3

=⇒ y′ = e(ln x)
3
.3(ln x)2.1x

9. y = ecos(x
2)

=⇒ y′ = ecos(x
2).− sin(x2).2x

10. y = e(3x−e
−x2)

=⇒ y′ = e(3x−e
−x2).(3− e−x2.(−2x))

c©2018 by Dr. Ghadeer Jasim
All Rights Reserved

8

This PDF document was edited with Icecream PDF Editor.
Upgrade to PRO to remove watermark.

https://icecreamapps.com/PDF-Editor/upgrade.html?v=2.10&t=9


Problems (1.2): Find y′ of the following functions:

1. y = x2.e5x
2

2. y = exp(π). x + exp(cos πx)

3. y = ez−e−z
ez+ez

4. y = esin
−1 x.
√
x

5. y = (9t2 − 6t + 2) exp(3t)

6. y = exp(tan t). ln t5

7. y = w7. e−
√
w

8. y = e(
3√x+tan x2)

9. y = exp(tan−1(t3))

10. y = ln(e− sin θ − e−θ3+5)

The General Logarithm Function:

We denote it by “loga x”

y = loga x = lnx
lna

; x > 0, a > 0, a 6= 1

loga x : (0,∞) −→ R
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Properties of loga x:

1. loga(x.y) = loga x + loga y

2. loga(
x
y ) = loga x− loga y

3. loga x
y = y loga x

4. loga a = 1 ⇐⇒ ln e = 1

5. loga 1 = 0 ⇐⇒ ln 1 = 0

Examples: Simplify the following:

1. log2 16 = ln 16
ln 2 = ln 24

ln 2 = 4 ln 2
ln 2 = 4

2. log1
7

49 = ln 49
ln 1

7
= ln 72

− ln 7 = 2 ln 7
− ln 7 = −2
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3. log10 10 = 1

4. log10 100 = log10 102 = 2 log10 10 = 2.1 = 2

5. log10
1

1000 = log10 10−3 = −3 log10 10 = −3.1 = −3

The Derivative of loga x

d

dx
loga u =

1

ln a
.
1

u
.
du

dx
, where u > 0, a > 0, a 6= 0.

Examples: Find y′ for the following functions:

1. y = log2(x
2 + 3x)

=⇒ y′ = 1
(x2+3x)

. 1
ln 2.(2x + 3)

2. y = log3 x
5. cos x2

=⇒ y′ = log3 x.(− sin x2.2x) + cos x2. 1
x5
. 1
ln 3.5x

4

3. y = log7(tan x + sin x)

=⇒ y′ = 1
(tan x+sin x).

1
ln 7.(sec2 x + cos x)

4. y = lnx. log10 x

=⇒ y′ = lnx.1x.
1

ln 10.1 + log10 x.
1
x
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5. y = loga sin−1 x + x
ex , where a is a constant.

=⇒ y′ = 1
sin−1 x

. 1
ln a.

1√
1−x2 + ex.1−x.ex.1

e2x

Problems (1.3): Find y′ of the following functions:

1. y = x log5 x− cos x2

2. y = e−4t log2(1− t) + loga(3t
2) , where a is a constant.

3. y = log4(cos 3w) sec
√
w

4. y = log11(tan(3πt))

5. y = 3
√

1 + log3(z
5)

6. y = logn(cos−1 θ) + sin θ . log3 t
2 , where n is a constant.

7. y = (log6(5z))3

8. y = sin(log2 θ) + sec θ2

9. y = logb(we
w2

) + sin−1w, where b is a constant.

10. y = cot(log7 t
2). 1

t3
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The General Exponential Function:

We denote it by “ax”

y = ax = ex ln a; a > 0

ax : R −→ (0,∞)

Properties of ax:

1. a1 = a, where a > 0

2. a0 = 1

3. au.av = au+v

4. (a
m
n )n = am

5. (a.b)u = au.bu, where a > 0 and b > 0

The Derivative of ax

∵ au = eu ln a

d
dx−→ d

dxa
u = d

dx(eu ln a)
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−→ d
dxa

u = au. ln a.dudx

∴
d

dx
au = au. ln a.

du

dx

Examples: Find y′ for the following functions:

1. y = 2x
2+sec x

=⇒ y′ = 2x
2+sec x. ln 2.(2x + sec x tan x)

2. y = 4sin
−1x

=⇒ y′ = 4sin
−1x. ln 4. 1√

1−x2

3. y = xπ.πx

=⇒ y′ = xπ.πx. ln π.1 + πx.π.xπ−1.1

Example: Find the value of x, where 3x = 2x+1

Solution: 3x = 2x+1

ln
=⇒ ln 3x = ln 2x+1

=⇒ x ln 3 = (x + 1) ln 2

=⇒ x ln 3 = x ln 2 + ln 2

=⇒ x ln 3− x ln 2 = ln 2
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=⇒ x(ln 3− ln 2) = ln 2 =⇒ x(ln 3
2) = ln 2 =⇒ x =

ln 2

ln 3
2

Problems (1.4): Find y′ of the following functions:

1. y = 5x
2+x−1

2. y = 6sinw+lnw+3

3. y = 2sec
√
t

4. y = e5x 3tan x

5. y = ln x4

1+x3
+ 7

x2

2

6. y = 2−t
2

cos t3

7. y = πcos x e
√
x − 5−4x

3

8. y = ln(1 + e2x) 5x
2

9. y = −4 lnw + 4
w − 2sin(

√
w)

10. y = 8cos πθ ln
√
θ + 3sec(5θ)

The Relation between ax and loga x

loga y = x ⇐⇒ y = ax; a > 0 & a 6= 0
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a > 1 0 < a < 1

Logarithmic Differentiation

If in a function where the base and the exponent are variables, we

should change the form before we take the derivative.

Examples: Find y′ for the following:

1. y = xx
2

ln−→ ln y = lnxx
2

−→ ln y = x2 ln x
d
dx−→ y

′

y = x2 1x + ln x.2x

−→ y
′
= y ∗ (x2 1x + ln x.2x)

y=xx
2

−→ y
′
= xx

2 ∗ (x2 1x + ln x.2x)

2. y = (x2 + 1)ln x
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ln−→ ln y = ln(x2 + 1)ln x

−→ ln y = lnx ln(x2 + 1)
d
dx−→ y

′

y = lnx. 2x
x2+1

+ ln(x2 + 1).1x

−→ y
′
= y ∗ (ln x. 2x

x2+1
+ ln(x2 + 1).1x)

−→ y
′
= (x2 + 1)ln x ∗ (ln x. 2x

x2+1
+ ln(x2 + 1).1x)

3. y = (sinx)tan x

ln−→ ln y = ln(sinx)tan x

−→ ln y = tanx. ln(sin x)
d
dx−→ y

′

y = tanx.cos xsin x + ln(sin x). sec2 x

−→ y
′
= y ∗ (tan xcos x

sin x + ln(sin x). sec2 x)

−→ y
′
= (sinx)tan x ∗ (tan x.cos xsin x + ln(sin x). sec2 x)

−→ y
′
= (sinx)tan x ∗ ( sin xcos x.

cos x
sin x + ln(sin x). sec2 x)

−→ y
′
= (sinx)tan x ∗ (1 + sec2 x. ln(sin x))

4. y = 5

√
(x + 2)3(x + 1)2

(x− 4)2(x + 3)

−→ y =
(
(x+2)3(x+1)2

(x−4)2(x+3)

)1
5

ln−→ ln y = 1
5 ∗ ln

(
(x+2)3(x+1)2

(x−4)2(x+3)

)
−→ ln y = 1

5 ∗ ln
(

(x + 2)3(x + 1)2
)
− ln

(
(x− 4)2(x + 3)

)
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−→ ln y = 1
5∗
(

ln(x+2)3+ln(x+1)2
)
−
(

ln(x−4)2+ln(x+3)
)

−→ ln y = 1
5 ∗
(

3 ln(x+2)+ln(x+1)2−2 ln(x−4)− ln(x+3)
)

d
dx−→ y

′

y = 1
5

(
3

x+2 + 2
x+1 −

2
x−4 −

1
x+3

)
−→ y

′
= y ∗ 1

5

(
3

x+2 + 2
x+1 −

2
x−4 −

1
x+3

)
−→ y

′
= 5

√
(x + 2)3(x + 1)2

(x− 4)2(x + 3)
∗ 1

5

(
3

x+2 + 2
x+1 −

2
x−4 −

1
x+3

)

Problems (1.5):

1. Find y
′

for the following:

(a) y = xx

(b) y = e
√
z2+ez

(c) y = x
√
5+ln x

(d) y = nlnn

(e) y = (tan t)3sin
−1t

2. Using L’R proof the following:

(a) lim
x→∞

3x2+x+4
5x2+8x

= 3
5

(b) lim
x→π

2

sin x−1
cos x = 0

(c) lim
x→∞

ln x
x = 0
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(d) lim
x→∞

ln(1+ 1
x)

x−1 = 1

(e) lim
x→1

x ln x−x+1
(x−1) lnx = 1

2

(f) lim
x→−∞

x2

ex = 0

(g) lim
x→0

ex−1−x−x
2

2
x3

= 1
6

(h) lim
x→−∞

3x−2
ex

2 = 0
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CHAPTER 2: Indefinite Integration

2.1 General Indefinite Integration:

In calculus, an antiderivative of a function f (x) is a differentiable

function F (x) whose derivative is equal to the original function f (x).

F ′(x) = f (x) =⇒ dF (x)
dx = f (x)

=⇒ dF (x) = f (x)dx∫
=⇒

∫
dF (x) =

∫
f (x)dx

=⇒ F (x) =

∫
f (x)dx + C , where C ∈ R.

Example: y′ = 2x =⇒ dy
dx = 2x

=⇒ dy = 2x dx
∫

=⇒
∫
dy =

∫
2x dx =⇒ y =

x2

2
+ C

Indefinite Integrals Properties:

Let f (x) be a function and x ∈ R, then:

i.
∫
af (x) = a

∫
f (x)dx, where a is a constant.

ii.
∫ (

f (x)∓ g(x)
)
dx =

∫
f (x)dx∓

∫
g(x)dx
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Notes:

•
∫ (

f (x) ∗ g(x)
)
dx 6=

∫
f (x)dx ∗

∫
g(x)dx

•
∫ f (x)
g(x)

dx 6=
∫
f (x)dx∫
g(x)dx

Rules: In general,

i.

∫
dx = x + c

ii.

∫
undu =

un+1

n + 1
+ C , where C ∈ R.

Examples: Evaluate the following integrals:

1)
∫

3dx

= 3
∫
dx

= 3x + C

2)
∫

5x2dx

= 5
∫
x2dx

= 5
x3

3
+ C

3)
∫

6x−3dx

= 6
∫
x−3dx
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= 6 x−2

−2 + C

=
−3

x2
+ C

4)
∫

3π
x5
dx

=
∫

3πx−5dx

= 3π
∫
x−5dx

= 3π x−4

−4 + C

=
−3π

4x4
+ C

5)
∫

(2x + 3)dx

=
∫

2xdx +
∫

3dx

= x2 + C1 + 3x + C2

= x2 + 3x + C , where C = C1 + C2.

6)
∫ √

2x + 1dx

= 1
2

∫
(2x + 1)

1
2 .2dx

= 1
2
(2x+1)

3
2

3
2

+ C

=
1

3

√
(2x + 1)3 + C

7)
∫

(x2 −
√
x)dx

=
∫
x2dx−

∫
x

1
2dx

=
x3

3
− x

3
2

3
2

+ C
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8)
∫
t2(1 + 2t3)

−2
3 dt

= 1
6

∫
(1 + 2t3)−

2
3 .6t2dt

= 1
6
(1+2t3)

1
3

1
3

+ C

=
1

2
3
√

1 + 2t3 + C

9)
∫

x3−2x7
5x5

dx

=
∫

x3

5x5
− 2x7

5x5
dx

= 1
5

∫
x−2dx− 2

5

∫
x2dx

= 1
5
x−1

−1 −
2
5
x3

3 + C

=
−1

5x
− 2

15
x3 + C

10)
∫ (z+1)dz

3
√
z2 + 2z + 2

=
∫

(z2 + 2z + 2)−
1
3(z + 1)dz

= 1
2

∫
(z2 + 2z + 2)−

1
32(z + 1)dz

= 1
2
(z2+2z+2)

2
3

2
3

+ C

=
3

4
3
√

(z2 + 2z + 2)2 + C
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Problems (2.1): Evaluate the following integrals:

1.
∫

dx
(3x+2)2

2.
∫

3r√
1−r2dr

3.
∫ −1+5x

x
1
4
dx

4.
∫

y√
2y2+1

dy

5.
∫

(
√
x + 1√

x
)dx

6.
∫ √

2 + 5y dy

7.
∫

(2 + 7t)
2
3dt

8.
∫

(3x− 1)22dx

9.
∫ −7x

(x2−16)8 dx

10.
∫
z
√

2z2 + 1 dz

11.
∫

(x2 + 5x)dx

12.
∫

(3x3 + 2x−5 + 4x− 9) dx

13.
∫

y

(19−2y2)
1
3
dy

14.
∫

7w2
√

2w3 − 5 dw

15.
∫

θ+1
θ3
dθ

16.
∫ √

y2 + 2y (y + 1) dy

17.
∫

z5+z−2−z−π
z3

dz

18.
∫

3t√
2−t2 dt

19.
∫ 3
√
r3 + π r2 dr

20.
∫

3y2√
y3+7

dy
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2.2 Integrals of Trigonometric Functions:

We can derive all the Trigonometric integration forms from the deriva-

tive Trigonometric forms as follows:

(1) d
du sin(u) = cos(u)

∫
−→

∫
cos(u)du = sin(u) + C

(2) d
du cos(u) = − sin(u)

∫
−→

∫
sin(u)du = − cos(u) + C

(3) d
du tan(u) = sec2(u)

∫
−→

∫
sec2(u)du = tan(u) + C

(4) d
du cot(u) = − csc2(u)

∫
−→

∫
csc2(u)du = − cot(u) + C

(5) d
du sec(u) = sec(u) tan(u)

∫
−→

∫
sec(u) tan(u)du = sec(u) + C

(6) d
du csc(u) = − csc(u) cot(u)

∫
−→

∫
csc(u) cot(u)du = − csc(u) + C

Examples: Evaluate the following integrals:

1)
∫

sin(3x)dx

= 1
3

∫
sin(3x).3dx

= −1

3
cos(3x) + C

2)
∫

cos(2t)dt

= 1
2

∫
cos(2t).2 dt
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=
1

2
sin(2t) + C

3)
∫
x sec2(x2)dx

= 1
2

∫
sec2(x2).2xdx

=
1

2
tan(x2) + C

4)
∫

cot(5x) csc(5x)dx

= 1
5

∫
cot(5x) csc(5x).5dx

= −1

5
csc(5x) + C

5)
∫

1√
x

csc2(
√
x)dx

=

6)
∫
t2 tan4(t3)dt

=
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Remark(1): Sometimes we should do some algebra to evaluate the

integral.

Examples: Evaluate the following integrals:

1)
∫

sec3(x) tan(x)dx

=
∫

sec2(x)

u

sec(x) tan(x)dx

du

=
sec3(x)

3
+ C

2)
∫

csc7(x) cot(x)dx

=

3)
∫ cos(2x)

sin3(2x)
dx

= 1
2

∫
(sin(2x)

u

)−3 cos(2x).2dx

du

= 1
2
(sin(2x))−2

−2 + C

= − 1

4 sin2(2x)
+ C
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4)
∫ 6−cos(3x)

sin2(3x)
dx

=
∫

6
sin2(3x)

dx−
∫ cos(3x)

sin2(3x)
dx

= 6
∫

1
sin2(3x)

dx−
∫

1
sin(3x)

cos(3x)
sin(3x)dx

= 6
∫

csc2(3x)dx−
∫

csc(3x) cot(3x)dx

= 6
3

∫
csc2(3x).3dx− 1

3

∫
csc(3x) cot(3x).3dx

= 2(− cot(3x))− 1
3(− csc(3x)) + C

= −2 cot(3x) +
1

3
csc(3x) + C

5)
∫ sec2(2w)

tan3(2w)
dw

=

6)
∫

π
sin2(5z)

dz

=
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Remark(2):

A. When the power of sin(x) or cos(x) is odd, we use:

sin2(x) + cos2(x) = 1

B. When the power of sin(x) or cos(x) is even, we use:

sin2(x) =
1

2
(1− cos 2x) or cos2(x) =

1

2
(1 + cos 2x)

Examples: Evaluate the following integrals:

1)
∫

sin3(x)dx

=
∫

sin(x) sin2(x)dx

=
∫

sin(x)(1− cos2(x))dx

=
∫

sin(x)dx−
∫

cos2(x)

u

sin(x)dx

du

= cos(x)− cos3(x)

3
+ C

2)
∫

cos2(y)dy

=
∫

1
2(1 + cos(2y))dy

= 1
2

∫
dy + 1

2.
1
2

∫
cos(2y).2dy

=
1

2
y +

1

4
sin(2y) + C

3)
∫

sin2(y)dy

=
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4)
∫

cos4(x)dx

=
∫ (

cos2(x)
)2
dx

=
∫ (

1
2(1 + cos(2x))

)2
dx

= 1
4

∫ (
(1 + 2 cos(2x) + cos2(2x))

)
dx

= 1
4

∫
1dx + 1

4

∫
2 cos(2x)dx + 1

4

∫
cos2(2x)dx

= 1
4

∫
dx + 1

2

∫
cos(2x)dx + 1

4

∫
1
2(1 + cos 4x)dx

= 1
4

∫
dx + 1

2.
1
2

∫
cos(2x).2dx + 1

8

∫
dx + 1

8.
1
4

∫
cos 4x.4dx

=
1

4
x +

1

4
sin(2x) +

1

8
x +

1

32
sin(4x) + C

Remark(3):

A. If the powers of tan(x) & cot(x) is even, we use:

use tan2(x) = sec2(x)− 1

B. If the powers of sec(x) & csc(x) is even, we use:

use sec2(x) = 1 + tan2(x)

Examples: Evaluate the following integrals:

1)
∫

tan2(3x)dx

=
∫

(sec2(3x)− 1)dx
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= 1
3 sec2(3x).3dx−

∫
dx

=
1

3
tan(3x)− x + C

2)
∫

cot2(5x)dx

=

3)
∫

sec4(x)dx

=
∫

sec2(x) sec2(x)dx

=
∫ (

1 + tan2(x)
)

sec2(x)dx

=
∫

sec2(x)dx +
∫

tan2(x) sec2(x)dx

= tan(x) +
tan3(x)

3
+ C

4)
∫

csc4(x)dx

=
∫

csc2(x) csc2(x)dx

=
∫ (

1 + cot2(x)
)

csc2(x)dx

=
∫

csc2(x)dx +
∫

cot2(x) csc2(x)dx

= − cot(x)− cot3(x)

3
+ C
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Problems (2.2): Evaluate the following integrals:

1.
∫

sin(2t)dt

2.
∫
x sin(2x2)dx

3.
∫

cos(3θ − 1)dθ

4.
∫

4 cos(3y)dy

5.
∫

(x− 2 sin2 x)dx

6.
∫
π sin2(3t)dt

7.
∫

cos3 xdx

8.
∫

1
cos2(3w)

dw

9.
∫

2
3 cot2(5y)dy

10.
∫

3 tan2(2x)dx

11.
∫ cos(

√
x)√

x
dx

12.
∫

cos(2x + 4)dx

13.
∫

(3 cos(x)− 4x3 + 2)dx

14.
∫

sin2(x) cos(x)dx

15.
∫

sin(x) cos3(x)dx

16.
∫

cos2(2y) sin(2y)dy

17.
∫

sin4 θdθ

18.
∫ (

1− sin2(3t)
)

cos(3t)dt

19.
∫

3−sin x
cos2 x

dx

20.
∫

2 sin(z) cos(z)dz

21.
∫ √

2 + sin(3t) cos(3t)dt

22.
∫ sin(z−13 )

cos2(z−13 )
dz

23.
∫

(3 sin(2x) + 4 cos(3x))dx

24.
∫

sin(t) cos(t)
(

sin(t)+cos(t)
)
dt
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2.3 Integrals of Inverse Trigonometric Functions :

We can derive all the integration forms from our derivatives forms as

follows:

(1) d
du sin−1(u) = 1√

1−u2

∫
−→

∫
1√

1− u2
du = sin−1(u) + C

(2) d
du cos−1(u) = − 1√

1−u2

∫
−→

∫
1√

1− u2
du = − cos−1(u) + C

(3) d
du tan−1(u) = 1

1+u2

∫
−→

∫
1

1 + u2
du = tan−1(u) + C

(4) d
du cot−1(u) = − 1

1+u2

∫
−→

∫
1

1 + u2
du = − cot−1(u) + C

(5) d
du sec−1(u) = 1

|u|
√
u2−1

∫
−→

∫
1

|u|
√
u2 − 1

du = sec−1(u) + C

(6) d
du csc−1(u) = − 1

|u|
√
u2−1

∫
−→

∫
1

|u|
√
u2 − 1

du = − csc−1(u) + C

Examples: Evaluate the following integrals:

1)
∫

dx√
1−4x2

= 1
2

∫
2dx√
1−(2x)2

=
1

2
sin−1(2x) + C or

1

2
cos−1(2x) + C

2)
∫

dt
1+t2

= tan−1(t) + C or − cot−1(t) + C
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3) dx
x
√
4x2−1

= 2dx

2x
√

(2x)2−1

= sec−1|2x|+C or − csc−1|2x|+C

4) −dx√
4−25x2

= −dx√
4(1−25

4 x
2)

= −dx
2
√

1−(52x)2

= −1
2 .

2
5.

5
2dx√
1−(52x)2

= −1

5
sin−1(

5

2
x) + C or

1

5
cos−1(

5

2
x) + C

5)
∫ cos(x)dx√

1−sin2(x)

= sin−1(sin(x)) + C

= x + C

6)
∫ tan−1(x)

1+x2
dx

=
∫

tan−1(x). dx
1+x2

=
(tan−1(x))2

2
+ C

7)

√
sec−1(x)

x
√
x2−1 dx

= (sec−1(x))
1
2 . 1
x
√
x2−1dx

=
(sec−1(x))

3
2

3
2

+ C
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Problems (2.3): Evaluate the following integrals:

1.
∫

1√
1−(2+9z)2

dz

2.
∫
d(csc−1(t))

3.
∫

x
1+16x4

dx

4.
∫

(cos
1
2 sin(x)− 13

1+x2
)dx

5.
∫

x
9x+x3

dx

6.
∫

3
16z2+4

dz

7.
∫ sec2(x)√

1−tan2(x)
dx

8.
∫ (sin−1(x))2√

1−x2 dx

9.
∫ sin(tan−1(x))

1+x2
dx

10.
∫

1
1+25x2

dx

11.
∫ −1√

1−16w2dw

12.
∫
d(sec−1(t))

13.
∫ −3t

9t4+9
dt

14.
∫

(cos3(2x) sin(2x)− x3

π )dx

15.
∫

1
25+t2

dt

16.
∫

1
81w2+9

dw

17.
∫ sec2(x)√

1−tan2(x)
dx

18.
∫ ( cos−1(2z))

2

√
1−4z2 dz

19.
∫ sin(sin−1(3x))√

1−9x2 dx

20.
∫ −π

3+27t2
dt
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2.4 Integrals of Logarithmic Functions :

∵ d
du ln(u) = 1

u du
∫
−→

∫
1

u
du = ln|u|+C , u 6= 0

Examples: Evaluate the following integrals:

1)
∫

2
xdx

= 2
∫

1
xdx

= 2 ln|x|+C

2)
∫

( 3
x2

+ 5
x)dx

= 3
∫
x−2dx + 5

∫
1
xdx

= 3x
−1

−1 + 5 ln|x|+C

=
−3

x
+ 5 ln|x|+C

3)
∫

x
(2x2+3)

dx

= 1
4

∫
4x

(2x2+3)
dx

=
1

4
ln|2x2 + 3|+C

4)
∫ ln(x)

x dx

=
∫

ln(x).1xdx

=
( ln(x))2

2
+ C
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5)
∫

1
x ln xdx

=
∫ 1

x
ln(x)dx

= ln|ln(x)|+C

6)
∫

ex

1+2exdx

= 1
2

∫
2ex

1+2exdx

=
1

2
ln|1 + 2ex|+C

7)
∫ sec2(x)

tan(x) dx

= ln|tan(x)|+C

8)
∫ sec(2x) tan(2x)

sec(2x) dx

= 1
2

∫ 2 sec(2x) tan(2x)
sec(2x) dx

= ln|sec(2x)|+C

9)
∫

tan(u)du

= −
∫ − sin(u)

cos(u) du

= − ln|cos(u)|+C

10)
∫

cot(u)du

=
∫ cos(u)

sin(u)du

= ln|sin(u)|+C

11)
∫

sec(u)du
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=
∫

sec(u).
( sec(u)+tan(u))
( sec(u)+tan(u))

du

=
∫ sec2(u)+sec(u) tan(u)

tan(u)+sec(u) du

= ln
∣∣∣ tan(u) + sec(u)

∣∣∣ + C

12)
∫

csc(u)du

=
∫

csc(u).
( csc(u)+cot(u))
( csc(u)+cot(u))

du

= −
∫

csc(u).
(−csc(u)−cot(u))
( csc(u)+cot(u))

du

= −
∫ csc2(u)+csc(u) cot(u)

cot(u)+csc(u) du

= − ln
∣∣∣ cot(u) + csc(u)

∣∣∣ + C

Problems (2.4): Evaluate the following integrals:

1.
∫

1
x−3dx

2.
∫

dx
x. ln5(x)

3.
∫

x.dx
4x2+1

4.
∫

2x−5
x dx

5.
∫ cos(x)

sin(x)dx

6.
∫ sin(x)

2−cos(x)dx

7.
∫

x
1−x2dx

8.
∫ ln2(x)

x dx
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9.
∫

5dx√
1−9x2

10.
∫

x+10
x2
dx

11.
∫

y2+2y+1
(y+1)3

dy

12.
∫

dx
2−3x

13.
∫

x2

4−x3dx

14.
∫

x
x+1dx

15.
∫

x
3
2

4x
5
2

+ 6dx

16.
∫ sin(θ)

1+7 cos(θ)dθ

17.
∫

ds
tan−1(s)+s2 tan−1(s)

18.
∫ ln(x)

4x ln(2)dx

19.
∫

w2+2w−1
w+4 dw

20.
∫ ln(3) cos(x)
−5−sin(x) dx
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2.5 Integrals of General Logarithmic Function :

∵ d
du loga(u) = 1

u. ln(a) du
∫
−→

∫
1

u. ln(a)
du = loga(u) + C

where a > 0 and a 6= 1 (i.e., ln(a) 6= 0)

Examples: Evaluate the following integrals:

1)
∫

x
x2 ln 5

dx

= 1
2

∫
2x

x2 ln 5
dx

=
1

2
log5(x

2) + C

2)
∫ cos(3t)

sin(3t) ln 4dt

= 1
3

∫ 3 cos(3t)
sin(3t) ln 4dt

= =
1

3
log4(sin(3t)) + C

3)
∫

1
(
√
1−x2) sin−1(x) ln 3dx

= log3(sin
−1(x)) + C
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4)
∫

(
√
w − 1√

1−4w2 cos−1(2w). ln 3
)dw

=

Problems (2.5): Evaluate the following integrals:

1. cos(x)
sin(x) ln 3dx

2.
∫

1
e2x ln 3

.e2xdx

3.
∫

1
esin(x) ln 7

.esin(x) cos(x)dx

4.
∫ 1

1+x2

tan−1(x) ln 11
dx

5.
∫

x3

x4 ln 5
dx

6.
∫

1
cos−1(w) ln 2

1√
1−w2dw

7.
∫

1
cot−1(x) ln 4.

1
1+x2

dx

8.
∫

1
2t ln 3dt

9.
∫

( cos(4z)− 1√
1−z2 sin−1(z). ln 2)dz

10.
∫ sin(5w)

cos(5w) ln 7dw
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2.6 Integrals of Exponential Function :

∵ d
due

(u) = e(u)du
∫
−→

∫
e(u)du = e(u) + C

Examples: Evaluate the following integrals:

1)
∫
e2xdx

= 1
2

∫
2e2xdx

=
1

2
e2x + C

2)
∫
esin(3x). cos(3x)dx

= 1
3

∫
3.esin(3x). cos(3x)dx

=
1

3
esin(3x) + C

3)
∫

4
e3x
dx

=
∫

4
−3.(−3).e−3xdx

=
4

−3
e−3x + C

4)
∫

ex−e−x
ex+e−xdx

= ln|ex + e−x|+C

5)
∫
e2x sin(e2x)dx

= 1
2

∫
2.e2x sin(e2x)dx
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= − cos(e2x) + C

6)
∫

esin
−1(2x)

√
1−4x2

= 1
2

∫
2.esin

−1(2x)√
1−(2x)2

= esin
−1(2x) + C

7)
∫

e3w

5−2e3wdw

= 1
−6
∫ −6e3w

5−2e3wdw

=
−1

6
ln|5− 2e3w|+C

8)
∫

e4t−π
e2t

dt

=

9)
∫

tan(e2x)e2xdt

=

10)
∫
x2e2x

3
dt

=
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Problems (2.6): Evaluate the following integrals:

1.
∫
xex

2
dx

2.
∫

ex

1+2exdx

3.
∫

(x + 1)ex
2+2xdx

4.
∫

(xex
2

+ e−3x sin(e−3x))dx

5. (e5x cos(e5x)− ex2 )dx

6. ecot
−1(3x)

1+9x2
dx

7. e7x

3−e7xdx

8.
∫
e
x
3 cos(e

x
3 )dx

9.
∫

e2x+e−2x

e2x−e−2xdx

10.
∫

etan
−1(2t)

1+4t2
dt

c©2018 by Dr. Ghadeer Jasim
All Rights Reserved

25

This PDF document was edited with Icecream PDF Editor.
Upgrade to PRO to remove watermark.

https://icecreamapps.com/PDF-Editor/upgrade.html?v=2.10&t=9


D
r.

G
ha

de
er

Ja
si
m

2.7 Integrals of general Exponential Function :

∵ d
dua

(u) = a(u) ln(a)du
∫
−→

∫
a(u)du =

a(u)

ln(a)
+ C

where a > 0 and a 6= 1 (i.e., ln(a) 6= 0)

Examples: Evaluate the following integrals:

1)
∫

3xdx

=
3x

ln 3
+ C

2)
∫

52t−2dx

= 1
2

∫
52t−22dx

=
1

2

52t−2

ln 5
+ C

3)
∫

cos(θ).4− sin(θ)dθ

= −
∫
− cos(θ).4− sin(θ)dθ

=
4− sin(θ)

ln 4
+ C

4)
∫

6ln|cos(x)|. tan(x)dx

= −
∫

6ln|cos(x)|.
(
− sin(x)
cos(x)

)
dx

= − 6

ln 6
+ C
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5)
∫

5t 2√
t
dt

=

Problems (2.7): Evaluate the following integrals:

1.
∫
x 2−x

2
dx

2.
∫

3ln|sin(θ)| cot(θ)dθ

3.
∫

7ln(z)

z dz

4.
∫

6tan
−1(t) 1

1+t2
dt

5.
∫

3w
2

2wdw

6.
∫

3
√
t 1√

t
dt

7.
∫

4sin(2x) cos(2x)dx

8.
∫

(r + 1)2r
2+2rdr

9.
∫

4e
3x
e3xdx

10.
∫

9ln|cos z
2| tan(z2)dz
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CHAPTER 3 : Techniques of Integration

3.1 Power of Trigonometric Functions

A. To find the integral for:

∫
sinn(x) cosm(x)

case(1) If one of the powers is odd ( or both are odd), then we use

the following form:

sin2(x) + cos2(x) = 1

case(2) If both of the powers are even, then we use one of the

following forms:

sin2(x) =
1

2
(1− cos 2x) or cos2(x) =

1

2
(1 + cos 2x)

Examples: Evaluate the following integrals:

1)
∫

sin2(x) cos3(x)dx
[
n : odd & m : even −→ case(1)

]
=
∫

sin2(x) cos(x) cos2(x)dx

=
∫

sin2(x) cos(x)
(

1− sin2(x)
)
dx
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=
∫

sin2(x)

u

cos(x)dx

du

−
∫

sin4(x)

u

cos(x)dx

du

=
sin3(x)

3
− sin5(x)

5
+ C

2)
∫

sin3(x) cos3(x)dx
[
n : odd & m : odd −→ case(1)

]
=
∫

sin3(x) cos(x) cos2(x)dx

=
∫

sin3(x) cos(x)
(

1− sin2(x)
)
dx

=
∫

sin3(x)

u

cos(x)dx

du

−
∫

sin5(x)

u

cos(x)dx

du

=
sin4(x)

4
− sin6(x)

6
+ C

3)
∫

sin2(x) cos2(x)dx
[
n : even & m : even −→ case(2)

]
=
∫

1
2(1− cos(2x))12(1 + cos(2x))dx

=
∫

1
4(1− cos2(2x))dx

=
∫

1
4dx−

∫
1
4 cos2(2x)dx

=
∫

1
4dx−

∫
1
4.

1
2(1 + cos(4x)dx

=
∫

1
4dx−

∫
1
8dx−

∫
1
8 cos(4x)dx

= 1
4

∫
dx− 1

8

∫
dx− 1

32

∫
cos(4x).4dx

=
x

4
− x

8
− sin(4x)

32
+ C
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B. To find the integral for:

∫
tann(x) secm(x)

case(1): If the powers sec(x) is even, we divide the sec(x) as:

secm(x) = cosm−2(x) sec2(x) & use sec2(x) = 1 + tan2(x)

case(2): If the powers tan(x) is odd, we divide the tan(x) as:

tann(x) = tann−1(x) tan(x) & use tan2(x) = sec2(x)− 1

Examples: Evaluate the following integrals:

1)
∫

sec4(x) tan2(x)dx

=
∫

sec2(x) sec2(x) tan2(x)dx

=
∫ (

1 + tan2(x)
)

sec2(x) tan2(x)dx

=
∫

tan2(x)

u

sec2(x)dx

du

+
∫

tan4(x)

u

sec2(x)dx

du

dx

=
tan3(x)

3
+

tan5(x)

5
+ C

2)
∫

tan3(x)
√

sec(x)dx

=
∫

tan2(x) tan(x)
√

sec(x)dx

=
∫ (

sec2(x)− 1
)

tan(x) sec
1
2(x)dx
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=
∫

sec2(x) tan(x) sec
1
2(x)dx−

∫
tan(x) sec

1
2(x)dx

=
∫

sec
3
2(x)

u

sec(x) tan(x)dx

du

−
∫

sec
−1
2 (x)

u

sec(x) tan(x)(x)dx

du

=
sec

5
2(x)
5
2

− sec
1
2(x)
1
2

+ C

C. To find the integral for:

∫
cotn(x) cscm(x)

case(1) If the power of csc(x) is even, we divide the csc(x) as:

cscm(x) = cscm−2(x) csc2(x) & we use csc2(x) = 1 + cot2(x)

case(2) If the power of cot(x) is odd, we divide the cot(x) as:

cotn(x) = cotn−1(x) cot(x) & we use cot2(x) = csc2(x)− 1

Examples: Evaluate the following integrals:

1)
∫

csc4(x) cot2(x)dx

=
∫

csc2(x) csc2(x) cot2(x)dx

=
∫ (

1 + cot2(x)
)

csc2(x) cot2(x)dx

=
∫

cot2(x)

u

csc2(x)dx

du

+
∫

cot4(x)

u

csc2(x)dx

du

dx

= −cot3(x)

3
− cot5(x)

5
+ C
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2)
∫ cot3(x)√

csc(x)
dx

=
∫

cot2(x) cot(x) csc
−1
2 (x)dx

=
∫ (

csc2(x)− 1
)

cot(x) csc
−1
2 (x)dx

=
∫

csc
3
2(x) cot(x)dx−

∫
cot(x) csc

−1
2 (x)dx

=
∫

csc
1
2(x)

u

csc(x) cot(x)dx

du

−
∫

csc
−3
2 (x)

u

csc(x) cot(x)(x)dx

du

=
csc

3
2(x)
3
2

− csc
−1
2 (x)
−1
2

+ C

Problems (3.1): Evaluate the following integrals:

1.
∫

cos2(3θ) dθ

2.
∫

sin4(2x) dx

3.
∫

cos4(w) dw

4.
∫ 3 tan3(x)√

sec(x)
dx

5.
∫

cos3(2x) dx

6.
∫ cos3(t)

sin2(t)
dt

7.
∫ sin3(x)

cos2(x)
dx

8.
∫ cos(x)

(1+sin(x))2
dx

9.
∫

sin3(θ) cos2(θ) dθ

10.
∫

sin2(3x) cos(3x) dz

c©2018 by Dr. Ghadeer Jasim
All Rights Reserved

32

This PDF document was edited with Icecream PDF Editor.
Upgrade to PRO to remove watermark.

https://icecreamapps.com/PDF-Editor/upgrade.html?v=2.10&t=9


D
r.

G
ha

de
er

Ja
si
m

11.
∫

cos
2
3(3x) sin5(x) dx

12.
∫

sin2(w) cos4(w) dw

13.
∫ cos(2t)

sin4(t)
dt

14.
∫

cot3(θ) dx

15.
∫
tan2(4t) dt

16.
∫

csc4(x) dx

17.
∫

csc2(2z) cot(2z) dz

18.
∫

sec4(3x) tan(3x) dx

19.
∫

1
cos2(w)

dw

20.
∫

tan3(x) sec(x) dx
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3.2 Integration by Parts

∵ d(u.v) = ud(v) + vd(u)

=⇒ ud(v) = d(u.v)− vd(u)∫
=⇒

∫
ud(v) =

∫
d(u.v)−

∫
vd(u) =⇒

∫
ud(v) = u.v −

∫
vd(u)

Examples: Evaluate the following integrals:

1)
∫

ln(x)dx =?

let u = ln(x) =⇒ du = dx
x

dv = dx =⇒ v =
∫
dx = x

∵
∫
ud(v) = u.v −

∫
vd(u)

=⇒
∫

ln(x)dx = ln(x).x−
∫
x.dxx

= ln(x).x−
∫
dx

= ln(x).x− x + C

2)
∫
xexdx =?

let u = x =⇒ du = dx

dv = exdx =⇒ v =
∫
exdx = ex

∵
∫
ud(v) = u.v −

∫
vd(u)

=⇒
∫
xexdx = x.ex −

∫
exdx

= xex − ex + C
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3)
∫
x2exdx =?

let u = x2 =⇒ du = 2xdx

dv = exdx =⇒ v =
∫
exdx = ex

∵
∫
ud(v) = u.v −

∫
vd(u)

=⇒
∫
x2exdx = x2.ex −

∫
ex.2xdx

= x2.ex − 2
∫
ex.xdx

= x2.ex − 2(xex − ex + C)

= x2.ex − 2xex + 2ex + C

4)
∫
ex sin(2x)dx =?

let u = ex =⇒ du = exdx

dv = sin(2x)dx =⇒ v = 1
2

∫
sin(2x).2dx = −1

2 cos(2x)

∵
∫
ud(v) = u.v −

∫
vd(u)

=⇒
∫
ex sin(2x)dx = ex.−12 cos(2x)−

∫ −1
2 cos(2x).exdx

=⇒
∫
ex sin(2x)dx = ex.−12 cos(2x) + 1

2

∫
cos(2x).ex

u.dv

dx

let u = ex =⇒ du = exdx

dv = cos(2x)dx =⇒ v = 1
2 sin(2x)

∴
∫

cos(2x).ex = ex.12 sin(2x)−
∫

1
2 sin(2x)exdx

=⇒
∫
ex sin(2x)dx = ex.−12 cos(2x)+1

2[ex.12 sin(2x)−
∫

1
2 sin(2x)exdx]
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=⇒
∫
ex sin(2x)dx = ex.−12 cos(2x)+1

4e
x. sin(2x)−1

4

∫
ex sin(2x)dx

=⇒ 5
4

∫
ex sin(2x)dx = −1

2 e
x. cos(2x) + 1

4e
x. sin(2x)

∗45=⇒
∫
ex sin(2x)dx =

−2

5
ex. cos(2x) +

1

5
ex. sin(2x) + C

5)
∫

x3

(x2+1)
3
2
dx =?∫

x3

(x2+1)
3
2
dx =

∫
x2

u

x

(x2 + 1)
3
2

dx

dv

let u = x2 =⇒ du = 2xdx

dv = x

(x2+1)
3
2
dx

=⇒ v =
∫

x

(x2+1)
3
2
dx =

∫
x.(x2 + 1)

−3
2 dx

= 1
2

∫
2x.(x2 + 1)

−3
2 dx = 1

2
(x2+1)

−1
2

−1
2

= −1
(x2+1)

1
2

∵
∫
ud(v) = u.v −

∫
vd(u)

=⇒ x3

(x2+1)
3
2
dx = x2. −1

(x2+1)
1
2
−
∫ −1

(x2+1)
1
2
.2xdx

= −x2

(x2+1)
1
2
−
∫

(x2 + 1)
−1
2 .2xdx
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=
−x2

(x2 + 1)
1
2

+
(x2 + 1)

1
2

1
2

+ C

6)
∫

sec3(x)dx =?∫
sec3(x)dx =

∫
sec(x)

u

sec2(x)dx

dv

let u = sec(x) =⇒ du = sec(x) tan(x)dx

dv = sec2(x)dx =⇒ v =
∫

sec2(x)dx = tan(x)

∵
∫
ud(v) = u.v −

∫
vd(u)

=⇒
∫

sec3(x)dx = sec(x) tan(x)−
∫

tan(x) sec(x) tan(x)dx

= sec(x) tan(x)−
∫

tan2(x) sec(x)dx

= sec(x) tan(x)−
∫

[sec2(x)− 1] sec(x)dx

=⇒
∫

sec3(x)dx = sec(x) tan(x)−
∫

sec3(x)dx +
∫

sec(x)dx

=⇒ 2
∫

sec3(x)dx = sec(x) tan(x) + ln|sec(x) + tan(x)|+C

=⇒
∫

sec3(x)dx =
1

2
sec(x) tan(x) +

1

2
ln|sec(x) + tan(x)|+K

c©2018 by Dr. Ghadeer Jasim
All Rights Reserved

37

This PDF document was edited with Icecream PDF Editor.
Upgrade to PRO to remove watermark.

https://icecreamapps.com/PDF-Editor/upgrade.html?v=2.10&t=9


D
r.

G
ha

de
er

Ja
si
m

Problems (3.2): Evaluate the following integrals:

1.
∫
eln
√
x dx

2.
∫

ln
√
x− 1 dx

3.
∫
ex cos(2x) dx

4.
∫
x sec2(x) dx

5.
∫

ln(x +
√

1 + x2) dx

6.
∫
x tan2(x) dx

7.
∫ tan−1(x)

x2
dx

8.
∫
x cos2(x) dx

9.
∫
x2 sin(x) dx

10.
∫
z sin2(z) dz

11.
∫
x ln
√
x + 2 dx

12.
∫

(x + 1)2 ex dx

13.
∫
e2t cos(et) dt

14.
∫
x ln(x3 + x) dx

15.
∫
x3 ex

2
dx

16.
∫
x2 sin(1− x) dx

17.
∫
z sin2(z) dz

18.
∫
x ln( 3

√
3x + 1) dx

19.
∫

cos(ln x) dx

20.
∫
e2x sin(3x) dx

21.
∫
x sin(x) dx

22.
∫
θ cos(3θ) dθ

23.
∫
x
√

4x + 2 dx

24.
∫
x tan−1 x dx
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3.3 Integration by Partial Fractions:

If the integrand (a function that is to be integrated/the expression

after the integral sign) is in the form of an algebraic fraction and the

integral cannot be evaluated by simple methods, the fraction needs

to be expressed in partial fractions before integration takes place.

Remark(1):

IF the “degree of denominator” > “degree of enumerator”, then we

use the partial fraction as follows:

i) If we have 1
ax2+bx+c

, and we are unable to analyze it, then its

numerator will be always one degree less.

Examples:

• 1
x2+3x+2

=

• 1
(x−3)(x2+3x+2)

=

• 1
(x−3)(x2+x+1)

=

• 1
(x−3)(x3+x2+2)

=

• 1
(x−3)(x2+5)(x4+3)

=
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ii) If we have 1
(x−a)n

where n is a positive constant, then we analyze

it as follows:

1
(x−a)n

= A1
x−a + A2

(x−a)2
+ A3

(x−a)3
+ · · ·+ An

(x−a)n

Examples:

• 1
(x−3)2 =

• 1
(x−3)3 =

• 1
(x−3)4 =

Examples:

1)
∫

1
(x2−2x−3)

dx =?

1
(x2−2x−3) = 1

(x−3)(x+1) = A
(x−3) + B

(x+1)

= Ax+A+Bx−3B
(x−3)(x+1) = (A+B)x+(A−3B)

(x−3)(x+1)

=⇒ A + B = 0

∓A± 3B = ∓1

(by subtracting)

=⇒ 4B = −1 =⇒ B =
−1

4

∵ A + B = 0 =⇒ A = −B =⇒ A =
1

4
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1
(x2−2x−3) = A

(x−3) + B
(x+1) =

1
4

(x−3) +
−1
4

(x+1)

∴
∫

1
(x2−2x−3)dx

=
∫ 1

4
(x−3) +

−1
4

(x+1)dx

= 1
4

∫
1

(x−3)dx + −1
4

∫
1

(x+1)dx

=
1

4
ln|x− 3|+−1

4
ln|x + 1|+C

2)
∫

1
x2(x−2)

dx =?

1
x2(x−2) = A

x + B
x2

+ C
x−2

∗x2(x−2)
−−−−−−−−→ 1 = Ax(x− 2) + B(x− 2) + Cx2

Let x = 0 =⇒ B =
−1

2

Let x = 2 =⇒ C =
1

4

Comparing coefficients of x2 gives:

A + C = 0 =⇒ A =
−1

4

∴
∫

1
x2(x−2)dx =

∫ ( −1
4
x +

−1
2
x2

+
1
4

x−2

)
dx

= −1
4

∫
1
xdx + −1

2

∫
1
x2
dx + 1

4

∫
1

x−2dx

=
−1

4
ln|x|+−1

2

x−1

−1
+

1

4
ln|x− 2|+C
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3)
∫

1
x2+3x−4

dx =?

=

4)
∫

x2

(2x+1)(x+2)2
dx =?

x2

(2x+1)(x+2)2
= A

(2x+1) + B
(x+2) + C

(x+2)2

∗(2x+1)(x+2)2

−−−−−−−−→ x2 = A(x + 2)2 + B(2x + 1)(x + 2) + C(2x + 1)

Let x = −2 =⇒ C =
−4

3
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Let x = −1
2 =⇒ A =

1

9

Comparing coefficients of x2 gives:

A + 2B = 1 =⇒ 1

9
+ 2B = 1 =⇒ B =

4

9

∴
∫

x2

(2x+1)(x+2)2
dx

=
∫ ( 1

9
(2x+1) +

4
9

(x+2) +
−4
3

(x+2)2

)
dx

= 1
9

∫
1

(2x+1)dx + 4
9

∫
1

(x+2)dx + −4
3

∫
1

(x+2)2
dx

= 1
18

∫
2

(2x+1)dx + 4
9

∫
1

(x+2)dx + −4
3

∫
(x + 2)−2dx

=
1

18
ln(2x + 1) +

4

9
ln(x + 2) +

−4

3
.
(x + 2)−1

−1
+ C

Remark(2):

IF the “degree of enumerator” ≥ “degree of denominator”, then we

use the long division as follows:

• x+4
x+8 = 1 + −4

x+8

• x2+4
x2+8

= 1 + −4
x2+8

• x2+4
x+8 = (x− 8) + 68

x+8

• x3+4
x+8 = (x2 − 4x + 32) + 252

x+8
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Examples:

1)
∫
x−3
x+5

dx =?

=

2)
∫

5−x2
16+x2

dx =?

=

3)
∫
x2−1
x2+9

dx =?

=

4)
∫
x2+4
x+8

dx =?

∵ x2+4
x+8 = (x− 8) + 68

x+8∫
x2+4
x+8 dx =

∫ (
(x− 8) + 68

x+8

)
dx

=
∫ (

(x− 8) + 68
x+8

)
dx

=
∫

(x− 8)dx +
∫

68
x+8dx

=
x2

2
− 8x + 68 ln

∣∣∣x + 8
∣∣∣ + C
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5)
∫
x3+4
x+8

dx =?

Problems (3.3): Evaluate the following integrals:

1.
∫

x
x2+4x−5 dx

2.
∫

x
x2−2x−3 dx

3.
∫ (x+1)

x2+4x−5 dx

4.
∫

x2

x2+2x−1 dx

5.
∫

1
x(x+1)2

dx

6.
∫

1
(x+1)(x2+1)

dx

7.
∫

1
x(x2+2x+1)

dx

8.
∫

sin θ
cos2 θ+cos θ−2 dθ

9.
∫

et

e2t+3et+2
dt

10.
∫ (3x−7)

(x−1)(x−2)(x−3) dx

11.
∫ sin(x)

cos2(x)−5 cos(x)+4
dx

12.
∫

1
x2−6x+5

dx
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13.
∫

x
(x+2)(x+1)2

dx

14.
∫

2x−1
(x2−1)(x+2)

dx

15.
∫

x−1
(x+1)(x2+1)

dx

16.
∫

5x−3
x2−2x−3 dx

17.
∫

π2

x2−9 dx

18.
∫

1
(x−1)2 dx

19.
∫

x
x2−4x−5 dx

20.
∫ (2x+41)

x2+5x−14 dx

21.
∫

x
(x−1)(x+1)2

dx

22.
∫

2x2+3
x2−1 dx

23.
∫

8
x4+2x3

dx

24.
∫

x
x4−16 dx

25.
∫

3x3+3x2+3x+2
x3(x+1)

dx

26.
∫

x3+x2+x+2
x4+3x2+2

dx

27.
∫ sec2(t)

sec2(t)−3 tan(t)+1
dt

28.
∫

3
x2−4 dx

29.
∫

x2+20
x2−16 dx

30.
∫

π
x2−4x−12 dx

31.
∫

2x+3
x+4 dx

32.
∫

x2+3
x2+4

dx

33.
∫

x3+x2+3
x2+4

dx

34.
∫

x2+20
x2−16 dx

35.
∫

6x+2
x−1 dx

36.
∫

3+x2

4+x2
dx

37.
∫

3+5x
3+x dx

38.
∫

x2+x+1
x2+1

dx

39.
∫

3x2−5
x−2 dx

40.
∫

3x2−10
x2−4x+4

dx
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3.4 Integration by Trigonometric Substitution:

In this section, we see how to integrate expressions like√
a2 − u2 ,

√
a2 + u2 , and

√
u2 − a2

depending on the function we need to integrate, we substitute one of

the following trigonometric expressions to simplify the integration:

• For
√
a2 − u2 , use u = a sin θ

• For
√
a2 + u2 , use u = a tan θ

• For
√
u2 − a2 , use u = a sec θ

Examples: Evaluate the following integrals:

1)
∫

dx√
9−x2

=?

∵
√

9− x2 ≡
√
a2 − u2 =⇒ we use u = a sin θ

∵ a = 3 and u = x =⇒ x = 3 sin θ

=⇒ θ = sin−1(
x

3
) and dx = 3 cos θdθ

∴
√

9− x2 =
√

9− (3 sin θ)2 =
√

9− 9 sin2 θ

=
√

9(1− sin2 θ) = 3
√

1− sin2 θ = 3
√

cos2 θ = 3 cos θ

∴
∫

dx√
9−x2 =

∫
3 cos θdθ
3 cos θ =

∫
dθ = θ + C = sin−1(

x

3
) + C
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2)
∫

dx√
25+x2

=?

∵
√

25 + x2 ≡
√
a2 + u2 =⇒ we use u = a tan θ

∵ a = 5 and u = x =⇒ x = 5 tan θ

=⇒ θ = tan−1(
x

5
) and dx = 5 sec θdθ

∴
√

25 + x2 =
√

25 + (5 tan θ)2 =
√

25 + 25 tan2 θ

=
√

25(1 + tan2 θ) = 5
√

1 + tan2 θ = 5
√

sec2 θ = 5 sec θ

∴
∫

dx√
25+x2

=
∫

5 sec2 θdθ
5 sec θ =

∫
sec θdθ

= ln|sec θ + tan θ|+C = ln|
√

25 + x2

5
+
x

5
|+C

3)
∫

dx

x
√
x2−16

=?

∵
√
x2 − 16 ≡

√
u2 − a2 =⇒ we use u = a sec θ

∵ a = 4 and u = x =⇒ x = 4 sec θ

=⇒ θ = sec−1(
x

4
) and dx = 4 sec θ tan θdθ

∴
√
x2 − 16 =

√
(4 sec θ)2 − 16 =

√
16 sec2 θ − 16

=
√

16(sec2 θ − 1) = 4
√

sec2 θ − 1 = 4
√

tan2 θ = 4 tan θ

∴
∫

dx
x
√
x2−16 =

∫
4 sec θ tan θdθ
4 sec θ∗4 tan θ = 1

4

∫
dθ = 1

4θ+C =
1

4
sec−1(

x

4
) + C
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Problems (3.4): Evaluate the following integrals:

1.
∫

dx√
1−4x2

2.
∫

dx√
4+x2

3.
∫

dx√
4−(x−1)2

4.
∫

xdx
4+x2

5.
∫

dx

x
√
25+x2

6.
∫ (x+1)dx√

4−x2

7.
∫

dx√
2−5x2

8.
∫

sin θdx√
2−cos2 θ

9.
∫

dx
x
√
36−x2

10.
∫

dx√
(9−x2)

3
2

11.
∫

dx√
81+x2

12.
∫

dx

(x2−25)
3
2

13.
∫ √

x2 + 4

14.
∫

dx√
9+x2

15.
∫

x2dx√
4−x2

16.
∫

xdx√
16−x2

17.
∫

xdx√
(x2−1)

3
2

18.
∫ √

49− x2

19.
∫

dx√
(x2+1)2

20.
∫ (2x2+3)dx√

(x2+1)2
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3.5 Integration by Completing the Square:

By completing the square, we may rewrite any quadratic polynomial

ax2 + bx + c

in the form

(x + k1)
2 + k2

where k1 and k2 may be positive or negative.

Remark(1): After completing the square, we either integrate directly

or use the trigonometric substitution.

Remark(2): We use the completing the square method, if

1. We are unable to analyze expression ax2 + bx + c

2. We have the expression ax2 + bx

3. We have the expression ax2+bx+c or ax2+bx under roots (
√
...,

3
√
..., etc).

Examples: Evaluate the following integrals:

1)
∫

dx√
2x−x2

=?
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√
2x− x2 =

√
−(x2 − 2x) =

√
−(x2 − 2x + 1− 1)

=
√
−((x− 1)2 − 1) =

√
1− (x− 1)2

∴
∫

dx√
2x−x2 =

∫
dx√

1−(x− 1
u

)2

= − cos(x− 1) + C

2)
∫

dx
4x2+4x+2

=?

4x2 + 4x + 2 = 4(x2 + x + 1
2)

= 4(x2 + x+
1

4
− 1

4
=0

+1
2) = 4((x + 1

2)2 + 1
4) = 4(x + 1

2)2 + 1

∴
∫

dx
4x2+4x+2

=
∫

dx
4(x+1

2)
2+1

= 1
2

∫
2dx

1+(2x+1
2)

2

=
1

2
tan−1(2x +

1

2
) + C or

−1

2
cot−1(2x +

1

2
) + C

3)
∫

dx√
21−4x−x2

=?

√
21− 4x− x2 =

√
21− (x2 + 4x + 4− 4) =

√
25− (x + 2)2

∴
∫

dx√
21−4x−x2 =

∫
dx√

25−(x+2)2
=
∫

dx

5
√

1−(x+2
5 )2

= sin−1(
x + 2

5
) + C
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4)
∫ (x+1)dx√

x2−6x+4
=?

√
x2 − 6x + 4 =

√
x2 − 6x + 9− 9 + 4

=
√

(x− 3)2 − 5 ≡
√
u2 − a2

u = x− 3 −→ du = dx and a =
√

5

we will use u = a sec θ

−→ x− 3 =
√

5 sec θ

−→ x =
√

5 sec θ + 3 −→ dx =
√

5 sec θ tan θdθ

∴
∫ (x+1)dx√

x2−6x+4
= (
√
5 sec θ+3+1)(

√
5 sec θ tan θdθ)√√

5 sec θ−5

=
∫

5 sec2 θ tan θ+4
√
5 sec θ tan θdθ√√√√5(sec2 θ − 1

tan2 θ

)

=
∫

5 sec2 θ tan θ+4
√
5 sec θ tan θdθ√

5 tan θ

=
∫ √

5 sec2 θdθ +
∫

4 sec θ tan dθ

=
√

5 tan θ + 4 ln
∣∣∣ sec θ + tan θ

∣∣∣ + C

=
√

5

√
(x− 3)2 − 5√

5
+ 4 ln

∣∣∣(x− 3)√
5

+

√
(x− 3)2 − 5√

5

∣∣∣ + C
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Problems (3.5): Evaluate the following integrals:

1.
∫

dx
x2−2x+5

2.
∫

x dx√
x2−2x+5

3.
∫ (x+1)dx√

2x−x2

4.
∫ (x−1)dx√

x2−4x+3

5.
∫

x dx√
5+4x−x2

6.
∫

dx√
x2−2x−8

7.
∫ (1−x)dx√

8+2x−x2

8.
∫

x dx√
x2+4x+5

9.
∫

x dx
x2+4x+5

10.
∫ (2x+3) dx

4x2+4x+5

11.
∫

dx
2x2−12x+26

12.
∫

dx√
21−4x−x2

13.
∫

dx√
6+5x−x2

14.
∫

dx
x2+2x+5
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CHAPTER 4 : The Definite Integrals and

Its Application

4.1 Definite Integrals:

If a, b ∈ R and F (x) is an anti-derivative for f (x), then:

∫ b

a

f(x) = F (x)
]b
a

= F (b)− F (a)

a is called lower limit, and b is called upper limit for the integral.

Properties for Definite Integrals:

1.
∫ b
a (k1f ∓ k2g) = k1

∫ b
a f ∓ k2

∫ b
a g

2.
∫ b
a f =

∫ c
a f +

∫ b
c f , where c ∈ [a, b]

3.
∫ b
a f = −

∫ a
b f

4.
∫ a
a f = 0

5. If f is an EVEN function =⇒
∫ a
−a f = 2

∫ a
0 f

6. If f is an ODD function =⇒
∫ a
−a f = 0
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Examples: Evaluate the following integrals:

1)
∫ 6

1 (3x2 + 2x)dx

= (3x
3

3 + 2x
2

2 )
]6
1

= (x3 + x2)
]6
1

= (63 + 62)− (13 + 12) = 252− 2 = 250

2)
∫ 2

0

√
4x + 1dx

= 1
4
(4x+1)

3
2

3
2

]2
0

= 1
6

√
(4x + 1)3

]2
0

= 1
6

(√
(4 ∗ 2 + 1)3 −

√
(4 ∗ 0 + 1)3

)
= 1

6(27− 1) = 26
6 =

13

3

3)
∫ π
0 sin(x)dx

= − cos(x)
]π
0

= − cos(π)− cos(0) = −(−1) + 1 = 2

4)
∫ π

4
0 csc2(x)dx

= cot(x)
]π
4

0
= (cot(π4)− cot(0))

= 1−∞ = −∞

5)
∫ π

2
π
4

cos(x)

sin3 x)
dx

=
∫ π

2
π
4

cos(x) sin−3(x)dx

= sin−2(x)
−2

]π
2

π
4
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= −1
2 [ 1

sin2(x)
]
π
2
π
4

= −1
2 [ 1

sin2(π2 )
− 1

sin2(π4 )
]

= −1
2 [11 −

1
( 1√

2
)2

] = −1
2 [1− 2] =

1

2

Problems (4.1): Evaluate the following integrals:

1.
∫ 1

−1(x + 1)2dx

2.
∫ 1

0 (x2 − 2x + 3)dx

3.
∫ 2

1 (2w + 5)dw

4.
∫ 2

1 (3− 6
x2

)dx

5.
∫ 1

0

√
1 + xdx

6.
∫ 2

1
1
tdt

7.
∫ 2

1
2t
t2+1

dt

8.
∫ 3

−1(x
2 − 1)dx

9.
∫ π

4
0 sec2(x)dx

10.
∫ π

4
π
3

(1 + tan2(θ))dθ

11.
∫ 3

1 5e2zdz

12.
∫ π
0 cos(w2 )dw
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13.
∫ π
0 sin2(θ)dθ

14.
∫ 2π

w
0 cos2(wt)dt

15.
∫ 1

0
1

(2x+1)3
dx

16.
∫ π

6
0

sin(2z)
cos2(2z)

dz

17.
∫ 5

0 2xdx

18.
∫ 0

−π cos2(2θ)dθ

19.
∫ 4

0 πe
3xdx

20.
∫ π

2
−π
2

cot θdθ

21.
∫ π

2
0 csc(θ) cot(θ)dθ

22.

π
3∫
0

x sin(x) dx

23.

π
2∫
0

θ cos(3θ) dθ

24.
3∫
0

x
√

4x + 2 dx

25.

1
2∫
0

x tan−1 x dx

26.
3∫
0

x
√

4x + 2 dx
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4.2 Multiple Integrals:

The multiple integral is a definite integral of a function of more than

one real variable, for example, f (x, y) or f (x, y, z). Integrals of

a function of two variables over a region in R2 are called double

integrals, and integrals of a function of three variables over a region

of R3 are called triple integrals. i.e.,

∫
y

∫
x

f (x, y) dx dy

∫
z

∫
y

∫
x

f (x, y, z) dx dy dz

Examples: Evaluate the following integrals:

1)
∫ π
0

∫ x
0 sin(y) dy dx

=
∫ π
0 − cos(y)

]x
0
dx

=
∫ π
0 (− cos(x) + 1)dx

= (− sin(x) + x)
]π
0

= (− sin(π) + π)− (− sin(0) + 0)

= (−0 + π)− (0 + 0) = π

2)
∫ 1

0

∫ 0
−1
2

∫ x+y+1

x−y dz dy dx
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=
∫ 1

0

∫ 0
−1
2
z]x+y+1
x−y dy dx

=
∫ 1

0

∫ 0
−1
2

(
(x + y + 1)− (x− y)

)
dy dx

=
∫ 1

0

∫ 0
−1
2

(
1 + 2y

)
dy dx

=
∫ 1

0 (y + y2)
]0
−1
2

dx

=
∫ 1

0

[
0−

(
−1
2 + (−12 )2

)]
dx

=
∫ 1

0
1
4 dx

= 1
4x
]1
0

= 1
4(1− 0) =

1

4

Problems (4.2): Evaluate the following integrals:

1.
∫ π
0

∫ 0

−1
2
π dy dx

2.
∫ 1

−1
∫ 2

0 (1− 6x2y) dx dy

3.
∫ 2

0

∫ 1

−1
∫ x+2

y dz dy dx

4.
∫ 2

0

∫ 4−y2
0

∫ y
0 (32) dz dx dy

5.
∫ 1

−1
∫ 1−x
0

∫ 5−x2
4x2 π dz dy dx

6.
∫ 2

0

∫ 1

−1
∫ x+2

y dz dy dx
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4.3 Area Under a Curve

The area under a curve between two points can be found by doing

a definite integral between the two points. To find the area under

the curve y = f (x) between x = a and x = b, integrate y = f (x)

between the limits of a and b.

Remark: If the area is above x-axis,then the area is positive, and if

the area under the x-axis, the area is negative, so we should change

the sign to positive value by adding a negative sign or by taking the

absolute value.
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Remark: To avoid the negative value, we will take the absolute

value:

Area =
∣∣∣ x=b∫
x=a

f(x)dx
∣∣∣

Example (1): Find the area bounded by y = x2 and x = 1 and

x = 3?

Solution:

Area =
∣∣∣ x=3∫
x=1

x2dx
∣∣∣

=
∣∣∣x33 ]x=3

x=1

∣∣∣
=
∣∣∣333 − 13

3

∣∣∣
=
∣∣∣9− 1

3

∣∣∣ = 8
2

3
unit2

Example (2): Find the total area between the curve y = x3 and

x = −2 and x = 2?

Solution:

If we simply integrated x3 between x = −2 and x = 2, we would

get:

Area =
∣∣∣ x=2∫
x=−2

x3dx
∣∣∣ =

∣∣∣x44 ]x=2

x=−2

∣∣∣ =
∣∣∣164 − 16

4

∣∣∣ = 0
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So, instead we have to split the graph up and do two separate

integrals:

A1 =
∣∣∣ x=2∫
x=0

x3dx
∣∣∣ =

∣∣∣x44 ]20∣∣∣ =
∣∣∣164 − 0

∣∣∣ = 4

A2 =
∣∣∣ x=0∫
x=−2

x3dx
∣∣∣ =

∣∣∣x44 ]0−2∣∣∣ =
∣∣∣0− 16

4

∣∣∣ =
∣∣∣− 4

∣∣∣ = 4

Hence, Area = A1 + A2 = 4 + 4 = 8 unit2

Example (3): Find the area bounded by the line x + y = 1 and

the coordinate axes?

Solution:

∵ x + y = 2 =⇒ y = 2− x

y = 0 −→ x = 2 =⇒ (2, 0)

Area =
∣∣∣ x=2∫
x=0

(2− x)dx
∣∣∣

=
∣∣∣(x− x2

2 )
]x=2

x=0

∣∣∣
=
∣∣∣(0− 0)− (2− 22

2 )
∣∣∣

=
∣∣∣− 2 + 2

∣∣∣ = 4 unit2
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Another way:

∵ x + y = 2 =⇒ x = 2− y

x = 0 −→ y = 2 =⇒ (2, 0)

Area =
∣∣∣y=2∫
y=0

(2− y)dy
∣∣∣

=
∣∣∣y − y2

2

]y=2

y=0

∣∣∣
=
∣∣∣(0− 0)− (2− 22

2 )
∣∣∣

=
∣∣∣− 2 + 2

∣∣∣ = 4 unit2

c©2018 by Dr. Ghadeer Jasim
All Rights Reserved

63

This PDF document was edited with Icecream PDF Editor.
Upgrade to PRO to remove watermark.

https://icecreamapps.com/PDF-Editor/upgrade.html?v=2.10&t=9


D
r.

G
ha

de
er

Ja
si
m

Problems (4.3):

1. Find the total area bounded by the curve y = x3−4x and x−axis.

2. Find the area bounded by y = y4− x2 and x-axis.

3. Find the area bounded by x = y2 − y3 and y-axis.

4. Find the area bounded by
√
x +
√
y = 1 and the two axes.

5. Prove that the area under one carve of y = sin(x) equals to 2

units2.

6. Find the area bounded by y = x2 − 4x and x-axis.

7. Find the area bounded by x = 8− 2y − y2 and y-axis.
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4.4 Area Between Two Curves

Area =
∣∣∣ x=b∫
x=a

[
f(x)− g(x)

]
dx
∣∣∣

Area =
∣∣∣ y=b∫
y=a

[
f(y)− g(y)

]
dy
∣∣∣
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Example (1): Find the area between the curve y = 2−x2 and the

line y = −x?

Solution:

y1 = y2 =⇒ 2− x2 = −x

=⇒ x2 − x− 2 = 0

=⇒ (x− 2)(x + 1) = 0 =⇒ x = 2 and x = 1

Area =
∣∣∣ x=2∫
x=−1

[
f (x)− g(x)

]
dx
∣∣∣

=
∣∣∣ x=2∫
x=−1

[
(2− x2)− x

]
dx
∣∣∣

=
∣∣∣ x=2∫
x=−1

[
2− x2 − x

]
dx
∣∣∣

=
∣∣∣[2x− x3

3 −
x2

2

]x=2

x=−1

∣∣∣ =
27

6
units2
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Example (2): Find the area of the triangular shaped region in the

first quarter bounded by the y-axis and the curves y = sin(x) and

y = cos(x)?

Solution:

y1 = y2

−→ cos(x) = sin(x)

−→ x = π
4

Area =
∣∣∣ x=π

4∫
x=0

[
f (x)− g(x)

]
dx
∣∣∣

=
∣∣∣ x=π

4∫
x=0

[
cos(x)− sin(x)

]
dx
∣∣∣

=
∣∣∣[ sin(x) + cos(x)

]x=π
4

x=0

∣∣∣
=
∣∣∣[( sin(π4) + cos(π4)

)
−
(

sin(0) + cos(0)
)]∣∣∣

=
∣∣∣[( 1√

2
+ 1√

2

)
−
(

0 + 1
)]∣∣∣

=
2√
2

+ 1 units2

Example (3): Find the area bounded between the two carves y =

x2 and y = |x| ?

c©2018 by Dr. Ghadeer Jasim
All Rights Reserved

67

This PDF document was edited with Icecream PDF Editor.
Upgrade to PRO to remove watermark.

https://icecreamapps.com/PDF-Editor/upgrade.html?v=2.10&t=9


D
r.

G
ha

de
er

Ja
si
m

Solution:

y1 = y2

−→ |x|= x2 −→
√
x = x2

−→ x2 = x4 −→ x2 − x4 = 0

−→ x2(1− x2) = 0

−→ x2(1− x)(1 + x) = 0

x2 = 0 =⇒ x = 0 −→ (0, 0)

(x− 1) = 0 =⇒ x = 1 −→ (1, 1)

(x + 1) = 0 =⇒ x = −1 −→ (−1, 1)

A1 =
∣∣∣ x=0∫
x=−1

[
f (x)− g(x)

]
dx
∣∣∣

=
∣∣∣ x=0∫
x=−1

[
− x− x2

]
dx
∣∣∣

=
∣∣∣[− x2

2 −
x3

3

]x=0

x=−1

∣∣∣ =
∣∣∣[0− (−12 −

−1
3 )
]∣∣∣ =

∣∣∣12 − 1
3

∣∣∣ =
1

6

A2 =
∣∣∣ x=1∫
x=0

[
f (x)− g(x)

]
dx
∣∣∣

=
∣∣∣ x=1∫
x=0

[
x− x2

]
dx
∣∣∣

=
∣∣∣[x22 − x3

3

]x=1

x=0

∣∣∣ =
∣∣∣[(12 − 1

3)− 0
]∣∣∣ =

∣∣∣12 − 1
3

∣∣∣ =
1

6

Area = A1 + A2 = 1
6 + 1

6 = 2
6 =

1

3
units2

c©2018 by Dr. Ghadeer Jasim
All Rights Reserved

68

This PDF document was edited with Icecream PDF Editor.
Upgrade to PRO to remove watermark.

https://icecreamapps.com/PDF-Editor/upgrade.html?v=2.10&t=9


D
r.

G
ha

de
er

Ja
si
m

Example (4): Find the area bounded between carve y = 1
x2

and

the two lines y = 1 and y = 3?

Solution:

y = 1
x2

−→ x2 = 1
y

−→ x = ∓ 1√
y

Area =
∣∣∣ y=3∫
y=1

[
f (x)− g(x)

]
dx
∣∣∣

=

c©2018 by Dr. Ghadeer Jasim
All Rights Reserved

69

This PDF document was edited with Icecream PDF Editor.
Upgrade to PRO to remove watermark.

https://icecreamapps.com/PDF-Editor/upgrade.html?v=2.10&t=9


D
r.

G
ha

de
er

Ja
si
m

Problems (4.4):

1. Find the area bounded by the curve y =
√
x and the line y = x.

2. Find the area bounded by the curve y = x3 and the lines x = −1

and x = −3.

3. Find the area bounded by the curves y = x−x2 and y = x2−x.

4. Find the area bounded by the curve x = 4y− y2− 3 and the line

x = −3.

5. Find the area bounded by the curve y = x3 and the line y = x in

the first quarter.

6. Find the area bounded between carve y = 1
x and the two lines

y = 2 and y = 3?

7. Find the area bounded by the curves y = ex and y = e−x and the

lines y = 2 and y = 4.

8. Find the area bounded by the curves y = x2+2 and the y = x+5.
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