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CHAPTER ONE: The Real Numbers R

The subsets of R:

1. Natural Numbers (denoted by N) such that:

N={1,2,3,4,...}

2. Intager Numbers (denote by I or Z) such that:

TorZ={...,—4,-3,-2,—-1,0,1,2,3,4,...}

3. Rational Numbers (denoted by Q): it is all numbers of the form

g, such that p and q are integers and ¢ # 0:

Q:{.fER:I:]—Q, where p,q € Z and ¢ # 0}
q

50

.15
Example: 3, 3, 0, 35,

Note: The rational Numbers can be written as decimal from

(5=0.333, ;1 =0.25,...).

4. Irrational Numbers (denoted by Q): A number which is not
rational is said to be irrational.
Example: {v/2,v/3,v5,V7,m=3.14,...}
Note: ) CNCZcQcCRand QUQ =R
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Properties of Real Numbers with Addition: (R, +)

Let a, b, ¢ € R, then:

l.a+beR (Closure)

2.a+b=0b+a (Commutative)
3.a+(b+c)=(a+b)+c (Associative)
4.a+0=0+a=0 (Identity Element)

5. 3(—a) € Rsuch that a+(—a) = (—a)+a =0 (Additive Inverse)

Properties of Real Numbers with Multiplication: (R, .)

Let a, b, ¢ € R, then:

l.abeR (Closure)

2. a.b=b.a (Commutative)

3. a.(b.c) = (a.b).c (Associative)

4. l.a =a.l (Multiplicative Identity)
5. a.(b+c¢) =ab+a.c (Distributive)

(b+c¢).a=ba+ca

6. 3o~ € R such that a.a* =a.2 =1  (Multiplication Inverse)
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Intervals:-

1. Finite intervals:- Let a,b € R such that a < b then:

(a) Open Interval = {r € R:a <z < b} = (a,b)
( Note: a ¢ (a,b) and b ¢ (a,b))

(b) Closed Interval = {r e R:a < x < b} = [a,b]
( Note: a € [a,b] and b € [a, b])

(c) The Half Open Interval = {r e R:a <z < b} = (a,]
( Note: b € (a,b] and a ¢ (a, b))
OR:
The Half Open Interval = {r e R:a <z < b} = [a,b)
( Note: b ¢ [a,b) and a € [a, b))

2. Infinite intervals:- Let each of a,b € R such that a < b then:

(a) {z € R such that a < x < o0 (or z > a) } = (a,00)
(b) {x € R such that a <z < 0o (or z > a) } = [a,00)
(¢) {x € Rsuch that —co <z <a (orx <a) } = (—o0,a)
(d) {x € R such that —oo <z <a (orz <a) } = (—00,q]

(e) {x € R such that —oo < z < 00} = (—00,0) =R

Inequalities:-

Let a,b € R, b is greater than a and denoted by b > a if b —a > 0.
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Solving Inequalities:-
Solving the inequalities means obtaining all values of x for which the

inequality is true.

Properties of Inequalities:-

Let a,b,c € R, then:
l.ifa<b, thena+c<b+c
2. if a < band ¢ > 0, then a.c < b.c
3. if a < band c <0, then a.c > b.c

Note :- In general, we have linear and non-linear inequalities.

Linear Inequalities Examples:-

Example 1: Solve the following inequality: 3(x + 2) < 57
solution:-

3x+2) <5 —3@r+2) <5 —3r<5-6—<F
Hence, the solution set ={z € R: z < 3} = (o0, 3}).
Example 2: Solve the following inequality: 7 < 2z + 3 < 117
solution:-

T<2r+3<1l — -3+7<2r<-34+11 —4<2x <8 —2<

r <4
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Hence, the solution set ={z e R:2 <z <4} = (2,4).

Non-Linear Inequalities Examples:-

Example 1: Solve the following inequality: z? < 257
solution:- 22 < 25 = 22 —-25 <0 = (x = 5)(x +5) <0
Since the result is negative, then there are two possibilities:
Either:

(x4+5)>0and (z—5) <0 — x> —-5and x <5

So, the solution set is (=5, 5)

Or:

(x+5),0and (x —5) >0 — x < —Handz >5

So, the solution set is ()

Therefore, the solution set for the inequality is

(=5,5)Ud = (-5,5)

Example 2: Solve the following inequality: 2% — 5x > 67?
solution:-

22 —5r>6—>2>—52—-6>0— (z—6)(x+1) >0
Since the result is Positive, then there are two possibilities:
Either:

(x—6)>0and (z+1) >0 — 2z >6and x > —1

So, the solution set: S ={z € R: 2 > 6} = (6, 00)
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Or:
(r—6)<0and (r+1),0 — x<6and z < —1
So, the solution set: Sy = {r € R: 2 < -1} = (—o0,—1)

Therefore, the solution set for the inequality is:

stlLJSQ:(6,00)U(—OO,—1):R\[—1,6]

Absolute Value:-

The absolute value of a real number x is denoted by |z| and defined as

follows:

T ifz>0

Z|= V22 =<0  ifz=0

—x fx<0

\

Examples: |—8|=38, |Z%|=%, |9|=9, |0|=0, etc.

Properties of Absolute Value:-

L. |=a|=|al

proof: |—a|= +/(—a)? = Va2 = |a

2. ||al|=al
proof: |lal|= +/|a]* = Va® = [q]
3. |a.b|= |a].|b]

proof: |a.b|= /(a.b)? = Va2.b2 = Va2 Vb2 = |a.|b|
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4 |2=ld: b £ 0

proof: [¢|=,/(§)? \/g %

5. |a+ b|< |a|+]|b)|

Solving Absolute Value Inequalities:-

The absolute value of z can be written as follows:

T if x>0

o= va? =

—x fx<0

The above definition means the absolute value of any real number is a

real non-negative number.

Geometrically, the absolute value of unmber x is the distance point

C( 7

between and the origin point “0”. In general, |a — b| is the distance

between a and b on the real number line “R”.

Remarks:

1. To solve the inequality |z|< a where a,x € R.

Case (1): If > 0 = |z|= =,

but |z|< e =z <a. = S =(—0,a)

Case (2): If x < 0 = |z|= —
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but z|<a= —r<a= 12> —a. = Sy = (—a,0)

Since, S = 51N S,

—{zeR:|z|l<a}={reR:—a<x<a} =(—a,a)

Similarly,

— {reR:|z|<a}={reR: —a <z <a}=][—a,d
2. To solve the inequality |z|> a where a,z € R.

Case (1): If x > 0 = |z|= =,

but |z|>a =z >a. = 5] = (a,0)

Case (2): If x < 0 = |z|= —=,

but |z|>a = —2r>a= 1< —a. = Sy = (—00, —a)

Since, S = 51U Sy

— {z eR:|z|>a} = (a,00) U(—00,—a) =R\ [—a,d]

Similarly,

— {z e R:|z|>a} = [a,00) U (—00, —a] =R\ (—a,a)

Examples:- Find the solution set for the following inequalities?

o z|>3
solution:-
{reR:|z|>3}={reR:x>30rz< -3} =
(3,00) U (—00,—-3) =R\ [-3, 3]
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o |2|< 4

solution:-

{reR:|z|<4}={reR: -4 <z <4} =[-4,4]

o |x—4|<5
solution:-
{reR:|zx—4|<b}={zeR: -5<xr—-4<5}

={zeR:-1<x2<9}=(-1,9)

o |7T—4x|>1

solution:-

{reR: |z —4[>1}={reR:7T—4dzx>1or7—4x < -1}
={reR:—4x>—-6o0or —4zr < -8}
={zeR:z<3orz>2}

= (=00, 5] U [2,00)

=R\ (},2)

Problems 1.1:

]
1. Write the following sets equivalent interval, and test of these in-

tervals whether they are Open, Close or Half Open Intervals:

(a) {z:—-20 <x < —12} (c¢) {z: -1 <2 <10}
(b) {z: -3 <z <4} (d) {x: —2<2<0}
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2. Give a description of the following intervals as sets:

(a) (37 5) (C) [27 7] (e) (_4? 4)

(b) (=3,0) (d) [=5,=1) (f) (=0,7]

3. Find the solution set of the following inequalities:

(a) z(z —3) >4 (h) 6z —4 > Tz +2
(b) 2<1;2#0 (i) 22 < 16

(c) 2* > 25 (j) 32> > 2z +5
(d) 22 — 22 —24 < 0 (k) 2* > 52+ 6

() =7< —3z+5< 14 () &2 <5

(f) -5 <4 (m)$>x%3

(&) =252 >0 (m) 555 <3

4. Find the solution set of the following inequalities:

2—=|
(a) [z[=5 (&) 5 <1
(b) |x|< 2 .
(h) [5#< 1
(c) |3z +3|> 2
3 () o~ 11> 6
(d) 1< |{52<2
_x i) 12 —22|< 7
() %‘24 () | |
(£) |z +1]< |3z +4) (k) |5l< 3
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CHAPTER TWO: The Functions

Definition: Let A and B be two non-empty sets, the relation that
assigns to every element x € A, with a unique value y € B is called a

function. i.e.,

f:A— B; Vo € Adly € B such that f(y) =y

Notes:

1. A= Domain = Dy

B = Co —domain = Co — Dy

2. The set of all images f(x) = y,Vax € Dy is called the Range of f.

ie,|Ry={f(x)=y; v € Dy}

Functions and Non-functions Examples:-

e Example(1):

(©2018 by Dr. Ghadeer Jasim 13
All Rights Reserved



f is not a function because f(z) =a and f(z) =b

(i.e., z has two images).

e Example(2):

g is a function and R, = {1, 3,4}.

e Example(3):
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h is not a function because @ € A and « has not image.

e Example(4): y =z is a Linear function.

y=fr)=z, f:R—R
Di=R={reR:—o00 <z < o0}

Ri=R={yeR:—-oco<y<oo}

2

e Example(5): y = 2° is a Non-linear function.
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y=f(z)=2% f: R — [0, 0]
D; =R

Ri=R*={yeR:y>0}=[0,00)

e Example(6): Is 3> = 2 a function?

=1 — =V — [yl=FVx

Vo € Dy, 3F 1/ (i.e., there are two images for each x).
Hence, “y? = 2” is not a function.

However, y; = ++/2 is a function.
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Also, yo = —+/x is a function.

e Example(7): Is 2y +3x = 5 a function?

5—3x
2

2y+3x=0—2y=5-3x —y=
Since for each value of x there exits only one value of y, it is a

function.
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e Example(8): Is { = 2 a function?

T __ _ 1

Since for each value of x there exits only one value of y, it is a

function.
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e Example(9): Is 22 +y? = 1 a function?

2+t =1—y=TV1—22

Since Vo € Dy, 3F 1 — 22 (i.e., the are two images for each value

of ), “a® + y?> = 1”7 is not a function.

However, i1 = f1(z) = +v1 — 2?2 is a function.
1—22>0—22<1—-1<z<1

Dy, =[—1,1] and Ry, = [0,1]

Also, y2 = fo(x) = —v/1 — 22 is a function.
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1—22>0—22<1— —1 <2 <1 (same the above)

Df1 = [—1, 1] and Rf1 = [—1,0]

How to Find the Domain and the Rang of a Function?

Remark (1): The domain of all polynomials or odd roots is all real

numbers.
Example: Find the domain and the rang of the following functions?
L. f(z) =2 +22°+ 32 -5 2. g(z) = VT — 1

Dy =R; Ry =R D,=R; R,=R

Remark (2): The domain of even root is all the real numbers such

that the expression under the radical is greater than or equal to zero.
Example 1 : Let f(r) = Va2 — 4, find Dy and R;?

To find Dy:

X?2—4>0 = (z—2)(z+2)>0

either: t —2>0A2x4+2>0 = z>2A N2> -2 = [2,00)

(©2018 by Dr. Ghadeer Jasim 20
All Rights Reserved



or: 2 —2<0AN2+2<0 = 2<2ANzx< -2 = (—o0,—2]
Hence, Dy = (—o0, —2] U [2,00) =R\ (-2, 2)
To find Ry:
Since, 4> >0 = y e Rt = R; =RT
Example 2 : Let g(z) = —/2z — 1, find D, and R,?

To find Dy:

1

20 -1>0 = 22>1 = 2>3 = D, =[3,00)

y=—V2r-1= y’=2v-1 = 20=y"+1 = zv="54-
To find R,:

y<0 = yeR™ = R,=R = (—00,0]

Definition: The function that is defined by more than one formula
(e.g., the function are written using the brace {}, signum function

absolute value function) is) called Piecewise function.

Remark (3): The domain of the Piecewise function are the restrictions

of the functions.

T ifz>0

Example 1 : Let f(z) = |z|[=vV22 =<0  ifzr =0

—x ifx<0

\

find Dy and R;?

Df =R and Ry = R*
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—1 ifzx<2

Example 2 : Let g(z) = , find D, and R,?
3 ifx>2

D, =R

R, ={-1,3}

Example 3 : Let h(z) =y = |z + 3|, find D, and R},?
(

z+3 fx+3>0—2> -3

since, |z +3[= {0 ifr4+3=0—2=-3

—(x+3) fr+3<0—=2<-3

\

D, =R

R, =R* (
T it x < =2

Example 4 : Let f(v) =4 4+1 if -2 <z <1, find Dy and Ry?

22 ifz>1

\
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r<—-2V-2<zx<1Vz>1

— (—00,-2)U[-2,1]U(1,00) =R

= D;=R

Ry =7

r<=2V-1<zz<2Vze>1

— (—o0,—2)U[-1,2]U(1,00) =R\ [-2,—1)

— R; =R\ [-2,-1)

Example 5 : Let w(t) = |t — 2|, find D, and R,?
(

t—9 ift>2
t—2]=<0 ift =2

—(t—2) ift<?2

Remark (4): The domain of the Rational function is all the real num-

ber values except the value of x which makes the denominator equal to
Zero.

Example 1 : Let f(z) = =%, find Dy and R;?

To find Dy:

P —140 = 2241 = Val#1 = |z|#1 = z# Tl
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Df =R \ {_17 1}
To find Ry:

y=fla)=p5 = a=y’ -y = y’—2w—y=0

r2—1

194/ 1+42
_— I = —y

—b}\/b2—4bc)
2y

(Using = = o
Since 2y # 0 = y # 0,
and 1+4y° >0 = y? > = y» >0 = yeR
Hence, Ry =R\ {0}
1
Example 2 : Let h(z) = ¢ :c_—l—27 find Dj, and R;?

:U_

To find Dy,:

Vi—2#40 = 2-2#0 = z#2
Hence, D, = R\ {2}

To find Ry,:

Y= = (-2t =r+1

+

w N

— 1y -2 -2 —-1=0
— (- Dz =2°+1
2341
— Z’—#
Let 2 —1#0 = > #1 = y#1

Hence, R, =R\ {1}
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Problems 2.1: Find the domains

——
tions?
L f(z) =4/ -2
2. hiz) = L]
3. l(z) = ﬁfé'
4. g(x) = 3=~

and ranges for the following func-

5. f() = =i

6. w(t) = Va2 +25

+3

1 ifx>0

7. g(x)

2 ifz<0

Algebraic of function:-

Let f and g be two functions, then:-

1. Equality of functions:

f and g are equality <= D; = D, and f(z) = g(z)

2. The Sum of functions:

The sum of f and g is: (f + g)(z) = f(x) + g(x)

with the domain: Dy, = Dy N D,

3. The Difference of functions:

The difference between f and g is: (f — g)(z) = f(z) — g(z)

with the domain: D¢y = Dy N D,

4. The Product of functions:

The product of f and g is: (f.g)(z) = f(x).g(x)
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with the domain: Dy, = Dy N D,

5. The Division of functions:

The division of f and g is: (f|g)(x) = ((

x)
)
with the domain: Dy, = Dy N Dy \{z € R: g(x) =0}

Similarly,

(91)(x) = 43

Dg‘f:DgﬂDf\{IUGRIQ(:C):O}

~—|

Example 1 : Which of the following functions are equal to the function

fla) = =327

Lglx)=1—-2x
Solution:- D, = R; Dy =R\ {0}

Since, Dy # D, = f(x) # g(x)

2. h(z) = &3

x2

Solution:- D), =R\ {0}; Dy =R\ {0}
W) = £33 = M2 = 228 = f(q)

2 T.T

Since, Dy, = Dy and h(x) = f(x) = h(x) = f(x)

3. I(z) = V1 — dx + 422
Solution:-

V1—dz +42? = /(1 — 22)(1 — 2z) = /(1 — 2x)?
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=|1—25€’:> DZZR

Since, D; # Dy = () # f(z)

4. w(z) = 2

Solution:-
r(1+2%) #0 = x # 0vV1+2? # 0 (i.g. ,2* # 0 which is always true )

— D, =R\ {0}

(23+2)(1-22) _ z(z?+1)(1—2x) _ x—f:ﬁ _ f(ﬂl')

w(x) - x(1+22) x(1+22)

Since, D,, = Dy and w(z) = f(z) = w(z) = f(z)

Example 2 : If f(z) = vz + 1 and g(x) = v/4 — z, find
f(x) +g(x), f(z) —g(2), f(x).9(x), f(x)/g(x), and g(x)/f(z)
with domain for all.
Solution:-
Since, f(z) =+Vx + 1,
r+1>0 — x> —1
— Dy =[-1,00)
Since, g(x) = V4 — 22,
4—22>0 = 2°<4 = |z|<2 = —2<2<2
— D, =[-2,2]
Now,

(f+9)(x) = flz)+g(z) = Vo + 1+ V4 —a?
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(F ~ 0)a) = £(z) — 9la) = VET T~ VI~
(f.9)(@) = f(x).9(z) = Vo +1V4—22 = \/(z + 1)(4 — 22)
Do) = 4 - 7% -
(hiw) =55 = Yo = Vi
Also,
Dyrg=Dyy= Dyyg=DsNDy=[-1oo)N[=2,2] = [-1,2]

DgZDfﬂDg\{xER:g(I):O}
=[-1,2]\{z eR:v4—22=0}
= [_172]\{_272}

:[_192)

Ds =D;ND,\ {x eR: f(z) =0}

[—1,2]\{r eR: vz +1=0}
= [=L2\ {~1}

(_172]

Problems 2.2:

1. Check whether each of the following two functions equal or not?

(a) f(.fl?) — 2332;—24337 g(x) — 6333(;!:—6132332
_ ol _ Va?-1

(b) via) = EE,  w(a) = Y

(0) hla) = 225502 i(g) = 20eae!

2. Find each of f +g¢, f — g, f.9, f/g, g/f, then find the domain of
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each of them?
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Composition Functions:-

Let f(x) and g(z) be two functions such that R,y C Dy, then

there exist a function (f o g)(z) define in the following formula:

(fog)z)= f(g(z))

Dijog)a) = {2 : 9(2) € D@y Aw € Dy(ay }
Similarly, we can define (g o f)(x) as follows:

(go f)lz)=g(f(z))

Dgopya) ={z : f(z) € Dy) N € Dy}

Example 1: Let f(z) = /x and g(x) = 2?> + 1, find fog and go f?
Solution:-

First, we are going to find the domain and range for f(x) and g(z),

f@) = Vi — D;=R* = [0,00)

y=+vr = y*=1z = Ry =R"=0,00)

Also,

g(z)=2*+1 = D, =R =10, 00)

y=24+1 = y=2’4+1 = 2’=y—1 = 2=Fy—1

So,y—1>0 = y>1 = R, =][1,00)
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To find f o ¢: Since R, = [1,00) C [0,00) = Dy, so f o g exist.

(fog)(x) = flg(x)) = \g(x) = Va2 +1

Doy ={x:2 € D, and g(x) € Dy}
={r:zc€Rand 22+ 1R}
={z:zeRAzeR} =R

(Since 22+1>0 = 22 > —1 which is always true, and hence z € R)

To find g o f: Since Ry = [0,00) C [0,00) = D, so g o f exist.

(go flz) =g(f(2) = (Vo) +1=a+1

Dy ={z:2€ Dy A f(x) € Dy}
={z:zeR" ANz eR}

={z:xeR* Az eR"} =R" [Since, x > 0 — x € R" |

Example 2: Let f(z) = v — 4 and g(z) = %, find fogand go f?
Solution:-

First, we are going to find the domain and range for f(z) and g(z),
To find Dy:

t—4>0 = >4 = Dy=[4,00)

To find Ry:

y=vr—4 = yzzx—ﬁl — x=y2+4 — Rf:R+
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Also,
To find Dy:
3—2x#0 = 2#3 = D,=R\ {3}
To find Ry:
y:g(x):% — x4+ 1=3y—ay = r+axy=3y—1
— ==
CY+1#0 = y=-1
Hence, R, =R\ {—1}

To find fog:

Ry, =R\ {-1} € [4,00) = Dy = [ o g does not exist.

To find g o f:

Ry =Rt ¢ R\ {3} =D, = go f does not exist.

Problems 2.3: Find f o g and g o f for the following functions:-
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The Greatest Integer Function:-

The function whose value at any number x is the greatest integer less

than or equal to x is called the greatest integer function. It is denoted

by “[ 1”7 such that [z] < x.
Examples:

(2] =2

[1.5] =1

—1.5] = —2

[3.4]=3

Example 1: Sketch a graph for the following function:
f(ZU) = fa:],Va: < [_273)

x y = [x] | closed point | open point
<z<-1| -2 (—2,-2) | (-1,-2)
1<z<0 | -1 (—1,-1) | (0,-1)
0<z<l1 0 (0,0) (1,0)
I<z<2 I (1,1) (2.1)
9<z<3 2 2,2) (3,2)

From the above table, we can see that:

Dy =[-2,3) and Ry = {—2,—1,0,1,2}
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Note: In general, f(z) = [z] =n, Vn € ,Vz € [n,n+ 1) is called
“Step Function”.

Example 2: Sketch a graph for the following function:
flx) = —[z], Vo € [=3,3].

x [x] | y =2 — [z] | closed point | open point
3<z<-2| 3| 213 (=3,0) (—2,1)
D<z<-1|-2| z+2 (—2,0) (—1,1)

1<z<0 | 1| =z+1 (—1,0) 0,1)

0<z<1 0 x (0,0) (1,1)

I<z<2 | I z—1 (1,0) 2.1)

2<z<3 2 x—2 (2,0) (3,1)
3==x 3 x—3 (3,0)

From the above table, we can see that:

Df=[-3,3] and Ry = {-3,-2,—1,0,1,2,3}

(©2018 by Dr. Ghadeer Jasim 34
All Rights Reserved



Example 3: Sketch a graph for the following function:

f(z) =[3+z],Vx € [-3,1).

x 3+ y = [3+ ] | closed point | open point
—B3<r<-2|0<34+zx<1 0 (—3,0) (—2,0)
2<r<—-1[1<34+x<?2 1 (—2,1) (—1,1)
—1<xr<0 |2<34+2x<3 2 (—1,2) (0,2)
0<xr<1 3<3+zx<4 3 (0,3) (1,3)

From the above table, we can see that:

D =[-3,1] and Ry = {0,1,2,3}

Slgnum Function:-

We denoted to the signum function by “Sgn(z)”, and it is defined as

follows:

Sgn(x) =<
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D;=R

Rf{—l, 0, 1}

Example 1: Find the Domain and Range and Sketch a graph for the

following function:

F(t) = Sgn(t® + 1)

Solution:- p
1 f2+1>0 = ?’>-1 = >0 = teR

f(t)=Sgn(t*+1) =0  if2+1=0 — > = —1, Contradiction

—1 ift?+1<0 = t* < —1, Contradiction

\
Hence, Sgn(t* +1) =1,Vt € R

Df:Randezl
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Example 2: Find the Domain and Range and Sketch a graph for the

following function:

g(t) = tSgn(t)

Solution:- . )
1 ift>0 t ift>0

g(x) =tSgn(t) =t*xq0 ift=0 =30 ift=0=lt|

—1 ift<O —t ift<0

\ \
Hence, g(t) = tSgn(t) = [t|,Vt € R

Dy =R and Ry =R*
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Odd Function:-

A function f(z) is called an odd function if f(—z) = —f(x)

Examples:

v f(=x) = (=)} = —2® = —f(x) = f(x) is an odd function.

g(—x) = (=)t = 2t £ —g(x) = g(z) is NOT an odd

function.

Note: For odd function, Dy = Ry = R

Even Function:-

A function f(z) is called an Even function if f(—z) = f(x)

Examples:

(©2018 by Dr. Ghadeer Jasim 38
All Rights Reserved



h(—z) = (—x)* = 2®> = h(z) = h(z) is an even function.
o t(x) = x°
“t(—z) = (—1)° = —2° # t(r) = t(x) is NOT an even
function.

Note: For even function, Dy = R, but Ry = R*
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Shifting Function:-

Let y = f(z) s.t. € R, and let ¢ € R, then:

1. g(z) = f(x)+ ¢ [ Shifting to the top c¢ unit]
2. g(x) = f(z) — ¢ [ Shifting to the bottom ¢ unit]
3. g(x) = f(z + ¢ [ Shifting to the left ¢ unit]
4. g(z) = f(z —¢) [ Shifting to the right ¢ unit]
5. g(x) = —f(x) [ reflect around x-axes]
6. g(z) = f(—x) [reflect around y-axes]
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CHAPTER THREE: Limits and Continuity

Definition: If the values of f(x) approaches the value L as z ap-
proaches ¢, we say that f has limit equal to L as x approaches ¢, and

we write 1t as:

lim f(z) = L

Tr—C

Example: Let f(x) = 2>+ 3, find the limit of f(z) as x approaches 2.

r— 2% x 312523 |21 201 |2.001]|2.0001
(from the right) | f(z) | 12 | 9.25 | 8.25 | 7.4 | 7.040 | 7.004 | 7.0007 | =~ 7

x— 27 x 17121415 ] 19 | 1.99 | 1.999
(from the left) | f(x)| 4 | 4.44]4.96 |5.95| 5.98 | 6.98 | 6.999 | ~7

From the table, we notice that:

e When x approaches 2 from the right, f(z) approaches 7
(ie., lim f(z)=7).

r—27F

e When x approaches 2 from the left, f(z) approaches 7

(i.e., mhj?_ flz)=T17).

Properties of Limits: Let lim fi(z) = L; and lim fo(x) = Ly
Tr—C

Tr—C

where ¢, K, L1, Ly € R, then:

L lim[fi(2) F f2(2)] = L1 F Lo
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2. im[fi(x) % fo(x)] = Ly % Ly

Tr—C

3. lim K x fi(x)] = K = L1

Tr—C

4. lim 28 = L where Ly # 0

T—C fa(2)

Examples: Evaluate the following limits:

1. lim Y&fn=2 _ v445-2 1
n—b n 5 5
2 2
son T2 +4 2942244 12
2l =55 =St =1 =13
' 2 . (245 (@=5) 1. w45 _ 545
3. lim £=2 — |jyp WH2W9) {245 545
r—H 3(x—5) r—H 3(:1}—5) T—H 3 3

2
4. }Lln% (2+f;l) —4 _ }IIH%) 4+4h—}|;h2—4 — }Lln,%) h(4}—Lf—h)
— — —
:}1254+h:4+0:@

5 hm \/4—|—n—2 — hm \/4+n—2 \/4—|—n—2

" n—0 n n—0 n VA+n—2

— lim —-&n=4 _ |jjy —

n—0 n(VAn+2) 50 n(VA+n+2)

: 1
n—o (V44n+2)  V4+0+2 242 A
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Right and Left Hand-Side Limits:

Sometimes the value of a function f(x) lend to different limits as x
approaches ¢ from different sides.

Theorem: Suppose f(x) is defined on an open interval that containing
c. Then il_{ré f(z) is defined if and only if xli}rg f(z) and Ilggl_ f(z) are

both defined and equal.

i.e.,

lim f(z) = L <= lim f(x) = lim f(z) =L

T—cC r—ct r—Cc—

[Note|If lim f(z) # lim f(z) = lim f(z) “DOES NOT EXIST”
r—c r—C—

Tr—C

Example 1: Evaluate the following, where f(z) is defined as shown

below.
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o f(6)=2 o f(1)=14

e lim f(x)=5 o lim f(x)=14
T—6~ T—1-
o lim f(z) =5 o lim f(z)
— lim f(z) =5 — lim f(z) “Does Note Exists”
z—6 z—1

2> —4 ifx<3
Example 2: Let f(z) =

5 of >3

Find lim f(x), lirgl_ f(x), and lim f(x)

x—371 x—3

Solution:-
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22 —4 ifx<3
e lim f(z) = lim

r—37+ r—37t
5 iof © >3
= lim5=5
r—3+

22 —4 ifx<3
e lim f(z) = lim
T3~ T3~

5 if >3
= lim2?—4=3"-4=9—-4=5
T—3~
o lim f(x) =7
r—3
i — i — 5= li —5
- lim f(z)= lim f(z) lim f(z)
4
ve+4—1 1f x <0
Example 3: Lef g(x) = ¢ _9 if =0
g if >0
\

Find lim g(z), lim g(z), and lim g(x)

z—0t x—0~ z—0
Solution:-

p

ve+4—1 if <0

o lim = lim < _ ; -
x_>0+g($) x_>0+< 2 if =0
. .
\a:_~6—3 Zf x>0
— T x 0 __
= x{%ﬂ w3 = o3 = 0
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p

Vi+td—1 ifz<0

li =5 _ ; _
o lim g(z) = lim § 9 if =0
2 if ©>0
\
= lm+ver+4-1=0+4-1=2-1=1
r—0~

o limg(x) =7
=0

©lim g(z) = 0 # 1 = lim g(z) = lir%g(a:) “DOES NOT
T—

z—0t x—0~

EXISTS”

Example 4: Evaluate lin}) |z|?

T—
Solution:-
x 1fr >0
lim|z|= lim
z—0 z—0
—x ifr<0
e lim|z| = lim (z) =0
x—07t x—0*t
e lim|z| = lim (—z) =0
z—0~ z—0~

o lim |z = lim |z|= 0= lim|z|= 0
x—07T x—0~ x—0
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Infinite (Foo) Limits : Let f(z) be defined as follows, then:

In (a): lim, ,.+ f(z) = +o0 and lim, .. f(z) = —o¢
— lim,_. f(z) “DOES NOT EXIST”
In (b): lim, ,.+ f(z) = +o0 and lim, . f(z) = +o0

— lim, . f(z) = 400

In (c): lim, .+ f(z) = —c0 and lim, . f(z) = —0
— lim,,. f(z) = —0
Remark:
0 _0 (+)value e (—)value o
(F) value 0 0

Example 1: Evaluate lim -7
r—0 %Y

Solution:-
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L ! = +00

o lim = = — :
roo+ ©®  “a positive value that is very close to zero”
o1 1
o lim = = s . = +4+o0
r—0- ¥ “a positive value that is very close to zero” T
o lim & = lim & = o0 = lim 34 = +
, — = lim — = 400 im = = +00
x—0t x—0~ x—0

Example 2: Evaluate lim %2?
x—2 7T
Solution:-
: 1 1 _
* JL%L =2 “a positive value that is very close to zero” 00
o lim -1 = . L = —00
rso— T2 a negative value that is very close to zero
e 1 1 : 1 . 1« ”
. 3 X
Example 3: Evaluate x1i>r£l1 !
Solution:-
P negative value SN

~ “a positive value that is very close to zero”

_ negativevalue — 400
“a negative value that is very close to zero”

lim == # lim - — limll%x “DOES NOT EXIST”
T——

T——1" Itz
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Evaluating Limits at Infinite (Fo00):

1
Remark (1): — =0
Too
Examples:
e liml=2>=0 lim 1 =-L =0
T—00 T——00
o lim 5 =-"1,=1=0
x—00 ¥ (o0) o0
: 1 1 _ 1 _
x1—1>I—nooF ©(F00)? 0 ¥

Remark (2): To find the limit of a rational function as x — oo (when

the limit exists), we divided the numerator and denominator by the

highest power of x in the denominator.

Examples:
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2

L2 .=
e lim %: lim —=%
T—00 O T

2z | 1 2 1
L i Rt D
= lim +5=—==1im —=

rx—00 Trta T—00 1T 32
— lim 14040 __ 1
00 O10 5
2
e lim —=2 — = lim 22
5 p)
T—00 205 =TT+ 200 %—Zj-ﬁ-%

22— lim —2
2 5
17 zT2 z—00 2-0+0 @
5,2
5 2 ¥+ +2
o lim Z*% 1+2 lim —#-
r—o0 Tt r—o00 3

T — hm 00+0+0 __
o0 113

Jim %o = ol

. 4.3
e lim dx°+Tx

74m3+7m
. 2
—_— X
s = [im
2300 20°—3x—10 roo 22 T32:r 10
7
_ —drty  _ —00t0
— 9_3_10 —
T—$00

Problems (3.1):

1. Evaluate the following limits:

(©2018 by Dr. Ghadeer Jasim

63
All Rights Reserved



. 2
(a) lim 755

(b) lim Y2rt22—d

(c) lim

r—4

(d) lim =~

w0+ 3%

_1
22-16

lim 1
(©) 1=

: 2243
®) lm 57

T
[N}

2. Let f(z) =

le —_
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of <0

if x>0

if v <2
if v =2

if x> 2

64

(g) lim %5

zyg+ T3

1007 +0* 431
336

(h) lim

T——00

(i) lim (7;f4 + 25;3t21

(d) lim f(z)

z—0t

(e) lim f(x)

z—0~

)

(f) Does the Limit exists at x =

07

(d) lim g(z)

r—2F



(e) xliglﬁ g(x) (f) Does the Limit exists at x =

27
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Continuous Function

We say f is a continuous function at the point x if there is no interrupt
at xg, and f is a continuous function at the interval x if there is no

any interrupt in this interval.

Definition: f is a continuous function at z( <=

1. f(xg) exists

2. lim f(x) exists (i.e., lim f(x) = lim f(z)= L)

T—=T0 r—xd =T,

3. lim f(x) = f(xo).

T—X0

Definitions:

o If lim f(x) = f(x¢), then f(x) is continuous from the right at x

oyt
=T,

o If lim f(x) = f(xg), then f(x) is continuous from the left at x

T—Ty
e f(x) is continuous at xy <= f(x) is continuous from the right and

the left.

Example 1: Let f(z) be defined as shown below. Check if f(z) is

continuous at zy where xy = 10,6, —2, —8.

(©2018 by Dr. Ghadeer Jasim 66
All Rights Reserved



1. e f(10) =0
* li g0 =

lim f(z)=0

rz—10—

“lim f(z) = lim f(z) =0 = lim f(x) =0 “Exists”

r—10t r—10— r—10

e " lim f(x) = f(10) = f(x) is continuous at 10

z—10

f(z) is continuous from the right and from the left at

Ty — 10

2. e f(6)=5
li =

* xL%lJF f(CC) g
lim f(z) =2
6~
o lim f(x) # lim f(x) = lim f(x) “Does Not Exists”
r—61 =6~ x—6
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° 1in’é f(z) “Does Not Exists” = f(x) is discontinuous at
xT—r

6

f(zx) is continuous from the right at xy = 6

3. e f(—2)=3

e lim f(x)=+o0

rx——2T

lim f(z)=3

T——2"
lim f(z)# lim f(z) = lim f(z) “Does Not Exists”
x——2% x——2" T——2

° lim2f(x) “Does Not Exists” = f(z) is discontinuous
T——

at —2

f(zx) is continuous from the left at xyp = —2

4. e f(—8)=-3
: lim, )=

lim f(z)=—6

T——8~

lim f(z)= lim f(zr)=-6 = lim f(r) = —6 “Exists”

r——8t r——8~ T——8

e - lim f(x)# f(10) = f(x) is discontinuous at 10

z—10

f(x) is Not continuous Neither form the right nor from

the left at xo = —8
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xr+1 1f x>0
Example 2: Let f(x) =
1 of <0

Is f(x) continuous at xy = 07
Solution:
e f(0O)=0+1=1
o lim f(z)=lim(zx+1)=0+1=1

x—0T x—0F

lim f(z)= lim (1) =1

x—0~ x—07F
ol = li =1 = i = 1 “Exists”
TR = g S iy () =1 st

° 113(1) f(x) = f(0) = f(x) is continuous at 0

x?’—4
— if x#2
Example 3: Let f(z) =

3 of x=2

Is f(z) continuous at xy = 27

Solution:
. f(2)=3
: i 224 iy @=2)(@42) g _
AR e s i e ) =
Jm f(@) = lim 5= i B = lim (0 42) =4
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o lim f(x) = lim f(z) =4 = lin’% f(z) =4 “Exists”
T—

r—27F T—2~

o . lim f(x) # f(2) = f(z) is discontinuous at 2

T—2

ol fa#l
Example 4: Let f(x) =
K if x=1

be a continuous function at zy = 1, Find the value of K7

Solution:

" f(z) is continuous function at vp =1 = f(1) = lim f(z)

z—1

o f(1) =K, and

lim f(x) = lim 254 = lim L) — fim(a? + 0 41) = 3

Hence, lim f(z) = f(1) = |[K =3

rz—1

22 -2 ifzr<?2
Example 5: Let f(z) =

Cr+3 ifx>2

be a continuous function at zg = 2, Find the value of C?

Solution:

. f(z) is continuous function at zp = 2 — lirr% f(x) exists
r—r

colim f(x) = 111517 f(z) = li_% f(x)

T2
lim f(x) = lim 22 —2=22-2=2
T2~ 27
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lim f(z) = lim Cx+3=2C+3

r—27+ x—2+t
“lim f(z) = lim f(z) = 2=20+3 = 2C = -1 =
T2~ T2~
—1
o
2
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Problems (3.2):

1. Let f(x) be defined as shown below. Check if f(z) is continuous
at xo where xyp = —4,—1,2,4. If it is not continuous, is it right (or

left) continuous at xy? why?

2. Let f(z) =

0 if t=20

is f(x) is continuous function at xy = 07 If f(x) is discontinuous,

redefine f(z) to be continuous at xy = 07

(

ar+3 ifx>1
3. Let f(z) =<

322 +1 ifr<1
\
be a continuous function at xg = 1, find the value of a?

;

204+ M if x < —1

4. Let f(x) = <
2?4+ N ifax>-—1
\
be a continuous function at xy = —1 and f(2) = 7, find the values
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of M and N7
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CHAPTER FOUR: Differentiation

For each point on the curve y = f(x), there is a single straight tangent
line at the point; The slop of straight tangent of the curve y = f(z) at

the point (z, f(z)) represents the derivative at that point.

Let P(x, f(z)) be a fixed point on the curve; and Q(z+ Az, f(z+ Azx))

be another point, so Ay = f(z + Ax) — f(x).
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Note that: At Az, decreasing length (close to zero) the straight se-
cant P() more and more applicability begins on the straight tangent at
the point (x, f(z)). When (Az — 0), knowing that the slop straight
tangent at the point (x, f(x)) represents a derived function at that

point.

_ _ Ay

Mtan = AW Msec = AL Az
Ay flatAz)— fa)

fla)= lim == lim Ax

Remark: When the value of the limit exist, the function is called

differentiable function, and f  is called the derivative of f at .
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Remark: The equation of the tangent line at a point (x1,y;) is given

by the following form:

(y - yl) = mtan(x - xl)

Definition: The normal line of a curve is the line that is perpendicular

to the tangent of the curve at a particular.

—1

Mtan

m, =

Remark: The equation of the normal line at a point (z1,y;) is given

by the following form:

(y —y1) =my(r —x1)

¢ o dy _ df(x)
Note] //(s) = y = 1 = 4
Example 1: Let f(z) = 4x — 2, find f'(x) by using the definition?
Solution:-

! T fz4+Az)—f(x
o) = fim, B

S flr) =4x — 2, f(z + Ax) = 4(x + Ax) — 2

— F) = Jm 4(z + Ax) - i«] — [z — 2))

o A+ 4Ax — 2 — 4z + 2
= lim

Az—0 Ax
_ 1 4Ax
- A;lcglo Ax

= lim 4=4
Az—0
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Example 2: Let f(z) =/, find the equation of the tangent line and
normal line at the point (4,2) by using the definition?

Solution:-

/

We need to find: mygn)a0) = [ (2)]42)

— f(z) = Alimo x+i:€—\/5
r— X

VT + Ar — /T Vo + Az + /x

= i :
A0 Az VIt AT+ /T
— lim (r+ Azx) —x
a0 Az(Vz + Az + /)
= lim !
Az=0 \/x + Ax + /x
1 1

VIt+tyT 2T

= Myan = ﬁg — mtan](4,2) = f/($)](4,2) = ﬁ
Now, we need to find the equation of the tangent line at the point
(z1,91) = (4,2)

(Y — y1) = Myan(r — 1)

— y—2= %L(x —4)

— Yy = %:U +1
Next, we need to find the equation of the normal line at the point

($17?J1) - (472)
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-1

Mtan

My = —)mL:_le—ll
(y—yl) =m¢(37—$1)
— y—2=—4(z—4)

— y=—4x 4+ 18

Problems 4.1:

1. Find f’(z) by using the definition of the following function:-
(a) flz) =2 (b) flz)=4—-Vr+3

2. Let f(x) = 22, find the equation of the tangent line and normal

line at the point (3,9) by using the definition.

3. Let f(z) = +/x + 3, find the equation of the tangent line at z = 2.
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Differentiable VS. Continuous:

Theorem: If f(x) is a differentiable function at ¢, then it is a contin-
uous function at xg.
Proof: To prove f(x) is continuous function at x,
we need to show: lim f(z) = f(xg) <i.e., lim[f(z) — f(z0)] = 0)
z—0 z—0
Suppose that:
Ax=z—1x) = z=1x0+Ax = f(z)= f(xo+ Ax)

Hence, when x — 0, Az — 0

lim[f(z) = fzo)] = lim|f(zo +Az) — f(z0)]
_ lim {f (w0 + Az) — f(wo) M}

r—0 A:C

= lim [f(:lio + Ax) — f(xo) .lim Ax}
z—0 A$ x—0

= [(20).0=0

The inverse of the above theorem is not true.

(i.e., If f(x) is a continuous at zy, then it is not necessary to be differ-

entiable at x )

Example: Let f(x) = |x|, and o = 0.
From the above plot f(z) = |z| is continuous at zy = 0.

However, f(z) = |z| is not differentiable at z; = 0.
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T z >0
|z|=
—x <0
Ax Ax >0
L |As)=
—Ar Ax <0
oy fle+ Ax) = f(x))
fla) = Alifilo Ax
— lim |z + Ax|—|x|
o Az—0 AZE
— lim |0 + Az|—|0]
o Az—0 Ax
. |Az|
= lim —
Az—0 Az
Hence, LT = lim =1& L = lim = -1
Ax—0+ Ax—0—

Since, LT # L~ = The limit does not exists.

. f(z) is not a differentiable function at xy =0
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General Theorems of Differentiation:

NOTE | The following theorems are going to be given without proofs.
The proofs can be find in any calculus book.

Theorem(1): If f(x) = ¢, ¢ be a constant, then f (x) = 0.

Theorem(2): If f(z) is a differentiable function at z, and let ¢ be a

constant, then (c.f) is differentiable at z and (c.f) (z) = c.f ().

Theorem(3): If f(x) and g(z) are a differentiable functions at z, then
(f + g) is differentiable at x and (f + g)'(z) = f (z) + ¢ (x).

Remark: In general, If fi, fo,..., f, are differentiable function at =z,

then (fi, fo,..., f2) (x) = fi(z) F folz) F...F [ (x).

Theorem(4): If f(z) = 2™ where n > 0, then f (z) = nz""!.

Theorem(5): If f(z) andg(x) are two differentiable functions at z,
then f.g is differentiable function at  and

(f.9) () = f(x).g' () + [ (x).g(x).

Remark: In general, if f, g and h are differentiable functions at «x,

then:
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(f.g.h)(x) = f(x).(g.h) (x)+ f(2).(g-h)(z)
= f(2).(9(z).l () + g (z).h(2)) + f (z).(9-h)(2)
= f(x).g(x).h (x) + f(2).g (x).h(zx)) + f (x).g(x).h(z)

Theorem(6): If f(x) andg(x) are two differentiable functions at x,

then % and g(x) # 0, then % is differentiable function at x and

Theorem(7): If g(x)is a differentiable functions at x, f(x) is differen-

tiable functions at f(x), and h = f o g, then

W)= (fog)(2) = £ (9(a))g ()

Theorem(8): If f(x) is a differentiable functions at =, and y = (f(x))"

where n € Z, then

v == ((F@)?) =n(f@) " f@

Problems (4.2):

1. Find derivative of the following functions:

(a) Yy = (fjlg)él

(b) y = (2y7 — 1)
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() y=+3—22
(d) flw) = i@ + {0 + Vo
(6) f(x) = (2% + 2)2(1 — 22)°
() f(a) = G2t

&) flo) = \/5’3+ 1+

(h) f(t) =8 — 2

(i) f(t) = ¥25

(i) f(z) = 22(z*+1)75

2. Let f(z) = z and g(x) = 22, what is the value of 2 that makes the

tangent line of two curves are parallel.

3. Let f(z) = \/LE’ what is the value of x that make the tangent of

the curve when it is parallel to the line x 4+ 8y = 10

Chain Rule:
d dy d
1. If y = f(x) and x = g(¢), then dz = dz. dzf
d dy
2. If y= f(x) and t = g(x), then d_:gtl = ‘fi:‘f
dx

. _ _ d
Example 1: Let y = 3z — 1 and = = 2¢, find 27

Solution:-
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dy dy dx
dt — drdt
= (3).2) = 6]

OR: y = 3x-1 = 3(2t)-1 = 6t-1 = [6]

Example 2: Let y = t> — 1 and z = 2t + 3, find %?

_d@t

T dx
dx &

Solution:- dy dy oy
—_— 5 p—

Problems (4.3): Find Z—Z for the following functions:

1.y=u®+1, u=x>+3

2. y=3t>—1, x=06t—1
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Implicit Differentiation

Example 1: Let 2° + 2y +3° = 0, find % and dx‘?

Solution:-
To ﬁnd ¢, we derive implicitly for x by considering y is an implicit
function of z.
Lt ay+y’ =0
i 2d17_|_( +yg)+5y4dy_
— 2v+ay +y+oyty =0

— 2y +5yty = 22—y

) ody —2x—vy

To find 2—;, we derive implicitly for y by considering x is an implicit
function of y.
it ay+y’ =0
da
N 2:62—9” + (x% + yfly) + 5y4dy =0

- 2:1: —I—LI;—I—ij—l—By =0

— z+ 5yt = —2:13 ydy
der  x+5y?
i ( v) dy dy —2x—vy
d:C ’ 1 1
Note that: | — ==z == ==
dy y &
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Example 2: Find the equation of the tangent line and normal line of

the curve 22 + y> = 2 at (1, 1).

Solution:- - 2% + > = 2
d

= 279t 4 2y W = () = 27 +2yy =0

=y =5 = y=
HGDCG, y/](l,l) = mtan](l,l) - _Tl =—1

The equation of the tangent line: (y — y1) = Mmyan(T — 1)
— (y—1)=—-1(z—-1)
— (y—1)=—-x+1
— y=—ax+2

= mijay =7 =1

Since, m 11y = Metan](1,1)
The equation of the normal line: (y —y1) = my(z — 1)

— -1 =1la-1)

— y—-1)=z-1

— y=0

Problems (4.4):

1. Find the slop of the tangent line of the curve 2% + zy + %> = 7 at

the point (1,2).

2. Find the slop of the tangent line of the circle equation 8x2 + 8y? =

232 at the point (=5, 2).
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3. Find the equation of the tangent line and the normal line of the

curve zy? + yx? + y? = 0 at the point (1,1).

4. Find % and fl—; for the following functions:

(f) 2%y + ya* = 3y?
(8) 2—1’+a%y =5

(h) (1+2%)* + /5 =9

(©2018 by Dr. Ghadeer Jasim 88
All Rights Reserved



High-Order Derivative

Let y = f(x), then:

f(z) = Alimow = g—gyc =y =y [ First Derivative]
T—
f(x) = Alimo ! (HAA?*JC ) — % =y =y? [ Second Derivative]
T—
f(x) = Jim_ LB f (@) — &y — " — ) [ Third Derivative]
T
f(n) (SU) _ Ahmo f(n*l)(x+AAxa>jff(n71)( T) _ d;’?ﬁy — y( n) [nth Derivative]
Tr—
Notes: | TV _ dy<dy> d*y dy(d ) d'y :@<d<nl>y)
Clda? T dae\da/ [ |de® " de\da?) || dzn da \dz()

Example: Let y = 22° + 22 — 1, Find yV, y® 4@ y® and y©®)?
Solution:-
cy =22 +a22 -1
— y) =622 + 22
— y® =122 42
— ¢ =12

— W =0=y® =0

Problems (4.5): Find ¢, 3" and y" for the following:

l.y=2a" — 2% +4x + 33

2.y = —4+ 22> — 723 + 2*
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3.y:%x2—100
4. y=a%>—9x -5
5.y = —2% — 922 — 23

6. y = —3x> — 423 + 2*

Rolle’s Theorem: Let f(z) be a continuous function on [a,b], and

f is differentiable on (a,b). If f(a) = f(b), then f'(¢) = 0 such that
c € (a,b).

Rolle's Theorem

Example 1: Let f(z) = 2? — 3x + 2. Show that f(z) satisfies Rolle’s
theorem on [1, 2].
Solution:-

f(x) is continuous on [1,2]. (because f(x) is a polynomial function)
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f(z) is differentiable on (1,2). (because f(z) is a polynomial function)

a=1and b=2

fla)= F(1) =12 =3(1) +2 =0

= fla) = f(0)
From above Rolle’s theorem is satisfied, and hence Jc € (1,2) s.t.
fe)=0
o f(r)=22-3
— f(c)=2c-3=0

— 2c-3=0 = c=3¢€(1,2)

Example 2: Let f(z) = 1 — |z|. Show that f(z) does not satisfy
Rolle’s theorem on [—1, 1].

Solution:-

f(zx) is continuous on [—1,1]. (because f(z) is a polynomial function)
But, f(z) is not differentiable at x = 07

proof:

/ o 1—|z+Azx|—1+|z|
z) = lim
f( ) Az—0 Az
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Lt = lim =2z — 1]

Ax—07t Az
L™= lim =529 =1
Ax—0~ .

LT # L~ = the limit does not exist at 0.
Hence, f(0) does not exist.

Therefore, f(x) does not satisfy Rolle’s theorem on [—1, 1].
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The Mean Value Theorem: Let f(x) be a continuous function on

la, b], and f is differentiable on (a, b), then there exist at least one point

¢ € (a,b) such that:

Flo =10 =10

Mean Yalue Theorem

y=fx) (b.f®))

¥

Note: Rolle’s theorem is a special case from the Mean Value Theorem.

Example 1: Find the value of ¢ that satisfies the Mean Value Theorem,
where:

flx) =2 2 €]0,2].

Solution:-

f(x) is continuous on [0, 2].(because f(z) is a polynomial function)

f(z) is differentiable on (0, 2)
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Since, f(z) is continuous on [0, 2] and differentiable on (0, 2), then by

the Mean Value Theorem there exist at least one point ¢ € (a,b) such

that: )~ f(a)

f(z) =2z
fc) =2c
flop=10=0a _ 40 _4_>

Example 2: Let f(x) = 23 — 3z, and f : [a,0] — R where f satisfies
the Mean Value Theorem at ¢ = —1, find the value of a.

Solution:-

fx)=322-3 = f(c)=f(-1)=3(-1>-3=0
ca=7and b=0

£(0)~f(a)
0—a

. (03—3(0()))_—a(a3—3a) —0
0—(a®—3a)
0—a =0

Hence, 0 =

—

. (a®—3a) —0

a

= a*—3=0
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— a2 =3

— ?=FV3 = a=—-V3=-17

Problems (4.6):

1. Check whether the following functions satisfy the Rolle’s theorem
or not?
(a) f(z) = (2—x)* on [0,4]
(b) f(z) =9z + 32% — 2% on [—1,1]

2. Find the value of ¢ that satisfies the Mean Value Theorem, where:
flx)=2*—6z+4, xe[-1,7].

3. Let f(z) = % —4x, and f : [0,b] — R where f satisfies the Mean

Value Theorem at ¢ = 2, find the value of b.

L’Hopitals Rule:

Let f and g be differentiable functions at z(, and

lim L&) — %, where lim ¢ (z) #0. ( OR lim [a) £)

T—Xo g(x) T—X0 T—Tq g(iU) o +00
Then:

TRACIR Y ST AC)

T—To g(:c) z—xzo ( (;13)
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T —3x+2

Example 1: Find hrr% =

Solution:-

hlr%x —3r+2=0and lima2?2—1=0

z—1
1
- lim & 2_3x+2 _ — lim 2z=3 203 _ | _
z—1 z?—1 z—1 2w 2
Example 2: Find lim %= V”
x—0
Solution:-
o lim2 — vz +4=0and limz =[0]
z—0 z—0
lim 2=vatd
z—0 x
-1
— lim =247
z—0 1
1
— _ 1y 1 _ _11_|_Z
= T Ve T T 202 1

Another Method: by multiplying by the conjugate:
lim 2=vezt+4

z—0 z

— lim 2—V/z+4 24+ x+4
x—0 z 2+t

. _4—(x+4)

= I v

= lim —— —L_ - =L =
750 x(2—|—\/:c+4) 24v/0+4 242 4

Problems (4.7): Find the following limits if it exists:

2 _ ) / _
1. lim L+2L=8 2. lim YEHI=S
r—2 T7—9r+14 r—0 .
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. 2 , 2
3 lim :U2—|—5$+4 5 lim 2 233:—|—2
r—1 7°—4r—"5 r—1 1ol

: 3492 , 3042
4. lim 45%j3x2 Setl G Qi Lo
r—( T°—2x+3x—06 r—(0 r°—2
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Increasing and Decreasing Functions:

Definition: A function f is defined on an interval [a, b] is said to be

increasing on [a,b] if Voi,29 D a <21 <29 < b = f(x1) < f(x2).

Example: Let f(z) = 2, on [-2,2].
—2< -1 = f(-2)=-8<—-1=f(-1)
Sl<l = f(-1)=-1<1=f(1)

1<2 = f(l)=1<8= f(2) ‘ R,
Va,be[-2,2] = f(a) < f(b) T f

", f(x) is an increasing function on [—2,: 1

Definition: A function f is defined on an interval [a, b] is said to be

decreasing on [a,b] if Vo1,20 D a <z <29 <b = f(x1) > f(22).

Example: Let f(z) = —2°, on [-2,2].
—2< -1 = f(-2)=8>1=f(-1)
—-1<1 = f(-1)=1>—-1=f(1)

1<2 = f(l)=-1>-8= f(2)
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Va,b e [-2,2] = f(a) > f(b)

. f(x) is a decreasing function on [—2, 2].

Definition: Let f be defined and continuous function on [a, b], and let

xo € la,b], then (zo, f(xg))is said to be a Critical Point of f <=

f'(xg) = 0 or f'(x) is not defined.

Example 1: Let f(z) = 22 be defined and continuous on [-1,1]. Find
the critical points (if exists)?

Solution:

fl(x) =2x

When f(z) =0 = 20 =0 = 2 =0

Hence, (z¢, f(x0)) = (0,0) is a critical point.

3

Example 2: Let f(z) = % — %2 be defined and continuous on all the
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real numbers. Find the critical points (if exists)?

Solution:

fla)=a® —a

When f(z) =0 = 2?~2=0 = 2(z—1)=0 = z=0orz =1

Hence, (0, f(0)) = (0,0) and (1, f(1)) = (1, —¢) are the critical points.
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Example 3: Let f(z) = |z| be defined and continuous on [—1,1]. Find
the critical points?

Solution:

0 € [-1,1], but f/(0) Does Not Exists

Hence, (0, f(0)) = (0,0) is a critical point.

I ——
Theorem: Let f be a function that is continuous on [a, b] and differ-

entiable on (a,b), then:
1. If f/(x) > 0 Vx € (a,b), then f is increasing on [a, b].
2. If f'(x) <0 Vx € (a,b), then f is decreasing on [a, b].

3. If f/(x) =0 Vz € (a,b), then f is constant on [a, b].
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Maximum and Minimum Points:-

Example: Let f(x) be define on [—4,5] as given in the following plot.
Find the absolute maximum, absolute minimum, local maximum and

local minimum points.
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Solution:

Absolute maximum: (4, 6)
Absolute minimum: (2, —6)

Local maximum: (—1,2) and (4, 5)

Local maximum: (—3,—2) and (2, —6)

|First Derivative Test|

« 2

e If the sign changes from “+4 7 to “—" at ¢, then c is called a

local maximum point.

e If the sign changes from “—" to “+ 7 at ¢, then c is called a

local minimum point.
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Example 1: Let f(z) = 23 — 62° + 1. Using the First Derivative
Test, find the local maximum and minimum points.
Solution:

First, we need to find the critical points (“f (z) = 0”):
cf@)=2—622+1 = f(2) =32 — 120
f£)=0 = 322 -122=0 — 3x(x—4)=0

Hence, f(z) has critical points at z = 0, 4.

Increasing Intervals: (—oo,0) and (4, c0)

Decreasing Interval: (0,4)
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f(z) has local maximum at x = 0, and (0,1) is a local maximum
point.
f(z) has local minimum at = = 4, and (4, —31) is a local minimum

point.

Example 2: Let f(x) = 2° — 62 + 92 — 8 on (0,5). Using the First
Derivative Test, find the local maximum and minimum points.
Solution:

First, we need to find the critical points (“f (z) = 0”):

cfr) =23 -6 +9r —8 = f(x) =322 — 120 +9

fx)=0 = 322 -1224+9=0
— 32’ —42+3)=0 = (z—1)(x-3)=0

Hence, f(x) has critical points at z = 1, 3.

Increasing Intervals: (0,1) and (3,5)

Decreasing Interval: (1, 3)
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f(x) has local maximum at x = 1, and (1, —4) is a local maximum
point.
f(x) has local minimum at x = 3, and (3, —8) is a local minimum

point.

Definition: An inflection point is a point on a curve where the curve

changes from being Concave Down (going up, then down) to Concave

Up (going down, then up), or the other way around.

|Second Derivative Test
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Example 1: Let f(z) = 2® — 62 + 1. Using the Second Derivative
Test, find the local maximum and minimum points.
Solution:
First, we need to find the critical points (“f () = 07):
cf@)=2—622+1 = f(x) =32 — 12z
f(£)=0 = 322 - 122 =0 = 3a(xr—4) =0
Hence, f(z) has critical points at x = 0, 4.
o f(x) =322 — 122 = f'(x) = 62 — 12

f'(z)=0 = 61 —120 = z =2.

o f(0) = —12 = f(x) “Concave Down” on (—o0,2),
and has local Maximum at “x = 0”.
o f(4) =12 = f(x) “Concave Up” on (2, 00),

and has local Minimum at “xz = 4".

f(x) has an inflection point at x = 2 because the function concave

down then concave up.
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Example 2: Let f(z) = 2° —62° + 92 — 8 on (0,5). Using the Second
Derivative Test, find the local maximum and minimum points.
Solution:

First, we need to find the critical points (“f () = 07):

cf@) =2 —622 +92 -8 = f(2) =32 — 122+ 9

fx)=0 = 322 - 120 +9=0
— 32’ —42+3)=0 = (z—1)(x-3)=0

Hence, f(x) has critical points at z = 1, 3.

cf(r) =322 1224+ 9 = f (z) =6z — 12

ff2)=0 = 62—-12=0 = z=2

o f (1) = -6 = f(z) “Concave Down” on (0, 2),
and has local Maximum at “z = 17.
o f(3)=6 = f(z) “Concave Up” on (2,5),

and has local Minimum at “z = 3”.
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f(x) has an inflection point at x = 2 because the function concave

down then concave up.
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Problems (4.8):

1. By using the First Derivative Test, check whether the critical
points are local maximum or minimum points, and specify the

increasing and decreasing intervals.

(a) f(2) = Ja? — v, 2 € [0,2)
(b) f(z) =% + 322+ 62,z € R
(C) f($) - $3 —T,xc [_272]
2. By using the Second Derivative Test, check whether the critical
points are local maximum or minimum points, and specify the

concave up and concave down intervals.

3

(a) flz) =% —Z — 4,2 € [~2,5]
(b) f(z) =% + 322+ 62, v €R

(C) f(x):%_%g_ajzvaje [_373]
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CHAPTER FIVE: Trigonometric Functions

We will define six trigonometric functions in terms of the central
angle 6 drawn in the center circle (0,0) and radius 7.

In the central angle # with one of its sides is applied to the z-axis
and the other side is drawn from the origin point and cut the cir-

cumference of the circle at the point p(x,y), then:

e Sine: sinf = %

e Cosine: cosf = %

e Tangent: tanf = £

e Cotangent: cotf = %

e Secant: secf = %

e Cosecant: cosf = g

From the previous definition definitions, a relation can be found be-

tween trigonometric functions as follows:

e tan (9 _ sin 6
cos
1 _ cosf __ cscl
e cotf = tanf = sinf  secf
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—_

e sec =
cos

® cscl = —y

And since the equation of the circle center (0,0) and radius 7 is:

22 4 g2 = p2

“lx =rcosf|and |y =rsinf

= r2cos’ 0 + r?sin’ 6 = r?

= 72(cos? 0 + sin? ) = r?

—> |cos”f +sin*f = 1 (D)

Note: From the above equation, we can derive the following forms:

e If we divide eq.(1) by cos® = |1+ tan?f = sec” 0

o If we divide eq.(1) by sinf = |cot?# + 1 = csc®

Laws of Sum and Subtract two Angles:

Let A and B be any two angels, then:

o sin(A+ B) =sin Acos B + sin B cos A

e sin(A — B) =sin Acos B — sin B cos A
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e cos(A+ B) =cos Acos B — sin Asin B

e cos(A — B) = cos Acos B + sin Asin B

__ tanAFtan B
¢ tan(A + B) ~ l+tanAtan B

Note: Now, we can use the laws of sum and subtract two angles to

derive the following forms:

e sin(260) = sin(6 + ) = sinf cos O + sin 6 cos 6

—> |sin(260) = 2sinf cos b o (2)

e cos(260) = cos(f + 0) = cosf cos§ — sin 6 sin 0

— |c0s(26) = cos®§ — sin* 0 . (3)

Note: From eq.(1) and eq (3), we can derive the following:
e cq.(1) +eq. (3) = 2cos’f =1+ cos20

e cq.(1)-eq. (3) = 2sin?0 =1 — cos20

Remark: Trigonometric function are divided into two types (Odd

Functions and Even Functions) as follows:
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e Odd Functions: e Even Functions:
sin(—#) = —sin 6 cos(—#) = cos 6
tan(—0) = —tan 6 sec(—6) = sect
cot(—#) = — cot 0

csc(—0) = —csc b

Rules: sin 6, cos 8 and tan # for some standard angles:

6 0=2r| 3 | 37”
sin 6 0 110 -1
cosf 1 0 |-1 0
tan 6 0 oo | 0| —o0

0 5=230°] 7=45] 2 =60°
sin 6 % \/Li \/Tg
cosf \/73 \/Li %

1

tand 7 1 V3

Rules: The sin, cos#, and tan 6 take positive and negative signs

depends on the position in which quarter.
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Graphs of Trigonometric Functions:

1.y =sind
Domain := R
Range := [—1, 1]

Period := 27

2.y = cosf
Domain := R
Range := [—1, 1]

Period := 27

3.y =tanb
Domain := R\ {§ +nm:n=0,F1,...}
Range .= R

Period := 7
4.y =cot b

Domain := R\ {n7:n=0,F1,...}
Range .= R

Period := 7
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5.y =sech

Domain := R\ {§ +nm:n=0,F1,...

Range =R\ (—1,1)

Period := 27

6. y =csch
Domain := R\ {n7:n=0,F1,...}
Range .= R\ (—1,1)

Period := 27

Shifting Trigonometric Functions

Examples: Plot the following functions

(1) y = 2sind
" Dgng =R = Dognp =R

Rsmg = [—1, 1} — RQsiné’ = [_272]
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b
(2) y = cos 5

" Deosp =R = DCOSg =R
but, .- =27 < g < 27
— —4r <0 <A4nm

" Reosg = |—1, 1]

— R 4= [—1,—1]

COS D]

(3) y = [sinf)

Dsin«9 =R

(4) y = 5cos(20)

" Deosg =R

—> Dscos20) = R

but, " —2r <20 <21 = —w <0<

... RCOS = [_17 1] : R5COS(29) = [_57 5]
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Problems (5.1): Graph the following functions:

1. y =sin(})
2.y = cos(30)

3.y =1+sin(0)

4 y = 1—|—0025(20)

5.y = |sin(40)]

6. y = 2sin(0 + m)

Limits of Trigonometric Functions:

Theorems:
~sinf
1. /llim—— =1
0—0 0
~cosf —1
2. llm —— =0
6—0 6
proof: “Homework”
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tan
ant) _

Result: |lim
6—0 0

proof:

tan 6
0

sin 0
— hm cos 6
6—0 0

= lim (Sin
6—0

lim
6—0

)

)
o=
)

N—

Examples: Find the following limits?

o lim I
70 2T
. . . 1
lim S8 = Jipy L stz — L gy sine — 1g |2
z—0 2r z—0 2" x 2 x—0 L 2 2
e lim sin3t: 9
t—0 t
hm sin 3t — hm 3.sin 3t — 3 hm sin 3t _ 31 — 3
t—0 t t—0 3.t t—0 3t
° hm sin5z: 9
2—0 4z
) ) ) 5
lim sinoz __ lim §.sm5z — Q. lim sinoz __ §1 —|Z

e |lim x.sin %: ?

T—00
Lety=1 = =1
z Yy
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=00 = y—0

Hence, lim z.sin+ = lim +.siny = lim .22 =

T—00 T y=0Y y—0 Y

e lim l—cosx _9

20 2T

lim l—cosx __ lim —_1.cosx—1 — —_1 lim cosz—1 __ —_1 —

20 2T 70 2 r 27250 2 @
o lim 3tanf _ 9

60 20

: : , 3

lim —3%19 = lim %.tage = % lim tage = %.1 ==

6—0 6—0 0—0 2

Problems (5.2): Evaluate the following limits, if it exist?

3sin(bw)

1. lim =

w—0

2 lim sin(5x)

" 0 eos(5)

: ot
3. lg% tan(6t)

4 lim 5 0—cos
. 2
6—0 0

COS%
h—2

5. lim
h—2

6. lim (tan(QZ). csc(4z))

z—0

7 1lim 1—cos 6
6—0 62

8 hm —2tant
t—0 ot
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Differentiation of Trigonometric Functions:

Let u be a function of x, then:

2. L Cos(u)) = —sin(u). 2
3.4 tan(u)) = sec?(u). 4

o y = -
dy _ z.cosx—sinz.l __ zcosx—sinx
dr 2 o 2
_ 2
*Yy= cos(3t)
dy __ cos(3t).0—2.(—sin(3t).3) __ 6sin(3t)
dt cos?(3t) ~ cosZ(3t)
° _ 2
y = cot(z?)
W — _ csc?(22).22
dz
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o y = sec’(5x)

% = 2.sec(5z). sec(5x). tan(bx).5 = 10sec?(5x). tan(5x)

e y = sin(cos w)

c% = cos(cosw) — sinw.1 = cos(cosw) — sinw

Problems (5.3): Find the derivative of the following functions?

Loy = ()

2. y = 4cos*(—3w)

3.y = sin®(2) + cos?(2?)

4.y = /9x + cos(2x)

_ V2
0. Y= cos(3t)

6. y = 2°. sin(22? + 3)

7.y = (cos*(1+1t)+ vt +5)°

74/ sec(36)
62

8.y =

9.y = 2sin(%) — (z cos(2))?

z

10. y = sin(3t). cos(5t?)
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Implicit Differentiation of Trigonometric Functions:

Examples: Find y/ of the following functions?

e sin(2y) = y. cos(2x)
— x.c08(2y).2y +sin(2y).1 = y.(—sin(22)).2 + cos(2z).y
— x.c0o8(2y).2y — cos(2x).y = y.(—sin(2zx)).2 — sin(2y)

— (256. cos(2y) — cos(2x)> Yy = —2y.sin(2z) — sin(2y)
/ —2y.sin(2r) — sin(2y)
(2. cos(2y) — cos(2x))

:}y

o cot(zy)+ay =0
— —csc?(zy)(xy +y1)+ay +y=0

— —zosc(zy)y —yescX(zy) +ay +y =0

— ( — xesc?(zy) + a:) y =yescA(zy) —y
I yosc(ay)—y
— Y = —x csc(zy)+a
' y(esc?(zy)—1)
Y T D)D)
:>> y/ = —g
x
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Problems (5.4): Find 4 of the following functions?

H

cysina + wsiny = y?

2. sec’y +cscly = 4

3. y = tan(x + y)

4. y? = sin*(22) + cos*(27)
5. cos(z?y?) = x

2 coty
6.z y= 1+cscy

7. /Ty + cse(—xy) =y

9. y = tany + sec?(zy) + cot(z? + y?)

10. 2 = siny + sin(2y)
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Evaluating Limits of Trigonometric Functions using

L' Hopitals Rule:

Examples: Evaluate the following limits?

242z
° ili% sin(2z)
L R
lim £242z lim —2L+2
s sin(2z) T cos(2z).2
+1 fim(z+1) 0+1 _ 1
T x> _ I
o hH%) cos(2r) linbcos(Qa:) - cos(0) 1
T—
o lim cos(7) o
hoo h—2
1i cos(7) 'R .. —sin(%). h'oh_zﬂl
im —-—2 = lim =
h—2 h—2
T
:hm(—smﬂ_—”):—smﬂ———l_” —
* 2
h—2 (h) h (2) 4 4
e lim l—cosx __9
x—0 2
/
L s
lim 1=¢gs< lim (;mx)
r—0 7 x—0 z
. : 1
— lim 48— Ly sine Ly o
ZL’—>O2 z 2x—>0 L 2 2
1—sinf __
¢ QIEI}T I4cos(20)
: 1—sin @ _R —cosf
eh_l;I}_r I4cos(20) 91 z -25sin(26)
2
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!/
. LR
= 71 lim —cosf_ "=t L

: = —. lim

075 sin(26) 2 075
_ =17, sing _ —1 sin(j)
4 911_{% cos(20) 4 “cos(25

—sinf
2 cos(20)

;=

-1
1

1
_1_

=i

Problems (5.5):

1. Evaluate the following limits?

. 1— 2
(a) lim =75

1—cosd
(b) éﬂ% T g

: sect—cost
N

(d) lim i=csy
y—0 s y

2. Proof the following:

(a) lim sinfl —

9—>§

. sin(22)4722 22
(b) lim =y =7

(c) lim 2nlme) —
w—s—4 W —16

: z—1 _ 2
(d) xligl_F cotl(gx) 7
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CHAPTER SIX: The Inverse Trigonometric Functions

Suppose f be a one-to-one (i.e. 1-1) and onto function.
f:X—Y
o fisl-1 < x1# 1y = f(x1) # f(x29)
<O—_R> f(l’l) = f(JTQ) — I1 = X9
o fisonto < Vere X yeY sy= f(x)

o f: X —Y>y=f(r)

— LY —X32=f(y

(1) The Inverse of Sine Function:

Let y = sin(x)
sin(xz) : R — [—1,1]
We are going to define a new function which is inverse sine , and we

denote it by sin™! or arcsin.
8in Yy =sin” (sinz) = siny==x

Sy=sinr < z=sin"ly

sin(z) : [—5, =5 = [—1,1]
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++sin is 1-1 and onto, = Jsin~! 3

sin™! - —1,1] = [—g, —%]

Note: sin~!(x) # Sinl(x)

Remark: sin~! is an odd function.

(i.e., sin~ ! (—x) = — sin_l(x)>
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(2) The Inverse of Cosine Function:

Let y = cos(x)
cos(z) : R — [—1,1]
We are going to define a new function which is inverse cosine , and
we denote it by cos™! or arccos.
.cos ly =cos Hcosz) = cosTly=ux
LY =CosT & T =cos 1y
cos : [0, 7] = [—1, 1]
‘- cos is 1-1 and onto, = Jcos !
cos ! [~1,1] = [0, 7]
Degs-1 = [0, 7] = Reoss

Ficos_1 — [_L 1} = Deosa

Note: cos™!(z) # —

cos(x)
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1

Remark: cos™ is neither even nor odd function.

Note: cos™'(—z) = 7 — cos™}(x)

(3) The Inverse of Tangent Function:

Let y = tan(z)

tan(z) : R\ {z:z =5 +nmnel} — R
We are going to define a new function which is inverse cosine , and
we denote it by tan~! or arctan.

" tan~!

y =tan l(tanz) = tanly =u
Sy =tanr <— x = tan_ly
tan: (—5,5) — R
‘. tan is 1-1 and onto, = Jtan~! >
~1.
tan™" 'R — (=3, %)
Dijn-1 = R = Rian s

Rtan_1 - <_%7 %) = Dians
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Remark: tan~! is an odd function.

(i.e., tan ! (—z) = —tan_l(:c)>

The Derivative of Inverse trigonometric Functions:

Let u be a function of x, then:

1. %(Sin_l(u)) = \/ﬁ.g—;‘

—1 du

)

1 _ du
14+u? " dx

-1 du
1+u2 dx

)
sec_l(u)) = VAT do
)

lu|[vVu2—1"dz
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Examples: Find the derivatives of the following functions?

! _ —1 1,5
— g (t) = 1_(\/})2,2]5 2
o y=sin'v1-—+0
= 1 L1 /g)7 =lpF
Y \/1—( 1-v/0)? 31 \/5) 507
o f(2) = ot (52
oy — 1 (). (=) —(1-x).1
> f (.CU) - 1+(%_T_—£)2 (1+:C)2
o g(x) = sec H(¥ 1;”52)
1 2\ S
(1) = 1 rA(1422) T 20—VI+a2 1
:)> Q(CU) — |\/1:;LI2|\/(1—|;1:2)2_1. 5132

o y=rx.csc (1) +V1—2a?

— y =r.—A— 20 4 ese ()1 + L1 - 227, — 2

1 1 _
|17|Vx7 1
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Problems (6.1):

1. Find ¢/ of the following functions?

11
(a) y = sin —

(b) y = 0.(sin"*(0))? — 2z + 2¢/1 — O.sin"(0)
(c) y =t.cos™1(2t) — $3/1 — 42

(g) y = sin(tan™
(h) y = tan~!(3 tan 2z)
(i) y = sec™}(5x?)

. cot—1(36
() y = <25

2. Find y' of the following functions?

(a) zsiny + 2° = tan" 'y

(b) sin~!(zy) = cos™H(z + y)

-1 sinx __
(c) cos3y —cos™(y) — H:F =0
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Algebra of Inverse Trigonometric Functions:

Some properties for the inverse trigonometric functions:

o cot™!(z) = tan"'(1)

e sec”!(z) = cos™(2)

o csc(z) =sin~(2)

Examples: Evaluate the following:

1. cos(cos™H(3)) =7

)) = cos COS_l(%) — I(%) _ |2

DO —

. cos(cos

- —1 32\ _
2. sin(cos™" %) =7
Let o = cos™! g
— = cos ! 12

—= _L :E: ©
:>cosoz—\/§:>oz T 45
1

<. sin(cos 1 (¥2)) = sin(%) =

3. csc(sec1(2)) =7

Let o = sec™1(2)
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— a =sec !(2) =cosH(3) = cosa=35 = a=1

. esefsec™ (2) = ese(§) = by = 5 = %
4. cot(sin!(3)) =7

Let o = sin_lé

:>s1noz:%:>oz:27r—%

‘. cot(sin(3)) = cot(2m — £) = —cot £

e e S

5. cos(sin (%)) =7

Let a = sin™'(5%)

= cos(sin_l(%)) = cos(a) = &

6. cos(sin'(3) — tan " 1(3) =7
Let @ =sin™'(3) = sina = 3
Let 8 =tan™'(3) = tan 8 = 5

" cos(a — ) = cos(ar) cos(B) + sin(a) sin(3)

. cos(sin”!(3) — tan™'(3))

3
= cos(a — f3)
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= cos(a) cos(B) + sin(a) sin(pB)

Problems (6.2): Evaluate the following?

)

DO —

1. sec(cos™H(
2. cos(cot™1(1))
3. tan(sin~'(—3))

4. esc(sin™t (%))

V2

SN—

)

5. cos™(— sin(

ol

6. cos(cos™(3) — cot (1))
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Hyperbolic Functions:

1. sinh(z) = &5
2. cosh(z) = £~
3. tanh(x) = 22;—21

4. coth(z) = &

5. sech(x) = eaur%

6. csch(x) = e:c_ze—m
Remarks:

e tanh(z) = T

e coth(z) = tanlll(x) = Z?ﬁﬁg;

1

o sec(x) =

cosh(x)
o csc(r) = =
sinh(z)
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The Graph of Hyperbolic Functions:

1. y = sinh(xz)
Domain := R

Range .= R

2. y = cosh(z)
Domain := R

Range := [1, 00)

3. y = tanh(x)
Domain := R

Range := (—1,1)
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Some Facts about Hyperbolic Functions:

1. cosh?(x) — sinh(z) = 1
2. 1 — tanh*(x) = sech?(x)
3. coth?(z) — 1 = esch?(x)

4. cosh(—x) = cosh(x) “ Even Function”,
sinh(—x) = —sinh(z) “ Odd Function”,

tan(—z) = — tan(x)“ Odd Function”

5. cosh(z) + sinh(x) = e”,

cosh(x) — sinh(z) = ™

6. cosh(z + y) = cosh(x) cosh(y) + sinh(z) sinh(y),

sinh(z + y) = sinh(x) cosh(y) + cosh(z) sinh(y),

_ tanh(x)+tanh(y)
tanh(ﬂf + y) " 1—tanh(z) tanhé/y)

7. cosh?(z) = &(cosh(2z) + 1),

sinh*(z) = &(cosh(2z) — 1)

8. cosh(2z) = cosh?(z) + sinh?(x),

sinh(2x) = 2sinh(z) cosh(x)
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The Derivative of Hyperbolic Functions:

Let u be a function of x, then:

L. %(Siﬂh(”d)) = cosh(u).%

2. di(cosh ) = sinh(u). %

3. %(tcmh ) sech?(u). 2

4. %(cath ) —cschQ(u).g—Z

5. 4L (sech(u)) = —sech(u).tanh(u). 2
6. %(csch ) = —csch(u).coth(u).g—;

Examples: Find the derivatives of the following functions:

e sinh(3x)

— 4y = 3cosh(3x)

e y = cosh?(5x)

— y = 2cosh(5z). sinh(5z).5

e tanh(2z)

— = sech?(2z).2
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e y = coth(tan(x))

— y = —csch?(tan ). sec? x
o y = sech’x

— y = 3sech®(z).(—sech(x)tanh(z).1)
o y = 4desch()

— y’ = 4.(—csch(%)). Coth(ﬁ).i

Problems (6.3): Find 3/’ of the following:

l.y= COS};(@ 8. y = sinh*(3w)

2. y = €". cosh(w) 9. sin'(z) = sech(y)

3. y = tanh(*) 10. tan(z) = tanh?(y)

4.y = tanh_l(%) 11. sinh(y) = sec(x)

5. y = coth(3) 12. y? + w cosh y + sinh® z = 50

6. y = cosh®*(5z) — sinh®*(5z)  13. y = csch3(v/2x)

7. sinh(y) = tanh(x) 14. x = cosh(cos(y))
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