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CHAPTER ONE 

MATHEMATICAL LOGIC 

 المنطق الرياضياتي

ػٍُ إٌّطك ٘ٛ أؽذ فشٚع ػٍُ اٌش٠بم١بد اٌقشفخ ٚ٘ٛ ػٍُ ؽذ٠ش ٔغج١بً ، 

ٚلذ أخزد أ١ّ٘زٗ رزضا٠ذ ٠ِٛب ً ثؼذ ٠َٛ. ٠فُٙ ِٓ إعُ ٘زا اٌؼٍُ أٔٗ ٠ؾبسن اٌٍغبد فٟ 

ٚامؾخ ِزفك ػ١ٍٙب  ٚظبئفٙب ِٚذٌٛلارٙب ٚرؼج١شارٙب، فؼٍُ إٌّطك ٠شرىض ػٍٝ ِجبدٜء

ػب١ٌّب ً، ٌٚٗ سِٛص خبفخ ثٗ، ِٚٓ اٌغذ٠ش ثبٌزوش أْ وً ػٍُ أٚ ثبلاؽشٜ وً فشع 

ِٓ فشٚع اٌّؼشفخ ٌٗ أٌفبظ ِٚقطٍؾبد خبفخ ثٗ، إلا اْ ٘زٖ الاٌفبظ سثّب لا 

رغزخذَ فٟ ؽذ٠ضٕب ا١ٌِٟٛ، ٚلذ ٠غزخذَ ثؼنٙب ثّؼٕٝ ِمبسة ٌّب رؼ١ٕٗ فٟ ؽذ٠ضٕب 

زٍف ِؼٕب٘ب رّبِبً  ػٓ ِمقٛدٔب ٚرٌه سثّب ٠شعغ اٌٝ ػذَ ا١ٌِٟٛ، ٚفٟ ؽبلاد ٠خ

دلخ اٌزؼج١ش ػٕذٔب ١ٌٚظ ِؼٕبٖ لقٛسا ً فٟ اٌٍغخ اٌّغزخذِخ فٟ اٌزؼج١ش. ٌّٚب وبْ ٘زا 

الاثٙبَ غ١ش ِشغٛة ف١ٗ ٚثخبفخ فٟ اٌش٠بم١بد، فٍُ ٠زشن الاِش ٌلإعزٙبد فٟ 

ًّ ٚاػط١ذ ِؼبٟٔ إٌّطك اٌش٠بم١برٟ، ثً ارفك ػٍٝ سِٛص ٚ أدٚاد ٌشثو اٌغ

ِؾذدح رّبِب ً لارمجً اٌٍجظ ٚاٌغّٛك ٚ٘زا ٠مٛدٔب اٌٝ اٌمٛي ثبْ إٌّطك اٌش٠بم١برٟ 

ٌغخ ػ١ٍّخ ِزفك ػ١ٍٙب ث١ٓ اٌش٠بم١بر١١ٓ، ٚلاغٕٝ ٌٍش٠بم١بد ػٓ إٌّطك. 

فبٌش٠بم١بد رؾزبط اٌٝ رفى١ش ِٕطمٟ ٚلا ٠ىْٛ ثش٘بْ ف١غخ اٚ ِجشٕ٘خ س٠بم١بر١خ 

 ِب ٌُ ٠غزٕذ فٟ خطٛارٗ ػٍٝ عٍغٍخ ِٓ الافىبس ِشرجو ثؼنٙب  ًِضلا ً عٙلا ً ِٚمجٛلا

 ثجؼل.

 

 Statementsالعبارات )التقارير(:    
أْ اٌغًّ فٟ اٌٍغخ اٌؼشث١خ ِٕٙب ِبٟ٘ فؼ١ٍخ ِٕٚٙب ِبٟ٘ إع١ّخ ِٕٚٙب ِبٟ٘ 

 إعزفٙب١ِخ أٚ هٍج١خ...اٌخ. ٚفٟ إٌّطك اٌش٠بم١برٟ ٔمغُ اٌغًّ اٌٝ لغ١ّٓ ّ٘ب:

 عًّ خجش٠خ ٟٚ٘ اٌزٟ رؾًّ إ١ٌٕب خجشا ً ِب.    ( أ)

 عًّ غ١ش خجش٠خ )إٔؾبئ١خ( ٟٚ٘ اٌزٟ لا رؾًّ خجشا ً ِؼ١ٕب ً. ( ة)

 

Definition (1.1): 

        A statement is a declarative sentence which is either (True: 

T) or (False: F), but not both. We use the letters p, q, r, s, …, ect to 

denote a proposition. 
، ٚلا رىْٛ فبئجخ (False)ٚإِب خبهئخ  (True)وً عٍّخ رؾًّ خجشا ً ِب ٠ّٚىٓ اٌؾىُ ثأٔٙب إِب فبئجخ         

 .رقشٝش(اٗ ػجبسح )ٚخبهئخ فٟ آْ ٚاؽذ رغّٝ 

Definition (1.2): 

A statement which has truth news sentence is called true 

statement and a statement which has false news sentence is 

called false statement. 
 .ػجبسح خبغئخٚوً عٍّخ خجش٠خ خبهئخ رغّٝ  ػجبسح صبئجخوً عٍّخ خجش٠خ فبئجخ رغّٝ 
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Example (1.3): 
(1) The sun is rises from the east.        News sentence (truth statement). 

(2) Baghdad is the capital of Iraq.        News sentence (truth statement). 

(3) 17 < 14.                                              News sentence (false statement). 

(4) Wow, this grove is very beautiful.      Sentence is not news (Wonder).  

(5) Please Fawaz, be wishful doing a good.       News sentence. 

(6) 3 + x = 7, where x is an integer.                   News sentence. 

 (We can't judge it as true or false unless we know the value of the 

variable x). Statements from this type called (Propositional Functions). 

 

Negation of Statements:   
If we want to negation the statement "it's raining today", 

we will say "it doesn't rain today". If the statement that we want 

to negation it is true, then the negation statement will be false. 

So, contrariwise. 
ٚإرا  .إرا أسدٔب أْ ٕٔفٟ اٌؼجبسح "اٌغّبء رّطش ا١ٌَٛ" فإٕٔب ٔمٛي "اٌغّبء لا رّطش ا١ٌَٛ"نفي العبارة )التقرير(: 

 وبٔذ اٌؼجبسح اٌّشاد ٔف١ٙب فبئجخ فإْ ٔف١ٙب رىْٛ ػجبسح خبهئخ ٚاٌؼىظ ثبٌؼىظ.

Example (1.4): 

(1) 2+3=8.        false statement.        Negation:  2+3≠8.     true statement. 

(2) Baghdad is a capital of Iraq.    true statement.   Negation: Baghdad is 

not a capital of Iraq.    false statement. 

 

Often, we symbolized the statement as the letter of the alphabet to 

ease. In Example (1.4), if we symbol for the statement contained in 

paragraph (1) under the symbol "p", we will symbolize to the negation of 

this statement by "p" (read negation of p or not p). The two statements p 

and p are impossible to be true or false at the same time. We will use the 

letter T to symbolize the word (True) and the letter F to symbolize the 

word (False). Then, we will generate a table which is called the right 

table (truth table) that describes the p and p together as shown in the 

following table: 
( إرا سِضٔب ٌٍؼجبسح اٌٛاسدح فٟ 1.4ثؾشف ِٓ ؽشٚف اٌٙغبء ٌٍغٌٙٛخ ففٟ اٌّضبي )وض١شا ً ِب ٔشِض ٌؼجبسح ِب 

٠غزؾ١ً  P  ٚP( ٚؽ١ش اْ اٌؼجبسر١ٓ P)رمشأ ٔفٟ   Pفإٕٔب ٔشِض ٌٕفٟ ٘زٖ اٌؼجبسح ثبٌشِض  P( ثبٌشِض 1اٌفمشح )

٠شِض  Fٚاٌؾشف  (True)٠شِض ٌىٍّخ فبئت  Tاْ ٠ىٛٔب فبئجز١ٓ ِؼب ً أٚ خبهئز١ٓ ِؼب ً، فإٕٔب ٌٛ عؼٍٕب اٌؾشف 

ِؼب ً وّب  P  ٚP، لأِىٕٕب رى٠ٛٓ عذٚي ٠ذػٝ عذٚي اٌقٛاة )عذٚي اٌؾم١مخ( ٠قف (False)ٌىٍّخ خبهٝء 

 ٘ٛ ِٛمؼ فٟ اٌغذٚي ا٢رٟ:

 p p 

F T 

T F 

Table 1 
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 :ملاحظات
 ػٍٝ اٌزشر١ت. 0ٚ  1ثم١ّزٟ اٌقٛاة )أٚ اٌؾم١مخ( ٠ٚغزؼبك ػٓ وً ِّٕٙب أؽ١بٔب ً ثـ  T  ٚFرغّٝ  (1)

  P، أِب ل١ّخ فٛاة اٌؼجبسح Fأٚ اٌم١ّخ  Tفإٔٙب إِب أْ ربخز اٌم١ّخ  Pلاؽع أٔٗ ِّٙب وبٔذ اٌؼجبسح  (2)

 وّب أؽشٔب اٌٝ رٌه آٔفب ً. Pف١غت أْ رخبٌف ل١ّخ فٛاة 

Definition (1.5): 

A statement that carrying one news is called a simple 

statement (primitive), and if a statement carried two (or more 

than one) news then it is called compound statement. 

In other words, a proposition is said to be primitive 

statement, if it cannot be divided into simpler proposition. And 

a proposition is called compound statement, if it is compound 

of one or more primitive propositions using logical connective 

operators.  
 

Example (1.6): 

(1) Water freezes at zero degrees and boils at 100 degrees. (compound 

statement). 

(2) Nawaf studies mathematics or geograph          (compound statement). 

(3) If 3 + 1 = 4, then 6 +7 = 13.                         (compound statement). 

(4) Equilateral triangle abc if and only if it was Equiangular. (compound 

statement). 
 

Basic Logical Connective Operators: 

 There are some basic logical operators that connect simple 

propositions to produce composite proposition. These operators 

are: 

1. Conjunction operator (and): 

 Let p and q are two primitive propositions. The 

conjunction of p and q is denoted by "p  q" and read as "p and 

q". If both p and q are true, then p  q is true, otherwise p  q is 

false.   
 Below is the truth table for the conjunction of two propositions: 

 

p  q q p 

T T T 

F F T 

F T F 

F F F 

 

                                                    Table 2 
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Example (1.7): 
Assuming that p, q, s and t are respectively the following 

statements: 

2 + 2 = 4, the moon orbits around Mars, passing the Euphrates River in 

Iraq, 3 = 0. 

We find that p, r true statements, while q, t false statements. Thus 

by reference to the Table (2) conclude that: 

p  s is a true statement, but the p  q, p  t, q t, q  t, (p  t)  s 

are all false statements. 

 

2. Disjunction operator (or): 
 Let p and q are two primitive propositions. The disjunction of p 

and q is denoted by "p  q" and read as "p or q". We say that "p  q" is 

true when p is true or q is true or both are true. If both p and q are false, 

then p  q is false.  

 Below is the truth table for the disjunction of two propositions: 

 

p  q q p 

T T T 

T F T 

T T F 

F F F 

 

Table 3 

 

Example (1.8): 
(1 )  5 + 1 = 6 or 3×4 = 12.                                              correct statement. 

 (2 ) 9 an even number or 9 an odd number .                    correct statement. 

 (3 ) Riyadh, the capital of Syria or Delhi, the capital of Algeria. false 

statement. 

 

3. Conditional operator (If…then…): 
 Let p and q are two primitive propositions. The conditional 

statement "p → q" is the proposition "if p then q". The conditional 

statement "p → q" is false if p is true and q is false, otherwise "p → q" is 

true. 
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Below is the truth table for the conditional operator of two propositions: 

 

 

p → q q P 

T T T 

F F T 

T T F 

T F F 

Table 4 

 

Example (1.9): 
(1)   5 + 7 = 12  2 + 6 = 8      T 

(2)   5 + 7 = 11  2 + 6 = 8      T 

(3)   5 + 7 = 11  2 + 6 ≠ 8      T 

(4)   5 + 7 = 12  2 + 6 = 7      F 

 
4. Bi-conditional operator (if and only if): 
 Let p and q are two primitive propositions. The bi-conditional 

statement "p ↔ q" is the proposition "p if and only if q". The bi-

conditional statement "p ↔ q" is true when p and q have the same true 

value, otherwise "p ↔ q" is false. 

  

 Below is the truth table for the bi-conditional operator of two 

propositions: 

 

 

 

 

 

p↔ q q P 

T T T 

F F T 

F T F 

T F F 

Table 5 
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For that we set true table in terms of tables (2) and (4) as follows: 

 

A  B (A  B)  (B  A) B  A A  B B A 

T T T T T T 

F F T F F T 

F F F T T F 

T T T T F F 

Table 6 

Notes from the table (5) that the phrase A  B are truth when they 

are two statements A and B true together or false together. 

 

Example (1.10): 
(1) 5 + 3 =8  5 × 3 =15.                                                        T 

(2) Iraq is located in Europe,  5 + 3 = 8.                               F 

(3) 5×3 = 15  Fatima man's name.                                        F 

(4) Sanaa, the capital of Russia's  sugar tastes bitter.          T 

 

Definition (1.11): Logical Equivalence 
Two statements that have the same truth values are called logically 

equivalent. The notation p  q or p= q denotes that p and q are logically 

equivalent. 

 

Example (1.12): 
  (1) (p → q) ↔ (q→p)  (Table 6). 

  (2) p  p   p p  p    ( p) as in the following table. 

 

 
 

 
Table 7 

 

Theorem (1.13): De Morgan's Laws 
Let p and q are two statements, define the following logical 

equivalence: 
(A)  (p  q)  ( p)  ( q)    

(B)  (p  q)  ( p)  ( q) 

 

 

 

(p) p  p p  p p p P 

T T T F T T 

F F F T F F 
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Proof: 

 (A) Consider the following truth table for  (p  q) and ( p)  ( q) 

 

(p)  (q) (p  q) p q q p q P 

F F T F F T T 

T T F T F F T 

T T F F T T F 

T T F T T F F 

Table 8 

From columns sixth and seventh we see the equally of the right 

values and thus was required.  

(B) To prove it is required in the same way (A) (leave to the student). 
 

Note: 
We can prove the validity of paragraph (B) from Theorem (1.13) in 

another way as follows: 

Negation the right end of the relationship (B), we find that: 

 [(p)  (q)]  (p)   (q)     According to paragraph (A) of this Theorem. 

                           p  q                   Table (7) 

      [(p)  (q)]  p  q                          () 

 

By the negation of the relationship () we get the required proved 

which 

([(p)  (q)]  (p  q) 

Therefore; (p)  q)   (p  q) 

 

 

Theorem (1.14): 

If p and q are any two statements, then: p → q  (p  q). 

 

Proof: According from Definition (1.11) is enough to create 

table (9), in which we see that the fifth and sixth columns are 

equal in truth values so desired proved. 

(p   q) p  q p   q  q Q p 

T T F F T T 

F F T T F T 

         T T F F T F 

T T F T F F 

Table 9 
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Definition (1.15): 
A compound statement that is all it's values are true is called a 

logically truth. And it is logically false if all it's values are false. 

 

Example (1.16): 
(1)  A statement  p   p.                 logically truth. 

(2) A statement  p   p.                  logically false. 

Consider the following table;  

 

 
 
 

Table 10 

Note: 

Some statements may be not logically truth and not 

logically false, as in the phrases p → q, p ↔ q, for example. 

 

Definition (1.17): 

A statement p lead to a statement q, and represented that 

by symbol p  q, if the statement p → q is logically truth. As 

sometimes we say that p is the introduction and q is the result. 
 

Example (1.18): 

1) For any statement p, then p  p   p. Since, p → p   p 

is a logically truth statement. 

2) For any two statements p and q, then p  p  q. Since, the 

statement p → p  q is a logically truth statement. 

3) For any two statements p and q, then p q  p  q. Since, 

the statement pq → p  q is a logically truth statement. 

 

Notes: Let p and q are two statements; 
1) If p  q, then from the truth table for the compound statement 

p→q, we show that: 

          (A) The statement q is truth whenever the statement p is truth. 

          (B) The statement p is false whenever the statement q is false. 

2) If p  q we express it by saying that, if the statement p is true, then 

it is enough to lead that the statement q is true too). 

p  p p   p  p p 

F T F T 

F T T F 
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3) By the symbol p ⇏ q we mean that the statement p does not lead to 

the statement q. 

4) p  q does not have a correct table, since the symbol "" is not 

logical connective operator between the two statements p and q.  

 

Definition (1.19): 
Both statements p and q are lead to the other, in other 

words, the statement p is lead to the statement q and the 

statement q is lead to the statement p, and symbolized p  q, if 

the statement p ↔ q is logically truth. 

 

The symbol "" is not logical connective operator 

between the two statements p and q. Therefore, p q dose not 

have truth table. Sometimes we will express the symbol "" by 

saying "the necessary and sufficient condition". It also means 

equivalent to the word. And sometimes it can be used instead of 

the symbol "" as illustrated by the following example. 
 

Example (1.20): 

Let p and q are any two statements, then (p → q)  p 

q. 

Solution: Following is the truth table for the statement  (p → q) 

↔ p q; 

 

 

Table 11 

 

Note; from the above table the statement  

(p → q) ↔ p q is logically truth as shown in the 

seventh column. And since the truth values in columns fifth and 

sixth in that table are equal, which is consistent with the 

(p q)  (p q) (p→q) pq p→q  q q p 

T F F T F T T 

T T T F T F T 

T F F T F T F 

T F F T T F F 



 د.احَذ اثشإٌٞ                               ٕٞبمو ٍزقطؼخ      د.ٕبّٜ اىذاْٜٝ                    

11 

 

definition of parity, that is mean (p → q)  p q. we would 

consider that the symbols  or  have the same meaning. 

Here it should be noted that if it is not considered p  q 

accrued, we symbolized by the symbol p ⇎ q. 

 

Example (1.21): 

Verification the relationship between   x = 3  x
2
 = 9 or 

not, taking advantage of the comments received after the 

Example (1.18). 

 

Solution:  
(A) The first method: From our knowledge of mathematical. 

We know that if the statement x = 3 is true, then it is necessarily 

lead to that statement x
2
 = 9 is true, also. Since it cannot be x = 3 

while the x
2
  9. Thus, x = 3  x

2
 = 9 verification. 

 

(B) The second method: From our information also. We know 

that if the statement x
2
 = 9 is false, then the statement x = 3 be 

false, also. Which means that, x  3. Hence, x = 3  x
2
 = 9 is 

verification. 

 

Note: 

If we have one statement, then the number of possible 

truth values of that statement is two. And if we have two 

different statements, then the number of possible truth values of 

the two statements is four. And if we have three different 

statements, then the number of possible truth values is eight. 

That is lead that we can proof that, if we have n different 

statements, then the number of possible truth values equal to 2
n
 

that B(n) = 2
n
;   n ℕ. 

 ملاحظة:
إرا وبٔذ ٌذ٠ٕب ػجبسح ٚاؽذح فإْ ػذد ل١ُ فٛاثٙب اٌّّىٕخ إصٕبْ، ٚإرا وبٔذ ٌذ٠ٕب ػجبسربْ ِخزٍفزبْ فإْ ػذد         

ل١ُ فٛاثّٙب اٌّّىٕخ أسثغ، ٚإرا وبٔذ ٌذ٠ٕب صلاس ػجبساد ِخزٍفخ فإْ ػذد ل١ُ فٛاثٙب اٌّّىٕخ صّبْ، ٘زا ٠ّٚىٓ 

2ّخزٍفخ فإْ ػذد ل١ُ فٛاثٙب اٌّّىٕخ ٠غبٚٞ ِٓ اٌؼجبساد اٌ nاٌجش٘بْ أٔٗ إرا وبْ ٌذ٠ٕب 
n

B(n) = 2 أٞ أْ 
n
;   

n ℕ 
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Theorem (1.22): 
Consider the statements p, q and r. Then;   

(1)   p  p  p   as well as   p  p  p. 

)2)  p q  q p as well as p q  q p  (substitution property) 

(3)  (pq) r  p (qr)  as well as  (pq) r  p (qr)  

property (respectively) the merger. 

(4)   p (q  r)  (p  q)  (p  r)   distribution of property. 

       p  (q  r)  (p  q)  (p  r)   distribution of property. 

 

proof: We will prove that "" is distributed on "", (leaving the 

rest of the proofs on the health properties mentioned in the 

theorem on the student) for that creating the following table and 

conclude that it's health is required, as shown in the two 

columns seventh and eighth. 
  

(pq)(pr) p (q r) qr pr pq r q p 

T T T T T T T T 

T T T F T F T T 

T T T T F T F T 

F F F F F F F T 

F F T F F T T F 

F F T F F F T F 

F F T F F T F F 

F F F F F F F F 

 

Table 12 
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Exercises 

 

1)  If p representation for the statement "the rain came down" 

and q representation for the statement "the ground is grow". 

Write the verbal translator for each of the following: 

     (a) p  q           (b) p  q             (c) p  q           (d) p  q 

     (e) q ↔  p         (f) p                   (g) p   q 

 

2) If p and q are two statements proving that: 

p q  (p)  q  (p  q)  q  p 

 

3) Proved that the following statements truth logically: 

     (a) p  p  p           (b) p  p  q         (c) p  q  p       

     (d) p  q  q  p     (e) [(p q)(qr)]  (p  r) 

 

4) Prove that the following statement is not truth logically and 

not false logically  

    p  p  q. 

 

5) If p, q and r are three statements imposed, prove that: 

      p  (q  r)  (p  q)  (p  r) 
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CHAPTER TWO 

SET THEORY 

 ّظشٝخ اىَجَ٘ػبد

إْ "اٌّغّٛػةةخ" ٘ةةٟ وٍّةةخ ِأٌٛفةةخ ٌةةذ٠ٕب ٔغةةزخذِٙب دائّةةب ً فةةٟ ؽ١برٕةةب ا١ِٛ١ٌةةخ،         

ٌٚىٓ ٠غزؾ١ً رؼش٠فٙةب رؼش٠فةبً  دل١مةبً . ٚسثّةب ٠ىةْٛ أؽغةٓ ِةب ٔمةٛي ػٕٙةب إٔٙةب ِفٙةَٛ 

ؽةةةةأٔٙب ؽةةةةأْ إٌمطةةةةخ، ٚاٌّغةةةةزم١ُ  (Mathematical Concept)  س٠بمةةةة١برٟ

ٚاٌّغزٛٞ،....أٚي ِٓ اعزخذَ ٔظش٠خ اٌّغّٛػبد ٘ةٛ اٌؼةبٌُ الأٌّةبٟٔ عةٛسط وةبٔزٛس 

(1845 – 1918 .)َ 

ٌٍّٚغّٛػبد ٌغخ ٚ سِٛص خبفةخ ثٙةب ٚرؼةذ فةٟ ؽم١مةخ الاِةش أعبعةب ً ِٕٚطٍمةب ً ٌىض١ةش 

اٌش٠بمةة١بد ِةةٓ فةةشٚع اٌش٠بمةة١بد اٌّخزٍفةةخ، فٙةةٟ ٚعةة١ٍخ ٔبعؾةةخ عةةذا ً ٌزٛؽ١ةةذ ٌغةةخ 

ٚاػزجبس٘ةب ٚؽةةذح ِزّبعةىخ. ٚرزىةةْٛ اٌّغّٛػةةخ ِةٓ أؽةة١بء ِزّةب٠ضح، ٠ٚغةةت أْ رزؾةةذد 

اٌّغّٛػةةخ رؾذ٠ةةذا ً دل١مةةب ً لا ٠مجةةً اٌٍةةجظ، ٔؼٕةةٟ ثةةزٌه إٔٔةةب إرا اػط١ٕةةب ؽةة١ئب ً ِةةب فإٕٔةةب 

 ٔغزط١غ اٌؾىُ ِب إرا وبْ ٘زا اٌؾٟء ٠ٕزّٟ اٌٝ اٌّغّٛػخ اٌّفشٚمخ أَ لا.

 

Definition 2.1:  

A set is an unordered collection of objects. The objects are 

called the elements or members of the set. 
 اٌّغّٛػخ ٟ٘ رغّغ ِٓ الاؽ١بء اٌّؼشٚفخ ثذْٚ رشر١ت ٚاٌزٟ رغّٝ ثبٌؼٕبفش اٚ اػنبء رٕزّٟ ٌٍّغّٛػخ. 

NOTE: 

1. The capital letters usually used to represents sets such as A, 

B, C, …, etc. 

2. The small letters such as a, b, c, …, etc are used to represents 

the members or the elements of the set. 

3. Membership in a set is denoted as follows: a ∈ A denotes 

that a belong to a set A. 

4. Non-membership to a set is denoted as follows: a ∉𝑨 

denotes that a does not belong to a set A. 

 

Specifying a Set:                                         هشق اٌزؼج١ش ػٓ اٌّغّٛػخ  

1. Listing members of a set:  اىطشٝقخ اىجذٗىٞخ 

In this way, we list all non-repeated members of a set 

separated by commas and contained in braces { }. The members 

are not in an order. 
 غشٝقخ اىحصش

ٚ٘ةةزٖ اٌطش٠مةةخ ػجةةبسح ػةةٓ وزبثةةخ ػٕبفةةش اٌّغّٛػةةخ ثةة١ٓ لٛعةة١ٓ ِةةٓ إٌةةٛع   ، ػٍةةٝ أْ رٛمةةغ فٛافةةً         

 ؼٕبفش ٘زٖ.)فٛاسص( ث١ٓ اٌؼٕبفش، ٚلا أ١ّ٘خ ٌزشر١ت اٌ
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Example 2.2: 

1. A= {1, 2, -5, 9}, 𝐵= {𝑥, 𝑦, Ali, fish}, 𝐶= {𝑦1, 𝑦2, 𝑦3} are sets. 

2. The set of vowel letters in English: 𝑉= {𝑎, e, i, 𝑜, 𝑢}. 

3. The set of even positive numbers less than 5 is: 𝑊= {0, 2, 4}. 

4. The set of positive numbers less than 50 is: 𝐾= {1, 2, …, 49}. 

 

2. Listing a set property: اعزخذاَ اٌقفخ ا١ٌّّضح ٌٍّغّٛػخ                   

In this way, we state the property that characterize the 

elements in a set in as follows: {x: p(x)}, where x is a variable 

and p(x) is an open sentence. 
ٚ٘زٖ اٌطش٠مخ وض١شاً  ِب رغةزخذَ ثٛاعةطخ رؾم١ةك ٘ةزا اٌؼٕقةش ٌٍقةفخ )أٚ اٌقةفبد( ا١ٌّّةضح اٌزةٟ ٠غةت أْ         

 ٠زّزغ ثٙب ػٕقش فٟ ٘زٖ اٌّغّٛػخ ٚػٕذ٘ب ٔىزت اٌّغّٛػخ ػٍٝ اٌقٛسح الار١خ:

   S = {x  P(x)}     ٚأS = {x:P(x)} 

رؼٕةٟ ػجةبسح أٚ عٍّةخ ِفزٛؽةخ رؾمةك خبفة١خ  S  ٚP(x)ػٕقش إخز١بسٞ ِٓ ػٕبفش اٌّغّٛػخ ( ِزغ١ش) xؽ١ش 

 (.xأٚ خٛاؿ ِؼ١ٕخ )ٚ٘زا ِب ٔؼٕٟ ثٗ اٌقفخ أٚ اٌقفبد ا١ٌّّضح ٌٍؼٕقش 

Example 2.3: 

A={𝑥: 𝑥∈𝑄}. 

B={𝑥: 𝑥 𝑖𝑠 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑜𝑑𝑑 𝑎𝑛𝑑 𝑥 <10}={1, 3, 5, 7, 9}. 

C={𝑥∈𝑁: 1≤𝑥≤5}={1, 2, 3, 4, 5}. 

 

Definition 2.4: Empty Set                                     اٌّغّٛػخ اٌخب١ٌخ 

The set that contains no elements is called an empty set 

and is denoted by { } or ∅. 

 

Example 2.5:  

1.  𝐴={𝑥∈𝑁: 2< 𝑥< 3}=∅ 

2.  𝐵={𝑥∈𝐸: 𝑥2 =1} = ∅ 

3.  𝐶= {𝑥∈𝑁: 𝑥< 0}={ }         

 

  If S be any set then, we will denote to it's number of 

elements byS.  
 .Sِغّٛػخ ِب فغٕشِض ٌؼذد ػٕبفش٘ب ثبٌشِض  Sإرا وبٔذ 

 

Definition 2.6: If S <  then, we said that S is finite set, 

otherwise S is called Infinite Set. 
 

Example 2.7:  

1. 𝐴={a, b, c,…, z} is finite set. 

2.  N={1, 2, 3, ….} is an infinite set. 
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Quantifiers اىَغ٘ساد                                                                    

Quantifiers are open sentences written in a special way.  

 

There are two types of quantifiers: 

 

1. Universal quantifiers                                ًاٌؼجبسح اٌّغٛسح و١ٍب 

2. Existential quantifiers                             ًاٌؼجبسح اٌّغٛسح عضئ١ب 

 

1. Universal quantifiers:  

Let p(x) be an open sentence on a set A. The notation ‘‘∀ 

𝑥∈ 𝐴: p(𝑥)’’ denote the universal quantification ٍٟرغ٠ٛش و" " of 

𝑝(𝑥) and it reads as: ‘‘for all 𝑥∈ 𝐴: p(𝑥)’’ or ‘‘for every 𝑥∈ 𝐴: 

p(𝑥)’’ or ‘‘for each 𝑥∈ 𝐴: p(𝑥)’’. The symbol ∀ is called 

universal quantifie "ِغٛسا" و١ٍب. The set 𝐴 is called domain 

 .اٌّغبي

 

:2.8 Example 

Let N be the set of all natural numbers, p(𝑥): 𝑥+2>1 such 
that x N. This statement is truth for each x N, and written as: 

  x N : x + 2 > 1.   
. إْ ٘ةزٖ اٌؼجةبسح فةبئجخ x  Nؽ١ةش  x + 2 > 1٘ةٟ  P(x)ِغّٛػةخ الاػةذاد اٌطج١ؼ١ةخ ٌٚةزىٓ اٌؼجةبسح  Nٌةزىٓ 

   x N : x + 2 > 1 .ٚٔؼجش ػٓ رٌه ثبٌقٛسح Nفٟ  xدِٚب ً ِّٙب وبٔذ 

 

: 2.9 Example 

Find the truth value of the following open sentence: 

∀ 𝑥∈𝑅: 𝑥+1>𝑥.  

Let 𝐴=𝑅. Since the statement p(𝑥): 𝑥+1>𝑥 is true for all 𝑥∈𝑅, 

the quantification ∀ 𝑥∈𝑅; 𝑥+1>𝑥 is true. 

 

2. Existential quantifiers: 

Let p(x) be an open sentence on a set A. The notation ‘‘∃ 

𝑥∈𝐴, p(𝑥)’’ denote the existential quantification"ٜرغ٘ٝشجضئ "   

of p(x) and it read as: ‘‘there exists x; p(x)’’ or ‘‘there is 𝑥; 

𝑝(𝑥)’’ or ‘‘some 𝑥; 𝑝(𝑥)’’. The symbol ∃ is called existential 

quantifier "ِغٛسا" عضئ١ب. The set 𝐴 is called domain اٌّغبي. 

 

Example 2.10: There exists seasons in Iraq do not have rain. 
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Example 2.11: Let N be the set of all natural numbers, p(𝑥): 

𝑥+4 < 6 ,then there exists x N such that the statement 𝑝(𝑥) is 

truth , and written as : x  N : x + 4 < 6. 

 

Remark 2.12:  

1. The existential quantifier p(𝑥) on a domain 𝐴 is true if and 

only if there exists one element at least satisfy the statement 

p(𝑥). 
  .ٕقش ٚاؽذ ػٍٝ الالً ٠ؾمك اٌؼجبسحرىْٛ فؾ١ؾخ ارا ٚعذ ػاٌؼجبسح اٌّغٛسح عضئ١بً 

 

2. The existential quantifier p(𝑥) on a domain 𝐴 is false if and 

only if there is no element satisfy the statement p(𝑥). 

   .رىْٛ خبهئخ ارا ٌُ ٠ىٓ ٕ٘بن ػٕقش ٠ؾمك اٌؼجبسح اٌؼجبسح اٌّغٛسح عضئ١بً    

 

De Morgan’s law for the existential quantifier: 
  لبْٔٛ دٞ ِٛسوبْ ٌٍؼلالخ ث١ٓ اٌزغ٠ٛش اٌغضئٟ ٚاٌىٍٟ 

~ [∃ 𝑥∈𝐴; 𝑝(𝑥)]= ∀𝑥∈𝐴; ~ 𝑝(𝑥).  

 

Example 2.13: Let E be the set of all even numbers, and R be 

the set of all real numbers. 

1. ~[∃𝑥∈𝐸; 𝑥+2∉𝐸]= ∀𝑥∈𝐸; 𝑥+2∈𝐸. 
2. [xR: x +1> x]   xR:  (x+1> x)   xR: x + 1  x.     

          
 ملاحظات:

 . x  S : P(x)ٔفٟ اٌؼجبسح    (1)

، ٚ٘زا ٠ؼٕٟ أٔةٗ [xS:P(x)]خبهئخ، فإٕٔب ٔؼجش ػٓ رٌه ثبٌقٛسح  " x S : P(x)"إرا وبٔذ اٌؼجبسح      

 ػجبسح خبهئخ ٚ٘زا اٌزؼج١ش ٠ّىٓ أْ ٔزشعّٗ سِض٠ب ً ثبٌؾىً P(x)ثؾ١ش أْ  ٠x  Sٛعذ ػٍٝ الالً 

   x  S :  P(x)  :ْأٞ أ 

  .[ x  S : P(x)]   x  S :  P(x) 

 

 . x  S : P(x)ٔفٟ اٌؼجبسح    (2)

، ٚ٘ةزا ٠ؼٕةٟ أٔةٗ [xS:P(x)]خبهئخ، فإٕٔب ٔؼجش ػٓ رٌه ثبٌقٛسح  " x S : P(x)"إرا وبٔذ اٌؼجبسح      

ػجةبسح  P(x)فةإْ  x  Sػجبسح فبئجخ. ٚثّؼٕٝ آخش فإٔٗ ِّٙب ٠ىٓ  P(x)ثؾ١ش أْ  x Sلا ٠ٛعذ ػٍٝ الاهلاق 

 أٞ أْ:   x  S :  P(x)خبهئخ، ٚ٘زا اٌزؼج١ش ٠ّىٓ أْ ٔزشعّٗ سِض٠ب ً ثبٌؾىً                  

[ x  S : P(x)]   x  S :  P(x). 
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Subsets          اٌّغّٛػبد اٌغضئ١خ 

 

Definition 2.14: The set 𝐴 is a subset of a set 𝐵 (simply, 𝐴⊆𝐵) 

if and only if every element of 𝐴 is an element of 𝐵. In other 

words, (A⊆ 𝐵 iff ∀ 𝑥; 𝑥∈𝐴 ⇒𝑥∈𝐵). 

If 𝐴 is not a subset of 𝐵 then it is denoted by𝐴⊈𝐵, (𝐴⊈𝐵 if 

and only if ~[∀ 𝑥; 𝑥∈𝐴 ⇒𝑥∈𝐵] if and only if ∃𝑥; 𝑥∈𝐴 ∧ x ∉ B). 

 A set A is said to be proper subset of B (simply, 𝐴 𝐵) 

whenever 𝐴⊆𝐵 and 𝐴⊈𝐵. 

Example 2.15: Consider the sets A= {2}, B= {1, 2, 3} and C = 

{4, 5} and D= {-2, 1, 2, 3, 4, 5}. Then 𝐴⊆𝐵, 𝐴⊆𝐷, 𝐵⊆𝐷 𝑎𝑛𝑑 

𝐶⊆𝐷. It is true that 𝐴⊆A, 𝐵⊆𝐵, 𝐶⊆𝐶 and 𝐷⊆𝐷. 

 

Example 2.16: Let A= {4, 9} and 𝐵={𝑥∈𝑁: 1<𝑥<10}. 

Determine whether 𝐴⊆𝐵 or𝐵⊆𝐴. 

Solution: The set B be can be written as B={2,…,9}. Then 

∀𝑥, 𝑥∈𝐴 ⇒𝑥∈𝐵. Hence, 𝐴⊆𝐵. But 𝐵⊈𝐴 because, for example, 

∃𝑥=5∈𝐵 ∧ 5 ∉ A. 

 

Example 2.17: Let A= {𝑥∈𝑁: 𝑥>3} and 𝐵={𝑥∈𝑁: 𝑥2
>4}. Is 

𝐴⊆𝐵? Is 𝐵⊆𝐴? 

Solution: Let 𝑥∈𝐴⇒ 𝑥∈𝑁 𝑎𝑛𝑑 𝑥>3⇒ 𝑥2
>9 

⇒ 𝑥2
>4 ⇒ 𝑥∈𝐵. 

Therefore, 𝐴⊆𝐵. 

 

But 𝐵⊈𝐴, since ∃ 𝑥= 3∈ 𝐵 ∧ 3∉ A. 

 

Theorem 2.18: Let 𝐴, B and 𝐶 are any sets, then 

1. ∅⊆𝐴. 

2. 𝐴⊆𝐴. 
3. If 𝐴⊆𝐵 and 𝐵⊆𝐶 then 𝐴⊆𝐶. 

Proof 1: To prove ∅⊆𝐴, we must prove that the statement 
∀𝑥∈∅ ⇒x∈ A is truth. Since, F ⇒( T ˅ F) = T, then 

∅⊆𝐴. 

2: To prove 𝐴⊆𝐴, we must prove that the statement 
∀𝑥∈𝐴⇒x∈A is truth. Since, T ⇒T=T, then 𝐴⊆𝐴. 



 د.احَذ اثشإٌٞ                               ٕٞبمو ٍزقطؼخ      د.ٕبّٜ اىذاْٜٝ                    

18 

 

3:  To prove, if 𝐴⊆𝐵 and 𝐵⊆𝐶 then 𝐴⊆𝐶, we must prove that 

∀𝑥∈𝐴 ⇒x∈C. 

Since 𝑥∈𝐴 and 𝐴⊆𝐵 ⇒ x∈ B. 

So, 𝐵⊆ 𝐶 and 𝑥∈ 𝐵 ⇒ x∈ C. 

Hence, ∀ 𝑥∈ 𝐴⇒ x∈ B⇒ x∈ C 

        Therefore, ∀𝑥∈ 𝐴 ⇒ x∈ C and 𝐴⊆ 𝐶. 
 

Definition 2.19: Proper Subset                     اٌغضئ١خ اٌفؼ١ٍخاٌّغّٛػخ  

A set A is called a proper subset of B and denoted by 

(𝐴⊂𝐵) if and only if 𝐴⊆𝐵 and there exist an element x∈ B such 

that is x∉ 𝐴. 

i.e., 𝐴⊂𝐵 iff {∀𝑥∈𝐴 ⇒ x∈B} ∧{∃y:y∈B ∧y∉ 𝐴}. 
 

Example 2.20: Let 𝐴={𝑥∈𝑁: 𝑥2
-160}and 𝐵 ={𝑥∈𝑁: 𝑥2

-16=0}. 

Determine if 𝐴⊂𝐵 or 𝐵⊂𝐴. 

Solution: 𝐴={1, 2, 3, 4} and 𝐵={4}. It is clear that 𝐵⊂𝐴, since 

𝐵⊆𝐴 and ∃y=1∈A ∧ 1∉ 𝐵. 

 

Example 2.21: (H. W.): Let 𝐴={fish, dog, bird}, 𝐵 ={𝑥,𝑦,𝑧,𝑤}. 

Determine if 𝐴⊂𝐵 𝑜𝑟 𝐵⊂𝐴. 

 

Example 2.22: (H. W.): Let 𝐴={𝑥∈𝑍: -2≤ 𝑥≤ 10 }  
and 𝐵={𝑥∈𝑍: 𝑥2

 +9=0} 

Determine if 𝐴⊂𝐵 𝑜𝑟 𝐵⊂𝐴. 

 

Definition 2.23: Equal Sets                             اٌّغّٛػبد اٌّزغب٠ٚخ 

Two sets A and B are equal if they both have the same 

elements or, equivalently, if each is contained in the other.  

i.e. 𝐴=𝐵 𝑖𝑓𝑓 𝐴⊆𝐵 ∧ B⊆𝐴 

↔ { ∀𝑥: 𝑥∈𝐴→𝑥∈𝐵} ∧ { ∀𝑥: 𝑥∈𝐵→𝑥∈𝐴}  

↔ { ∀𝑥: 𝑥∈𝐴↔𝑥∈𝐵}. 
 ارا وبْ ٌىً ِّٕٙب ٔفظ اٌؼٕبفش.  Bأٙب رغبٚٞ اٌّغّٛػخ  ٠Aمبي ٌٍّغّٛػخ 

 

Example 2.24: Let A be the set which elements is the numbers 

of 6125, and B be the set which elements is the numbers of 

1652, then A = {6, 1, 2, 5} and B = {1, 6, 5, 2}. It
 
is

 
clear that A 

 B and B  A, so A = B. 
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Corollary 2.25: The empty set ∅ is unique.  
 وحيدة.  ∅اٌّغّٛػخ اٌخب١ٌخ 

Proof: Let ∅1 be an empty set such that ∅  ∅1, 

1. ∅  ∅1    "by Theorem 2.18". 

2.  ∅1 ∅    "by Theorem 2.18". 

So, "by Definition 2.27", we get ∅= ∅1.  

 

Exercises 
 

1. If A = {0, 1, 2, 3, 4} then, findS in the flowing: 

 

a) S = {x: (x A)  (2x – 4 = 0)}. 

b) S = {x: (x A)  (2x > 4)}. 

c) S = {x: (x A)  (x + 1 > 0)}. 

d) S = {x: (x A)  (x
2
 = 0)}. 

e) S = {x: (x A)  (x
2
 – x = 0)}. 

f) S = {x: (x  A)  (2x + 1  0)}. 

 

2. Write the following sets by using Listing a set property: 

a) S = {4, 5, 6, 7, 8, 9}. 

b) S = {1, 4, 9, 16, 25}. 

c) S = {3, 6, 9, 12, …}. 

 

3. Let 𝑝(𝑥):  x ℕ: x + 5  11, then find S1 and S2 such that S1 

make 𝑝(𝑥) be true for every elements in it and S2 make 𝑝(𝑥) 

be false for every elements in it, where ℕ is the set of all 

natural numbers. So, find S1 and S2. 
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Definition 2.26: Power Set ِغّٛػخ اٌمٜٛ أٚ ِغّٛػخ الاعضاء            

Given a set 𝑋, the power set of 𝑿 is the set of all subsets of 

𝑋. The power set of 𝑋 is denoted by P(𝑋). 

P(𝑋)= {𝐴: 𝐴⊆ 𝑋} and 𝐴∈𝑃(𝑋)⟺𝐴⊆𝑋. 
 . 𝑃(𝑋)أٙب ِغّٛػخ اٌمٜٛ ٠ٚشِض ٌٙب ثبٌشِض  Xِغّٛػخ ٠مبي ٌّغّٛػخ وً اٌّغّٛػبد اٌغضئ١خ ِٓ  Xٌزىٓ 

 

Example 2.27: Find P(𝑋) for the following sets 𝑋: 

1. 𝑋={1,2,𝑎}, 𝑃(𝑋)={∅, 𝑋, {1}, {2}, {𝑎}, {1,2}, {1,𝑎}, {2,𝑎}}. 

2. 𝑋={∅}, 𝑃(𝑋)={∅, 𝑋}. 

3. 𝑋={{−2}, 3}, 𝑃(𝑋)={∅, 𝑋, {{−2}}, {3}}. 
 ملاحظات:

، فةٟ S  P(S),…,{a},∅٘ةٟ ِغّٛػةبد أٞ أْ   ٜلاؽةع أ ْ ػٕبفةش ِغّٛػةخ اٌمةٛ (1) 

 .S  S,…,{a},∅ؽ١ٓ أْ 

 

 وّب ٠ٍٟ: Xٌّغّٛػخ ِب  ٜ( ٔغزط١غ أْ ٔؼشف ِغّٛػخ اٌم1ِٛٓ اٌّلاؽظخ )  (2)

P(X) = {A : A  X} 

 

 

Set's Algebra 
 

1. Union                                                                             الارحبد 

The union of the sets 𝐴 and 𝐵, denoted by 𝑨∪𝑩, is the set of 

elements which belong to 𝐴 or to 𝐵. 
 . Bاٚ  A ٟ٘ ِغّٛػخ اٌؼٕبفش اٌزٟ رٕزّٟ اٌٝ  A  ٚBارؾبد اٌّغّٛػز١ٓ 

 

𝐴∪𝐵={𝑥: 𝑥∈𝐴 v 𝑥∈𝐵}. 

𝑥∈𝐴∪𝐵 ⟺ 𝑥∈𝐴 ∨ 𝑥∈𝐵.  

𝑥∉𝐴∪𝐵 ⟺ 𝑥∉𝐴 ∧ 𝑥∉𝐵. 

 .A 𝐴∪𝐵  ٚ B 𝐴∪𝐵لاؽع اْ 

 

Example 2.28: Let 𝐴={𝑥∈𝑁:1≤ 𝑥≤ 5}= {1, 2, 3, 4, 5} and  

𝐵={𝑥∈𝑁:8≤ 𝑥≤ 12}={8, 9, 10, 11, 12}. 

Find 𝐴∪𝐵, B∪𝐴, 𝐴∪𝐴 𝑎𝑛𝑑 𝐵∪∅. 

Solution: 𝐴∪𝐵=𝐵∪𝐴={1, 2, 3, 4, 5, 8, 9, 10, 11, 12}. 

                  𝐴∪𝐴=𝐴. 

                 𝐵∪∅=𝐵. 

 

 



 د.احَذ اثشإٌٞ                               ٕٞبمو ٍزقطؼخ      د.ٕبّٜ اىذاْٜٝ                    

21 

 

Example 2.29: Let 𝐴= {𝑥∈𝑅: -2≤ 𝑥 ≤ 5} = [-2, 5], 

𝐵= {𝑥∈𝐸: 𝑥2
−16=0} = {4,−4}. 

𝐶= {1, 4} 

Find 𝐴∪(𝐵∪𝐶), (𝐴∪𝐵)∪𝐶, 𝑃(𝐵), 𝑃(𝐶), 𝑃(𝐵∪𝐶). 

 

Definition 2.30: Generalization of the union        رؼ١ُّ الارؾبد 

  

Let A1, A2, …, A𝑛 be any sets. Then: 

 
n

i 1 2 n
i 1

1 2 n

i

A A A ... A

{ : ( A ) ( A ) ... ( A )

{ : i : A ; 1 i n}


    

      

    

x x x x

x x

 

 

2. Intersection:                                                                    اٌزمبهغ 

The intersection of the sets 𝐴 and 𝐵, denoted by 𝑨∩𝑩, is the 

set of elements which belong to both 𝐴 and 𝐵. 
 . ِؼبً  A  ٚB ٟ٘ ِغّٛػخ اٌؼٕبفش اٌزٟ رٕزّٟ اٌٝ  A  ٚBرمبهغ اٌّغّٛػز١ٓ 

 

𝐴∩𝐵= {𝑥: 𝑥∈𝐴 ∧ x∈ B}. 

𝑥∈𝐴∩𝐵 ⟺ 𝑥∈𝐴 ∧ x∈ B. 

𝑥∉𝐴∩𝐵 ⟺ 𝑥∉𝐴 ∨ x∉ B. 

 

Example 2.31: Let S = {1, 2, 3, 4} and T = {-1, 2, -3, 4}.  

Then S ∩T = {2, 4}. 

 

ِىٛٔةخ ِةٓ ع١ّةغ اٌؼٕبفةش  S∩ T. إْ ٘زا ٠ؼٕٟ أْ S∩ T  Tٚاْ     S∩ T  Sلاؽع اْ 

 .S ٚ T اٌّؾزشوخ ث١ٓ 

 

Definition 2.32: Generalization of the intersection 

Let A1, A2, …, An be any sets. Then: 

⋂   
    𝐴1∩ 𝐴2∩…∩𝐴𝑛 = {𝑥: 𝑥∈𝐴𝑖 ∀𝑖=1, 2, …, 𝑛}. 

 
 ٍلاحظخ:

 وبْ ارا فموٚإرا  disconnected)إّٔٙب ِٕفقٍزبْ ) ٠A  ٚBمبي ػٓ ِغّٛػز١ٓ         

           A ∩ B = . 
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Definition 2.33: Universal Set   اٌى١ٍخ اٌّغّٛػخ اٌؾبٍِخ()       

Universal set R is the set that contains all the elements or 

all the sets we have under discussion. 

Then for every set Si then, Si  R and
 

n

i
i 1

S R

  .  

 اٌّغّٛػخ اٌؾبٍِخ ٟ٘ اٌّغّٛػخ اٌزٟ رؾزٛٞ ع١ّغ اٌؼٕبفش اٚ اٌّغّٛػبد ل١ذ إٌّبلؾخ.

  

Example 2.34: Let 𝐴={𝑥, 𝑦, 3}, 𝐵={2, -5, 100}, 𝐶={2, 3, 1}. 

Find a universal set R. 

 

Example 2.35: Let 𝐴={𝑥∈𝑅: 2≤ 𝑥≤ 5} 𝑎𝑛𝑑 𝐵={𝑥∈𝑅: -1≤ 𝑥≤ 2}. 

Find a universal set R. 

     

Example 2.36: Find a universal set R where 

𝐴= {1, 2, 3}, 

B= {1, 2, 3, 4}, 

C = {1, 2, 3, 4, 5}, 

. 

. 

. 

Then, ℕ = {1, 2, 3, …} can to be universal sets. 

 

Example 2.37: Let 𝐴= {a, b}, B= {l, m}, C= {u, v}. Find a 

universal set R. 

Solution: The sets A  B  C = {a, b, l, m, u, v}. 

R = {:  is the letter of English language}. Can to be Universal 

sets. 
 ملاحظة:

خ اٌٛاؽةذح. إر لا ٠غةٛص اخز١ةبس أوضةش ئٍإرا اخز١شد اٌّغّٛػخ اٌؾبٍِخ ف١غت رضج١زٙب فةٟ اٌّغة        

 ِٓ ِغّٛػخ ؽبٍِخ فٟ اٌّغأٌخ اٌٛاؽذح.
 

Definition 2.38: The Complement                 اٌّىٍّخ أٚ اٌّزّّخ 

Let R be a universal set and A be any subset of R. The 

complement of a set A, denoted by 𝐴𝑐, is the set of elements 

which belong to R but do not belong to 𝐴. i.e, A𝑐 ={x: (x R)  

(x  A)}. 
   We can show that A  A𝑐 =  and A  A𝑐 = R. 
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 Example 2.39: Let R={1, 2, …, 10}, 

𝐴={𝑥∈𝑁:1≤ 𝑥≤ 3}={1, 2, 3}, 

𝐵={𝑥∈𝑁:8≤ 𝑥≤ 10}={8, 9, 10}, 

𝐶={𝑥∈𝑁:1≤ 𝑥≤ 2}={1, 2}. 

Find 𝐴𝑐, B𝑐, Cc
, (𝐴∪𝐵), (𝐴∩𝐶) and (𝐶∪𝐵). 

Solution: 𝐴𝑐= {4, 5,…, 10}. 

𝐵𝑐= {1, 2,…, 7}. 

𝐶𝑐= {3, 4, 5, …, 10}. 

(𝐴∪𝐵)𝑐 ={1,2,3,8,9,10}𝑐 ={4,5,6,7}. 

(𝐴∩𝐶)𝑐 ={1, 2}𝑐 ={3, 4,…, 10}. 

 

3. Difference or relative complement:                اٌفشق أٚ اٌفنٍخ 

Let 𝐴 and 𝐵 are two sets. The difference between 𝐴 and 𝐵, 

denoted as 𝐴-𝐵 or 𝐴\𝐵, is the set of all elements which belong to 

𝐴 but do not belong to B. 
A/B  A – B = {x: (x  A)  (x  B)}. 

 . Bػٍٝ  Aثأٔٙب فنٍخ  Bٚلا رٕزّٟ اٌٝ  ٠Aمبي ٌّغّٛػخ اٌؼٕبفش اٌزٟ رٕزّٟ اٌٝ 

 

Proposition 2.40: If R is a universal set, A and B are two 

subsets of R then, A – B = A  B
c
. 

Proof: A- B = {x: (x  A)  (x  B)} = {x: (x  A)  (x  B
c
)} 

= A  B
c
. 

 

4. Symmetric Difference                                          اٌزٕبظشٞاٌفشق  

The symmetric difference between two sets 𝐴 and 𝐵 is 

denoted by 𝐴Δ𝐵 and is defined as: 

A∆B = {x: ((x A)  (x B))  ((x B)  (x A))}. 

 = {x: (x A- B)  (x B- A)}. 

= (A- B)  (B - A). 

 

Example 2.41: If A = {ℓ, m, n, t} and B = {n, p, s} then, 

A∆B = (A- B)  (B- A) 

          = {ℓ, m, t}  {p, s}= {ℓ, m, t, p, s} 

Question: Prove or disprove the following statement; 

 A∆B= B∆A. 

 



 د.احَذ اثشإٌٞ                               ٕٞبمو ٍزقطؼخ      د.ٕبّٜ اىذاْٜٝ                    

24 

 

 Venn Diagramsن   ڤأشكال 
َ(. ٚ٘ةٛ أٚي ِةٓ إعةزخذَ  1923 – 1843س٠بم١برٟ إٔغ١ٍضٞ )ْ ػبٌُ ڤعْٛ         

الاؽىبي ٌزّض١ً اٌّغّٛػبد، ٚلذ عبػذ اعزخذاَ الاؽةىبي فةٟ رقة٠ٛش ٚإدسان ٚرةز١ًٌ 

ْ فةٟ ڤوض١ش ِٓ اٌقؼٛثبد ف١ّب ٠زؼٍك ثٕظش٠خ اٌّغّٛػةبد. غ١ةش أْ اعةزخذاَ اؽةىبي 

ؼج١ةةش ٚإّٔةةب ثشٕ٘ةةخ اٌّجشٕ٘ةةبد غ١ةةش ِشغةةٛة ف١ةةٗ، ٌٛعةةٛد هةةشق أفنةةً ٚادق فةةٟ اٌز

ضً ڤ٠ىزفٟ ثأؽىبي  ِّ ْ اٌّغّٛػخ ثشلؼةخ ِغةز٠ٛخ ِؾبهةخ ثّةٕؾٓ ڤْ ٌٍزٛم١ؼ فمو. ٌمذ 

ِغٍةةك لا ٠زمةةبهغ ِةةغ ٔفغةةٗ وةةأْ رؾةةبه ػٕبفةةش اٌّغّٛػةةخ ثةةذائشح أٚ ِغةةزط١ً أٚ ٔؾةةٛ 

ِةةضلا ً،           رٌةةه. ٠ٚغةةزخذَ اٌؾةةىً اٌّغةةزط١ً وض١ةةشا ً ١ٌّضةةً اٌّغّٛػةةخ اٌؾةةبٍِخ 

اٌغضئ١ةةةخ ػٍةةةٝ ١٘ئةةةخ أؽةةةىبي ث١نةةة٠ٛخ أٚ دائش٠ةةةخ داخةةةً ث١ّٕةةةب رٛمةةةؼ اٌّغّٛػةةةبد 

 اٌّغزط١ً. وّب ٠ٍٟ:

 

    

 

 

 

 

 

 

 

 

 جذاٗه الاّزَبء  
شّفةةةذ ثٙةةةب عةةةذاٚي          رؼةةةشّف عةةةذاٚي ا ٔزّةةةبء ثطش٠مةةةخ ِؾةةةبثٙخ ٌٍطش٠مةةةخ اٌزةةةٟ ػ 

ِغّٛػةةخ  S اٌقةةٛاة )اٌؾم١مةةخ( فةةٟ ٚؽةةذح إٌّطةةك اٌش٠بمةة١برٟ. ٚإرا وبٔةةذ 

ٚٔؼجةش ػةٓ   x  Sٚإلا فةإْ    x  Sػٕقشا ً ِب، فإِب أْ ٠ىةْٛ   xِفشٚمخ ٚوبْ 

ِغّةةٛػز١ٓ ِخزٍفزةة١ٓ ٚغ١ةةش   S1    ٚS2(. ٚإرا وبٔةةذ 1٘ةةزا )اخزقةةبسا ً( ثبٌغةةذٚي )

( ٠قف الاؽزّبلاد اٌّّىٕةخ لأزّةبء ٘ةزا 2ػٕقش ِب، فإْ اٌغذٚي ) xخب١ٌز١ٓ، ٚوبْ 

 .S1    ٚS2اٌؼٕقش أٚ ػذَ إٔزّبئٗ ٌٍّغّٛػز١ٓ 

                                                     

 

 

 

 

 

  

 

 

 

S2 S1 

  

  

  

  

S 

 

 

 

C A B 

Table 1 Table 2 
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ِخزٍفز١ٓ. ٚا٢ْ ٘زا ٠ّٚىٓ اْ ٔؼُّ ٘زٖ اٌفىشح ٌزؾًّ أوضش ِٓ ِغّٛػز١ٓ 

ٌٕٕؾٝء عذاٚي الأزّبء اٌخبفخ ثجؼل اٌؼ١ٍّبد ِؼزّذ٠ٓ ػٍٝ اٌزؼبس٠ف الاعبع١خ 

 ٌزٍه اٌؼ١ٍّبد.

 (.3ِج١ٓ فٟ اٌغذٚي )  A    ٚBعذٚي الأزّبء ٌؼ١ٍّخ الارؾبد ٌّغّٛػز١ٓ  أٗلا ً:

 (.4ِج١ٓ فٟ اٌغذٚي )  A    ٚBعذٚي الأزّبء ٌؼ١ٍّخ اٌزمبهغ ٌّغّٛػز١ٓ  ثبّٞبً :

 خ ٌّغّٛػخ ِؼٍِٛخ ِج١ٓ فٟثبٌٕغج Aعذٚي الأزّبء ٌّزّّخ ِغّٛػخ  ثبىثبً :

 (.5)اٌغذٚي

 .(6ِج١ٓ فٟ اٌغذٚي )  A    ٚBعذٚي الأزّبء ٌٍفشق ث١ٓ ِغّٛػز١ٓ  ساثؼب ً:

 ِج١ٓ فٟ  A    ٚBعذٚي الأزّبء ٌٍفشق اٌزٕبظشٞ ٌّغّٛػز١ٓ  خبٍغبً :

 (.7اٌغذٚي )

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
               6 Table 

 

 

 

 

A  B B A 

   

   

   

   

A  B B A 

   

   

   

   

A
c
 A 

  

  

A ∆ B B A 

   

   

   

   

A – B B A 

   

   

   

   

Table  3 Table  4 

Table  5 

Table 7 
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 ٍلاحظبد 

اٌزشر١ةت  ػٍٝ     ٚػٛمبً  ػٓ اٌشِض٠ٓ   0ٚ    ٠1ّىٓ اعزخذاَ اٌؼذد٠ٓ  (1)

 فٟ ع١ّغ عذاٚي الأزّبء.

لاؽع أْ عةذاٚي الأزّةبء ِج١ٕةخ ػٍةٝ أعةبط اٌزؼةبس٠ف، ٚثبٌزةبٌٟ فّةٓ اٌّّىةٓ  (2)

 إػزجبس٘ب فبٌؾخ وزؼبس٠ف ٌلإرؾبد ٚاٌزمبهغ ...اٌخ.

ٕةخ وض١ةش ِةٓ اٌّجشٕ٘ةبد إْ عذاٚي الأزّبء ٚع١ٍخ ٔبعؾخ ٚعةٍٙخ عةذاً  فةٟ ثش٘ (3)

 اٌّزؼٍمخ ثبٌّغّٛػبد ٚاٌؼ١ٍّبد ػ١ٍٙب.
 

Some propositions (properties) of the set's al-gebra 

 Let A, B and C are three subsets of a universal set . 

Then, the following statements are hold: 

(i)     A  A = A            and     A  A = A. 

(ii) A  B = B  A     and    A  B = B  A. 

(iii) (A B) C = A (B C) and (A B) C = A (B C). 

(iv) A  (B  C) = (A  B)  (A  C).                                              

and A  (B  C) = (A  B)  (A  C). 

(v) A   = A    and    A   = . 

(vi) A   =     and    A   = A. 

(vii) 
c
 =           and     

c
 = . 

(viii)   (A
c
)

c
 = A. 

(ix) A  A
c
 =     and    A  A

c
 =. 

(x) (A  B)
c
 = A

c
  B

c
        and      (A  B)

c
 = A

c
  B

c
. 

(xi) A  B    B
c
  A

c
. 

(xii) (A - B)  B - A. 

(xiii)   A - B  A. 

 

٠ةةزُ ثش٘ةةبْ ٘ةةزٖ اٌّجشٕ٘ةةبد )اٌخةةٛاؿ( ثطةةش٠مز١ٓ: الاٌٚةةٝ ثبعةةزخذاَ رؼةةبس٠ف 

 اٌزمبهغ، الارؾبد،...اٌخ ٚاٌضب١ٔخ ثبعزخذاَ عذاٚي الأزّبء. 

 

ٚاٌزٟ رةٕـ ػٍةٝ أْ ػ١ٍّةخ الارؾةبد رزةٛصع ػٍةٝ ػ١ٍّةخ  (iv)عٕجش٘ٓ اٌخبف١خ 

 اٌزمبهغ. ربسو١ٓ اٌجم١خ وزّبس٠ٓ ٌٍطبٌت.
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 اىطشٝقخ الاٗىٚ:

 

A  (B  C) = {x: (x  A)  x  (B  C)}            رؼش٠ف الارؾبد ِٓ 

                       = {x: (x  A)  (x  B  x  C)}     رؼش٠ف اٌزمبهغ ِٓ 

                       = {x: [(x  A)  (x  B)]  [(x  A)  (x  C)]} 
 "" رزٛصع ػٍٝ اداح اٌشثو "لاْ اداح اٌشثو "

                       = {x: x  (AB)  x  (AC)}       ِٓ رؼش٠ف الارؾبد  

                       = (A  B)  (A  C)                               رؼش٠ف اٌزمبهغ ِٓ 

 

 

 اىطشٝقخ اىثبّٞخ:

 

(AB)(AC) A(BC) BC AC AB C B A 

        

        

        

        

        

        

        

        

 
Table 8 
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Exercises 

 

(1) Let A, B and C are three nonempty subsets of a universal 

set . Prove the following statements by using three methods; 

(a) Definitions       (b) Belongs tables     (c) Propositions. 

(i)  (A  B)  (A  B
c
) = (A  B)  (A  B

c
) = A. 

 

(ii) [A
c
  (A  B)]

c
 = A  B

c
. 

 

(iii)  [A
c 
 (B  C

c
)]

c
 = A  B

c
  C. 

 

(iv) (A B)  (A
c 
 B

c
) = . 

 

(2) Let A, B and C are three nonempty subsets of a universal 

set . Prove the following statement; 

 (A ∆ B) ∆C = A ∆ (B ∆ C). 
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 Sets of Numbers                    المجموعات العددية
 

 ℤ+أو    ℕِغّٛػخ الاػذاد اٌطج١ؼ١خ ٚعٕشِض ٌٙب ثبٌشِض  أٗلا ً:
         (Natural Numbers)   :ْأٞ أ 

ℕ = ℤ+
 = {1, 2, 3,…} 

 Positive Integer)ٚرغةةةّٝ أ٠نةةةب ً ِغّٛػةةةخ الاػةةةذاد اٌقةةةؾ١ؾخ اٌّٛعجةةةخ 

Numbers) .ً ألذَ الاػذاد اعزخذاِب ٟ٘ٚ 

 

 (Negative Integer Numbers)ِغّٛػةةخ الاػةةذاد اٌقةةؾ١ؾخ اٌغةةبٌجخ  ثبّٞااب ً: 

+ℤٚٔؾقً ػ١ٍٙب ِةٓ 
+ℤثنةشة وةً ػٕقةش ِةٓ ػٕبفةش  

ٚعةٕشِض  (1 –)ثبٌؼةذد  

–ℤٌٙب ثبٌشِض 
 أٞ أْ: 

ℤ–
 = {-1, -2, -3,…} 

 

 ℤٚعةٕشِض ٌٙةب ثةبٌشِض   (Integer Numbers)ِغّٛػخ الأػذاد اٌقؾ١ؾخ  ثبىثب ً: 
 ٚٔؼشفٙب وّب ٠ٍٟ:

ℤ = ℤ–
  {0}  ℤ+

 

 

 (Rational Numbers)ِغّٛػخ الاػذاد إٌغج١خ )أٚ اٌىغش٠خ أٚ اٌم١بعة١خ(  ساثؼب ً: 

 :ٚٔؼشفٙب وّب ٠ٍٟ Qٚعٕشِض ٌٙب ثبٌشِض 

Q ={x: (x = p/q ) and (p, qZ) and q ≠ 0}. 
 

ٚ٘ةةٟ ِغّٛػةةخ  (Irrational Numbers)ٕغةةج١خ اٌغ١شِغّٛػةةخ الاػةةذاد  خبٍغااب ً: 

الاػذاد اٌزٟ لا ٠ّىٓ وزبثزٙب ٚفك رؼش٠ف الاػذاد إٌغةج١خ ٚ٘ةٟ رؾةٛٞ أػةذادا ً أخةشٜ 

,2اٌؼذد ا١ٌٕجشٞ( ٚاٌغزٚس اٌقُ )ِضً:    ،e (eِضً  3, ( ٚعٕشِض ٌٙةب  ...,7

 .Irrثبٌشِض

 

 ℝٚعةةٕشِض ٌٙةةب ثةةبٌشِض  (Real Numbers)ِغّٛػةةخ الاػةةذاد اٌؾم١م١ةةخ  عبدعااب ً: 
 ٚر ؼشف وّب٠ٍٟ

ℝ= Q ∪ Irr. 

ٚثقةةفخ ػبِةةخ فإٔٙةةب ِىٛٔةةخ ِةةٓ ع١ّةةغ الاػةةذاد اٌزةةٟ ٠ّىةةٓ رّض١ٍٙةةب ػٍةةٝ ِغةةزم١ُ        

٠مبثٍٗ ٔمطخ ِةٓ ٔمةبه اٌّغةزم١ُ  ℝ. ٚثؼجبسح أخشٜ: فإْ أٞ ػٕقش فٟ  X'OXِٛعٗ 

X'OX  ٟوّب أْ أ٠خ ٔمطخ ِٓ ٔمبه اٌّغزم١ُ ٠مبثٍٙب ػٕقش فℝ. 
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ٚعةٕشِض  (Complex Numbers)ِغّٛػةخ الاػةذاد اٌّشوجةخ )اٚ اٌؼمذ٠ةخ( عبثؼب ً: 

 ٠ّٚىٓ رؼش٠فٙب وّب ٠ٍٟ: ℝٟٚ٘ ِغّٛػخ رؾٛٞ رّبِب ً اٌّغّٛػخ  ℂٌٙب ثبٌشِض 

ℂ = {(x, y): [(x, y)  x + y i]  [(x, y ℝ)  i
2
 = – 1 ]}. 

 ملاحظات  

ٚوةزٌه اٌؾةبي ثبٌٕغةجخ ٌٍّغّٛػةبد    ℤ* = ℤ–{0}وّةب ٠ٍةٟ:  *ℤعةٕؼشف  ( 1) 

Q* ،ℝ* ،ℂ*. 

+ℤٌمةةذ رةةُ رٛعةة١غ ِغّٛػةةخ الاػةةذاد  (2)
ٔز١غةةخ اٌؾبعةةخ اٌةةٝ ؽةةً  ℤاٌةةٝ اٌّغّٛػةةخ  

 .x + 2 = 0ِؼبدلاد ِٓ اٌؾىً : 

ٔز١غةةخ اٌؾبعةةخ اٌةةٝ ؽةةً  Qاٌةةٝ اٌّغّٛػةةخ  ℤٌمةةذ رةةُ رٛعةة١غ ِغّٛػةةخ الاػةةذاد  (3)

 .x – 1 = 0 2اٌؾىً :  ِؼبدلاد ِٓ

ٔز١غةةخ اٌؾبعةةخ اٌةةٝ ؽةةً  ℝاٌةةٝ اٌّغّٛػةةخ  Qٌمةةذ رةةُ رٛعةة١غ ِغّٛػةةخ الاػةةذاد  (4)

xاٌؾىً :  ِؼبدلاد ِٓ
2
 – 2 = 0. 

ٔز١غةةخ اٌؾبعةةخ اٌةةٝ ؽةةً  ℂاٌةةٝ اٌّغّٛػةةخ  ℝٌمةةذ رةةُ رٛعةة١غ ِغّٛػةةخ الاػةةذاد  (5)

xاٌؾىً :  ِؼبدلاد ِٓ
2
 + 1 = 0 . 

أٚ  (Whole Numbers)ِغّٛػخ الاػةذاد اٌى١ٍةخ  ℤ+{0}رغّٝ اٌّغّٛػخ  (6)

 .(Non-Negative Numbers)ِغّٛػخ الاػذاد اٌقؾ١ؾخ غ١ش اٌغبٌجخ 

+ℤإْ       (7)
 = ℕ  ℤ  Q  ℝ  ℂ. 

 

 

 Duality Principleمبدأ الثنوية )أو الازدواجية(   
٠ٕـ ٘زا اٌّجذأ ػٍٝ أْ فؾخ ػلالخ ِب رمزنٟ فةؾخ ػلالةخ أخةشٜ، ؽةش٠طخ         

أْ رىْٛ اٌؼلالخ اٌضب١ٔخ ٔبرغخ ِٓ اٌؼلالةخ الاٌٚةٝ ثؼةذ الاعزؼبمةخ ػةٓ وةً إؽةبسح ِةٓ 

 الاؽبساد ا٢ر١خ ثبلاؽبسح اٌض٠ٕٛخ ٌٙب، ٚوً ِغّٛػخ ثبٌّغّٛػخ اٌض٠ٕٛخ ٌٙب:

 

 
 اٌّغّٛػخ اٌؾبٍِخ      A  الاشبسح أٗ اىَجَ٘ػخ

     A ثْ٘ٝزٖب
c

 ' =  اٌّغّٛػخ اٌخب١ٌخ 
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Example 1: Find the Duality of each of the following 

statements: 

(i)  A  (A  B) = A.               

(ii)  (A )  (A ) = . 

Solution:  

(i)  A
c
  (A

c
  B

c
) = A

c
.            

 

(ii)  (A
c
  )  (A

c
  ) = . 

 

Example 2: Prove the two statements (i) and (ii) in Example 1. 

Proof: 
(i)  A  (A  B) = (A  A)  (A  B)          ) رزٛصع ػٍٝ       ْلا) 

                             = A  (A  B) 

                             = A.                                        (A  B  A   ْلا) 

 

(ii)  (A  )  (A  ) =              (A   =  , A    ْلا) 

                                         = . 

 

Exercises 

 
Find the Duality of each of the following statements; 

 

(i)  A  (B  C) = (A  B)  (A  C). 
 

(ii)  A  B  A B = B. 
 

(iii) (E  )  (E  ) = . 
 

(iv) (A  B)  C = A  (B  C). 
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CHAPTER THREE 

PRINCIPLE OF MATHEMATICAL INDUCTION 

 مبدأ الاستقراء الرياضياتي

 

إْ ِجذأ الاعزمشاء اٌش٠بم١برٟ )أٚ الاعزٕزبط اٌش٠بمٟ أٚ اٌزشاعغ( ٚع١ٍخ ل٠ٛةخ         

فٟ ثش٘بْ اٌىض١ش ِٓ اٌّجشٕ٘بد ٚاٌّغبئً اٌزةٟ رزؼٍةك ثأػةذاد فةؾ١ؾخ ِٛعجةخ. فؼٍةٝ 

 عج١ً اٌّضبي ٌٛ هٍت ِٕب إصجبد أْ اٌؼجبسح ا٢ر١خ فبئجخ:

 

P(n) = 1 + 2 + 3 + … + n = 
n(n 1)

2


;   n  ℤ+

 

 

  n = 1, 2, 3, …, 20فةبئجخ ِةٓ أعةً  P(n)فإٕٔةب ٔلاؽةع ثبٌزغش٠ةت أْ اٌؼجةبسح 

 < nفةبئجخ ِةٓ أعةً  P(n)ِضلا ً ٌٚىٓ ٘زا لا ٠غّؼ ٌٕب ِطٍمب ً ثةأْ ٔمةٛي إْ اٌؼجةبسح 

، لاْ ِضةةً ٘ةةزا الادػةةبء ٘ةةٛ ِغةةشد ؽةةذط لا ٠قةةؼ لجٌٛةةٗ س٠بمةة١بر١ب ً ِةةبٌُ ر ٠ةةذ 20

)ٚ٘ةزا أِةش لا ٠ٕزٙةٟ( أٚ ثبلاصجةبد ثؾةىً ِٕطمةٟ. ٌٚٙةزا فمةذ رٛفةً فؾزٗ ثبٌزغش٠ت 

اٌش٠بم١بر١ْٛ اٌٝ ِجشٕ٘ةخ ٘بِةخ رؼةشف ثّجةذأ الاعةزمشاء اٌش٠بمة١برٟ ٠غةزٕذ ا١ٌٙةب فةٟ 

 ثش٘بْ فؾخ ِضً ٘زٖ اٌّغبئً اٌش٠بم١بر١خ.

 

Theorem 3.1: (Principle of Mathematical Induction): 

Let S be a non-empty subset of ℤ+
. If the two conditions ((i) 

1 S and (ii) k S    k + 1 S), then S = ℤ+
. 

Proof: Let D = ℤ+
- S, then there are two cases; 

1) If D = ϕ, then S = ℤ+
. 

2) If D  ϕ, then there exists an element x belong to ℤ+ 
such 

that x S. 

Let m+1 is the smallest positive integer in D, then (from 

Definition 8 in chapter 2), m+1 S. That is mean m S. Then 

by hypothesis, m+1 S. That is a contradiction. Hence, D = ϕ 

and S = ℤ+
. 

 

 From, Principle of Mathematical Induction, if we have a 

statement P(n) is hold for every n ℤ+, then to prove the 
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validation of this statement, we must prove the following two 

conditions: 

1)  If n=1, then the statement is true. 

2)  We will suppose that the statement P(n) is true for n= k, 

and must prove that the statement is true for n= k+1 (i.e. 

P(k)  P(k+1). 

 

Notes:  

1) If any one of the above two conditions is not valid, then 

the statement P(n) is false. 

2) If we prove that the statement P(n) is true for n= a, where a 

˃1, and the second condition is valid, then the statement 

P(n) is true for all n≥ a. 

3) The first condition is called the necessity step, and the 

second condition is called the induction step. So, the 

hypothesis in second condition is called the induction 

hypothesis. 

 

Example 3.2: Prove that the following statement is true for all 

positive integers. 

P(n)  1 + 2 + 3 + … + n = 
n(n 1)

2


;  n  ℤ+

 

Proof: 

1) If n= 1, then P(n) =
1(1 1)

1
2


  is true statement. 

2) Suppose that the statement is true for n= k;  

i.e., 1 + 2 + 3 + … + k = 
k(k 1)

2


 

3) Must prove that the statement is true for n= k+1; 

i.e., 1 + 2 + 3 + … + k + (k + 1) = 
(k 1)[(k 1) 1]

2

  
. 

 Since 1 + 2 + 3 + … + k = 
k(k 1)

2


 is valid, then the 

following statement is valid also, 

1 + 2 + 3 + … + k+ (k+1)= 
k(k 1)

2


 + (k + 1)  
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= 
k(k 1) 2(k 1)

2

  
 

 = 
(k 1) (k 2)

2

  
 

 = 
(k 1) [(k 1) 1]

2

   
. 

Therefore, the statement P(n) is true for all n  ℤ+
. 

 

Example 3.3: Prove or disprove the following statements: 

1) P1(n)  3 + 6 + 9 + … + 3n = 
3n(n 1)

1
2


 ;   n  ℤ+

. 

2) P2(n)  1 + 3 + 5 + … + (2n – 1) = 3n – 2;   n  ℤ+
. 

 

Proof: (1): If n= 1, then; 

 The left hand side (L. H. S); 

 P1(n)= P1(1)= 3. 

And the right hand side (R. H. S); 

P1(1)= 
1

3 1(1 1)
P (n) 1 2

2

 
   . 

Therefore, (L. H. S)  (R. H. S). Hence, the statement P1(n) 

is false. 

  

(2): If n= 1, then; 

 The left hand side (L. H. S); 

 P2(n)= P2(1)= 1. 

And the right hand side (R. H. S); 

P2(n)= 3(1)- 2= 1. 

Implies, (L. H. S)= (R. H. S). 

Now, suppose that the statement P2(n) is true when n= k; i.e. 

P2(k) is valid then 1 + 3 + 5 + … + (2k – 1)= 3k – 2. Must prove 

that the statement P2(n) is valid when n= k+1;  

i.e. must prove 1 + 3 + 5 + … + (2k - 1)+ [2(k+1)- 1] = 

3(k+1) -2.    

(R. H. S) = [3k – 2] + [2(k + 1)- 1] 

= 3k – 2 + 2k + 2- 1 

= 5k -1 
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= (3k + 3) + 2k – 4  

= 3(k + 1) + 2(k – 2)  3(k + 1) – 2. 

Thus, the second condition is not valid. Hence, P2(n) is false. 

 

Example 3.4: Prove or disprove the following statement; 

P(n)  n < 2
n
;   n  ℤ+

. 

Proof: If n=1; P(1)  1 < 2
1
    1 < 2. 

Suppose that the statement P(n) is true when n= K. To 

prove it is true when n= k+1. 

Since,  k < 2
k
    k + 1 < 2

k
 + 1 

              k + 1 < 2
k
  2 

  k + 1 < 2
k + 1

. 

Thus, P(k+1) is valid and hence the statement P(n) is true. 

 

 

Exercises 
Prove the following statements by using the Principle of 

Mathematical Induction: 

  

(1)  1
2
 + 2

2
 + 3

2
 + … + n

2
 = 

n(n 1)(2n 1)

6

 
;   n  ℤ+

. 

 

(2)  1 + 4 + 7 + … + (3n – 2) = 
1

[n(3n 1)]
2

 ;   n  ℤ+
. 

 

(3)  n
2
 < n !;   n  4;  n  ℤ+

. 

 

(4)  
n

k 1

2k


  = 2 + 4 + 6 + … + 2n = n (n + 1);   n  ℤ+
. 
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CHAPTER FOUR 

RELATIONS 

 اىؼلاقبد

ِٓ ِغزٛٞ ِٕغٛة ٌّؾٛس٠ٓ ِٛع١ٙٓ ٓ إٌٙذعخ اٌزؾ١ٍ١ٍخ أْ أٞ ٔمطخ ٔؼشف ِ

ٚٔؼجش ػٓ رٌه   x     ٚyِضلاً ، ٠ىْٛ ٌٙب اؽذاص١بْ ّ٘ب  X'OX ،Y'OYِٚزمبهؼ١ٓ 

، xصٚعب ً ِشرجب ً، ِشوجزٗ الاٌٚٝ )ا١ٌغشٜ( ٟ٘  (x, y). ٠غّٝ P(x, y)ثبٌشِض 

لا ٠غبٚٞ  (y, x). ِٚٓ اٌٛامؼ أْ اٌضٚط اٌّشرت yِٚشوجزٗ اٌضب١ٔخ )ا١ٌّٕٝ( ٟ٘ 

اٌزشر١ت فٟ الاصٚاط  . ِٚٓ ٕ٘ب رجشص ا١ّ٘خx = yِب ٌُ رىٓ  (x, y)اٌضٚط اٌّشرت 

 اٌّشرجخ.

Definition 4.1: An ordered pair of elements x and y is denoted 

by (x, y) where x is called the first element and y is the second 

element. 

 

Remark 4.2: Let x, y, z and w are four elements, then: 

1) (x, y)≠ (y, x) in general. 

2) (x, y)= (y, x) if and only if x= y. 

3) (x, y)= (z, w) if and only if x= z and y= w. 

 
Definition 4.3: Let A and B are two nonempty sets. Then the 

Cartesian product of A to B is denoted by A  B and defined as 

follows;  

                 A  B = {(x, y): (x  A)  (y  B)}. 

(x, y)  A  B if and only if (x  A)  (y  B). 

(x, y)  A  B if and only if (x  A) ˅ (y  B). 
 ؽ١ش: A  Bثأٔٗ اٌّغّٛػخ  Bفٟ اٌّغّٛػخ  Aٌٍّغّٛػخ  حبصو اىعشة اىذٝنبسر٠ٜؼشف 

              A  B = {(x, y): (x  A) (y  B)} 

 

Example 4.4: Let A={1, 2} and B={2, 3}, then find both A  B 

and B  A. 

Solution: A  B = {(1, 2), (1, 3), (2, 2), (2, 3)}. 

And B  A = {(2, 1), (2, 2), (3, 1), (3, 2)}. 
 

 



 د.احَذ اثشإٌٞ                               ٕٞبمو ٍزقطؼخ      د.ٕبّٜ اىذاْٜٝ                    

37 

 

 ملاحظة:

 .  A  B ≠ B  Aأْ     ِٓ اٌٛامؼ .1

ِزغب٠ٚز١ٓ ٠شِض ٌؾبفً مشثّٙب إخزقةبسا ً   A    ٚBفٟ اٌؾبٌخ اٌزٟ رىْٛ ف١ٙب اٌّغّٛػزبْ  .2

Aثبٌشِض 
2

Bأٚ   
2

. 

Example 4.5: Let A= {x, y} and B= {1, 2, 3}. Find  

A B= 

B A= 

A A= 

B B= 

Remark 4.6: If |A|= n and |B|= m, then |A B|= n(m). 

Example 4.7: Let A={x: xN  x
2
≤ 10}, B={1, 2} and C={3}. 

Find  

A B= 

B A= 

A A= 

B B= 

C C= 

(B∪ C) A= 

(B∩ C) A= 

(A- B) B= 

(A- B) C= 
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Theorem 4.8: Let A, B, C and D be nonempty sets. Then: 

1) A  =  A = . 

2) AB= BA if and only if A= B. 

3) A (B∩ C)= (AB) ∩ (AC). 

4) A (B∪ C)= (AB) ∪ (AC). 

5) A (B- C)= (AB) - (AC). 

6) (A B) ∩ (C D)= (A∩C)  (B∩D). 

7) If C  A and D  B, then C D  A B. 

Proof: 1) Suppose that A ≠ . Then, 

∃(x, y) A  x A and y     (def. of AB) 

 x A and F 

 F.                           ( p F= F) 

Therefore, A = . 

In similar way, we can show that  A= . (H. W.) 

2). Suppose that AB= BA, to prove A= B. 

∀xA and ∀yB (x, y) AB        (def. of AB) 

 (x, y) BA        (AB= BA) 

 xB and yA      (def. of BA) 

 A B and B A 

A= B. 

Suppose that A= B, to prove AB= BA 

A  B = {(x, y): (x  A)  (y  B)}  (def. of AB) 

= {(x, y): (x  B)  (y  A)}  (since A= B) 

= B  A. 
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3). A(B∩ C) ={(x, y): (xA)  (yB∩C)}    (def. of AB) 

={(x, y): (xA)(yB  yC)}  (def. of A∩B) 

={(x, y): (xA  yB)  (xA  yC)} 

={(x, y): ((x, y)AB)  ((x, y)AC)} 

= (AB) ∩ (AC). 

4) A (B∪ C) ={(x, y): (xA)  (yB∪C)}    (def. of AB) 

={(x, y): (xA)(yB ˅ yC)}  (def. of A∪B) 

={(x, y): (xA  yB) ˅ (xA  yC)} 

={(x, y): ((x, y)AB) ˅ ((x, y)AC)} 

                   = (AB) ∪ (AC). 

 

5) A (B- C)= {(x, y): (xA)  (yB-C)}    (def. of AB)  

={(x, y): (xA)  (yB  yC)}  (def. of B-C) 

={(x, y): (xA  yB)  (xA  yC)} 

={(x, y): ((x, y)AB)  ((x, y)AC)}               

= (AB) - (AC). 

6) (AB)∩(CD)= {(x, y): (x, y) AB  (x, y) CD} 

={(x, y): (xA  yB)  (xC  yD)} 

={(x, y): (xA  xC)  (yB  yD)} 

={(x, y): (xA∩C)  (yB∩D)} 

= (A∩C)  (B∩D). 

7) Let (x, y) C D  x C  y D       (def. of C D) 

 x A  y B    (since, C A and D B) 

 (x, y) A  B 

Hence, C D  A  B. 

Remark 4.9: (A  B) ∪ (C  D) ≠ (A∪C)  (B∪D). 

For example (H. W.); 
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Example 4.10: Prove that (AB)∩(BA) =   A∩B = . 

Proof: Suppose that (AB)∩(BA) = , to prove A∩B =. If 

not, then ∃xA∩B xA  xB   (def. of A∩B) 

 (x, x) (AB) (x, x) (BA) 

 (x, x) (AB)∩(BA) 

 (AB)∩(BA)≠ .  

That is a contradiction. Hence, A∩B =. 

 

Now, suppose that A∩B =, to prove (AB) ∩(BA) = . If 

not, then ∃(x, y)(AB)∩(BA)(x, y)AB  (x, y) BA 

 (xA  yB)  (xB  yA) 

 (xA  xB)  (yA  yB) 

 (xA ∩ B)  (yA ∩ B) 

 A ∩ B≠. 

That is a contradiction. Hence, (AB)∩(BA) = . 

Definition 4.11: (Generalization of the Cartesian product): 

Let A1, A2, …, An be any sets. Then the Cartesian product of 

these sets is denoted by  
n

i
i 1

A

  and defined as follows; 

A = 
n

i
i 1

A

  = A1  A2  …  An. 

                 = {(x1, x2, …, xn): (x1A1)  (x2A2) …  (xnAn)}. 

                 = {(x1, x2, …, xn): xi  Ai; 1  i  n}. 

 

Example 4.12: Let ℝ be the set of all real numbers. Then 

ℝn
 = ℝ  …  ℝ = {(a1,…,an): ai  ℝ; 1  i  n}. 

ℝnٚ٘زا ٠ؼٕٟ أْ وً ػٕقش ِٓ 
ℝnِشوجةخ ِةٓ الاػةذاد اٌؾم١م١ةخ ٚعةزشٜ ِغةزمجلا ً ا١ّ٘ةخ دساعةخ  nِىةْٛ ِةٓ  

 

 = nثؼذا ً ثؼذ أْ رؼّشف ػ١ٍٙب ػ١ٍّبد رزقف ثقفبد ِؼ١ٕخ(. ٚثقٛسح خبفخ ػٕةذِب  n)ٚاٌزٟ رغّٝ فنبء را 

ℝ2فةإْ ػٕبفةش اٌّغّٛػةخ  2
 = ℝ  ℝ  ٌّ ؾةٛس٠ٓ ِةٛع١ٙٓ ِٚزمةبهؼ١ٓ. ػجةبسح ػةٓ ٔمةبه ِغةزٛٞ ِٕغةٛة

ℝ3ػٕبفةش اٌّغّٛػةخ 
 = ℝ  ℝ  ℝ  ػجةبسح ػةٓ ٔمةبه اٌفنةبء اٌضلاصةٟ ِٕغةٛة اٌةٝ صلاصةخ ِؾةبٚس ِٛعٙةخ

 ِزمبهؼخ.

 سؤال:

 ؟ َٝنِ اػزجبسٕب فعبء را ثؼذ ٗاحذ فَبرا رَثو ػْبصشٕب ℝاىَجَ٘ػخ          
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Exercises 
1) If A= {x: xN  x≤3}= {1, 2, 3}, B= {3, 4} and  

     C= {x: x N  15≤ x
2
≤ 40}= {4, 5, 6}. Then find; 

(i)    A  B =         

(ii)    B  A = 

(iii) A  C=  

(iv) C  A= 

(v)    B  C= 

(vi) C  B= 

(vii)  (A  B) ∩ (B  A)= 

(viii) A  (B ∪ C)= 

(ix) (A  B) ∪ (A  C)= 

(x)    A  (B ∩ C)= 

(xi) (A  B) ∩ (A  C). 

(xii) A  B  C=  

(xiii) A  C  B= 

(xiv) B  A  C= 

(xv) A  B  C= 

(xvi) (A  B  C)  (A  C  B)= 
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(xvii) (A  B  C)  (A  C  B)=  

(xviii) (A  B)  (A  B  C)= 

(xix) (A  B)  (A  B  C)= 

2) If A= ℝℝ = ℝ2
 and B = ℝℝℝ = ℝ3

, where ℝ is the set 

of real numbers, prove that; A∩ B= . 

3) Write the members of a set A, where  

        A= {(x,y): (x, y ℤ+
)  [(1  x  3)  (1  y  2)]}. 
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Binary Relations                                                اىؼلاقبد اىثْبئٞخ  
       

Definition 4.13: Let A and B are two sets. Any subset R of AB 

is called a binary relation from A to B. in other words, 

R is a relation from A to B  R AB. 

(x, y) R can be written as xRy or xy. 

(x, y) R can be written as Rx y or x y. 

If A= B, then R is a relation on A. 

        
. ٗفٜ Bاىٚ  Aػلاقخ ثْبئٞخ ٍِ  Rقٞو إُ   R  A  Bٍجَ٘ػزِٞ ٍفشٗظزِٞ ٗمبّذ   A  ،Bإرا مبّذ  

 Aػلاقخ ثْبئٞخ ػيٚ  Rٝقبه إُ  A = Bاىحبىخ اىخبصخ اىزٜ رنُ٘ 

 
 فإْ:  A = {1, 2, 3}    ،B = {1, 2, 4, 5}إرا وبٔذ   

AB ={(1,1), (1,2), (1,4), (1,5), (2,1), (2,2), (2,4), (2,5), (3,1), (3,2), (3,4), (3,5)} 

ِىٛٔةخ ِةٓ ع١ّةغ اٌضٕبئ١ةبد  Rثؾ١ش رىْٛ ػٕبفش  A  Bِٓ اٌّغّٛػخ  Rٌٚٛ هٍت ِٕب إ٠غبد ِغّٛػخ عضئ١خ 

 )الاصٚاط( اٌّشرجخ اٌزٟ رىْٛ ِشوجزب وً ِٕٙب ِزغب٠ٚز١ٓ أٞ:

R = {(x, y): (x, y)  A  B  x = y}  A  B 

 فإٕٔب ٔغذ أْ:

R = {(1, 1), (2, 2)}  A  B 

 Aإرا ٌةُ ٠ىةٓ صّةخ إٌزجةبط( ِةٓ اٌّغّٛػةخ  R)أٚ إخزقبسا ً ػلالخ  Rٔمٛي فٟ ٘زٖ اٌؾبٌخ إٕٔب ػشفٕب ػلالخ صٕبئ١خ 

 ٚ٘زٖ اٌؼلالخ ٕ٘ب ِب ٟ٘ إلا ػلالخ اٌزغبٚٞ اٌّأٌٛفخ " = ". Bاٌٝ اٌّغّٛػخ 

 yرةشرجو ثبٌّشوجةخ  xٚٔؼٕةٟ ثةزٌه أْ اٌّشوجةخ  "x R y"فإٕٔةب ٔؼجةش ػةٓ رٌةه ثبٌؾةىً   R(x, y)إرا وةبْ         

Rx "فإٕٔب ٔىزت   R(x, y). ٚػٕذِب رىْٛ  Rثٛاعطخ اٌؼلالخ  y  " 

ث١ّٕةةب    R 2 2ٚوةةزٌه    R 1 1ٚثبٌزةةبٌٟ فةةإْ     R (2,2) ,(1,1)ٚٚفمةةب ً ٌّةةب رمةةذَ فإٔةةٗ ِةةٓ اٌٛامةةؼ أْ  

(1,2)R      ْ1ٚثبٌزبٌٟ فإ R ٕ٘ب ٟ٘ ػلالخ اٌزغبٚٞ "=" فإٔٗ ٠ّىٕٕب أْ ٔىزت ِةب عةجك وّةب  Rٚؽ١ش أْ  2

:ٍٟ٠ 

"="  = {(1,1),(2,2)}. 

 

Example 4.14: Let A= {a, b, c}, B= {b, c, d} and R1 = {(a,b), 

(a,c), (b,b), (c,c)}. 

1) Is R1 a binary relation from A to B? 

2) Is R1 a binary relation on A? 

3) Is R1 a binary relation on B? 

4) If R AB such that xRy  x= y, then write the members 

of R. 
ثٛاعطخ رؼش٠ف ػلالخ  A  Bلاؽع ف١ّب رمذَ وٕب لبدس٠ٓ ػٍٝ رؾذ٠ذ ِغّٛػخ عضئ١خ ِٓ اٌّغّٛػخ  :ملاحظة

R  ِٓA  ٌٝاB ٌٚىٓ غبٌجب ً ِب رؼطٝ اٌّغّٛػخ اٌغضئ١خ .R  ٓثقشف إٌظش ػٓ وٕٛٔب لبدس٠ٓ أٚ غ١ش لبدس٠

. فّضلا ً  x    ٚy)ػلالخ اٌّغبٚاح، ػلالخ أفغش،...، أٚ أ٠خ ػلالخ أخشٜ( ث١ٓ اٌّشوجز١ٓ  Rػً إ٠غبد ِؼٕٝ اٌشاثو 

R1  A  B   ِٓ رؼزجش ػلالخ صٕبئ١خ ِؼشفخA  ٌٝاB  ثبٌشغُ ِٓ أْ ِؼٕٝ اٌشاثوR1  ٓث١b  ،b   ٓعٙخ ٚث١ ِٓ

a  ،c .عٙخ أخشٜ ١ٌغذ ٚامؾخ ِٓ 
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Definition 4.15: If R is a relation from A to B, then the inverse 

relation of R is denoted by R
-1

 and defined as; 

R
– 1

 = {(y, x): (x, y)  R} 

 
٠Rشِض ٌٙب ثبٌشِض  Rٌٍؼلالخ  اىؼلاقخ اىؼنغٞخفإْ  Bاٌٝ  Aػلالخ صٕبئ١خ ِٓ  Rإرا وبٔذ 

-1 
 ٚرؼشف وبلارٟ: 

R
-1

 = {(y, x): (x, y)  R} 

 

Rِٓ ٘زا اٌزؼش٠ف ٠زج١ٓ أْ 
-1 

Rلاْ   Aاٌٝ  Bٟ٘ ػلالخ صٕبئ١خ ِٓ 
-1
 B  A . 

Note: (R
-1

)
-1

 = R. 

 

Example 4.16: Let A={1, 2, 4}, B={2, 3, 5} and R AB, such 

that R= {(1, 2), (1, 3), (2, 2)}. Find; 

1) R
-1

=  

2) {x: (x  A)  (x R y)}= 

3) {x: (x  A)  Rx y }= 

 
Definition 4.17:  Domain of a relation           ٍجبه اىؼلاقخ 

 The domain of a relation R AB is the set of the first 

coordinates of each pair. In other words: 

 dom R= {xA; ∃yB: (x, y)R} 

= {xA; ∃yB: xRy} 

 It is clear that dom R A. 
 ِٕطٍك اٌؼلالخ ٘ٛ ِغّٛػخ اٌّغبلو الاٌٚٝ ٌٍؼلالٗ.

Definition 4.18: Range of a relation   ٍذٙ اىؼلاقخ              

 The range of a relation R AB is the set of the second 

coordinates of each pair. In other words: 

 range R= {yB; ∃xA: (x, y)R} 

= {yB; ∃xA: xRy} 

 It is clear that range R B. 
 ِغبي اٌؼلالخ ٘ٛ ِغّٛػخ اٌّغبلو اٌضب١ٔخ ٌٍؼلالٗ.

Example 4.19: If A={1, 3, 5, 7}, B={1, 2, 4, 6} and R = {(1, 2), 

(1, 4), (1, 6), (3, 4), (3, 6), (5, 6)}. Then; 

dom R={1, 3, 5} and range R={2, 4, 6}. 
 ٍلاحظبد:

رشثو ث١ٓ ػٕقةش٠ٓ الاٚي  Rلاْ  Bاٌٝ  Aػلالخ صٕبئ١خ ِٓ   R  A  Bؽ١ش  Rع١ّٕب   (1)

 .Bٚاٌضبٟٔ فٟ  Aفٟ 
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+S = ℤ. فّضلا ً ٌٛ وبٔذ Sثإعزطبػزٕب أْ ٔؼشف ػلالخ أؽبد٠خ ػٍٝ ِغّٛػخ ِب   (2)
فإٔٗ ٠ّىٓ  

+ℤأْ ٔؼةةشف ػلالةةخ أؽبد٠ةةخ ػٍةةٝ 
+x ℤرؼٕةةٟ أْ اٌؼٕقةةش  R1ؽ١ةةش ٔمةةٛي ِةةضلا ً إْ  

٘ةةٛ ػةةذد  

 فشدٞ ٚثزٌه ٠ىْٛ ٌذ٠ٕب:

R1 = {1, 3, 5, …}  ℤ+
 

R1
c
= {2, 4, 6, …}  ℤ+

 

 

+ℤ =لاؽةع أْ
  R1∪R1

c
 R1∩R1=ٚأْ   

c
+ℤعةضأد  R1ٚ٘ةزا ٠ؼٕةٟ أْ   

اٌةٝ ِغّةٛػز١ٓ  

 ِٕفقٍز١ٓ.

 

ِضلا ً ٟ٘ ػلالةخ ١ٔٛٔةخ ػٍةٝ  Rn( ٠ّىٓ أْ ٔمٛي إْ 2( ٚ )1ثبٌفىشح ٔفغٙب اٌزٟ ٚسدد فٟ )  (3)

 .A1  A2  …  Anا١ٌٕٔٛبد اٌّشرجخ ٌٍّغّٛػخ  

 

اٌةٝ ِغّةٛػز١ٓ ِٕفقةٍز١ٓ  A  Bرغةضٜء اٌّغّٛػةخ  Bاٌةٝ  R  ِٓAإْ اٌؼلالخ اٌضٕبئ١خ   (4)

Rب ِٚزّّزٙ Rّ٘ب 
c

 .A  Bثبٌٕغجخ ٌٍّغّٛػخ  
 

 مثال:

R = {(x,y):xؽ١ش  R  ℝℝٌزىٓ          
2
 + y

2
 = 1} ،ℝ .ِغّٛػخ الاػذاد اٌؾم١م١خ 

ℝ2ِبرا رّضً ِغّٛػخ إٌمبه فٟ اٌّغزٛٞ  ) أ(
 ؟Rاٌزٟ رٕزّٟ اٌٝ  

 ِّب ٠ٍٟ: Rث١ّٓ أٞ اٌؼٕبفش ٠ٕزّٟ اٌٝ   )ة(

2 2 2 2 2
( , );( 1,0);( , );( ,0);(1,0);(1,1);(0,1)

2 2 2 2 2


 . 

ٚٔقةف  (0,0)رّضً ٔمبه اٌّغةزٛٞ اٌٛالؼةخ ػٍةٝ ِؾة١و اٌةذائشح اٌزةٟ ِشوض٘ةب  Rإْ  ) أ(  الحل:

 لطش٘ب اٌٛؽذح.

ِةةب ػةةذا إٌمطزةة١ٓ  Rوةةً اٌؼٕبفةةش رٕزّةةٟ اٌةةٝ  )ة(
2

( ,0); (1,1)
2

لاْ وةةلا ً ِّٕٙةةب لا رؾمةةك  

x)ِؼبدٌخ اٌذائشح 
2
 + y

2
 = 1). 

 

Properties of Binary Relation on a Set 
العلاقة الثنائية على مجموعةخواص   

ٌٙةب أ١ّ٘ةخ وج١ةشح ٌىضةشح رطج١مبرٙةب فةٟ اٌش٠بمة١بد  Aػٍةٝ )أٚ فةٟ( ِغّٛػةخ  Rإْ دساعخ اٌؼلالةخ اٌضٕبئ١ةخ         

 خبفخ ٚفٟ ثؼل اٌؼٍَٛ الاخشٜ ػبِخ.

Definition 4.20: A relation R on a set A is called reflexive if the 

pair (x, x) R for each xA. 

R is reflexive relation on A  (x, x)R, ∀ xA. 

 x  x, ∀ xA. 
R is not reflexive relation on A  ∃ xA, (x, x) R. 

 ∃ xA, 𝑥  𝑥 . 
ِؾممةةخ ٌغ١ّةةغ   xRx( ٚوبٔةةذ  Aػلالةةخ ػٍةةٝ  R)أٚ إخزقةةبسا ً:  Aػلالةةخ صٕبئ١ةةخ ػٍةةٝ اٌّغّٛػةةخ  Rإرا وبٔةةذ  

 .(Reflexive Relation) ػلاقخ اّؼنبعٞخ R( لٍٕب إْ  x  A: x R x)أٞ:   Aػٕبفش 
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Definition 4.21: A relation R on a set A is called symmetric if 

the pair (y, x) R whenever the pair (x, y) R. 

In other words, the relation R on a set A is symmetric if the 

following condition satisfied: 

If (x, y)R, then (y, x)R   ∀x, yA. 

 

And the relation R on a set A is not symmetric if 

∃(x, y)AA; (x, y)R but (y, x)R. 

 
 رؾمك اٌؾشه   Aػلالخ ػٍٝ  Rإرا وبٔذ 

(x, y)  R    (y, x)  R 

 .(Symmetric Relation)(  ٍزَبثيخ أٗ ٍزْبظشحأٗ ) ػلاقخ رْبظشٝخ Rلٍٕب إْ 
 

Definition 4. 22: A relation R on a set A is called transitive if 

the pair (x, z) R whenever the pairs (x, y), (y, z) R. 

In other words, the relation R on a set A is transitive if the 

following condition satisfied: 

If (x, y), (y, z)R, then (x, z)R   ∀x, y, zA. 

 

And the relation R on a set A is not transitive if 

∃(x, y), (y, z)AA; (x, y), (y, z)R but (x, z)R. 

 
 رؾمك اٌؾشه   Aػلالخ ػٍٝ  Rإرا وبٔذ 

(x,y), (y,z)  R    (x,z)  R 

 .(Transitive Relation)(  ّبقيخ) ػلاقخ ٍزؼذٝخ Rلٍٕب إْ 
 

Definition 4. 23: A relation R on a set A is called Equivalence 

relation if it is reflexive, symmetric and transitive. 

 
  Aػٍةةٝ  ػلاقااخ رناابف  Rػلالةةخ أؼىبعةة١خ ٚ رٕبظش٠ةةخ ِٚزؼذ٠ةةخ لٍٕةةب إْ  Rٚوبٔةةذ  Aػلالةةخ ػٍةةٝ  Rإرا وبٔةةذ 

(Equivalence Relation). 

 
 ملاحظات:

أٞ   x R x  بٌزؼج١شثـ    R (x, y)لاؽع فٟ اٌزؼبس٠ف اٌغبثمخ أْ ثإِىبٕٔب الاعزؼبمخ ػٓ   (1)

 أْ 

x R y   (x,y)  R 

 

 ثؾ١ش: Aفٟ  xػلالخ غ١ش أؼىبع١خ إرا ٚعذ ػٕقش  Rرىْٛ   (2)

R ( ) R x y x,x  
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 ثؾ١ش:  R (x, y)ػلالخ غ١ش رٕبظش٠خ إرا ٚعذ ػٕقش  Rرىْٛ   (3)

R R  x y y x  

 

ٚ٘زا   R (x,z)ثؾ١ش   R (y,z) ,(x,y)ػلالخ غ١ش ِزؼذ٠خ إرا ٚعذ ػٕقشاْ  Rرىْٛ   (4) 

 ٠ىبفٝء

( R R : R  x y y z) x z  

 

ػلالةةخ رىةةبف  إرا ٌةةُ ٠زؾمةةك ٚاؽةةذ ػٍةةٝ الالةةً ِةةٓ اٌؾةةشٚه اٌضلاصةةخ اٌةةٛاسدح فةةٟ  Rلا رىةةْٛ   (5) 

٘ةٛ أْ  Aػلالخ رىبف  ػٍٝ اٌّغّٛػخ  R( )أٞ اٌؾشه اٌلاصَ ٚاٌّىبفٝء ٌزىْٛ 23 .4اٌزؼش٠ف )

 .اٌؾشٚه اٌضلاصخ ِؼب ً ٟٚ٘ الأؼىبع١خ ٚاٌزٕبظش٠خ ٚاٌزؼذٞ( Rرؾمك 

 

Example 4. 24: Let A= {1, 2, 3, 4} and R AA such that  

R = {(1, 1), (1, 2), (2, 1), (2, 3), (3, 2)}. Then is R; 

(i)  Reflexive? 

(ii) Symmetric? 

(iii) Transitive? 

(iv) Equivalence? 

 
 مثال:
ٔبلؼ اٌؼلالبد الار١خ ِٓ ؽ١ش وٛٔٙب أؼىبع١خ أٚ رٕبظش٠خ أٚ ِزؼذ٠خ ِٚٓ صُ ث١ّٓ أ٠ب ً ِٕٙب        

 ػلالخ رىبف :

ℝ2" ػٍٝ ِغّٛػخ ِغزم١ّبد اٌّغزٛٞ ⊥ػلالخ اٌزؼبِذ " ) أ( 
. 

 .ℤػلالخ أفغش ِٓ "<" ػٍٝ ِغّٛػخ الاػذاد   )ة(

 .*ℤ" ػٍٝ ِغّٛػخ الاػذاد ∣ػلالخ لبعُ ٌـ ")حـ(  

   الحل:

إْ ػلالخ اٌزؼبِذ ػٍٝ ِغّٛػخ ِغزم١ّبد اٌّغزٛٞ ١ٌغذ ػلالخ أؼىبع١خ لاْ اٌّغزم١ُ لا   ) أ( 

٠D, D'  ℝ2زؼبِذ ِغ ٔفغٗ. ٌٚىٕٙب رٕبظش٠خ لأٗ إرا وبْ 
. فٟ D' ⊥ Dفإْ  'D ⊥ Dٚوبْ  

D, D', D''  ℝ2ؽ١ٓ أٙب ٌغذ ِزؼذ٠خ لأٗ إرا وبْ 
 ٚوبْ  

D ⊥ D'   D' ⊥ D'' ⇏ D ⊥ D'' 

 ٔغزٕزظ ِّب رمذَ أْ ػلالخ اٌزؼبِذ ١ٌغذ ػلالخ رىبف .

. وّب ١ٌx ≮ x :  x  ℤغذ أؼىبع١خ لأٗ  ℤإْ ػلالخ أفغش ِٓ "<" ػٍٝ اٌّغّٛػخ  )ة( 

. ٌٚىٕٙب ِزؼذ٠خ y ≮ xفإْ  x < yٚوبٔذ  x, y  ℤإٔٙب ١ٌغذ رٕبظش٠خ فٛامؼ أٔٗ إرا وبٔذ 

. ٔغزٕزظ ِّب رمذَ أْ اٌؼلالخ x < zفإْ   x < y     y < zٚوبْ  x, y, z ℤلأٗ إرا وبٔذ 

 "<" ١ٌغذ ػلالخ رىبف .
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لبعُ ٌٕفغٗ. ٌٚىٕٙب ١ٌغذ  *ℤأؼىبع١خ لاْ أٞ ػذد فٟ  *ℤ" ػٍٝ ∣إْ ػلالخ لبعُ ٌـ " )حـ( 

  x∣ y ٚوبٔذ *x, y, z ℤٟٚ٘ ػلالخ ِزؼذ٠خ لأٗ إرا وبٔذ  2∤6فٟ ؽ١ٓ  6∣2رٕبظش٠خ فّضلا ً 

  ٚy ∣ z   ْفإx ∣ z" ١ٌغذ ػلالخ رىبف  ػٍٝ ∣. ٔغزٕزظ ِّب رمذَ اْ اٌؼلالخ "ℤ*. 

 
 سؤال:

 " ػٍٝ ِغّٛػخ ِغزم١ّبد اٌّغزٛٞ ػلالخ رىبف ؟ أصجذ رٌه.∥ً٘ أْ ػلالخ اٌزٛاصٞ "       

 

 سؤال:

ℝ2ً٘ أْ ػلالخ رؾبثٗ اٌّضٍضبد فٟ اٌّغزٛٞ        
 ػلالخ رىبف ؟ 

 

Definition 4. 25: A relation R on a set A is called Anti-

symmetric if x= y whenever the pair (x, y) R and (y, x)R. 

In other words, the relation R on a set A is anti-symmetric 

if the following condition satisfies: 

∀x, yA; if (x, y)R  (y, x)R   x = y. 
 

And the relation R on a set A is not anti-symmetric if 

∃x, yA; (x, y)R  (y, x)R but x≠ y. 

 
إرا ؽممذ  (Anti-Symmetric) ػلاقخ رخبىفٞخإٔٙب  Aِؼشفخ ػٍٝ ِغّٛػخ  Rٔمٛي ػٓ ػلالخ 

 اٌؾشه الارٟ

(x,y)  R  (y,x)  R    x = y 

 

Definition 4.26: Let x and y are integers with x ≠0. Then "x 

divides ُ٠مغ y" is denoted by x | y and defined as: 

x | y  ∃k ℤ such that y = kx 

 

فٛامةةؼ أةةٗ إرا وةةبْ          *ℤ" ػٍةةٝ ِغّٛػةةخ الاػةةذاد ∣ِةةٓ أِضٍةةخ اٌؼلالةةبد اٌزخبٌف١ةةخ ػلالةةخ لبعةةُ "

x ∣ y  y ∣ x  : x, y  ℤ*  ْفإx = y. 

Definition 4. 27: A relation R on a set A is called partially 

ordered relation (P.O.R.) or partially ordering if it is reflexive, 

anti-symmetric and transitive. The pair (A, R) is called partially 

ordered set. 

R is P.O.R.  R is reflexive  anti-symmetric  transitive. 
R is not P.O.R.  R is not reflexive  not anti-symmetric  

not transitive. 
 ػلالخ أؼىبع١خ ٚرخبٌف١خ ِٚزؼذ٠خ. Rإرا وبٔذ  Aػٍٝ ِغّٛػخ  ػلاقخ رشرٞت جضئٜ Rٔمٛي إْ  



 د.احَذ اثشإٌٞ                               ٕٞبمو ٍزقطؼخ      د.ٕبّٜ اىذاْٜٝ                    

49 

 

Definition 4. 28: A relation R on a set A is called totally 

ordered relation (T.O.R.) or totally ordering if it is satisfied the 

following conditions: 

(i) R is P.O.R. 

(ii)  x, y  A: x R y  y R x. 
 

 اٌؾشه ا٢رٟ: وبٔذ ػلالخ رشر١ت عضئٟ ٚرؾمكإرا  Aػٍٝ  ػلاقخ رشرٞت ميٜ Rٔمٛي إْ 

 x, y  A: x R y  y R x 
 

رشر١ت عضئٟ ٌٚىٓ لذ لا ٠ىْٛ اٌؼىظ  ٟ٘ ػلالخ وٍٟ إْ ٘زا اٌزؼش٠ف ٠ؼٕٟ أْ وً ػلالخ رشر١ت

 فؾ١ؾب ً.

ٟ٘ ػلالخ رشر١ةت عضئةٟ ػٍةٝ . فةٟ ؽة١ٓ اْ اٌؼلالةخ  P(A)" ػٍٝ ِغّٛػخ اٌمٛح إْ اٌؼلالخ "

" ػٍٝ ِغّٛػخ الاػذاد اٌؾم١م١خ "ℝ  ٍٝػلالخ رش١ٔت وٍٟ ػ ٟ٘ℝ. 

 

Exercises  
 

(1) If A={1, 2, 3, 4, 5} and B={3, 5, 7, 8}, then answer the 

following statements: 

(i) Find A B=  

And B A=  

(ii) If R= {(1, 3), (1, 5), (2, 7), (2, 8)}. Then, is R binary 

relation from A to B?  

Why? 

If your answer "yes", then find dom R= 

And range R= 

 

(iii) Find R
-1

= 

Is R
-1

 binary relation from B to A? 

Why? 

If your answer "yes", then find dom R
-1

= 

And range R
-1

= 
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(iv) If R = {(2, 5), (3, 4), (4, 5)}, then answer the 

following: 

Is R binary relation from A to B?  

Why? 

Is R binary relation from B to A?  

Why? 

Is R binary relation on A?  

Why? 

Is R binary relation on B?  

Why? 

 

(v) Is R= A B binary relation from A to B? 

Find dom R= 

Range R= 

R
-1

=  

Is R
-1

= B A? 

 

(vi) If R A B, then R and R
-1 

in each of follows: 

a) x R y    x = y – 2  

R= 

R
-1

= 

b) x R y    x = y 

R= 

R
-1

= 

c) x R y    x > y – 2   

R= 

R
-1

= 

d)  x R y    x = y + 3 

R= 

R
-1

= 
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(2) If A= {1, 2, 3, 4, 5, 6}, then any of the following 

relations on A is reflexive? Symmetric? Transitive? 

Equivalence? Anti-symmetric? 

(i)   R1 = {(1, 1), (2, 2), (3, 3), (4, 4), (5, 5), (6, 6)} 

Reflexive? 

Symmetric? 

Transitive? 

Equivalence? 

Anti-symmetric? 

 (ii)   R2 = R1 – {(5, 5)} 

Reflexive? 

Symmetric? 

Transitive? 

Equivalence? 

Anti-symmetric? 

 

(iii)   R3 = {(1, 1), (1, 2), (2, 1)} 

Reflexive? 

Symmetric? 

Transitive? 

Equivalence? 

Anti-symmetric? 
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 (iv) R4 = R3 ∪ {(2, 2)} 

Reflexive? 

Symmetric? 

Transitive? 

Equivalence? 

Anti-symmetric? 

 

(v) R5 = {(2, 6)} 

Reflexive? 

Symmetric? 

Transitive? 

Equivalence? 

Anti-symmetric? 

 

 (vi) R6 = {(1, 5),(5, 1)} 

Reflexive? 

Symmetric? 

Transitive? 

Equivalence? 

Anti-symmetric? 
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(vii) R7 = {(3, 4), (4, 3), (3, 3), (4, 4)} 

Reflexive? 

Symmetric? 

Transitive? 

Equivalence? 

Anti-symmetric? 

 

 (viii) R8 = A  A=  

 

Reflexive? 

Symmetric? 

Transitive? 

Equivalence? 

Anti-symmetric? 

 

(3) Let ℤ+ be the set of positive integer numbers, and R 

be a relation on ℤ+ defined as follows: 

 x, y  ℤ+
: x R y  x + 2 y = 12 

Find R= 

 

Dom R= 

Range R= 

R
-1

= 
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(4) If ℤ be the set of integer numbers, then any of the 

following relations on ℤ is reflexive? Symmetric? 

Transitive? Equivalence? Anti-symmetric? P.O.R.? 

T.O.R.? 

(i)  x, y  ℤ : x R y  x ∣ y 
 x  ُ٠مغy  ٚا ،y  ٍٝ٠مجً اٌمغّخ ػx 

)ii)  x, y  ℤ : x R y  x < y 

(iii)  x, y  ℤ : x R y  x > y 

(iv)  x, y  ℤ : x R y  x  y 
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CHAPTER FIVE 

Mappings 

 اىزطجٞقبد

اٌزطج١مبد )اٌشٚاعُ( ِٓ أُ٘ اٌّفب١ُ٘ اٌش٠بم١بر١خ ٚاٚعةؼٙب إٔزؾةبساً  ٚاوضش٘ةب 

 ِٓ فشٚع اٌش٠بم١بد إلا ٌٍٚزطج١مةبد ف١ةٗ ٔقة١ت الاعةذ، إر  ً فبئذح، فمًّ  أْ رغذ فشػب

ٟ٘ رغزخذَ فٟ اٌزؾ١ًٍ اٌش٠بمٟ ٚاٌغجش ٚإٌٙذعخ ٚاٌزجٌٛٛع١ب ٚغ١ةش رٌةه، وّةب رّزةذ 

 اعزخذاِبرٙب اٌٝ فشٚع اٌّؼشفخ الاخشٜ ِٓ ف١ض٠بء ٚو١ّ١بء ٚالزقبد ٚٔؾٛ٘ب.

فةخ ِةٓ اٌؼلالةخ اٌضٕبئ١ةخ ٚوٍّخ "رطج١مبد" ِفشد٘ةب رطج١ةك، ِةب ٘ةٛ إلا ؽبٌةخ خب        

٘ةةبر١ٓ  ِةةٓ ِغّٛػةةخ اٌةةٝ اخةةشٜ، ثغةةل إٌظةةش ػةةٓ هج١ؼةةخ اٌؼٕبفةةش إٌّز١ّةةخ ٌىةةلا

اٌّغّٛػز١ٓ. ِّب عؼً اٌزطج١ك لبدسا ً ػٍٝ إؽزٛاء ِفب١ُ٘ أخةشٜ ِضةً اٌذاٌةخ أٚ اٌزةبثغ 

أٚ اٌزؾ٠ٛةةةً أٚ الالزةةةشاْ ِٚةةةب اٌةةةٝ رٌةةةه ِةةةٓ ِقةةةطٍؾبد وبٔةةةذ رغةةةزخذَ فةةةٟ فةةةشٚع 

بٔةةب ً ٚوبٔٙةةب أؽةة١بء ِخزٍفةةخ ٚلةةذ عةةبء اٌزطج١ةةك ١ٌغؼٍٙةةب ؽةةبلاد اٌش٠بمةة١بد، ٚرجةةذٚ اؽ١

خبفةخ ِٕةٗ فّةضلا ً اٌذاٌةخ اٌؾم١م١ةةخ فةٟ اٌزؾ١ٍةً اٌش٠بمةٟ ِةةب ٘ةٟ إلا ؽبٌةخ خبفةخ ِةةٓ 

اٌزطج١ةةك  )إر ٘ةةٟ رطج١ةةك ِةةٓ ِغّٛػةةخ عضئ١ةةخ ِةةٓ ِغّٛػةةخ الاػةةذاد اٌؾم١م١ةةخ اٌةةٝ 

ظةةةش اٌش٠بمةةة١بر١خ الاػةةةذاد اٌؾم١م١ةةةخ ٔفغةةةٙب(. ٚالاْ ِةةةب ٘ةةةٛ اٌزطج١ةةةك ِةةةٓ ٚعٙةةةخ إٌ

 اٌّؼبفشح؟

إْ اٌزطج١ةةك وّةةب أؽةةشٔب اػةةلاٖ ٘ةةٛ ؽبٌةةخ خبفةةخ ِةةٓ اٌؼلالةةبد اٌضٕبئ١ةةخ. ٌٚزؼ١ةة١ٓ         

 رطج١ك ِب ٠ٍضِٕب صلاصخ أِٛس أعبع١خ ٟ٘:

 .A  ِغّٛػخ اٌٚٝ   (1)

 .B  ِغّٛػخ صب١ٔخ   (2)

 Aسثػ مو ػْصاش ٍاِ ػْبصاش اىَجَ٘ػاخ لبػذح )أٚ لبْٔٛ( ٔغزط١غ ثٛاعطزٙب   (3)

 .Bثؼْصش ٗحٞذ ٍِ ػْبصش 

اٌّغةةبي(  –إٌّطٍةةك  –رغةّٝ اٌّغّٛػةةخ الاٌٚةةٝ  ِغّٛػةخ رؼش٠ةةف اٌزطج١ةةك )إٌطةبق 

(Domain)  وّب رغةّٝ اٌّغّٛػةخ اٌضب١ٔةخB  اٌّغةبي  –اٌّغةزمش )إٌطةبق اٌّقةبؽت

 .(Codomain)اٌّذٜ(  –اٌّمبثً 

 

Definition 5.1: Let A and B be two nonempty sets. A relation f 

from A to B (f  A  B) is called a mapping or function if each 

element in A is related to a unique element in B. This relation is 

denoted by f: A B or A B
f

 and read as; f is a mapping 

from A to B. 

It is clear that dom f = A, and if (x, y)  (x, z)  f  y =z. 
ػٕةذِب رؾمةك رطجٞقاب ًرغّٝ   fفإْ اٌؼلالخ   f  A  Bِغّٛػز١ٓ غ١ش خب١ٌز١ٓ ٚوبٔذ  A  ،Bإرا وبٔذ         

 اٌؾشه١ٓ الار١١ٓ:

 A = { x: x  A  (x, y)  f}  ٔفغٙب أٞ أْ: Aرغبٚٞ  fِغّٛػخ رؼش٠ف اٌؼلالخ   (1)

  (x, z)  f  y = z (x, y)  أٞ أْ: ٠Bشرجو ثؼٕقش ٚؽ١ذ ِٓ ػٕبفش  Aوً ػٕقش فٟ    (2)
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Remark 5.2: Every function is relation but not every relation is 

a function. 

 

Definition 5.3: Let f: A B be a mapping and (x, y)f, then the 

element yB is called the image of an element xA. And 

written as; y = f (x)   or   x  y = f (x). 

And if A1 A, then the image of A1 is define as follows;  

f (A1) = {y  B: y = f (x)  x  A1}. 
، xA أٗ خٞابه( اىؼْصاش ) صا٘سح  yB، فإٕٔب ٔغةّٟ اٌؼٕقةش  f (x, y)رطج١مب ً ٚوبْ   f : A  Bإرا وبْ 

 ٚٔىزت رٌه ثبٌؾىً:

y = f (x)   or   x  y = f (x) 

 وّب ٠ٍٟ: A1، فإٕٔب ٔؼشف فٛسح A1  Aٚإرا وبٔذ 

f (A1) = {y  B: y = f (x)  x  A1} 

 

Definition 5.4: Let f: AB be a mapping. Then: 

(i) The set A is called the domain of f  ٌِٗغبي اٌذا and is 

denoted by Df. 

(ii) The set B is called the codomain of f  ٌٗاٌّغبي اٌّمبثً ٌٍذا and 

is denoted by Codf. 

(iii) If f (x)= y then y is called the image of x and x is the 

preimage of y. 

(iv) The set of all images of the elements of A is called the 

range of f and is denoted by Rf. 

Rf = f (A)= {y = f (x)B: xA} B. 

 

Definition 5.5: (Equal Mappings)            رغبٚٞ اٌزطج١مبد 

 Let f and g be two mappings, then f and g are said to be 

equal, write as f= g, if the following conditions are hold: 

(i) Df = Dg. 

(ii) Codf = Codg. 

(iii)  f(x)= g(x) for every x Df = Dg. 

 

 ، إرا ؽممب اٌؾشٚه الار١خ: f = g، ٚٔىزت  ٍزغبٗٝبُإّٔٙب   f    ،gٔمٛي ػٓ رطج١م١ٓ 

 .g=  ِغّٛػخ رؼش٠ف   fِغّٛػخ رؼش٠ف    (1)

 .g=  ِغزمش   fِغزمش    (2)

(3)  f (x) = g(x)  : x  A  ؽ١ش ،A .ِغّٛػخ رؼش٠فّٙب 
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Definition 5.6: (Inverse Image)                  الصورة العكسية 

 Let f: A  B be a mapping, the inverse image of f is 

denoted by f
 -1

 and is defined as follows; 

f
 –1

(B) = {xA: y = f (x)  y B}. 

 And if B1 is a subset of B, then the inverse image of B1 is 

defined as follows; 

f
 – 1

(B1) = {x  A: y = f (x)  y  B1}. 

 If B1={y}, then f
 – 1

({y}) = f
 – 1

(y) = {x  A: y = f (x)} is 

called the inverse image of the element y. 

 It is clear that the inverse image of a mapping need not be 

mapping, in general. 
         

fرطج١مةب ً ، فإٕٔةب ٔغةزخذَ اٌشِةض   f : A  Bإرا وةبْ 
 –1 

. ٚاٌغةذ٠ش    fاٌؼىغة١خ ٌٍؼلالةخ  ٠ةذي ػٍةٝ اٌقةٛسح  

 ١ٌغذ ثبٌنشٚسح رطج١مب ً.   fثبٌزوش أْ اٌؼلالخ اٌؼىغ١خ ٌزطج١ك 

f، فإٕٔةب ٔغةّٟ اٌّغّٛػةخ B1  Bرطج١مةب ً ٚوبٔةذ   f : A  Bإرا وةبْ         
 –1

(B1)
 

اىصا٘سح اىؼنغاٞخ  

 ، ٚٔؼشفٙب وّب ٠ٍٟ:B1ٌٍّغّٛػخ 

f
 – 1

(B1) = {x  A: y = f (x)  y  B1} 

 ، أٞ ِىٛٔخ ِٓ ػٕقش ٚاؽذ فمو، فإٕٔب ٔىزت:B1 = {y}ٚإرا وبٔذ 

f
 – 1

({y}) = {x  A: y = f (x)} 

fأٚ إخزقبسا ً 
 – 1

(y) = {x  A: y = f (x)} ٚرذػٝ اٌقٛسح اٌؼىغ١خ ٌٍؼٕقش ،y. 

 

Example 5.7: Let A={a, b, c, d, e, n} and B={1, 2, 3, 4, 5, 6} be 

two sets,  f :AB be a mapping defined as the following graph, 

A1, A2  A and B1, B2  B such that;  

A1 = {a, b, d},       A2 = {c, d, e}. 

B1 = {1, 2, .3},       B2 = {2, 4, 5}. 

 

 

 

 

 

 

 

 

 
 

 

 

 

a      b      c      d      e      n 

1      2      3      4      5      6 

A 

B 
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Then, find each of follows: 

 

 (i)  f (d)                      (ii)  f
 – 1

(1)                    (iii)  f
 – 1

(5) 

(iv)  f
 – 1

(B1)                 (v)  f (A1)                     (vi)  f (A) 

(vii)  f (A1  A2)         (viii)  f (A1)  f (A2)     (ix)  f (A1  A2)      

(x)  f (A1)  f (A2)       (xi)  f (f
  – 1

(B1))             (xii)  f (f
  – 1

(A1))      

(xiii) f
 –1

(B1B2)           (xiv) f
 –1

(B1)  f
 –1

(B2)  (xv)  f
 –1

(B1B2) 

(xvi)  f
 –1

(B1)  f
 –1

(B2)   (xvii) f
 –1

(B1
c
)         (xviii) (f

 –1
(B1))

c
. 

 

Solution: 

(i)  f (d) = 4               (ii)  f
 –1

(1) = {a, c}     (iii)  f
 –1

(5) = {  } =  
 

(iv)  f
  – 1

(B1) = f
  – 1

({1,2,3}) = {a, c, b} 
 

(v)  f (A1) = f ({a, b, d}) = {1, 2, 4}     (vi)  f (A) = {1, 2, 4, 6} 
 

(vii)  f (A1  A2) = f ({a, b, d, c, e}) = {1,2,4} 
 

(viii)  f (A1)  f (A2) = {1, 2, 4}  {1, 4} = {1, 2, 4} 
 

(ix)  f (A1  A2) = f ({d}) = {4} 
 

(x)  f (A1)  f (A2) = {1, 2, 4}  {1, 4} = {1, 4} 
 

(xi) f (f
  – 1

(B1)) = f ({a, c, b}) = {1, 2}  B1. 
 ثم١خ اٌفمشاد ِزشٚن ؽٍٙب ٌٍطبٌت وزّبس٠ٓ.

Theorem 5.8: If f:AB is a mapping, A1, A2  A and B1, B2  

B, then the following statements are hold; 

 (i)  A1  A2    f (A1)  f (A2) 

(ii)  f (A1  A2) = f (A1)  f (A2) 

(iii)  f (A1  A2)   f (A1)  f (A2) 

(iv)  f (f
 –1

(B1))  B1 

(v)  f
 –1

( f (A1))  A1 

(vi)  f
 –1

(B1  B2) = f
 –1

(B1)  f
 –1

(B2) 

(vii)  f
 –1

(B1  B2) = f
 –1

(B1)  f
 –1

(B2) 

(viii)  f
 –1

(B1
c
) = (f

 –1
(B1))

c
 

 

 ىِ ّخ٘ض فٜ ثشٕبُ ٕزٓ اىَجشْٕخ، ٍؼزجشِٝ فقشارٖب ٍِ خ٘اص اىزطجٞق ٗاىزٜ عْغزؼَيٖب لاحقبً.
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 Types of Mappings   أّ٘اع اىزطجٞقبد
 

 رأًِ اٌّخططبد اٌغ١ّٙخ الار١خ صُ أعت ػّب ٠أرٟ:        

 

 

 

 

 

 

 

 

 

 

 

 

                           (1)                                                   (2) 

 

 

 

 

 

 

 

 

 

 

 

 

 

(3)                                                                        (4) 

 
 ً٘ وً ِخطو ِٕٙب ٠ّضً رطج١مب ً؟ ٚؽذد إٌّطٍك ٚاٌّغزمش ٚاٌّذٜ فٟ وً ؽبٌخ.) أ( 

فةٛسح ٌؼٕقةش٠ٓ ِخزٍفة١ٓ ِةٓ ػٕبفةش  yثؾ١ش ٠ىْٛ  y  B، ً٘ ٠ٛعذ (1)فٟ اٌّخطو )ة( 

Aٚاؽذ ٌٛاؽذ( – ِزجب٠ٕب ً )أؽبد٠ب ً  ً؟ إْ ِضً ٘زا اٌزطج١ك ٠غّٝ رطج١مب 

                      (Injective or One to one " 1 – 1") 

ثؾ١ش ٠ىْٛ ١ٌظ فٛسح ٌؼٕقةش ٚاؽةذ ػٍةٝ الالةً ِةٓ  y  B، ً٘ ٠ٛعذ (2)فٟ اٌّخطو  )حـ( 

. إْ ِضةً ٘ةزا x  Aِةٓ أعةً  y  f (x)ثؾ١ةش ٠ىةْٛ  y  B؟ )أٞ ً٘ ٠ٛعةذ Aػٕبفش 

 .(Surjective or Onto)فٛل١ب ً(  –اٌزطج١ك ٠غّٝ رطج١مب ً غبِشا ً )ؽبِلا ً 

a 

 

b 

 

c 

1 

 

2 

A 
B 

f 

1 

 

2 

A 

a 

 

b 

B f 

a 

 

b 

 

1 

 

2 

B f A 

1 

 

2 

a 

 

b 

 

A f B 
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أعةةت ػةةٓ )ة( ٚ )ؽةةـ( ِةةبرا رلاؽةةع؟ إْ ِضةةً ٘ةةزا اٌزطج١ةةك ٠غةةّٝ رمةةبثلا ً  (3)فةةٟ اٌّخطةةو  )د( 

 .(Bijective or 1 -1))رٕبظشا ً أؽبد٠ب ً( 

أعت ػٓ اٌغ ا١ٌٓ )ة( ، )ؽـ( ِبرا رلاؽةع؟ إْ ٘ةزا اٌزطج١ةك ٌة١ظ ِزجب٠ٕةب ً  (4)فٟ اٌّخطو  )ٕـ( 

 ٚلا غبِشا ً ٚلا رمبثلا ً.

 

Definition 5.9: (Constant Mapping)   اىزطجٞق اىثبثذ 

 A mapping f:AB is called constant mapping if there is 

an element c in B such that f(x)= c for every x in A. 

 Or, f is constant mapping  Rf ={c}. 

  

A              f            B 

 

 
 
 
 
 
 

Constant function 

 

Definition 5.10: (Identity Mapping)     الذاتي التطبيق   

 A mapping f:AA is called identity mapping denoted by 

iA if f(x)= x for every xA. 

 

A              f            A 

 

 
 
 
 
 
 

Identity function 
 

 

 

 

1 

2 

3 

c 

b 

c 

a 

b 

c 

c 

b 

c 
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Definition 5.11: (Injective Mapping)   ِٝاىزطجٞق اىَزجب 

 A mapping f:AB is called injective mapping or one to 

one (1-1) if different elements in the domain A have different 

images in B. 

In other words; f is 1-1 mapping if  f (x1) = f (x2)    x1 = x2    or    

x1  x2    f (x1)  f (x2). 

 

 

 
 
 
 
 
 
     One to one mapping                       not one to one mapping 

 

Definition 5.12: (Surjective Mapping)  التطبيق الشامل 

A mapping f:AB is called surjective mapping or (onto) 

if every element in B has at least one relation element in A. 

In other words; 

A mapping f:AB is onto  ∀yB, ∃xA : f(x)= y. 

Or, a mapping f:AB is onto  Rf = Codf. 

 

 

 

 
 
 
 
 
 
     Onto mapping                                     not onto mapping 

 

 

 

 

 

a 

b 

c 

x 

y 

z 

a 

b 

c 

x 

y 

z 

a 

b 

c 

x 

y 

 

a 

b 

c 

x 

y 

z 
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Definition 5.13: (Bijective Mapping)  التطبيق المتقابل 

A mapping f:AB is called bijective mapping  f is 1-1 and 

onto. 

 

Definition 5.14: (Inverse mapping)         الدالة العكسية 
 Let f be a bijective mapping from A to B then f

 -1
 is a 

mapping from B to A such that f
 -1

(y)= x. 

 

Example 5.15: Let f : ℤℤ be a mapping such that f (x)= x +1, 

(i) Discuss the map f, is it 1-1, onto or bijective. 

(ii) Draw the graph of f where – 2  x  2. 

(iii) Find the following;  

            (a)  f (5)=                          (b)  f ({-1,3})=        

            (c)  f 
– 1

(0)=                       (d)  f 
– 1

({1,7})= 

   (iv) Is f
 -1

 a mapping from ℤ to itself? Find f
 -1

(x)  
   الحل:

.  x1, x2  ℤ : f (x1) = f (x2)    x1 + 1 = x2 + 1  x1 = x2      رطجٞاق ٍزجابِٝ لاّأ:  f) أ(  

رطجٞااق ماابٍش، لاُ مااو ػْصااش ٍااِ ػْبصااش اىَغاازقش ٕاا٘ صاا٘سح ىؼْصااش ٍااِ ػْبصااش اىَْطيااق   fٗماازىل فاا ُ 

 (   f)ٍجَ٘ػخ رؼشٝف 

 ٍزجبْٝب ً ٗمبٍشا ً فٖ٘ رقبثو.  fٗىَب مبُ 

 

  f (x) = x + 1  ;  x  ℤ)ة(  

... 2 1 0 1 2 ...

... 1 0 1 2 3 ...

 

    



 

 

 )حـ( 

(i)  f (5) = 6       (ii)  f ({-1,3}) = {0,4} 

 

(iii)  f 
– 1

(0) = – 1        (iv)  f 
– 1

({1,7}) = {0,6} 

 

 fرقبثو ٕٗزا ٝؼْٜ أّٔ ىنو ػْصش فٜ اىَغزقش ص٘سح ػنغٞخ ٗحٞذح فٜ اىَْطيق ٗثبىزبىٜ فانُ   f)د( ّؼٌ، لاُ  
– 1

 fٕ٘ رطجٞق رقبثو أٝعب ً. )رزمش أُ   
– 1  

 f ، ىزىل فنfُػلاقخ ػنغٞخ ىيزطجٞق  
– 1

ىٞظ ثبىعشٗسح رطجٞقاب ً(.   

 fٗىزؼشٝف اىزطجٞق 
– 1  

 فٜ ٍثبىْب ٕزا ّزجغ ٍب ٝيٜ: 

 f، أٛ yفانُ اىصا٘سح اىؼنغاٞخ ىيؼْصاش   fٗفاق اىزطجٞاق  xٕ٘ ص٘سح اىؼْصاش   y = f (x) = x + 1ىَب مبُ 
– 

1
(y)ٜٕ ، 

f 
– 1

(y) = x = y – 1 

 ٗٝنُ٘ ىذْٝب: xفَٞنِ الاعزؼبظخ ػْٔ ثبىحشف  ℤػْصشا ً اخزٞبسٝب ً ٍِ  yٗىَب مبُ 

f 
– 1

(x) = x – 1   ;   f 
– 1

: ℤ  ℤ 
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Example 5.16: Let f : ℝℝ be a mapping such that f (x)= x
2
, 

(i) Is f 1-1? 

(ii) Is f onto? 

(iii) Is f bijective? 

(iv) Find the range of f (Rf). 
   اٌؾً:

 ١ٌظ رطج١مب ً ِزجب٠ٕب ً لاْ:  f) أ(  

f (x1) = f (x2)    x1  x2 

 فّضلا ً       

f (1) = f (–1)    1  –1 

f (x) = xٌة١ظ رطج١مةب ً غةبِشا ً، لاْ    f  )ة( 
2
  0  ٟٚثبٌزةبٌٟ فةإْ ع١ّةغ الاػةذاد اٌغةبٌجخ فة

 .   fاٌّغزمش ١ٌغذ فٛسا ً ٌؼٕبفش فٟ ِٕطٍك 

 ١ٌظ رمبثلا ً، لاْ اٌزمبثً ٠غت أْ ٠ىْٛ ِزجب٠ٕب ً ٚغبِشا ً.  f  )ؽـ(

 )د(

f (ℝ) = {y  ℝ : y = f (x) = x
2
  x  ℝ} 

           = { y  ℝ : y  0}                                                                              

             = ℝ+
  {0} 

 ١ٌظ رطج١مب ً غبِشا ً لأْ ؽشه اٌزطج١ك اٌغبِش أْ ٠ىْٛ:  f : ℝℝٚ٘زا ِب ٠ضجذ أْ 

f (A) = B      ;      f (ℝ) = ℝ+
  {0}  ℝ 

 
 ٍلاحظبد:

+C=ℝٌٛ إػزجشٔب اٌّغزمش ٘ٛ اٌّغّٛػخ  (5.16)فٟ اٌّضبي  (1)
 {0}  ٌىبْ اٌزطج١ك 

  f (x) = x
2

 f:ℝC   غبِشا ً فمو ، ٌّبرا؟ 

 

 ( ٘ٛ اٌّغّٛػخ f)ِغّٛػخ رؼش٠ف    fٌٛ إػزجشٔب ِٕطٍك  (5.16)فٟ اٌّضبي  (2)

 C=ℝ+
 {0}    ٌىبْ اٌزطج١كf : C  ℝ   ؽ١شf (x) = x

2
 ِزجب٠ٕب ً فمو ، ٌّبرا؟  

 

+ℝ  ٌةٛ إػزجشٔةب إٌّطٍةك = اٌّغةزمش =  (5.16)(  فةٟ اٌّضةبي 3)
+f : ℝٌىةبْ اٌزطج١ةك  

  ℝ+
  

f (x) = xؽ١ش 
2

 رمبثلا ً، ٌّبرا؟  

 

 ع اي:

 fرطج١ك ػىغٟ    fِب ٘ٛ اٌؾشه اٌلاصَ ٚاٌىبفٟ ١ٌىْٛ ٌزطج١ك ِب          
– 1

 ؟ 
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Composition of Mappings                         اىزطجٞقبدرشمٞت  

Let f:AB be a mapping and g:BC be a mapping. The 

composition of g and f is a mapping from A to C denoted by g∘f 

and is defined as;  

(g∘ f)(x)= g(f (x))  C for every x A. 

 

In other words; 

If f:AB and g:BC, then g∘f: AC is a mapping  

∀xA, ∃!zC such that z = (g∘ f)(x)= g(f (x)). 

 
 z ثبٌؼٕقةش  x  Aرطج١م١ٓ، ٚلبثٍٕب وةً ػٕقةش   f : A  B    ،g : B  Cإرا وبْ 

C   : ؽ١شz = h(x) = g(f (x))  ً فإٕٔب ٔىةْٛ لةذ ػشفٕةب رطج١مةب ،h  ِٓةA  ٝاٌةC عةٕشِض ٌٙةزا .

وّب ٠غةّٝ   f    ٚg( ٚٔغ١ّٗ ِشوت اٌزطج١م١ٓ  fرشو١ت     g)٠ٚمشأ   h = g ∘ fاٌزطج١ك ثبٌشِض 

 أؽ١بٔب ً ِؾقً اٌزطج١م١ٓ أٚ ربثغ اٌزبثغ أٚ داٌخ اٌذاٌخ.
 إٕٔب ٔغزط١غ اٌزؼج١ش ػٓ ِشوت اٌزطج١م١ٓ وّب ٘ٛ ِٛمؼ أدٔبٖ.

 

 

 

 

 

 أٚ                                                                  

 

 

 

 

 

 

Remark 5.17: 

(i) g∘f is defined (exist) if and only if Rf  Dg. 

(ii) f∘g is defined (exist) if and only if Rg  Df. 

(iii) g∘f ≠ f∘g (in general). 

 

 

A 

B 

C 

f g 

g∘ f 

 

h=g∘ f  or  h(x)=(g∘ f )(x) 
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Example 5.18: Let f : ℝℝ and g : ℝℝ be two mappings 

such that f (x) = x
2
 + 1 and g(x) = x – 1. Then, 

(i) Find g∘f and f∘g. 

(ii)  Find (g∘f )(2) and (f∘g )(2). 

(iii) Find f
 2
, g

2
 , f

 2
(-1) and g

2
(-1). 

Solution: 

(i) (g∘f )(x) = g(f (x)) = g(x
2
 + 1) = (x

2
 + 1) – 1 = x

2
 and 

(f∘g)(x) = f (g(x)) = f (x – 1) = (x – 1)
 2
 + 1 = x

2
 – 2x + 2. 

 ، أٛ أُ رشمٞت اىزطجٞقبد ىٞظ إثذاىٞب ً فٜ اىحبىخ اىؼبٍخ.   f∘g  g∘fإرُ ّغزْزج أُ     

(ii)  (g∘f )(2) = g(f (2)) = 2
2
 = 4 

And (f∘g)(2) = f (g(2)) = 2
2
 – 2  2 + 2 = 2 

  . (g∘f )(2) (2)(f∘g)ٕٗنزا ّجذ أُ   

(iii) f
 2
 (x) = (f∘f )(x) = f (f (x))  

= f (x
2
 + 1) = (x

2
 + 1)

2
 + 1 = x

4
 + 2x

2
 + 2. 

f
 2
 (–1) = (–1)

4
 + 2(–1)

2
 + 2 = 5. 

And g
2
 (x) = (g∘g)(x) = g (g(x)) 

= g (x – 1) = (x – 1) – 1 = x – 2. 

g
2
 (–1) = –1 – 2 = – 3. 

 

Theorem 5.19: If f : A  B, g: B  C and h: C  D 

are three mappings, then (h∘g)∘f = h∘(g∘f ). 

Proof: 

 

 

 

 

 

 

 

 



 د.احَذ اثشإٌٞ                               ٕٞبمو ٍزقطؼخ      د.ٕبّٜ اىذاْٜٝ                    

66 

 

Example 5.20: If   
f g h

  are mappings 

defined as follows; 

f (x) = x + 1     ;     g(x) = 2x     ;     h(x) = sin x 

Then show that   (h∘g)∘f = h∘(g∘f ) 

Solution: ((h∘g)∘f )(x) = (h∘g)(f (x)) = h(g(f (x))) 

= h (g(x + 1)) 

= h(2(x + 1)) 

= sin (2(x + 1)). 

And (h∘(g∘f ))(x) = h∘(g(f (x)) = h(g(f (x))) 

= h (g(x + 1)) 

= h(2(x + 1)) 

= sin (2(x + 1)). 

Theorem 5.21: Let f : AB and g : BC be two mappings: 

(i) If f and g are 1-1, then so is g∘f. 

(ii) If f and g are onto, then so is g∘f. 

(iii) If f and g are bijective, then so is g∘f. 

(iv) If g∘f is 1-1, then f is 1-1. 

(v) If g∘f is onto, then g is onto. 

Proof:  

(i): To prove g∘f: A C is 1-1, 

∀x, y A such that g∘f (x)= g∘f (y) must prove x= y. 

g∘f (x)= g∘f (y) g(f (x))= g(f (y))         (def. of g∘f ) 

 f (x))= f (y )                (g is 1-1) 

 x = y                            (f is 1-1) 

(ii) To prove g∘f: A C is onto, 

Since ∀zC, ∃yB such that g(y)= z    (since g is onto) 

And ∀ yB, ∃xA such that f(x)= y     (since f is onto) 

Then, ∀zC, ∃xA such that g(f(x))=  g(y)=z 

So, ∀zC, ∃xA such that (g∘f )(x)=  g(f (x))=z. 
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(iii) H.W. 
 

 

 

 

 

(iv) To prove f is 1-1, let x, yA, f (x)= f (y), to prove x = y. 

Since, f(x), f(y)Dg and f(x)= f(y) implies, g(f(x))= 

g(f(y)), (since g is a mapping). So (g∘f )(x)= (g∘f )(y), 

(def. of  g∘f ). Therefore, x = y (since, g∘f is 1-1). 

(v) H.W. 
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Exercise 

(1) Let f :A B be a mapping define as follows; 

  

 

 

 

 

 

 

 

 

 

 

Let A1= {c, d},    A2= {a, d, g}, B1= {m, p, q} and B2={n, o, q}. 

Find the following: 

(i)  f (d) and   f
 – 1

(n). 

(ii) f (A1  A2) and  f (A1)  f (A2). 

(iii) f (A1  A2)   and  f (A1)  f (A2). 

(iv) f
  – 1

 (B1  B2) and  f
  – 1

(B1)  f
  – 1

(B2). 

(v) f
  – 1

 (B1  B2) and  f
  – 1

(B1)  f
  – 1

(B2). 

(vi) f
 
(A1) and  f

  – 1
(f

 
(A1)). 

(vii) f
  – 1

(B2) and  f
  
(f

  – 1
 (B2)). 

(viii) f
  – 1

(B2
c
) and  f

  
(f

  – 1
 (B2))

c
. 

 

(2) If f : ℤ+
  ℤ is a mapping define as follows, 

f (x) = 2x – 5 

(i) Write the graph arrows diagram of  f where 4 x 10. 

(ii)  Is f 1-1? 

(iii) Is f onto? 

(iv) Is f bijective? 

(v) Find f (1),  f
 -1

(-1),  f
 -1

(-3) and  f
 -1

(0) 

(vi) Find f
  – 1

({y ℤ: y  – 4}) 

 

a      b      c      d      e      g      h      i 

m      n      o      p      q      s      t      u 

A 

B 

f 
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(3) Let f : ℝℝ and g : ℝℝ be two mappings such that         

f (x) = x
2
 -2 and g(x) = 2x + 1. Then, 

(i) Find h1 = g∘f  and h2 = f ∘g. 

(ii) Find h1(4), h2(4). 
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CHAPTER SIX 

Elementary in Number Theory 

 أوليات في نظرية الأعداد

        

ؾْشٞ اٌزٞ اٌؼ  ٌمذ اعزخذَ الأٔغبْ فٟ ربس٠خٗ اٌط٠ًٛ أٔظّخ ػذد٠خ ِخزٍفخ ٚإٌظبَ  

 ِٕٚطمٟ لأْ ٌذ٠ٕب ػؾشح أفبثغ فٟ ا١ٌذ٠ٓ.ٔغزخذِٗ ا١ٌَٛ ٘ٛ ٔظبَ عًٙ 

إْ ٘زا إٌظبَ ٠غبػذ ػٍٝ إعشاء وض١ش ِٓ اٌؼ١ٍّبد اٌؾغبث١خ ثغٌٙٛخ ٚوبْ ٌٗ فنً وج١ش فٟ 

 رطٛس ػٍُ اٌش٠بم١بد.

ؾْشٞ اٌشِٛص:  ٠غزخذَ إٌظبَ اٌؼ 

0, 1, 2, 3, 4, 5, 6, 7, 8, 9 

فٟ أٞ ٔظبَ ػذدٞ ٠غبٚٞ ػذد  (base). ٚالاعبط (digits)ٚرغّٝ ٘زٖ اٌشِٛص ثأسلبَ إٌظبَ 

ؾْشٞ ٘ٛ ػؾشح.  الأسلبَ أٚ اٌشِٛص اٌّغزخذِخ ف١ٗ فأعبط ٔظبِٕب اٌؼ 

 ٚٔظش٠خ الأػذاد ٟ٘ فشع ِٓ فشٚع ػٍُ اٌش٠بم١بد ٚاٌزٟ رٙزُ ثذساعخ الأػذاد ٚاٌؼ١ٍّبد ػ١ٍٙب.

 إؽذٜ أُ٘ اٌؼ١ٍّبد ػٍٝ الأػذاد ٟ٘ لبث١ٍخ اٌمغّخ.

ػذد فؾ١ؼ فمو. ٚعٕمذَ خٛاسص١ِخ اٌمغّخ ثؾىً ٠ّىٓ  عٕذسط لبث١ٍخ لغّخ ػذد فؾ١ؼ ػٍٝ

 أْ رغزؼًّ فٟ اٌؾبعٛة ثغٌٙٛخ ٠ٚ غش ٚرطج١مبرٙب.
 

 Divisibility:                                                   قابلية القسمة
 

Definition 6.1: Let a and b are two integer numbers such that  

a  0. Then the integer number a is called a divisor of b, 

denoted by ab, if there is an integer number c such that b= ca. 

If a is not a divisor of b, then we denoted that a ∤b. 
         

إرا ٚإرا فمو ٚعذ ػذد  abٚٔىزت  bٌٍؼذد اٌقؾ١ؼ  (Divisor)قبعَب ً   a  0، ؽ١ش  ٠aىْٛ اٌؼذد اٌقؾ١ؼ  

 .٠b = caؾمك اٌّغبٚاح :  cفؾ١ؼ 

ٔىزت  bلا ٠مغُ  a. ٚإرا وبْ aِٓ ِنبػفبد  bأٚ  aلبثً ٌٍمغّخ ػٍٝ  bأٚ  bػبًِ ِٓ ػٛاًِ  aوّب ٔمٛي إْ 

a ∤b. 

Theorem 6.2: Let a, b and c be three integer numbers. 

(i) If a  b and a  c, then a  (bx + cy)  x, yZ. 

(ii) If a  b, then a  bc. 

(iii) If a  b and b  c, then a  c. 

(iv) If a > 0, b > 0 and a  b, then a  b. 

(v) If a  b, then | a |  | b |. 

(vi) If a  b and b  a, then a =  b. 
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Proof: (i): Since ab and ac, then there exist two integer 

numbers s and t such that; b = as and c = at. Implies, 

bx + cy = asx + aty = a(sx + ty). 

Thus, a(bx + cy). 

 

(ii): Since ab, then there exist an integer number s such that;  

b = as. Implies, bc = asc = a(sc). Thus, a(bc). 

(iii): Since ab and bc, then there exist two integer numbers s 

and t such that; b = as and c = bt. Implies, 

c = bt = ast = a(st). 

Thus, ac. 

 

(iv): Since ab, then there exist an integer number s such that;  

b = as. Since a > 0 and b > 0, then c > 0.  

Therefore c  1 and b = ac  a. 

 

(v): Since ab, then there exist an integer number s such that;  

b = as. Implies, b=as=as and so ab. 

 

(vi): Since ab and ba, then ab and ba. But |a|  0 

and |b|  0, implies a  b and b  a. Thus a = b. 

Hence, a = b. 

 

 In follows we will produce an important theorem which is 

called "Division Algorithm ". 

 

Theorem 6.3: If a is a positive integer number and b is an 

integer number, then there are only two integer numbers r and q 

such that the following statement is hold; b = qa + r ;   0  r < a. 

 
 البرهان:
صُ    q    ٚrلاػطبء ثش٘بْ ِمٕغ ٌٙزٖ اٌّجشٕ٘خ ػ١ٍٕب إصجبد ٚعٛد اٌؼذد٠ٓ         

 ثش٘بْ ٚؽذا١ٔخ ٘ز٠ٓ اٌؼذد٠ٓ.
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 . q    ٚrٌٕجش٘ٓ أٚلاً  ػٍٝ ٚعٛد اٌؼذد٠ٓ 

 S = {x  0 : x = b – ta, t  ℤ}اػزجش اٌّغّٛػخ:  

  b – ta  0       ٘زٖ اٌّغّٛػخ غ١ش خب١ٌخ لاْ:   
b

a
  t . 

اٌّمبثٍخ  t. ٌزىٓ ل١ّخ ١ٌٚrىٓ  Sٓ ِجذأ اٌزشر١ت اٌؾغٓ ٠ٛعذ ػٕقش أفغش فٟ ِ

 . إرْ ٔؾقً ػٍٝ:r  ٟ٘qٌٍؼذد 

r = b – qa        b = qa +r 

 .r  0لاؽع أْ 

 . إرْ:r  a . ٌٕفشك عذلا ً أْ r < aثمٟ أْ ٔج١ٓ أْ  

0  r – a = b – qa – a = b – (q + 1) a 

ػٕقشا ً أفغش   rِّب ٠ٕبلل وْٛ    r – a < r.  ٌٚىٓ  r – a  Sٚ٘زا ٠غؼً  

 .r < a.           إرْ  Sفٟ 

 .q    ٚrٔجش٘ٓ ا٢ْ ػٍٝ ٚؽذا١ٔخ اٌؼذد٠ٓ  

 ٌٕفشك أْ:

b = qa + r       ;       0  r < a 

b = q'a + r '       ;       0  r' < a 

 اٌّؼبدٌز١ٓ أػلاٖ ٔؾقً ػٍٝ:ثطشػ 

r ' – r = (q – q')a 

ٔؾقً  aٚاٌمغّخ ػٍٝ اٌؼذد   a < – r  0     ٚ 0  r' < a –ٚثغّغ اٌّزجب٠ٕز١ٓ  

 ػٍٝ:

'
1 1


  

r r

a
 

ٚثّب أْ:  
'

'


 
r r

q q
a

 فإٕٔب ٔغزٕزظ:  

q – q' = 0      q = q' 

 .r ' = rٚوزٌه:   

 

 

Corollary 6.4: If a and b are integer numbers and a  0, then 

there are only two integer numbers r and q such that the 

following statement is hold; b = qa + r      ;      0  r < | a |. 
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Example 6.5: Show that any odd integer number can be written 

as the form 4k +1 or 4k +3, for some integer number k. 

Proof: Let a =4, then for any integer number b and by using the 

division algorithm theorem, b can be written as the form  

b = 4k + r       ;       r = 0, 1, 2, 3.  

Therefore, any odd integer number can be written as the 

form 4k +1 or 4k +3 and any even integer number can be written 

as the form 4k or 4k +2. 
 

 (:1ملاحظة )
ثٛاعةةطخ الاٌةةخ اٌؾبعةةجخ   q    ٚrوج١ةةش٠ٓ فإٔةةٗ ٠ّىةةٓ إ٠غةةبد    a   ٚb إرا وةةبْ اٌؼةةذداْ          

(Calculator) :ٟثإرجبع ا٢ر 

أٚعذ خبسط اٌمغّخ   (1)
b

a
٘ٛ أوجش ػذد فؾ١ؼ أفغش أٚ ٠غبٚٞ q ف١ىْٛ  

b

a
. 

)٘ٛ اٌؼذد اٌقؾ١ؼ r داٌؼذ  (2) )
b

a q
a

. 

 

 (:2ملاحظة )
  rٚاٌؼةذد    a  (Quotient)ػٍةٝ    bثخةبسط لغةّخ   (6.3)فةٟ اٌّجشٕ٘ةخ   ٠qغّٝ اٌؼذد          

٠ّٚىٕٕب اٌؾقٛي ػٍٝ ف١غخ ٌٙب ثذلاٌخ  (Remainder)ثجبلٟ اٌمغّخ 
b

a
. 

 

 ٚلجً أْ ٔغذ ٘زٖ اٌق١غخ ٠ٍضِٕب ِؼشفخ اٌزؼش٠ف ا٢رٟ:        

 

Definition 6.6:  
(i) Let x be a non-zero integer number. The signum function of x is 

denoted by Sgn(x) and defined as follows; 

1 , 0
Sgn

1 , 0


 

 

x
x

x
 

(ii)  Let x be a real number. The greatest integer function of x is 

denoted by [x] and defined as follows; 

[x]= n where n is an integer and n  x < n + 1. 

 ملاحظة:
 أُ:  [x]ٝزعح ٍِ رؼشٝف          

[x]  x < [x] + 1 

 . x = [x] + t      ;       0  t < 1 ٗأُ:    
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Corollary 6.7: If a and b are integer numbers and a  0, such 

that Corollary 6.4 and the following statement are hold;  

b = qa + r      ;      0  r < | a |. Then, 

Sgn

=

 
  
 

 
 
  

b
q a

a

b
r b - a

a

 

 
Proof: By using Corollary (6.4), we get 

 

b = qa + r       ;       0  r < a 

 

And by division on a,  
 ٔغذ أْ:  aٚثبٌمغّخ ػٍٝ  

= Sgn + ; 0 1 
b r r

q a
a a a

 

 

  Sgn
 
 
 

b
= q a

a
 . That is led to 

 

 
-1

= Sgn = Sgn
   
   
   

b b
q a a

a a
. 

And so,  

 

Sgn
    

          
    

b b
r b qa b a a b a

a a
. 

 

 
اٌّجشٕ٘خ اٌزب١ٌخ ٟ٘ رطج١ك ػٍٝ خٛاسص١ِخ اٌمغةّخ ٚاٌزةٟ رضجةذ ٌٕةب أْ أٞ ػةذد فةؾ١ؼ أوجةش ِةٓ 

 اٌٛاؽذ ٠قٍؼ أْ ٠ىْٛ أعبعب ً ٌٕظبَ ػذدٞ.
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Theorem 6.8: Let k be a positive integer number largest than 

one, then any positive integer number x can be written in a 

unique form as follows; 

x = am k
m
 + am – 1 k

m – 1
 + … + a2k

2
 + a1k + a0 

Where at is a positive integer such that 0  at < k and am  0. 

 
ػذدا ً صحٞحب ً أمجش ٍِ اى٘احذ فنّْب ّغزطٞغ مزبثخ أٛ ػاذد صاحٞح ٍ٘جات  ثطشٝقاخ ٗحٞاذح  k إرا مبُ          

 ػيٚ اىص٘سح:

x = am k
m

 + am – 1 k
m – 1

 + … + a2k
2
 + a1k + a0 

 .k – 1    ٗam  0ٗ    0ر خز قَٞب ً صحٞحخ ثِٞ اىؼذدِٝ    atػيَب ً ث ُ اىَؼبٍلاد 
Proof: By using the Division Algorithm, we will get two integer 

numbers q1 and a0 satisfies the following relation: 

x = q1k + a0     ;     0  a0 < k. 

If q1 k, then we can using the Division Algorithm second time 

and will get two integer numbers q2 and a1 satisfies the 

following relation: 

q1 = q2k + a1     ;     0  a1 < k. 

 

Implies, x = (q2k + a1) k + a0. 

By repeating this method m- time, we will get two integer 

numbers qm and am-1 such that; 

qm – 1 = qmk + a m – 1     ;     0  a m – 1 < k. 

Since q1 > q2 > … > 0, then we will arrive to the step that qm < k, 

then we stop and put am = qm. 

Hence, x = am k
m
 + am – 1 k

m – 1
 + … + a2k

2
 + a1k + a0. 

 
 ملاحظة:
ٌزؼٕةةٟ            k(amam – 1…a1a0)ٌغةةشك اٌز١١ّةةض ثةة١ٓ اٌزّض١ةةً ثأعبعةةبد ِخزٍفةةخ فإٕٔةةب ٔىزةةت          

am k
m
 + am – 1 k

m – 1
 + … + a1k + a0. 
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Example 6.9: Write the number 37 as a base k =2. 

2ٌلاعبط  37 أوزت اٌؼذد   

Solution: 37 = 2(18) + 1     ;     q1 = 18 > k. 

18 = 2(9) + 0        ;     q2 = 9 > k. 

   9 = 2(4) + 1          ;     q3 = 4 > k. 

   4 = 2(2) + 0          ;     q4 = 2  k. 

   2 = 2(1) + 0          ;     q5 = 1 < k. 

 Then we put q5= a5 and will get; 

37 = 1  2
5
 + 0  2

4
 + 0  2

3
 + 1  2

2
 + 0  2

1
 + 1  2

0
 

= (100101)2. 

 

Example 6.10: Write the number 61469 as a base k =16. 

16ٌلاعبط  37 أوزت اٌؼذد  

Solution: 61469= 16(3841) +13 

3841 = 16(240) + 1 

240 = 16(15) + 0 

 

61469= 15(16
3
) + 0(16

2
)+ 1(16)+ 13 

= (15000113)16 
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 Greatest Common Divisor:                           اىقبعٌ اىَشزشك الأػظٌ

 إْ ِٓ أُ٘ اٌّفب١ُ٘ اٌّزؼٍمخ ثمبث١ٍخ اٌمغّخ ِفَٙٛ اٌمبعُ اٌّؾزشن الأػظُ.        
 

Definition 6.11: Let a and b be two integer numbers, no both 

are zero. The integer number d is called greatest common 

divisor to a and b, denoted by d = (a, b), if the following 

conditions hold; 

(1) d > 0. 

(2) da and db. 

(3) if ca and cb with c > 0 then c  d. 

 

Example 6.12: (25, 15)= 5. 

(9, 6)= 3. 

(27, 41)= 1. 

(12, 16)= 4. 

(12, 18)= 6. 

(24, 40)= 8. 

(24, 36)= 12. 

 (:1ملاحظة )
 ِغأٌخ ٚعٛد اٌمبعُ اٌّؾزشن الأػظُ ٌؼذد٠ٓ أٚ أوضش ٠زؾذد ِٓ خلاي ِب ٠ٍٟ:        

. إرْ ِغّٛػةخ c  bفةإْ:   c/bٚوةبْ    ١ٌb  0ظ ولاّ٘ب ففشا ً فٍٕفةشك عةذلا ً أْ   a    ٚbٌّب وبْ  

 .bاٌّٛعجخ رؾٛٞ ػذدا ً ِٕز١ٙب ً ِٓ اٌؼٕبفش ٠مً ػٓ  bلٛاعُ اٌؼذد 

اٌّٛعجةخ ِةغ ِغّٛػةخ  aٟ٘ رمبهغ ِغّٛػخ لٛاعةُ اٌؼةذد  a  ٚbإْ ِغّٛػخ اٌمٛاعُ اٌّؾزشوخ اٌّٛعجخ ٌٍؼذد٠ٓ 

ٚثبٌزةبٌٟ فإٔٙةب  bاٌّٛعجخ، أٞ أٙب ِغّٛػخ عضئ١خ ِةٓ اٌّغّٛػةخ إٌّز١ٙةخ ٌٍمٛاعةُ اٌّٛعجةخ ٌٍؼةذد  bلٛاعُ اٌؼذد 

 .a    ٚbِغّٛػخ ِٕز١ٙخ ٚرؾزٛٞ ػٍٝ ػٕقش أوجش ٘ٛ اٌمبعُ اٌّؾزشن الأػظُ ٌٍؼذد٠ٓ 

 (:2ملاحظة )
 أِب ٚؽذا١ٔخ اٌمبعُ اٌّؾزشن الأػظُ فإٕٔب ٔؾقً ػ١ٍٙب وّب ٠ٍٟ:        

Let    

1 1 2
1 2

2 2 1

( , )

( , )

d a b d d
d d

d a b d d

  
   

  
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Theorem 6.13: For any two integer numbers a and b, no both 

are zero, there exist two integer numbers x0 and y0 such that; 

(a, b) = ax0 + by0. 
This statement is called Linear Combination ٟرشو١ت خط from a and b. 

 
ػٍةٝ فةٛسح رشو١ةت خطةٟ ٌٍؼةذد٠ٓ  d = (a, b)ِٓ ٘زٖ اٌّجشٕ٘خ ٔغزٕزظ أٔٗ ٠ّىٕٕب وزبثخ         

a ،b ْأٞ أٔٗ ٠ٛعذ ػذدا .x0  ،y0  :ْثؾ١ش أ 

d = ax0 + by0 

 ١ٌغب ٚؽ١ذ٠ٓ، فؼٍٝ عج١ً اٌّضبي إْ :  ٠ٚx0  ،y0غت أْ ٔلاؽع أ٠نب ً أْ اٌؼذد٠ٓ 

 ٚإْ: (24 ,15) = 3 

3 = 15(–3) + 24(2) 

   = 15(–27) + 24(17) 

 فإْ:d = ax0 + by0 ٚثقٛسح ػبِخ إرا وبْ :

0 0( ) ( );
b a

d a x k b y k k
d d

      

 

Corollary 6.14: If d = (a, b), ca and cb then cd. 

Proof: By Theorem 6.13, there exist two integer numbers x0 and 

y0 such that; 

d = (a, b) = ax0 + by0. 

ca and cb then from Theorem 6.2, part (i), we get cd . 

 
 اٌمبعُ اٌّؾزشن الأػظُ ٌؼذد٠ٓ؟ ا٢ْ ٠أرٟ اٌغ اي اٌزبٌٟ: و١ف ٔغذ         

ٚاٌزةٟ ّٔٙةذ ٌٙةب  (Euclidean Algorithm)إؽذٜ اٌطشق ٟ٘ ِب ٠غةّٝ ثخٛاسص١ِةخ إل١ٍةذط 

 ثّب ٠ٍٟ:

Lemma 6.15: If b = qa + r then (a, b) = (a, r). 

 

Lemma 6.16: For any two integer numbers a and b, no both are 

zero, the following statements are hold; 

(i) (a, b) = (– a, b) = (a, – b) = (– a, – b). 

(ii) If a > 0, then (a, 0) = a. 
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Theorem 6.17: (Euclidean Algorithm) 

If a and b are two integer numbers, such that b  a > 0, by 

using the Division Algorithm we get that; 

b = aq1 + r1                ;     0 < r1 < a 
 

a = r1q2 + r2               ;     0 < r2 < r1 
 

r1 = r2q3 + r3              ;     0 < r3 < r2 

       ∶                          ∶ 
 

rn – 2 = rn – 1qn + rn     ;     0 < rn < rn – 1 
 

rn – 1 = rnqn + 1 + 0     ;     rn + 1 = 0. 

 

Then (a, b) = rn. 

 

Proof: From the algorithm that describe in this theorem, we get 

a > r1 > r2 > r3 > … > rn > rn + 1. And since ri is integer number 

for each I, then there exist n such that rn + 1 = 0. Therefore, by 

using the above two lemmas we get;  

(b, a) = (a, r1) = (r1, r2) = … = (rn, rn + 1) = (rn, 0) = rn. 

 

 
 ملاحظة:

فنُ خ٘اسصٍٞخ إقيٞاذط رغازخذً  a  ٗbػلاٗح ػيٚ إٝجبد اىقبعٌ اىَشزشك الأػظٌ ىؼذدِٝ         

 اىَشرجطِٞ ثبىَغبٗاح:  x    ٗyأٝعب ً لاٝجبد 

(a, b) = ax + by 

 ٗٝزٌ رىل مَب ٝيٜ:

 فنُ:    d = rnثَب أُ :  
d = rn – 2 – qn rn – 1 = rn – 2 – qn(rn – 3 – qn– 1 rn – 2)  

= rn – 2(1 + qn qn– 1) – rn – 3 qn. 

 

ٗثبلاعزَشاس ثبلاعي٘ة ّفغٔ ّحصاو فاٜ  rn – 4 – qn– 2 rn – 3ثبىقَٞخ     rn – 2ٗثبىزؼ٘ٝط ػِ 

 .d = ax + byثحٞث أُ:  x  ٗyاىْٖبٝخ ػيٚ 
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Example 6.18:  

Find (6755, 1587645) and the two numbers x and y that satisfies 

(6755, 1587645) = 6755x + 1587645y. 
 

Solution: 

1587645 = 6755(235) + 220 

6755 = 220(30) + 155 

220 = 155(1) + 65 

155 = 65(2) + 25 

65 = 25(2) + 15 

25 = 15(1) + 10 

15 = 10(1) + 5 

10 = 5(2) + 0 

Therefore, d = (6755, 1587645) = 5. 

 

ِٓ اٌخطٛح لجً الأخ١شح أػلاٖ ٚثةبٌّشٚس ػٍةٝ خطةٛاد اٌخٛاسص١ِةخ ثقةٛسح ػىغة١خ 

 ٔؾقً ػٍٝ:

 

5 = 15 -10(1) 

 = 15 - (25 -15(1)) 

   = 2(15) - 25 

   = 2(65 - 2(25)) -25 

 = 2(65) -5(25) 

   = 2(65) - 5(155 - 2(65))  

   = 2(65) - 5(155) + 10(65)  

   = 12(65) - 5(155)  

   = 12(220 - 1(155)) - 5(155) 

=12(220) - 17 (155) 

   = 12(220) - 17 (6755 - 30(220)) 

= 12(220) - 17(6755) + 510(220) 

   = 522(220) - 17(6755)  

   = 522(1587645 - 235(6755)) -17(6755)  

   = 522(1587645) - 122687(6755) 

 

 .x = – 122687    ٚy = 522ِٕٚٗ ٔغذ:  
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Example 6.19:  

(i) Find (360, 2250) and the two numbers x and y that satisfies 

(360, 2250) = 360x + 2250y. 

(ii)  Find (41628, 2454) and the two numbers x and y that 

satisfies (41628, 2454) = 41628x + 2454y. 
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Definition 6.20: Let a1, a2, …, an are non-zero integer numbers. 

The integer number m is called the (Least Common Multiple) to 

a1, a2, …, an and denoted by m = [a1, a2, …, an] if the following 

conditions are hold; 

(i) m > 0. 

(ii) ai m for each i; 1  i  n. 

(iii) If aic, for each i where 1  i  n , and c > 0 then m  c. 

 

 
 ملاحظة:

ٕااٜ ٍجَ٘ػاخ جضئٞااخ مٞااش خبىٞاخ ٍااِ الاػااذاد  a1, a2, …, an ثَاب أُ ٍجَ٘ػااخ ٍعابػفبد الاػااذاد          

اىصحٞحخ اىَ٘ججخ فنُ ٍجذأ اىزشرٞت اىحغِ ٝعَِ ىْب ٗج٘د ػاذد أصا ش ٗحٞاذ فاٜ ٕازٓ اىَجَ٘ػاخ ٕٗازا اىؼاذد 

 ٕ٘ اىَعبػف اىَشزشك الأص ش.

 

اىَجشْٕااخ اٟرٞااخ رؼطْٞااب غشٝقااخ ىحغاابة اىَعاابػف اىَشاازشك الأصاا ش ىؼااذدِٝ إرا ػيااٌ اىقبعااٌ اىَشاازشك         

 الأػظٌ ىَٖب.

 

 

Theorem 6.21: If a > 0 and b > 0 then (a, b) [a, b] = ab. 
 

 البرهان:

ٚأْ    d = (a,b)ثإفزشاك أْ :          
ab

m
d

   

 ثؾ١ش أْ:  r    ٚsفإٔٗ ٠ٛعذ ػذداْ  

a = dr  ,  b = ds    m = as = rb 

   c = a u = btثؾ١ش إْ :    u    ٚtفإٔٗ ٠ٛعذ ػذداْ    ac  ٚbcإرا وبْ :  

 ٚػ١ٍٗ فإْ:  d = ax + byثؾ١ش إْ:    x    ٚyفإٔٗ ٠ٛعذ ػذداْ    d = (a,b)ٚثّب أْ : 

 

( + )
+

c cd c ax by c c
x y = tx uy

m ab ab b a
     

 

 .m = [a,b]. ٚٔىْٛ ثشٕ٘ب ػٍٝ أْ  m  cأٞ أْ :    mcِٕٚٗ ٔغذ أْ:  

 

 

Corollary 6.22: ab = [a, b] if and only if (a,b) = 1. 

 
 .(6.21)اٌجش٘بْ ٠ٕزظ ِجبؽشح ِٓ ِجشٕ٘خ 
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 ملاحظة:
 غ١ش فبٌؾخ لأوضش ِٓ ػذد٠ٓ. ثّؼٕٝ آخش: (6.21)اٌق١غخ اٌزٟ ٚسدد فٟ اٌّجشٕ٘خ         

(a,b,c)[a,b,c]  abc 

 وّب فٟ اٌّضبي

[6, 10, 15] = 30   ,   (6, 10, 15) = 1 

(6, 10, 15)[6, 10, 15] = 30  900 = 6  10  15. 

 

Theorem 6.23: If a1, a2, …, an are non-zero integer numbers. 

Then [a1, a2, …, an] = [a1, a2, …, an – 2,[an – 1,an]]. 

 

 

 

Exercise 
1. Prove that every odd integer number is either in the form 

6k+1, 6k+3 or 6k+5 where k  ℤ. 

2. Find (3799, 7337) and [3799, 7337]. 

3. Find [7, 11, 13] and [6, 10, 14]. 

4. Find (198,283,512). So find x, y and z such that: 

(198,283,512) = 198x + 283 y +512 z. 

5. Find d 0 where d18, 8∤12, d∤12 and 10∤
36

d
. 

6. Prove that; 2n
2
 + n for every integer number n. 

7. Prove that; 72
3n

 – 1 for every integer number n  1. 

8. Prove that; m(a, b) = (ma, mb) for every integer n  1. 

9. Prove that [x] + [y]  [x + y]  [x] +[y] +1. 
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Linear Diophantine Equations           اىخطٞخاىَؼبدلاد اىذٝ٘فْزٞخ  
 

رؼزجش دساعخ اٌّؼبدلاد اٌذ٠ٛفٕز١خ ِٓ ألذَ فشٚع اٌش٠بم١بد ٚرٌه لاْ ا ٔغةبْ اوزؾةف  

الاػةةذاد اٌقةةؾ١ؾخ لجةةً اوزؾةةبفٗ ثم١ةةخ الاػةةذاد ثفزةةشح ه٠ٍٛةةخ ٚوةةزٌه فةةإْ اٌّؼةةبدلاد اٌذ٠ٛفٕز١ةةخ 

 اعزخذِذ ٌؾً ثؼل الأٌغبص راد اٌطج١ؼ١خ اٌش٠بم١بر١خ.

ٌذ٠ٛفٕز١خ ثطش٠مخ ػبِةخ اٌةٝ د٠ٛفةبٔزظ إلا أٔةٗ ٌةُ ثبٌشغُ ِٓ إسعبع فنً ؽً اٌّؼبدلاد ا

٠ؼو فٟ اٌؾم١مخ ؽلاً  ػبِةبً  ٌٙةب، لأٔةٗ وةبْ فةٟ ِؼظةُ الأؽ١ةبْ ٠ىزفةٟ ثإ٠غةبد ؽةً ٚاؽةذ ٌٍّؼبدٌةخ، 

فنلاً  ػٍٝ أٔٗ ٌُ ٠غزخذَ الأػذاد اٌقؾ١ؾخ اٌغبٌجخ ٚوبْ ٠غزخذَ هشائةك خبفةخ ثؾ١ةش ٠قةؼت 

خ. ٚاٌؾم١مةخ أْ أٚي ِةٓ ٚمةغ ؽةلاً  ػبِةب ً ٌٍّؼةبدلاد ػٍٝ اٌمبسٜء اْ ٠زجٕب٘ب ٌؾً ِؼبدٌخ ِؾةبثٙ

لجةً اٌّة١لاد ثطش٠مةخ  476اٌذ٠ٛفٕز١خ اٌخط١خ ثّغ١ٌٛٙٓ ٘ٛ اٌؼةبٌُ إٌٙةذٞ اس٠بثٙبرةب اٌةزٞ ٌٚةذ ػةبَ 

 (Bachet). ٌٚمذ ٚمغ اٌؼبٌُ اٌفشٔغةٟ ثبؽة١ٗ (Pulverizer Method)رغّٝ اٌطش٠مخ اٌغبؽمخ 

ِة١لادٞ ٚاٌةزٞ ٌةُ ٠ىةٓ ػٍةٝ ػٍةُ ثطش٠مةخ اس٠بثٙبرةب  1638اٌةٝ  1581اٌزٞ ػبػ فٟ اٌفزةشح ِةٓ 

 اٌؾٍٛي اعزخذِذ خٛاسص١ِخ اٌمغّخ. اٌؾً اٌؼبَ ٌٍّؼبدٌخ اٌذ٠ٛفٕز١خ اٌخط١خ. ٚاٌؾم١مخ إْ ٘زٖ

 اٌغ اي ا٢ْ: ِب ٟ٘ اٌّؼبدٌخ اٌذ٠ٛفٕز١خ؟ ٌٕزأًِ اٌّغأٌخ الار١خ:

ػٍّٕب أْ ِغّٛع ػةذد لةٛائُ ٠ٛعذ فٟ ٔبد ٌٍفشٚع١خ ػذد ِٓ اٌفشعبْ ٚػذد فشدٞ ِٓ اٌخ١ٛي، إرا 

 اٌخ١ٛي ٚػذد أسعً اٌفشعبْ ٘ٛ ػؾشْٚ. فّب ٘ٛ ػذد اٌخ١ٛي اٌّٛعٛدح؟

 ٘ٛ ػذد اٌفشعبْ. إرْ y٘ٛ ػذد اٌخ١ٛي ٚ  xٌٕفشك أْ 

4x + 2y = 20    ;    x  ℤO
, y ℤ. 

 

Theorem 6.24: The Linear Diophantine Equations ax + by =c 

has a solution if and only if (a, b) = d and dc. 
       

 .cٝقغٌ اىؼذد  d = (a, b) إرا ٗإرا فقػ مبُ :  ax + by = cٝ٘جذ حو ىيَؼبدىخ اىذٝ٘فْزٞخ اىخطٞخ:    

 
 البرهان:

 ثؾ١ش إْ:   k  ،m  ،n. ػٕذئز رٛعذ أػذاد فؾ١ؾخ ١ٌdcىٓ         

 c = kd    : ْٚإd = am + bn    ٚثنشة هشفٟ اٌّؼبدٌخ ثبٌؼذدk  :ٔغذ 

a(mk) + b(nk) = dk = c 

 

.           ax0 + by0 = cؽةً ٌٍّؼبدٌةخ. ٚ٘ةزا ٠ة دٞ إٌةٝ أْ :    x0     ٚy0ٌٚجش٘ةبْ اٌؼىةظ ٔفةشك أْ 

 . dcأٞ أْ :    d( ax0 + by0)فإْ:    da    ٚdbٚثّب أْ:  

 

 
 ملاحظة:
ثبلامةةةبفخ اٌةةةٝ خٛاسص١ِةةةخ إل١ٍةةةذط رضٚدٔةةةب ثطش٠مةةةخ ػ١ٍّةةةخ  ٠غةةةبد ؽةةةً  (8)إْ اٌّجشٕ٘ةةةخ        

أٚلا ً صُ ٔىزجٗ وزشو١ةت   d = (a,b). ٚثبٌزؾذ٠ذ فإٕٔب ٍٔغأ إٌٝ إ٠غبد   ax + by = cٌٍّؼبدٌخ:      

 (.dػٍٝ  cصُ ٔنشة ثؼذد ِٕبعت )ٔغذٖ ِٓ لغّخ   a    ٚbخطٟ ٌٍؼذد٠ٓ 
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Example 6.25: Find a solution for the Linear Diophantine 

Equations 56x + 72y = 40. 

Solution:   
 ثٛاعطخ خٛاسص١ِخ اٌمغّخ فٕغذ : (56,72)ٔجؾش ػٓ 

72 = 56(1) + 16 

56 = 16(3) + 8 

16 = 8(2) + 0 

 
ػٍةٝ فةٛسح رشو١ةت خطةٟ ٌٍؼةذد٠ٓ  8. ا٢ْ ٔنغ ٠40مغُ اٌؼذد   8 = (56,72)ِٕٚٗ ٔغذ أْ:  

 فٕغذ:  56ٚ    72

8 = 56 – 3  16 

   = 56 – 3 (72 – 1  56) 

   = 4  56 + (– 3) 72 
 ٔغذ: 5ٚثنشة هشفٟ اٌّؼبدٌخ ثبٌؼذد 

56 (20) + 72 (– 15) = 40 

 ٚثبٌزبٌٟ فإْ:

 

x0 = 20   ;   y0 = – 15    .ؽلا ً ٌٍّؼبدٌخ 

 

 
 ملاحظة:
إْ ِغةةبٌخ إ٠غةةبد ع١ّةةغ اٌؾٍةةٛي ٌٍّؼبدٌةةخ اٌذ٠ٛفٕز١ةةخ رخزٍةةف رّبِةةب ً ػةةٓ ِغةةأٌخ إ٠غةةبد ثؼةةل        

xاٌؾٍٛي ٌٍّؼبدٌخ، فّضلا ً اٌّؼبدٌخ:  
3
 + y

3
 = z

3
 + w

3
 ٌٙب ؽً ٠ىزت ػٍٝ اٌؾىً:  

 

x = 1 – (s – 3t)(s – 3t)(s
2
 + 3t

2
) 

 

y = – 1 + (s + 3t)(s
2
 + 3t

2
) 

 

z = s + 3t – (s
2
 + 3t

2
)

2
 

 

w = – s + 3t + (s
2
 + 3t

2
)

2
    ; t, s  ℤ. 

 

ٌٚىٓ ٘زا لا ٠ؼٕٟ أْ وً ؽً ٌٍّؼبدٌخ اٌغبثمخ ٠ّىٓ أْ ٠ىزت ػٍٝ ٘زٖ اٌقٛسح. ث١ةذ أٔةٗ فةٟ ؽبٌةخ 

 اٌّؼبدٌخ اٌذ٠ٛفٕز١خ اٌخط١خ فإٕٔب ٔغزط١غ إ٠غبد اٌؾً اٌؼبَ ٌٙب ٚ٘زا ِب رٛمؾٗ اٌّجشٕ٘خ ا٢ر١خ.
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Theorem 6.26: Let (a, b) = d and dc. If x0 and y0 is a solution 

for the equation ax + by = c, then the general solution for the 

equation will be in the form; 

0

0 ;

b
x x k

d

a
y y k k

d

 
   

 

 
   

 

 

 اىجشٕبُ:

   kؽةةً ٌٍّؼبدٌةةخ ٌىةةً لةة١ُ   x0 + k(b/d)    ٚy0 – k(a/d)عةةٕجش٘ٓ أٚلا ً ػٍةةٝ أْ :          

 اٌقؾ١ؾخ. ثبٌزؼ٠ٛل اٌّجبؽش فٟ اٌّؼبدٌخ ٔؾقً ػٍٝ اٌّغبٚاح:

ax + by = a(x0 + k(b/d) + b(y0 – k(a/d) 

             = ax0 + by0 + k(ab/d) – k(ab/d) 

             = ax0 + by0 = c 

 

 ٚا٢ْ ٔجش٘ٓ ػٍٝ أْ أٞ ؽً ٌٍّؼبدٌخ ٠ىْٛ ػٍٝ اٌقٛسح أػلاٖ.

 ؽلا ً آخش ٌٍّؼبدٌخ فإْ:  x1    ٚy1إرا وبْ  

 

ax1 + by1 = c = ax0 + by0    a(x1 – x0) = – b (y1 – y0) 

 

,فإْ :    d = (a,b)ٚثّب أْ :   1
a b

d d

 
 

 
ٚ٘زا ٠ؼٕٟ إٕٔب ٔغزط١غ أْ ٔغذ ػذد٠ٓ فةؾ١ؾ١ٓ  

. ٚثبٌزؼ٠ٛل فٟ اٌّؼبدٌخ الأخ١شح ٚلغةّخ a = rd    ٚb = sdثؾ١ش إْ :    r    ٚsأ١١ٌٚٓ ٔغج١ب ً 

 ٔغذ: dهشف١ٙب ػٍٝ اٌؼذد 

r (x1 – x0) = – s (y1 – y0)                               …(1) 

 

 sr(x1 – x0)ٔغذ:                                                   (1)ِٓ ِؼبدٌخ 

 s(x1 – x0)فإٕٔب ٔغزٕزظ     1 = (r, s)ٚثّب أْ:  

 (1)فةٟ اٌّؼبدٌةخ   ksثةـ   x1 – x0. ٚثةبٌزؼ٠ٛل ػةٓ k ℤؽ١ةش    x1 – x0 = ksأٞ أْ  :  

 .y1 – y0 = – krٔؾقً ػٍٝ اٌّغبٚاح :  

 ٚثبٌزبٌٟ فإْ :  

0

0 ;

b
x x k

d

a
y y k k

d

 
   

 

 
   

 
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Example 6.27: Find the general solution for the Linear 

Diophantine Equations 56x + 72y = 40. 
 56x + 72y = 40    ْزٞخ         جذ اىحو اىؼبً ىيَؼبدىخ اىذٝ٘ف       

 ؽً ٌٍّؼبدٌخ.  x0 = 20    ٚy0 = – 15أْ :   (6.25)ٌمذ ٚعذٔب فٟ اٌّضبي  اىحو:

 ٔغذ أْ اٌؾً اٌؼبَ: (6.26)ثبعزخذاَ ِجشٕ٘خ 

x = 20 + (72/8)k = 20 + 9k 

y = – 15 – (56/8)k = – 15 – 7k    ;    k  ℤ. 

 

فٟ وض١ش ِٓ اٌّغبئً اٌزطج١م١خ اٌزٟ رغزخذَ اٌّؼبدلاد اٌذ٠ٛفٕز١خ ٠ىْٛ ا٘زّبِٕب ِٕقجب ً   ٍلاحظخ:

 ػٍٝ إ٠غبد ل١ُ فؾ١ؾخ ِٛعجخ ٌٍّغب١ً٘. فجبٌٕغجخ ٌٍّؼبدٌخ:

ax + by = c 

 ٠غت أْ ٠ىْٛ: (6.26)ثبعزخذاَ ِجشٕ٘خ 

x0 + (bd)k > 0 

y0 – (ad)k > 0 

 

Example 6.28: Find all solutions for the Linear Diophantine 

Equations 54x + 21y = 906. 
 مَب ٝيٜ: (21 ,54)ّغزخذً خ٘اسصٍٞخ إقيٞذط لاٝجبد  اىحو:

54 = 2  21 + 12 

21 = 1  12 + 9 

12 = 1  9 + 3 

9 = 3  3 + 0 
 .906ٗٝقغٌ اىؼذد   (21 ,54) = 3إرُ : 

 ّجذ :  54ٗ    21ػيٚ ص٘سح رشمٞت خطٜ ىيؼذدِٝ  3إرا ٗظؼْب اىؼذد 

3 = 54  2 + 21(– 5) 
 ّحصو ػيٚ اىَغبٗاح: 302ثعشة غشفٜ اىَؼبدىخ الأخٞشح ثبىؼذد 

906 = 54(604) + 21(– 1510) 
 حو ىيَؼبدىخ.  x0 = 604    ٗy0 = – 1510ٍْٗٔ ّغزْزج أُ :  

 إرُ جَٞغ اىحي٘ه ٝجت أُ رنُ٘ ػيٚ اىص٘سح:

x = 604 + 7k   ;   y = – 1510 – 18k   ;   k  ℤ 
 ٗلاٝجبد اىحي٘ه اىَ٘ججخ اىصحٞحخ ّعغ:

604 + 7k > 0   ;   – 1510 – 18k > 0 
 

 ٗثحو اىَزجبْٝزِٞ ّجذ أُ:

2
86

7
k      ;   

8
83

9
k    

 
2 8

86 83
7 9

< k    

ٕٗزٓ اىقٌٞ ع٘ف رؼطْٞاب جَٞاغ اىحيا٘ه اىَ٘ججاخ    86 – ,85 – ,84 –ٝ خز اىقٌٞ اىصحٞحخ      kٍُْٗٔ ّجذ أُ 

:ٜٕٗ 

(2, 28)   ;   (9, 20)   ;   (16, 2). 
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Exercise 

 

 عذ ع١ّغ ؽٍٛي وً ِٓ اٌّؼبدلاد اٌذ٠ٛفٕز١خ ا٢ر١خ:

 

(1)       5x + 6y = 17 
 

(2)       20x + 50y = 510 
 

(3)       172x + 20y = 1000 

 

 عذ ع١ّغ اٌؾٍٛي اٌقؾ١ؾخ ٌىً ٍ ِّب ٠أرٟ:

 

(1)       60x + 18y = 97 
 

(2)       5x + 22y = 18 
 

(3)       12x + 510y = 274 
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CHAPTER SEVEN 

MATRICES 

دبــاىَصف٘ف  

ر ؼذ اٌّقفٛفخ أداح س٠بم١بر١خ مةشٚس٠خ ٌذساعةخ ِٛامة١غ وض١ةشح ٚ ِخزٍفةخ فةٟ         

اٌش٠بمةة١بد ٚاٌؼٍةةَٛ الاخةةشٜ ِضةةً اٌف١ض٠ةةبء ٚاٌى١ّ١ةةبء ٚالالزقةةبد ٚاٌؾبعةةٛة. ٚلةةذ 

أفةةةجؼ دساعةةةخ اٌّقةةةفٛفبد فةةةٟ اٌغةةةٕٛاد الاخ١ةةةشح عةةةضءا ً أعبعةةة١ب ً ِةةةٓ اٌخٍف١ةةةخ 

 سدح آٔفب ً.اٌش٠بم١بر١خ اٌّطٍٛثخ فٟ دساعخ اٌؼٍَٛ اٌٛا

إْ ٌٍّقةةفٛفخ اسرجةةبه ٚص١ةةك ثّٕظِٛةةخ اٌّؼةةبدلاد اٌخط١ةةخ ؽ١ةةش رٛعةةذ ِغةةبئً         

وض١شح ر دٞ دساعةزٙب اٌةٝ ِٕظِٛةخ اٌّؼةبدلاد اٌخط١ةخ ٚاٌزةٟ رؾزةبط اٌةٝ ؽٍةٛي، فّةٓ 

 خلاي دساعخ اٌّقفٛفبد ٠ّىٓ اٌؾقٛي ػٍٝ ٘زٖ اٌؾٍٛي.

 ثبٌق١غخ:  XY–ػبدح ً رًّضًّ عجش٠ب ً ِؼبدٌخ اٌّغزم١ُ فٟ اٌّغزٛٞ 

a1x + b1y = c 

 .x    ٚyإْ ِؼبدٌخ ِٓ ٘زا إٌٛع رغّٝ ِؼبدٌخ خط١خ ثّزغ١ش٠ٓ 

 

 (:1تعريف )
٘ةٟ اٌزةٟ ٠ّىةٓ أْ   x1, x2, …,xnِٓ اٌّزغ١شاد:  nاٌزٟ ٌٙب  اىَؼبدىخ اىخطٞخ        

 ٠ؼجش ػٕٙب ثبٌق١غخ:

a1x1 + a2x2 + … + anxn = b 

 .ℝصٛاثذ رٕزّٟ اٌٝ اٌؾمً اٌؾم١مٟ   a1, a2, … , an, bؽ١ش:  
 

 (:2تعريف )
ِةةٓ  m٘ةةٟ ِغّٛػةةخ ِةةٓ  ٍْظٍ٘ااخ اىَؼاابدلاد اىخطٞااخ أٗ اىَْظٍ٘ااخ اىخطٞااخ        

 ِٓ اٌّزغ١شاد ٠ّٚىٓ وزبثزٙب ثبٌؾىً: nاٌّؼبدلاد اٌخط١خ اٌزٟ ٌٙب 

a11 x1 + a12 x2 +  + a1 n xn = b1 

a21 x1 + a22 x2 +  + a2 n xn = b2 

 
am1 x1 + am2 x2 +  + amn xn = bm 

 nٚأْ ِززبثؼةخِٓ   i = 1, 2, …, m    ٚj = 1, 2, …,nصٛاثةذ  ٚ    aijؽ١ةش أْ 

  ٚ   ,x1 = s1أػةلاٖ إرا وةبْ  حالا ً ىيَْظٍ٘اخرغةّٝ   s1, s2, …, snِةٓ الاػةذاد     
x2 = s2    ٚ…    ٚxn = sn  .ؽً ٌىً ِؼبدٌخ ِٓ إٌّظِٛخ ٛ٘ 
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 ملاحظة:
إرا وبْ ػذد اٌّغب١٘ةً ٠غةبٚٞ ػةذد اٌّؼةبدلاد فةٟ إٌّظِٛةخ اٌخط١ةخ فٕؾقةً         

ػٍٝ ؽً ٚؽ١ذ. أِب إرا وبْ ػذد اٌّغب١ً٘ أوضش ِٓ ػذد اٌّؼبدلاد فإْ ٌٍّٕظِٛخ ػةذد 

 غ١ش ِٕزٗ ِٓ اٌؾٍٛي.

 

 (:3تعريف )
٘ةةٟ رشر١ةةت ِغةةزط١ٍٟ اٌؾةةىً ِةةٓ أػةةذاد ؽم١م١ةةخ أٚ ِشوجةةخ )ػمذ٠ةةخ( اىَصااف٘فخ         

(Complelx)  ٠طٍةةةك ػٍةةةٝ ٘ةةةةزٖ الاػةةةذاد فةةةٟ ٘ةةةةزا اٌزشر١ةةةت ػٕبفةةةش اٌّقةةةةفٛفخ

(Entries) .ٚلذ رىْٛ ػٕبفش اٌّقفٛفخ ِمبد٠ش غ١ش ػذد٠خ 

ِةةةةةٓ الاػّةةةةةذح   nٚ    (Rows)ِةةةةةٓ اٌغةةةةةطٛس  mاٌزةةةةةٟ ٌٙةةةةةب  Bاٌّقةةةةةفٛفخ         

(Column's) :ٍٟٚرىزت ثبٌزشر١ت اٌّغزط١ 

 

11 12 1

21 22 2

1 2

 
 
  
 
 
  

n

n

m m m n

b b b

b b b

b b b

 

 

فةةٟ   i  (Subscript). ؽ١ةةش ٠ؼٕةةٟ اٌةةذ١ًٌ اٌغةةفٍٟ الأٚي  ٠mnمةةبي إٔٙةةب راد عةةؼخ 

سلةُ اٌؼّةٛد اٌةزٞ ٠مةغ   jسلُ اٌقف أٚ اٌغطش. ٚاٌةذ١ًٌ اٌغةفٍٟ اٌضةبٟٔ    bijاٌؼٕقش  

 ف١ٗ رٌه اٌؼٕقش.

 

 ِٕٙب: Bرٛعذ ػذح أؽىبي ٌزّض١ً اٌّقفٛفخ         

B = (bij  (         OR         B = [bij] 

 

 ملاحظة:
 .ىٞظ ىيَصف٘فخ قَٞخ ػذدٝخ         

 

 العمليات على المصفوفات:
ِزغةب٠ٚز١ٓ إرا وبٔةذ عةؼزبّ٘ب   B = (bij    ٚA = (aij)رىةْٛ اٌّقةفٛفزبْ )        

. ٚ٘ىزا فإْ ِقةفٛفز١ٓ رىٛٔةبْ ِزغةب٠ٚز١ٓ إرا وبٔةذ ٌّٙةب  aij = bijِزغب٠ٚز١ٓ ٚأْ:  

 اٌغؼخ ٔفغٙب ٚوبٔذ ػٕبفشّ٘ب فٟ اٌّٛالغ اٌّزٕبظشح اٌّزطبثمخ.

 

٠ّىةٓ عّةغ ِقةفٛفز١ٓ إرا وبٔةذ عةؼزبّ٘ب ِزغةب٠ٚز١ٓ. ٚرةزُ   جَغ ٍصاف٘فزِٞ:  (1) 

 ػ١ٍّخ اٌغّغ وب٢رٟ:

A + B = (aij) + (bij) = (aij + bij) = C 
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 ملاحظة:
 لا ٠ّىٓ عّغ ِقفٛفخ:        

ِةغ   64ٚلا ِةغ ِقةفٛفخ ِةٓ عةؼخ    43ِغ ِقةفٛفخ ِةٓ عةؼخ    34ِٓ عؼخ  

 لاْ اٌغؼبد ِخزٍفبد.  35ِقفٛفخ ِٓ عؼخ  

 ٚثبٌّضً ٠ؼشف اٌطشػ.

 

ِقةفٛفخ عةؼخ    A = (aij)ػةذدا ً ٚوبٔةذ :   kإرا وةبْ   ظشة ٍصاف٘فخ ثؼاذد:  (2) 

m  n :فإْ اٌنشة 

kA = (kaij) 

أ٠نب ً. أٞ مشة ِقفٛفخ ثؼةذد ٠غةت أْ ٔنةشة وةً  m  n٘ٛ ِقفٛفخ ِٓ عؼخ 

 .(Scalar). ٠مبي ٌٍؼذد ثأٔٗ ل١بعٟ   kػٕقش ِٓ ػٕبفش اٌّقفٛفخ ثـ  

 

 m  n    ٚBعؼخ  ٠A = (aij)ّىٓ مشة اٌّقفٛفز١ٓ    ظشة ٍصف٘فزِٞ:  (3) 

= (bij)   عؼخp  q    إرا وبْ ػذد أػّةذح A   ِغةب٠ٚب ً ٌؼةذد أعةطشB   ٞأ .n = p  

 ٠ٚىْٛ ٔبرظ اٌنشة ٘ٛ اٌّقفٛفخ:

1

C ( )



 
   

 

n

ij ik kj
k

c a b               m  q عؼخ   

فةٟ اٌّقةفٛفخ ثبٌؼٕبفةةش   iٔنةشة ػٕبفةةش اٌغةطش فةٟ اٌّٛلةةغ    cijٚ٘ىةزا لا٠غةبد  

 صُ ٔغّغ اٌّنشٚثبد.  Bِٓ اٌّقفٛفخ    jاٌّمبثٍخ فٟ اٌؼّٛد فٟ اٌّٛلغ  

 

 مثال:
 إرا ػٍّذ   BAٚاٌنشة    ABعذ ؽبفً اٌنشة          

 

1 2
1 4

; 2 0
1 2

3 5

 
          

  

 

 الحل:

3 2 2 2

1 2
1 4

B 2 0
1 2

3 5

 

 

 
        

  

m n p q
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(1)(1) ( 2)( 1) (1)(4) ( 2)(2)

B (2)(1) (0)( 1) (2)(4) (0)(2)

(3)(1) (5)( 1) (3)(4) (5)(2)

3 2

3 0

B 1 8

2 22

     
     
 
    





 
  
 
  

m q

 

 

 ، ٌّٚبرا ؟BAً٘ ٠ّىٓ إعشاء اٌنشة  سؤال:

 

 

 اٌّجشٕ٘خ الار١خ رٛمؼ اٌخٛاؿ اٌغجش٠خ ٌٍّقفٛفبد.        

 

 :(1)مبرهنة 
رلائةةةُ اٌؼ١ٍّةةةبد اصاء٘ةةةب فةةةإْ  A    ٚB    ٚCإرا وبٔةةةذ عةةةؼبد اٌّقةةةفٛفبد          

 اٌخٛاؿ الار١خ ػٍٝ اٌّقفٛفبد فؾ١ؾخ:

(a)   A + (B + C) = (A + B) + C                                ٟاٌزشر١ت اٌغّؼ 

(b)   A + B = B + A                                                    ٟالاثذاي اٌغّؼ 

(c)   k (A + B) = k A + k B                                         ٞاٌزٛص٠غ اٌؼذد 

(d)   A(BC) = (AB)C                                                ٟاٌزشر١ت اٌنشث 

(e)   A(B + C) = AB + AC                                                    اٌزٛص٠غ 

 أٞ ػذد ل١بعٟ.  kؽ١ش  

 

 مثال:
 إرا ػٍّذ أْ        

 

1 2
4 3 1 0

3 4 ; ; C
2 1 2 3

0 1

 
            
   

  

 

 ؽمك فؾخ لبْٔٛ اٌزشر١ت اٌنشثٟ:

(AB)C = A(BC)  
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 C(AB)ٔؾغت اٌطشف الا٠غش:         الحل:

1 2 8 5
4 3

B 3 4 20 13
2 1

0 1 2 1

8 5 18 15
1 0

(AB)C 20 13 46 39 ...(1)
2 3

2 1 4 3

   
          
 

      

   
    

     
 

      

 

 

 A(BC)صُ ٔؾغت اٌطشف الا٠ّٓ:     

4 3 1 0 10 9
BC

2 1 2 3 4 3

1 2 18 15
10 9

A(BC) 3 4 46 39 ...(2)
4 3

0 1 4 3

     
      
     

   
         
 

      

 

 

 ٠ٕزظ رؾم١ك لبْٔٛ اٌزشر١ت اٌنشثٟ.  (2)ٚ    (1)ِٓ 
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 تمارين
 

 إرا وبْ :  (1)

2 1 1 0
A ; B

0 1 1 1

   
        

 

 

 ثش٘ٓ أْ:     

(A + B)(A + B) = A
2
 + AB + BA + B

2
   

                            A
2
 + 2AB + B

2
 

 

 إرا وبْ :  (2)

0 1 2 1 2

A 1 2 3 ; B 1 0

2 3 4 2 1

   
     
   
      

 

 

 ٌّٚبرا؟  BA. ً٘ ٠ّىٓ إ٠غبد  ABعذ ؽبفً اٌنشة       
 

 إرا ػٍّذ :  (3)

 

1 3 2 1 4 1 0 2 1 1 2

A 2 1 3 ; B 2 1 1 1 ; C 3 2 1 1

4 3 1 1 2 1 2 2 5 1 0

       
           
     
              

 

 .  ِبرا رغزٕزظ ِٓ ٘زٖ اٌّغبٚاح؟AB = ACأصجذ أْ :       

 
 

 إرا وبْ :  (4)

0 0 0 0 1 0

F 1 0 0 ; E 0 0 1

0 1 0 0 0 0

   
    
   
      

 

 

 صُ أصجذ أْ:   EF      ٚFEعذ       

E
2
F + FE

2
 = E 
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 Models of Square Matrices        نماذج من المصفوفات المربعة
 

 عٛف ٔغزؼشك ثؼل إٌّبرط ِٓ اٌّقفٛفبد اٌّشثؼخ ٟٚ٘:        

 

ثبىَصاف٘فخ إرا وبٔذ ع١ّةغ ػٕبفةش ِقةفٛفخ أفةفبسا ً. رغةّٝ رٍةه اٌّقةفٛفخ    (1)

ٍصف٘فخ اىَحبٝذ ٚوزٌه رغّٝ  (Zero Matrix  or  Null Matrix)اىصفشٝخ      

 ٚرزنؼ عؼزٙب ِٓ ع١بق اٌؼ١ٍّبد.  ٠ٚOشِض ٌٙب ثـ   اىجَؼٜ

 

 Square) ٍصاف٘فخ ٍشثؼاخثأٔٙب   m  nعؼخ    ٠B = (bij)مبي ٌٍّقفٛفخ :     (2)

Matrix)  عؼخn  ػٕذِبm = n   ٖٚاْ لطش اٌّقفٛفخ اٌّشثؼخ ٚاٌزٞ ػٕبفةشb11, 

b22, …, bnn  ّٝثبىقطش اىشئٞغ٠ٜغ (Main Diagonal) .ٌٍّقفٛفخ 

 

 .(Row Matrix) ٍصف٘فخ عطشرغّٝ    n 1اٌّقفٛفخ عؼخ     (3)

 

 .(Column Matrix) ٍصف٘فخ ػَ٘درغّٝ   m  1اٌّقفٛفخ عؼخ     (4)

 

                    ٍصااف٘فخ ٍثيثٞااخ عاافيٚرغةةّٝ   nعةةؼخ    B = (bij)اٌّقةةفٛفخ اٌّشثؼةةخ :    (5)

(Lower Triangular Matrix)   ْإرا وةةبbij = 0    ػٕةةذِبi < j   ّٝٚرغةة

   i > jػٕذِب   bij= 0إرا وبْ  (Upper Triangular Matrix) ٍصف٘فخ ٍثيثٞخ ػيٞب

 

6 8 5 2 0 0

0 2 7 ; 6 3 0

0 0 1 4 1 8

   
   
   
      

 

 

 ِقفٛفخ ِضٍض١خ عفٍٝ              ِقفٛفخ ِضٍض١خ ػ١ٍب                       

 

رىْٛ اٌّقفٛفخ اٌّشثؼخ ِقفٛفخ ِضٍض١خ ػ١ٍب إرا وبٔةذ ع١ّةغ اٌؼٕبفةش  ثنيَخ أخشٙ:

اٌزٟ رمغ رؾذ اٌمطةش اٌشئ١غةٟ أفةفبس ٚرىةْٛ ِضٍض١ةخ عةفٍٝ إرا وبٔةذ ع١ّةغ اٌؼٕبفةش 

 ًً  اٌزٟ رمغ فٛق اٌمطش اٌشئ١غٟ أففبسا

 

  ٍصااااف٘فخ قطشٝااااخ  nعةةةةؼخ    B = (bij)رغةةةةّٝ اٌّقةةةةفٛفخ اٌّشثؼةةةةخ :    (6)

(Diagonal Matrix)   إرا وبٔذ ػٕبفش٘ب غ١ش اٌقفش٠خ ٟ٘ فموbii   : ؽ١شi = 

1, 2, …, n    ٞٚثم١خ اٌؼٕبفةش فةٟ رٍةه اٌّقةفٛفخ أفةفبس أbij = 0    ػٕةذِبi  j  

 ٠ٚىزت

diag(b11, b22, …, bnn) 
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راد اٌؼٕبفةةش اٌّزغةةب٠ٚخ رغةةّٝ   diag(b, b, …, b)اٌّقةةفٛفخ اٌمطش٠ةةخ :    (7)

 . فّضلا ً اٌّقفٛفخ(Scalar Matrix) ٍصف٘فخ قٞبعٞخ

7 0 0

0 7 0

0 0 7

 
 
 
  

 

 .3رّضً ِقفٛفخ ل١بع١خ عؼخ 

 

ٍصاااااف٘فخ اىَحبٝاااااذ اىعاااااشثٜ رغةةةةةّٝ   (1,…,1,1)اٌّقةةةةةفٛفخ اٌمطش٠ةةةةةخ :   (8)

(Identity Matrix)  ٠ٚشِةةض ٌٙةةب ثةةبٌشِضIn  ًؽ١ةةش اٌةةذ١ٌn  ٠ّضةةً عةةؼخ اٌّقةةفٛفخ

 اٌّشثؼخ. فّضلا ً:

2 3

1 0 0
1 0

I ; I 0 1 0
0 1

0 0 1

 
       
 

  

 

 

 ملاحظة: 
إْ ٌّقةةفٛفخ اٌّؾب٠ةةذ اٌنةةشثٟ خةةٛاؿ ِطبثمةةخ ٌةةجؼل خةةٛاؿ اٌٛاؽةةذ وؼةةذد         

 فؾ١ؼ.

 

 مثال: 

إرا وبْ:          
4 5 6

1 2 3

 
   

 
 فإْ:  

I2 A = A I3 = I2 A I3 = A 

 )رؾمك ِٓ رٌه(.

 

 ِقفٛفز١ٓ ِشثؼز١ٓ ٚرؾممبْ اٌؼلالخ:  A    ٚBإرا وبٔذ   (9)

AB = BA 

 A    ٚBف١مةبي ثبّٔٙةةب ِقةفٛفزبْ لبثٍزةةبْ ٌلاثةةذاي اٌنةشثٟ. ٚإرا ؽممةةذ اٌّقةةفٛفزبْ 

 اٌؼلالخ

AB = – BA 

 ٠مبي ثأّٔٙب اثذا١ٌزبْ ػىغ١ب ً.
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 مثال:

ٌزىٓ:          
3 2 4 1

; B
2 3 1 4

   
     

   
   

 

 ؽمك لبْٔٛ الاثذاي اٌنشثٟ.

 

 الحل: 
3 2 4 1 14 11

B
2 3 1 4 11 14

4 1 3 2 14 11
B

1 4 2 3 11 14

     
       

     

     
       

     

 

 اثذا١ٌزبْ.  A    ٚBٚاٌّقفٛفزبْ    AB = BA٘زا ٠ؼٕٟ أْ : 

 

 (Transpose of Matrix)ٍْق٘ه اىَصف٘فخ    (10)

. إرا ٚمؼذ عطٛس اٌّقفٛفخ ثؾةىً أػّةذح  m  nِقفٛفخ ِشثؼخ عؼخ    Aٌزىٓ  

ثبٌزشر١ت. أٞ اٌغطش الاٚي أخز ِٛمغ ػّٛد أٚي ٚ٘ىزا فبْ اٌّقةفٛفخ اٌغذ٠ةذح راد 

٠ٚشِةض ٌٙةب ثةـ   A ٍْقا٘ه اىَصاف٘فخإٌبرغةخ ػةٓ ٘ةزٖ اٌؼ١ٍّةبد رغةّٝ  n  mاٌغةؼخ 

A'. 

فٟ اٌّقةفٛفخ   (aji)٘ٛ اٌؼٕقش   Aفٟ اٌّقفٛفخ   (aij)أٞ أْ اٌؼٕقش فٟ اٌّٛلغ  

A'. 

 

 مثال: 
 إرا وبٔذ :          

1 2 3

3 1 2

 
   

 
   

 فإْ:

1 3

' 2 1

3 2

 
  
 
  
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 : (2)مبرهنة  
 فإْ:  n  pِقفٛفخ عؼخ    m  n    ٚBِقفٛفخ عؼخ    Aٌزىٓ          

(AB)' = B'A' 

 

 (Symmetric Matrix)اىَصف٘فخ اىَزْبظشح    (11)

 إرا وبٍْزْبظشح ثأٔٙب   ٠A = (aij)مبي ٌّقفٛفخ ِشثؼخ  

A' = A  

  إرا وبْ: ًٍزْبظشح ػنغٞبٚرغّٝ اٌّقفٛفخ اٌّشثؼخ ثأٔٙب     aij = ajiأٞ أْ:    

A' = – A 

 . aij = – ajiأٞ أْ:   

 مثال :

ً٘ اٌّقفٛفخ           
2 7

7 4

 
   

 
 ِزٕبظشح ؟   

 الحل:
 ِٕمٛي اٌّقفٛفخ  ٘ٛ         

2 7
' A

7 4

 
   

 
 

 A .ِقفٛفخ ِزٕبظشح 

 

 مثال :

ث١ّٓ إْ اٌّقفٛفخ           
0 2

B
2 0

 
   

 ِزٕبظشح ػىغ١ب ً ؟   

 الحل:
0 2 0 2

B' B
2 0 2 0

   
          

 

 B .ً ِقفٛفخ ِزٕبظشح ػىغ١ب 

 

 (Orthogonal Matrix)اىَصف٘فخ اىَزؼبٍذح    (12)

 إرا رؾمكٍزؼبٍذح ثأٔٙب   ٠Aمبي ٌّقفٛفخ ِشثؼخ  

AA' = A'A = 1 
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 مثال :
 ث١ّٓ أْ اٌّقفٛفخ :        

1 0 0

1 3
0

2 2

3 1
0

2 2

 
 
 
  
 
 
 
  

 

 ِزؼبِذح.

 

 

 الحل:

1 0 0 1 0 0
1 0 0

1 3 1 3
A' 0 0 0 1 0 1

2 2 2 2
0 0 1

3 1 3 1
0 0

2 2 2 2

   
   

    
        
    
      

   
      
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 Determinantsالمحددات         
 

. ٠ٚشِةض ٌةٗ Aػذد ٠غةّٝ ِؾةذد   Fػٍٝ اٌؾمً     ٠Aمبثً وً ِقفٛفخ ِشثؼخ         

 .Aأٚ    det(A)ػبدح ً ثـ  

ٌمذ ظٙشد فىشح اٌّؾذداد لأٚي ِةشح ػٕةذ ؽةً ِٕظِٛةخ ِؼةبدلاد خط١ةخ. ٌٚٙةب         

أ١ّ٘ةةخ وج١ةةشح ٚاداح لا غٕةةٝ ػٕٙةةب فةةٟ اٌؼذ٠ةةذ ِةةٓ ِٛامةة١غ اٌغجةةش اٌخطةةٟ ٚ ِٛامةة١غ 

 ٚإٌٙذعخ ٚػٍَٛ اٌؾبعٛة ... اٌخ. اخشٜ فٟ اٌش٠بم١بد ٚاٌؼٍَٛ الاخشٜ وبٌف١ض٠بء

ٚ    22عةةٕمذَ هةةش٠مز١ٓ ثغةة١طز١ٓ ٌؾغةةبة ِؾةةذداد اٌّقةةفٛفبد ِةةٓ عةةؼخ          

33: 

 

٠ّىٓ اٌؾقٛي ػ١ٍةٗ ثنةشة ػٕبفةش اٌمطةش  22ِٓ عؼخ  Aِؾذد اٌّقفٛفخ   (1)

 اٌشئ١غٟ )الا٠غش( صُ ٔطشػ ؽبفً مشة ػٕبفش اٌمطش الا٠ّٓ وّب ٠ٍٟ:

 

11 12
11 22 12 21

21 22

 
a a

a a a a
a a

 

 فّضلا ً:

2 3
A

4 5

2 3
A 2 5 ( 3) 4 22

4 5

 
  
 


      

 

 

 ٠ّىٓ اٌؾقٛي ػ١ٍٗ ثبٌؾىً ا٢رٟ: 33ِٓ عؼخ  Aِؾذد اٌّقفٛفخ   (2)

 وّب ِٛمؼ Aٔؼ١ذ وزبثخ اٌؼّٛد الاٚي ٚاٌؼّٛد اٌضبٟٔ ٌٍّقفٛفخ 

  

11 12 13 11 12

21 22 23 21 22

31 32 33 31 32

a a a a a

a a a a a

a a a a a

 

صُ ٔغّغ ؽبفةً مةشة ػٕبفةش اٌمطةش اٌشئ١غةٟ ِةغ ؽبفةً مةشة اٌؼٕبفةش ػٍةٝ 

اٌخط١ٓ اٌّٛاص١٠ٓ ٌٍمطش اٌشئ١غٟ. صُ ٔطشػ ِٕٙب ؽبفً مشة اٌؼٕبفش ػةً اٌمطةش 

ا٢خش ٚؽبفً مشة اٌؼٕبفش ػٍٝ اٌخطة١ٓ اٌّةٛاص١٠ٓ ٌةٗ. وّةب ِٛمةؼ فةٟ اٌؾةىً 

 .ثطشٝقخ عبسٗطأػلاٖ. ٘زٖ اٌطش٠مخ رغّٝ 

A = a11 a22 a33 + a12 a23 a31 + a13 a21 a32  

           – a13 a22 a31 – a11 a23 a32 – a12 a21 a33  
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 ملاحظة :
لا رٛعةذ هش٠مةخ   n  4لاثةذ ِةٓ اٌزأو١ةذ ٕ٘ةب )هش٠مةخ عةبسٚط( إٔةٗ فةٟ ؽبٌةخ          

 .Aثغ١طخ          لا٠غبد  

 

 :(1)مثال 
 أٚعذ ِؾذد اٌّقفٛفخ:        

1 2 3

A 2 1 3

3 1 2

1 2 3 1 2

A 2 1 3 2 1

3 1 2 3 1

 
 
 
  



 

 

A = 1  1  2 + 2  3  3 + 3  2  1 – 1  3  1 – 2  2  2 – 

3  1  3 

        = 2 + 18 + 6 – 3 – 8 – 9  

        = 6 
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 تمارين
 

 اعزؼًّ هش٠مخ عبسٚط ٌؾغبة اٌّؾذداد الار١خ:  (1)

 

 

 A = 0ػٕذِب ٠ىْٛ:      عذ ع١ّغ ل١ُ    (2)

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

2

4 2 0 3 9

( ) 0 2 5 ; (b) 2 4 1

0 0 3 1 3



 

k

a k

k

6 0 0
1 2

( ) ; (b) 0 1
1 4

0 4 4









 
        

  

a
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 واص المحددات :خ
 

 : (1)مبرهنة   (1)
 A = A'ِقفٛفخ ِشثؼخ فإْ:    Aإرا وبٔذ         

 

 : (2)مثال 
 ِٕمٌٛٙب ٟ٘ اٌّقفٛفخ: (1)ِٓ اٌّضبي A اٌّقفٛفخ         

1 2 3

A' 2 1 1

3 3 2

 
 
 
  

 

 

A' = 1  1  2 + 2  1  3 + 3  2  3 – 1  1  3 – 2  2  2 – 

3  1  3 

        = 6 

 إرْ:

A' = 6 = A 

 

 

٘ةةزٖ اٌّجشٕ٘ةةخ رغؼٍٕةةب لةةبدس٠ٓ ػٍةةٝ رجةةذ٠ً )عةةطش( ثةةـ )ػّةةٛد( ػٕةةذ دساعةةزٕب         

 خٛاؿ اٌّؾذداد الأخشٜ ٚثزٌه ٔقً اٌٝ إٌز١غخ الار١خ:

 

 

 : (2)مبرهنة 
ثبٌّجبدٌةةخ ثةة١ٓ عةةطش٠ٓ  Aِقةةفٛفخ ٔبرغةةخ ِةةٓ اٌّقةةفٛفخ اٌّشثؼةةخ  Bٌةةزىٓ          

 ػٕذئز ٍ: A)ػّٛد٠ٓ( ِٓ 

B = – A 

 

 

 : (3)مبرهنة    
 .A = 0. فإْ :     Aإرا رغبٜٚ عطشاْ )ػّٛداْ( فٟ ِقفٛفخ ِشثؼخ         

 

 

 : (4)مبرهنة    
٠غةبٚٞ فةفشا ً.  Aإرا وبْ وً ػٕقش ِٓ عطش )ػّةٛد( فةٟ ِقةفٛفخ ِشثؼةخ         

 .A=0فإْ:
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 : (5)مبرهنة    
 ِقفٛفخ ِشثؼخ. فإْ: Aٌزىٓ         

ٔبرغخ ِةٓ ِنةشٚة عةطش )ػّةٛد( ٚاؽةذ فةٟ اٌّقةفٛفخ  Bإرا وبٔذ اٌّقفٛفخ  ) أ( 

A  ثؼذد         صبثذk :ْفإ . 

B = k A 

 

ٔبرغخ ِٓ إمةبفخ ِنةشٚة أؽةذ اٌغةطٛس )الاػّةذح( فةٟ  Bإرا وبٔذ اٌّقفٛفخ  )ة( 

A :ْثضبثذ ٚإمبفزٗ اٌٝ عطش )ػّٛد( آخش. فإ 

A = B 

 

 : (3)مثال 
 إرا وبْ :         

2 3 0 2 3 0 2 3 0

A 1 3 4 ; B 3 9 12 ; C 1 3 4

6 1 1 6 1 1 2 11 15

       
          
     
            

 

 

 فإْ ِؾذد اٌّقفٛفبد وّب ٠ٍٟ:

A = – 71    ,    B = – 213    ,    C = – 71. 

 

 3ثبٌؼةةةذد  Aٔبرغةةةخ ِةةةٓ مةةةشة اٌغةةةطش اٌضةةةبٟٔ ٌةةةـٍّقفٛفخ  Bلاؽةةةع إْ اٌّقةةةفٛفخ 

ٚإمةةبفزٗ  (4 –)ثةةـ  Aٔبرغةةخ ِةةٓ مةةشة اٌغةةطش اٌضةةبٟٔ ٌٍّقةةفٛفخ  Cٚاٌّقةةفٛفخ 

 ٌٍغطش اٌضبٌش. إرْ:

B = 3A       ;       C = A 

 

 : (6)مبرهنة    
 فإْ:  n  nِقفٛفخ ِضٍضخ عؼخ  Aٌزىٓ         

A = a11 a22 a33 … ann 
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 : (4)مثال 
 اعزخذَ خٛاؿ اٌّؾذداد ٌزؾ٠ًٛ اٌّقفٛفخ:        

1 2 3

A 2 6 2

3 6 4

 
  
 
  

 

 إٌٝ ِقفٛفخ ِضٍض١خ ػ١ٍب. صُ اؽغت ِؾذد٘ب.

 

 الحل :

1 2 2

1 3 3

1 2 3

A 2 6 2 2r r r

3 6 4

1 2 3

0 2 4 3r r r

3 6 4

1 2 3

0 2 4 A

0 0 5

 
     
 
  

 
    
 
  

 
  
 
    

 .33ٚ٘زٖ اٌّقفٛفخ ِضٍض١خ ػ١ٍب عؼخ 

 ٔؾقً ػٍٝ : (6)إرْ ثبعزؼّبي اٌّجشٕ٘خ 

A = 1  2  5 = 10 

 

 

 ملاحظة :
 ٠ّضً هش٠مخ أخشٜ ٌؾغبة ِؾذد ِقفٛفخ. (4)اٌؾً اٌزٞ ٚسد فٟ اٌّضبي         
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 : (7)مبرهنة    
 ِقفٛفز١ٓ ِشثؼز١ٓ ٌّٙب اٌغؼخ ٔفغٙب فإْ :  A    ٚBإرا وبٔذ          

A B = AB 

 

 ملاحظة :
 ِقفٛفز١ٓ ِشثؼز١ٓ ٌّٙب اٌغؼخ ٔفغٙب فإْ :  A    ٚBإرا وبٔذ          

A + B  A + B 

 

 تمارين
 

 اؽغت اٌّؾذداد ِغزؼّلا ً خٛاؿ اٌّؾذداد:  (1)

 

   ) أ(    

4 3 5

5 2 0

2 0 4



   )ة(          

4 3 5

5 2 0

2 0 4



 

 

 ٌىً ٍ ِّب ٠أرٟ:   AB = ABث١ّٓ أْ :     (2)

 

   ) أ(    

1 2 3

A 2 3 1

0 1 0

 
 
 
  

           

1 0 2

B 3 2 5

2 1 3

 
  
 
  

 

 

   )ة(   

2 3 6

A 0 3 2

0 0 4

 
 
 
  

           

3 0 0

B 4 5 0

2 1 2

 
 
 
  

 

 

 إرا وبٔذ :  (3)

1 2 6

A 3 2 9

2 0 3

  
  
 
  

 

A = Aأصجذ أْ:        
3
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ٚ  Aػٍّةب ً أْ  B = 0أٚ     A = 0 أصجةذ أْ : AB = 0إرا وبٔةذ :   (4)

B .ِقفٛفزبْ ِشثؼزبْ ٌّٙب اٌغؼخ ٔفغٙب 
 

 ؟  أػو ِضبي. AB = BAً٘ أْ :   (5)
 

 ٌّٙب اٌغؼخ ٔفغٙب أْ :  A    ٚBثش٘ٓ ػٍٝ أْ لأٞ ِقفٛفز١ٓ ِشثؼز١ٓ    (6)

A' B' = AB' = A'B 
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 وتطبيقات :النشر بالعامل المرافق 
 

  2    ٚ3 2ؽشؽٕب عبثمب ً هش٠مز١ٓ ٌؾغبة اٌّؾةذداد ٌٍّقةفٛفبد ِةٓ عةؼخ         

 3   ٚا٢ْ عٕمذَ هش٠مخ أخشٜ ٌؾغبة ِؾذد ِقةفٛفخ ِةٓ عةؼخn  n  َٛٚاٌزةٟ رمة

 (n – 1)ػٍٝ أعبط ؽغبة ِؾذد ِقفٛفخ ألً عؼخ ِٓ اٌّقفٛفخ الاف١ٍخ أٞ عؼخ 

 (n – 1)  2صُ رؼبد ٘زٖ اٌؼ١ٍّخ ػذح ِشاد ؽزٝ ٔؾقً ػٍٝ ِقفٛفخ عؼخ  2. 

 

 : (1)تعريف 

 Aِقةفٛفخ عضئ١ةخ ِةٓ  Mij. ٚإْ  n  nِقةفٛفخ عةؼخ    A = (aij)ٌةزىٓ          

ٚاٌؼّةٛد  i ٚإٌبرغخ ِٓ ؽزف اٌغطش فٟ اٌّٛلةغ     (n – 1) (n – 1)عؼخ           

ش Mij. ٠غةةةّٝ ِؾةةةذ اٌّقةةةفٛفخ اٌغضئ١ةةةخ Aِةةةٓ اٌّقةةةفٛفخ   jفةةةٟ اٌّٛلةةةغ   صّااا   ٍُ 

(Minor)  اٌؼٕقةةشaij  ِٓةةA اىؼبٍااو اىَشافااق. ٠ٚؼّةةشف (Cofactor)  ٌٍؼٕقةةشaij  

 ػٍٝ أٔٗ: Aijٚاٌزٞ ٠شِض ٌٗ 

Aij = (– 1) 
i + j

  Mij 

 (1 –)لاؽةةع إْ الاؽةةبساد 
i + j

رةةشد ثؾةةىً ِزٕةةبٚة ٚاْ اؽةةبساد اٌمطةةش اٌشئ١غةةٟ  

 ِٛعجخ دائّب ً وّب ٠زنؼ فٟ اٌؾىً ا٢رٟ:
    
    
 
    
 
 
     

 

    3 3ِؾذد اٌّقفٛفخ عؼخ 

11 12 13

21 22 23

31 32 33

A

 
 
 
  

a a a

a a a

a a a

 

 اٌزٞ أػط١ٕبٖ ثطش٠مخ عبسٚط وّب ٠ٍٟ:

A = a11 a22 a33 + a12 a23 a31 + a13 a21 a32  

           – a13 a22 a31 – a11 a23 a32 – a12 a21 a33  

 ٠ّىٓ إػبدح وزبثزٗ ثبٌؾىً:

A=a11(a22 a33 – a23 a32)+ a12(a23 a31 – a22 a33) + a13(a21 a23 – a22 

a31) …(1) 

ٌّٚةةب وبٔةةذ ٘ةةزٖ الالةةٛاط ر ٌةةف ِشافمةةبد اٌّؼبِةةً اٌةةزٞ خبسعٙةةب ٌةةزٌه ٠ّىةةٓ إػةةبدح 

 وزبثزٗ ٔؾش اٌّؾذد اٌضلاصٟ:

A=a11A11 + a21 A21 + a31 A31                                                              

…(2) 

 ٚ٘زٖ ر ٌف ؽبفً مشة ػٕبفش اٌؼّٛد الأٚي فٟ ِشافمبرٙب.
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 : (1)ملاحظة 
ثؾ١ةش ر ٌةف ؽبفةً مةشة ػٕبفةش أٞ ػّةٛد  ٠Aّىةٓ إػةبدح وزبثةخ ٔؾةش         

 آخش أٚ أٞ عطش فٟ ِشافمبرٙب.

 

 : (1)مثال 
 ٌزىٓ          

3 1 0

A 2 4 3

5 4 2

 
   
 
  

 

 ثذلاٌخ ػٕبفش اٌغطش الاٚي.  Aعذ  

 الحل :
A=a11A11 + a12 A12 + a13 A13 

 

      1 1 1 2 1 34 3 2 3 2 4
3( 1) 1( 1) 0( 1)

4 2 5 2 5 4

     
     

 
 

 

      = 3 (8 – 12) – (4 – 15) + 0 = – 1 

 

 : (2)ملاحظة 
 (2)٠ّىةةٓ أْ ٔؾقةةً ػٍةةٝ رشر١جةةبد ِٕبعةةجخ ٌىزبثةةخ اٌّؼبدٌةةخ  (1)ِةةٓ ِلاؽظةةخ         

 وّب ٠ٍٟ:   Aٌٕؾش 

A= a11A11 + a12 A12 + a13 A13         إٌؾش ثبٌٕغجخ ٌؼٕبفش اٌغةطش الأٚي

        

       = a12A12 + a22 A22 + a32 A32         ٟٔإٌؾش ثبٌٕغجخ ٌؼٕبفش اٌؼّٛد اٌضةب

        

       = a11A11 + a21 A21 + a31 A31         إٌؾش ثبٌٕغجخ ٌؼٕبفش اٌؼّةٛد الأٚي

        

 ٚ٘ىزا   ...

 .Aٌـ   اىْشش ثبىَشافق٠طٍك ػٍٝ ٘زٖ اٌّؼبدلاد 

 

ػٍةٝ ِؾةذد   3 ٠3ّىٓ رؼ١ُّ هش٠مةخ إٌؾةش ثةبٌّشافك ٌّؾةذد اٌّقةفٛفخ عةؼخ         

 وّب فٟ اٌّجشٕ٘خ الار١خ:  n  nعؼخ 
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 : (1)مبرهنة 
 ػٕذئزٍ:  n  nِقفٛفخ عؼخ    A = (aij)ٌزىٓ          

A= ai1Ai1 + ai2 A i2 + … + a in A in                     إٌؾش ثبٌٕغجخ ٌٍغةطش

          

 

A= a1j A1j + a2j A 2j + … + a nj A nj                    إٌؾش ثبٌٕغةجخ ٌٍؼّةٛد

           

 

 : (2)مثال 
 اؽغت ِؾذد اٌّقفٛفخ ا٢ر١خ:         

1 2 3 4

4 2 1 3
A

3 0 0 3

2 0 2 3

 
 
 
 
 

 

 

 الحل:
لاؽع اْ أفنً هش٠مةخ ٌٍٕؾةش رةزُ ثذلاٌةخ اٌغةطش أٚ اٌؼّةٛد اٌةزٞ ٠ؾزةٛٞ أوجةش         

.  Aijففةٟ ٘ةزٖ اٌؾبٌةخ لا ٔؾزةبط اٌةٝ ؽغةبة    aij = 0ػذد ِةٓ الافةفبس. فةإرا وةبْ  
أْ ٠مةةَٛ ثبٌٕؾةةش ثٛاعةةطخ اٌؼّةةٛد اٌضةةبٟٔ  ٕٔؾةةش ثٛاعةةطخ اٌغةةطش اٌضبٌةةش ٚػٍةةٝ اٌطبٌةةت

 وزّش٠ٓ.

A = a31A31 + a32 A32 + a33 A33+ a34 A34 
 

      

3 1 3 4
32 33

2 3 4 1 2 3

3( 1) 2 1 3 0 A 0 A ( 3)( 1) 4 2 1

0 2 3 2 0 2

 

 

         

 

 
 

 ثذلاٌخ اٌؼّٛد الأٚي. ٔؾقً ػٍٝ:  A31ٕٔؾش 
 

1 1 1 2 1 3
31

1 3 3 4 3 4
A 2( 1) 2( 1) 0( 1)

2 3 2 3 1 3

   
     

 
 

 

       = (2)(1)(9) + (2)(–1)(–1) = 20 
 

 ثذلاٌخ اٌغطش اٌضبٌش. ٔؾقً ػٍٝ:  A34ٕٔؾش 
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1 3 2 3 3 3
34

2 3 1 3 1 2
A 2( 1) 0( 1) ( 2)( 1)

2 1 4 1 4 2

   
      

 
 

 

       = (2)(1)(8) + (–2)(1)(10) = – 4. 

 

–)A = (3)(1)(20) + (–3)إرْ:                                                      

1)(–4) = 48 

 
 : (2)تعريف 
. ِٕمةٛي ِقةفٛفخ اٌؼٛاِةً اٌّشافمةخ  n  nِقةفٛفخ عةؼخ    A = (aij)ٌةزىٓ          

 A  (Adjointٍصابحت  ٠غةّٝ   adj(A)ٚاٌةزٞ ٠شِةض ٌةٗ ثةـ   Aفةٟ   aijٌٍؼٕبفش 

A):ْأٞ أ . 

 

11 21 1

12 22 2

1 2

A A A

A A A
adj(A)

A A A

 
 
 
 
 
 

n

n

n n nn

 

 أٞ أْ : 

(Aij)' = adj(A) 

 

 : (3)مثال 
 ٌزىٓ          

3 2 1

A 5 6 2

1 0 3

 
 
 
  

 

 .adj(A)أٚعذ  

 الحل:
 ٟ٘ اٌّقفٛفخ: 33عؼخ  Aِقبؽت  (2)ِٓ رؼش٠ف         

11 21 31

12 22 32

13 32 33

A A A

adj(A) A A A

A A A

 
 


 
  
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1 1
11

1 2
12

1 3
13

6 2
A ( 1) 18

0 3

5 2
A ( 1) 17

1 3

5 6
A ( 1) 6

1 0







   


  


   

 

2 1
21

2 2
22

2 3
23

1 3
31

3 2
32

3 3
33

2 1
A ( 1) 6

0 3

3 1
A ( 1) 10

1 3

3 2
A ( 1) 2

1 0

2 1
A ( 1) 10

6 2

3 1
A ( 1) 1

5 2

3 2
A ( 1) 28

5 6














   



   



   


   

   


  

 

 إرْ:
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18 6 10

adj(A) 17 10 1

6 2 28

   
   
 
   

 

 

 : (2)مبرهنة 
 . فإْ: n  nِقفٛفخ عؼخ    A = (aij)ٌزىٓ          

A  adj(A) = adj(A)  A = A In 

 

 نتيجة :
 فإْ:  A  0ِقفٛفخ ِشثؼخ ٚاْ     Aٌزىٓ         

1 1
A adj(A)

A

    

 
 : (4)مثال 
 (3)فٟ اٌّضبي  Aعذ ِؼىٛط اٌّقفٛفخ         

 الحل:
ٚثبعةزؼّبي ٔز١غةخ اٌّجشٕ٘ةخ    A = – 94ٔلاؽةع ِةٓ ٘ةزٖ اٌّقةفٛفخ إْ:          

 ٔغذ أْ: (2)

 

 

1

18 6 10

94 94 94

1 17 10 1
A adj(A)

A 94 94 94

6 2 28

94 94 94



 
 
 
   
 
 
 
  

 

 

 

 ملاحظة :
اٌطش٠مةةخ اٌزةةٟ ٚسدد ٕ٘ةةب لا٠غةةبد ِؼىةةٛط اٌّقةةفٛفخ اٌّشثؼةةخ ١ٌغةةذ اٌطش٠مةةخ         

 اٌٛؽ١ذح ؽ١ش رٛعذ هشق أخشٜ أوضش رؼم١ذا ً ٟٚ٘ ١ٌغذ ِٛمٛع دساعزٕب الاْ.
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 Gramer's Ruleقاعدة كرامر        
 

 ٔفشك:        

a11 x1 + a12 x2 +  + a1 n xn = b1 

a21 x1 + a22 x2 +  + a2 n xn = b2 

 
an1 x1 + an2 x2 +  + an n xn = bn 

 

 ِٓ اٌّغب١ً٘. ٠ّىٓ اٌزؼج١ش ػٕٙب ثبٌّؼبدٌخ nِٕظِٛخ ِؼبدلاد رؾزٛٞ ػٍٝ 

AX = B 

 ِقفٛفخ اٌؾذٚد اٌّطٍمخ. Bِقفٛفخ اٌّغب١ً٘ ٚ  Xِقفٛفخ اٌّؼبِلاد ،  Aؽ١ش 

 

 

 : (3)مبرهنة )قاعدة كرامر( 
ِةٓ اٌّغب١٘ةً  nِةٓ اٌّؼةبدلاد اٌخط١ةخ ٌٙةب  nِٕظِٛةخ ِةٓ   AX = Bٌةزىٓ          

 ػٕذئزٍ ٠ىْٛ ٌٍّٕظِٛخ ؽً ٚؽ١ذ ٘ٛ: A  0ثؾ١ش أْ:  

1 2
1 2

A A A
, , ... ,

A A A
  

n
nx x x  

 

ِؾً اٌؼّةٛد فةٟ اٌّٛلةغ    Bِقفٛفخ ٔبرغخ ِٓ إؽلاي ػٕبفش اٌّقفٛفخ    Ajؽ١ش  

j   فٟ اٌّقفٛفخ الأف١ٍخA. 

 

 : (5)مثال 
 اعزؼًّ لبػذح وشاِش ٌؾً ِٕظِٛخ اٌّؼبدلاد ا٢ر١خ:        

– 2x1 + 3x2 – x3 = 1 

     x1 + 2x2 – x3 = 4 

– 2x1 –  x2 + x3 = – 3 

 الحل:
 ٔغذ ِؾذد ِقفٛفخ اٌّؼبِلاد وّب ٠ٍٟ: أٗلا ً :         

2 3 1

A 1 2 1 ( 2)(2 1) (3)(1 2) ( 1)( 1 4) 2

2 1 1

 

            

 
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 ٔغذ اٌؾً اٌٛؽ١ذ ٌٙزٖ إٌّظِٛخ وّب ٠ٍٟ: ثبّٞب ً:

1

2

3

1 3 1

4 2 1

3 1 1 4
2

2

2 1 1

1 4 1

2 3 1 6
3

2

2 3 1

1 2 4

2 1 3 8
4

2





 
  

 

 



  
  

 



   
  

 

x

x

x

 

 تمارين
 اؽغت اٌؼٛاًِ اٌّشافمخ ٌٍّقفٛفخ:  (1)

1 0 2

A 3 1 4

5 2 3

 
 
 
  

 

 

 :(1)ٌٍّقفٛفخ فٟ اٌزّش٠ٓ   (2)
 

       adj(A)عذ     )ة(            Aاؽغت   ) أ(
 

Aعذ    )حـ(
– 1

 .adj(A) = Aرؾمك ِٓ أْ :   )د(               

 

 : 22ِقفٛفخ عؼخ   Aٌزىٓ    (3)
 

 .adj(adj(A)) = Aث١ّٓ أْ :   )ة(          adj(A) عذ    ) أ(
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 عذ ِؼىٛط وً ِٓ اٌّقفٛفبد ا٢ر١خ:  (4)
 

   ) أ( 
3 2

3 4

 
  

   )ة(            

4 2 2

0 1 2

1 0 3

 
 
 
  

        

   )حـ(      

1 2 3

4 5 2

1 1 7

 
  
 
   

 

 

 ؽً ثبعزؼّبي لبػذح وشاِش ِٕظِٛخ اٌّؼبدلاد فٟ وً ٍ ِّب ٠أرٟ:  (5)
 

2x +4y +6z = 2                                                          )أ (   

2z + x      = 0 

3y – z + 2x = – 5 

 

3y + 2x = z +1                                                          )ة (   

3x + 2z = 8 – 5 

3z –  1  = x – 2y 

 

  2x + 3y + 7z = 2                                                      )حـ(   

–2x – 4z         = 0 

   x + 2y + 47 = 0 

 

Aثش٘ٓ ػٍٝ أْ    A  0ِقفٛفخ ِضٍض١خ ػ١ٍب )عفٍٝ( ٚاْ   Aإرا وبٔذ   (6)
– 1

  

 ِقفٛفخ ِضٍض١خ ػ١ٍب )عفٍٝ(.

 

 


