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CHAPTER ONE
MATHEMATICAL LOGIC
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Definition (1.1):
A statement is a declarative sentence which is either (True:
T) or (False: F), but not both. We use the letters p, g, 1, s, ..., ect to

denote a proposition.
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Definition (1.2):
A statement which has truth news sentence is called true
statement and a statement which has false news sentence is

called false statement.
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Example (1.3):

(1) The sun is rises from the east. News sentence (truth statement).
(2) Baghdad is the capital of Iraq. News sentence (truth statement).
(3) 17 < 14. News sentence (false statement).

(4) Wow, this grove is very beautiful. ~ Sentence is not news (Wonder).
(5) Please Fawaz, be wishful doing a good. News sentence.

(6) 3+ x =7, where x is an integer. News sentence.

(We can't judge it as true or false unless we know the value of the
variable x). Statements from this type called (Propositional Functions).

Negation of Statements:

If we want to negation the statement "it's raining today",
we will say "it doesn't rain today". If the statement that we want
to negation it is true, then the negation statement will be false.

So, contrariwise.
135 Masall shaat W oeladl™ Jgi Lild Ma sl jlaai elasadl™ B jlaadl i o) Lo ,f 13 1( e RiN) B lad) S
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Example (1.4):

(1) 2+3=8. false statement. Negation: 2+3#8. true statement.
(2) Baghdad is a capital of Irag. true statement. Negation: Baghdad is
not a capital of Irag. false statement.

Often, we symbolized the statement as the letter of the alphabet to
ease. In Example (1.4), if we symbol for the statement contained in
paragraph (1) under the symbol "p", we will symbolize to the negation of
this statement by "~p" (read negation of p or not p). The two statements p
and ~p are impossible to be true or false at the same time. We will use the
letter T to symbolize the word (True) and the letter F to symbolize the
word (False). Then, we will generate a table which is called the right
table (truth table) that describes the p and ~p together as shown in the
following table:

& 3l B Ll U 3y 13) (1.4) JUEA 88 A gell elagdl Cag yn (s La s jlal e i La 7S
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Table 1
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Definition (1.5):

A statement that carrying one news is called a simple
statement (primitive), and if a statement carried two (or more
than one) news then it is called compound statement.

In other words, a proposition is said to be primitive
statement, if it cannot be divided into simpler proposition. And
a proposition is called compound statement, if it is compound
of one or more primitive propositions using logical connective
operators.

Example (1.6):
(1) Water freezes at zero degrees and boils at 100 degrees. (compound

statement).
(2) Nawaf studies mathematics or geograph (compound statement).
(3)If3+1=4,then6 +7 =13. (compound statement).

(4) Equilateral triangle abc if and only if it was Equiangular. (compound
statement).

Basic Logical Connective Operators:

There are some basic logical operators that connect simple
propositions to produce composite proposition. These operators
are:

1. Conjunction operator (and):

Let p and q are two primitive propositions. The
conjunction of p and q is denoted by "'p A g"* and read as "'p and
q". If both p and g are true, then p A q is true, otherwise p A q is

false.
Below is the truth table for the conjunction of two propositions:

Table 2
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Example (1.7):

Assuming that p, q, s and t are respectively the following
statements:
2 + 2 = 4, the moon orbits around Mars, passing the Euphrates River in
Iragq, 3=0.

We find that p, r true statements, while q, t false statements. Thus
by reference to the Table (2) conclude that:

P ASisatrue statement, butthep A g, pAt, AL, QAL (P AL AS
are all false statements.

2. Disjunction operator (or):

Let p and g are two primitive propositions. The disjunction of p
and g is denoted by "'p v q"* and read as "p or q". We say that "p v q" is
true when p is true or g is true or both are true. If both p and q are false,
then p v q is false.

Below is the truth table for the disjunction of two propositions:

' p | a ] pvg

LT T T |

T | F T

F | T T

F | F F

Table 3

Example (1.8):
(1)5+1=60r3x4=12. correct statement.
(2) 9 an even number or 9 an odd number . correct statement.

(3) Riyadh, the capital of Syria or Delhi, the capital of Algeria. false
statement.

3. Conditional operator (If...then...):

Let p and g are two primitive propositions. The conditional
statement "p — Q" is the proposition "if p then g". The conditional
statement "p — Q" is false if p is true and q is false, otherwise "p — q" is
true.
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Below is the truth table for the conditional operator of two propositions:

(Pl gl p—og
T T T
T | F F
E T T
F|F T

Table 4

Example (1.9):

(1) 5+7=12——>2+6=8
(2) 5+7=11—>2+6=28
(B) 547=11—>2+6+#8
(4) 5+7=12—>2+6=7

-

4. Bi-conditional operator (if and only if):

Let p and q are two primitive propositions. The bi-conditional
statement "p < Q" is the proposition "p if and only if g". The bi-
conditional statement "p < g" is true when p and q have the same true
value, otherwise "p < " is false.

Below is the truth table for the bi-conditional operator of two
propositions:

Table 5
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For that we set true table in terms of tables (2) and (4) as follows:

AlB [A>B |[BoA |[(A5BAB-oA) |Ac B

T[T |7 T T T

T|F [|F T F F

FIT T F F F

FIF |7 T T T
Table 6

Notes from the table (5) that the phrase A <> B are truth when they
are two statements A and B true together or false together.

Example (1.10):

(1)5+3=8+«>5x3=15.

(2) Iraq is located in Europe, <> 5 + 3 =8.

(3) 5%3 = 15 «» Fatima man's name.

(4) Sanaa, the capital of Russia's <> sugar tastes bitter.

= -

Definition (1.11): Logical Equivalence

Two statements that have the same truth values are called logically
equivalent. The notation p = g or p= g denotes that p and g are logically
equivalent.

Example (1.12):

(1) (p — g) < (@—p) = (Table 6).
2)p=p Ap=pvp= ~ (~p)asin the following table.

P pl~p| pap | pvp | ~(-p)

TIT[F [ T T
FIFI T | F F F

Table 7

Theorem (1.13): De Morgan's Laws
Let p and g are two statements, define the following logical
equivalence:
(A) ~(pAg)=(~p) Vv (~0)
(B) ~(pva)=(~p)A(~0)




A ) daal,d dalaiia JSLA LAl a2
pab =)

3

Proof:
(A) Consider the following truth table for ~(p A q) and (~p) v (~Q)

| ~p |~ prg | ~(PAQ) | (~P) v (~q)
T

Table 8
From columns sixth and seventh we see the equally of the right
values and thus was required.
(B) To prove it is required in the same way (A) (leave to the student).

Note:
We can prove the validity of paragraph (B) from Theorem (1.13) in
another way as follows:
Negation the right end of the relationship (B), we find that:
~[(~p) A (~q)] =~(~p) v ~ (~q) According to paragraph (A) of this Theorem.
=pv(Q Table (7)
~[(~p) A (~a)]=pVvq (*)

By the negation of the relationship (*) we get the required proved
which

~(~[(~p) A (~a)] =~(p v Q)
Therefore; (~p) A~Q)=~(pVv Q)

Theorem (1.14):
If p and q are any two statements, then: p — q=~(p A ~().

Proof: According from Definition (1.11) is enough to create
table (9), in which we see that the fifth and sixth columns are
equal in truth values so desired proved.

| ~q | pa~g | pog | ~pA~q)

Table 9
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Definition (1.15):
A compound statement that is all it's values are true is called a
logically truth. And it is logically false if all it's values are false.

Example (1.16):

(1) A statement pv ~p. logically truth.

(2) A statement p A ~p. logically false.
Consider the following table;

Table 10

Note:
Some statements may be not logically truth and not
logically false, as in the phrases p — q, p <> g, for example.

Definition (1.17):
A statement p lead to a statement g, and represented that

by symbol p = q, if the statement p — q is logically truth. As
sometimes we say that p is the introduction and q is the result.

Example (1.18):
1) For any statement p, thenp = p v ~p. Since,p - pv ~p
is a logically truth statement.
2) For any two statements p and g, then p = p v . Since, the
statement p — p v q is a logically truth statement.
3) For any two statements p and g, then pA g = p v g. Since,
the statement pAgq — p v q is a logically truth statement.

Notes: Let p and g are two statements;
1) If p = q, then from the truth table for the compound statement
p—q, We show that:
(A) The statement q is truth whenever the statement p is truth.
(B) The statement p is false whenever the statement q is false.
2) If p = q we express it by saying that, if the statement p is true, then
it is enough to lead that the statement q is true too).
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3) By the symbol p # g we mean that the statement p does not lead to
the statement q.

4) p = g does not have a correct table, since the symbol "=" is not
logical connective operator between the two statements p and g.

Definition (1.19):

Both statements p and g are lead to the other, in other
words, the statement p is lead to the statement q and the
statement q is lead to the statement p, and symbolized p < q, if
the statement p < ¢ is logically truth.,

The symbol "<" is not logical connective operator
between the two statements p and g. Therefore, p< g dose not
have truth table. Sometimes we will express the symbol "<" by
saying "‘the necessary and sufficient condition™. It also means
equivalent to the word. And sometimes it can be used instead of
the symbol "=" as illustrated by the following example.

Example (1.20):
Let p and g are any two statements, then ~(p — q) < p

A~.
Solution: Following is the truth table for the statement ~(p — q)
< P A~Q;

| ~9  poa | pA~g | ~(p—9) | ~(p 29 © (PA~)

Table 11

Note; from the above table the statement

~(p — q) < p A~ is logically truth as shown in the
seventh column. And since the truth values in columns fifth and
sixth in that table are equal, which is consistent with the
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definition of parity, that is mean ~(p — q) = p A~q. we would
consider that the symbols < or = have the same meaning.

Here it should be noted that if it is not considered p < q
accrued, we symbolized by the symbol p <& @.

Example (1.21):

Verification the relationship between x =3 = x*=9 or
not, taking advantage of the comments received after the
Example (1.18).

Solution:

(A) The first method: From our knowledge of mathematical.
We know that if the statement x = 3 is true, then it is necessarily
lead to that statement x* = 9 is true, also. Since it cannot be x = 3
while the x* = 9. Thus, x = 3 = x* = 9 verification.

(B) The second method: From our information also. We know
that if the statement x*> = 9 is false, then the statement x = 3 be
false, also. Which means that, x # 3. Hence, x = 3 = x* = 9 is
verification.

Note:

If we have one statement, then the number of possible
truth values of that statement is two. And if we have two
different statements, then the number of possible truth values of
the two statements is four. And if we have three different
statements, then the number of possible truth values is eight.
That is lead that we can proof that, if we have n different
statements, then the number of possible truth values equal to 2"
that B(n) =2"; n eN.
+ad3a N
e b Gl U e Ll ClS 1Y) 5 ¢l ASaal) Ll gom ad 2ae (1 33a) 55 jle Lial CailS 1)
Bans 13 (ol AiSadl) Lg) o i 2ae (8 ddlide ol jle O Ll ilS 13 5 cpo )l diSadl) Lagal o o
B(n) =2" ol &l 2" (s sbon A8l gl a2 aae (8 Adlisal) <l jlaad) (e Ll S 1Y) 3l (Ll

neN
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Theorem (1.22):

Consider the statements p, g and r. Then;

(1) pAarp=p aswellas pvp=p.

(2) prg=qgnapaswellas pvq=qvp (substitution property)

(3) (pAg)A r = pa (gar) as well as (pvg)v r = pv (qvr)

property (respectively) the merger.

4) pa(@vr)=(pAaq) v (par) distribution of property.
pv(arn=((pvag) A(p vr) distribution of property.

proof: We will prove that "A" is distributed on "v", (leaving the
rest of the proofs on the health properties mentioned in the
theorem on the student) for that creating the following table and
conclude that it's health is required, as shown in the two
columns seventh and eighth.

pla | rll pag (PAQV(PAD)

mmmmd 4|4
TTmddmmid| 4
M- T T m-
mmimimimid| T4

Table 12

11
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EXxercises

1) If p representation for the statement "the rain came down"
and g representation for the statement "the ground is grow".
Write the verbal translator for each of the following:

@pnaq (b) pvg () ~pAqg (dp—qg
€e)gqep H~p 9)~p—>~q

2) If p and q are two statements proving that:
P>q=(~p)va=~pPA~0)=~0—>~p

3) Proved that the following statements truth logically:
@p—->pvp b)p—>pvg  ()pArg—p
@dprg—aqgap (&) [(p»NAQ>N]—>(p—>T)

4) Prove that the following statement is not truth logically and
not false logically

P—=>PAQg.

5) If p, g and r are three statements imposed, prove that:
pv@vn=((@Evav(vr)

12
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CHAPTER TWO

SET THEORY
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Definition 2.1:
A set is an unordered collection of objects. The objects are

called the elements or members of the set.
A sanall aiii gliac) gl jualially s Al 5 casi i (52 485 prall £LdV) (e gand (A A sanall

NOTE:

1. The capital letters usually used to represents sets such as A,
B, C, ..., etc.

2. The small letters such as a, b, c, ..., etc are used to represents
the members or the elements of the set.

3. Membership in a set is denoted as follows: a € A denotes
that a belong to a set A.

4. Non-membership to a set is denoted as follows: a €4
denotes that a does not belong to a set A.

Specifying a Set: de gandll e puadll (3 )k
1. Listing members of a set: 43 saadl 48y hal)

In this way, we list all non-repeated members of a set
separated by commas and contained in braces { }. The members
are not in an order.

sl &, 4k
dual st i O (Ao o f} g5l o s G Ao panal) pualic 1S (e 5 sl 48, )kl oda
034 Fhﬂ\u&;ﬂ%\‘ﬂjeﬁhﬂ\uﬁ(‘)‘)\}s)
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Example 2.2:
1. A={1, 2, -5, 9}, B={x, y, Ali, fish}, C={y1, y», y3} are sets.
2. The set of vowel letters in English: V={a, e, i, 0, u}.
3. The set of even positive numbers less than 5 is: W= {0, 2, 4}.
4. The set of positive numbers less than 50 is: K= {1, 2, ..., 49}.

2. Listing a set property: de sanall 3 jaall ddall aladin
In this way, we state the property that characterize the
elements in a set in as follows: {x: p(x)}, where x is a variable

and p(x) is an open sentence.
O e (A 3 3aall (linall o) ddaall juaiall 13 (§adad Ao 5 addind Le 7| 3K 44 Hhll o2
AV 5 geall e e gandl IS ladic Ao senall oda G juaic lgy alaly
S S={xPM} s S={x|P()3}
old Baaida gidedlen 53 e LI P(X) 5 S Ao sanall yalic e L) paie (pade) X Cus
(X il 3 el clacall g ddiall 4y ixi e 138 ) A Gal 53

Example 2.3:

A={x: xeQ}.

B={x: x is positive odd and x <10}={1, 3,5, 7, 9}.
C={x€eN: 1=x<5}={1, 2, 3, 4, 5}.

Definition 2.4: Empty Set A de gandl)
The set that contains no elements is called an empty set
and is denoted by { } or @.

Example 2.5:

1. A={xEN: 2< x< 3}=0
2. B={x€E. x2=1}=0
3. C={xeN: x<0}={}

If S be any set then, we will denote to it's number of

elements by |S|.
18| 3ol e jealic el e yied e e gena S CuilS 13

Definition 2.6: If | S| < oo then, we said that S is finite set,
otherwise S is called Infinite Set.

Example 2.7:
1.A={a, b, c,..., z} is finite set.
2. N={1, 2, 3, ....} is an infinite set.

14
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Quantifiers <) gasall
Quantifiers are open sentences written in a special way.

There are two types of quantifiers:

1. Universal quantifiers \-\35 3 suall 3 jlanll
2. Existential quantifiers L a3 gusall 3 5Ll

1. Universal quantifiers:

Let p(x) be an open sentence on a set A. The notation *‘V
x€ A: p(x)’’ denote the universal quantification " S n sa'" of
p(x) and it reads as: “‘for all x€ A: p(x)’’ or ““for every x€ A:
p(x)’’ or ““for each x€ A: p(x)’’. The symbol V is called

universal quantifie "WS "), sue, The set A is called domain
Jaall,

Example 2.8:
Let N be the set of all natural numbers, p(x): x+2>1 such
that xe N. This statement is truth for each xe N, and written as:
VXxeN:x+2>1.
dibas jlalloda () X € NCua X + 2> 1 2 P(X) 3kl S35 dnaidall alac Wl de gana N oS3
VXeN:iXx+2>18)salbclld e yuig N A X S lage L

Example 2.9:
Find the truth value of the following open sentence:
V xER: x+1>x.
Let A=R. Since the statement p(x): x+1>x is true for all xER,
the quantification V x€R; x+1>x is true.

2. Existential quantifiers:

Let p(x) be an open sentence on a set A. The notation ‘3
x€A, p(x)’’ denote the existential quantification" S g "
of p(x) and it read as: ‘‘there exists X; p(X)’’” or ‘‘there is x;
p(x)’’ or “‘some x; p(x)’’. The symbol 3 is called existential
quantifier "W " e, The set A is called domain Jlssll,

Example 2.10: There exists seasons in Iraq do not have rain.

15
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Example 2.11: Let N be the set of all natural numbers, p(x):
x+4 < 6 ,then there exists xe N such that the statement p(x) is
truth , and writtenas :3x € N: x +4 <6.

Remark 2.12:
1. The existential quantifier p(x) on a domain A is true if and
only if there exists one element at least satisfy the statement

p(x).

3okadl Baay JBY) e aaly yeaic aa g 13 daania 6K L a5 sl 3 jLall

2. The existential quantifier p(x) on a domain A is false if and
only if there is no element satisfy the statement p(x).
Bkl Giay eaic dllia 0% o130 A8kA (685 L a5 ) sesall 5 al)

De Morgan’s law for the existential quantifier:
S5 (Sl o gudl) G A83all IS ) ga (g2 () 58
~ [T x€A4; p(x)]= Vx€EA; ~ p(x).

Example 2.13: Let E be the set of all even numbers, and R be
the set of all real numbers.

1. ~[Ax€EE; x+2¢F]= VXEE; x+2€E.

2. ~[VxeR:x+1>x] =3 xeR: ~ (x+1>x) =3 xeR: x + 1 < x.

redaada
NV x e S:P(x) skl & (1)
Ul img 130 5 ~[YXESIP(X)] 5 smally lld e ons Ll LA "V X €S 1 P(X)" 5l S 13
JSEIL T e e 8 O (S el 138 5 A5klA 5 e P(X) O Cumi X € S Y e aa
ol IxeS:~P(X)

~[VxeS:PX)]=3xeS:~P(x)

Ax e S:P(x) skl & (2)
4 PRty (K «~[IxeS:P(X)] 3 ealbdlld ey lild kA "J x €S P(x)" B jlaad) il 1)
3)be P(X) L X € S oK laga adld JAT Jinays Aila s jle P(X) O Cusaxe S 3OY) e aa Y
ol VxeS:~P(x) S 1 ey 4 5o Of Sy ael) 128 5 lala
~[FxeS:PX)]=VxeS:~P(x).

16
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Subsets 40l Cle sandl

Definition 2.14: The set A is a subset of a set B (simply, ACB)
if and only if every element of A is an element of B. In other
words, (AC B iff V x; x€EA =x€EB).
If A is not a subset of B then it is denoted byAZB, (AZB if
and only if ~[V x; x€A =x€B] if and only if 3x; x€EA A X & B).
A set A is said to be proper subset of B (simply, Ac B)
whenever ACB and AZB.
Example 2.15: Consider the sets A= {2}, B={1,2,3}and C =
{4,5}and D={-2, 1, 2, 3, 4, 5}. Then ASB, ASD, BSD and
CSD. Itis true that ACA, BEB, C<C and DSD.

Example 2.16: Let A= {4, 9} and B={x€EN: 1<x<10}.
Determine whether ACB orBCA.

Solution: The set B be can be written as B={2,...,9}. Then
Vx, x€EA =>x€B. Hence, ACB. But BZA because, for example,
dx=5€B A5 & A.

Example 2.17: Let A= {x€N: x>3} and B={x€N: x*>4}. Is
ACB? Is BEA?
Solution: Let x€A= x€N and x>3= x*>9

= x>>4 = x€B.

Therefore, ACB.
But BZA, since 3 x=3€ B A 3¢ A.

Theorem 2.18: Let A, B and C are any sets, then

1. CA.

2. ACA.

3. If ASB and BSC then ACC.

Proof 1: To prove @A, we must prove that the statement
Vxe@ =xe Alis truth. Since, F=( TV F) =T, then
PCA.

2: To prove ACA, we must prove that the statement

VxeA=XEA Is truth. Since, T =T=T, then ACA.

17
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3: To prove, if ASB and BSC then ACC, we must prove that
VxeA =XxeC.
Since x€A4 and ASB = X€ B.
So, BS C and x€ B = x€ C.
Hence, V x€ A= Xe B=> xe C
Therefore, Vxe A = x€ C and AC C.

Definition 2.19: Proper Subset Alzdll 45 jall Ao ganall
A set A is called a proper subset of B and denoted by
(AcB) if and only if ACB and there exist an element xe B such

that is x& A.
l.e., ACB iff {Vx€A = xeB} A{3y.yeB Ay¢& A}.

Example 2.20: Let A={x€N: x*-16<0}and B ={x€N: x*-16=0}.
Determine if AcB or BCA.

Solution: A={1, 2, 3, 4} and B={4}. It is clear that Bc A, since
BCA and 3y=1€A A 1¢ B.

Example 2.21: (H. W.): Let A={fish, dog, bird}, B ={x,y,z,w}.
Determine if ACB or BCA.

Example 2.22: (H. W.): Let A={xeZ: -2<x<10}
and B={x€Z: x* +9=0}
Determine if ACB or BCA.

Definition 2.23: Equal Sets 4 gludiall Gle el
Two sets A and B are equal if they both have the same
elements or, equivalently, if each is contained in the other.
l.e. A=B iff ACB ABCA
— {Vx: xEA—x€EB} N { Vx. xEB—Xx€EA}

— { Vx: xEA—xEB}.
malinll ki Lagia S (S 131 B e sanall (5 5 il A e sanall Jli

Example 2.24: Let A be the set which elements is the numbers
of 6125, and B be the set which elements is the numbers of
1652, then A= {6, 1, 2, 5} and B = {1, 6, 5, 2}. Itisclear that A
cBand B c A, so A =B.

18



Al Jaal, 3 dakiia JSla Al A

Corollary 2.25: The empty set @ is unique.

san s @ AAl e sendl
Proof: Let @, be an empty set such that @ = @1,

1.0 <@, "by Theorem 2.18".

2. O, <@ "by Theorem 2.18".

So, "by Definition 2.27", we get @= 0;.

EXxercises

1.1fA={0, 1, 2, 3, 4} then, find| S| in the flowing:

a) S={x: (xe A) A (2x—4=0)}.
b) S ={x: (xe A) A (2x > 4)}.

c) S={x:(xe A)A(x+1>0)}.
d) S={x: (xe A) A (x**=0)}.

e) S={x: (xe A) A (x**—~x=0)}.
f) S={xx(xe A)A(2x+1<0)}.

2. Write the following sets by using Listing a set property:
a)S={4,5,6,7,8, 9}.
b)S ={1, 4, 9, 16, 25}.
c)S={3,6,9,12, ...}.

3.Letp(x): V xe N:x+52>11, then find S; and S, such that S,
make p(x) be true for every elements in it and S, make p(x)

be false for every elements in it, where N is the set of all
natural numbers. So, find |S;| and |S,|.

19
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Definition 2.26: Power Set ¢) Y e sana 5l 558l A sana
Given a set X, the power set of X is the set of all subsets of
X. The power set of X is denoted by P(X).
P(X)={A: AS X} and AeEP(X)=ACX.
P(X) oMl L a5 05 5l A sana Ll X (30 il e sanl US e sanad Jliy e pame X oS4

Example 2.27: Find P(X) for the following sets X:
1. X={1,2,a}, P(X)={0, X, {1}, {2}, {a}, {1.2}, {1,a}, {2,a}}.
2. X={0}, P(X)={9, X}.
3. X={{-2},3}, P(X)={0, X, {{-2}}, {3}}-
-cilaaMa

@ {al,....S € P(S) ol ¢l cle sann o 558l de sana jualic T haY (1)
B{al,....ScS oo

b S X Lo A ganal (5 58l e sana iyl o) gabains (1) AasSlall (16 (2)
PX)={A:Ac X}

Set's Algebra

1. Union sy
The union of the sets A and B, denoted by AUB, is the set of

elements which belong to A or to B.

AUB={x. x€EA Vv xEB}.
x€EAUB & x€A V x€EB.
xZAUB < x¢&A N x€B.
.Bc AUB s Ac AUB () LY

Example 2.28: Let A={xeN:1<x<5}={1, 2, 3, 4,5} and
B={xeN:8<x<12}={8, 9, 10, 11, 12}.
Find AUB, BUA, AUA and BUG®.
Solution: AUB=BUA={1, 2, 3,4,5, 8,9, 10, 11, 12}.
AUA=A.
BU®=B.
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Example 2.29: Let A= {x€R: -2<x <5} =[-2, 5],
B= {x€E: x*~16=0} = {4,—4}.
C={1, 4}

Find AU(BUC), (AUB)UC, P(B), P(C), P(BUC).

Definition 2.30: Generalization of the union Y avand

Let Ay, Ay, ..., An be any sets. Then:

n
_ulAi =ALUA,U...UA,

=X XeA)vXeA)v..vxX eA,)
={X :Ji:x €e A;;1<i<n}

2. Intersection: pbaladl)
The intersection of the sets A and B, denoted by ANB, is the

set of elements which belong to both A and B.
LB s A (i ) peabiall de gane 8 B 5 A (e genall ol

ANB={x: x€A N X B}.
XEANB < x€A A XE B.
x€ANB & x&A V X& B.

Example 2.31: LetS={1,2,3,4}and T ={-1, 2, -3, 4}.
Then SNT ={2, 4}.

aliall aan e S SN T ol (S 13 O SN T ST ols SNTCS o) sy
T 5 S Owas ikl

Definition 2.32: Generalization of the intersection
Let Ay, Ay, ..., An be any sets. Then:
r=AN AN NA={x: x€EA; Vi=1, 2, ..., n}.

«ad3a 4
oS s 1l 5 13) (disconnected) (liladio Legl) B 5 A Gtie sane (o &y
ANB=y.
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Definition 2.33: Universal Set (Adsll) ALoLil) de el
Universal set R is the set that contains all the elements or
all the sets we have under discussion.

n
Then for every set S; then, S; c R and -Ulsi cR.
1=

Example 2.34: Let A={x, y, 3}, B={2, -5, 100}, C={2, 3, 1}.
Find a universal set R.

Example 2.35: Let A={x€R: 2< x<5} and B={x€R: -1< x< 2}.
Find a universal set R.

Example 2.36: Find a universal set R where
A={1, 2, 3},
B={1, 2, 3, 4},
C=4{1,2,3,4,5},

Then, N ={1, 2, 3, ...} can to be universal sets.

Example 2.37: Let A= {a, b}, B={l, m}, C={u, v}. Find a
universal set R.

Solution: Thesets AuB U C={a, b, I, m, u, v}.

R = {a: a is the letter of English language}. Can to be Universal
sets.

-4BaMa
ST LA S e ¥ 3 Baad sl Al 8 Lein Cand ALl de sanall @ sl 1)
saa) gl Al 8 ALlS de gana (g

Definition 2.38: The Complement daaiall 5l ALeSal)

Let R be a universal set and A be any subset of R. The
complement of a set A, denoted by Ac, is the set of elements
which belong to R but do not belong to A. i.e, Ac={x: (xe R) A
(xe A}

We can show that A n Ac= Jand A U Ac=R.
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Example 2.39: Let R={1, 2, ..., 10},
A={xeN:1<x< 3}={1, 2, 3},
B={xeN:8<x<10}={8, 9, 10},
C={xeN:1<x<2}={1, 2}.

Find Ac, Be, C%, (AUB), (ANC) and (CUB).
Solution: A<= {4, 5,..., 10}.
B={1,2,...,7}.
C=1{3,4,5,...,10}.
(AuB)c={1,2,3,8,9,10}c ={4,5,6,7}.
(ANC)-={1, 2} ={3,4,..., 10}.

3. Difference or relative complement: Aadll 4l (5,4l
Let A and B are two sets. The difference between 4 and B,
denoted as A-B or A\B, is the set of all elements which belong to
A but do not belong to B.
AB=A-B={x:(xe A)A(x ¢ B)}.
Bl Allni Ll B i Vs A ) et ST jealial) e sanal JUy

Proposition 2.40: If R is a universal set, A and B are two
subsets of R then, A—B =A n B

Proof: A-B={x: (x e A)A (X ¢ B)} ={x: (x € A) A (x € B)}
= AN B

4. Symmetric Difference bl 5l
The symmetric difference between two sets A and B is
denoted by AAB and is defined as:

AAB = {x: ((xe A) A (xg B)) v ((xe B) A (xg A))}.
={x: (xe A-B) v (xe B- A)}.
=(A-B)u (B-A).

Example 2.41: If A= {{, m, n, t} and B = {n, p, s} then,
AAB =(A-B) U (B-A)

= {C, m, t} U {p, s}= {{, m, t, p, S}
Question: Prove or disprove the following statement;

AAB=BAA.
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Venn Diagrams ¢ Jséi

sl e sl 525 (2 1923 — 1843) s alad) sl alle (5 osa
(o 08 JS) pladial ol e e sanall 4k (Bl Lad Sl geall e S
Lail 5 il (8 (3315 Jomil (3 3ha 2 g gl o e pa pue ilia jual) Lia
Oaiay ddalae A e Ay de sanall (8 Jin 281 Tl o gill 08 JIKSL 5
jédjid:\h.wﬁjigj\d_\‘\_c)m” Hmkmuﬁmbﬂé@‘id@
<N O ALl Ao sanall Jhadl 7)€ Juataaall JSAI aadiay g @l
Jalady iy gl dysmy SIS 3T A e 40 5l cle sanall a5 Lain
b LS Jaliadll

9L&BY‘JQH9

sl L cife A Hhll Agltie 48 jhy cLaiiy) Jglan o)y
4c sene Sz J S )y Fhalb )l Gl baay 8 (Aliall) ol suall
G s XS OBV X e S 058l Ll ) eaie X IS5 da sk
e 5 (iilisa (e gaase S, 5 §p S 1Al (1) Jsaall ()laial) laa
1 LY A ad) VLAY Chaay (2) Jpiadl (8 che pumie X 0S5 ¢pidla
Sy 5 Sy (e senall 4dlai) axe Sl aiall

Table 1
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O¥) s . oiilida ytie gane o ST Jalill 3 Sl 028 perd o)) (Says 138
Fanla) Gl e paine cililead] mnss Galal] oL¥] Jglaa o il
Lllanl) el
(3) dsaall (B e B 5 A (e sanal Alai¥) dalaal oLaii¥) Jsaa Y
(4) Jsall & e B 5 A e sanal adal@l) dlaal oLaii¥) Jgan 17l
8 e sl de gandd dondlly A e sane dadial el Jsan AN

(5)dsxall
(6) dsaall (B e B 5 A (e sane G GAN s LY Jgan gl
S B s A Ofie senal (g ohlll G all sLaiy) J s 2 lasald

(7) dsall

Table 3

Table 7 Table 6
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A dla
iyl Je g 5 e el oo base 0 5 1 ol aladinl (Sa (1)
OSaall (b Uil 5 ey jlall ulad e A ol Jglaa ol sl (2)
F.. adalaill 5 alaiDl Gy jlaiS dalla b liic)
Clia all (e S A8 (B Taa Al g Aaali Al s L) Jslaa o)) (3)
Lale Allaall g Gile ganally Aslaial)

Some propositions (properties) of the set's al-gebra

Let A, B and C are three subsets of a universal set Q.
Then, the following statements are hold:
i) AUA=A and AnNnA=A.
i) AuB=BUA and AnB=BnNA.
(i) (AuB)uC=Au (BuC)and AnB)NC=ANn (BN C).
(iv AuBnCO=(AuB)n(AuUC).
andAnNn(BuC)=(AnB)u(AnC).
V) Aud=A and AN =0.
(vi) AuQ=Q and AnQ=A
(Vi) Q° = & and <°=Q.
(viii) (A=A,
(ix) AUA°=Q and AN A=,
xX) (AUB=A°"B° and (AnB)=A"UB"
(xi) AcB = B°c A"
(xii) (A-B)=B - A.
(xiii) A-BcA.

i oad 1Al 391 0yl (Ol 3a1) ia sl o300 (5t
elatity) Jglas e\dﬁu\.} Al @\_._cdﬁ\ﬁ\ ctla\ﬁﬂ\

ke o g i alai¥l dlee ol (Ao paii Gl (iv) Tl 8 i
Al plaiS Al (S )l adalill
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pab I

3

st oY) ARy phaly

AuBnNnC)={xx(xeA)vxe(BnC)} A3 iy e e
={x:(Xe A)v(xXeBAaxeC)} bl ciyymoe
={x[xeA)vxeB)]alxeA)v(xeO]}

AN Loyl sl e g i ! Tyl slal Y
={x:xe (AUB) AX € (AUC)} a3V caypmine
=(AuB)Nn(AuUC) el iy e e

;ALY 48, skl

AUB | AUC | BNC | AU(BUC) | (AUB)N(AUC

€
€
&
&
€
€
&
&

™M ™™ MMM M |M
"R R MMM MKV ™K M

Table 8
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EXxercises

(1) LetA, B and C are three nonempty subsets of a universal
set Q. Prove the following statements by using three methods;
(a) Definitions  (b) Belongs tables  (c) Propositions.

() (ANB)UANB)=(AUB)N(AUBY)=A.
(i) [A°N(AUB)*=AUB".

(i) [A°N (BN C)=AUB UC.

(iv) (A ~B) N (A°N B%) = @

(2) Let A, B and C are three nonempty subsets of a universal
set a. Prove the following statement;
(AAB)AC=AABACQC).
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Sets of Numbers funanll Cile sandll

Z+ s N el 3ayius Laphll sae Yl de sana 1Y ]
:0) ) (Natural Numbers)

N=7"={1,2,3,...)
(Positive Integer —4asall dapsiall sa eVl d o gane Loyl e
Jlalasiind dlac Y 2 * s Numbers)

(Negative Integer Numbers) Allod) dasanall lac ¥l de gena 3 LG
Jesbag (= 1) 2aalh 77 jualie (pe yaaie JS Gy 77 e lgle duaniy

NS 7 el
7 ={1,-2-3,.

Z 0l 3asius (Integer Numbers) dspsaall dlac ¥ de gana ;GG
e LaS Lgd yai g
Z=7 u{0yuz'

(Rational Numbers) (fstdll sl 4 5uSh of) il Slac Yl de gane 1 sl
e LS Led 25 Q el Led Syt

Q={x: (x=p/g)and (p, geZ) and q # 0}.
dc sana a5 (Irrational Numbers) 4l pe dlac Y de sana s Lusald
oA alae] g sad a s Al dac Yl Cay yad (385 LAS (K Y A alac Y

Led i (V2,438,700 1ie) el 53all 5 (sl 23ell @) @ ¢ 70 e
drr <00

R e bl 3eiws (Real Numbers) duisall slac ¥l de gana 3 Luntbu
AP JELP)

R=Q U lIrr.
atiine o Leliad Sy Al dae V) anen (e 4058 Leild dale ddiay

i) i (e AL Ay R 3 i o (8 16 AT 5 )lmrs . X'OX 43 50
R & aic Lelile afival) Lls (e dhads 40 ) LS X'OX

29



Al Jaal, 3 dakiia JSla Al A

JaJias (Complex Numbers) (Aasall sf) 48 sall slac ¥l de gana 3 lagbs

ol LS Ledy 23 (S5 R e senall "Lala (g 588 de sana A5 € Sl L
C={(xy): [(x y) &x+yilAl(xyeR)Ai*=-11}

<UaaMa

Sle sanall Al Jall i3Sy 7% = 740} 1Ll 7% Gyt (1)

C* (R* «Q*

da A ialall dag 7 de geaddl A 77 slac¥) de sana a5 o 281 (2)

X+2=0: JE e ¥ alae

Ja o Aalall Aaii Q e sl () 7 Sae Y ie pane poas 55 a5 24 (3)

2X—1=0: % e c¥alas

da o Aalall Aai R e sandll () Q Jae Y] de sana arus si a3 24 (4)

X2 =0 I e Y alaa

da (A dalalldas € de seaall (AN R 2laeV de sene w55 ot 281 (5)

X +1=0: I e Y ae

51 (Whole Numbers) 4ui<ll slac Yl de saan Z+U{0} 4o sanal) canii (6)

.(Non-Negative Numbers) bl e dssaiall slac Y de gana

Z'=NcZcQcRcC (@

Duality Principle (45333 i) 4365 jasa

Ay 33 oAl Ao daa i e A8e daa o)) e Taal) 138 iy
Cre B JS (e Acalaiul) aay (oW1 A8l (e Al Al A8l ) oS5
e 531 e panally e game IS 5 cled 2 sl 5 LEVL A5V L2V

&Lﬂ\ A.GJM\ Q A c Z\SM\ Ji SJL&W

D)
C
N

U N

Wallic sl Q' = | AS ¢ Lgia 58

C
D)
U
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3

Example 1: Find the Duality of each of the following
statements:

i) Ah(AuB)=A

(i) (Au Q) U (AN ) = Q.

Solution:

(i) A°U (A°NB°)=A"

(i) (A° )N (A°U Q)=

Example 2: Prove the two statements (i) and (ii) in Example 1.
Proof:

i) An(AuB)=(AnA)uU(ANnB) (U sl gsss N oY)

=AU (ANnB)
=A. (ANBcA oY)
M AVQUAND=QuUJ AND=T,AcQ )
= Q.
Exercises

Find the Duality of each of the following statements;
i) A BuUC)=(AnB)U(ANC).

(i) AcB< AuB=B.

(i) (ENnD)n(EuQ)=03T.
IVV(ANB)NnC=An(BNC).
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CHAPTER THREE

PRINCIPLE OF MATHEMATICAL INDUCTION
(il ) o) 8 fase

A Al (aal il sl ozl SN L) f) s Sl o) 8 o )

A o915l o ) e il 1 il S

n(n+1)

Pm)=1+2+3+..+n= . VnelZ'

n=1,2,3, .. 20Jdsl tedibaP(n) sball of g aill aadl Ls
N> dal s dila P(n) s bedl o) s ol allae U ey Y 138 (S5 Dl
Hyéu/uhthUﬁMYquHﬁ clea¥l laa Jia oY <20
o 5 288 12y | late JC8 LEYL Sl (i Y el 128 5) o pailly dlinia
o Ll sy Tl 5l oY) Tapey i yas Aala A58 ae () () siilanaly )
) " Agilacal ) Jilesal) 038 Jie daaa oy

Theorem 3.1: (Principle of Mathematical Induction):

Let S be a non-empty subset of Z". If the two conditions ((i)
le Sand (ii)ke S = k+1e S), thenS=7".
Proof: Let D = Z*- S, then there are two cases;

1) IfD=¢,thenS=7".

2) If D # ¢, then there exists an element x belong to Z" such
that xe S.

Let m+1 is the smallest positive integer in D, then (from

Definition 8 in chapter 2), m+1¢ S. That is mean me S. Then

by hypothesis, m+1e S. That is a contradiction. Hence, D = ¢

andS=7".

From, Principle of Mathematical Induction, if we have a
statement P(n) is hold for every ne Z+, then to prove the
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validation of this statement, we must prove the following two
conditions:
1) If n=1, then the statement is true.
2) We will suppose that the statement P(n) is true for n= Kk,
and must prove that the statement is true for n= k+1 (i.e.
P(k) = P(k+1).

Notes:

1) If any one of the above two conditions is not valid, then
the statement P(n) is false.

2) If we prove that the statement P(n) is true for n= a, where a
>1, and the second condition is valid, then the statement
P(n) is true for all n> a.

3) The first condition is called the necessity step, and the
second condition is called the induction step. So, the
hypothesis in second condition is called the induction
hypothesis.

Example 3.2: Prove that the following statement is true for all
positive integers.

n(n+1)

PN)=1+2+3+...+n= Vnel
Proof:

1) 1f n= 1, then p(n) =22

=1 is true statement.

2) Suppose that the statement is true for n=k;

e 14243+ . +k— KK+D

3) Must prove that the statement is true for n= k+1;
(K+D[(k+1)+1]

2

is valid, then the

e, 1+2+3+...+k+(k+1)=

k(k+1)

Sincel +2+3+ ... +k=

following statement is valid also,
k(k +1)
2

1+2+3+... +k+(kt])= +(k+1)
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_ k(k+1)+2(k+1)

2
_ (k+D)+(k+2)

2
_ (k+D)+[(k+1)+]]

2
Therefore, the statement P(n) is true foralln € Z".

Example 3.3: Prove or disprove the following statements:
sn(n+1) ~-1; vneZ"

1) Py(N)=3+6+9+...+3n=
2)P,(N)=1+3+5+...+(2n-1)=3n-2; Vne Z .

Proof: (1): If n=1, then;
The left hand side (L. H. S);
P1(n)=P1(1)=3.
And the right hand side (R. H. S);
Pi(D)= R = 22D
Therefore, (L. H. S) # (R. H. S). Hence, the statement P4(n)
is false.

-1=2.

(2): If n=1, then;
The left hand side (L. H. S);
Pa(n)=P2(1)=1.
And the right hand side (R. H. S);
P,(n)=3(1)- 2= 1.
Implies, (L. H. S)=(R. H. S).

Now, suppose that the statement P,(n) is true when n=k; i.e.
P,(k)is valid then 1 +3 + 5+ ... + (2k — 1)= 3k — 2. Must prove
that the statement P,(n) is valid when n= k+1;

i.e. must prove 1 + 3 + 5 + ... + (2k - 1)+ [2(k+1)- 1] =
3(k+1) -2.

(R.H.S) =[3k-2] + [2(k + 1)- 1]

=3k-2+2k+2-1
=5k -1
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=(Bk+3)+2k-4
=3(k+1)+2(k—2)#3(k+1)-2.
Thus, the second condition is not valid. Hence, P,(n) is false.

Example 3.4: Prove or disprove the following statement;

PN)=n<2" VneZ.
Proof: If n=1; P(1)=1<2! = 1<2.
Suppose that the statement P(n) is true when n= K. To
prove it is true when n= k+1.
Since, k<2 = k+1<2"+1
— k+1<2*.2
= k+1<2*!
Thus, P(k+1) is valid and hence the statement P(n) is true.

EXxercises
Prove the following statements by using the Principle of
Mathematical Induction:

VnelZ.

2_ n(n+1)(2n+1)

(1) 1°+2°+ 3%+ ... +n 5

2) 1+4+7+...+(Bn-2)= %[n(Sn—l)]; VnelZ"

(3) n°<nl; Vn>4;vVneZ".

(4) Y2k =2+4+6+.. +2n=nm+1), VneZ"
k=1
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CHAPTER FOUR

RELATIONS
@Ml

O 50 sl G guiia (5 siaa (e Adah (5l () bl Aaxig) e s

A e ymis y 5 X e glilal ld 58 CL Y'OY (X'OX ppndaliia g

X 2 (o) AV A0S je Tlige ) (X, Y) e P(X, ) el

s Y (y, X) Sl z sl O el sl ey Y (A () Al 43S ya

oY) A s Al Asaa) Hoa s g X =y OSS Al L (X, ) Sl 70
Al

Definition 4.1: An ordered pair of elements x and y is denoted

by (X, y) where X is called the first element and y is the second
element.

Remark 4.2: Let x, y, zand w are four elements, then:
1) (X, Y)# (y, X) in general.
2) (X, ¥)=(y, x) if and only if x=1.
3) (X, ¥)=(z, w) if and only if x=z and y=w.

Definition 4.3: Let A and B are two nonempty sets. Then the
Cartesian product of A to B is denoted by A x B and defined as
follows;

AxB={(xYy):(xe A A(yeB}
(x,y) e AxBifandonlyif (x € A) A (y € B).

(x,y) ¢ AxBifandonlyif (x ¢ A) vV (y ¢ B).
1 A x B e senall iy B de senall 8 A e senall (S GN G ) Juala iy

AxB={(x,y): (x e A) A(y € B)}

Example 4.4: Let A={1, 2} and B={2, 3}, then find both A x B
and B x A.
Solution: A x B ={(1, 2), (1, 3), (2, 2), (2, 3)}.

And B xA={(21),(2 2),(3,1),(3,2)}
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ad3a N4

. AXB#BxA lmaldoe ]
1) Lags pin Jealad o isbudie B 5 A Olie saadl) L 0058 LAl Allal) 3 2
B2 A% 3e )l
Example 4.5: Let A= {x, y} and B= {1, 2, 3}. Find

Ax B=
Bx A=
Ax A=
Bx B=
Remark 4.6: If |A|=n and |[B|= m, then |Ax B|=n(m).

Example 4.7: Let A={x: xeN A x’< 10}, B={1, 2} and C={3}.
Find

Ax B=
Bx A=
Ax A=
Bx B=
Cx C=
(Bu C)x A=
(BN C)x A=
(A- B)x B=
(A-B)x C=
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Theorem 4.8: Let A, B, C and D be nonempty sets. Then:

1) Ax O =Ox A=.

2) AxB=BxA if and only if A= B.

3) Ax (Bn C)= (AxB) n (AxC).

4) Ax (BU C)= (AxB) U (AxC).

5) Ax (B- C)= (AxB) - (AxC).

6) (Ax B) n (Cx D)= (ANC) x (BND).

7)IfCc Aand D < B, then Cx D c Ax B.
Proof: 1) Suppose that Ax &+ &. Then,

(X, y)e AxJ = xe Aand ye & (def. of AxB)
—>Xe Aand F
= F. (pA F=F)
Therefore, Ax @= .
In similar way, we can show that ¥x A= J. (H. W.)
2). Suppose that AxB= BxA, to prove A= B.
vxeA and YyeB= (X, y)e AxB (def. of AxB)
= (X, y)e BxA (AxB=BxA)
= XeBandyeA  (def. of BxA)
= Ac B and Bc A
—A=B.
Suppose that A= B, to prove AxB= BxA
AxB={(xY): (xe A)A(y € B)} (def. of AxB)
={(x,y): (x e B) A(y € A)} (since A= B)

=B x A.
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3). Ax(BNn C) ={(x, y): (xeA) A (yeBNnC)} (def. of AxB)
={(x, ¥): xeA)A(yeB AyeC)} (def. of ANB)
={(x,y): (xeAAryeB) A (xeAAyeC)}

={(X, ¥): ((x, y)eAxB) A ((x, y)eAxC)}
= (AxB) N (AxC).

4) Ax (BU C) ={(x, ¥): (xeA) A (yeBUC)} (def. of AxB)
={(x, y): (xeA)Aa(yeB vyeC)} (def. of AUB)

={(x,y): (xeA AryeB) vV (xeA AryeC)}

={(x, y): (x, y)eAxB) V ((x, y)eAxC)}
= (AxB) U (AxC).

5) Ax (B- C)={(x, y): (xeA) A (yeB-C)} (def. of AxB)
={(x, ¥): (xeA) A (yeB AygC)} (def. of B-C)
={(x,y): xeAAryeB) A (xeA AygC)}
={(x, ¥): (x, y)eAxB) A ((x, y) £AxC)}
= (AxB) - (AxC).

6) (AxB)N(CxD)={(x, y): (X, y)e AxB A (X, y)e CxD}
={(x,y): xeAAryeB)A (xeC AyeD)}
={(x,¥): xeAAxeC) A (yeB AyeD)}
={(x, y): (xeAnC) A (yeBNnD)}
= (ANC) x (BND).

7)Let(X,y)e CxD=xe CAaye D (def. of Cx D)
= Xe AAye B (since, Cc A and Dc B)

= (X,y)e AxB
Hence, Cx D < A x B.

Remark 4.9: (A x B) U (C x D) # (AUC) x (BUD).

For example (H. W.);
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Example 4.10: Prove that (AxB)N(BxA) = J < AnNB = &.
Proof. Suppose that (AxB)N(BxA) = &, to prove AnNB =. If
not, then Ixe ANB= xe A A xeB (def. of ANB)
= (X, X)e (AxB)A (X, X)e (BxA)
= (X, X)e (AxB)N(BxA)
= (AxB)N(BxA)# J.
That is a contradiction. Hence, ANB =@.

Now, suppose that ANB =, to prove (AxB) N(BxA) = &. If
not, then 3(X, y) e (AxB)N(BxA)=(X, Y)eAxB A (X, y)e BxA
= (XeAAyeB) A (XxeB AyeA)
= (XeAAXxeB) A (yeAAyeB)
= XxeAnB)A(yeANnB)
= A N B#J.
That is a contradiction. Hence, (AxB)N(BxA) = &.

Definition 4.11: (Generalization of the Cartesian product):

Let A; A, ..., A, be any sets. Then the Cartesian product of
n

these sets is denoted by _HlAi and defined as follows;
1=

n
A= HAl :A1XA2X...XAn.
i=1

= {(X1, X2, .-, Xn): (X1 €AL) A (X2€A) ... A (XneAn)}.
={(Xy, X2, .., Xn): X € Aj; L<i<n}

Example 4.12: Let R be the set of all real numbers. Then
R'=Rx..xR={(a,...,a0): 8 € R; 1 <i<n}

R" 4l 50 4an) Dlise (5 yin s diial) sae V) 5w 48 ja N e 058 R" (00 paic IS o (iny 128
N= ledic Lali s ) gy (Lo Gliiay Caati Cliles Lale Cajad () 2z Tlara 0 13 gliad e il )
Calaliia s (s s sl i gia (g sima blE e 3 jle R = R x R A sanall jualic (142

Lgn sa sbae A3 ) g SO olizadl) Jalis (e 5 jle R = R x R x R de sanall jalic
Aabliia

1) s
¢l jalic Jiat1iled aafg any 13 glad W jlie) cSa R4S ganall
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Exercises
1) If A= {x: xeN A x<3}={1, 2, 3}, B= {3, 4} and
C={Xx: Xxe N » 15< x°<40}= {4, 5, 6}. Then find;

(i) AxB=
(i) BxA=
(iii) AxC=
(iv) Cx A=
(v) BxC=
(vi) CxB=
(vii) (AxB)N(BxA)=

(viii) A « (B U C)=

(ix) (AxB)U(AxC)=
X) Ax(BNC)=
(xi) (AxB)N (AxC).
(Xii) A x B xC=
(xiii) A x C x B=
(Xiv) B x A x C=

(xv) |[AxBxCl=

(xvi) [(AxBxC)n(AxCxB)|=
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(xvii)|(Ax B xC)U (AxCxB)|=
(xviii) (AxB)U (AxBxC)=

(xix) (AxB)n(AxBxC)=

2) If A= RxR = R? and B = RxRxR = R3, where R is the set
of real numbers, prove that; An B= .
3) Write the members of a set A, where
A={(xy): (X, Yy €eZ)YA[L<x<)A(L<Yy<DIL
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Binary Relations ALY Bl

Definition 4.13: Let A and B are two sets. Any subset R of AxB
Is called a binary relation from A to B. in other words,

R is a relation from A to B < Rc AxB.

(X, y)€ R can be written as xRy or x~y.

(X, ¥)e R can be written as x Ry or x+y.
If A= B, then R is a relation on A.

A9 BMNAGLUELYe R 08 RC AxB ilsy i g jia oic gaza B ¢« A cuils )
A o Ll Bde R o) Jiy A = B 0585 A Aalid) Ay

(o B={1,2,4,5} « A={1,2, 3} a1y
AxB ={(1,1), (1,2), (1,4), (1,5), (2,1), (2,2), (2,4), (2,5), (3,1), (3,2), (3,4), (3,5)}
S pan e A S R ealie 585 Cumy A x B Ao sanall o R 4 3 Ao same dlag) Uia il
16) by sluia Lgia JSUS jo o585 Al A jall (2)55Y))
R={(x,y):(x,y) e AxBAax=y}cAxB
(ol aa Ll
R={(1,1), (2 2)}cAxB
A e gaad) (e (el 3 5 a1 13 R A8 71 laia) ) R A ddle L e Ly Allall ol 3 J i
M= g sl A8De V) A Le Lia 48Nall o34 5 B de ganall I
Y A pally o 53 X A8 pall o elldy iy "X R Y™ JSEIL S (e pmi Lild (X, y)e R QS 1Y)
"X Ry sl (x y)g R o5 Letie 5 R 48t Al
Liw 2 R 2 dliSs 1 R 1 ol (1,1), (22) € R o gl sl oo e o Ll "L 5
LS (s Lo i3 o Lty i "= g sludll Adle U R ol cums TIRO2 s s (1,2)¢R
et
U= ={(11),2.2)}

Example 4.14: Let A= {a, b, c}, B={b, ¢, d} and R, = {(a,b),
(a,c), (b,b), (c,c)}-
1) Is Ry a binary relation from A to B?
2) Is Ry a binary relation on A?
3) Is Ry a binary relation on B?
4) If Rc AxB such that xRy < x=y, then write the members
of R.

Ao iyt Adand 30 A x B Ao senall (e 4 ja Ao gane 2aat o (g pald US 208 Lo L 1Aliada
G e ol 8 WS Ge Bl G eay R A jad) de sand) Ghaai Lo TWle (815 B M A < R
Dy 5 X RS el O (Al Be A ¢ had Ao bl sl ADle) R Ll )l iee sl e
Cnsdea oo b o b on Ry Bl ime o Ge e LB (A (e 4 e 4B A8 i Ry c A X B

RO PYCIA FPEN P VEQVY o
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Definition 4.15: If R is a relation from A to B, then the inverse
relation of R is denoted by R™ and defined as;

R ={(y,9): (x,y) € R}

(VS oy s R e il el Sa s R 283kl Apual) A83ad) (6 B ) A (g 4505 483le R S 13
R ={(y,%): (x.y) € R}

RICBXxA VA B o &iliide o R o o G pail 138 0
Note: (RH)?!=R.

Example 4.16: Let A={1, 2, 4}, B={2, 3, 5} and Rc AxB, such
that R={(1, 2), (1, 3), (2, 2)}. Find;

1) R™=

2) {x:(xe A A (XRy)}=

{x(xeA)AXx Ryl}=

Definition 4.17: Domain of a relation AB3at) Jlaa
The domain of a relation Rc AxB is the set of the first
coordinates of each pair. In other words:
dom R={xeA; IyeB: (X, y)eR}
= {xeA; 3yeB: xRy}
It is clear that dom Rc A.

A3 1Y) hdloa) de gana sp A8Mall (3l
Definition 4.18: Range of a relation A8al) 4
The range of a relation Rc AxB is the set of the second
coordinates of each pair. In other words:
range R={yeB; axeA: (X, y)eR}
= {yeB; IxeA: xRy}
It is clear that range Rc B.

A3Mall ) Ladlsall e gana sh 48Dl Jlae
Example 4.19: If A={1, 3,5, 7}, B={1, 2,4, 6} and R = {(1, 2),
(1, 4), (1, 6), (3,4), (3,6), (5 6)}. Then;
dom R={1, 3, 5} and range R={2, 4, 6}.

«caa M
¥ paic Gl SR OY B A (488483l R c A x B &a R L (1)
B AL A S
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Kayald S = ZF cilS 1 Db S e de sana Ao Apalal d8Dle o e ol LiieUainly (2)

Ne sa X €Z" yaidl O mi Ry o) Dlie Jsd Can 77 (Ao Lalal A8e oy
ol S el g (g0 8

Ri={1,3,5 ..}cZ"

Ri=1{2,4,6,.. T’

Ofie sana N ZF Gl 3a Ry O (128 s RINR, = 0ls RIUR S = ZF ol LaaY
.UM‘...“ ..Q

e A ABe & R, o) Js8 O (8 (2) 5 (1) (B s S Lensdi 3_SENL (3)
A x Agx X Ay de gasall A jall Sl il

..3..’! =9"MQ,-}3594=-‘°. uJ\Ax B:L::}AA.AJ‘ c-d}.éj BGJ\AU"“RZ\?"’M‘ A3l U\ (4)
A X B de genall Aol R® Liadia g R Lot

Aggaall eVl de sean R R = {(x,y):X* +y? = 1} &n R« RxR sl
IR ) il 3 R? (5 sasall 8 Laliill Ao gene Jiad 3L (1)
ok Las R () oty ualial) (51 G520 ()
—~2 2 V2 V2, 2
Cauais (0,0) LS e ) 5 ilall Jayas o 4l gl (s giasall Lalis i R o)) (1) zdad)
Bas ol L ylad
B85 Y Lagha DS Y (g,o); (1,2) oxikaiil) e e R (A i yualiall JS ()

O+ y? = 1) b_alall Alalas

Properties of Binary Relation on a Set
I gana o AUl Al Lal 6
byl (o Ll 5 55605 1S Lpanl Led A Ao sanan () (e R 200 483kl 2l 2
Adle gAY aslell any b5 dala
Definition 4.20: A relation R on a set A is called reflexive if the
pair (X, X)e R for each xeA.
R is reflexive relation on A < (X, X)eR, V xeA.
S X~ X,V XEA.
R is not reflexive relation on A < 3 xeA, (X, X)¢ R.

< 3IAXeEA x + x.
penl Liiae XRX iS5 (A Ao ABle R 1 jbaia) ) A de saaall o 44U A8 R S 13)
.(Reflexive Relation) dsulsail &8s R o) W (V X € A:X R X 1) A alic
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Definition 4.21: A relation R on a set A is called symmetric if
the pair (y, X)e R whenever the pair (X, y)e R.
In other words, the relation R on a set A is symmetric if the
following condition satisfied:
If (X, y)eR, then (y, X)eR VX, yeA.

And the relation R on a set A is not symmetric if
3(x, Y)e AxA; (X, Y)eR but (y, X)R.

Lyl 3ias A e ade R <l 1)
xy)eR=(y,x)eR o )
.(Symmetric Relation) (35ia 5 Alilaia gf) 4y B0 AMe R () Lilé

Definition 4. 22: A relation R on a set A is called transitive if
the pair (X, zZ)e R whenever the pairs (X, y), (Y, 2) e R.
In other words, the relation R on a set A is transitive if the
following condition satisfied:
If (x,y), (Y, 2 eR, then (X, z)eR VX, Yy, zeA.

And the relation R on a set A is not transitive if
(X, ), (Y, 2)eAxA; (X, ), (Y, 2)eR but (x, 2) ¢R.

Ll Gias A e 38de R calS 1)
(va)1 (y,Z) eR = (X,Z) eR 3 i i
(Transitive Relation) (48U) 4amia de R ) Lil§

Definition 4. 23: A relation R on a set A is called Equivalence
relation if it is reflexive, symmetric and transitive.

A e 38t ABe R ) Ll A yaatia g 4 ylali 4 ulSadl A80e R il y A e 48Me R cuilS 1))
.(Equivalence Relation)

- CUaa s

S XRX sy (X,y) € R 0o At LSl of Gl iy all 350 (1)
o

J

XRy< (xy) e R

Cusny A (AX paic a5 1) Lul&ail ye ADle R S5 (2)
x Ry < (x)gR
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1Euns (X, Y) € R owale 2a 5 13 4kl e dBle R 0585 (3)
xRy <y Rx

125 (X,2) ¢ R e (XY), (,2) € ROl aie a5 13 i 2 483e R (585 (4)
LN

dXx Ry AyR2):x Rz

(=9 53 )) s A5 Ja g -8l (e JBY) e aal g (BEad a1 1)) @S ABIe R (S5 Y (B)
O 32 Ade sendl o @K A8Ne R oSl o Al g a3 da il 5T) (4. 23) <y el

Example 4. 24: Let A= {1, 2, 3, 4} and Rc AxA such that
R={(1,1),(,2),(2,1),(2,3),(3,2)} Thenis R;
(i) Reflexive?
(i) Symmetric?
(iii) Transitive?
(iv) Equivalence?

1 Jlia
Lt U i o o ania 51 Al sl L€ i (30 Y1 B3]

R? 5 siasall Clagiione e gane e "1 " aeladll ddle (1)
Z e e sana e "< e jral A8 ()

_Z* Alac ) %}AM 6_‘:: " | " e.....;lé aDle (A)

:Jad)

Y il Y dlSas) Al a5 sl Clagiiine de gana Lo 2alaill dde o) (1)
SD LDUD LD USsD, D' e R? OIS 13) 4ay 4yl iy i ae dalaly
OS5 D, D', D" e R? & 13) 43 dpaatia cand Ll ua

DLDADLD"»D.1D"
A A8e Cand el ABNe () 085 Las gt

WS X£L£X:VXe ZMY@M\MZ&:N\Q&:"<"L')A)Lmi‘"\§)coj(g)
Luie el y £ X B X <y QilSyx, Y e 7 ilS 13 4l el 68 4y ki sl L)

%M\Qieﬁwc_ﬁﬁm_x<zo}3 Yy<zZ A X<Y US5X, Y, 72 eZ <ils )y ay
8l ABdle gl "<
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Cad L€l andi) add 7% 3 sae gl OY LlSadl 7% e M| ] Al d8de o) ()
X| yilSsx,y, z e/Z* S 1) Ay dLawtie A8 @}6+2%$2|6M3\_’)LL13
Z* Lo SIS e Cad )" A8 ) 2 Laa it X | 2 OBy | Z s

1 g
b il € 58SE A (5 giall Cilagiives Ao gana o || o)l A (o a

1J) g

¢ $il<s Adle [Rgzgs,m | 8 ki) aylis A8 of Ja

Definition 4. 25: A relation R on a set A is called Anti-
symmetric if x=y whenever the pair (x, y)e R and (y, x)eR.
In other words, the relation R on a set A is anti-symmetric
If the following condition satisfies:
VX, yeA;if (X,y)eR A (y,X)eR = x =Y.

And the relation R on a set A is not anti-symmetric if
3x, yeA; (X, ¥)eR A (Y, X)eR but x£ .

g 1)) (Anti-Symmetric) 4llas 48e L) A e sene e 4 20 R 48le (o J5i
NN
xy) eRA(X) eR = x=y

Definition 4.26: Let x and y are integers with x #0. Then "X
divides ~ y" is denoted by x | y and defined as:

X |y < 3ke 7 such that y = kx

OGS I3 40 zeal 8 7% oVl de same o "M auld LDl A alladl) cilEdlal) At
XYMV X, yeZ*y| XA X]|y
Definition 4. 27: A relation R on a set A is called partially
ordered relation (P.O.R.) or partially ordering if it is reflexive,
anti-symmetric and transitive. The pair (A, R) is called partially
ordered set.
R is P.O.R. < R is reflexive A anti-symmetric A transitive.
R is not P.O.R. < R is not reflexive v not anti-symmetric v

not transitive.
Agdrie s Adlla § 4plSad) ADle R cuilS 13) A de sene o A0 qui AR R () i
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Definition 4. 28: A relation R on a set A is called totally
ordered relation (T.O.R.) or totally ordering if it is satisfied the
following conditions:

(i))RisP.O.R.

iVx,ye AixRyvyRx.

re ) byl Ay s i i ABDe CulS 1A e S qui 5 B R () Jsi
VX,ye AiXRyvyRX

oSall (s Y 38 (81 s i i ABle (o IS a5 A8 JS O e el 1a )

AL ) (pa AL e S S A8e 4 P(A) 55l de sean e " A8 )

R e AS i iddde o R 4aaal) dlae Y de gana e "<"

Exercises

(1) If A={1, 2, 3, 4,5} and B={3, 5, 7, 8}, then answer the
following statements:
(i) Find Ax B=

And Bx A=

(i) FR={(1,3), (1,5), (2,7), (2,8)}. Then, is R binary
relation from A to B?
Why?
If your answer "yes", then find dom R=
And range R=

(iii) Find R™=
Is R binary relation from B to A?
Why?
If your answer "yes", then find dom R™'=
And range R™'=
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(iv) IfR={(2,5), (3, 4), (4, 5)}, then answer the
following:
Is R binary relation from A to B?
Why?
Is R binary relation from B to A?
Why?
Is R binary relation on A?
Why?
Is R binary relation on B?
Why?

(V) Is R= Ax B binary relation from A to B?
Find dom R=
ange R=
R*=
Is R™'= Bx A?

(vi) If Rc Ax B, then R and R™ in each of follows:
Q) XRYy « x=y-2
R=
R'=

b)XRYy < x=Yy
R=

R'=

C)XRy © x>y-2
R=

R'=

d) XRy & x=y+3
R=

R*=
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(2) If A={1, 2, 3, 4, 5, 6}, then any of the following

relations on A is reflexive? Symmetric? Transitive?
Equivalence? Anti-symmetric?

() Ri={(11),(22),(33)(44),(55) (6 6)}
Reflexive?
Symmetric?
Transitive?
Equivalence?

Anti-symmetric?

(i) R;=Ry;—{(5,5)}
Reflexive?

Symmetric?
Transitive?
Equivalence?
Anti-symmetric?
() Rs={(1,1),(1,2), (2 1)}
Reflexive?
Symmetric?
Transitive?
Equivalence?

Anti-symmetric?
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(iv) Ra=Rs U {(2, 2)}
Reflexive?

Symmetric?
Transitive?
Equivalence?
Anti-symmetric?
(V) Rs ={(2, 6)}
Reflexive?
Symmetric?
Transitive?
Equivalence?
Anti-symmetric?
(Vi) Re = {(1, 5),(5, 1)}
Reflexive?
Symmetric?
Transitive?
Equivalence?

Anti-symmetric?
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(vii) R ={(3, 4), (4, 3), (3, 3), (4, 4)}
Reflexive?

Symmetric?
Transitive?
Equivalence?

Anti-symmetric?

(viii) Rg = A x A=

Reflexive?
Symmetric?
Transitive?
Equivalence?

Anti-symmetric?

(3) Let Z* be the set of positive integer numbers, and R
be a relation on Z+ defined as follows:

VX,yeZ  xRyex+2y=12
Find R=

Dom R=

Range R=
R'=
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(4) If Z be the set of integer numbers, then any of the

following relations on Z is reflexive? Symmetric?
Transitive? Equivalence? Anti-symmetric? P.O.R.?
T.O.R.?

(VX yeZ:xRysx|y

X e dendll Jiy y 5l ¢y anily X
(IVXyeZ : xRyesx<y
(i) VX,yeZ: xRy x>y

(iv) VX,yeZ: xRy x<y
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CHAPTER FIVE

Mappings
<8ty

La iS5 7 lii] Lgamas 5) 5 Asilanialy 1 asaliall aal (e (pad ) il
3 e a4 lapkaill § ) bl 5l & 558 (e e 8 aad o "Ja ail
viai LaS @y e 5 b o siill 5 drigll g suadl g (el Sl Jalaill 8 aodis 4
Lo g g dlail g eliaS 5 ol 3l (e (s AN Ad ) £ 558 ) Lgtlalasiiul

U AR e dald A YY) s La oankad Lad jie "Cilindai 34K
Ol AT 4 aiiall pualiall dda (pe p ) (s s Al (Al de sana (4
Al AN e Al anlia o) gia) Ao 7)o Gkl Jea Laa (tic ganall
& s b andind CuilS Clalh can e 13 N Lag o)) 8 o Joysatl
YL Lelaad Goukail) ela 285 ddlina oLl LgilS s "Wilial 5oy ecibpaaly )l
O doald U V) o e ol Sl Jlall 8 G @ @a) 2010 “Dlied 4 dala
) Aiiall Dae Yl de gana e A 3 e sene (e (3alal o ) (plall
Al )l Bl dga g e Gkl 58 L (V)5 (e Aiiall slace V)
?'E)a\.’dd\

Ol g AU CUENA)) (e Aald A g8 o3le ) U il LS (3udaill o
et Apmlad ) ol 2530 Ui 5L Lo (3l
Az Sy de sana (1)
B # J 4l de saaa (2)
A ds garall jualic (pa paie JS oy ikl 5 ki (O 58 f) 320 (3)
B salis (0 2y painy
(Jlanall — 3llaiall — @ldaill) Sadaill oy pide sane (A 9Y) e senall o
Jlaall — Caliadl @Uaill) jaiuadl B 400 de senall i WS (Domain)
.(Codomain) (2!l — Jusdll

Definition 5.1: Let A and B be two nonempty sets. A relation f
from Ato B (f — A x B) is called a mapping or function if each
element in A is related to a unique element in B. This relation is

denoted by f: A—> B or A—' 5B and read as; fis a mapping
from A to B.
Itis clear that domf=A,and if (x,y) A (X,2) e f=y =z
Gt Laaie Wbt _ansi f A8l 8 f < A x B <l (pilla e (e saae B ¢ A cuilS 1)
1Y) kel
XxeAAXY) efI=A 0 ol lendi A 55l A8 iy aide gana (1)
XY AKX 2Z) ef=y=2:00 ¢l B salic (o any jainshasi n A & yaic S (2)
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Remark 5.2: Every function is relation but not every relation is
a function.

Definition 5.3: Let f: A— B be a mapping and (x, y) f, then the
element yeB is called the image of an element xe A. And
writtenas; y=f(x) or x—>y="f(x).
And if A;c A, then the image of A, is define as follows;
f(A)={yeB:y=f(X) Ax e A}.

chAJ.«AM\(JL:\iJi)KJJ.«A yeBW\GA_‘MMUc(X’y) e f oSy andas f:A—> B
A Wl s

y=f(x) or x>y=1(x)
(e WS Ap 3y sa o il Ay ¢ A S8
f(A)={yeB:y=f(X) Ax e A}

Definition 5.4: Let f.: A—>B be a mapping. Then:
(i) The set A is called the domain of f 4lal Jss and is
denoted by Dx.
(ii) The set B is called the codomain of f allall Jiaall Jssll and
is denoted by Cod:.
(iii) If f (x)=y theny is called the image of x and x is the
preimage of y.
(iv) The set of all images of the elements of A is called the
range of f and is denoted by R;.
Ri=f(A)={y=f(X)eB: xeA}c B.

Definition 5.5: (Equal Mappings) Clagdail) (5 gl
Let f and g be two mappings, then f and g are said to be
equal, write as f= g, if the following conditions are hold:
(i) Df = Dy.
(if) Cod; = Cod,.
(i) f(x)= g(x) for every xe Ds = D,.

Ayl o ) s 13) ¢ f = g iSi g ¢ Glagbedia Legd] g ¢ f Okl e J
g cumide saae = f iy pride gaaa (1)

g s = f i (2)

Ly yide saan Al cVx e A:f(X)=g(x) (3)
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Definition 5.6: (Inverse Image) dusal) 3 guaall

Let f: A — B be a mapping, the inverse image of f is
denoted by f™* and is defined as follows;

f(B)={xeA:y=f(Xx) Ay eB}.

And if By is a subset of B, then the inverse image of By is

defined as follows;
fiB)={xe Aiy=f(x) Ay € B;}.

If Bi={y}, then f *({y}) = '(y) ={x e Aty =f (x)} is
called the inverse image of the element y.

It is clear that the inverse image of a mapping need not be
mapping, in general.

aally . f Al ASall 5y seal) e Jay rl )_Unemt_uu‘ U.uln_\f A_>But5m

Lusal) 5 5l f1(BY) uw\wuu‘slg B;uxsj u.uln.a f A_> B ks 13)
(et LS Ld a5 By Ae sanall
f!B)={xeA:y=f(x) Ay e B}
PSS Ll (Lol aa) g jeaic (e 435S gl (B = {y} S 1l
iy ={xeAy=f(x} ;
Y painll el 5y seall exig f Hy) = {x € Aty =f (X)} I lbaia)

Example 5.7: Let A={a, b, c, d, e, n} and B={1, 2, 3, 4, 5, 6} be
two sets, f:A—B be a mapping defined as the following graph,
A, A, < A and B4, B, < B such that;

A ={a,b,d}, A,={cd, e}

Bl = {1, 2, 3}, Bz = {2, 4, 5}
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Then, find each of follows:

() f(d) (i) £1(1) (iii) f%(5)

(iv) f(By) (v) f(A) (vi) f(A)

(vii) f(ALU Ay iii) f(A)UT(AY) (ix) f(ALNA))
) f(A) NF(A)  (xi) T(f Y(BY) (xii) f(f (A)
(xiii) f 1(B,UB)) (xiv) f (B U f1(B,) (xv) f (B B,)
(xvi) F1(By) N f(B,) (xvii) f (B (xviii) (F (By))".
Solution:

() f(d)=4 (i) f1 @) ={a,c} (i) {'6)={}=0

(iv) "B =f "({123})={a c b}

v) f(A)=f({a b d})={1,24} (vi) f(A)={L 24,6}
(vii) (AL UAy) =f({a b, d, c e})={1,24}

(viii) F(A) UT(A)={1,2,43u{1,4}={1,2 4}

(ix) f(AcnAr) =1 ({d}) = {4}
(X) f (Al) M f (AZ) - {11 21 4} M {11 4} — {11 4}

(xi) f(f '(By)=f{a, c b})={1,2} B,

S Gallall Ll 5 i < il 4
Theorem 5.8: If f:A—B is a mapping, A, A, c Aand B,, B,
B, then the following statements are hold,;

() Arc A = F(A) = (A)

(i) f(ALU Ay =1 (A) UT(A)

(i) f(ALNAy) < F(A)NT(AY)

(iv) f(f"(B1) =By

V) F(f(A)) 2 Al

(vi) f7(B1 N By) =f(By) nf(By)

(vii) f7(By U B,) =f7(By) U f(By)

(viii) £7(B,") = (F(By)"

LY Llanidia Al g adaill) (o) 53 (ha L) 88 0y pina (Adh pual) 028 (A (A (930 ()
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21 3 daa) dakaiia JSLA LAl a2
= € i

Types of Mappings <kl g1 i)

roil Lee a5 48V dagd) ilhaladid) s

A S B A f 2
1_\ - 1 ’/v/ a
> //
| b
2 2l
(2) (1)
A f B A f B
1_+ a 1\ > a
/ \\
2 | > b 2 // b
(4) 3)

Al U8 8 saddl s il 5 Bllaiall sas 5 $lpdai Jiay Lgie alade S Ja (1)
alie (e Gpilida (p paial 3 pay 5S Cuny € B ass da (1) bhdall (@)
(a5l aad s — TLalal) Lulie Wadad e Gkl 138 Jia ) $A
(Injective or Onetoone " 1 —-1")
G IRV (e aaly suaiald)sm ad 058 iy € B aa s b (2) Bhadl i ()
ha gl x e Adal gy # T (X) 0sSh dusay € B aa s da ) A palic
.(Surjective or Onto) ("L&8 — ) ) jele nkt oy (bl
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LS sy Gondail) 1aa e o) $aadl 13 () 5 (@) o= aal (3) hkaadll 4 (3)
{(Bijective or 1 -1) ("Laai ) ki)

Liltie e Gaadaill 13 () €250 13l () « (@) call sl oo il (4) abaddl i ()
IS Y 5T el Y

Definition 5.9: (Constant Mapping) <Gl glail)

A mapping f:A—B is called constant mapping if there is
an element c in B such that f(x)= c for every x in A.

Or, fis constant mapping < R ={c}.

A f B

Constant function

Definition 5.10: (Identity Mapping) =l (gadait)
A mapping f:A—A is called identity mapping denoted by
ia If f(X)= x for every xeA.

A f A
a

— /..
b >
c

- C

Identity function
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Definition 5.11: (Injective Mapping) sbbal) (sl

A mapping f:A—B is called injective mapping or one to
one (1-1) if different elements in the domain A have different
Images in B.
In other words; fis 1-1 mapping if f(x)) =f(x)) = X =%, or
X1 # X = f (X]_) #f (Xz).

a X N
a X
b y b y
) } /
C z
One to one mapping not one to one mapping

Definition 5.12: (Surjective Mapping) Jatédl gkl

A mapping f:A—B is called surjective mapping or (onto)
if every element in B has at least one relation element in A.

In other words;

A mapping f:A—B is onto < YyeB, IxeA : f(x)=Yy.

Or, a mapping f:A—B is onto < R = Cod:.

a X a X
b / y b y
c C / Z
Onto mapping not onto mapping
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Definition 5.13: (Bijective Mapping) Jsiall (gl
A mapping f:A—B is called bijective mapping < f is 1-1 and
onto.

Definition 5.14: (Inverse mapping) dasal) A0
Let f be a bijective mapping from A to B then f ™ is a
mapping from B to A such that f *(y)= x.

Example 5.15: Let f : Z—Z be a mapping such that f (x)= x +1,
(i) Discuss the map f, is it 1-1, onto or bijective.
(i1) Draw the graph of f where —2 <x < 2.
(iii) Find the following;
(@) T(5)= (b) £ ({-1.3})=
() F70)= (d) f{L7})=

(iv) Is £ a mapping from Z to itself? Find f (x)

)

VX XoeZ:f(x)=Ff(X) = xi+1=xo+1lax =Xy AN Glia Gl (1)
M\ﬂ&&)@s)wyw\ﬂwwm&dy‘ﬁﬁw fQEA&JﬁJ
o (f e g

WSS 5g8 7 jald g Uil f OAS Laly

fX)=x+1;VxelZ (¥

. -2 -1012 .
R R NN
.-1 0123 ..

=)
() fG)=6 (i) f({-1,3}) ={0.4}

(i) 71 0)=-1  (iv) ' {17} ={0,6}
f oW Al g slaiall B 3aa g Lse 3 ga jliuall B paic JUAG) ay 138 g Sl f Y cand (3)
(L’ 3 g pally Gl £ 1 8 AN of guadaill Ayt ABMe £ 71 o SH) | Lia JulS gl g 1
sk Lo i 13 Wla B £ 1 gaadatl) iy il
f~ ‘é\ ‘yJ“ww‘SJM‘OPé fé*kﬂ\dﬁijM\sJ‘yAﬁ y:f(x):x+ldl$l.d
@ ()

frly) =x=y-1
sladl 9% 9 X jadly dde At (Sad 7 (e LW ) pais y oS Ll
fl)=x-1; fhz—7Z
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Example 5.16: Let f : R—R be a mapping such that f (x)= X,
(i)Isf1-1?
(i1) Is f onto?
(i) Is f bijective?
(iv) Find the range of f (Ry).

sl
;0¥ Tlbie Wkt Gl (1)
f(X)=F(X) = Xy #X
f()=f(-1) = 1=-1
2 Adbudl dlae W) aea gl JUlLs f (X) = X2 > 0 oY oele Ll Gl f (@)
ke 5 Wila 6 o) e JE Y T Gl ()

()
fR)={yeR:y=f(x)=x* Ax € R}
={yeR:y>0}
=R U {0}
10558 O elad) Gukail) Ja p3 Y 7 jele ki pad 1 R—R o s La 138
fA)=B ; fR) =R U{0}=R
;CL\LEAN-A

Gukill S C=RU {0} e sanall 5o isall U yiic] 51 (5.16) J&al b (1)
?13ll ¢ i ") jale f:R—C 3 f (X) = X2

Ao genall g (f ayjaide geas) f3lhic Ute) §1(5.16) Jad) & (2)
I3l ¢ ad "Lyl f(X) = X2 s f:C— R Gkl & C=R* U{0}

frR" - R Gl g R = i) = @llaidl U yiie) 51(5.16) JUal 4 (3)
3L E f (x) = X2 Cus

)3

OF 1 onSe Guli Lo Gulal o) ol (AN 2 53 byl 8 e
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3

Composition of Mappings bl cus 5
Let f:A—B be a mapping and g:B—C be a mapping. The

composition of g and f is a mapping from A to C denoted by gof
and is defined as;

(go f)(X)= g(f (x)) € C for every xe A.

In other words;
If f:A—B and g:B—C, then gof: A—C is a mapping <
vxeA, 31zeC such that z = (go f)(X)= g(f (x)).

Ze ravluX e A raic JSULE; pianki g:B—>C « f: A BosS)
1l aim C A A e h Lankai W e 28 eSS Wld oz = h(x) = g(f (X)) : < C
o WS gy f bl (S e aganis (F S5 g 1DRs) h=g o f el Gulil
Al Al 5 i) s ol Gipkail) Jase Uil

2Ll a9 LS (el (S ja e il aodation L)

AL B8 5C B
/N
h=gof or h(x)=(gof)(x)
A » C
gof
Remark 5.17:

(1) gof is defined (exist) if and only if R = Dy.
(i) fog is defined (exist) if and only if Ry < Dx.
(iif) gof #fog (in general).
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Example 5.18: Letf: R—>R and g : R—>R be two mappings
such that f (x) = x* + 1 and g(x) = x— 1. Then,

(i) Find gof and fog.

(i) Find (gof )(2) and (fog )(2).
(iii) Find f2, g%, f*(-1) and g*(-1).
Solution:

() (9of)(x) =g(f (x)) = g(x* + 1) = (x* + 1) - 1 =x" and

(fog)() =f(g()) =f (x—1) = (x- 1) +1=x*—2x +2,
Alalad) Al A L) G Bl S 5 o 6 ¢ fog e gof  of giiied 003

(ii) (gof)(2)=g(f(2)) =2°=4
And (fog)(2) =f(g(2)) =2°—-2x2+2=2
L(@o)(2) % (fog)(2) ol 2 1isay

(iii) £% (x) = (Fof )(x) = f (F ()

=fC+1) = (X +1)P°+1=x"+ 2+ 2.
f2(-1) = (1)* + 2(-1)* + 2 = 5.
And g* (x) = (gog)(x) = g (9(x))
=g(x-1)=(x-1)-1=x-2,
g°(-1)=-1-2=-3.

Theorem 5.19: Iff: A—> B, g:B——> Cand h: C— D

are three mappings, then (hog)of = ho(gof).
Proof:
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Example 5.20: If 1 — [ —9 5[

defined as follows;
fx)=x+1 ; 9g(x)=2x ; h(x)=sinx
Then show that (hog)of =ho(gof)

Solution: ((heg)ef )(x) = (hog)(f (x)) = h(g(f (x)))
=h(g(x+1))
=h(2(x + 1))
=sin (2(x + 1)).

And (ho(gef ))(x) = ho(g(f (x)) = h(g(f (x)))
=h(g(x+1))
=h(2(x + 1))
=sin (2(x + 1)).
Theorem 5.21: Let f: A—»B and g : B—~C be two mappings:
(i) If fand g are 1-1, then so is gof.

(i) If f and g are onto, then so is gef.

>[] are mappings

(iii) If f and g are bijective, then so is gof.
(iv) If gofis 1-1, then fis 1-1.

(v) If gofisonto, then g is onto.
Proof:

(i): To prove gof: A—> Cis 1-1,
VX, ye A such that gof (X)= gof (y) must prove x=y.

gof (X)= gof (y)= g(f (x))=9g(f (y))  (def. of gof)
=T(x)=1(y) (9is1-1)
=>X=Y (fis 1-1)

(i) To prove gof: A— C is onto,
Since VzeC, 3yeB such that g(y)=z (since g is onto)

And vV yeB, 3xeA such that f(x)=y (since f is onto)

Then, YzeC, 3xeA such that g(f(x))= g(y)=z
So, VzeC, IxeA such that (gof )(X)= g(f (x))=z.
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(iiii) H.W.

(iv) To prove fis 1-1, let x, yeA, f (X)=1f (y), to prove x = .
Since, f(x), f(y)eDg and f(x)= f(y) implies, g(f(x))=

g(f(y)). (since g is a mapping). So (gef )(x)= (gof )(y),
(def. of gof). Therefore, x =y (since, gof is 1-1).

(v) HW.
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Exercise
(1) Letf:A— B beamapping define as follows;

Ala b ¢ d e g h i
/ /]
s

¥ ¥ K v 4 v v

B m n (0] p q S t u

Let A;={c,d}, A,={a, d, g}, Bi={m,p, q}and B,={n, o, q}.
Find the following:
(i) f(d)and f *(n).

(i) f (AL U Ay) and f(A) U T (A,).

(i) f (AL N Ay) and f(A) N T(A).

(iv)f 1 (B;uBy)and f (B uf (B,

(v) f 1(B;nByand f 1B f (B,

(vi)f(A)) and f1(f(A))).

(vii) f (B, and f (f ' (B,)).

(viii) f ~1(B,%) and f (f ' (B,))".

(2) Iff:Z"—— Zis a mapping define as follows,
f(x)=2x-5

(i) Write the graph arrows diagram of f where 4<x <10.
(ii) Isf1-1?

(iii) Is f onto?

(iv) Is f bijective?

(v) Findf (1), f*(-1), f*(-3) and f*(0)

(vi) Find f " '({y eZ:y<-4})
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(3)Letf: R—>R and g : R—R be two mappings such that
f (x) = x*-2 and g(x) = 2x + 1. Then,

(i) Find hy =gof and h, =f og.
(ii) Find hy(4), hy(4).
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CHAPTER SIX

Elementary in Number Theory

Aasy) 4 las & bl

@A (g dall lailly dalide dgaae dabail Jyodall 4355 8 Ll aadin) S
Ol 8 aolial s e Lal ()Y Jilaie y Jeu plda s o sall dediing
@ xS Juad 4l (IS 5 A s Al Clileall o S 6l ja) (Ao aeluy olaill 1 )
sl )l ale ) sk
sl (5 pdiall alaill aadiny

0,1,2,3,4,56,7,8,9

20 (5l s ol gl (8 (base) w5 (digits) plaidl pld sl 5 s sl 038 ey
Bode s (o el Lallas (ululd 48 daxsiiua) jse )l ol S8 Y
Lo illeal) 5 2ae 31 Ay g3 Al 5 oyl ale g 5 8 (e g s o8 alae Y1 A Hlai g
Aandll) 438 dlac ) e Cllead) aal saal
OGS JS Aandll A ) ) oA pail g ol misia e o misia 3o dand LB ot
Akt y ot 5 Al g o gulall 8 Jantiass ()

Divisibility: Lacdl) 4048

Definition 6.1: Let a and b are two integer numbers such that
a # 0. Then the integer number a is called a divisor of b,
denoted by a | b, if there is an integer number c¢ such that b= ca.

If a is not a divisor of b, then we denoted that a 4b.

Me a9 e 13513 @b iSi s b saall 22210 (Divisor) Lewld g 0 G ¢ g pusaall 22l (&
-bzca:‘é\}w\éﬁa,g(:@m
k._ﬂs..ibeué:\yaots\h“j.a&bucbbﬁ‘ybj\aéswdgubj‘bLJ.A\J.Gw&bad)d}ﬁus

.athb
Theorem 6.2: Let a, b and ¢ be three integer numbers.
(i)Ifa | banda | c, thena | (bx+cy) V x, yeZ.
(ii)Ifa | b, thena | bc.
(i) Ifa | bandb | ¢, thena | c.
(iv) Ifa>0,b>0anda | b, thena <b.
(v) Ifa| b, then|al | |b].
(vi) Ifa | bandb | a thena=+b.
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Proof: (i): Since alb and alc, then there exist two integer
numbers s and t such that; b = as and ¢ = at. Implies,

bx + cy = asx + aty = a(sx + ty).
Thus, a| (bx + cy).

(ii): Since a | b, then there exist an integer number s such that;
b = as. Implies, bc = asc = a(sc). Thus, al (bc).

(iii): Since a |b and b|c, then there exist two integer numbers s
and t such that; b = as and ¢ = bt. Implies,

Cc = bt = ast = a(st).
Thus, a| c.

(iv): Since a | b, then there exist an integer number s such that;
b =as. Sincea>0andb >0, thenc>0.
Thereforec>1and b =ac > a.

(v): Since a | b, then there exist an integer number s such that;
b = as. Implies, |b|=las|=|alls| and so |al | |b].

(vi): Since a|band b|a, then |al | |b| and |b| | |al. But|a] > 0
and |b| > 0, implies |al < |b| and |b| < |al. Thus |al = |b].
Hence, a = b.

In follows we will produce an important theorem which is
called "Division Algorithm ".

Theorem 6.3: If a is a positive integer number and b is an
integer number, then there are only two integer numbers r and g
such that the following statementis hold;b=qga+r; 0<r<a.

tOW !
A s ol oyl lile da juall s3] adia la g elacd
Cpand) Cpda ddilas g e
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Ty ol dea s e Y op il
S={x>0:x=b—-ta,te Z} A saxdll yic|

b . ; :
b-ta>0< — >t UY‘\J\A‘),}G‘\LM\aM
a

Al t Aad oS OS5 S (B real paaic ax g Call i il Tae (e
rsle deani ) [ (2 1 el
r=b-gqa = b=gqga+r
>0 ol bay
0V . r>a g Y pasil r<a o o o &
O<r-a=b-ga-a=b-(g+1)a
Joal I paie 1S gl r—a<r Sls r—aeS Jaa g

r<a gl S
T g ol dplag e Y oa
10} il
b=ga+r ; 0<r<a
b=ga+r' ; 0<r'<a
rle daani oo iililadll & ko
r'-r=(q-0q)a
:g;‘:
r'—r
-1< <1
a
mnats T g g il
q-q9=0 = q=q
Tt Al

Corollary 6.4: If a and b are integer numbers and a = 0, then
there are only two integer numbers r and g such that the

following statementishold;b=qga+r ; 0<r<]|al|.
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Example 6.5: Show that any odd integer number can be written
as the form 4k +1 or 4k +3, for some integer number k.
Proof: Let a =4, then for any integer number b and by using the
division algorithm theorem, b can be written as the form
b=4k+r : r=0,1,2,3.

Therefore, any odd integer number can be written as the
form 4k +1 or 4k +3 and any even integer number can be written
as the form 4k or 4k +2.

:(1) dBaada
LulalliWl dba g r o5 g sl CSwadd p S b oy a ghall gs
:3¥) gLl (Calculator)

b e < £ N b - - 5
— st 5l ral misaa dae SI 0 OsSE — Al 7 la ol (1)
a a

.a(E_q)@&A\ 2=l g8 1222l (2)
a

:(2) adaada
r 2xall5 (Quotient) a e b end z )i (6.3) 488 juall 4 g 23]l e

b . ) . P
H AV ld Bpa e J pasll LSy s (Remainder) devdl) iy
a

r ) Gy el 4 yaa Lia 3L Aapall o3 aai o J 5

Definition 6.6:
(i) Let x be a non-zero integer number. The signum function of x is
denoted by Sgn(x) and defined as follows;

1 , x>0
Sgnx =
{—1 , X <0

(ii) Let x be a real number. The greatest integer function of x is
denoted by [x] and defined as follows;

[X]= nwhere nisanintegerandn <x<n + 1.

Ak

1) [X] sl e gy
[X]<x<[x]+1
X=[X]+t ; 0<t<1 oy
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Corollary 6.7: If a and b are integer numbers and a = 0, such
that Corollary 6.4 and the following statement are hold;
b=qga+r ; 0<r<|al]l. Then,

Proof: By using Corollary (6.4), we get
b=ga+r ; 0<r<]|al

And by division on |al,
ol fal e el

And so,

s oo 24

OS] zaia sae ol o L) i Al g Al Al sa e Gk 4 A L )
e Al Ll & oS O leay aal 1)
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Theorem 6.8: Let k be a positive integer number largest than
one, then any positive integer number x can be written in a
unique form as follows;
Xx=a, K" +a,_ K" 1+ .. +ak®+ak+a
Where a; is a positive integer such that 0 <a; < k and a,, # 0.

B g A8yl Cu ga s dae (o) AUIS adaiad W s gl) e ST lasaua Tlase K S 1)
sl o
X =am km+am_1km‘1+...+a2k2+a1k+ao
An#0 3 K=1 5 0 naend) o dasaua Lad 1L g cdlaleall ol Lale

Proof: By using the Division Algorithm, we will get two integer
numbers g, and a, satisfies the following relation:

X=qik+ay, ; 0<ag<k.
If g.> k, then we can using the Division Algorithm second time
and will get two integer numbers g, and a, satisfies the
following relation:

Qi=qgk+a; ; O0<a;<k

Implies, x = (g.k + a;) k + a.
By repeating this method m- time, we will get two integer
numbers g, and a,,.; such that;

On-1=0nk+am-1 ; O0<ap_i<k
Since q; >, > ... > 0, then we will arrive to the step that g, <Kk,
then we stop and put a,, = Q.
Hence, x = a, K™ +a,_ 1 K" T+ ... + ak® + a;k + a,.

-4aa M
== (@mam _ 1...8180) <=S Luld dabiae cilululy Jiail) ay Soall) (a2l
ank™+a, (K"t +ak +ag
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Example 6.9: Write the number 37 as a base k =2.

Solution: 37=2(18)+1 ; (0;=18>k.
18=2(9) + 0 , g2=9>k
9=2(4)+1 ; Oz3=4>Kk
4=2(2)+0 , Qa=22k
2=2(1)+0 , Os=1<k

Then we put gs= a5 and will get;

2 (b 37 daxdl S|

37=1x22+0x2*+0x22+1x22+0x2t+1x2°

= (100101),.

Example 6.10: Write the number 61469 as a base k =16.

Solution: 61469= 16(3841) +13
3841 = 16(240) + 1
240 = 16(15) + 0

61469= 15(16°) + 0(16)+ 1(16)+ 13
= (15000113) 46
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Greatest Common Divisor: oY) & jidal) aldl)
e @ i) aulal) o seie dandl) LllE dalaiall aaliall aal (e ()

Definition 6.11: Let a and b be two integer numbers, no both
are zero. The integer number d is called greatest common
divisor to a and b, denoted by d = (a, b), if the following
conditions hold;

(1) d>0.

(2) dlaandd|b.

(3) if c|aand c|bwithc>0thenc<d.

Example 6.12: (25, 15)=5.
(9, 6)= 3.
(27, 41)=1.

(12, 16)= 4.
(12, 18)=6.
(24, 40)= 8.
(24, 36)= 12.
1(1) Ak

rob Lo UMA e oy ST f cpaned alae W) & i) anddll o g 5 Allsa
icsaa o) el < 1bl il olb S5 b#0 ol Vas payili e ladS Gl b 5 a S W
bl oo Ji eabiall (e "Ligiiia Tlase (5 5a% in sall b 2381 ol &
de sana o dn sall g 22all al Bde gana phalii oo b 5@ Gp2all dan sall AS i sl 58l Ao gana ()
Leild Ml b aaall Ao ) sl ill dpgitiall Ao sanall (40 4 Ao ganna el (gl cdan gall b 22a]) il 8
b s a ol eVl ol ikl aldll ga HS) jaie o (g giat g dsgiia de gana
:!2!3&»

tob S Lle Juans Liild alac V) o jiiiall anldll dilas 5 Ll

Let
d,=(a,b d, <d
1=(@,b) ] G,
d,=@b)[ ~ d,<d,
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Theorem 6.13: For any two integer numbers a and b, no both
are zero, there exist two integer numbers xo and y, such that;
(a, b) = axq + bys.
This statement is called Linear Combination .-s s s from a and b.

Omaall a1 555 ) pa e d = (@, b) S LSy 430 piies Al a2 e
U‘ gLu;_\ yO ¢ Xo L‘J\J.As: RENgY 4\_\\ LS\ b <a
d= axp + byo
DO JBa) G tad ecpam 5 Ll yg ¢ Xg Gpaad) G Ll a0 cang g
:0ls 3= (15, 24)
3 =15(-3) + 24(2)
= 15(-27) + 24(17)
o8 d = axg + byg: OS 13 dsle 3 sean

d =a(xq +k 3—)+b(y0—k di); K el

Corollary 6.14: Ifd=(a, b), c laand c|bthenc/|d.
Proof: By Theorem 6.13, there exist two integer numbers x, and
Yo such that;

d= (a, b) =aXp t byo
c|aand c|b then from Theorem 6.2, part (i), we get c d.

9 Cpoand alae W) @ yifial) anldll aas (oS s U Jhgadl G oY)
Ld 2eai Al g (Euclidean Algorithm) osxl8) de )l sia (oo Lo o8 )kl (saa)
PATRPY
Lemma 6.15: If b =qga + r then (a, b) = (a, r).

Lemma 6.16: For any two integer numbers a and b, no both are
zero, the following statements are hold;

() (@ b)=(-a,b)=(a—-b)=(-a-h).

(i)Ifa> 0, then (a, 0) = a.
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Theorem 6.17: (Euclidean Algorithm)
If a and b are two integer numbers, such that b > a > 0, by
using the Division Algorithm we get that;

b=ag;+nr,  0<r<a

a=rqg,+r - 0<rn<n

ri=ryQgs +r3 ;o 0<rz<rn,

rn—2: rn—lqn+ rn ; O< rn< rn—1
m_1=ron+1+0 ; 1,+1=0,

Then (a, b) = r,.

Proof. From the algorithm that describe in this theorem, we get
a>r;>r,>r3> ... >r,>r,.1. And since r;is integer number
for each I, then there exist n such that r, ., = 0. Therefore, by
using the above two lemmas we get;

(b,a)=(a,r)=(r, r)=...=(ry, r+1) =(r,, 0) =1,

Z\.haﬂ-n

AR i) Ba 53 Gl b g @ cpasad aied) el pnddl) sy e 5 gSle
8 ghesally Gyt pall y g X Al Liday)

(a,b) =ax + by
;ngLASéUS Al g
30& d=r, : L.JH"‘:'
d= rn—Z_Qn Mm-1= rn—Z_C{n(rn—S_qn—l Irn—2)
= rn—2(1 + On Qn—l)_ n-3Qn.

(o Jhand A gl ) a3l Ty g — Qg Mo il 1y 8 cansnillg
d=ax + by :0) Gwary g x e Al
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Example 6.18:

Find (6755, 1587645) and the two numbers x and y that satisfies
(6755, 1587645) = 6755x + 1587645y.

Solution:

1587645 = 6755(235) + 220

6755 = 220(30) + 155

220 =155(1) + 65

155 =65(2) + 25

65 =25(2) + 15

25=15(1) + 10

15=10(1) +5

10=5(2) +0

Therefore, d = (6755, 1587645) = 5.

Ao b ) guan Ayl all Gl ghad e g sl g odlel s Al Jd s shall o

5 =15 -10(1)

= 15 - (25 -15(1))
2(15) - 25
2(65 - 2(25)) -25
= 2(65) -5(25)
= 2(65) - 5(155 - 2(65))
= 2(65) - 5(155) + 10(65)
= 12(65) - 5(155)
= 12(220 - 1(155)) - 5(155)
=12(220) - 17 (155)
= 12(220) - 17 (6755 - 30(220))
= 12(220) - 17(6755) + 510(220)
522(220) - 17(6755)
522(1587645 - 235(6755)) -17(6755)
= 522(1587645) - 122687(6755)

Y =522 5 X=—122687 :xxi4iay
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Example 6.19:

(i) Find (360, 2250) and the two numbers x and y that satisfies
(360, 2250) = 360x + 2250y.

(if) Find (41628, 2454) and the two numbers x and y that
satisfies (41628, 2454) = 41628x + 2454y,
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Definition 6.20: Let ay, a, ..., a, are non-zero integer numbers.
The integer number m is called the (Least Common Multiple) to
ap, a,, ..., &, and denoted by m = [a,, a,, ..., a,] if the following
conditions are hold;

(i) m>0.

(i) a;l mforeachi;1<i<n.

(iii) Ifalc, foreachiwherel<i<n,andc>0thenm<c.

V-
4\4&‘!?&@&)&@)}3&3&@ Ay, Ay ..., ap SN2V clicliaaa de gana o Lay
aanl) 138 5 Ae ganall 0da B aa g gl ac 353 9 U Gaday Guead) G i) Tase (8 Ay gal) Aasaial)

a) 3 bl Cisliaal) ga

i) anddl) ale 13) cpasal pal) & jidall cieLiaal) Glead 48 jh Ui 45Y) 4a yual)
Lagd alie )

Theorem 6.21: Ifa>0and b > 0 then (a, b) [a, b] = ab.

2O )
ab £ % .
m = d_ ds d=(ab) : o o=l Al

Ol Cusy s 5 r Qe s als

a=dr , b=ds => m=as=rb
czau=ht :glcus t 5 U ghae msn4ls blesale oS3l
lade s d=ax+by (ol Cuss y 5 X ohae s mals d=(a,b): o Ly

c cd c(ax +hy) c cC
— == =—X+—y =X tuy
m ab ab b a

m=[ab] ofleanossism<c ol gl mle o a4

Corollary 6.22: ab = [a, b] if and only if (a,b) = 1.

(6.21) 238y (103 pilae =0 o )
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;\.haﬂ-n
Al ey (paae (e JEY dalla ye (6.21) L el (8 s Al drpal)
(a,b,c)[a,b,c] # abc

Jial 8 LS
[6,10,15] =30 , (6,10,15)=1
(6, 10, 15)[6, 10, 15] = 30 = 900 = 6 x 10 x 15.
Theorem 6.23: If a;, a, ..., a, are non-zero integer numbers.

Then [ay, a,, ..., ay] = [ay, Ay, ..., 8n_2,[an_1,an]].

Exercise
1. Prove that every odd integer number is either in the form

6k+1, 6k+3 or 6k+5 where k € Z.
. Find (3799, 7337) and [3799, 7337].
3. Find [7, 11, 13] and [6, 10, 14].
Find (198,283,512). So find X, y and z such that:
(198,283,512) = 198x + 283y +512 z.

Find d >0 where d| 18, 8412, d412 and 10+2—6.

N

B

Prove that; 2|n? + n for every integer number n.
Prove that; 7| 2" — 1 for every integer number n > 1.
Prove that; m(a, b) = (ma, mb) for every integer n > 1.
Prove that [X] + [y] < [x + y] < [X] +[y] +1.

©oo~Noe O
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Linear Diophantine Equations Ldadl) 408 gul) i staal)

) Gl oY lld s iy jll & 5 58 aall (e A58 gall Y alaall Al o e
diid gall Yalaal) L8 MK AL a3 ey Alae V) A gy 48L35S) (18 s all dlace )
Al )l Al ld IV ey Jad Ceadiial

o 4l ) il 03 ) Asle 4y sl A58 sl ¥ aledl) i Juimd s ) (10 a2l
Alalaall aa g Ja alaly S ) adiea 8 LS 45Y (gl Lale s digall b Jasy
Giray G dald (330 5k aaiing G Adlud) daaall dae Y aading ol sl e “Sliad
Y alaall “Lale Ma poia s e Jsh of A8 5 Agliie Ualae Jad Lalidhy o)) o5, e
A8 ey D3aall 8 476 ale Ay (00 Wil )l (saigdl alladl s 0 seanay dpdadll 4558 5l)
(Bachet) 4ib i 8l allall o 5 2815 (Pulverizer Method) Aéalull 45 jlall o
Ul Al ale o S a1 (6315 (230 1638 A 1581 (e 33l i ile (o3l
Al g ) A Caeadind Jslall a2 o) Adal) 5 ddadll 4 oal) Alaleall aladl Jall
AV Aliall Jalinl 4518 gaal) Adabaall & L 0¥ J) sl
g\}qu&woiw 13) ‘dﬁsj\wgaﬁqmjou)ﬂ\wqm@})éﬂaugjq;ﬁ
€53 5 sall J il 2o s Lad 550 98 Sl il daf 2o 5 J gl
G LGl e sy Al e e x ol (il

4x+2y=20 ; xeZ°y eZ.

Theorem 6.24: The Linear Diophantine Equations ax + by =c
has a solution if and only if (a, b) = d and d|c.

.C 3l andy (3, b) = d : G 18R 131513 ax + by = ¢ :Asadd) 4 gual) Ualaall Ja 32 5

s !
0 s Nem ¢ K damaa daci as g3 Maie ,d|cQS,gl
raad k22l Aaladl) Al s d=am+bn : ol ¢ =kd
a(mk) + b(nk) =dk =c

X+ by = ¢ 1ol (Al Al da gy 5 Xg of g GuSall ol g
dlc ol el dl(axe+byg) :cld dlb 5 dla :of s

=333
da ala dles A5y Hhay Lo g 35 (ea i) A 5l sa (A1 Az (8) 4 sl )
CS S A A Y (a,b) = d s N bl sl ax+ by =c Al

(d o € Aand e oand) Cuulic damy il o5 @ Gpaaall s
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Example 6.25: Find a solution for the Linear Diophantine
Equations 56x + 72y = 40.
Solution:

s 28 danadll A ) ) 5a ddanl 50 (56,72) (e i
72 =56(1) + 16
56 =16(3) + 8
16 =8(2) +0

Gpaall s (€ 55 ) saa e 8 i V) 40 232l aniy (56,72) = 8 1ol o diag
1 56 5 72
8=56-3x16
=56—-3(72—-1 x 56)
=4x56+(—3)72
a5 5 22l Aalaall 8 5k 0 jian g
56 (20) + 72 (- 15) = 40
ol Sl

Al D yo=—15 ; x,=20

Z\.haj-ﬂ

oy ) Allies (e el caliad 4.8 gl Adabaall g lall apen Slag) Allse
Sl e G dald 3y = 2 WP bl D (lalaall gl

x=1-—(s—3t)(s—3t)(s* + 3t)
y=—1+(s+3t)(s* + 3t)
z=s+3t—(s° + 3t%)?
w=—s+3t+(s>+3t)° ;tsel

s bl oy 5 sl oda o (i) o o ALl Alaleall da JS (o img Y 138 oKD
AV A el 4 5 Le 13 5 L alall Jadl alag) aakaions Uil dadadl) 43558 gl Aaladll
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Theorem 6.26: Let (a, b) =d and d | c. If X, and Yo IS a solution
for the equation ax + by = c, then the general solution for the
equation will be in the form;

b

X =Xg+K|—

° (dj
OB )

kK s dalaall da yy — k(a/d) 5 Xo + k(b/d) : o e Yl oa ia
5 glsall e Joan Aalaal) & pilaal) iy gilly dapaall
ax + by = a(xo + k(b/d) + b(y, — k(a/d)
= axo + by, + k(ab/d) — k(ab/d)
=zaxy+hbyg=c¢

el ) gall e o Aalaall da sl o e o 5 (Y
OB Al AT S yy 5 Xy S 1Y)

ax; + by, =c=axo + by, = a(X;—Xg) =—Db (y1—Yo)

; , ab . ;
Cpaanaa (e () aaationd W) ey 138 (d—,d—jzl o8 (@b)=d ol g
Aol g5 paY) Adlaall & ayseilig p=sd s a=rd ;o) Cuns s 5 1 L ol
J;_\ddjd\‘jlctg_)ﬂ)ja
I (X1 —Xo) =—S (Y1 —Yo) ..(1)

S|r(X1—X0) 1dad (1) alas (1e
s|(X; — Xg) i Wld (1, 8) =1 :of e
(1) Dol 8 ks =X — Xo e osaills K €Z Cus Xg — Xo = ks @ ol sl

Y1—Yo=—Kr 3kl o dians

| i

b
X =Xg+KkK [d_j
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Example 6.27: Find the general solution for the Linear
Diophantine Equations 56x + 72y = 40.
56X + 72y = 40 458 gal) Adstaall lad) Jad) 2o
Adadl sy =15 5 X9 =20 : 0f (6.25) JAall (8 Lias 5 sl :dal)
el Jall ol 255 (6.26) dia e pladinly

x = 20 + (72/8)k = 20 + 9k
y=-15-(56/8)k=—15-7k : ke Z.

aaie Lialaial )5Sy 4358 goall el ardind Al dggdail) Jilosal) (o 58 8 ddaadla
Albeall fpilld Jialaall dos go dnpmia o oo e
ax+by=c
1055 O e (6.26) Lia e pladiuly
Xo+ (b|d)k>0
Yo (ald)k >0

Example 6.28: Find all solutions for the Linear Diophantine
Equations 54x + 21y = 906.

sob LS (54, 21) ¥ (utal®) Al oA andiad sdal)
54=2x21+12
21=1x12+9
12=1x9+3
9=3x3+0
.906 23) audyg 3 = (54, 21) : o3
aad 54 9 21 (paaall bl S 558 g e 3 ) Uniag 13|
3=54x2+21(-5)
18 gl o Jaan 302 aaally A Aslaall &l o iy
906 = 54(604) + 21(- 1510)
Adaall s yp =— 1510 5 Xo = 604 : ¢f gikie Aday
gl do 08 O an Jstad) e (09
Xx=604+7k ; y=-1510-18k ; keZ
sl dagaal) A gall Jglad) sla¥ g
604+7k>0 ; —1510-18k>0

s 0 A Ciilial) oy
2 8
k >-86— : k <—-83—
7 9
= —862< k <—83§
7 9

La gall Jgdad) asan Lidonti Cigs alll 030 g — 84, — 85, — 86 Asuauall ail) 3ah Kk o) i Aday
HE X
(2,28) ; (9,20) ; (16,2).
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Exercise
Ay 4358 goal) ¥ aleall e JS Jsla apan 2

5x+6y=17 (1)

20x +50y =510 (2)
172x + 20y =1000  (3)
60x + 18y =97 (1)
5x+22y=18 (2)

12x + 510y =274  (3)
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CHAPTER SEVEN

MATRICES
il ghuaall

b At 53 8K auial ge Al jal 4y g e Ailaaly ) 51 A8 ghial) e
A smlall 5 sV g claaslll 5 ol 5l Je (5 AN @ s dall g Sl )l
Al e Tl Mo a3 a8 il siadd) Al o el
&l 5 ) o a slall A o 8 4 gladl) Agluzaly

Jlse 2a 65 Ca Adadl) OV alaall 4 ghaiag (35 Lol )l 4 sl )
O Jsla A rling g dkaal) eV alaal 4 gaie ) Wil 5o (52555 55
Jslalloda e J geanl) (S cild sioaall 4l 0 JDA
el XY 5 sivdl) b aion) Aobee U o i Bale

aix + bly =C

Y5 X Otosias b Adlaa e 5l 138 (e Alalaa ()

1(1) S
OV Sy Al A Xy, Xo, Xyt il (e L (A Agdadd) Adalaal)
Aaall lie
Xyt aXo + ...+t aX,=b

R Gl Jaal) <5l &y, @y, ..., 8, b s

1(2) s
Ome M (e de sane b Aghadd) 4 glaiall 5f dpdadl) calaal) 4 gliia
(AL LS S g Q\W\wn\.@g\ daladll Y aledll
djr Xg tap Xo+ ... +a1an:b1
Ay Xy tanX, +...+a,X,=by

amlxl'|'a-m2x2'|'---"'a-mnxn:bm

Noeadiiagls j=1,2, .0 5i=1,2,...,m 5 s a; ol S

5 X1 =5, oS oMol daghial Ma e §p, Sy, ..., S, eVl e
Aaghidl edabaa S da 98 X =S, 5 ... 5 X9 =Sy
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4332
Joanid dodadll 4 phaiall 8 ¥ Alaall 2ae (g gl Joalaal) 22 IS 1Y)
ade A ghatall i CYalaall 22e (0 ST Jaalaall 2e 1Y W as g da e

sl e dlia

(3) iy s

(i) 48 s 5l s dael e JSEN ks coi ji b 48 ghucal
A 5h adl yalic bl 1ia dalaceVloda e 31k (Complelx)
e e plie A shiadll yalie (S5 N (Entries)

3rwc¥l =« n 5 (ROWS) ysbh—dl am gl Il B 4d 58l
bl s il (iS5 5 (Column's)

| bll b12 o bln |
b21 b22 o b2n

_bml bm2 bmn_
&4 1 (Subscript) Js¥) i) ddall my G mixn dems 3 L) Jl
e ) dpaad) a8 j AU Jeld) ol Slad) f Cacall By by il
il Gl 4

e B 4d siiadll Jiiall JISET sae aa 3
B= (bij) OR B= [bij]

4325
Adae dad 48 giaall
rcld ghaal) Ao clilaall
Laallin s SIS 13 (s glasia A = (35) 5 B = (D) 058 simaall )5

Lagd S 1) oy sbaia (L5 oS5 (138 gduma (8 13S0 5, ajj = bij IOiJ O glasia
Aaaial) 3 paluial) @\;A\Gsmj‘ahs il g Lt dndll

Al s Oty slaia Laalin s ChilS 1) (4088 gdimn pan (3Say 10y giuan aa (1)
(S aanll dilee
A+ B = (a) + (by) = (a; + by) = C
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23-24
. 1A hiaa pan (Say Y
ookl G Jidly s

Gas A ghane A = (ay) @ ilSsaae k OLS 13 rasay A shias cipa (2)
il gém xn

kKA = (kaij)
IS i O g 30ay b ghimn e g) Tl M X N e (e A sheas o
[(Scalar) uid ads sl Ji | k 248 hadl palic (4o paic

B 5 mxnics A= (a) Ofstad cjpn (S 108 shan o pa (3)
nN=p ¢'.B Jhulaaal Ll A saaclae 13 pxq :\.:.u:(bij)
3 gl ga oyl 1 (5
n

C=(cj) =(kZlaik by j m x Qdaw
alially 2 ghad) 8 | el 3 hd) yaalie (oyami g dlagY 13K
s ) pani o B A gicad) e ] adsall 3 geall AL
:Jlia

1 -2
1 4

Bz[ } : A=(2 0
-1 2

3 5

:Jad)

mxn p xq
3x2 2% 2

1
1 4
AB=|2 O
-1 2
3 5
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DD +(=2)-) DA +(=2)(2)
AB=1 (2)D)+O)(=D (2)(4)+(0)(2)
BB +OGED) B +06)(?2)

3x2

m xq

3 0

AB=| 1 8
-2 22

¢ L5 BA ol el a) (S da 1) g

il shaall By yual) yal ) eia 55 A5 Aia al

1(1) A e
Olélag) ) Glolaall A335C 3 B 5 A Qlise adll Cila v 8K Y
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Al Z1x1x2+2x3x3+3x2x1-1x3x1-2x2x2—
3x1x3

=2+18+6-3-8-9

=6

101



Al Jaal, 3 dakiia JSla Al A

Clad

4 2 0 k -3 9
@lo -2 5 ; ©)[2 4 k+1
0 0 3 1 k2 3
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